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PREFACE

In a previous report (AMP Report 42.1R), the problem
of vertical impact of a body with a spherical nose on a
water-surface was solved mathematically by Mex Shiffman and
Donald C. Spencer of the New York University Group of the
Applied Mathematics Panels The solution was based on the
assumption that the surface of the water 1s not appreciadbly
altered by the entry of the body, an assumption which can
be accepted only as a first approximation.

Therefore, a further study was undertaken, taking

into account the disturbance of the surface of the water.
The present report presents the results of these studies.
It 18 shown that the disturbance of the surface leads to two

pes of corrections of the previous results. In the first
place, the upwerd rise of the surface of the water wets a
larger portion of the entering body, thereby increasing the
reslstance of the water to the entering body. Secondly, the
rising surfasce relaxes somewhat the restraint imposed on the
body, causing a decrease in the impact force. These two
corrections, which partly ccu:nterbalance one another, are
analyzed here by using a combination of theory and information
derived from experiment. The finsl result, which deviates
somewhat from the first approximation, 1s compared with
experiment and shown to be in satiasfactory agreement with 1t.

With the experience gained and the theory developed for
vertical entry, it 1s hoped that the impact forces during
oblique entry will be amenable to treatment. This question
is now being considered by the same authors.

Attention should be drawn to the work of the Harvard
Group of the Applied Mathematics Penel concerning air-water
entry as a whole, and to the activities of the Underwater
Ballistics Committee. '

The writers were greatly helped by other members of the
Rew York University Group, in particular by Mr. M. H. Shamos,
who made an important contribution by excellent flash photo-
graphs he took of spheres entering water. These photographs
furnished much qualitative and numericel information. Thanks
are alsc dues to Dr. Patrick Hurley of the Morris Dam Group of
the Californias Institute of Technology for permission to use
the photographs exhibited in Plate 53 to Dre. Re. M. Davies of
the Engineering Lasboratory, Cambridge, Englasnd for Plate 63
and to Dr. E. Newton Harvey of Princeton University for Plate 7.

Re. Courent
Director, Contract OEMsr-945
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\\ THE FORCE OF IMPACT ON A SPHERE STRIKING A WATER SUR¥ACE

Second Aprroximation

Sectyoh l. Introduction and-Summn;y

WThe entry of a s0lid body from alr into water may
take place in two ways: (i) 1f the speed 1s small and if
the surface of the body 1s smooth, the entry occurs with-
out the formation of a cavity (smooth entry); (11) 4f ths
speed 13 great or 1f the surface of the body is rough or
has an irregular shape, the flow detaches from the body
when i1t has penetrated a8 short distance below the initial
surface level (rough entry)e In either case there is an
initial period following contact with the surface during
which the body experiences the greatest deceleration and
which 18 of such short duration that cavitation has not
yet developedey The determination of the forces acting
during this impact stage of the entry is important in the
case of projéotiles shot or dropped into water, not only
because possible damage to the mechanism and nose but
also cause the impuleive forces and torques created by

theAmpact influence the underwater trajectory of the proe
ctiles r . wesm L
g we9&upposaythat the nose of the projectile is spheri-

cal in shape and, .that the initial impact with the surface is

vertical. ~¥3=may then visualf??@the mE§§>of the projectile

as concentrated 1nto a sphere the same radius as the nose.
{r-‘ -1 510 s

In a previous report: EEB{‘J'D obtained a first approximation -

te the force of 1mpa£¥ on a sphergﬁgiterlng vertically by ~/

disregarding the rise of the surrace,lxin the present report

wo—-0btadn a second qpproximation by estimating the effects

\9f the surface motion and,ppsnenpa@e-o&r theoretical estimates i/ -

f ~ . with experiment‘i}"itl M,Q)J.A/ QA

ts [ ] rerq‘ 3 the bibliography at the end

# Fumbers in bra
of this reporte
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The resultant upward force P acting on the sphere
in the impact stage can be expressed in terms of a dimen-
sionless impact-drag coefficlent Cp. Let A be the radius
of the sphere, Uo ite initial vslocity upon impact, and
P the density of watere Then the impact force may he
conveniently expressed as

1 2
P = gPUﬁ."A . Cp
where Cp i3 ths "impact-drag coefficiente" The coefficient
Cp depends on the time; 41t is zero when the sphere Iirst

strikes the surface, rapidly increases to & maximum value,
and then decreases.

The impact-drag coefficlent Cp may be expresssed in
terms of the "virtual mass" of the fluide If U 1is the
veloodty of the sphere at time t, we define the virtual
mass of the fluld to be a quantity ¥ such that MU i1s the
total vertical impulse commumnicated to the fluld during

the time interval t; 1in other words M is defined by the
equation

a

Let B denote the depth of peneiration of the bottom of the
sphere below the initial surface level, and let b = B/A.




Introducing the additional dimensionless qantity m = MVQ“UAA
wo obtaln in Section 3 the formula
dm
c d

(1 +

3m)3
8¢
where ¢ 1s the "specific gravity" of the incoming projectile

sonsidered as though the whols mass were concentrated into
a sphere having the same radius as the nose,

mass of projectile .

4 3
SupA

g =

Our final estimate of Cp 88 a function of b 4is plotied
in Graph 1 for various valuos of & . (All graphs are collected
together at the end of the report. For the sake of convenience,
Graph 1 18 also inserted on the next page.) For values of ¢«
ranging frcm 2 Lo oo, the impact drag coefficient Cp risses very
rapidly to a peak of about 1, the peak occurring when the sphere
has penstrated to a distance of from Oe¢l to 0e2 of a radius
below the initial surface levele The coefficlent Cp then de-
clines more slowly, until at about 0.7 of a radius of entry
its valve ls equal to the statlonary cavity drag value of 0.3
(for description of cavity drag, see [2] and [21]).

For smller values of & , this general behavior °f,cp
is retained but is shifted downward and to the lefte

The question arises whether, in rough entry, the cavity
formation which takes place wiil interfere with the above re-
sults and partly vitiate theme It is known from both experimen-
tal and theoretical grounds that the cavity begins to form g
after the sphere has submerged a dis tance somewhere between a
quarter of a radius and a radius. Thus the behavior of Cp de -
picted in Graph 1 still apprlies --- the rapid rise of Cp to a

b

o
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maximum of about 1, and the slower decline to the cavity
drag value of 0.3. The brief impact stage in rough entry
is the same as in smooth entry.

The dimensionless virtual mass m defined by m = H/%u,oAs
18 plotted as a function of b in Grapk 3. For purposes of com-
parison we have plotted in the same graph our first approxima-
tion for m, taken from the previous report [15]. Likewise,
in 3raph 2, our corrected estimate of Cp in the case ¢ = oo
1s compared with our first epproximation obtained in [15]. In
the corrected estimate, ths maximim of Cp 1s somewhat larger
and 1s displaced to the left.

The first approximation of the impact-drag coefficlent
was derived in our report [15) under the assumption that the
surface does not rise, the surface remalning plane and at its
initial level. TUnder these rircumstances the flow at each
instant t depends only on the depth of penetration below the
initial level and on the veloclity of tho sphere at that instant
t and 1s otherwise independent of the paasat history of the entry;
for this reason the flow might be called "quasi-steadye"

In the present report a second approximation is obtained
which takes into account the past history of the phenomenone.
The corrections are of two sorts. On the one hand the water
rises and wets a larger portion of the spherical surface tnan
it would 1f the surface did not risee The fluid thersfore
exerts pressure over a larger ares and increases the total
impact force. This will be called the "wetting correction."

On the other hand, the free surface rises and relaxes to a
cortain extent the restraint imposed on the spheres This will
be called the "surface correction.” These two corrections

are discussed in Sections 6 and 7 respectively, and both are
combined in Section 8 to give the final estimate of the impact-
drag coefficient Cpe

In Section 9 this final estimate of Cp is compared with
experinwntal measurements of the ilmpact force on a spheree.
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Comparison is made with measurements taken by 3. Watanabe's
[17)] in 1930, who used a piezoeleoiric gauge to determine
the force; with rough experiments of Re W Blundell [3) made
in 1937; and with recent measurements of B. G. Richardson [13] .
Watanabe's experiments were very carefully performed
with acourate instruments and verified the fact that the impact
forco varies as the square of the initial veloclty. The value
of the spocific gravity o of the sphere in Watanabe's experi-
wont was as low as O.116. The theoretical Cp curve correspond-
ing to this value of ¢ 18 compared with Watanabe'!s experimental
curve in Graph 10. Note that the range of b i1s small, from O
to +03. The agrsesement 1s remsrkadbly good for very small values
of b, when Cp is increasing rapidly. In fact, near b = 0 the
theory gives '

¢, = 6.62b 1/2 . agb + ees

where the constant as i1s not accurately determined by the theory.
The first term 6.621)1/2 of this expansion is verified completely
by Watanabe's datas The deviation in the remaining portion of
the curve 1s due to the second coefficient Boe

In Blundell's experiment, & ranged from 2 and 3 approxi-
mately. The experimental curves, transcribed to the dimension-
less form of a drag coefficlent, are shown in Graph 11(a), and
the corresponding theoretical curves are drawn in Graph 11(b).
An idea of the rather large sxperimental error may be seen by
comparing curves (B) and (C) which should be identical, and from
the fact that curve (D) should be the highest (since ¢ 1s the
largest)e The experiments at least give an idea of the order of
magnitude of the impact brces and of their duration, and the
agreement with theory 1s satisfactory. In fact, curve (D) even
agrees nuﬁerically with theory.

In Richardson's experiment, ¢ = «16. The corresponding
theoretlcal curve 1is compared with Richardson's in Graph 12,

asivouyenbit,
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and the agreement 1s fair. Again, Richardson's experiment
should be considsred as yielding only the order of magnitude
of Cp.

In each of these experimsnts, the value of ¢ i3 smalle
It would be desirable to carry out experiments with larger
values of ¢ , using accurate instruments (such as plezoelectric
gauges).

In addition to the impact force, it 18 of interest to
know the average pressure p acting over the portion of the
sphere in contact with the water. This pressure can be written
in the form

P = %,D'Uﬁ ¢ Dp

whsre Dp is a dimensionless coefficient. The dependence of

D, on b = B/A is shown in Graph 4 (for the case o = oo}, It

i8 noteworthy that the value of Dp at tl» initial contact of
the sphere with the water is infinite. Actually, because of
the compressibility of the water and bucausz of the fact that
the comression wave is initially a plane wave, the pressure p
during this phase is approximsately 'cUO where ¢ is the speed

of sound in water. This would give a value of Dp approximately
equal to %% o The intersection of the straight line Dy = ?U%
with Graph 4 gives an indication of the time interval in which

compressibility pleys a rolee” Tms, tae effect of compressibility

% Using the asymptotic formmla

202

D = —
p 61/2

for small b, and equating this to %9- » one obtains
0

as an ostimate of the relative depth of penetratiorn in which
cdmpressibility plays a rols. Even 1f the initiasl entry
velocity U, 1s as high as 500 ft/sec thia yilelds b = «0l, an
order of magnitude which 18 negligible.

This 1dea was also suggested by M. Gimprich.
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is to reduce the value of Dp and therefore of Cp at the
very begimming.

Goncorﬁing the actual distribution of pressure over
the wetted portion of the sphere. we remark that the pressure
1s not greatest at the lowest point of the sphere (stagnation
point). This fact arises from the non-stationary character
of the flow, and the usual conceptions based on stationary
flow do not applye On the contrary, the pressure is a minl-
mum at the lowest point of the sphere and has a very sharp
and high maximum near the edge of the wetted portion of the
spheres This fact was derived theoretically by Wagner [16]
in the two-dimensional case of the entry of a very flat wedge.
However, an estimate of the depth at which stationary flow
approximately sets in can be obtained by determining when Cp
ls about 0«¢3. This occurs for b = 7 approximately.

Section 2. Photographs of Entry

The interesting sequence of events produced by entry

of a sphere from air into water was first photographed and
deacribed by Worthington [19]. Plate 1 is a reproduction
of some of his photographs and shows several stages 4in the
smooth entry of a sphere. A more complete sequence, which
shows the splash in greater detsil, is given in Plates 2,3.
As may be observed from these two sets of pictures the phenom-
ena accompanying smooth entry are zlosely duplicated in differ-
ent experimentse Even the jets produced as the water envelopes
the spheres differ 1little in appearance.

In order to show more clesrly the splash during impact,
an enlarged photograph 1s‘raprodnced in Plate 4. We observe
that the splash i1s largely concentrated in the immediate
neighborhood of the sphere and is composed of a relatively
thick base from which a thin sheath rises up along the sides
of the sphere. A few drops which have detached themselves may
be seén at the top of the sheath.

e




Because of the speed with which projectilea are
usually launched into water their entry 1s rough. 1In fact,
the entry of a bomb, mine, or torpedo takes place in three
stages: (1) the initial impact stage which begins when the
projJectile touches the surface and ends when cavitation
developes; (11) motion through the water with a trailing
cavity extending to the surface; (1ii) motion after the
cavity is closede The closure of the cavity takes place
either at the surface or below the surface, but in eithsr
case the projectile carries with ¢t a pulsating air bubble
which gradually disappears.

The initial stage of the rough entry of s sphere 1is
shown in Plate 5. The sheath, which persists alongside the
sphere in the case of smooth entry, detaches in rough entry
and may bresak up into spray. However, the thick base of the
splash remains in contact with the sphere and is the same as
in smooth entry. So far as estimation of impact force 1is
concerned, the effect of the sheatbh 1s negligible compared to
that of the thick bases _

The further stages of rough entry are shown in Plate 6.
Unfortunately only the first photograph shows the sphere in the
impact phase and here the splash cannot be seen very clearlye
However, the sheath can be seen as a light band surrounding the
sphere above the surfacee

Por the usual projectile entering water the speed does
not exceed five or ten percent of sound speed in water. It is
therefore reasonsable to neglect cowpressibility effects. For
the sake of genersl interes®t, we include Plate 7, which shows
& sphere entering at roughly hall the speed of sound in watere.
Here the effect of the compressibility is of course important.

Section 3. Virtual Mass

_ The impact drag cosfficlent Cp will be obtained in terms
of the "virtual mass™ ¥ of the flulde Let U be the dowrward
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velocity of the sphsre at any instant t, and let P be the
resultant - upward impact force exerted on the apheré. Then
the sphers exerts a downward force P on the fluid and im-
parts momentum to the fluide The "virtual mass®" M of the
fluid at a given instant t 1s defined by*

t
(3.1) pua%(m) or uu:-fo PdAt .

Let M, be the mass of the incoming projectile. Keg-
lecting gravity compared to the impact force P, we have

(3.2) -P = -ge(mov) .

Adding (3.1) and (3.2) we obtain r [(¥ + M) U] = o and so
integrating,

v
(343) (M + ¥ )U =M T or U= °

o°¢c
1+ M/M

where Ub is the.velocity of the incoming sphere at the initial
instant of contact with the fluid.

Let B = B(t) be the distance at tims t of the lowast
point of the sphere from the initial surface level; the velocity

U of the sphere 18 then ﬁ = g% « By differentiating (3.3) with

# Thus MU 18 the vertical impulse contributed to the fluid by
the moving sphere. It 13 also possible to introduce a virtual
mass based on the kinetic energy of the fluild, but for the case
of impact 1t differs from the virtual mass defined sabove. This
is to be expected from general considerations of lnelastic ime
pact. We shall use throughout this report the definition
{3«1) of the virtual mass, based on momentum; Justification
of thls choice 18 given in the Appendix.

ISP



respect to t and using (3¢2), it follows that

(1+2)

(o)

the density of water.

M b =
] 5  J
ﬂpA.

we may write

1
-é-PUi « T A « C

¥o

Let A denote the radius of the incoming sphere, and let o be
Introducing the dimensionless quantities

>

2
b

dm
——d
(1+-§)5

Yo
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For incoming projectiles of large mass compared to
the mass of the water displuced by the hemispherical nose,
% may be neglected compared to 1. Then the impact drag
c8efficient Cy is merely %%‘ Also, from (3.3), the change
in veloclity U in the impact stage is small.

However, 1f M, 1s not large compared to M, the denom-
inator in (3.2) must be retaineds This is the case in the
experiments which will be cited in Section 9, and it is con-
venient to put the denominator in a slightly different form.
ILet ¢ be the specific gravity of the incoming projectlle
considered as though the whole mass were concentrated into a
sphere {if the incoming projectile 1s not already a sphere),
l.e., -

(3e8) ¢ = 2o

4 3
-3-va

Using (3¢5), equation (3.7) may be written

Gm
(309) C = dp *
F (1 + Ji-m)s
8¢

The determination of the impact-drag coefficlent Cp requires
merely the determination of the dimonsionless virtual mass me.

Section 4. Hydrodynamic Formulstion of the Problem.

Ws shall neglect the effects of compressibility and of
the viscosity of the flulde Since the fluid is at rest before
the sphere strikes it, the flow of ths fluid at each instant
of time t 13 irrotational and can be described by a velocity
potential ¥ « This 1s a function w(x, y, 2z, t) defined over
the region of space occupied by the fluld such that

- grad v
13 the velocity of the fluld at the instant t and the position

AR N




13 R

X, ¥, z+ The veloclity poftential, on account of the incormpress-
1bility of the fluild, satisfies the potential equation

‘u/xx+v”+vzz=0’

where subscoripts mean differentiation. The potential 1s
normalized by setting W = 0 at o )s The pressure in the fluld
is connected with the potential function by the Bernoulli
equation

4, R.i e _ v

(401) st3 (grady) st =0

where p 1s the pressure in excess of hydrosta%ic pressure.

__X,X -,p/ane
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To obtain the impact force exerted on the sphere,
we shall use the principle of conservation of mcmentum.
The total momentum of the fluid 1s directed vertically
downward because of the rotational symmetry and 18 equal
to

(4e2) fff,o-g-}'dxdydz =,offwdxdy-f/¢/dxdy.
Heo

W+ S
Here W is the we’ted portion of the sphere, S is the free

surface, and the last term in (4.2) means the limit of the
lntegraleHdedy extended over the submergsdd portion H of a
large spberical surface the radius of which tends to infinitye.

The external forces acting on the fluld contained in
the membrane H are: (i) the downward force of magnitude P
exerted by the asphere and (1i) the upward force exerted on H
by the pressure of the fluid exterual to it. (The resultant
force dne to the constant atmespheric pressure is zeroe The
only effect of gravity 1s the buoyancy which 18 negligible
compared to the impact force P.) Tha force (1i) 1is equal to
the time rate of change of the last term in (4.2). For, by
Barnoulli's law (4.1), the force (11) differs from the time
rete of change of the last term by & term of the form

//(g:rad V/)2 dxdy
H

which approaches zero as the radius of H becomes inrfinite.
(For, at oo, 7 behaves at worst like % ,therefore (grad 7//)2
like i, and the whole integral 1lke <o) . ILikewise the
momen§im flux through the surface H consists of integrals of
aquares of velocitles, and these approach zero as the radius
of H becomes infinites Since the resultant of all the exe
ternal forces 1s equal to the time rate of change of the
momentun (4.2), ws therefore have

(403) P =g (offvaxay) .

EIJD | '
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The formule (4.3) cen also be inferred directly fronm
the known physical interpretation of the potential function
Y , namely that oy 1s ths impulsive pressure required to
produce the flowe.

It 1s convenient to exhiblt separately the effect of
the velocity B of the sphere by setting

(404) vix, v, 2, t) = Bbd(x, 7, 2z, t),

so that ¢ is the instantaneous potential function correspond-
ing to the parameter B and to unity as velocity of the sphere.
Then (443) can be written

P =g (8)
where
(465) M= pf/cﬁdxdy .
W+38 '

This formula expresses the virtual mass of the fiuld in terms
of the potential function ¢ « '

Section 5¢ The First Approximation for a Sphere

Consider the flow produced in the fluid as a result
of the entry of the sphere. As the sphere penetrates the
surfaco, the free surface no longer remains plane bhut rises
slightly and forms spurts running up the sides of the sphers.
Although the exact shape of the surface is difficult to deter-
mine theoretically, some estimates will be pressnted in Sesc-
tion 6. For the purpose of computing the virtual mass and the
impact force, we shall make a plausible first approximation
in the present section by disregarding the rize of the surface.
More exactly, we shall neglect the rise of the surface and
also the squares of velocitiss on the surface.

ENE
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To determine the potential function ¥ (or ¢), it
1s necessary to know boundary condition for ¥ . The exact
boundary condition on the free surface S of the fluid is

(pressure is atmospheric), which by Bernoulli's equation
{4e1) can be expressed in terms of the potential furction

Y by

i

{S¢1) St

= % (gradv)? .

Since this exact boundary condition is non-linear and diffi-
cult to apply, we neglect the rise of the surface S and

- squares of velocltles on S as a first agpproximation. Thus,
neglecting (grad}r)z in (5.1) we have

oo

or, since the free surface S 1s assumed to remain at its
original level,

(562) ¥ = 0 on the initial plane z = 0 (since¥= C at o ).

The boundary condition (5.2) states that the impulsive
pressure oy 1s zetro on the surface. This condition would be
corract 1f the impact took place completely impulsivolye.
Actually the time interval is very short, and so (5.2) is a
good first approximation.

It is more convenient to use the potential function
$ for unit velocity, defined by (4+4). The potentilal

function ¢ (depending on B) satisfies the following conditions:

TSN
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(a) On the sphere, the negative of the normal derivative
of ¥ = B¢ 1s equal to the component of the veloclity of
the sphere along the normal, or '

-gg=cosor. '
n

(b) On the initial water level,

¢ =0.

There 1s a unique potential function satisfying these con=-
ditiona. '

The flow arising from the above boundary conditions
has besen constructed explicitly in the preceding report [15].
Recause of condliticn (b), the potential flow can be extended
to the infinite space by reflection on ths surface and the
flow at each 1lnstant corregponds to the steady flow about a

syametrlcal lens formed by the Intersection of two egual
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spheres. A photograph from Worthington [19] is shown below.
This photograph is a view of the entering sphere from slightly

belew the surface. The surface reflection creates the upper
side of the lens. (Of course, the size and shape of the lens
varies with time.)

The preceding report [15] supplies not only the potential
function ¢ but also the corresponding virtual mass, which we
shall henceforth denote by ML' the subscript L referr!.z to a

lens, The results of [15] which we usa here may be 7 umarized
as follows:

(1) The dimensionlass virtual mas: my = —me—— is a function
. 1 3

=HoA
of b alone (where b = B/A), and will be wrizten as ML(b). Its
dependence on b is drawn in Graph 3. The impact-drag coefficient
E— depends on b in the manner indicated in Graph 2. The
maximm of %‘L 18 +95 and 1t occurs for b = .24,
When b 1s small, the spherical segment beneath the initial
level of the fluld is nearly a disce By a known formula for the

virtual mass M of a disc (see [B8], p. 130) we therefore kave
M ='§/°°3
TRPEasinD
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for B amall, where ¢ is the radius of the circle of inter-
section of the sphere with the originasl level.

This gives mL(b) . =% (2b-b2)3/2
1!,0.@.3
2

or

(543) m(b) = 2= 2%/2 v3/2 - 5,40 1v3/2

for small be The more exact lens flow gives

my (b) = 2440 /2 - 1,15 b2 4+ ov.

(5e4)

&
%1-' = 360 b2 2 2,30 b 4 us

(11) The variation of the virtual mass with the depth of
penstration can be better visualized by setting

(545) M =k ecd,

where the dimensionless quantity kL depends on s The coefficient

k; 1s drawn in Graph 5. When b 1s small the spherical segment
13 nearly a disc so that’

kI.t—b% 83 D «=> 0 &

When b = 1, the spherical segment i1s a hemisphere and it is then

well known that k = % (see (8], p. 116). The quantity k; de-

creases rapldly from the value % at b = O and then levels off,

- even swinging upward slightly near b = l. This behavior of k
1s plausible on intuitive grounds. (The final coefficient k,

which includes the various corrections mads in this report, is
ilso drawn in Graph Se)

L
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It 18 iInteresting to note that for the case of a cone
instead of a sphere the quantity k is a constant indspendent
of the deptkh of penetration of the cone. This results from
the fact that for a cone the flow patterns at different times

are geometrically similar.
To obtain a second approximation to the virtual mass and

to the impact force, it is necessary to estimate the effects of
the motion of the surface. On intuitive grounds, correctlions
dune to the motion of the surface can be divided into two partse
On the onme hand the water rises and wets a larger portion of
the sphere, the sphsre now exerting pressure on the fluid over
a larger area and causing an increase in the total impact force.
This will be called the "wetting" correction. On the other hand,
the free surface of the fluld rises and relaxes somewhat the
restraint imposed on the sphere. This will be called the "sur-
face" correction.

These two corrections appear in formila (4.5) when written
as

(5.6) M= ,o/fbdxdy +,offsbdxdy .
w S

The second integral is not zero since ths condition (5,1) re-
places $ = 0. (In fact, ¢ will turn out to be negative on S.)

Section 6. The Wetting Correction

The greatest disturbance of the surface of the fluid occurs
alongside the sphere. Here a thin sheath of the flulid rises more
rapidly than the rest, and may detach from the sphere (see Plate 4),
This sheath because of 1its thinness contributes very little to
the impact force (the pressure of the fluid in the sheath is practi-
cally atmospheric). The sphere exerts pressure on the fluid in
the main over the portion of the sphere obtained by cutting off
the thin sheath from the thick "base™ of the risen fluide This
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portion of the sphere 1s indicated by the points QQ in the
diagram, and the seperation of thin sheath from the thick
base is indicated by the dotted lines QQ. The flow of the
fluid i1s due to the portion QQ of the sphere, and 1s approxi-
mately the flow about a lens consisting of the spherical seg-
ment QQ and a horizontal plane fres surface QQ'eoc « (This
may in fact be taken as the matuematical definition of the
point of demarcation Q between sheath and base.)* In other
words, the "base™ below QQ' is so thick that its influence on
the sphere 18 practically the same as if it extended to o .
It will be shown later in this section that the above discussion
is exactly verified, and the definition of Q justified, in the
asymptotic case as B => 0 .

¥ FPor the method used in the practical determination of this
point of demarcation Q from photographic data, see Plate 4
and the accompanying discussion on page 23.
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Henceforth it will be the spherical segment QQ which
will be called the "wetted" portion W, or the "effective”
portion, of the sphere. Let B1 be the depth of thls effective
pertion, and ¢, the radius of its circular base (see diagram).
The quantity B, will be called the "effective depth" of penetra=-

1
tion of the sphere. We shall also set
b =?_1..
1 A

The flow of the fluid &8s due to the effective portion of the
sphere and is approximately due to a lens with dimensions Bl’
¢y in place of B,c. '
The dimensionless virtusl mass m = —H— ig given by
1o
ZUPA
my(b,) of the lens flows Thus the dimensionless virtual mass
"and the drag coefficient am are

db
(6e1)
dm=dmL(b1) - dby
> b, *

(b,) .
where mL(bl) and EE%;—E- are determined from the lens flow

with the argument bl’
It remains then to determine bl as a function of b. Set

(6e2)  by=b . w(b)

1
(or equivalently, B, =B ew(b) ) where w(b) 1s a function of

b = B/A. The quantity w(b) will be called the "wetting factor."
In this section we shall show theoretically that initially,

for b = 0, the wetting factor w(0) has the value 3/2. The exact
dependence of w(b) on b 13 extremely difficult to determine

SEngiEs.
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theoretically, but for small values of b the theory shows
that w(b) behaves 1like % - constant ./b. Consequently,

the variation of w(b) with b was determined from experimental
measurementse.

A blackened steel sphere of diameter 2.86 cm was dropped
into a tank of water from a height of 16.2 cm and flash photo-
graphs were taken with the sphere at various stages of immersionf'
The photographs in Plates 2 and 3 are a selaction showing the
sequences of events. Plate 4 shows an enlarged view of the
splash and illustrates how the measurements were madee. The
straight line represents the initial surface level, the posi-
tion of which was determined by a pair of inclined needles and
their reflections, as indicated in the photograph. The boundary
of the sphere has been completed by a white line. The exact
line of demarcation between sheath and base is somewhat arbitra-~
ry but estimates can be made with a falr degree of accuracy and
consistency. The upper pair of short horizontal lines shows our
cholce of demarcation between sheath and base. Below this line
the risen water is thick while above it the water thins out very
raplidly. For this particular photograph, the values of b and
w(b) are:

b = 27

W(b) = 1430 .

Simllar measurements were made on a number of enlarged
photographs showlng various depths of pemetration. The quantity
w(b) was then plotted against /b with the results indicated in
Graph 8(a). Also vlotted in Graph 8(a) is an experimentsl point
obtained by Watanabe while measuring impact forces. This last
point is discussed in Section Y. :

# The experiments were performed at the AMG-NYU Laboratory by
M. Shamose
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The experimental points shown in Graph 8{a) fall on
a reasonably well-defined straight line passing through the
theoretical walus w(0) = 3/2. The equation of this 1line Is

(6e3) w(b) = 1.5 = +4/b .

In Graph 8(b), w(b) 1s drawn as & function of be Actually,
in Graph 8(a), the experimental points are all slightly above
the straight 1line (6¢3) near yb = 1. A more accurate curve
fitting the data is the parabola

w(b) = 1.5 = .4/D + +065b .

But this will make a noticeable difference only near b = 1, and
we shall rather use the straight line (6+3).

It remains to derive the theoretical value w(0) = 3/2 .
We shall use a method similar to one applied by Wagner [ 16]
for the case where the entering body 18 a nearly flat wedge
(two dimensionalje In this case, the wetting factor turns out
to be %-= 1.57. A corresponding calculation for a very flat
cone gives a wetting factor % = le27.

Consider the wetting correction for smsll b, when 'the

sphere has entersd only a small distance into the fluld. Thse
flow of the fluild is approximately due to the spherical segment
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QQe Since B and Bl are supposed small the flow due to. this
spherical segment can be approximated by that due to a cir-
cular disc of radius Cqe These approximations are accurate

in the limiting case as B —> 0O, as can be 8seen by-the follow-
ing argument. Perform a similarity transformation with magni-
fication factor % e The limiting situation as B —» O is indl-
cated by the diagram below. The effective portion of the sphere

S Q A £_ 4 z

DR
NI

/!

in contact with the water becomss the circular disc QQ, while
the free surface becomes the plane Qoo o

The theory of the flow due to a circular disc is classi-
cal ( [8], pp. 130, 135, or [10], pp. 456, 457). The potential
function 1 describing the flow 1s given in [8], p. 135. 1In
particular the value of 7 on the lower surface of the dilsc is

(6e64) W =1 -7 ,

where r 1is the distance from the center and Sy is the radius
of the disce The value of the upward velocity - -g%r on the
free surface of the fluld, lovel with the disc, 1is ( [8],p. 130):

. b Cc r Ca
(6e5) -9 _2B [ l/ - arc sin — ] .
oz r

i \/l -(cl/'r)z
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The motion of the surface of the fluid can now be
followed. At any point of the free surface at distance
r from the axis of symmetry, let 7 (r) be the height of the
free surface at the time t above its original level (the
dependence of N(r) on the time t is understood. Assume that
the upward velocity of the surface at the instant t 1s that
induced by the disc of radius ¢, From (6.5), we have

(606) 7 (r) = 87 (3

where

(6e7) F(&)-%[-——g——-ucainﬁlo
1=

The quantity ¢, is a function of Bl’ the relation between
them depending on the shaps of the incoming obJecte For s
sphere of radius A we have '

' 2 2
(6'8) | 01 = 2ABl - Bl °

FPor smell B, (6+2) can be written as

and (6¢8) then is

(649) c§=2m1 =28 w(0) « B .
Tms -
3 -22%1
Aw(0)
and (6.6) becomes
1
6010 (r) = —2— F (=L) c.dc,.
( ) | m(r 2 (0) cq dcy

BRI W

RRvPREp———-
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(The upper limit ¢, of integration should be smaller than

re The fluld particle initially at a distance r rises until

it hits the sphere, after which it enters into the tkin sheath)e.
In this integration r is kept fixed. Set

(o
(611) 1} = £

where £ < 1. Then (6.10) becomes

2 5
n(r) = = /F(%‘)édé '

Aw(0)

or, using (6.11) and (6.9), :
(6412) N(r) =B . -?—Q/F(E) £ ak

Bquation (6.12) represents the equation of the surface
as long as r Z o,+ In particular, at the positionr = cqs OT
£ = 1, the height of the surface is

Bl-B‘—'Bo['(O)-l]c

Equation (6¢12) yilelds

(6413) w(0) - 1= 2pr(gy E dt e

Substitution of (6e7) into (6413) gives the value of
the wetting factor w(0) at b = O:

it

(6014) w(0) = g .

Evaluation of (6412) gives the equation of the surface of -the-
water

- 1 3
(6-15) 7(r) =B . ;r-[ (—g-z - 2) are sinE --E',/l -ggl .
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Equation (S5¢14) 18 plotted below for the case when b = -0l.
(of course, this method cannot be expected to produce the
thin sheath.)

Section 7. The Free Surface Correetion

The fres surface correoction arises from the tera

{7.1) ﬂ/fwdxdw
S

occurring in (4.3) and the fact that we shall no longer neglect

squares of velocities on S. The exact boundary condition is
then

3y _ 1 2
(7.2) S == (grady)
in place of W= 0O (8see (5.1) and the accompanying discussion).
Suppose we follow a particle of fluld on the free surface
and determine the rate at which the value of 9 changes for

that particle. Thie= requires use of the "particle derivative"
ol 4 where
Dt

-DI.':.a e »
Dt 3¥' grady grad ¥y o

CONFIDENTIAL
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In view of (7.2), we have

(e,

(7+3) Y = L (graay)®

=)

on the free surface S The value of ¥ on S tkms constantly
decreases and 18 negative at any instant after the initial
contact of the sphere with the fluide This shows that the
surface correction (7.l1l) is negative.

The correction to the impact force P arises from the
time derivative of (7.1l). Let the height of the surface
above the initial level be

m="mn (I‘,t)o

Denote the surface correction to the impact force by Py , 8O
that from (4.3),

(7e4) Ps=/0f[%¥dx<h'=,off{%zg+ n‘%}dxdy .
S S

(There 1s no contribution from the changing domain of integra-
tion since this 1s cancelled by the corresponding term from
% (pf/Yaxdy) «) Substitution of (7.2) glves

W

(7.5) Pe -,Off{%(gradv/)z + ﬁg’%’} dxdy
S

Now assume as & reasonable spproximation that the
velocity on the surface S 1s that induced by the lens flow,
used as a first approximation In Section S¢ The veloclity of
the surlace is then completely vertlical, so that 7= - g?g
and (7.5) becomes 2

.2 2
(7:6) :pS=-%_pff(%¥)2 dxdy:-%af/‘(%g) dxdy e
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The veloclty = ié 1s infinite at the corner of the lens,
but the 1ntegralz(7.6) nevertheless converges. However,
the integral (7.6) 1s a bit cumbersome to evaluate for a
lens flow; we shall instead approximate the flow at each
instent by that induced by an oblate spheroid circumscrib-
ing the lens. (In the previous report [5], this oblate
spheroid was shown to be a reasonable approximation to the
lens. )

The flow sbout an ellopsoid is well known (see [10],
ppe 456-7) and [8], p. 132 ff. )e

& e v
D D

The velocity 7 on the surface is

v o=p S(E)
2 -£(1)
where
£(f) = 21 { S S arc sin ( |/1-\’21 E)}
: 1-¥2 | V1-(1 -¥%9)E2 \(1-7%°%

. _ %1 By ‘
and § ==, Y= ==, The result of substituting this into
(7.6) s !

1 22 2
(707) PS=- -é'FB « WAY o KS

CONFIDENTIAL
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s A2 rarc cos¥ _y 2 2

1 -7

KS is drawn as a function of b = B/A in Graph 7. This correc-
tion is not to be considered as accurate for very small b, but
should be a reasonable estimate over mosf of the range in which
we are 1nterested.

Section 8. The Second Approximationt/

The results of Sections 5,6,7 will now be collected to-

gether. Set
M' 2/1[76dXdy ’
w

so that M' 13 the contribution to the virtual mass (4.5) due
to the wetted region W alone. Then equation (4¢3) can be
written 1n the form

d

e (H'B) + P,

P

where P, 13 given by (7.4), or

.2
HwB + EEE B + P,

n
Using MB = - P and (7.7), we have
M .2 an,
P 1 + — = ‘-' [ 2 ———cm— -
( N, ) /oB ™A { Ks}

or

(8.1)

PTG -

Nll—-'
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) 3
In this formula,the denominator can be approximated by (1 + % 1o
c

jomparing formmla (8.1), the denominator being replaced
by (1 + ¥)5, with formmlas (3.6), (3.7), we see thbat

¥,
dm'
% "k

(8¢2) .

Elg

where m 18 the final estimate of the virtual mass, and
my = m(Dy)

Thms m may be obtained by integration, with the result

b
(8%) m = m(b,) -d,of Kd .
This 18 drawn in Graph 3 and compared with the first approxima-
tion mL(b) arising from the lens flowe
The impact drag coefficient is calculated from formmla
(3¢7) using the final estimate of me The mumerator %% can
be written, by (8¢2), in the form

dmI b db
(804) d& = ( 1) e 1 - X
db dbl db 3

dw (b, )
do

1
of the result obtained in [15]; ;;& is obtained from formilas
(662), (603); and Kﬂ is read from 3raph 7. The result for %%
is drawn 1n Graph 1 {the case ¢ = o ), This is exactly the
impact drag coeffliclent Cp in case the mass M, of the incoming
projectile 1s large compared to the mass of the water displaced

by the hemispherical nose.

The quantity may be read from Graph 2, which is a repeti-

CONFIDENTIAL
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The impact drag coefficient Cp in the genersal case
of finite & may be calculated from formla (3.9) and the
graphs of m and %E- The results corrssponding to ¢ = oo,

1, 5, «25 are shown in Graph 1l.

We obsarve that the maximmm value of Cp is about 1
(unlesz ¢ 18 vury <mall), ard that this maximum occurs for
b = 15 approximately. \

In the neighborhood of » = O the expansion of Cp ocan
be obtained from (€. 4), using (5¢3) or (5¢4). The result is

1/2

(805) Cp = 6.62 b - ..2b 4 oo

where 8y is a coefficient which is not accurately given by
(8e4) and its determination is difficult. The coefficient
6.62 18 5 . 3%/2,
In Graph 2, the final Gp is compared with the cp ob-
tained from the first approximation of the preceding report[15].

Section 9« Conparison with Experiment

Careful experiments on the impact of cones and spheres
have been conducted by S. Watanabe (see [17]. He used a thin
spherical segment, with dimensions as indicated in thec diagram,
on top of which were placed a weight and piezoelectrle gauges
connected to an oscillographe The system was dropped from
heights of 20 em to 50 cm from the water surface, and the
oscillogram record gave directly the impact force as & function
of the time. The Watanabe results ar: sxhibilad in Graph 8(a),

\
\

h =..84 cme. \
Mass M, =1.545 kgm. \\
N \/J”cm.
0 = 2 = ,116 \
4 S
SuPA /2Em7 4
/_____/\

T T k=54 cm.




T R S D B T P ST

CONFIDENTIAL o4

taken from his paper, the vertiocal axis R being the impact
foroe measured in kilograms of force and H being the height
from which the spherical segment was dropped.

These graphs are converted into graphs of Cp as follows:

c, = 3 - Rg - B
%ﬂlﬁ o Az %p o 2gH oﬁlz ﬂ/oAZH

b = depth of immersion
»
A

where the radius A of the sphere is 15 cm. Tb5 results are
exhibited in Graph 8(b).

Theoretically one should expect the formmla (3.9) for

qp to be valide Expanding m and %% in powers of b,

m = 3 a

Z 1

a
bs/z-—ng2+ooo

(9+1)

im 1/2
'('3'5 = alb - a2b + oee

whare a,, &, are constants (from (8.3) the theoretical estimste
of a, is 6.62. The dencminator (1 + 85)3 = 1 + om near b = 0

}
80 that d 8a
alb:l'/2 - a.b
2
1 +8 - -2
4 Ly 18 ¢
ox
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Setting
- 1/2 1 _3b
Y b [ 7; z; ] )
P
(9.3)
= 1. S
x b[cp 16«1 !
wo have
(9.4) 8,y - ax = 1 ,

The quantities y and x are plotted in Graph 9(a)
using Watanave'!s experimental points. They show an excellent
agreement with the linear relation (9.4), and the best straight

lines are likewise drawn in Graph 9(a), the resulting values
of a, and a, beling: '

H(cm) 20 30 40 S50
al 6096 692 Tel?7 7e1l3
a2 2365 25.9 26.6 276 3

The values of a, show good agreement with the expected theoreti«
cal value 6462.

Selecting in equation (9.2)

CQQS) a, = G482 »

and dropping the denominator completely, we have

662 b/2 - ¢
a = E N
2 b

[9e6)
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662 Y2 . ¢ '
The quantity 5 ~L 15 plotted against b in Graph 9(b),
the values of b less than 0l belng excluded since any experl-
mental error in c_ will then produce & large error in a,e
The result shows that the quantity (9.6) is accurately

constant and its best value from the experimental data i1z 23.5.
If the denominator in (9.2) is included, a correction to the
value of 8y 1s obtained which amounts to = 1.5« Thus, the ex-

perimental wvalue of a, is

Trus the theoretical result (9.5) i1s verified completely
by Watrnabe'!s experiment. In particular, the value % for the
wotting correction 1is verified.

Lnother more direct check of the wetting correction of
% is drovided by %atanabe in his observation of the depth of
immersion at which the resistance curve dropped sharply. The
depth, in Table IV of Watanabe'!s paper [17], 1s given as «585mm
on the aversge. This 18 clearly due to the water overflowing
the spherical segment. The wetting factor is therefocre approxi-
mately

which is slightly less than 3/2., The corresponding value of
b is

b=;§g£='0390

15

This experimental point is plotted in Grapb 6(a).

In the experiments by Blundell [ 3], accelerometers with
lov natural frequencies of 100-400 cycles/sec and low damping
wore useds The responses of the instruments were oscillatory,

CONFIDENTIAL
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8o that only the general shape of the impact curve could
be established. The dimensions of the dropped sphere are
as indicated.

(4) M, = 351b, T, = 11.4 ft/sec, 0 = «23

e | (B) My =326, T = 11.4 ft/sec, O = .21
\\

(C) M, = 321b, U, = 8 ft/sec , T = .21

(D) ¥, = 501b, U, =8 ft/sec , @ = 33

The experimental curves, obtained from Pigures 1, 2 of [3]are
converted into Cp curves in Graph 1l(a), and the corresponding
theorstical curves are drawn in Graph 11(b). An idea of the
experimental error can be obtained by comparing (B) and (C),
which should be the same, and by noting that (D) should give
the highegt cp since © is the largest. The agreement with
theory 4s satisfactory, and curve (D) sven agrees rmmerically
with theory.

Richardson [13] used a hemispherical sheil with the
same dimensions as Blundell, but with a mass of 24 1b (& = +159)
dropped from a helght of 2 ft. He used an instrument whieh
worked on the changss in capacity of a ™breathing” condenser.
His experimental graph, Figure 2b of [13], 43 converted into
the dimensionless form of a Cp curve and compared with the
theoretical curve in Graph 12. The agreemsnt is satisfaorory,
especially on the position where the maximum Cp 1s attained.

In all these experiments, the value of ¢ is rather small.
It 18 desirable to perform further experiments with a larger « ,
uaing accurate instruments (such as piezoelestric gauges).
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Apmndix

Seotion 10, Comparison of Energy and Momentum

In Sections 3 and 4 the force of impact was derived
from momentum considerations, and we found that the rorce
on the entering sphere is equal to the time rate of change
of the resultant impulsive pressure force scting on the
boundary of the fluid (formula (4.3) ). We may, however,
derive the force of impact from ensrgy considerations.

Let 3 U,U° be the kinetic energy of the fluid at tiwe
t, where My is the Yenergy” virtual mass. By the principle
of conservation of energy, we have

| v
(10.1) %(x. +u) T n%nouﬁ , or T° =—-9-;- .
1+-—'—

Differentiating with respect to t and using (3.2), we obtain

(10-2} pgl_s:__guz,,% I o2
2 M
Mo

by (1001).
Pormulas (10.1), (10.2) should be comparsed with the

corresponding formmlas (3¢3), (3.4) based on momentum con=-
siderations. An immediate comparison of (10.1) and (3e¢3)
shows that

(10.3) 1+22=+¥)%or 2w+ L)

MO 0 o]

|
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where M is the "momentum™ virtual mass which we have been
using throughout. The same relation is obtained by compar~
ing (10.2) and (3e4)s For incoming projectiles of large
mass compared to the mass of the water displaced by the
hemispherical nose, % q/lo is small compared to 1, and we
have approximately

Thus, for impact, M, 1s different from M.
In order to obtain an expression for M,
that the total kinetic energy of the fluid is

2 5,07 = %ﬂf/f(grad'!#)z dxdydz = - %ng as - %pffvgl’ds

by Green's theorem, where the differentiation is with respect
to the normal pointing into the fluide  Thus the kinetic
energy 1s squal to the work done by the impulsive forces acting
on the boundary of the fluid. Since = L=k g U cosac on W (see
diagram on page 17), we see that -~%§gigp¥ U dxdy. Substitu-
ting from (4e4), we therefore obtain for ¥, the formula

» ¥6 observe

(10.5) M, =,of/¢ dxdy +,o//b (- -g-g)ds .
w S

Comparing the right hand sides of (10+5 and (4+6),we
ses that they differ only in their second terms, the free surface
termse If the same first approximation is made as previously,
that 18 ¢ = O on the surface, we would obtain

¥, = PJ9F¢ dxdy = M
W

# It 1s easily seen (from the considerations of Section 4) that
the lntegration extended over a large spherical membrane tends
to zero as the membrane tends to infinity.
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whereas we know that lo = 2M approximately. The complete
neglect of the surface terms may thus ocause a slzeable
error amounting to the factor 2.

We shall show that the neglect of ths surface term
is justifiable when momentum is used and not justifiable
when energy is used. The reason for this is that the rapid-
ly rising fluid immediately surrounding the sphere carries
econsiderable energy but not mich momentume This portion of
the fluid includes the thin sheath and the thick base of tle
surface rise adjacent to the sphere, all of which will be
grouped together and called the splashe We may tims think
of the splash as carrying the energy which would normally be
dissipated into heat in inelastic impact.

We shall show that the percentage of energy carried
by the splash is mmch larger than the percentage of momentum
carried by 1t, at least for the depths of penetration in
which we are interesteds This 1s plausitle on intuitive
grounds since the mass of the splash is conocentrated near the
sides of the sphere and is moving outward as well as uwpward
(soe Plate S )e The outward or horizintal motion of the aplash
contributes to the kinetle energy, buf; contributes nothing to
the momentum because of the rotationsl symmetry about the verti-
eal directione™

At sach instant, the additional water entering the splasih
is shed off the side of the sphere at the place whers the water
level intersects the spheree. ILet L and u, be the horizontal
and vertical components of the splasin as i1t leaves the sphere,
and let © be the angle indicated in the diagram. The velocity
with which the splash 1s moving in the direction normal to the
sphere is U cos 6, where U i1s the vortical velocity of the

# This remark 18 not valid in the case of oblique entry.
Because of the asymmetry there i1s then a sizable horizontsl
component of the momentum of the splashe
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sphere. We therefore have (see the dlagram)

w, = (uv + U) cot ©

and so the magnitude u of the resultant splash velocity is
given by

u=%\/1+(1+£—q)2 cot® 8 .

Let M be the virtual mass of the water defined in

Sections 3, 4. By (10.4), ¥, = 2M and so the total kinetic

energy of the fluid is %u U2 = MU, Hence, if mgp 18 the
mass of water entcring the splash, the fraction of the energy

carried by the splash isa

Zm, v’ m YW,.2 U .2 2
(106) -2-;;-5——-&2--%2(?) (1 +(1+=)°cot°8] .

The total momentum of the splash 4s directed virtually upward
by rotational symmetry and is equal to mspuv. Dividing by
the effective momentum MU of the fluid we obtain

(1047) Zepv _Dsp v

¥U M U
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for the fraction of the momentum carried by the splash.
The ratio of (10.6) to (10.7) is

(10.8) _percentage energy in splash _
* percentage momentum In splash

1 511+ (1+ % )2%c0t%) 2 —2
27 ‘ Yy °° sec 9-)

for any-%? e The following table exhibits the minimm values
of the ratio (10.8) for various angles 8:

0 [0° 15° 30° 45° 60° 75° 90°

minimum possible
value of ratio (10.8) © 283 65 2.4 1 .35 0

This table gives the minimum value of the ratio (10.8) as the
fluid is shed off into the splash. The ratioc (10.8) for the

total splash is some sort of integral of —b — Thus, in

sec 9-1
the early stages of the entry of the sphere the energy loss

in the splash 1s mich greater than the momentum loss. For

this reason, an approximation based on momentum is more accurate

than one based on energye. '
In Sections 7, 8 of the present report, we have computed

the correction to the wvirtual mass M due to the motion of the

surfacees The surface correction to the dimensionless virtual

mass m 1sc/"b E,db « This correction exhibits the behavior

indicated Sbove. At the beginning, near b = 0, the correction
is relatively small. The relative magnitude of the correction
increases until near b = 1 1t amounts to about 20 percent.
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Prom the mathematical side we can see why the surface
correction is smaller on a momentum basis than on an energy
basis. The surface correction, on a momentum basis, 1is
meraly pJZ¢ dxdy. On an energy basis the surface correction
is by (10.5) pff¢ (- ) dS which has the extra factor g .

The surfacs of the water immediately adjacent to the sphere
is moving up rapidly, so that 39 44 large there and,qﬂ7¢(- sg)ds
is larger than ,off¢ dxdy. " "

Also, since the surface is rising, - 3 is negative (n 1is

the inward pointing normal) and so /ﬂﬂ[¢(ﬁ_ﬁ?ds is positive,
remembering that ¢ is negative on the free gurface « Thus

M>,o/;//cbd.xdy<me ,

the inequalities being due to the surface terms.
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71 CONFIDENTYAL

Polished serpentine sphere falling 14 ¢m. into water.,

[ 5]

0103 sec. 7108 sec,

1Hall sec.

LRI R Ve

This plate iz taken from A. M. Worthington, "A
Study of Splashes", 1908.

Plate 1
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SMOOTH ENTRY

Steel sphere of diameter 2.86 cm. dropped
from a height of 16.2 cm.

Plate 2
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SMOOTH ENTRY (Continued)

Steel sphere of diameter 2.86 cnm. dropped
from a8 helght of 16.2 cm.

Plate 3
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These plctures were teken by Tr. Furlex
of the Morrls Dam Group at Californis Institute of Technology.
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RCUGH ZRTRY

Stesl ball, 5/8" dismeter, veloclty 19.4 £t /sec.
Presaure. above liquiéd = 20 cm. mercury.

These pictures were teken by 2. M. Davies

- = - - -

of th» Zngineering Laborstory, lsxtridge, Zngisnc.
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U, = 8.84 x 1O4 cm/sec. A = 04159 cm. Mo = Q.6 granms.

This photograph was taken by E. Newton Harvey
of Princeton University.

Plate 7



