
'STDR-64-428

4 « (FINAL REPORT)

APPLICATION OF QUEUING THEORY TO INFORMATION SYSTEMS DESIGN

\

Mi

TECHNICAL DOCUMENTARY REPORT NO. ESD-TDR-64-428

JUNE 1964 

David Nm

DIRECTORATE OF COMPUTERS 
ELECTRONIC SYSTEMS DIVISION 
AIR FORCE SYSTEMS COMMAND 

UNITED STATES AIR FORCE 
L.G. Homcofn Field, Bedford, Mouachusetts

(h'efMred under Contract No. AF 19 (628)-290l by the Stanford Research Institute, 
Manie Pork« Californio.)



APPLICATION OF QUEUING THEORY TO INFORMATION SYSTEMS DESIGN 

Abstract 

This research project was undertaken to investigate the application of 

queuing theory, in particular the priority queuing theory, to structuring 

of information systems. 

A scheme of classifying queuing models and queuing literature was 

developed, and was used to classify most of the known priority-queuing 

literature. The waiting-time distribution for a multi-server, head-of-the- 

line, priority-queuing model was developed. Priority-queuing formulas were 

catalogued and listed in accordance with the classification scheme. A simple 

single-stage priority-queuii« model was constructed to demonstrate the feasi¬ 

bility of using such a model to augment the analytical modeling techniques 

in investigating more complex priority-queuing systems. Finally, procedures 

for the application of the queuing model to structuring of information systems 

were outlined.!^ ^ 
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I. INTRODUCTION 

Many difficult problem areas appear frequently in the procesa of 

analyzing or synthesizing information systems. One area which appears 

with regularity deals with queuing and congestion processes. Many 

idealized models of these processes have been developed, analyzed, and 

reported in the literature. Thus far, this literature has not been 

organized in such a way as to make it useful to the frequent searcher. 

Often the queuing problem in an information system differs signifi¬ 

cantly from the idealized models treated. It is desirable, where possible, 

to develop an analytical model to the problem at hand, but the approach to 

this development Is frequently quite difficult, if not impossible. In many 

cases the solution to the analytical model is in such a form that it is not 

readily usable. However, it is usually possible to develop an approximate 

analytical model, whose solution is simple enough for application. 

In many information systems the service discipline is that of the 

priority type. Since 1954 a number of investigators have contributed 

significantly to developswnt of priority queuing theory. The results of 

their finding were published in various mathematical-statistics Journals 

and books. Most of the contributions are for single-server service systems. 

The multi-server priority queuing problem is essentially unsolved. Most of 

the practical priority-queuing problems are of this multi-server type. 

The principal objectives of the research effort described in this 

report are 

(1) To develop a means of classifying the queuing models and literature, 

(2) To organize the results of the priority queuing studies in accordance 

to the classification schemes, 
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Í3) To extend the priority queuing unaiyeiH to include that of multi- 

aerver service systems, and 

(4) To establish guides and procedures for the application of the 

priority queuing theory to structuring of information systems. 

The research effort covers the period between April 15, 1963 to April 14, 1964. 

In Section II, a classification scheme is developed. This is a general¬ 

ized scheme for classifying the queuing models in accordance to their input, 

queue, and service characteristics. The queuing literature is classified 

in accordance with the models Investigated and the specific performance 

measures studied. A simplified version of this classification scheme is 

used to classify all the known priority queuing literature. The analytical 

development of priority queuing theory is briefly reviewed in Section III. 

This theory was extended in this project to include the analysis of the wait¬ 

ing time distribution of a single-server, head-of-the-line, priority queue 

system (which is a corrected and modified version given by Kestern and 

Runnenburg) and of a multi-server, head-of-the-1ine, priority queue system. 

Detailed derivations of these two waiting time distributions are given in 

Appendices A and B. Some of the useful results of priority queuing analysis 

are presented in Section III-C for reference. The digital priority-queuing 

simulator is briefly described in Section IV. Some examples illustrate the 

use of a small simulator as an experimental tool to ¿augment the analytical 

queuing analysis for obtaining approximate solutions to some specific queu¬ 

ing problems. The procedures for applying the priority queuing models to 

structuring of information systems are discussed in Section V. 
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II THE CLASSIFICATION OF QUEUING 

MODELS AND QUEUING LITERATURE 

A. INTRODUCTION 

The development of queuing theory may be traced back to A. K. Erlang 

who, in 1909, published a paper called "The Theory of Probabilities and 

Telephone Conversation.',1 * Since then, hundreds of papers and several 

books on or related to queuing theory have been published in many languages. 

The writer knows of no previoua systematic scheme for classifying and in¬ 

dexing this literature. It is felt that such a scheme Is needed to assist 

investigators or users of queuing theory In determining what aspect of 

queuing has (or has not) been investigated, and where to find the informa¬ 

tion that is needed in solving particular queuing problems. 

In 1053, Kendall8 introduced a basic scheme of classifying queuing 

systems, together with some symbols of representation. In this scheme, a 

queuing system is classified by: 

(1) Input—the inter-arrival times distribution 

(2) Queue discipline—the rules that govern the order in 

which waiting customers are served 

(3) Service mechanism—number of servers and the service-time 

distribution. 

Four types of distribution, F(t), were used in the classification: 

*References are listed at the end of the report. 
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(1) uLar, or constant, distribution, D--The time The reg 

interval between successive events of this distribution 

is the same. Analytically, this distribution is ex¬ 

pressed as 

F(t) = 0 for t < a 

F(t) = I for t ? a . (D 

(2) The Poissonian. or negative exponential, distribution, 

M--The time interval between successive arrivals and 

the time interval required to serve successive cus¬ 

tomers are "at random.” The analytical expression is 

F(t) = 1 - e'at . (2) 

(3) The ErlangIan distribution, Ek—This is an intermediate 

distribution between the regular and the Poissonian 

distribution, and its analytical expression is 

dF(t ) 
-kat 

e t 
k-l 

dt (3) 

Note that Eq. (3) becomes Eq. (2) when k-l, and approaches Eq. (1) when 

k tends to infinity. 

(4) The genera 1 distribution, 0—This is to identify an 

arbitrary distribution whose analytical expression is 

given by an arbitrary function, F(t). When successive 

time periods, either the inter-arrival or the service¬ 

time periods, are statistically independent, it is 

termed a general Independent distribution, GI. 
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Kendall in his study of queuing systems was mainly concerned with 

the ordered, the "first come, first served" queue discipline. Thus, his 

symbolic representation of a queuing model omits the queue discipline. 

The format of the symbolic representation is 

X/Y/Z 

where X stands for the arrival distributions 

Y stands for the service distributions 

Z stands for the number of servers. 

For example, consider a queuing model with Poissonian arrival distribution, 

constant service-time distributions, and three servers; this Is denoted 

by M/D/3 . 

The above scheme advanced by Kendall Is a very convenient shorthand 

notation for describing a specific class of queuing models and has been 

generally accepted. However, this scheme cannot describe complex queuing 

models. For example, it cannot describe the characteristics of the sources 

of input beyond the distribution of inter-arrival times, and it cannot 

describe the various queue-disciplines. 

Saaty3 presented a rather comprehensive description of queuing systems. 

He divided a queuing operation into four parts: the input, the waiting 

line, the service facility, and the output. With each of these is associated 

a set of alternative assumptions concerning the queuing process. For ex¬ 

ample, the waiting line is associated with the queue-discipline assumption 

and with the characteristics of the queues and of the customers in the 

queues. The queue may have a fixed length, and the customers may become 
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impatient and leave the queue. Because some of the alternative assumptions 

mentioned in Saaty's work are not likely to occur in normal information 

systems, they have been omitted here, and only likely assumptions are con¬ 

sidered . 

Saaty* also introduced the concept of the queue graph, which is some¬ 

what analogous to the schematic representation of an electrical network. 

If this concept can be fully developed it might provide a convenient graphical 

representation for various classes of queuing models. Much development 

seems to be required before it can be of practical use. Consequently, 

the idea of using a queue graph to symbolically represent a queuing system 

is not pursued in this paper. 

In this paper Kendall's classification scheme is modified and expanded 

to adapt it to classifying basic queuing models that are commonly found in 

information systems. One such basic queuing model is that of the single¬ 

stage-queue shown in Fig. II-l. Here all inputs enter a "queue," are 

served by a "service" organization, and finally exit from the system. 

INPUT ^OUTPUT 

Fig. II-l 

SINGLE-STAGE-QUEUE QUEUING MODEL 

The model of a queuing system would be a combination of the basic queuing 

models. A basic queuing model can be classified according to its input, 

its queue, and its service characteristics. In Part C, these three primary 
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characterizations are explained and secondary classification is introduced 

within each of the primary classifications, together with a set of symbolic 

representations . 

An investigator of a queuing model may study any one of the many 

measures of effectiveness for the model. Some examples of the more 

commonly studied measures are: 

(1) The probability that a customer finds the service 

system free upon his arrival 

(2) The probability of a customer's having to wait longer 

than a specified time 

(3) The average (mean) waiting time of a custo..ar 

(4) The probability that the queue exceeds a c' 'tain length 

(5) The average size of queue. 

An investigator may study other measures, unrelated to the effectiveness of 

the model operation. One such measure is the interdeparture intervals of 

a queuing model. This measure is of special significance in the study of 

the tandem-queues model, where the output of one queue is the input to the 

next queue. The term "operational'' measure is used In this section to 

cover both the "effectiveness" and "other" measures. Some of the more 

commonly used measures will be defined in more detail in Part 0. 

Queuing literature can usually be classified according to the queuing 

model or models considered, and according to the specific operational 

measure or measures investigated. Part E contains such a scheme of classi¬ 

fication, which is applied to priority queuing literature. 
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B. BASIC QUEUING MODELS 

A basic queuing model is defined as a queuing model that contains a 

single queuing stage (Fig. II-l). A queuing system model Is a combination 

of basic queuing models. A basic queuing model can be classified according 

to its Input, Its queue, and its service characteristics. The symbols 

used to represent the characteristics are, In most cases arbitrary; however, 

the symbols for distributions are those used by Kendall. In this paper a 

unit of input Is called a customer and a service channel is called a server. 

1. Input 

The input to a basic queuing model can be described in terms of 

the source of the customers, in terms of the form customers ttike, and in 

terms of the policy customers follow for queuing. 

Customers could come from a population source that is limited, in 

which case the maximum number of customers from this source in queue at 

any one time is the size of ths source. When the number of customers in 

queue from this source reaches the limit, the source cannot generate any 

further customers until the number in queue drops back below the limit. 

The population source could be unlimited, in which case the source will 

continue to generate customers regardless of the number of customers in the 

queue. The population source can also be characterized by the homogeneity 

of the population. A homogeneous population is one whose customers are not 

distinguishable from each other except by their order of arrival at the 

queue. A heterogeneous population is one whose customers are distinguishable 

into classes. Customers of a class may be distinguished from customers of 

another class by their input characteristics, by the queue characteristics, 
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by the service requirements, or by any combination of these. The input 

characteristics include the arrival pattern, the arrival distribution, and 

the arrival policy. The queue characteristics include the queue discipline 

and the queue policy, which will be explained in Part B-2. The service 

requirement Includes the type of server required, the service-time distri¬ 

bution, and the service pattern, which will be explained in Part B-3. 

Customers may arrive singly or in batches (groups). Their inter- 

arrival intervals may be distributed according to the four distributions 

defined by Kendall; the regular, the Poissonian, the Erlangian, and the 

general or general Independent. 

A customer may decide to Join the queue regardless of the condi¬ 

tion of the queue. In telephone traffic language this type of customer is 

called delayed-customer. A customer may decide upon arrival that the 

condition of the queue is such that he may not (or cannot) Join it immedi¬ 

ately. If the customer decides to try to Join the queue at a later time, 

it is called repeat customer. Should the customer decide not to try, it 

is called lost customer. The many other possible types of policy are 

grouped under others. Table I is a listing of the input classifications 

together with their assigned symbols. 

2. Queue 

Arriving customers who decide to wait in line are said to have 

Joined the queue. Physically the queue may take on the form of a single 

fils or a multiple parallel file. The single-file form is sometimes called 

single-queue and the multi-file form is called multi-queue. The buffer 

storage system in some data handling systems is a multi-queue system which 
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Tabic I 

INPUT CLASSIFICATION 

Input Classification Parameters Symbols 

Population Size Limited 

Unlimited 

! 
L 

U 

Population 
Characteristics 

Homogeneous 

Heterogeneous 

1 
S 

Pattern Singly 

Batches 

I 

s 

Distribution Poissonian 

Regular 

Erlangian 

General/0eneral Independent 

M 

D 

E 

G,GI 

Policy Delayed 

Repeat 

Lost 

Others 

D 

R 

L 

0 

may contain several Individual buffers (queues), one for each input device. 

Cuatomers (information) generated by the input devices are filed into their 

respective queues. The size of queue may be limited by the physical 

facility to accommodate the customers. For example, in an electronic 
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message switching center, the queue siie is limited by the size of magnetic 

core or drum or the disk or tape unit(s) employed. When the queue is 

reasonably larger than the traffic load expected, for all practical pur¬ 

poses it may be considered to be unlimited. 

The rules that govern the order in which a queue is selected 

for service, in the case of multi-queues, and the order in which customers 

in a queue are selected for service is called queue discipline. Queue 

discipline can take many forms. In this paper only those forms that are 

most likely to occur in information systems are considered. The various 

queue disciplines will be discussed in the order of increasing complexity. 

The order of complexity is directly associated with the homogeneity of the 

population source, the number of queues, and the homogeneity of the servers. 

The simplest queue discipline occurs when the population source is homogeneous, 

and there is only one queue and one class of servers. The three most 

commonly discussed disciplines are: 

(1) Ordered queue—Customers are given service 

according to their order of arrival in the 

queue. Another term for the ordered queue 

is first-come-first-served. 

(2) Inverse-ordered queue—In this case the 

customer at the end of the queue is given 

service when a server becomes available. 

A conuaon name for this discipline is 

"last come, first served." 



(3) Random order queue—When a server becomes 

available, the next customer to be served 

is selected at random from the queue. 

The next degree of complexity occurs when the population source 

is heterogeneous, and there is a single queue and a single server. The 

customer in queue can now be identified by class. One of the most common 

way of classifying customers is by their urgency level. Thus the popula¬ 

tion can be classified into priority classes, according to their urgency 

level. The urgency level of a class of population may remain static re¬ 

gardless of the changing condition of the service system, which is called 

static priority or just priority. The urgency level may change as a func¬ 

tion of the condition of the service system. For example, the urgency of a 

customer may be given a higher level as waiting-time Increases; this is 

termed dynamic priority. The rule that governs the order by which a priority 

customer is placed in service and the manner in which a displaced customer 

resumes service is called priority queue discipline. The three principal 

variations of priority queue discipline are: 

(1) Head-of-the-llne (non-preemptive or precedence)— 

The next customer to be served when a server be¬ 

comes available is the highest priority customer 

in the queue who has the earliest arrival time. 

(2) Interrupt (preemptive-resume)—The arrival of a 

customer whose priority class is higher than that 

of the customer currently in the server will 

interrupt the service. The interrupted customer 
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is placed at the head oí the queue, and when 

the service does resume it will resume from 

the point of interruption. 

(3) Pre-emptive (pre-emptive-repeat)--ThiB differs 

from the interrupt case in that the service on 

the interrupted customer resumes from the be¬ 

ginning rather than from the point of interrup¬ 

tion. Most of the "torn-tape” message centers 

employ this queue discipline. 

The interrupt and pre-emptive priority can take on still a further varia¬ 

tion. This is the so called conditional pre-emptive. Under this variation 

the higher-priority customer will interrupt only under certain conditions. 

If the length of time required to finish servicing the customer to be in¬ 

terrupted is comparatively short, the Interrupting customer will wait for 

the service to end before entering the server. 

A further complication can occur when the population source is 

heterogeneous, there is a single queue, and there are several homogeneous 

servers. Under this situation, the rule that governs the selection among 

the customers who are currently in servers can take on a number of varia¬ 

tions. Two of the variations are listed in the order of the likelihood of 

being adopted in the information system: 

Latest time—The Interrupted customer la the 

customer with the lowest priority and the 

latest arrival time. 



(2) Kandom time--The interrupted customer is se¬ 

lected andomly among the lowest-priority cus- 

tomerr, if there is more than one lowest 

priority customer. 

Obviously there can be many other variations but they are deemed to be not 

practical from the point of view of designing information-system equipment. 

A queue discipline that is common in communication system is the 

so called allocation queue discipline. Under this discipline, customers 

of some selected classes are given service by an allocated group of servers. 

Finally when the queue is of the multi-queues type, there are 

rules that govern the order of selecting a particular queue and the manner 

in which the customers in the selected queue are served. Again there can 

be a wide variety of order of selecting a queue, however, only a few are 

likely to be found in the information system and they are: 

(1) Cyclic order—Queues are numbered from 1 to n. 

If at any instant of time the last selected 

queue is the rth queue and a server becomes 

available, the next queue to be selected is the 

r+lth queue. When r is the nth queue, the next 

queue is the first queue. Most of the "stepping 

switch" service systems employ this order of 

selection . 

(2) Lowest order—This differs from the cyclic 

order in that the next queue to be selected is 

always the queue that is the lowest queue with 
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waiting customers. In some "stepping swtich" 

service systems this order of selection is used 

and it is definitely biased toward the lower- 

numbered queue. 

(3) Random order—As the name implies, the next queue 

to be selected is selected randomly among those 

queues that have waiting customers. 

The queue discipline of the customers in the selected queue is the same as 

the queue disciplines of the single queue. In addition there is a rule 

governing the number of customers to be served from a selected queue before 

the next queue is selected. Three alternative rules can be adopted: 

(1) Single—Serve one customer only 

(2) Static empty—Bnpty the entire queue, but not 

including those customers that arrive after 

the time the queue is selected. 

(3) Continuously empty—Empty the entire queue 

including those customers that arrive during 

the emptying process. 

Customers waiting in the queue may decide to leave the queue for 

some reason. This type of queue-policy is called defection. If the de¬ 

fected customer should decide to re-enter the queue at a later time, the 

policy is defection with retrial. An example of a defectlon-with-no- 

retrial policy can be found in one type of input or output buffer operation 

(queue) of certain information processing systems. The buffer is loaded 

with messages (customers) starting from the first position of the buffer 

15 



to the last position of the buffer. When the last position in the buffer 

is loaded, new messages are loaded starting from the first position. The 

new message will replace the message that was in that position. Unloading 

follows the same order. For any reason, the unloading rate fails to keep 

up with the loading rate, It is possible to displace some messages before 

they are unloaded. The displaced messages are termed defected messages 

with no retrial. 

The queue classification is listed in Tables 11(a) and 11(b). 

Table 11(a) is the over-all queue-classification table and Table 11(b) is 

the queue-discipline section of Table 11(a). The order of classifying 

queue discipline is as follows: 

(1) Queue number 

(2) Queue size 

(3) Queue discipline: (a) Selection order 

(b) Service mode 

(c) Service order 

(d) Priority modifiers 

(4) Queue policy. 

At example of queue representation is then 

2UCE P(t) ,N 
s pci 

which stands for a two-queue queue model. The queue size is unlimited and 

defection is not allowed. The queue-discipline symbol stands for cyclic selection 

of the queues; once a queue is selected, the content of the queue, as of the 

time of selection, is emptied (served) according to a dynamic-priority dis¬ 

cipline. This priority discipline is the conditional pre-emptive type, and 
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the pre-empted customer is the lowest-priority customer with the latest 

arrival time. 

Table II 

(a) QUEUE CLASS IFICATICW 

Queue-Classifications Parameters Symbol 

Number Single 1 
1 

Multiple s 
-1 

Size Limited 
j 

L ¡ 

Unlimited U 

Queue-Discipline See Table 11(a) 

Policy Non-defection 
1 

N 

Defection 

1 

1 .-.-.. 

No retrial D 

Retrial 
dr 
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Table II (Coni.) 

(b) QUEUE-DISCIPLINE CLASSIFICATION 

Queue-Discipline Parameters Symbols 

Service Order Ordered (FCFS) 

Inverse Ordered (LCFS) 

Random 

Priority 

Allocation 

0 

I 

M 

P 

A 

Priority Modif era 1st level 

2nd level 

3rd level 

4th level 

Static 

Dynamic 

Head-of-the-line 

Interrupt 

Pre-emption 

Conditional 

Unconditional 

Latest time 

Random time 

(t) 

h 

i 

P 

c 

u 

1 

m 

Multi-Queues Selection Order 

Service Mode 

Cyclic 

Lowest 

Ranuom 

Single 

Static Empty 

Dynamic Bnpty 

C 

L 

M 

1 

E 
s 

Ed 
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3. Service 

Customers in queues are serviced by a service organization. This 

service organization may contain one or more servers. Where there is more 

than one server, the servers may be arranged in serial, parai le I, or serial- 

para1 lei fashion. It is assumed that no queue can exist within the service 

organization. If these servers have identical service characteristics and 

can serve any customer in the queue, they are called homogeneous servers. 

The most commonly-assumed service-time distributions are the negative- 

exponential, the constant, and the Erlangian. In some analytical analyses, 

the distribution is assumed to be a general function, F(t). The server may 

serve the customers singly or in batches. The service classification is 

listed in Table III. 

Table III 

SERVICE CLASSIFICATION 

Service Classification Parameters Symbol 

Organization Single 1 

ss 

SP 

SM 

Multiple-Serial 

-Parallel 

-Serial-parallel 

Server Characteristics Homogeneous 

Heterogeneous 

1 

S 

Service Time Distribution Negative Exponential M 

D 

ek 

G 

Constant 

Erlang 

General 

Service Pattern Singly 1 

In Batches S 
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c. OPERATIONAL MEASURES 

The quality of a queueing-system performance can be expressed in terms 

of its operational measures. Some of the most commonly used measures are: 

(1) Queue length—The queue length can be defined in two ways: 

(a) The number of customers in the queue 

(b) The number of customers in the queue and in 

the server. 

(2) Waiting time—The time that a customer spends waiting in 

the queue; that is, the time elapsed between the time of 

his arrival at the queue and the time of his initial 

entry into the service organization. 

(3) In-service time—The time elapsed between the time of his 

initial entry into the service organization and the time 

of his final departure from the service organization. (In 

the case of non-priority and the head-of-the-line priority 

discipline, this time is simply the service time of that 

particular customer.) 

(4) Delay time--It is the sum total of the waiting time and 

the in-service time. 

(5) Busy period—The busy period of a service organization 

is the elapsed time between the time when the service 

organization becomes fully occupied (busy) and the time 

when it ceanes to be fully occupied. An example of 

a busy period is that due to the presence of higher 

priority customers in the queue(s) and in the server(s). 
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The busy period ends when higher-priority customers in the 

queue have been serviced and the service organization is 

again available to serve lower-priority customers. 

(ó) Output time—This is the interdeparture time interval of 

the customer. 

(7) There are a number of less-often-used measures: 

(1) The queue length per server 

(2) The number of idle servers per total number of 

server 

(3) Time elapsed between time when the number of 

customers in a queue exceeds a prescribed threshold 

(4) The number of customers served during a busy period. 

Table IV is a listing of these operational measures together with 

their assigned symbol. The less-often-used measures are grouped under 

"Others." 

Table IV 

OPERATIONAL MEASURES 

Operational Measures Symbol 

Queue Length: In Queue(s) 

In Queue(s) and Server(s) 

Waiting Time 

In-Service Time 

Delay Time 

Busy Period 

Interdeparture Time 

Others 

L 
4 
L 

W 

T 

D 

B 

I 

0 
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To obtain a complete understanding of these measures, one would like 

to obtain closed analytical expressions for the probability density or 

the probability distributions of these measures. However, in many cases^ 

especially in the more complex queuing models,closed analytical expressions 

are too clumsy to be of practical use or are not easily obtainable. In 

these latter cases the results of investigation are usually left in implicit 

form, in the form of the generating function (g.f.) or in the Laplace 

transform (L.T.) or in the Laplace-StieltJes transform (L.S.T) of the 

desired probability function. It is possible, though, to obtain the first 

few moments, especially the first two moments, of the probability function 

from the g.f. or the tranaform. The symbolic representation for the results 

of the queuing Investigation on operational measure X are: 

(1) E(X)—the expected or the mean of X 

(2) E(Xn)-“the nth moment of X 

(3) p(X-a)—the probability density of X, the probability 

that X takes on the value of a 

M) P(X¿u)—the probability distribution function of X, the 
00 

probability that X is greater than a, p(JC_a) * J p(X-a)dX. 
A 

(5) G(Y)—the generating function of Y, where Y is the 

probability function 

(6) Ÿ—the L.T. or L.S.T. of Y. 

For example, the notation P?W) is the transform of the probability distri¬ 

bution of the waiting time, and G(p(L^)) Is the g.f. of the probability 

function of the number of customers in the queue. 

All the above operational measures may be investigated for either 

the steady-state or the transient situation. A small letter (t) Is 

attached to the operational measure symbol to denote the transient case; 

for example, P(L (t)) means the probability distribution of queue length 
»1 

in the queue for the transient case. 
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D. QUEUING LITERATURE CLASSIFICATION SCHEME 

Queuing literature can be classified according to the queuing model or 

models conaidered and the apeclflc aspect of the operational measures in¬ 

vestigated. In this section a general scheme of classification Is developed 

and a simplified version of the general scheme is used to classify some 

priority queuing literature. 

The format of the queue model classification Is that used by Kendall, 

except that the three compartments are used to represent the characteristics 

of the input, the queue, and the service respectively. 

Thus, the format is, 

X/Y/Z 

where X is the input characteristic 

Y Is the queue characteristic 

Z Is the service characteristic. 

The format for a piece of queuing literature Is X/Y/Z-Op, where 0p stand. 

for the operational measure or measures investigated. 

Let us apply this scheme to a particular piece of queuing literature 

that consider, a 'basic' queuing model with the following characteristics: 

(1) Input—The source population Is unlimited and contains 

several priority classes of customer. Customers from this 

population source arrive singly according to Erlangian 

distribution. Upon arrival the customer chooses to Join 

the queue regardless of the condition of the queue. 

(2) Queue—The queue contains two distinct queues and their 

size Is unlimited. The queue Is selected according to 

cyclic order and the content of the selected queue Is 

completely served according to a dynamic priority dis¬ 

cipline. The dynamic priority discipline Is the conditional 



pre-emptive type and the pre-empted customer is the 

lowest priority customer with the latest arrival time 

who are being serviced. The customer does not defect 

from the queue. 

Service--The service organization contains three parallel 

servers of the homogeneous type. Their service time 

distribution is constant. Customers are served in batches. 

This particular article investigated the following operational measures 

in steady-state: 

(1) The queue length distribution of each priority class 

(2) The mean waiting time of each priority class 

(3) The transform of the waiting time of each priority class. 

The article, then can be symbolically represented by 

US IB D/2UCE P(t) N/3 IDS-P(L), E(W), pTw). 
s pci p 

It is seen that this generalized scheme of classification can be 

rather unwieldy. The amount of queuing literature existing today does not 

warrant such a detailed classification. Thus, a simpler version of the 

general ucheme is used in this paper to classify the queuing literature, 

In particular the literature on priority queuing. This simplified scheme 

took Into account the fact that certain Input, queue, and service charac¬ 

teristics seldom exist In the queuing models that can be analytically 

analyzed while others occur In most Information systems. 

In this simplified scheme a queue model Is classified by the pattern 

and the distributions of the Input, the number of the discipline of the 

queue, and the number and service distribution of the server. Under the 

queue discipline, only the service order and the first and second level of 

priority modifiers are Included. No distinction is made between the 
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multi-parallel and mult^-serlal server organization. The simplified queuing 

model classification parameters are shown in Table V. The 'ormat of the 

Table V 

SIMPLIFIED QUEUING MODEL CLASSIFICATION 

—--—-- 

Queuing Model Classification Parameters 

Symbols 

■.——T 

Primary Secondary Tertiary 

Input Pattern 

l 

Singly 

Batches 

1 

S 

Distributions Poissonlan 

Regular 

Erlangian 

General/General Independent 

M 

D 

E 

G/GI 

Queue Number Single 

Multiple 

1 

S 

Discipline Ordered 

Prlority-head-of-the-llne 

-Interrupt 

-pre-emption 

0 

Vph(t) 
P1/P1(t) 

P /p (t) 
_E—E_ 

Service Number Single 

Multiple 

1 

S 

Distributions Negative Exponential 

Constant 

Erlangian 

General 

M 

D 

E 

G 

•inpilfled queuing literature Is given by the representation 

’‘iVWW’p 
where Xx la the pattern of arrival 

X_ la the arrival distributions 
2 



Is the number of queues 

Y is the queue discipline 

is the number of servers 

Z„ is the distribution of service time. 
2 

Thus, the simplified symbolic representation of the specified piece of 

queuing literature is 

lE/2P(t) /3D-P(L), E(W), P?W). 
P 

For Illustration, this proposed method of classification will be 

applied to some priority queuing literature. Following is a list of 

articles published in English, together with their symbolic classification: 

Serial 

Number Article Classification 

Avi, Itzhak, B. and Naor, P., "On a Problem of 

Preemptive Priority Queuing," OR 9, pp. 664-672 

(1961) 

Barry, D. Y., "A Priority Queuing Problem," OR 4 

pp. 385-386 (1956) 

1M/1P /1M-E(W), E(L ) 
i q 

1H/1P /m-E(L ) 
i q 

Burke, Paul J., "Priority Traffic with At Most One lM/lPh/SM-P(W=o) 

Queuing Class," OR 10, pp. 567-568 (1962) 

Cobham, A., "Priority Assignment in Waiting Line 1M/1PU/10-E(W) 
n 

Problem," OR 2, pp. 70-76 (1954) also OR 3, p. 547 lM/lPh/SM-E(W) 

1M/1P./SM-E(W) 
n 

(1955) 

5 Cox, R. E./'Traffic Flow in an Exponential Delay 

System with Priority Categories,"Proc IEEE, 

(London) 102, Pt.B, 1955, 815-818 

6 Dressin, S. A., and Reich, E.,"Priority Assignment lM/lPh/UI-P(W) 

on a Waiting Line/'Quarterly of Applied Math. XV, 

1957, 208-211 
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Serial 
Number Article Classification 

7 Firstmann, S. I./'Duration of a Countdown when IM/IP /1M-E(L ) 
i q 

Considered as an Interrupted Service Process, 

OR 11, 1963, 210-227 

8 Gaver, D. P./'A Waiting Line with Interrupted 

Service, Including Priorities,"J. Roy. 

1M/1P. /1G-E(B), E(L ) 
i q 

1H/1P /1G-E(B), E(L ) 
r* ' n 

Statist. Soc. (B) 24, 1962, 73-90 

9 Heathcote, C. R./'The Time-Dependent Problem 

for a Queue with Preemptive Priorities,"0R 7, 

10 

1959. 670-680 

_^"A Simple Queue with Several Pre- IM/IP^IM-ECL^) 

10a 

emptive Priority Classes," OR 8, 1960, 630-638 

_/'Preemptive Priority Queuing','Biometrika IH/lPj/lE^Pd^) 

48, 1960, 57-63 lll/lP1lD-E(Lq) 

11 Helly, Walter,"Two Doctrines for the Handling of IM/lP^/SM-ptw-o) 

Two-Priority Traffic by a Group cf N Servers," 

OR 10, 1962, 268-269 

12 Holly, J.,"Waiting Line Subject to Priorities," IM/IP^/IG-EÍW) 

OR 2, 1954, 341-343 

13 Jackson, J. R.,"Some Problems in Queuing with m/lPh(t)/SII-ï(W) 

Dynamic Priorities,"UCIA Mngmt. Scl. Res. 

Rept 62, Nov. 1959 

14 _/'Simulation of Queues with Dynamic lM/lPh(t)/SII-P(fet) 

Priorities,"UCIA Mngmt Sel Res. Rept. 71, Mar. 1961 

14» _/'Waiting-time Distribution for Queues lM/lPh(t)/lM-E(W) 

with Dynamic Prioritiee/'NRUJ, 9, 1962, 31-36 

15 Jaiawal, N. Y., Preemptive Resume Priority Queue, IM/lPj/lG-KL^), ETLq(t), 

OR 9, 1961, 732-770 pTb). 
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Serial 
Number Article Classification 

16 Jaiswal, N. Y./'Time Dependent Solution of the 1M/1P /1G-E(L (t)). 
h q 

'Head of the Line' Priority Queue,"J. Roy. 

Statist. Soc. (B)24, 1962, 91-101 

17 Keilson, J.,"Queues Subject to Service Interrup- 1M/1P^/1G-pTl), pTb). 

tlon Ann Math. Statist., 33, 1962, 1314-1322 

2 ^ 
18 Kesten, H. and Runnenburg, J. Tn.,"Priority ln 1M/1P /1M-E(W ),P(W). 

Waiting Line Proolems, Koninkl, Ned, Akad, 

Weten-Schap,” Proc. Ser A, 60, 1957, Pt I, 312- 

19 

19a 

20 

21 

22 

324 and Pt XI, 325-336 

Miller, R. G.."Priority Queues," Ann. Math. Statist■ IM/IP^/IG E(L ^), E(T), E(B2) 

31, 1960, 86-103 

Morse, P. M., Queues Inventories and Maintenance 

(Wiley, N.Y., 1958) Chap. 9. 

Phipps, T. E.,"Machine Repairs as a Priority 

Waiting-Line Problem"0R 4, 1956, 76-86 

Sandeman, P.,"Empirical Design of Priority 

Waiting."OR 9, 1961, 446-455 

Stephan, F. F.,"Two Queues Under Preemptive 

Priority with Poisson Arrival and Service Rate," 

IM/lPj/lG- 

1M/1P./1M-E(L) , E(L ), E(W) 
h Q 

1M/1P./1M-E(L ), E(W) 
h q 

1M/1P /lM-P(W>t) 
n 

IM/lP^lM-EiL 4), E(W3), E(T2) 

OR 6, 1958, 399-418 

23 Thlruvengadam, K.,"Queuing with BreakdownsOR 11, 1M/1P^/1G-E(L^) 

1963, 62-71 

24 Van der Zee, S. P./'Priority Assignment in Waiting- U(/lPh/lM-E(W) 

Line Problems under Conditions of Misclassificatlons," 

OR 9, 1961, 875-885 
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Serial 

Number Article Classification 

25 White, H. and Christie, L. S.»"Queuing with 

Preemptive Priorities or with BreakdownOR 6, 

1M/1P^/1M-P(L^), E(Lq2), 

E(T2) 

1958, 79-95 

26 Welch, P. D.,"Some Contribution to the Theory of 1M/IP^/lG-GtL^), P?W). 

Priority Queues,'Ph.D. Thesis, Columbia 

Columbia University, April 1963. 



Ill REVIEW OF ANALYTICAL DEVELOPMENT 

OF PRIORITY QUEUING 

A. INTRODUCTION 

A problem of coneiderable interest to service system designers is 

the study of the system performance characteristics under various com¬ 

binations of external environments and internal organizations. In many 

cases the projected service system is physically large and involves 

extensive financial outlay. Only if the system designers understand the 

projected system performance before they undertake the physical implemen¬ 

tation of the system can they avoid both the extravagance of over-design 

and the danger of under-design. They may gain such an understanding through 

(1) The application of the experience gained from operating 

similar service systems, or through 

(2) The study of a model of the service system. 

Of the several types of models (scaled-down physical model, numerical or 

simulation model, and mathematical or analytical model), we are here mainly 

interested in the mathematical model. In particular, we are interested in 

the mathematical modeling of priority-queue service systems. 

The analytical modeling of a service system is the characterization 

of the service system in terms of mathematical equations. These equations 

relate the various states of the service system. A state of a service 

system is the condition of the system at some specific instant of time. 

The condition of a "ervice system can be described in various degrees 

of detail; i.e., the system can be described as in the empty state, 

where there is no customer in the queue or in the server(s), or as in 

the busy state, where all the servers are engaged in service. The busy 

state can be further qualified by describing the number of customers 
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in the queue. If the customers are distinguishable into classes, one 

may lurther qualify the "busy state with n customers in queue" to 

include the description of the make-up of the n customers in the queue 

by class, etc. These mathematical equations may the i be solved for the 

» 5 
desired system performance measures, see Morse. 

In many service systems especially In a system where customers 

arrive from many independent sources, the arrival distribution can be 

characterized by an analytical probability distribution function. Often 

the service requirements for these customers can also be characterized 

by the probability distribution function. Such a service system is 

called the stochastic service system. The theory of probability has 

been used to characterize this type of service system, and indeed this 

branch of probability theory is now called the theory of queues or queuing 

theory. The theory of queues has been successfully used to analyze a 

variety of service systems, such as the telephone system, the taxi system, 

the hospital system, the global communication system, and the Job-shop 

system. A most comprehensive bibliography of this theory may be found 

3 
in Saaty . 

Although this analytical modeling method has been extensively used 

in the analysis of service systems, It is still limited to the analysis 

6 
of relatively simple service systems, as was observed by Jackson. 

Nevertheless, a knowledge of the solution to even a simplified version of 

the service system can often provide the system designer with a means of 

bounding the solution to a more complex one, as suggested by Camp. 

Furthermore, it may enable him to obtain quick estimates of the desired 
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parameters of the service system under study. 

It is, then, the purpose of this Section to review the present status 

of analytical-modeling methods of treating priority queuing, and in parti¬ 

cular, the priority queue situations that can occur in information-handling 

systems, and to present them in such a way that the practical limitations 

of analytical methods can be established for the system designers. The 

historical development of priority queue is briefly outlined in Part B. 

The results of the analytical modeling method are systematized for ease 

of reference in Part C. 

The analytical model of a service system shall be called a queuing 

model. The symbolic representation of the queuing models and their 

operational measures used in this report are those described in Section I. 

B. DEVELOPMENT OF PRIORITY-QUEUE THEORY 

In this Section it is assumed that the reader is familiar with the 

simplified symbolic representation of the queuing model that was intro¬ 

duced in Section II-D. However, as an aid to the reader this scheme of 

representation is summarlred here. The format of the queuing model is 

given by the representation 

X X /Y Y /Z Z 
12 12 12 

wht re X1 is the pattern of arrival 

X„ is the arrival distribution 

Yj^ is the number of queues 

Y is the queue discipline 
4b 

Zt is the number of servers 

Z„ is the distribution of service time. 
4b 

The queuing models discussed in this Section have the following common 

characteristics, the pattern of arrival is always simply, Xj * 1, the 
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arrival distribution is all cases assumed to be Poissonian, X = M and 
2 

there is only a single queue, * 1. Hence, the queuing models have the 

common format of IM/lY^ZjZg. The specific symbols used for Y2, the 

queue discipline, Z., the number of servers, and Z2, the distribution 

of service time, are listed below: 

Y_ = , head-of-the-line priority, 
2 h 

= P^, interrupt priority, 

= P , preemptive priority, 
P 

= Ph(t), dynamic head-of-the-line priority, 

E 0, ordered queue discipline, 

Zj = 1, single server, 

= S, multiple servers, 

Z * M, negative exponential distribution, 

a G, general distribution, 

= E. , Erlangian distribution. 

8 
Analytical treatment of priority queues began with Cobham, who de¬ 

rived the mean waiting time of the IM/IP^/IG and the 1M/1P^/SM queuing 

models. Since then others have investigated other aspects of the head-of- 

g 
the-line priority model. In 1957, Kesten and Runnenburg obtained the 

Uplace-Stieltjes transform (L.S.T.) of the waiting time of the lll/lPh/lG 

queuing model and the waiting-time distribution of the IM/IP^'IM queuing 

model with only two classes of customer. Cox derived the waiting-time 

distribution of any class of customer in a IM/IP^/SM model. However, his 

distribution turns out to be incorrect because of an incorrect assumption, 

the assumption that the waiting-time distribution is exponential. Dressin 

The waiting time distribution formula (5.40) given by Kesten and Runnenburg 

contains an error. The corrected formula is presented in Section III-C 

of this report. 
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n 
and Reich independently derived the transform of the waiting time 

12 
distribution of the 1M/1P./1M model. In 1957, Morse obtained the 

h 

generating function of the probability distribution on the number of 

i3 
customers in the queue, C(Lq), for the lM/lPh/lM model. Miller used 

the method of embedded Markov chain to obtain the G(L ) for the 1M/1P./1G 
q h 

model. In addition, Miller derived the generating functioi for the proba¬ 

bilities on the number of items served during a busy period. 

The interrupt (pre-emptive resume) priority-queue model, 

14 
1M/1P./1-, was first investigated by White and Christie in 1958. 

2 
They obtained the G(L ), E(L ) and E(L ) of the 1M/1P./1M model with 

q q q l 

identical service rate. In addition they obtained the Î*(W), E(W) and 

2 13 2 
E(W ). Miller derived the G(L ), E(L ) and E(L ) of the 1M/1P./1M 

q q q l 

model with different service rate for each of the two priority classes. 

Furthermore, he obtained the P(W), E(W), E(W2), P(B), E(B), E(B ) and the 

generating function for the probabilities on the number of items served 

15 
during a busy period of the 1M/1P^/1G model. In 1960, Heathcote 

obtained the G(L ) and E(L ) of the 1M/1PV1E. model where the k = 1 for 
q q 1 R 

16 
the highest-priority customer. Avi-Itzhak and Naor (1961) studied the 

IH/IP^IM model where the population of the highest priority customer is 

2 . . 17 
limited and they obtained the E(L ). E(W) and E(W ) of the model. Gaver 

(1962) derived the E(Lq) and E(Lq2) of the IM/IP^IG model. All of the 

above authors considered tne case where the source population contains 

18 
two priority classes of customers. In 1963, Welch obtained the G(L^) 

and P(W) for the IM/IP^IG model where the population is assumed to 

contain r priority classes of customers. 

The time-dependent aspect cf the 1M/1PV1_ model with two priority 

classes was investigated by Heathcote19 in 1959 and by Jaiswal^0 in 1961. 
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~ 2 
Heathcote obtained the G(L (t)), P(B), E(B) and E(B ) for the exponential 

q 
service time case. Jaiswal obtained the P(L (t)) and 1^(8) for the 

q 

general service time case. 

The pre-emption (pre-emptive repeat) priority queue model UI/lPp/l_> 

14 17 
was first discussed by White and Christie in 1958, but it was Gaver 

who, in 1962, gave a more rigorous treatment of the model. More speci¬ 

fically Gaver derived the ?(B), ?(B), P(Lq), G(Lq) and E(Lq2) for the 

IM/IPp/lG model. 

The dynamic priority-queue model, IM/lP^CtJ/lM, has been investi¬ 

gated by Jackson. 21-23 He presented a procedure for computing the 

equilibrium waiting time distribution. Since the dynamic priority model, 

1M/1P (t)/lM, can be bounded by the 1M/10/1M model on one hand and by the 
h 

IM/IP /1M on the other, the computing procedure is not presented in this 
h 

paper. 

This then constitutes most of the known analytical Investigations 

of the priority queue models. The present state of the art of analytical 

modeling of priority queues is limited to models with the following 

characteristics: 

(1) Input 

(a) Population source—unlimited for lower 

priority customers 

(b) Population characteristics—heterogeneous 

(In most cases, the population is assumed 

to contain two classes of priority customers.) 

(c) Arrival pattern—single 

(d) Arrival distribution—Polssonian for the 

highest-priority customers 

(e) Policy—delayed 
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(2) Queue 

(a) Number—one 

(b) Size—unlimited 

(c) Discipline—static and dynamic priority 

head-of-the-line 

interrupt (preemption resume) 

preemption (preemption repeat). 

(3) Service 

(a) Number—one* 

(b) Distribution—M,Ek and G 

(c) Pattern—singla 

Evan with thasa relatively simple priority-queue models, the probability 

distribution of the operational measures studies is most often left in 

implicit form, either as the generating function or the transform of the 

operational measure. The explicit form is either too difficult to obtain 

or is too cumbersome for practical application. The alternative is to 

obtain the first few moments (in particular the first two moments) of 

the probability distributions from the implicit form and use these 

moments to gain insight to the operational characteristics of the queuing 

model. 

«There is one exception: Cobham® obtained the mean waiting time of the 

AM/IP./SM model with identical service rate for all customers. 
U 
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C. SOME USEFUL RESULTS OF PRIORITY QUEUING ANALYSIS 

The explicit results of priority-queuing analysis are sususarized 

and listed in this section. They are listed in the order of priority 

discipline: head-of-the-llne, Interrupt, and preemption. Within each 

priority discipline they are further ordered by the number of priority 

classes considered and by the service time distribution of the customers. 

The bracketed number and the set of numbers outside of the bracket at 

the right of the formula represent the serial number of the reference 

and the equation number in that reference from which the formula is 

obtslned or derived. The references are listed at the end of Section I-D. 

The symbols used here are defined as follows: 

m mean arrival rate of the 1-customer (lth-prlorlty customer) 

* mean service rate of the l-customers ■ 1/E(S1). 

8i ■ service time of the 1-cuatomers. 

L1 » number of l-customers In the system. 

W1 a waiting time of the i-customers. 

E(X) - the expected or the mean of the measure X. 

E(X2) a the second moment of the measure X. 

P(X2a) « the probability distribution function for the measure X. 

o a offered load of i-custosMrs - 
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1. Head-of-the-Llne Prlorny--31ngle Server 

a. Identical Exponential Service Tlne--Two Priority Categories 

REFERENCE 

PiU + p2) 
E,. 1. ElL,) » i --p-- [19a] 9.10 

Eq. 2. E() 

Eq. 3. E(wJ) 

P1 ^ p2 

^(1 - Px) 

2(Pi + P2) 

2/, \2 
^ (1 - 

Eq. 4. P(W12t) - 1 - pe'^1”P1^t 

p2ipl + 
Eq. 5. E(L2) = Pa + (1 - p1)(l "Pi ' P2) 

Bq 6' ^ = n(l - p')?/- p-^-“¡) 

[19j 3.4 

[19] 3.5 

[18] 5.39 

[19a] 9.23 

[19] 3.12 

Eq. 7. E(W_) 
>*2U - Pl)2(l " Pi " Pa^ 

Eq. 8. P(W2*t) 

[ 
^(p1 + P2) Pjip! + P2) 

P1 + P2 4 1 - Pl - p2 1 * P, 

1 - 
(Pl + P2) ” pi C4it 

where 

-1 ' V -Iai '(r)dr 
pa(l - ?! - P2) 

Pi ♦ P2 

®i * (i " </T\Y 

[19] 3.13 

[Appendix I] 1-7 
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<.2 , (i ./T,)2 

« ^Vlaj - r)(r - »ji 
- -^7-7-5^- 

b. Exponential Service Time--Two Priority Categories 

Eq. 10. E(Wx) 

Eq. 11. E(wJ) 

Eq. 12. P(W1i t) 
xl(i - Pi " Pa^ + k2 

>*!( 1 * P^ * 

Eq. 13. ^(Lg) 

Eq. 14. E(W2) 

Eq. 15. E(wJ) 

Pa + u - X d l*1 al 

P1 + P2 1*2 

.1 * Pi - P2j 

1 ' '.»■'--•TTÎ’ 1¾ • “'] 

(1 - Pj) (1 » Pi - P2) 

Pi Pa 

1 +1 
^2 

✓ pi Pa\ Pi/!i 

Ui+^2/ Wi^a/ 

Mi - Pi ”¡1 + d - pJ' _ 

c. General Service Tlee--Teo Priority Categorlea 

Xj^ |" Xj[X^E(Sj) + XjEÍSg)] "| 

Eq. IS. Ed^) - X7TI¡ [Pl + P2 + 2(1 - P^ J 

««. 17. El«^ - -»(J . Pi)- 

[l9aj 9.23 

[ 19] 3.4 

[19] 3.5 

[18] 5.33 

[19a] 9.23 

[19] 3.12 

[19] 3.13 

[19] 2.19 

[19] 3.4 
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Eq. IS. E(W?) , V(S.) > ^E(S^) E(sf) , X E(s^)] 

1 37rr7rr--^ 3.5 

Eq. 19. E(L2) —i? L . %E(SÎ) * X2E(S3) 

S ‘ST1 *P3-- 
F * »j) + Pifl 

- ~ 
' P1 ' V 

17- 

Eq. 20. E(wa) 

Eq. 21. E(»‘) 

^'(Sj) . X2E(S3) 

PjH* - Pj - Pp 

SE<S?) * X_E(S?) 

[19] 2.30 

[19] 3,13 

^i'(ät) * x2e(se)] 
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t ’‘lEísflCX^tS2) . 12E(S2)] 

4 »U - PjJ^U - »l - p2) 

“• Service Tlmc--r-Priority Cf.n.i., 

Eq. 22. E(Wk) 

Eq. 23. E(W‘) 

[l - ^ V(v][, - ^jEÍS^J 

iixiE(<> 

[l - [l - ^X.EIS,)] 
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[18] 5.30 
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> *1 J gl 
3] 

1=1 
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[18] 5.31 
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2. Interrupt Priority-Single Server 

a. Exponential Service Time--Two Priority Categories 

Eq. 24. EtLj) = 

2 
Eq. 25. E(Lj) * "j _ p 

2Pi 

1 + 1 - Pl 

Eq. 26. E(W1) 

Eq. 27. E(W^) 

Eq. 28. P(W1& t) 

Eq. 29. E(L2) 

Eq. 30. E(L*) 

1 

i - p,)2 

1 - p. .‘'‘I*1 ' “l’* 

2 
P2 

[19] 2.3 

[19] 2.3 

[19] 3.4 

[19] 3.5 

[18] 5.39 

[25] 13 

(1 - P|) (1 ~ p^ " Pj) (l " Pj ” 

p2(i - pj)3 p3(^2/^i^a + Pi^1 “ Pi^1 “ pi ” P^^a^i^ 
__ . -g“ 

(l * P^) (^ " Pj “ P2^ 

^1 

P1 * P2 
Eq. 31. E(W2) . _ Pi)(i - Pl - p2) 

[19] 2.4 

[19] 3.12 
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Eq. 32. E(W^ 
2Lpl + ^ 2[p1 + P2 

^1(1 - Pjííi - pj - p2) nj(i - pjJCi - px - p2) 

Pi + p2(u1/^2) 

_pi +^ri - Pl)(i 

b. General Service Time—Two Priority Categories 

[19] 3.13 

Eq. 34. 

Eq• 35• 

Pj . \j[E(Sj) - EfSj)2] 

e,. 33- eíli> = fi *-¡¡rr^T 

ElWj) 

E(»,) 

X£<, 

2(1 - Pj) 

*,E(S3) [1,2(82)] 

3(1 ‘ Pl’ * 2(1 - p,)1 

[15] 3.4 

[19] 3.4 

[19] 3.5 

Eq. 36. E(L.) 

Eq. 37. e(w2) 

1 f ^2^2E^S2^ + 
tP2 + " 2(1 - Pl - p2) J 

^E(Si) + X2E(S^) 

2(1 - Pjîd - Pj - p2) 

[15] 35 

[19] 3.12 

Eq. 38. E(W^) 
Mis?) + x2E(s^) IkMs2) + \2E(s2)] 

3(1 - Pl)(l - Pl - p2) + 2(1 - Pi)2(i - Pi - p2)2 

X E(sJ)[\ E(sJ) +X EiS^)] 

+ ^--p^Ci - Pl - p2)— [19] 3.13 

3. Preemptive Priority—Single Server 

». Exponential Service Time—Two Priority Categories 

Eq. 39. E(Li) « same as Eq. 24 

2 
Eq. 40. Etc.) r same as Eq. 25 
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Eq. 41. £(1^) 

Eq. 42. E(W^) 

Eq. 43. P('M1 s. t) 

same as Eq. 26 

same as Eq. 27 

same as Eq. 28 

Eq. 44. E(L2) 
V: , ^[81 9.10 

1 - Pj * 2U - pjld - p, - a-P2l u . Pi)2 

where a 
M. 2 

and ß 
(^2 " ^1^^2 " 2^1^ 

1 """ o * 
(,2 - V 

b. General Service Time—Two Priority Categories 

Eq. 45. E(L1) same as Eq. 33 

Eq. 46. E(W1) same as Eq. 34 

Eq. 47. E(W^) 

Eq. 48. F.(L2) 

same as Eq. 35 

ap2 (Qfp2)2ß P2XlE^Sl) 

+ 2(1 - Pl - ap2)d - Pjl + 2E(s2)(i - Pl)2 

[8] 9.10 
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1 
whe re a = E(e'^) - 

and 0 = i 2E - «) 

^8(8^) 

1 - P, 
2(1 - Px) 

Head-of-the-Llne Prlorlty-Multl-server (C-server) 

For simplicity of writing let 

-2 

_i 

Cii 

and 

- I\ - 
i=l 1 

l/ji +iLÜi_l_£) 
(co) 

V1 lc-£l-\ 

j=0 jl J 

a . Identical Exponential Service Time—Two Priority Categories 

Eq* 49* E(V = cjrr—p 

Eq. 50. P(W 4 t) « 1 - P^e 
■( l-Pj^^t 

M- '‘"s* * 0^(1 - ¿¡i 
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- P,) _ Pn(l - p) a2 
Eq. 52. P(W„ i t) = X - 

¿ PP 
U' 1' -at Dv e 

2np J f(r)ür [Appendix II] 

where 

1 " P' 
CMk 

'l * ” ^Pi^ C|A 

^ 2 
°2 ■ (1 ♦ f(>x ) 

.->VK - r)(r - =,,) 

'('>-^h-ST-L 

b. Identical Exponential Service Tl——r Priority Categorie» 

Eq. 53. E(Wk) 

en (■ - !v')(‘ ■ ,v-) 
for E p < 1 . 

1ml 1 

5♦ Intarru; t Priority -Muxtl-aervr (C-aarvr) 

11 - 7 

[4] 6 

a. Idantlcal Exponential Servio Tl—»-r Priority Catagorlaa 

Eq. 54. E(Wk) Dk 
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where P, 1/1 
c !( 1 - pj c-l (np. )J 

Dk T^TT j =o 

and 
1_ 

cu 

k 

i=l 
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IV SIMULATION OF PRIORITY QUEUING SYSTEMS 

A. INTRODUCTION 

As Indicated in Sect. Ill, the presently available analytical 

modelling techn.ques are mostly limited to the analysis of relatively 

simple queuing systems. In the case of the priority queue, this tech¬ 

nique is further limited to the analysis of single-server systems. Even 

with these simple queuing systems, the analytical techniques are not 

capable of yielding some of the desirve operational measures, in 

pa:*ic uar the distributions of the measures. An alternative technique 

for analyzing a queuing system is the numerical (simulation) modelling 

technique. This technique Involves the reduction of a queuing system 

into a series of numerical statements, which characterize the flow- 

aequenc. of event, in the queuing system. Figure IV-1 show, a simplified 

logical flow-sequence diagram of a typical single-stage queuing system. 

Arrival events are generated by the "arrival event generator." The 

most recent vent" is selected for action; in this particular case, 

the event is either an arrival or a departure. 

In general, the simulator keeps track of the history of each arrival 

event, noting it. arrival time, the time when it enters the server, 

and +he time when it leaves the server. The simulator also samples 

the queue status at some arbitrary time. From the historical data of 

an arrival event, the waiting time and delay time can be computed. 

These data are accumulated in the iurm of histograms, which can then 

be analyzed to yield the desired operation measures. This flow process 

can be repeated until sufficient data has been obtained. The data 

can then be analyzed to yield the desirsd results. 
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Fig. IV-1 

LOGICAL FLOW-SKIUBCE DIAGRAM OF A 

TYPICAL SINGLE-STAGE QUEUING SYSTEM 
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The major advantage of the numerical modelling technique over the 

analytical technique is its inherent flexibility. It is possible to 

obtain empirical operational measures of a queuing system with any 

combinations of input, queue, and service characteristics. The user 

of the technique can obtain these measures under carefully controlled 

input, queue, and service characteristics. The principal disadvantage 

is that the validation of the numerical model can be rather time con¬ 

suming, especially for a larger model. 

The numerical model of a queuing system, like an experimental set¬ 

up of a physical system, can be used to yield any amount of empirical 

data, once it has been validated. The efficiency of a numerical model 

is partly a function of how well it is constructed and partly a function 

of how the experiment is carried out and how the results are analyzed. 

For a queuing system, such modelling is generally statistical in nature 

and the experiment usually involves a transient stste. The questions 

usually asked by the experimenter are: (1) Which portion of the data 

is transient? (2) How often should one sample the data? (3) When 

should the simulation process be stopped? (4) How many simulation 

runs are required to yield sufficient representative data? 

The numerical modelling technique has been applied to the modelling 

of a single-stage priority queuing system. The general characteristics 

of the priority queuing system model are described in Part B, and the 

process of checking out the model is detailed in Part C. Some typical 

results of this model are shown in Part D, together with remarks 

concerning the possible future development of the model. The model is 

currently programmed in the SUBALOOL (Stanford University BA LOO L) lan¬ 

guage for the IBM 7090 computer. 
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B. PRIORITY-QUEUE SIMULATION MODEL 

The queuing system that haa been modelled in this section can be 

called the single-stage priority queuing system: schematically, it is 

as shown in Fig. IV-2. 

INPUT 
QUEUE SERVICE 

SYSTEM 
OUTPUT 

Fig. IV-2 

SCHEMATIC DIAGRAM OF THE SINGLE-STAGE PRIORITY QUEUING SYSTEMS 

Using the convention adopted in Sect. II, the queuing model is described 

in the order of its input, queue, and service characteristics. 

Input—The input population source is assumed to be unlimited and 

heterogeneous. It centaine r classes of customers. Class 1 is the 

hlghest-prlorlty class and class r is the lowest-priority class. The 

interarrival time interval of each class of customer is distributed 

according to some given distribution with a given means. The programmed 

distribution of this model is the Polssonlan distribution but it can 

easily be changed to other distributions. The customers are assumed to 

arrive singly, and to wait in the queue until their required aervlce 

has been rendered. The amount of service, in terms of units of message, 

that is required by a specific class of customer is distributed according 

to some given distribution with a given mean. The programmed distri¬ 

bution is negative-exponential. 

Queue—The queue is the single, unlimited queue. In an actual 

computer program, the queue sise is limited by the size of computer 
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memory «vallablm. Howmver, If • aufflctently lar** memory la available, the 

queue alte become, eaaentlally Infinite. The queue dlacipline 1. a mixed-priority 

dlaciplln*. K«ch of the r claeeea la aaal*n*d a priority queue disci¬ 

pline that can be head-of-the-llne, P^, or Interrupt, P^, or pre¬ 

emption, Pp priority dlaciplln*. Within each claaa of cuatomer, 

ordered queue dlaciplln* la uaed. For example, If there are four 

claaa*. of cuatomera, the Claaa 1 cuatomer la aaal*n*d the Pp dlacipline, 

the Claaa 2 cuatomera la aaalgnad the Pt dlacipline, and the Claaa 3 

and Claaa 4 cuatomera are assigned the Ph dlaciplln*. The arrival of 

a Claaa 1 cuatomer will preempt from the lower-claaa cuatomera who are 

In service, and the service on the preempted cuatomer will reaum* from 

the beginning. The arrival of a Claaa 2 cuatomer can only Interrupt 

the service of Claaa 3 and Claaa 4 cuatomera. Service on the Interrupted 

cuatomer will resume from the point of Interruption. An arriving 

Class 3 cuatomer will have precedence only over a waiting Claaa 4 

cuatomer. An arriving Claaa 4 (the lowest class) will merely join the 

end of the queue. All of the above arrival aituationa presume that a 

queue exists at the time of arrival. 

Service-~The service organisation la aaaumed to contain n parallel 

homogeneous sorvera. The service rate of each server, In term of 

message unit* per unit time, la assumed to be constant. Thua, the 

servio* rat* of each server, In term of the number of cuatomer. of a 

specific class per unit time, la distributed according to the "amount 

of service" distribution for that claaa of cuatomer. The servers 

are numbered from 1 to n. If there la more than on* server available, 

the server with the lowest number la the next server to render service 

to the customer In the queue. It la aaaumed that no time la lost during 

the selection of servers. 
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In suRunary the parameters of the simulated priority queuing system 

are as follows: 

Input : Population size—unlimited 

Number of classes of customer—up to six 

Arrival pattern—single arrivals 

Arrival distribution—Polssonian 

Policy—delayed 

Queue : Number of queues—one 

Queue size—unlimited 

Queue discipline—static priority 

Head-of-the-line 

Interrupt 

Preemption 

Service: Organization—multiple-parallel homogeneous, with up to 

100 servers 

Service-time distribution—negative exponential 

Pattern—single service. 

The logical flow chart of the simulation model is as shown in Fig. 

IV-3. The simulation started with the initial conditioning of the 

simulator, which Involves reading in input-parameter cards and setting 

the simulator to the initial condition. The input parameters are: 

The starting value of the random number, which 

is a 10-digit Integer that is not divisible by 

2 or 5. 

Number of priority classes 

Mean arrival rate for each priority class, ^ 

in customers per unit time 
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Mean service units for each priority class, in 

units of message per customer 

Queue discipline for each priority class 

Number of servers 

Service rate of the server, in units of message 

per unit time 

Number of departures when waiting-time statistics 

are to be computed and printed out, K^, 

Number of total departures before the simulation 

process ceases, 

The range and step size of the histograms for the 

following system data: 

Interarrival time, T 
a 

Message length, i 

Number of messages in queue, 

Number of message units In queue, 1^ 

Waiting time, t^ 

Number of interruptions, 

Delay time, td 

Interdeparture time, T.. 
a 

Once the initial conditioning is completed, the simulator proceeds 

to simulate the flow-sequence of events and to collect the necessary 

system data. There are two major events, arrival and departure. When 

an arrival occurs, the simulator will determine the availability of 

server and the queu< discipline of the arriving customer. When the 

determination has been made, the simulator will place the arrival in 

the server, if the arrival is entitled to immediate service. In this 
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case, a departure event Is generated for this arrival and placed in the 

Inventory. The departure time for the arrival is the time of its 

entry into the server, plus the time required for service. If the 

arriving customer is not entitled to a server immediately, it is 

placed into the queue. In either case, a new arrival event of the 

same priority class as the last arrival event is generated and placed 

Into the inventory. Next, the current earliest event la selected from 

the Inventory for processing. If this event is a departure event, 

the various histograms are constructed. Furthermore, if the departure 

event is an integral modulo of n departures of that priority class, 

where n is any positive number, the mean waiting time and the cumu¬ 

lative probability distribution of the waiting time are printed out. 

In any case, the server is set free and the next event is selected 

from the Inventory for processing. This flow-sequence of events is 

repeated until the total number of departures equals the preassigned 

value, K^. The cumulative probability distributions for the system 

data T , N , i , T , X , t ., and T^ are computed from the re- 
a7,q' q' w' 1’ d d 

spectlve histograms and printed for each priority class. The simu¬ 

lation process will proceed to process the next priority queuing 

system if the input parameter cards are present. Otherwise the 

process ends. 

C. PROCEDURE FOR VALIDATING THE MODEL 

The simulation model Just described is to be used as an experi¬ 

mental tool for obtaining empirical data concerning certain priority 

queue systems. It is therefore extremely desirable to validate the 

model. The validating procedure involves two steps. The first step 

is the “micro-logic" check and the second step is the “macro-process" 

check. 



The "micro-logic" check is the validation of the logic of the 

mathematical modelling process, and is carried out by letting the 

simulator run through its program. At every event point, whether 

an arrival or a departure, the condition of the model is printed out 

for inspection. In this way the logical flow-sequence can be checked 

in detail. In particular, the histogram-building process is checked. 

The initial queue discipline employed is that of P. ; the P. and P 
n i p 

discipline are then checked Independently. Finally, the mixed-priority 

queue discipline situation is checked. It is obvious that this checking 

procedure is rather time consuming. To minimize the expense of com¬ 

plete validation, the checking was carried out until most of the major 

logical branching and data accumulation processes are determined to 

be substantially valid. When the validity of the logical flow- 

sequence has been determined, the next step of validation is the 

"macro-process" check. The simulator is used to simulate a queue priority 

system whose mean waiting time for each priority class is known 

analytically. The simulated mean waiting time is sampled at every 

n departures and compared with the analytical mean waiting time. 

When the simulated mean waiting time approaches the analytical mean 

waiting time as the simulation progresses, it is a positive indication 

that the entire simulating process (the "macro-process") is functioning 

properly. An added check is to plot the simulated waiting time dis¬ 

tribution against the analytical waiting time distribution, although 

this can only be done for the IK/IP^IM queuing system, since the 

analytical waiting time distribution of other priority-discipline 

queuing aystems is not available. 
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1). SIMULATION OF THE IM IP^/SM SYSTEM 

The simulation model was used to simulate the IM/IP^/SM system, where 

S=2 , 10. The input population was assumed to contain two priority 

categories—the first and second priority messages. The messages have 

identical arrival and length characteristics. Their inter-arrival 

distribution was Poissonian, with a mean arrival rate of unity, X1=\2= one 

message per unit time. Their message length was negative exponentially 

distributed, with a mean length of unity, IjS^-one message unit. The 

servers were Identical in every respect and they can serve any waiting 

messages. Tha service rate of each server for each of three cases, S=2, 

4, and 10, was assumed to be 1.25, 0.625 and 0.25 message units per unit 

time. This yielded a system loading factor, o, of 0.8 for each of the 

three cases. 

Two independent simulation runs were made for each case. A different 

initial random number, which was used to generate the arrival and message 

length distributions, was employed for each of the two runs. At every 

200 departures of a priority message, the mear waiting time, the waiting 

time distribution, and the length of queue distribution of that priority 

message were sampled. The simulation terminates when six thousand messages 

of either priority have been serviced. The samples within ach run nre 

not strictly statistically independent; nevertheless, they provide a 

guide to the variability of the data obtained fron the simulation run. 

Simulation started from an empty state, no message in the system— 

thus few initial departures would contain transient statistics. It is 

for this reason that the firs;, two samples, the statistics for the first 

four hundred departures, were not Included in calculating the simulated 

mean and variance of the waiting time. Table IV-1 lists the simulated 

mean and variance of the waiting time for each of the two runs and the 

combination of tne two runs. The theoretical mean waiting times were 
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computed in accordance with the Eq. 53, given in Section III-C (p. 36). 

The simulated mean waiting time of individual Runs except for the S«10 case, 

are less than or equal to 15% from the tneoretical mean (see Table IV-2). 

The simulated mean wait!..g time of the combination of the two runs are less 

than or equal to 10% from the theoretical mean, except In the case of 8=10. 

TABLE 1V-1 

SIMULATED MEAN WAITING TIME AND ITS VARIANCE 

OF THE IM/IP^SM SYSTEM 

Number of 

Servers- 

S 

Priority Theoretical 

Mean Waiting 

Simulated Waiting Time 

Run #1 Run #2 Run #1 and #2 

Time Mean Variance Mean Variance Mean Variance 

2 1 0.152 0.154 0.056 0.151 0.085 0.152 0.071 

2 2.370 2.18P 0.585 2.325 1.215 2.240 0.955 

4 1 1 0.061 0.0*7 0.040 0.069 O.U54 0.Ü68 0.050 

2 1.988 1.730 0.593 1.939 1.132 1.835 0.909 

10 1 0.006 0.004 0.006 0.007 0.012 0.005 0.009 

2 1.364 3.242 1.7745 1.284 0.893 2.263 1.696 

TABLE IV-2 

PERCENTAGE DEVIATION OF THE SIMULATED MEAN WAITING TIME 

FROM THE THEORETICAL MEAN WAITING TIME 

Number of 

S- rvers - 

S 

Priority Run #1 Run #2 Run *1 and Run 02 

2 1 1 1 0 

2 8 2 6 

4 1 9 12 10 

2 15 3 8 

10 1 40 19 10 

2 58 6 40 



Thi emulated mean inter-arrival tim< and mean message length for 

the case S-10 are as follows: 

Priority Inter-Arrival Time Message Length 

, 

2 

0.991 l. 007 

0.995 0.999 

It is seen that the simulated means ieviated from the theoretical means 

by less than 1%. The simulated mean system loading iactoi is Ü.797, which 

is only 0.4% lower than the theoretical loading factor of 0.8. Thus it 

is concluded that the excessive deviation of the simulated waiting time 

statistics from the theoretical value is not due to simulated inter¬ 

arrival time and message length distribution. The statistics on the 

prooability of interruption for the two simulated runs for the S=10 case 

indicated a much higher f aquency of Interruption for the first run the 

probability of interruption of second priority message is 0.59, and 0.39 

for the first and second run. It seems to indicate that the arrival 

pattern of the first and second priority messages in the first run is 

such that they arrive :n bunches. This resulted in higher probability 

of interruption and higher waiting Lime for the second prior'ty The 

relatively high deviation of the mean waiting time of the first simulation 

run of the S=10 case is most probably due to transient effect of the initial 

random number. 

The simulated waiting time and jueue length distributions for the 

rase of S-2 are plotted in Figs IV 4 and IV-5. The data are based upon 

1400 departures of each priority category. The theoretical waiting time 

distribution of the first priority is plotted as the solid line in 

Fig IV-4. The theoretical distributions of the second priority waiting 
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time and of the queue length are not available, A visual inspection of 

these figures seems to indicate that these distributions may be approximated 

by exponential distributions, ns expected, the variance of data for higher 

values of the waiting time and queue length is larger than that at lower 

values. The theoretical probability and the simulated probability of having 

to wait, PD, are as shown - 

Priority 

Probability of having to wait, P^, 

Theoretical Run #1 Run #2 

1 

2 

0.229 

0.711 

0.257 

0.726 

0.233 

0.708 

The simulated probabilities deviate from the theoretical probability by 

less than 15%. To obtain the empirical waiting time or queue length 

distributions fron the aimulation statistics, the standard method of 

testing hypotheses may be employed. It is known that computer programs 

for such testing are available, but due to the lack of time and funds this 

phase of study was not carried out. 

Based upon the data obtained from very limited testing of the 

simulation model, it is concluded that the simulation model may be used 

to establish empirical formulas of queuing systems with sufficient accuracy 

(within ± 10%) for the purpose of preliminary system design. However, 

further testing of the simulation model is required to better calibrate 

the confidence level of the results of this model. In particular, further 

investigation is needed on the feasibility of integrating the program of 

the testing of hypotheses with this model. 



V GUIDES AND PROCEDURES FOR APPLICATION OF PRIORITY QUEUING MODELS 

A. INTRODUCTION 

The current status of priority queuing analysis has been reviewed in 

Sec. Ill and the formulas developed for a few specific priority queuing 

systems were listed in Sec. III-C. The numerical modeling technique 

(simulation) was described in Sec. IV. The general procedure for applying 

the priority-queue modeling technique to the structuring of information 

systems is outlined ln Sec. V-B. This procedure involves two major 

steps: (1) characterization of the information system, and (2) selection 

of the appropriate modeling technique. A specific example is selected 

to illustrate this procedure, the details of which are contained in Sec. V-C. 

B. GENERAL PROCEDURE 

1. Characterization of the Information System 

Selection of the appropriate modeling techniques for a given 

Information system begins with the characterization of the system in terms 

of its input, queue, and service processes, and the operational measures 

to be applied. 

The parameters for characterizing these three processes for a 

slngle-atage queuing system were given in Sec. II, together with the most 

commonly encountered operational measures. The majority of the parameters 

can be characterized precisely, since they are in most cases deterministic. 

For example, the input population size may contain x sources and each of 

the x sources nay generate y types of customers; the queue may consist of 

a single queue buffer of size n and the queue discipline may be the head- 

of-the-line priority queue; the service organization may contain c 
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identically parallel servers. The input (arrival) distribution and the 

service-time distribution are generally probabilistic in nature. It is 

thus necessary to accumulate and analyze the arrival and service time 

* 
data. The analyzed data are then subjected to statistical tests to 

determine the type of distribution (Poissonian, Erlangian, or exponential). 

If the data are not available, as in the case of newly designed systems, 

it might be possible to postulate a distribution based upon the predicted 

nature of input and service characteristics. For example, a Poissonian 

arrival distribution may be assumed if the arriving customers came from 

relatively large numbers of independent sources. The service time dis¬ 

tribution may be assumed to be negative exponential if there is a great 

variety of customers, each with his own service requirement. 

A large information system usually contains a number of inter¬ 

connected information handling centers (IC). Customers (information 

messages) may be processed through one or more of these processing cen¬ 

ters. At each center the customers may experience delay. If the input 

queue buffer of an information center is small with respect to its work 

load, * o, it is very probable that messages destined for this center 

*For more detailed discussion on the subject of statistical testing one 

may refer to pp. 44-48 of Saaty (Ref. 3), or any standard statistical 

text book. 

**Work load is defined as the ratio of the mean arrival rate to the mean 

service rate. 
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from other centers will queue up at the other centers. In this case the 

queues of these centers are no longer independent of each other, and the 

characterization of such a system requires the linking of single-stage 

queues. The single-stage queue model characterization scheme, in Sec. II 

may be modified to characterize such a system. Figure V-l shows a 

possible symbolic characterization of a hypothetical information system 

where there are three information-handling centers, A, B, and C. Centers 

A and B receive customers from direct sources, and x percent and y per¬ 

cent, respectively, of the customers processed at A and B enter C. In 

addition C receives customers from a direct source. 

lll/lP^Sl^ 

1M 

IM/IP^S^ 

Fig. V-l 

SYMBOLIC CHARACTERIZATION OF AH INFORMATION SYSTEM 

It is seen that, for a system with a large number of inter¬ 

connected centers, the symbolic characterization can be rather complex. 

However, in many practical infonsation systems the queue buffer is rela¬ 

tively large, or can be assumed to be large for the purpose of preliminary 

analysis, hence it la possible to characterise the system as a collection 

of independent single-stage queues. The three centers in the hypothetical 

system can then be represented by three single-stage queues: IM/IP^SE^ 

lM/lP1/5Ek, and 
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2”i Selectióft~af Modeling Technique 

When the eyetem has been characterized, the next step is to 

select the appropriate modeling techniques. The sequence of modeling- 

technique selection Is as follows: 

a. Locate Available Analytical Models 

If the available analytical models have been catalogued, 

and if the catalogue Is indexed according to the classification scheme 

used to characterize the Information system, it may then be possible to 

locate the standard analytical model, if it exists. No general catalogue 

is known to exist; there are a few specialized catalogues, such as the 

priority queuing model catalogue in Sec. III-C, and the non-priority 

queuing models catalogue of Shelton.** There are also a number of 

excellent references that contain information on available analytical 

models, such as, Morse,13 Saaty,3 and Syski .34 In addition, there are 

a number of published tables, such as the "Delay Table for Finite and 

Infinite Source System," by Descloux,3® and "Finite Queuing Tables' by 

Peck and Hazelwood.37 Saaty,3 in particular, has a most comprehensive 

collection of analytical queuing models that were developed prior to 

1960. In the absence of a general catalogue, the search process in¬ 

volves the review of published queuing literature. Often the search 

ends with the location of analytical models that are only an approxi¬ 

mation to the Information system in question. In that case, one of two 

courses of action is open: (i) develop an exact analytical model by 

modifying the approximate model, or (ii) use the approximate models to 

create the bounds to the solution. Although it is most desirable that 

an exact analytical model be developed, an exact analytical model for a 



relatively complex queuing system often does not yield easily to numeri¬ 

cal evaluation. Indeed, in preliminary design of an information system, 

a reasonably close bound to the solution is often sufficient. Camp 

has introduced some basic concepts of bounding practical queuing problems 

by analytic methods. In brief, the bounding is achieved by idealizing 

the Information system in one or more ways, each of which yields an 

analytically manageable mathematical model of the system differing from 

the original in a known direction. Thus the original s-stem is partially 

or completely "surrounded" by bounds obtained by analysis alone, 

b. Develop Numerical Models 

Should the analytical modeling technique fail to yield 

the desired solution, numerical modeling techniques may be employed. 

The numerical modeling technique is by far the most versatile and flexible. 

It can be made to model the original system in as much detail as desired, 

and to yield the operation measures as precisely as required. There is 

no theoretical limit as to how complex a system can be modeled and to 

what precision data can be produced. However, there is a practical limit 

In the cost and time required to construct and to operate such a model. 

Thus, in practice, the numerical model is Invariably an approximation of 

the original system. Those system parameters that are expected to cause 

only minor perturbation to the required operational measures are usually 

deleted from the model. The evaluation of a numerical model requires so 

much computation that a digital computer is usually used. Several com¬ 

puter simulation languages have been developed, of which some of the better 

known are the General Purpose System Simulation (GPSS) of IBM, Simscript 

of RAND Corporation, and Control and Simulation Language (CSL) of Esso 

and IBM. The use of these simulator languages can reduce the total 

67 



effort of constructing the numeric»! model. Since the simulator languages 

generally make use of some intermediate compiler language, such as FORTRAN, 

the resulting simulation program is usually not as efficient as one pro¬ 

grammed directly in the compiler language. For a small information system, 

such as the single-stage queuing system, it is believed that not much 

can be gained by programming it in the simulation languages. 

C. SPECIFIC EXAMPLE 

The hypothetical information system characterized in Fig. V-l will 

be used as an illustrative example. The characteristics of the system 

will be amplified as follows: 

(1) The source population at each of the three centers 

contain three priority classes of messages, 

k * 2, 3 » 

(2) The message length (in words per message) is dis¬ 

tributed in accordance with truncated exponential, 

with mean length Tk for the k-priority class. That 

is to say, there is a minimum and maximum message 

length . 

(3) Each server at centers A and B has a service rate 

of X and x^ words per unit time. Thus, the service- 
a b 

time distribution for the k-priorlty message at A and 

B is a truncated exponential with mean service times 

t. « I, /x and !.. - 1.,/x , respectively, 
ka k a kb kb 

(4) The service-time distribution for the k-priority message 

at C is truncated exponential with a mean service time 
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It is desired to investigate the expected waiting time of each priority 

class, and the size of queue buffer required to keep the probability of 

overflowing the buffer under a given traffic load less than some value, M. 

The system as it is characterized cannot be modeled by existing 

analytical techniques. However, it be idealized by making the following 

assumptions : 

(1) The queue buffer size at A, B, and C is assumed to be 

infinitely large. This assumption will produce an 

optimistic estimate of the waiting-time characteristics 

at A and B. The degree of underestimation is dependent 

upon the value of M; the smaller the value of M, the 

less will waiting time be underestimated. 

(2) The message-length distribution is first assumed to be 

exponential, and then to be constant with a mean length 

1^ for the k-priority message. The first assumption 

will yield an upper bound, the second a lower bound 

of the expected waiting time. 

With these idealizations, the system can now be represented by three inde¬ 

pendent systems for Centers A, B, and C: lM/lPi/3- for Center A, 

lM/lPi/5- for Center B, and IM/lPi/l- for Center C. From the analytical 

modeling point of view, the first two systems can be treated as a gen¬ 

eralized multi-server model, IM/lPi/S-. 

Before proceeding to locate the available analytical model(s), it 

is necessary to clarify the concept of queue length in many information 

systems. In a system where each message occupies a number of buffer 

locations (word positions), the queue length is defined as the number of 
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word positions occupied by the messages in the queue instead of the number 

of messages in the queue (the customary definition). This has been done 

for the queue buffers at A, B, and C. It has been shown by Wright2* and 

by Davis29 that the probability that the queue length exceeds I word, 

P(L > I), under the assumption of identical message-length distributions 

for each priority class, is 

P(L > 1) 
(l-p)l/I (55) 

where 1 is mean message length and P^ is the probability of any delay (as 

given on p. 44). It is to be noted that Eq. (55) is in effect the 

waiting-time distribution, of a lM/lPh/SM system. Eq. (50), where 

message-length distributions for each priority class are identical and 

where the service time of a message is proportional to its message length, 

t = 1/x and t * ~ * T/x. 

In the hypothetical system, a single-queue buffer is provided for 

all priority messages at each center; hence, it is not necessary to de¬ 

termine the queue length of each individual priority class. It follows 

that Eq. (54) may be used to determine the required queue-buffer size, l, 

for given o, £, and P(L > 1) * M. An upper bound on the buffer size can 

be established by letting 7 be the longest mean message length among all 

priority classes . 

A search of the catalogue of available analytical priority queuing 

models, Sec. III-C, reveals that the closest model is the IM/H^/IG of 

Sec. III-C-2-b. Thu next queatlon is how to use the equations in Sec. Ill 

to investigate the waitiiv time characteristics of each priority class at 
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each center. Center C will be analyzed first, siïice it is the simplest. 

Equations (34) and (37) allow one to obtain the expected waiting time of 

the first twu priority class messages directly. The service of the third 

priority messages may be interrupted by the arrival in queue of higher- 

priority messages, regardless of the order of irrlval of the highei- 

priority mes iges. Consequently, from the third-priority-message point 

of view, the first two priority messages are indistinguishable. Thus, 

Eq. (37) can be modified to yield the mean waiting time of the third- 

priority messages. This consists of combining the first- and second- 

priority messages into a single-priority category, and treating the third 

priority messages as the second category. Thus Eq. (37) becomes 

[K E(sî> + k3E(s’) 

E<V * 2(1 - », - ¿¡) u - ¢, - P2 - ’ 

* 

By substituting E(S^) = and E(S^) for i = 1, 2, 3, into Eqs. 

2»i ^i 
(34), (37), and (56), one obtains the upper and lower bound of the ex¬ 

pected waiting time. 

*E(S2) = —Í— and E(S2) = are the second moment of the exponential and 
i ,. 2 i 2 

2ü. U* 1 
constant service-time distribution with mean service time 

*i 
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For Centers A and B, the on^y available analytical model is the 

1M/1P /SM of Sec. III-C-5-a. This model can be used to obtain thi upper 

bound of the expected waiting time. It is to be noted that the mean 

waiting time of a k-priority message is independent of messages whose 

priority is lower than k. It is also to be noted thaï Eq. (54) assumes 

an identical service rate for A and B, ^ = ^2 ' 0^tain uPPer upper 

bound, one should use the highest service rate among the k or higher 

priority messages. 

In summary, the available analytical modeling techniques allow one 

to investigate the following operational measures of the hypothetical 

system : 

(1) The upper uound of the queue length distribution, 

which in turn yields the queue buffer size required. 

(2) The upper and lower bound of the expected waiting 

time^ at Center C. 

(3) The upper bound of the expected waiting times at 

Centers A and B. 

It does not permit one to obtain the above measures under actual 

service-time distribution, nor does it provide the over-all delay-time 

distribution for those messages that traverse the system, through Centers 

A and C or Centers B and C. To obtain the more exact operational measures 

and the over-all delay-time distribution, one may have to resort to the 

numerical modeling techniques. 
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VI CONCLUSIONS AND . COMMENDATIONS 

A. CONCLUSIONS 

A relatively simple scheme for characterizing singie-stage queue 

systems can realized. A slight modification to this scheme enables 

it to represent multi-stage (network of) queue systems symbolically. 

Hovever, as the network becomes complex, this scheme of representation 

becomes t > unwieldy. ~ me otner scheme of network representation 

should be devised. 

The queue system characterization scheme has been applied to Classify 

priority queuing literature formulas. This same sciicrae may be used to 

classify more general queuing literature and formula'*. 

A review of priority queuing literature indicated that the present 

state of the art of analytical analysis of priority queues is limited 

to the analysis of the single-queue single-server queuing system, where 

the input population is usually limited to two priority categories, 

furthermore, mixture of priority queuing disciplines is n it allowed. 

Even in these relatively simple priority queue systems, the analytical 

technique is not able to produce explicit results b<vord the first ew 

moments of the desired operational measures, such as the waiting time 

and the number in the queue. The attempt to advance tm1 analytical 

analysis of priority queues is likely to progress slowly particularly 

for the multi-server, multi-priority-category (interrupt or preemptive) 

queuing system. 

Preliminary tests of the simulation model indicated that it can 

yield data that is sufficiently accurate for use in prelin nary system 



design. In order to increase the confidence level of the simulated 

results, it is necessary to conduct fi >r calibration tests of this 

model. Once calibrated, the model may then be used as an experimental 

(mathematical) tool to augment analytical techniques in investigating 

priority queuing systems that cannot be handled by analysis alone. 

B. RBCOMMKH DATIONS 

1. Classification 

An Initial attempt has been made to classify the useful 

results of analytical priority queuing analysis. It is recommended 

that this classification effort be kept up-to-date. 

2. Simulation Model 

Several improvements may be Incorporated into the present 

simulation model to make it easier to use or more efficient in data 

gathering. It is recommended that the following modifications or 

improvements be incorporated into the present model: 

(1) Make the assignment of range and step size of 

the histogram dependent upon the priority 

category. 

(2) Automatically compute the mean input rate and 

mean message length at each sampling period. 

(3) Automatically compute the mean of all the 

operational measures at the end of the 

simulation run. 

(4) Investigate the possibility of integrating the 

simulation program with the testing of 

hypothesis program. 
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In the course of testing the simulation model, it was noted 

that the reliability of the simulation resulta is dependent upon the 

sampling scheme. The selection of the sampling scheme is in turn 

dependent upon the queuing system configuration, queuing discipline, 

system load factor, and the transient effect of the service system 

and of the random number generator. It is recommended that a series 

of test runs be made to establish the proper sampling scheme and to 

calibrate the model. This should include the use of Eq. 51 in 

Section III-C for calibrating the waiting time distribution aspect 

of the model. 

3. Application of Priority Queues Modeling Techniques 

The analytical and numerical priority queues modeling 

techniques gathered and developed in this study project have been 

tested on arbitrarily postulated single-stage priority queuing systems. 

It is recommended that these techniques be applied to a few specific 

priority queuing systems that are found in existing information 

systems to test the practicality of the basic concept of numerically 

augmented priority queuing analysis techniques. 
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APPENDIX Á 

WAITING-TIME DISTRIBUTION OF A IM/D.^/IM QUEUING SYSTEM 
•" .—... .—.—n... 

The Lepltce transform of the waiting-time distribution of the 

second-priority customers, w^it), in a IM/IP^/IM queuing system has 

been obtained by Dreesin and Reich.11 In this Appendix, the 

inverse of this transform is evaluated. The final result is presented 

in a closed form. The corresponding result as given ln Kesten and 

Runnenburg*[Eq. 5.40, ] is incorrect. Their result is corrected 

and given ln Eq. (A-8). An alternative form is also given, Eq. (A-9). 

The corrected results of Kesten and Runnenburg may be integrated 

further, resulting in our form, Eq. (A-7), which thus furnishes the 

required result in its simplest form. 

The Laplace transform as given in Dressln and Reich is 

W2(.) » (1 - p) [1 + 2A <s)] (A-l) 

where 

Q^is) * s + u + Xj- 2A +/(s + n + X1)2-4uX1 

and 

A ■ * 

If the inverse Laplace transform of F(s) is defined by: 

?{t> - L’lfFf,)} = ;Br^ eBt lF(.)/s) ds, 

Br1 being the first Bromwich contour, Fig. A-l, then from Eq. (A-l), 
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rig. a-i 

THE FIRST BROMUCH COWTOUR 

HO 



*2<t) * (1-p) + 2A(l-p) (A-2) 

= (1-p) + 2A(1-p) 
1_ f* Btn “I . . 

2tt1 V Br, ® Q2 (s) 
1-ds 

Q 1(b) has no singularities In the hali plane to the right of Br,. 

Therefore, we can deform the contour to C and by Cauchy's integral 

theorem, 

L-'tQ. 
-1 

(s) Î 
1 
2ni Í 

st 1 -1 
e - Q (s) ds 

s 2 

1 
2rrl 

lim 

R— ® 

10 
f Rte -1i© 

e Q (Re ) d© . 

for large R, |Q2 1(Reiö) | * hence the integral for t < o 

tends to zero for large R. Hence L *ÍQ0 *(s)} ■ o for t o. 
m 

To evaluate the inversion integral Eq. (A-2) for times greater 

than or equal to zero, the branch of the Integral consistent with 

the condition Re. s > o on B^ has to be continued lalytically to 

its left and the path Br^ be deformed to some suitable contour. The 

first condition is achieved by setting 

s b R e TV2 < 9 < TT/2 

on Br^ and then placing a proper cut along the negative real axis in 

the s - plane. 

The Integrand has branch points located at 

■ - V • - v 

Where * C/V ■ /X^)* 
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( A-3) 
°2 = (/^ + ^ 

and poles at s * o and s = -a ^ 

X2 ( L-p) 

where û = -p 7 

Fro« Eq. (A-3) and the definition of 'o' It follows a ^ The 

Integrand thus may be made analytical In the cut s - plane, the cut 

placed from -a to -® . A suitable contour Is shown ln Fig. A-2. 

Fig. A-2 

THE COMPOSITE CONTOUR TO WHICH CAUCHY'S INTEGRAL IS APPLIED IN THE DERIVATION 

OF THE WAITING TIME FUNCTION 
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where ABODE is circular arc of radius R and Br2 the second Bromwich 

contour. Again by Caughy's Integral theorem, 

-— r est Q ^(s) ds 
2nl JCl + C2 + Br2— 

( A-4) 

now 

£* 2/R for large R, and therefore by Jordan's Lemma, 

and the 

11m 1_ 
R—^ 2rrl s'1 

CI + C2 > 

I 

Inversion Integral Is given 

(s) ds 

by 

0 

L’lÍQ2"l(a)} 
1_ ■ 
2TT1 Jßr 

m 

1 (•) ds 

where 

2TT1 •'BrjS 
e^ ds 

(• + c2 + /f 

and 

*1+1 +1 +1 +1 +1 +1 
0 1 i 3 4 5 6 

contribution from the pole at s * 0 

contribution from the pole at s = -a 

contributicm from the lineal segments 

contribution from the branch point s * 

contribution fron the lineal segments + ¿2 

contribution from the second branch point s * -&2 

contribution from the lineal segments + 

b + a1 - 2A. 

(A-3) 

a 
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The table of arguments for various elements of the Integrand Is 

as follows: 

let s = re 
19 

Path 
s-fd efe« 3+d„ 

Bi 

L. 

-T1 to £ 

2 2 

_n 

-T1 

œ to a. 

Û2 t0 Q1 

to Q 

a to d1 

“i t0 Û2 

Or to 00 
2 

-r (r-d)e 
-in 

-r (r-a)e 
• in 

- r (r-u'e 
-in 

-r (r-o)e 

-r (r-û)e 

in 

IP 

-r (r-a)e 
IP 

(r-o^le 

(r-Ojie 

-IP 

-IP 

°rr 
Vr 
(r-Oj^Je 

(r-a^)e 

IP 

IP 

(r-û2)e 

a -r 
2 

Q2~r 

Vr 
vr 
<r-Q2)e 

-IP 

IP 

By piecewise integration It can be shown that 

-Po- P 

L X^2 1(s>J = 2^( 1-p) ■ 2A(1 

1 rK2" K1 l.-ort _±_ ra2 J(Vr)(r~V 
(1-P) L K, -r 4PA J r(r-o) 

1 

(A-6) 

-rt 
dr 

Substituting Eq. (A-6) Into Eq. (A-2), the waiting time function 

Wit) is given as: 

w.(t> . i - ^12 /(Vp ., . 
2'~' - P0 2P ' 2 

(r-or) 

(A-7) 

The correct form of the Keaten-Runnenburg result, Eq. (5=40), is 

given by: 

-.2(1-P) 

W_(t) « 1 - p + A_ U-, 

b*2 

] 



b (I-P) f 

t -a2(l-p)(t-T) 
t-T 

" rt P O 
dTJ 

I1(2/a1ba) a1 + Ap 

da (A-8) 

An alternativ« form of (A-8) la given aa: 

.2 -a (1-p) 

» (t) - i-P + HT U -- ‘1 
2 e 

A -(*l+b)T 

-a2(l-o)(t-T) 

“'h *2 J o 
tl } dT (A-9) 
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APPENDIX P 

WAITING-TIME DISTRIBUTION OF THE IM/1PV/SM SYSTEM 
n 

The queuing system considered here is one in which a number of 

priority classes present demands to a number of parallel, identical 

servers. The demands from each class arrive in a Poissonian process, 

and the servers have a negative exponentially distributed service 

tim. If all servers are busy when a demand arrives, the demands are 

queued 4n a time-of-arrival-within-priority sequence. It is desired to 

find the probability distribution of waiting times for each priority 

class . 

Let 

X s the arrival rate of demands in the p-th 
P 

priority class 

p = the service rate for each of the parallel 

servers 

c = the number of Identical, parallel servers 

Wc (t) = the probability density of the waiting time 
P 

T (« t) for a customer of the p-th priority 

class . 

If Iwss than c customers of all priorities are present in the system 

when a customer of priority p arrives, then T * 0. If exactly c such 

customers are present, then T is distributed as the busy period of a 

system of c servers serving only the arrivals of priority higher than p. 

This busy period in turn, is distributed as the busy period of a single 
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server serving only the higher-than-p traffic but with a servicing rate 

which is c times that of any of the c servers (i.e., with rate cp.) .1 

If m demands of priority p or high«, are on queue when a demand of 

prioritv p arrives in the system, (i.e., are ahead of the arriving de¬ 

mand) then the distribution of T is the m + 1-fold convolution of the 

distribution of the busy period of a -server system servicing only the 

higher-than-p priority traffic.2 

Let 

f (k:p)(t) = the conditional distribution d.nsity of T 
c 

for c servers and priority higher-than-p 

traffic when an arriving demand finds all 

servers busy and k-1 demands on queue. This 

is obtained from the corresponding single¬ 

server distribution by substituting cp for p. 

P (k:p) = the probability that all c servers are busy 
c 

and there are k-i demands of priority p-or- 

highur on queue when a demand of priority p 

* 
arrives (for k 2 1) 

and P (0:p) - the probability that there are less than c 
c 

demands of any priority in the system. 

Then 

W (t) * E P (k:p) f (k:p)(t) 

"P k-0 ' c 

*Note that since the priority p demands are arriving at random, this 

quantity, P (k:p), is equal to the unconditional probability that the 

systesi is in the state given in the definition. 
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And the transform of this quantity is given by 

W~(S) * E P (k:p) f~(k:p)(S) 
^ krf) c 

t P (k:p) f (l:p)(S) 
c c 

k=0 

where1 

f (l:p)(S) = 
c 

s + ^ i + 
_Eli_ - 

2 Vi 
<s + qp_1 + CP) - ickCp,! 

and 

o = r X 

p 1=1 1 

For k > 2, the steady-state equations, obtained in the usual way, are 

Pc(k:p) - cpdt Pc(k+1:?) -(- apdt Pc(k-l:p) + (1-ciMit-apdt) Pc(k:p) 

or 

(14Pp) Pc<k:p) * Pc(k+l:p) + pp Pc(k-l:p) (B-l) 

where 

p = a /ck 
P P 

It follows from these equations that 

Pc(k:p) - KOp"1 , k i 2 (B-2) 

for some constant K to be determined. 
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In order to obtain the state equation for P (l:p) It Is necessary 
c 

to introduce P , and P , the respective probabilities that there are 
C-l «V 

exactly c-l and c customers of any priority in the system. Then, In 

equilibrium, 

Pc<l:p) » cpdt Pc(2:p) + adt Pc l + (l-apdt-ctidt) Pc(l:p) 

+ c^dt (P (l:p) - P^) 
c c 

or 

»pPc(1:p) ■ + ‘"“c-l • rc <B-3) 

where 
r 

a » I X. and o » a/c\i 
i-1 

From the well-known non-priority delay theory for multi-servers 

P 
c 

So from Eq. (B-3) 

Op Pc(l:p> - Pc«:p> • 

Whence from Eq. (B-2) 



and therefore 

P (k:p) * Kp*1-1 for k 2 1 
c p 

( B-4) 

In order to determine P (0:p), let 
c 

P = the non-priority probability that there are 
cj 

exactly j demands in the c-server system. 

Then 
c-1 

P (0:p) = L P 

C j=0 
cj 

It remains to deteraine the value of K to use in Eq. (B-4). This can 

be found from the condition 

That is, 

E P (k:p) = 1 
k=0 c 

1 = Pc<0:p) + K ^ Pp"1 * Pc<0:p> + 

From this, 

(1V - £ V 

Letting 

c-1 

1 - E P 

J =° 
cj 

the probability of delay in a non- 

priority, c-server system with arrival 

rate o, 
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9 - [1 + t(l-o)c'./(cp)c} 
C'1 1 
I <cp)J/j'.] 

J=0 

then 

Pc(0:p) - 1 - Pcd 

and 

K = PD (l ‘ Pp) 

Thus 

WC~<S) . 1 - PD + PD(1-Pp) I~(l!P)/(l-Ppf~<l!P)> 

» 1 > PD + PD d-Pp) 2 (cki)/Qcp(S) (B-5) 

where _ 

Qcp(8) - S + ap-1 + cki - 2op + Y(s + ^ + C»)A - 4 CTp-l 

For the ceee p » 2, Eq. (B-5) becoees 

W~(S) “ 1 - PD + PD (1-P)2(cn)/Qc2(8) (B -«) 

It Is noted that Eq. (B -6) has the sane lorn as Eq. (A-l) of Appendix A. 

Thus, by proper substitution, one gets 

"c2(t) 
1 - 

PD (e ■"l’ - 
" e 

P Po 

^ Pn (1-p) 2 

“ --V-j.,t<r) ir 
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where 

P2<l-P) 
Of « - C*i 

“l * Ck* 

f(r) 

a2 = ^1+ VT1> Cl* 
e_rl4t V(Vr)(r'“l) 

(r-or) 

An approximation for the nultiaerver, preemptive priority aystem 

nay be obtained by replacing PD by the probability, PDp, of delay in a 

c-server system subjected to traffic of priority p or higher (i.e., 0p). 

P_ is given by 
Dp 

Dp 
[1 + «l-Ppïc'./a^) 

c-1 

£ 

J=° 
•¿/j’-r (B-8) 

where 

Promi the form of V (•) it can be seen that the mMan waiting tiae, 
cp r 

for the 'j-■ th priority class and mean service rate p is given by 

d ? (8) Pnn 
g (w) . _££-1 - ---¾-r . (B-9) 
“cp^ ^ ds s=0 cpd-p^^d-pp) 

It is to be noted that Bq. ( i-9) is siallar to the mean waiting tiae for 

gq. (63) except that replaces PD. the m/lPjj/SII systaa, 



APPENDIX C 

THE PRIORITY QUEUING SIMULATION MODEL 

The general description of the priority queuing simulation model 

was presented in Sec. IV-B. In this appendix the detailed computer 

program, input data card format and typical simulation output are 

presented. 

A. Detailed Computer Program 

To aid the understanding of the simulation program some of the more 

important terms used in the program are defined as follows: 

A(i,l) « arrival time of the i-th priority message 

A(i,2) * length of the 1-th priority message 

ARRIVE * inter-arrival time histogram 

Count - computed number of departures 

DELAYH « delay time histogram 

DISCIP(l) « queuing discipline of the i-th priority category; 

1 » Pv> 2 - P., and 3 » discipline 
h' 1' p 

DLAST * last departure of any priority 

DQNUMH - number of messages in queue histogram 

DQLENH * length of queue (message units) histogram 

INTERH « interruption histogram 

KZ2 « number of departures at which time system data is sampled 

LENGTH ■ length of arriving messages histogram 

LAM(i) * mean arrival rate of the i-th priority category 

MML(i) » mean message length of the i-th priority category 

MST(l) » mean service time of the i-th priority category 

NDEP * the duration of simulation run (number of departures) 



NP * number of priority category 

NRD = starting random number 

NSEKV * number of servers 

Q(i,J,l) » arrival time of tho j-th message of i-th priority 

category 

Q(i,J,2) « message length of the J-th message of the 1-th 

priority category 

Q(i,J,3) ■ number of interruption of the j-th message of i-th 

priority category 

Q(i,J>4) * emltlug time of the J-th message of l-th priority 

category 

Range « the range of the histograms 

SPDEPH ■ inter-departure time histogram 

SRATE « service rate of each server 

STEP * the step size of the histogram 

WAITH « waiting time histogram 

SERVERd J) ■ the J-th property of the message in the i-th server 

J » 1, the priority 

J =2, the number of interruption 

J « 3, the arrival time 

J ■ 4, the message length 

J « 5, the time of the im.tial entry into service 

J » 6, the departure time 

J ■ 7, the waiting time 

»4 
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* C.4UbSMiHML>0L t, *4In .íOoO VAHE SmGHEHIAN S.H.l. E13¿- 
i»lNTtGEM COUNT • NfïtH » K/2 #LK* MA XSS* INI * 
/M * IJK » LKt » MAXNU. MAX lí »MAX IL* MAXI U#MAXI»T#NRl)» 

/MaX lN*Mi»Xt)L*M«XTU» WANGE »OICSIM» IO* I ♦ J.K »L*LL»KK » JJ»NP» 11 #NSERV% 
/AMWAY AkRiVMs» 111/) »LENGTH(h* 102) »DUNUMH(b»!>2) *MW2(3**>2) *MW3(3»b2) * 
/LkEtS).wArt<2»102)»rfAlt/Pí#1U2)*MW1(3*h?)»UOLFNH(b»b2)»W*ITH(b*lU2). 
2lNltRH<S#b?) »DTLAtHlS» 1U2) *SPI»EMH(*>* IO? ) »blER(P ) »KANG)- (M) »I AM(b) • 
2MML(b) *UKSlP(b) *SEHVFRUU*7) .Q(b»7b0**») *A(b»3) » Ou ( b » 2 ) * Î 0 ( b ) » MbT ( K ) * 
2Mu(b) * luT (b) *wT 1ME (b) *LA(b) *M**(b) #nuLE7(b*52) *ZAB(?»Hi?)S 
/external rrocedure hanuomishfix.rklt)» 
2SIAK..FUN I=(l»l*b)t 
2 FOk J=(l* 1*IÜ2)THEGIN ARK! VH ( I #J) -LENGTH (I*J)-i*AITH(l»j)s 
2M AI T? I I * J ) »ELA Y H ( I » J ) -bPOEHH ( I » J ) S(i ENOS 
/FÜR J=( 1 » 1 »b2)SHEGlN DONUMHU * J)=UOLEnH( I » J) = 1NTERH( I * J) = 
20ULtZU*J»=0 ENUS 
2FUM I:(1 *l»b)S HEGIN R0(I) = 1NT(I)=W1IME(I)=LK(I)=MW(I)=MST(1)=10CI) = 

/MML( 1 )=IIICSIM( I)=LKt( I )=LAM( I )=U ENUS 
2F0R I = (l* l*3)SF0R JSC|*l*b2)S BEGIN Mwl U » J ) =MW2 (1 # J) =M»i3( 1 . J) =ü ENOS 
/FÜR J=(1 * 1 » 1Ú)SE Ok I = (1*1*7)S SERVER<J*1)=0S 
/FÜR J=(l*l»b)SFOR I=(1*l»7bÜ>SFüR KS(1»1»4)S 0(J»l»K)=US 
/FüH I = (1*l*/)SFüR J=(l*l»10/)S HEGIN wAH(I,J)=ZAR(I »J)=U ENUS 
2FUR I=(l*l»b)SFüR J=(1*1*3)S A(i*J)=OS 

2HE AU ( SSI )A f A ) S 
/InRUT DATA (NSFRV»NP#K/2» NRI»»SRATE»NOER*FüR Is( 1 * 1 • NP)S(LAM11) *MML ( I ) » 
2 UlCSIPl I ) ) »FüH ls(l*l» rt ) S (RANGE ( I ) » STE.P ( I ) ) )S 

/KKSNPtlS MlGS^**2bS 
ZFüR Is(1#I.NSERV)SHEGIN SERVER(1 » 1)=KkS 
/ FOR j:: ( ? » 1 » 7 > SSEk VER ( I » J) =Ci S 

2 SERVER (l»r>)SHlG KNUS 
2FüR Is(l.l»NP)S FüR Js(1 * 1 » 750)S FOR K=(1»1»4)S Q(I*J*K)=U S 
/ MAXÍT=F1X(RANGE(1)/STEP(1) »S 
2 MAXlL-FIX(RANGE(2)/STEP(2) )S 
/ MAXNOsFIX(RANGE(3)/STEP(3)♦!)S 
2 MaXLO^FIX(RANGE (4)/STEP(4)♦1)S 
2 MAXmT=FIX(RANGE (b>/STEP(b)♦!)S 
2 MAXIN=F1X(RANCE(G)/STEP(6)+1)S 
2 MAX0L-FIX(RANGE(7)/STEP(7> )S 
2 MAXTOSF1X(RANGE ( A)/STEP(R) )S 
2SUMSSUMMSCOUNTSUS 
/FüR Is(l,l,NP)S HEGIN Mi-T ( I ) SMML ( I )/SrATES SUMMsSUMM+LAM ( I ) .MML ( I ) S 
2 SUm=SUM+LAm( 1 )S AVE=SUMM/(SUM.SRATF )S ENTER GENERATES INT(D=0 ENOS 
2CH0ÜSE.. /MlNsRlGS UKSL=0S 
2 FOR IS(1 l.NSFHV)* HFGIN IF TWIN 6TR SFHVER(I»b)S 
2 BEGIN L=IS TMINSSERVF'P (1*6) f NO ENDS 
2 IF L uTk US HEGIN LLSL+1S 
2 FOR RS(LL » 1*NSERV)S BEGIN 
2IF SERVER(K»6) EQC SFRVER(L.h)S REGIN IF SERVER(K»1) LSS SERVER(L»DS 
2 LSK ENU FNO ENDS 
2FÜR Is(1»1,NP)S Ht Ci IN IF TM1N GTR A(I*1)S BEGIN II = IS 
2 1JK SIS IMlNsA(1*1) END ENDS 
2IF Uk EOL IS HEGIN SlMTsA( 11 * 1)SJSIIS GO SKIP ENDS 
2 SIMT sSERvER(L *h)S 
/SKIP.. 
2 IF (COUNT GTr NDEP) OR (IO(NP) GEO 74fl)S BEGIN 
2 MR ITE ( SSHEAO»FMT )S OUTPUT HEAl>(COLNT *SlMl ) S 
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#rth.♦SIMULATED TlMfc=^»F15.tt#«3>* 2FURMAT FMH^NUMmEH OF DEPARTURES^» lb 
jfuu m=(I»1»NP)% wk I IE ( %*OnE » TikO) S . 
? OUTPUT OnE(M#FOR JS(I * I»LKEtM)IttMSI(M»J)»MUZIN*J>» 

Zf"rnMJT¿ÍuPmIuR1TTSA»Ií»*«»A1T1N6 TIM€ AWFRA6ëS^*W0* OFZU.h.RO) >* 

?FOR I = ll*l*NP»« HHliN 
ZSUNSNIlMfcR-04 
?FOR Kz(1 » I » MAXIT♦1)4 SUN=SUN*ARMIVH<I.M4 
2FOR Kz(1 » 1»MAK11♦1)4 REOIN NUMEH=NUMEM*ARRIVHíI»K)4 
J ARR I VH( I »K ) -1 • U-NUMER/SIIN 

ZSUNZNUNER—04 
ÍÍFUR K = <i*i*NAXlLtI>4 
ifFOR Kz( I # I »NAäIL+1 )4 
2 
ZSUM3NUNER=04 
2FOR Kz( I » 1#MA>INU^1 )4 
?F0R K=U » l»MA*NU+l >4 
2 
?SUN=NOMtRZ04 
^FOR KZ(l»i»NAXi0^1)4 
/FOR EZ(1 » I»NAXLO^I )4 
2 
/SUMZNUNER-04 
/FOR Ks( I#l#NAXWl^1)4 
/FOR Kz(I*l»NAXWT+I)4 
2 
2SUMZNUNER=04 
2F0R KZ<1»i*MAxlN^l»4 
2FOH KZ(1 » I»NAXlN^l)4 
2 
2SOMZNUNER-04 
/FOR Kz( 1 » 1 »MAXOL^ 1)4 SUNZSUN4|€LATH(I»F )» 
/FOR KZ(. 1 • t »MAXllL + l )4 HEtilN NUNCH*NUNER^0ELATH( I »K )4 
¿j l)ELATH(I*K) = 1.0-NUNFR/SUN 

2SUNZNONER«04 
/FOR Kz(1 » 1»NAxTO^J!4 SUNZSUN*SPU€PHlI»K)4 
/FOR Kz(1 » 1 *MAXTOR 1*4 SEtolN NUMERZMUMEH^SPDEPH(I»K)4 

SPDEPH( I•K) = 1.Ü-NUNFH/SUN 
mRITE(44H1ST1 »GHAMi )4 
«RITEI44H1ST2 »ORAN/ )4 
rfNlTE<44HiST4 »GRAN4 )4 
WH1TC(44H1STR »bRANtt )4 
NRITE(44H1ST9 »6RAN9 )4 
tfKlTE C44HiST10*C»RAN10)4 
KHI TEI44H1STII*GRAN11)4 
<(HITE<44MIST12*«RAN1?) EN04 

60 TO FIN ENU4 
U*F0R JSU.I *MAXITM)4 ARHItfMI I * J) )4 
IFOR JZ(|»1*MAXIL»1)4 LENGTH!I*J))4 

JZ(i»!»MAXN0*l>4 
JZ( I » 1*NAXL0^1)4 
JSiI•1»NAXMT+i)4 
JZ(1t1»MAXlN^l)4 
JZ|I•I»NAXDL^I)4 

SUNZSUN4LENGTH!I»K)4 
HtfaIN NUNERZNUNEH+LENGTHII*K)4 

LENGTH!I#K >Z|.U-NUMEK/SUM 

SUNZSUN^nONUMHlI#K)4 
rtEblN NUMERZNUNER^DQNUNHII»K)4 

OONUMHII»K)=1.Ü-NUNEH/SUN 

SUNZSUN^DOLENH11»K)4 
HEGIN NUNERZNUNEH^UOLENH11 * K)4 

HOI ENHII»K) = 1.U-NUMFR/SUM 

SUN=SUM*I»AITHI 1 *K)4 
REGIN NUMEMZNUNER+GAITH 11*K)4 

wAITH(I*K)z].0— NUMFR/SUN 

SUNZSUN41NTEHH11 » K)4 
HEGIN NUNEKZNUNEH^INTEHHII*K)4 

1NTERHII*K)=1.U-NUMEM/SUM 

EN04 

END4 

END4 

END4 

END4 

EN04 

EN04 

2 
2 
2 
2 
2 
2 
2 
2 

ENU4 

2 
2 
2 
2 
2 
2 
2 
2 

OUTPUT 
OUTPUI 
OUTPUT 
OUTPUT 
OUTPUT 
OUTPUT 
OUTPUT 

HIST 1 
HIST2 
HIST4 
HlSTtt 
HIST9 
HlSTlOIFOR 
HlSTllIFOR 

IFOR 
IFOR 
IFOR 

r>QNUMH(I»J))4 
UQLENHII »J))4 
NAITHII»J))4 
1NTERHII*J))4 
UELATHII »J))4 

OUTPUT HIST 12IFOR J=l1.1.NAXTU^l)4 SPUEPHII•J))4 
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¿FORMAT bRAMl (*RMlORlTy*»l^#h2.•CUMULATIVE PHOHA-jIlITT DlSTPlHUT ION* # V»4 * 
V »INTER-ARRIVAL 1 ImE«*w4»MII» (2UXb.3»«0) 
2 FORMAT nRAM¿ ( wh » »MESSAGE LENGTH* »*4»WU. <2UXb.3»*0m 
¿FORMAT bRAMmW4»*MESSAGtS IN WUtUE AT DEPARTURE TlMt*»W4»(?UXfa.3**0>>* 
¿FORMAT ORAMh(w4 »*LEnGTH OF OUTUE AT DEPARTURE TIME•#W4#40» (¿PXb.3»WU>»S 
¿ FORMAT GRAM4(w4»*«AlTiNG TIME*’»4 » MO'(2UXb.3»«0))$ 
2 FORMAT oRAM1IMN4*«InTERHUPTI0NS*»M4»M(í> (20Xb.3»M0) )% 
¿ FORMAT URAM1KM4,«DELAY TIME **M4*M0» (¿0Xf>»3*MU) ) % 

¿ format 0RaM1?IM4,*InTER-DEPARTURE TIRE OF Same PRIORITY*.w4»M0# 
2 (20Xb.3.M0))% 
¿IF UK LOL It BEGIN IF INT(J) NEO Ut 
¿REGIN Fk=a(0.3).LAM(J)/STEP!1>t K=ElX(EK»t 
2IF (FK-K) GTR Ot K=K*it 
¿ IF K GTR MAXiT t K-MAXIT *lt 
¿ ARRlVHtJ.K)=ARHIVH(J.K)*| ENUt 
¿ lNT(J)=lt 
¿FK = A(U»¿)/(MML<J).STEP<¿))t K-EI X(E K)4 
¿IP (FK-K) GTR 04 KFKP14 
¿ IF K GTR MAX1L 4 K=MAXIL *14 
? LENGTH(J.K)=LEnGTH(J.K)*14 
¿FOR 11=(1.l»NNEHV)4rtEGlN IF SERVER(il.l) EGL KK4 GO HtLOM FN04 
¿ IF DICSIP(J) EGL 14 BEGIN 
¿UP••IuU)=Iu(j)+14 K=1G(J)4 0(J»K.l>=A(o.l)4 G<J.K.2)=A(J.?)4 
¿G(J.K.3)=0(J.K.4)=04 
¿ GO (J » 1)=00(J.1)+A(J.¿)4 
¿ I=J4 ENTER GENFRATE4 GO CHOOSE EN04 
¿I =J4 LL=04 POR K=(1 » 1 »NSERV)4 BEGIN 
¿ IF SERVER(K.l) GTR 14 BEGIN IL=K4 I=SERVEH(K.1) END ENU4 
¿IF LL EUL 04 GO UP4 
2L=LL*14 FOR K=(L»1.NSFRV)4 
¿ BEGIN IF SERVER (K.1) EUL SERVE R(LL » 1)4 
¿ BEGIN IF SERVER (K » 3) GTR SERVER(LL.3) 4 LL=K END EN04 
¿K=SENvEK(LL »1)4 
¿FOR I = (iO(K).«1.1)4 BEGIN L=I*14 G (K.L» 1)=G(K. 1.1)4 0(K»L*?)= G(K.1.2)4 
¿G(K.L.4)=G(K»I.4)4 Q(K»L’3)=U<K.1.3) CNU4 
¿ G(K.1 »l)=SERVF R(LL.3)4 U(K.1 » 3)=SERVEN(LL »? )♦1•04 
¿ 0(K » 1»4)=S£HVEH(LL » 7)4 
¿IF UICSIP(J) EGL ¿4 BEGIN 
2 G(K » I »? ) = (SERVER(LL *G)«SIMT)«SRATE 4 GO DOWN ENDS 
2 G(K»l»2)=SERVER (LL » 4)4 
¿DOWN.. 1G(K)=1Q(K)+I4 
¿ GU(K»l)=Gu(K.l)tG(K»l»2)4 SERVER(LL*1)=J4 
? SERVER(LL »3)=SERVER(LL »S)=SIMT4 SERVER(LL»4)=A(J.2)4 
¿ SERVER(LL* 7)=04 
2 SERVER(Ll.2)=04 I=J4 PNTEH GENERATE4 UT=5EHVER(LL»4)/SRATE* 
2 SERVER(LL»6)=SlMT*DT4 GO CHOOSE4 
2REL0M•. SERVFR(II.7)=04 
¿SERVER(11.1)=J4 SERVFR(II.3)=SERVER(II.5)=SIMT4 SERVER( 11.4)=A(J.?)S 
?SERVFR(II.2)=04 1=J4 ENTER GENERATE4 
2DT=SErVER( 11.4)/SRATE4 
2 SERVER! I l»t»)=SIMT*DT4 
¿ GO CHOOSE END 4 
¿ U=L4 COUNT=C0UN1*14 
¿ M=SERVER(J 
¿ IP K GTR MAXIN 4 

»1)4 SP RVER(J .1)=KK4 K=SERVER(J .2) + 14 
KSMAXIN +14 INTERH(M»K)=INTERH(M.K)+14 
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í>F*=bfwVtKtJ»7)/<MST<M|.STtP<5>>M* *;Í{*ÍF*Í* *14 
V 1F (►K»K) tiTW US KSK>IS IF K l»TN MAXSlS ^-MAXlX1♦lS 
?WrtI r2t«»K)SAAlT/(«#KUlS 
V WAlTHtM#K)=lfíAÍTH(M#K>tlÍ 
XFUH L=< 1 * I *NF*)S HFG1N I = Iií(U*iS 
•/ iF 1 tilM MAXNÖ S I-MAXNO ♦!% 
¿ nUNUMH(L»n=OUNUMH(L»n^l FNDS 
i»FOK Il = U*Í»NP)S HGt 11 )=QU( 11 » 1 )S 
i*FüW n = <l»t»NSFHV)SHEftlN _ ^ ^ 
PK=SfcKVEH( U » ns IF K nEu KK% HEblN í)T=SlMT-SEWVtH (11 » b > S 
?H)NO=SE«»tH (II.. I -m .SH« tF* HU IK ) :»« IKI *LUNG 
yFO» L:<1<1>NPIG HF GIN FK-HG tLI /NML(L>«1» K-FIXIFKI» 
?IF tFK-K» G1R OS KSKFIS 
■¿ IF K tilH MAXLO S K-MAXLO +1¾ 
V UOLF/(L»K)=nuLFZ(L»K)+l S 

nwLtNM(l»tO=nuLENM(LfK) + l ENOS 
¿LK (M) =LM^) + iS »TIME («<1 =*T IME <M) ♦SFWVFP < J» 7) S 
/IF MOl)(K,KZÍ; ) FQL US Ht.GlN LAE ( M ) =LKF ( N ) ♦ IS 
ZM»1(M»L)=aT1MF(M)/KZ2 S M»(M)=M»(M)4WTlFt(M)S 
2M»3ÍM.L)=M»<M»/(K-MAITHIM»1))S ST1MF(M)=0 J 

ifSOMSÜS FOR JJ=t 1 » 1 #MAX«íT + l ISHFGiN SOMrSOM+WA I TZ (M# JJ ) S 
^RAI TZ(M*JJ)SUS »AM(1 »JJ> = 1»U-SUM/KZü F NOS 
?NUMtR=O.OSFOR jj=u,i.maxlq+i>snumfr=nuner+uole:Z(m»jj S 
i*SUM=0s FOR JJ=U#1 »MAXLU + 1 >S HEGIN SUMSSUMfOOLFZ (M# JJ»S 
?OULEZ»M*JJ)=OS ZAHI1»JJ>=1.U-SUM/NUMER ENOS 
?SUM=0S FOR JJ=I1»1.MAXRT + 1)S HEGIN SUM=SUM+«(AITh(M.JJ)S 
2»AHi2#JG)S1-S*IM/K ENOS MAXSS=MAXX(T + 1S 
ZNUMERsO.USFOR JJS<1»1»MAXLG+1)SNUMFR=NÜMERfOÜLENH(M»JJ 
2SUMS0S FOR Jj=(1#1*MAXLU+nS hEGIN SUMSSUMFüOLENHIM»JJ)S 
2ZAR(?#JJ)=I-SUM/NUMER ENOS 
?MRI TE(SSNiNt » TEÑÍS 

ENO ENOS 

K=LK(M)S 
L=LKE(M)S 
MW2(M»L)=Mi«(Fi)/KS 

ELEV(FOR JJ-(1 » 1.MAXbS)S»Ah(2»JJ)IS 2MRI TE (SSFLEV » TMtL)SOUTPUT 
?MAXbSsMAXLQ+iS 
?MH1 TE(SSF fEFN»TMEL)S OUTPUT FTEfcN(FOR 
2MMlTE(SSSTEkN#T»EL)S OUTPUT STEENÍFUR 
2FURMAI TMELlMIí» (2UXb.3»MUMS 
2OUTPUT NlNE(K»M»SiMT#FOR JJ=(1 * 1#MAXsS)S(MAB( 

JjS(1*1* MAXSS)SZ AB(1•UJ1)S 
JJ=(l*l»MAXSS)SZA|j(2#JJ) )S 

) >S 
^ i=msmaxss=js 

2MHITE(SSMlST9fGRAMN)S 

2F0RMATSTEN ( »OEPARTUREs* » I** » *PH lORlTTS* » 11 •*SlMT»**Fl5»ê*MU» 

2(20X6.3»NU>)S 
2 I)ElAYSSERVFR(J»6• -SERVER(J*3IS 
2 FKsOtLftV / (MSI (Ml .STEP( 7 > >S K=F!X(FMS 

Hf IFK-G^ , XFMAXUL .1* D£L*»H(H.«)FDtLA»HO..*).l» 

UO(M»21 NEO US PtGIN bP0SSFRVCR(J*61*00(B»2lS 
FKsSPO/(MST(Ml.STEPÍHl»S X=FIX(FK»S 

(FK*M §10 OS 1 ♦isSF*OEPH(M*»OsSPOEPh(M*K) + I ends 

2 
2 IF 
2 
21F 
2 IF K GTR MAXTU S KSMAXTl) 
2 UO(M * 2 > sSERVER(J•61S 
2 SFMVLR(J*b»=HlGS 
2 FOR I=(1»1*NP)S REGIN 
2 SERVER(J 
2 SERvEN(J»3)=0(I»ltl>S 

IF lOtll GEO 1S REGIN SERVFHiJ *|ÎSIS 
»5)sSIMTS SERVfN(J *4»SO(1.1*2)S 



if DTs&t'RViH(«J»4)/SHATE% SERVER(J»b)iDT*Í»IMTf 
? bEHVhRiJ*7)SU(l»l>4)« 
? SERVER ( J »2)=WU»l».m 
if IF Sl»RVER(ü»2» EWL 0% SERVER ( J» 7) =SIMT-Ü( I » 1 » I )% 
2 F OH L=(I»l»lQilM% HEUIN U(1»I.«1)=0(I*L41»|)S 0 ( 1 » L » 2 ) =U ( 1 »L4 1 # ¿ ) * 
2 0( I.L»4)=U(1»L41.4)¾ 
? W(l.L»/^Q(I.L4|»i) ENtJt 
? Iu(I) = I (1)-]¾ (.0(1.1)=00(1.1)-SFRVFR(J .4)¾ 
if GO CHOOSE EM) ENDS 
2LCIL.. 
2 GO TO CH0OSE¾ 
?SOHHOOTlNt GFMERmTES 
2HEGIN RANDOM (INRI). Y )¾ 
2 T=—LOG ( Y )/LAM ( I )S 
2 A(I.l)sA(I.t)4TS 
2 RANDOM($NRO.F)S 
2 A (1.2)=-LOb(F )•MML(1)¾ 
2 A(1.3)-7¾ 
2 RETURN ENDS 
2F1N..G0 STARS 
2FIN1SH1 
13 (S2 > (SSA 
AU H¿(-A ( 12U9hU0( ( b< >4 > JURS4( 3(- 
2 FINISHS 
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B* Input Data Card Format 

For each simulation run it is necessary to specify the following 

input data: 

Humber of servers (NSERV) 

Number of priority category (NP) 

Number of departures at which time system data are sampled (KZ2) 

Service rate of each server (SRATE) 

Duration of simulation-number of departures (NDEP) 

Mean arrival rate (LAM) 

Mean message length (MML) 

Queuing discipline (DISCIP) 

Range ^ 
\ of each histogram 

Step size J 
These data are contained in a sequence of input data cards. The format 

of these cards is shown in Fig. C-l. The cards are to be arranged in 

the order of the card number. The format of each input data is specified 

as either integer (I) or floating point (FP). 

\ of each priority estefory 



Data 

Card Ho. 

1 

Item Ho. Description Format Remarks 

1 

2 

3 

4 

5 

6 

NSERV 

HP 

KZ2 

NRD 

SRATE 

HDEP 

I 

I 

I 

I 

I 

I 

10 digit number not divisible 

by 2 or 5 

2 1 

2 

3 

LAM(l) 

MML(l) 

DISCIP(l) 

FP 

FP 

I 

First Priority Parameter Card 

HP + 1 1 

2 

3 

LAM(N) FP 

MML(N) FP 

DISCIP(H) I 

Nth Priority Parameter Card 

HP + 2 1 RANGE 

2 STEP 

HP + 9 1 RANGE 

2 STEP 

Range and Step for following 
l histograms: ARRIVH, LENGTH, 
) DQNUMH, DQLENH, WAITH, INTERH, 

DELAYH and SPIEPH respectively. 

Fig. C-l 

INPUT DATA CARD FORMAT 
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c. Typlol Simulation Output 

The output of the IM/lPl/Sm, where S » 2, 4, 10, simulation runs is 

used for illustration purpose. In this series of simulation runs the 

system data, the waiting time and length of queue, Is sampled at every 

200 departures of a priority category. A typical output at this sampling 

time is as shown in Fig. C-2. It is for the first run of the 1M/1PÍ/2M 

case. The sample is taken at the 2200 departure of the second priority 

message and the simulated time is 2189.1565 time unit. The four rows of 

numbers represents the cumulative probability distribution of the waiting 

time for the last 200 departures; cumulative probability distribution of 

the waiting time for the entire T200 departures, cumulative probability 

distribution of the length of queue for the last 200 departures and 

cumulative probability distribution of the length of queue for the 

entire 2200 departures. 

At the end of the simulation run, after 6000 departures and at 

simulated time of 2963.5438 time units, the printout is as shown in 

Fig. C-3. The average waiting time for each priority category is 

computed for: (1) the last 200 departures, (2) all the departures and 

(3) all departures that have to wait at each sampling time. The 

cumulative probability distributions of the input parameters and 

various operational measures for .ach priority category are printed in 

the order of priority level. 
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TYPICAL PRINTOUT OF THE SIMULATION AT THE END OF SIMULATION RUN 
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