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10il'T!.MUM PRJOORA.M, :ro1a st 01~:E ,&1r 1..c,,1:: ao , •Ts1 

I WHICH EXP'EL,LA T IS, 0~ THE sou:a,c 0 1F 'POW ,ll 

In thi ■ d riv,at on shaU 

forc,e. the ; ra,Yitati onaJ Jiorce and th ' at , 

At time t he ma1■ • • (0 , the m 1 • ,c'h• u• 't rat,e - · M Ctl - lhe ••hiil.u• t 

-+ ➔ 
vreloc ty C (t), the ve ctor po•tt on r ( I!, be veJoc;H V (tL th sr• 'taUonal 

pot nti l U( 1 i 't) . Th eq t ,o,n o:f ·mothtlil ~ 'th, ·rc. 1ak,11t 1 : 

.11 
d •• ·+"' U 7 vf 

where i(t) i 1 the cc,eler t oa d~e to dlruat . Gib, .. a"(t) __. Ille WU.I m1MH­

tion1 that 1 = 1 and d?lrtt = V •'••• t • I ,, a.. II '' cl.tenn.._1 ffl)., .. • 
0 0 

entire time hi1tory of the· rock t path . lion. req.\l re1• lllat 1 f1 ,alMI. 

d 1l di z:i ~ ,at t = t 1., thern. 1 1ft) • :re,t:ricted to a nll-cl••• -.f .U :,.uiW• 

.func on,. A. fu .rther r e1,trid :i , .i 1 paced, on '1 1(t) be~u•e o! 1-.I a, Ulhit1ei 

power bei.ng vail ble from ·tb,e ener1r aou rce , T ·n1taiat:aneou• pow r 

The conclit.ion of Hmi:tecl ,powe:rp reqwr•• 'that 

. rorn U) nd (Z) 

- Ii 
M2 

1 1. i·o tl~. ,0.11] I .&, z.·. I ..... 11 (11 == tr "Tl'llr •• 
0 

1 

CJ) 

15) 



( whmre1 M
0 

h Che i n ,tial rocket mas a . Since 1 (t), th.e roe t tr jetto1ry h 

det rm n d. by ➔ (t) only ( nd the boun ry conditio:na.), w from Eq. (5) 

th . M (t) :for ,i,ven, traj, c.tory i 11 in.c re· d by n in r 

m imum payJoa P (0 should lw y be k p t its , 

Then Eq. { 5) b com a 

1 l 
Mtd = 

In rti cul. r , th r 1idu l :maas at t = tt ia iven by 

n P (t) , Thua ior 

mum v lu , P m 

(6) 

i
t 

1 1 1 
o I[~ (tij 2 di ldi 

:a: u; ZP m 
(7) 

T'he aptim.um :pr,o,g:ram for it(t) mu■,t be chosen fr,om, that clas of fun,ction,1 

wh ch mak 1(t) • tiefy th term. n I coudit on 

( ) 

It , that func'Uon which m, • 1miz,e1 M1, i. . , that function wh·ic.h minimize a 

h in. egr l 

l
t 
1 2 

I ~ 

0 

[a(tl] dt (9) 

To 110lve for t (tL we :note th t any devi tion from th,e optimum prosr m., 

6 (t),, cau e 

( ) and (t) 

ari t.ion in i( ) giv n by 61( ). W h 11 inai th both 

6 (t) r aUow ble, pro r 1n1 in the 1en 

1( ) 61(t) .tisfy the termina l condihon1, (8) , • w 11 

k1,n the v ri tion. of ( l), we obt in 

l ➔ d 6 r 
d l 

6 r • VVU = 6 . (t) 

-+ , h. . both r (t ) nd 

he ini i 1 con.di ion a . 

( 10) 



II 
,I 

Eq,uado'D UO) to ether ith th 1ni ,i l cond on 

t = 0 

provid a ( n prindple) the 1olution for 6 . 110, If 1 1(t) 61'(tJ :t1 'to uU■,fy 

th t rm l l~ondition1 (' ,'), then 

➔ 6 r (t ) - o 1 
'' --

= D 

1. 

(lZ) 

Th 1e condition• .■ erve t,o r,e,trtct the 1la•11 of fund on• whic:11 a b chosen :for 

6 °t(t) . Snee ➔ (t) 1 ta.ken • t function which .m.i.D..imueci tbe :jjlte1.ral I of 

Eq. (91, an .infi:nite•hnal function Ii 1 '(t) 'will not effect I, tbere{or to within. 

in.flnite•imal■ of high r or'der 

0 

Sub■ti.tutin ' 61 (t.) from U O) into U :o 'Wei ha 

Thie fi :r1t term. m.ay be t:rana&:>rmed. by lnt:e ra:UDI by part, ■ nric:i• 

I 'tl 't 

0 

Id dl1 dt -ar· d. 

U, .3) 

(14} 

Ma.ld :n; u1e ,o:I t:be :initial a:Dd. terminal c,onditloua., Eq,,. (1 U ucl ( :a it ,, W'e .v 



Th term (t) • ~c,,· U) m , b rit n • , (t ) VVU) • 6 r i:n 

VW in a ■,metric te•aa.r . Th 1 1 t:r,a:n1formed Eq,. (1 4) be, ,orne1 

(,I 5) 

Th .fu:~ct:i,on 6 t(t) u :perf cU r· hr ry func • ,on ,e cep 1bat, i t a·nd it• 

fir■t de ri:vat 'Y mq11t v 1.ni,1'h a't bot.h end• of ·the tUne interva l Qi to tl . 

Equa·tion, ~·15) can, be 1a'ti 1 1Hed for an uch 6 OJ only if the bJ"acket van 1.bea . 

dz , 

d ·z 
(16) 

Sult11t tu:tin1 E~.• U ) into (l 6) to, ehm , 1: e "I( ) i.ve■ 

(t 7) 

.Equa.Uon (l 7J det rmine1 th,e ,optimum tr • e ory (t) l \lbj e c : to, h,e .four 

bo•:uda l"J cond\tio:n.1 

Th • u1bor i 1 ind bt d. o Dr E H Spa i 

.for 10 •I d r t ion . 

C • of Un .lo.rm Gravitat .ona l ie,ld 

.For ,a, uniform 1r .vitat:lona J Held. 

-vu = 

here l i 1 th ve, t:or ce.le r· 'ion due ' 

v ni1h , 1 0 th t (17) r du • t:o, 

= 0 

( 1,8) 

ble di• u•• oaa o.n th 

09) 

• nd (d/ d ) VU bot:h 

(20) 



., 
Tb,1 •aluHo~ ••tl1•fvin.1 th• bo~dai,tr'1 tr»•-·ion1, ('UO :L• 

It l• ~ted that m ,a :u.Ut>rm 1raivit1tiOJl&l, lti,e,ld 'Ul,e opt;tmu:m ltteJ.,eration . ' 

i ,8 Uineat with ttm• · 'Thf'! t.e,ftl -i ,, whJt, i 11 r.«tui~ to ClOUJQ-•ir•cd: sr vi ty,. 

Th,e te,r:m ~ v!
1
' - V )/ 't ,1 ,i• the ~,an1t•nt atceler1Hoa requ~~1,d,· to •••: f,rom a 
I O I 

➔ ➔ 
ve'locity V to a ve,lbc:ity' 'V •

1 

to t:h• tbne 11. If th• redl:,ei t1•:,•••• with thi 
0 , 

co11i1tant aecel,1u•1• :tion, the ave:r•1e1 'lel.ot:ltJ 'WOUl,d b, {i~, + ~ )I 1, ,.ll!)d the 

w•,placeroeni err,o,t lv•cto,r f~om t•trn~d ~•hl1~J, t:<J d••b11d PQ•i~ir0n)1 wou,ld 

11 - [10 t V:; v'; •• ] = ., 

Sub11Ututing (Z31~ : nto ,J:q , Ui~ ai,ve• the ma•• ,a 11 • fUiaa,t~.- af tbJne, 

iO:ae c,an ii:nid U1e o:pt:im,um ,~01 r-.m l•.r ma.111 exP\:lll ■ ' on 'by 4Uit,:, ,entla'titiil th• 

r ,1,ei p:ruc,a.J ,of (J41J,~, ,a,ud th,ea 'thft optunUlh pl'o1am"' 1u:, 111). ·, lb,y c•l'°J..Uq 

5 



We :i.ll I vt th,e ,r 11ul ,I expl c Uy ,onl fo :r ' = 0. or 't 0 , 

1 

i 

M v-v 2 
0 1 o ➔ 

ZP ti -· - ~ (t.) mx (26) = ~v v Q, 

[ 1 
M i - 0 ... 12 ] z + z p 

0 
' ' - I t 

max 1 

(27) 

Thu• for 1 • 0 , the exha,ut ape, d it • n to n,cr, ,a.•• l nea rly 

Re1:u.raia, t,o arbit rary , we obtain the fi nal m .a11 M1 by p,Ltti.n, t = t 1 

in E41 . IM }. 

Actually ,M,1 con1i1t1 of o 

,z.2] 
t z 
1 

1 1 the :m ,11 o:( th ene :r ·y ■ource , M , 

and tbe remai:o n1 pa yload, ML. Un 1om• a.ppli cat on• an n,e:r1y 10ur ce i1 

J"t1il.li :red (or other p,npo••• thao propul1ion i ao th.e1e ctrcum1tance11 ME 1hould 

be r•1•,.•~· •• ,- :rt of the • ••ful load . ) 

[f • re1a:rd h powe r outp,;at , Pm x ' • • proportional 10 the m••• , ME, 

than 
M 

p • -max ,11 



M Ml M .M 

(
:Ml ) M { L E E 

~ tr - 'U- a a:- . ic;--1 1 == 
0 0 Q 

M ,E t 
·ir 

I ➔ .... t 1z 0 Cl 

-a;;- Tfi v,-vo, ..... i .• 

(30) 

F o,r co:o,v n enc l e 

z PO 

then (:30) ma b r .t1: n 

32:) 

If we wi1h to choo1e ME/ M
0 

tom ,x i m ' z,e ML / M
0 

( t'h.e r • ltina may 

not be dequ.ate for other pou, r needs) , th n. aett .q the cl,erivaUv,1 of (32) w. t 

re1pect to Mr/ M0 to izero , w ha ve 

1 

or 

7 

z = y - , 



The, ma: • of propellant und1 r thtue optimum conditio·n ii 

(
:M:p) (ME) (. L) = 'l 
~ op imum = t - ,o • opt - , o m x 

(35) 

lt i , ■ en that n ord r th t ME ' L' M p U be po1i ive, -y mu t b l •• th n 

unity .. 

From (3 ) it i 1 11e,en tha.t the sm 11 r '(, the l r. er the paylo d . If only the 

fin l velocity V 1 , ■ ·peatfi,ed and r 1 may be taken a rbit rarHy, then by ch.001 ng 

i\ : , 10 + ft 1 /2) <v! + ¥1) , we et = 0 which minimize1a y nd m imi.E, • ML . 

In thia c ,e th optimum m rate nd e bau1t v loci y :p:ro r m re .ven by 

Eqa. (26) nd (27) . li ME, ML , Mp r cho, en n th op mu·m y , then (Z6) 

and (,27) m y be wri e:n : 

( 
MO ) , . rr 

= E opt 1 
- V -gt 

1 o 1 
z 

[
1. (~) rr 

• E op · l 
V -V - t 1 o .1 

( 2) 2 l. y-y '(--:-
1 

- [~ +f- 1} (v 1 - v O -
1

~ 

1 
t 1 

2~2 t I 

:It mu1,t be r m ,ember,ed that. Eqs . (3 1) aud (37) hold opl,y !o.r 1 = 0 . 

(36) 

(37) 



C,om,-.r 110n with Perform.aac:e , th Con• tain·t 

te 

Dr . Dav.id Lan mu r 'ba1 tre,,at:ed the c •• •01f con11tant: exha,u,■t "'•11,oc tJ and 

m .a11 rate, in r vity .ire 1 , e, w:he :r only th. ·tim nd • :rm n v 1.oC' ty r 

•P c.ifi d, .no·t the t rm· • po■id.on . ' be pow r :i.11 {wd at p • 'Which &ccord.in1 mn.x . 

l • Z 
-.. (• .M) C :: P 
' mu. 

or 

Thu, th final to initial ma11 raU.o i ,1 aiv·en by 

From which, 

1 
= ~ = 

0 

M +t1 M. 
0 ' 

0 

= 
. IIE 

a 

ac 0 

1-

-1 v. -Vnll 
~ 

From the de,f nition of pa,yload ma.••• 

- V - V 1 0 

- x = e 

- 1v. -v,.J 
~ 

(38) 

(39) 

( .fO) 

( 41) 

:Da.vid :B. Lanpn.u: r, •0ptim.iza'tion of .R.,ock ta in W ,ch th J'u 1 11 Not O■ed 
•• Prop llan • , The R.amo - Wooldr d e Corp .. , E, • - l01, 19 pt mher, 1" 56 . 



.. 

her 
= 

and 

The read, r 2 ·n not th t y i1 th 1ame ■ th t delin,ed in quation () l ) wi h ? 

nd ■et q 

lf C h t 10 be h ld con tant t houid be taken tom m ze f41) . The opt ' mum 

C i • found by olvin , 

vZ 
I - X 
-z e = 0 

or 

,z { 
(42 ) 

EquaUo,n (42)1 d,et rminea 'tb,e optimum v u of x. aa funct on. of y . 

Th qu n,tity Jz.1 1/ <1 h th dim,en ion of v l,oc ity . We m,ay xpre a th 

r tio o.f h optimum C ·o thi , y lod ty fo low 

C C 
lvi -voli 

'Y 

~ 
= ·~· 

·- -
In :Fi . l ,, tbi 1 dimen1 onl.e 11 ,exh,au1t velocity .i a plotted. a.gai.nat y, the 1atm in 

roe. t v locit: n ·the • m • dim n1ionl unit a . 

U C 1, allowed to var y durin the fli ht , then qu tion (37) iv I the be t 

pro1 ram. f1or C . Sett:ing 1 equal to zero , we note that during the fli ht C/ ~Zt
1
/a 

v ri 1 !r,om alue of ( 1 - y) to fin valu af 1. These t o curv 1 

&r al 1 0 d:r & n n .F i, .l. lt ill be .no,t d th t the be at con at t C i I int r-

med:iate be1t een the two extreme vel,ocitiea .in the v.ar i .bl - C pro ram . 

10 

.l .. , 
I~~ l I If il I 



( equat c . t 4il') ud. for 

ha't h n th ma11 ratio, M / ML' for the con■ t&nt- C proaram. i ■ l ,e11 than 
0 

fo r .1 ther'e1 1 ne 1ub1'ta.ntial. 1,a, n by u1 n1, vari• 'bl,e C . On th. , othel' ha.DIii when 

the con■ nt- C pro1·ra.m req ' re■ a 1, :r 1n 11, ratio, M0/ M.L'' 1ub•ta.nlial 

·• 11ht 1avin11 re ■ult from var yin C dur na the fl 1ht. 

11 
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