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SUKMARY 

A^ 
/ , / 

the  following problerr.:     Given  that In  this paper 

certain  functlonals of    u    and  Its derivatives  belong to given 

I^-<;la38e8  over the  Infinite  Interval,   what   can  be  cald about 

the  L-^laoaes  of other functional^?    Utilizing  a  simple  device 

from the  theory of  linear differential  equations,  ««P^PMHI»»»» 

■■■■BflK  results, due  to  Landau,  Kolmogoroff,   Halperln—von 

Neumann,   and Nagy,  together with some extensions. 

/' 
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SUMMARY 

In  this paper we  atudy the  following problem:     Given that 

certain  functlonalt of    u    and  Its derivatives belong to given 

L-classes over the Infinite  Interval, what can be  said about 

the l^lasses of other functlonals''    Utilizing a  simple device 

from the  theory of  linear differential equations,   we  obtain a 

number of  results due  to Landau,   Kolmogoroff,   Halperin-von 

Neumann,   and  Nagy,   together with  some extensions. 
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ON  INEQUALITIES  POR DIFFERENTIAL  OPEPATORS 

Richard Bellman 

1.     INTRODUCTION 

Since the original  result of Hadarvard  concerning a  relation 

between  bounds for    u(t),     u'U)    and    u,,(t)     for    t     In a 

finite   Interval,  a great  deal of work  has  been done  In  the  field 

of  Inequalities  relating  various  functlonals  of    u    and  Its 

derivatives over finite  and   Infinite   Intervals.     A discussion 

of  some  questions  of  this  nature may  be   found   In  the  book  by 

Hardy,   Llttlewood  and   Polya^   [4],   and  a  collection of more 

recent   results  In  the  appendix  to  the  Russian edition,   edited 

by  V.   Levin,   [£] .     For  the   case where     u(t)     Is an ordinary 

polynomial,  a  trigonometric   polynomial,   or an  entire  function 

of exponential  type,  we  refer to the  Look by  Poas,   [5]. 

In  this paper we  are   Interested  In  problems of  the  follow- 

ing  type:     Given  that  certain functlonals  of    u    and  Its 

derivatives belong  to given I^lasses over the  Infinite  Interval, 

what  can  be said about  the  L-classes of other functlonals0 

Utilizing a method originally sketched  In  our book on  stability 

theory,   [2],  p.   117,  we  derive  In a uniform  fashion a number 

of  results previously obtained by Landau,   [?] ,   Kolmogoroff,   [6] , 

Halperln—von Neumann,   [c] ,   and Nagy,   [9] ,   together with  some 

extensions. 

Although we  do  not  examine  the  deeper problem of deter- 

mining  best  possllle  bounds,   we  shall   indicate  briefly  how  the 

methods  we  present  can  be  used  to obtain   Inequalities  as  well 
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as inclusion results. 

2.     NOTATION 

We  ahall write    u  € Lp    for the statement  that 

y00 \u\^dt < oo.    When  the   interval  Is     [-00,00]     Instead of 

[0,00],     we shall  write    u «   Lp[-oo,oo].     The  notation    u c  Lp 

with    p - 00    means  that     lu|   < c,   < 00     for    0 <  t  < oo ,     or 

-00   <  t  < 00,    depending upon  the  Interval  under consideration. 

}.     SOWS   INEQUALITI£S   CONNECTINO    u,     u«     AND     u" 

In  this section we  shall  consider Inequslltles of the  type 

presented  by Hadamard,   Esclangon,   Landau,   [?] ,   and Kolmogoroff, 

[6] .     "Hie  paper by  Kolmogoroff contains  an  account of best 

possible  constants. 

We  wish  to establish   the   following   result: 

Theorem 1.     If    u c   Lp,     p > 1,     u" €    Lr,     r ^ !»     then 

u,   u' e   L       for    m 2 ro**   [p»r] • 

The  two most  interesting  cases  of  this   result, 

p • r • m - 00 ,    and    p •  r • m ■ 2,     were  treated  In   [2] . 

Proof.     Write 

(1) u" - u - f  -♦• g. 

r D where     f   <   L      and g  c   L   .      Considering   this   relation  to  be  a 

linear  differential equation  for    u,     with   forcing  tenr.     f -f g, 

we  can  write    u    In the   form 

(?) 
t -t       1   /»t V1-8' - e-(t-<,)ilr(s) + g(8)JdB 
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The aeeuinptlon  that     f  c Lr    and    g <-   Lp    Implies that  the 
/^oo Integral   J     e     [/(a)  •♦• g(8)]d8    convergeo and  that 

-t     vt    8° e      /     e   [f(») ♦ g(i)Jd8    Is bounded as    t -► oo.     Hence  In 
0 

order that    u € Lp,     It Is necessary  that 

O) 1       ^t0 

(4) 

Using this  relation,   (2)  takes  the  form 

t    .,„        _ -t 
u • c?e -t V/00   e-^Cf > gjds - V/'  «"[f ♦ «]d8. 

which yields 

(5) u.   - - c.e-1  ^ ^Z00   e-6^ 4 ddB 4 ^ /H  efl[f 4 g]ds 
^ ^   t ^0 

Prom this  representation,  we   readily  derive  the  stated 

results.    To begin with,   consider  the  case where    m • OD . 

Since,  using  Holder's  Inequality, 

v 1 1 
l/00   e^fdsl   <    Z/00   IflPds]^//00  e^dsK 

(6) 
nx.   s, ly^ eVds 

t 

i 

^'00 ifipd.jp. 

* .<"d.^' PH.I P rr "^ 
it«'" ^'""i5- •) 

with  correapondlng   results for Integrals  Involving    g,     we  see 

that     |u|     and     lu'!     are uniformly  bounded for    t  > 0. 
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If    1 < m < oo ,     we  have 

|u'(t)|m < ckM k _-<nt mt /   /'oo   ^—e i ^ i . 
e -► e / e     if ds 

m 

(7) 

♦ aot  lrco  e^lgld») 

4 e 
-m 

> e        l^      e   '«^V 
rr. 

Consider a  typical   tenn on  the   right—hand  side 

W« have 

Z00   emtL/?00   e^lfl^l    -it 

(d) 

(■r ■)■■ 

"c0 

-^ 

mt 

<   Sc/1 07 ,100 .,./"   e -^ 

oo  e    * 

m 

Q 
f ! pds )    It 

/ 

f rds      dl. 

Integrating by parts,  we have 
mt pa 

m 

flPd8   1   dt 

00 

(9) 
■^e 

(^E) 
t|f|P(^ 

OD 

) 

f|pd8 

z - i 
dt 

^^Z00  IflPf^00 !r|pds) 
HI- i 

dt 

¥(/ 
m 

00    |f|pds\P  < 00. 
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We  see that  the  condition  that    m  > p    plays  an  essential  role. 

This completes   the  proof. 

Observe  that  we have  actually  estatllshed a  stronger 

result  than  stated.     It  Is not  necessary  that    u   t Lp    anc*. 

u"   £ Lr,     but  only  that 

(10) 

N U  "  JA' 

u" ■ &* 

N 

» 

p. r. 
with    fk t  L K,     gk   e- L K,     pk,   rk  >  1,     and 

(11) m > Max   [Pk,rk] . 

k.     INEQUALITIES  CONNECTING     u,   u^     AND    u^ . 

To obtain  a corresponding  result   for a general   triplet of 

derivatives,     u,     u     '    and    u       ,     n  > k  >  1,     we  use  the 

equation 

(1) u(n)  -u - f + g, 

if    n ■  4m -f 2    or odd,  and 

(2) u(n)   ^ u  - f ^ g, 

If    n -  4m. 

TYie reasoii for this change of equation lies In our desire 

to avoid the case where the characteristic equation contains a 

root with zero real part. The result corresponding to Theorem 

1   Is 
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Theorem 2.     If    u t iP,     u^n't    Lr,    p#  r ^ 1,    n  > 1, 

thtn    irk' fe   Lm      for    m > Max[p,r]     and    k • 0,   1,  2,   ...,n-l. 

The proof follows the same  lines as above. 

3.     ALTERHATIVE  APPROACH FOR     u,   u'     AND    u" 

If in place of the statement of Theorem 1 »re wish  to 

obtain actual  inequalities, we can proceed as follows.    From 

the relation 

(1) 
d   [•-t(u'  ♦u)]   - e-^u" -u). If 

ire obtain for    u(t)     satisfying  the hypothesis of Theorem i 

the relation 

(a) u«  - - u - e1 A00   e^Lu" - ujds. 
ct 

This result is also obtainable from (j5.5) upon integrating 

by parts and observing that Cp ■ [u(0) -u'CO)]/?. 

Hence 

(3) Max |u' I < 2 Max ul ■»• Max lu' 
t^O t^O t^o 

Replacing u(t)  by u(rt) for r > 0, we obtain the relation 

(4) r «ax lu'l < 2 Max |u| ♦ r Max |u"| , 
t>0     ""  t^O        t>0 

for r > 0.  Prom this it follows that 

(5) (Max |u'|)2<6(Max |u!)(Max luB|). 
t^C t>0     t>0 
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Slmllarly, we can obtain an  Inequality connecting 

/;o0   lu'Tctt,    /?a)   iu|pdt    and    //00   |u"|rdt;   of.   the arguments 
0 c0 c0 
given In   [l] , 

Perhaps  the easiest way to obtain extensions  of the equation 

In  (2)  Is to use the vector-matrix relation 

(6) d /   At   x At (e^x) - eMl(Ax  + *), 

where    x    Is an n—dimensional vector,  or 

(7) x - e-**/00   eA8(Ax ♦ *)d8. 

for A Is a stability matrix. 

Choosing  A suitably, and 

(8) 

u 

X -      u' 

\ 

j-1'/' 

we obtain  a variety of  relations  connecting    u (k) with linear 

combinations of u and the derivatives of u.  In this w^y. 
s 

wt can derive a number of extensions of (s). 

6.  AN INEQUALITY OP HALPERIN AND VOW NBWANN AND EXTENSIONS 

An extension of the foregoing techniques yields an exten- 

sion of the previous results.  Let us begin by establishing 

Theorem 3.  If 



P-1207 

a.       u" •♦• a  (t)u' + a2(t)u ^  Lp 

(1)    b.       u «. Lr 

c.       |a1(t)|,   |a2(t)|   < Cj < öD ,    0 < t, 

then    u#   u'  c  L       for    rr > Max   (r,p). 

Proof.     Let  us  discuss only   the  case where    m - oo,     which 

means  that  we  are  studying   the  unlforrn boundedness  of     iu'l« 

The general  case  car  be treated  In  the  same  fashion.     In addition 

to the device we  have been  using  in  the  previous  sections,  we 

must  introduce an additional one. 

We write 

u" - M u - u" -f a^Ou'   -♦• a2(t)u 

(?) -  [a^Ou1   -f a2(t)u ■► M2uJ 

- f(t) - a1(t)u'. 

whtr*»    f(t) t-   B[0,oo] ,    by  virtue  of  the  assumptions   In   (l). 

Solving for    u,     we write 

-Mt Mt      i    /n 
u - cle 4 c2e       ^ W. 

M(t-e) -M(t-e)' f(s)d8 

(3) 
i /t r M{ t-e)        -M(t-e)l 

mm     ^ a1(s)u,(s)d8 

Since  It  la easily estAbllshed  that     [u" -f a^Ou'  + 

a2(t)u]   t  B[0,oo],     a1(t) t   B[0,OD],     1  - 1,   2,     Imply  that 

lu^t)!   < c .e for some constants     c,    and    b,     we   see  that 












