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SUMMARY
\j/ A
In this paper wegiihdy the following probleny Glven that
certaln functionals of u and its derivatives beiong to glven
L—classes over the infinite interval, what can be sald about
the L—classes of other functionals? Utillizing a simple device
from the tlhieory of linear d{if!‘er‘en’tial equations, we-obtElN-o
sl r‘esults’ due to Landau, Kolmogorof{, Halperin—von

Neumann, and Nagy, together with some extensions.
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SUMMARY

In this paper we study the following problem: Given that
certain functionals of u and its derivatives belong to given
L—classes over the infinite interval, what can be said about
the L—classes of other functionals” Utilizing a simple device
from the theory of linear differential equations, we obtain a
number of results due to Landau, Kolmogoroff, Halperin-von

Neumann, and Nagy, together with some extensions.
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ON INEQUALITIES FOR DIFFERENTIAL OPERATORS
Richard Bellman

1. INTRODUCTION

Since the original result of Hadamard concerning a relation
between bounds for wu(t), u'(t) and u"(t) for t 1in a
finite interval, a great deal of work has been done in the fleld
of ineqQqualities relating various functionals of u and its
derivatives over finite and infinite intervals. A discussion
of some questions of this nature may be found in the book by
Hardy, Littlewood and Polya, (4, and a collection of more
recent results in the appendix to the Russian edition, edited
by V. Levin, [f]. For the case where u(t) 1s an ordinary
polynomial, a trigonometric polynomial, or an entire function
of exponential type, we refer to the book bty PRoas, :5].

In this paper we are interested in problems of the follow—
ing type: (Given that certain functionals of u and its
derivatives belong to given L—classes over the infinite interval,
what can be salid about the L—classes of other functionals”
Uti1lizing a method originally sketched in our book on stability
theory, (2], p. 117, we derive in a uniform fashion a number
of results previously obtained ty Landau, [7], Kolmogoroff, [ﬁ],
Halperin—von Neumann, (<], and Nagy, [9], together with some
extensions,

Although we do not examine the deeper problem of deter—

mining best possitle bounds, we shall indicate triefly how the

methods we present can be used to obtain inequalities as well
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as inclusion results.

2. NOTATION

We shall write u € LP for the statement that
U/oaolulpdt < . When the interval is [-o00,00] instead of
?O,ao], we shall write u ¢ LP[-o,0]. The notation u e LP
with p = oo means that |ul| < ¢y <o for O0<t<m, or

-00 < t ¢ o0, depending upon the interval under consideration.

3. SOME INEQUALITIES CONNECTING u, u' AND "

In this section we shall consider inequalities of the type
presented by Hadamard, Esclangon, Landau, (7], and Kolmogoroff,
[‘]. The paper by Kolmogoroff contains an account of best
possible constants.

We wish to establish the following result:

Theorem 1. If wu e Lp, p>1, u"e Lr, r>1, tren

m r
u, u'e L for m > max [p,r).

The two most interesting cases of this result,

pPperem=o, and pe=r ems 2, were treated in [2].

[

Proof. Write

(1) U'—U'r*gu

where f ¢ L' and g € Lp. Considering this relation to be a

linear differ~ntial equation for u, with forcing term [ + g,

we can write u in the form
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The assumption that f ¢ L’ and g ¢ LP implies that the
integral t/nooe_e[r(s) + g(s)]ds convergea and that
e_t“’/)t es[r(a) + g(s)]ds 18 bounded as t —» oo. Hence 1in
0

order that u ¢ Lp, it 1s necessary that

(3) 0y + 3 T e[(e) + g(s)]as = 0.

Using this relation, (2} takes the fomm

t ~t
-t -3 t s
(&) u = ce *52'400 e [r+g]da--e-?-‘0/7 e [ + glds,
which ylelds
c , -~t et ‘oo —8r e /7t s
(5) u' = —c e+ 1Tv{ e " (f + glds + =/ e [f + glds.

Prom this representation, we readily derive the stated
results, To begin with, consider the case where m = @ .

Since, using Holder's 1inequality,

1 1
5 N N = =
1 e ®rasl < (/°° Iflpds>p (/°° e'q"aa)“,
t -\t "t
—t i
e 00 P..\P
—_— {
< (/O £1Pas)P,
(9) 1 1
t s t qe8, \J t . PP
| e fds| < ( e da) ( r¥ds
4 < g 11
|
<-°—t (’1“’ |1 Pgs) P
= q k{) ' ’

with corresponding results for integrals involving g, we see

that |u| and |u'!l are uniformly btounded for t > O.
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If 1 <{m<coo, we have
m

lur ()™ < cu(m)[e"nt + emt( ce e-e'f‘lds)
- t

m

g

+ o0t ( £e e—elg[ds)
(7) ‘

m

e () e°|r|ds)
m
U i
e (/" e®lglan) J

Consider a typical term on the right—iand side.

We have
®
/703 Mt( e e—elf,de) dt
‘0 t
m m
q8 | — 5 b
n - q - qQ
(3) A mt(/7m e ?53) (L/’OO e "f‘:pds\ at
-0 t t /
% ( e "B ipes) P
)
< °5c/m <‘{ o |t‘lpda> at

m
L |
(%i)t . p
-2/ . |r|p(/°° e %Iflpda ) dt
Pt t
(9) m_
P
/? 00 p /7 00 p
< ¢ Ed ( Iri¥ds dt
%4 4 )
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We see that the condition that m > p plays &n essential role,
This completes the proof.

Observe that we have actually estatlished a stronger
result than stated. It is not necessary that u e LP an¢

u" ¢ LF, but only that

N
u e |
kzlk

(10)
N
u" - %g )
Ka) K
Py Ty
with fk e L 7, 8 e L 7, P» T) >1, and
(11) m_)_Hﬁx [pk,rk].

5. INEQUALITIES CONNECTING wu, u'*) anp u(?).

To obtain a corresponding result for a general triplet of

derivatives, u, u(k) and u(n), n >k >1l, we use the
equation
(1) u(n) —us="f+g,

if n = 4m + 2 or odd, and
(2) u(n) +us=r¢~FH+g,

if n = 4m.
The reason for this change of equation lies in our desire
to avoid the case where the characteristic equation contains a

root with zero real part. The result corresponding to Theorem

l 1s
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Theorem 2. If wu ¢ Lp, u(n)g. Lr P, 21, n>1l,

14
then u¥)e 1™ for m > Max[p,r] and keo0,1,2, ..., n-1.

The proof follows the same lines as above.

5. ALTERNATIVE APPROACH FOR u, u' AND u”

If in place of the statement of Theorem 1 we wish to
obtain actual 1Qequalitiea, we can proceed as follows. From

the relation

(1) 35 [f w4 w)] = et - ),

we obtain for wu{t) satisfying the hypothesis of Theorem i

the relation

(2) U' ®« =y - ott/ ®© e=®[u" — u]ds.

This result is also obtainable from (5.5) upon integrating

by parts and observing that c_, = [u(0) - u'(0)] /2.

2
Hence

(3) Max |u'| < 2 Max |u| + Max [u"|.
t>0 - t>0 t>0

Replacing u(t) by u(rt) for r > O, we obtain the relation

(&) r Max |u'| ¢ 2 Max |u| + r2 Max |u"|,
t>0 T tp0 t>0

for r > 0. PFrom this it follows that

(5) (Max u'])? ¢ 8(Max |ul)(Max Iu"]).
tzo tzo t>0
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Similarly, we can obtain an inequality connecting

7 ;
/’m lut|Mat, c/oo lu|Pdt and o/ @ |y"|Tdt; cf. the arguments
0 0 0

given in [1].

Perhaps the easiest way to obtain extensions of the equation

in (2) 1s to use the vector—matrix relation

(6) agt(e“x) - e’tax + 1),

where x 18 an n-dimensional vector, or

(7) X = e—At/m ePB(ax + 2)ds,
t

for A 18 a stability matrix.

Choosing A suitably, and

(8) x = u' o

\u-1)

we obtain a varliety of relatione connecting u(k) with Zinear

combinations of U and the derivatives of u. In *his wuy,

we can derive a number of extensions of (5).

6. AN INEQUALITY OP HALPERIN AND VON NEUMANN AND EXTENSIONS

An extension of the foregoing techniques ylelds an exten—

sion of the previous results, Let us begin ty establishing

Theorem 3, I_f‘
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a. u" + al(t)u + a2(t)u « L
(1) b. wuelLF

c. |a1(t)lp Iag(t)| S Cl ¢ a , 0 ¢ t,

then wu, u' € L® for m > Max (r,p).

Proof. Let us discuss only the case where

m « oo, which
means that we are studying the uniform boundedness of |u'l.

The general case can be treated in the same fashion. In addition

to the device we have been using in the previous sections, we

must introduce an additional one.

We write
u® — M = u" 4 al(t)u' + a2(t)u
(2) - [ay(t)u' + ay(t)u + Moy

- f(t) —a (t)u',

1

where f(t) « B[0,00], by virtue of the assumptions in (1).

Solving for u, we write

ue cle—"t + c2 + ?'U/ﬂt [ M(t—o) - e-"(t—e)]r(s)ds
(3)
1 Ot [M(t—e) -A(H)]
- e _ a,(s)u'(s)ds
™ 1
Since 1t 18 easily established that [u® + a,(t)u' +
a (t)u] ¢ B[O,0], a,(t) e B[O,0], 1 =1, 2, imply that

lur(t)] < c3ebt for some constants c, and b,

we see that
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the integrals °/7°° o8 700 M8

al(s)u'(s)de and (é f(s)ds

converge. Consequently (3) has the form

Mt

u=che + ?lné’t e'"tensf(s)ds - ?ln%)t e'Mtemal(s)u'(s)ds

(4)
Mt

. -ﬁzn‘{)oo e'"s[f'(s) - al(s)u'(a)]de,
and
u' = - Mcle"nt + é\é"t e MteM8r(5)ds
(5) -é/'t e-MteMBal(s)u'(s)ds
0

M
+ 3?:47“’ e‘“s[r(s) - al(e)u'(s)]de.

Prom this it follows for an appropriate constant ¢ that

3

lut| < cy [e'“t + oMMt /'t eMslf(s)Ids
0

+ e_m:/)t e"slu'(s)lds
0

(6)
+ &Mt /‘)°° e_MBIt‘(s)[ds

+ eMt /100 e—Malu'(s)lds}.
%

Thus, for an appropriate c},
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Max |u'|sc}+(ﬂax lur| )M
0T 0Le<T
(7)
+ Max (Mt /000 e'Malu'(s)lds),
octer 4
whence
(8) Max ('l < og/(1—1/M) + Max (M /P e™|ur(s)[as)/(2-1M)
ogtst T ogteT 4
Assuming that M > 3, we have
Mt _¥s
(9) Max fu'l < ¢, + c, Max e1?)n°° e “lu'(s)lds)| .
0<t<T - 0<t<T “t
On the other hand, returning to () we have
_ Mt r _ Mt
/® e Clur(t)lat <o, /S ® e 7 gt
“4 - 72 t
_3Mt
+/°’ - T(/t eMSIr(s)lds) dt
t 0
_ Mt
(10) \ VN Ve ensm'(s)lds) at
t 0
Mt
+/>m e‘?"(/?m e""slt‘(s)lds) dt
t t

Mt
+ /' ® eT(/’“’ e“"“:u'(s)lds) dt}-
t t

Integrating by parts we obtain
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2
(11) + =

J

It follows that

Mt _ Mt e
(12) ,T‘{,m e Zlur(t)ldt < c}{l B f—'w.é t eMs|uc(s)ids].

Mt _ Mt ]
(1)) Ma x [%—?L/700 e 1T|U'(t)ldtj < cqg + % Max(T lu'(s)l.
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Combining (8) and (13), we see that Max lur(s)| 1s

0<t<T
uniformly bounded for T > 0. This completCs™ the proof.

The proof of the general result proceeds in analogous

fashion.

7. AN INEQUALITY OF NAGY

The following result was obtained by Nagy, [9].

ry

Theorem. If u ¢ LPlw,ow], p >0, u'e L'[w0,m],

r>1, then u«c Lp+b[—oo,oo], for b > 0.

In addition, Nagy obtains a much stronger result with
best possible constants. Although we cannot estabhlish, using
the previous methods, the result in all generality, it is easy

to demonstrate the result for p > 1. We have
(1) u' +us=f+g,

where f LP|—@w,w|, g+« L'[—®,®]. Thus, u must have
the form
(2) uwe V4 ¢ r(s)e®ds + o //t g(s)eds.
"—C0 “—00
The conditions on f and g result in the uniform boundedness

of u. Hence u ¢ LP[—m,m] 1implies that u e Lp+b[—co,oo]
for b > 0.



P-1207
10-28-57
.-

1. Bellman, R., "An Integral Inequality," Duke Math. Jour.,
Vol. 10 (1943), pp. 5%47=550.

2. Bellman, R., Stability Theory of Differential Equations
tcGraw—H111, 1055, '

3. Boas, R. P., Entire Functions, Academic Press, 1954,

4, Hardy, G. H., J. E. Littlewood, and G. Polya, Inequalities,
Cambridge University Press, 1934,

5. Halperin, I.‘ "Closures and Adjoints of Linear Differential
Operators,” Annals of Mathematics, Vol. 33 (1337),
pp. 880-919. -

€. Kolmogoroff, A,, "Une generalisation de 1'inegalite de
M. J. Hadamard entre les tornes superieures des derivees

successive d'une fonction," Comptes Rendus L'A
des Sciences, Paris, Vol.'2df !153%), PP . 7%%- o5,

7. Llandau, E., Math. Ann. Vol. 102 (1929), pp. 177-178.

8. Levin, V., Appendix of Russian edition of the book by Hardy,
Littlewood and Polya referred to above.

9. Nagy, B., "Uber Integralungleichungen zwischen einer
Funktion und ihrer Ableitungen,” Acgg Univ. Szeged, Sect.
Sci. Math., Vol. 10 (1941), pp. 54=T4.

A detailed discussion of inequalities of this type, together
with many references, may be found in the expository paper

Schaeffer, A. C., "Inequalities of A. Markoff and S. Bernstein
for Polynomials and Related Functions,” Bull. Amer. Math.
Soc., Vol. 47 (1941), pp. 565-5T9.




