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SUMMARY

N
Y

'“J It 1s shown that, given a pair of infinite metric spaces
and a pair of respective finite mixed strategies on them,
there exists a separable game with bounded continuous payoff
on thelr cartesian product such that the given strategies
constitute the unique solution of the game. If the spaces are
identical, then, corresponding to any given finite mixture,
one can find a symmetric polynomial-like game with bounded
(skew—symmetric) continuous payoff such that the given strategy
is the only optimal one. A stronger conclusion holds 1f the
spaces are bounded subspaces of BEuclidean n—epace with suffi-
clently many cluster points in their closures, in that the
payoff can be a polynomial and have the desired property.
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A NOTE ON POLYNOMIAL AND SEPARABLE (GAMES

David Gale
Oliver Gross

1. INTRODUCTION

A two—person zero—sum game /° 18 called polynomial-like

or separable if its payoff function is of the form

n
M(pr) - 1%f1(x)gi(Y) ’

where Xx and y are elements of any strategy sets X and Y.
Important special cases of separable games are those in which

X and Y are tounded (usually compact) subuets of Euclidean
spaces and M 1s a polynomial in the coordinates of x and

y. Trese latter are called polynomial games.

It 18 a basic and fairly elementary fact concerning
separable games [l], that, i1f optimal strategles exlist, then
these can always lé chosen to te finite mixed strategles. We
conslder here the inverse Question: Given a palr of finite
mixed strategles, does tiiere exist a separable (respectively,
rolyrnomial) game whose unique optimal strategles are the given
palr? 1In case elther X or Y 18 fl-ite the answer 1s known
to be in the negative. We here si.ow, hcvever, that

Tiooorem 1. I X and Y are metric spaces con*talining

ininitely many po.nts and . and v are any finite mixed

strategles o

X and Y respectively, then there 18 a

rav,ll M, btounded contlnuous and separat'le on X X Y, such

— ’

t:et the associated pame nas . and v &8 unique optimal
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SUMMARY

It 1s shown that, given a pair of infinite metric spaces
and a pair of respective finite mixed strategies on them,
there exists a separable game with bounded continuous payoff
on their cartesian product such that the given strategies
constitute the unique solution of the game. If the spaces are
identical, then, corresponding to any given finite mixture,
one can find a symmetric polynomial-like game with bounded
(skew—symmetric) continuous payoff such that the given strategy
is the only optimal one. A stronger conclusion holds if the
spaces are bounded subspaces of Euclidean n-space with suffi-
ciently many cluster points in their closurer, in that the

payoff can te a polynomial and have th. Jesired property.
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A NOTE ON POLYNOMIAL AND SEPARABLE QAMES

David Gale
Oliver Gross

1. INTRODUCTION

A two—person zero—sum game /° 18 called polynomial-like

or separable if 1ts payoff function is of the form

n
M(x,y) = 1%f‘i(X)si(y).

where x and y are elements of any strategy sets X and Y.

Important speclal cases of separatle games &are those in which
and Y are ‘ounded (usually compact) subscts of Euclidean

cpaces and M 135 a polyrnomial in the coordinates of x and

y. These latter are called polynomial games.

It 1s a tusic and falrly elementary fact concerning
se; aratle games _1., that, if optimal strategles exist, then
tnese cun always 'e chosen to 'e finite mixed strategles. We
~onside:r l.ere the inverse Question: Given a palr of finite
mixe !l strategles, does t'ereo exist a separatle (respectively,
rolynomial) girme whose unique optimal strategies are the given
rair” In case elthter X or Y 1is finite the answer 1s known

to te In the negative. We here st.ow, however, that

Treorem 1. If X and Y are metric spaces containing

infinitely many points and . and v are any finite mixed

strategies on X and Y respeciively, tren there 1s a

payoff M, ‘!ounded contlnuous and separatle on X X Y, sucl

trat the associated game has .. and v as unique optimal




P-1216
11-14-57

strategles.

Corollary. If X 1s a metric space containing infinitely

many points and u 18 any finite mixed strategy on X, then

there 1s a skew—symmetric payoff M, bounded continuous ana

separable on X x X such that tie assoclated symmetric game

has .. as the unique optimal strategy.

For the case of polynor.ial games we 8how:

Theoreg 2. l{ X and Y are bounded subsets 9£ Buclidean

spaces wihose closwres contain infinitely many points,

then for any finite mixed strategies . and « there exists

.

a polynomial payoff function M 3such that the assoclated game

has . and ¢ a8 1ts unique o;timal ctrategles.

———

(An analogous corollary holds here, also.)

Concerning the foregoing Tr.eorem 2, we remary t: at
Glickcherg and Gross, 2, have siown that any rair of mixed
strategliea can Ye the unique solution of a continuous game on
the unit square. PFor finite mixtures, :owever, thelr construction
12 complicated, involving constdearation of four srecial caseeg,
and the payoff funct'on {s not a polynomial, nor ecven separat le.
T™e rather simple const:uction involved !n our proof of Tieorenm
¢ shows tl.at thelr result still :rolla unier tre muc! atronger
requirement that tre puyoff "e - polynomlal.

-

Finally, we credit Dresrer, rariin arl Stargley, 1

- - ’

tor
t'elr ratter exhaustive 3tuldv o t-» gtructure of solutlons of
se-aratle and ~olynorial z:ree., lcowever, tlelr results dc not
includle tne theorems ;rovel in this note. In:ee!, one of tie

ai ove 4qutrore nas ~ointed out tnhat the conestruztiorn of tre rext
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section provided a counter—example to one of the conclusions of

2 structure theorem in |1|, and fortunately (for mathematics) an
error in the proof of that part of the theorem* was subsequently
uncovered.

2. POLYIFOMIAL GAMES WITH PRESCRIBED UNIQUE SOLUTIONS

Tris section contains the proof of Theorem 2. Let X
and Y be sets satisfying the hypothesis of the theorem (We
rrause to rote that btoundedness of X and Y 18 required to
insure integrability, since polynomials may otherwise be
unbounded.). Let . bLe the mixed strategy which assigns the
of X, 1 =1, ..., m, where

welght to the pouint x

"1 i
zvl = 1. Similar.,, let + assign the welght ol to the
voint Y in Y, ' =1, ..., n where 213-1.
The set of roints (xl, cet, xm}, the ¢pectrum of 4,

will te lenoted 'y (). 3Similarly, o(v) will denote the
gapectrum of v,

we now define tie following set of polynomials:

foln) = 77 x o xt'?
- e g (i)
f‘f X — x"2
£f.(x) =1 L N B B S
i [ 3 | '|? ’
xér(/()-{xlf Xy = X
where 'x — x'' {s the usual Zuclidean distan-e from x to

b <L

It 13 clear ttat tie» a ove functions are polynomials; how-—

*Th.eorem. ~, fourth inequality up. 17517t of [1].
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ever, aside from continuity, the only properties of them which

we shall use are the following:

fo(x) >0 for all x € X and Fo(x) =0

if and only 1 x «of.).

fi(x) >0 for all x ¢ X and fi(x) = 0

1f and only if x» eofi) - {xil, (1 =1, ..., m).

In 2 rrecisely analogous marnner we define t'.e polynomials
g0 and gJ, J=1, ..., n, on tie set VY.
Yext, let a., a , ..., @ be n + 1 distin-t cluster
0 1 n
points of X (the closure of ¥) which do not meet o (i)
(these exist 'y hypotnesis), and define polynmomials ¢ and

g

J=C, ..., n on X via

d(x) =4|'L'r4x - a‘k'2p

k=0

‘J'

ﬁd(x) =TT Ix-a 12 J =0, ..., n.
ket J
Ok n

Te only ~rorerties of tiese functicns we 3rall use are
that trev are all non—nhegatlive, t:iat @ vianls c¢s only on tte

a., and ttat ¢ var.isi.es only on a w HE

J

e S N [ O S R € m+ 1 Aizstin:t -~luct
v b

ot

olnte ¢f 7 w1+ 30 not mee* 7((), anae I~fine rolvnortia’s
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¥ and )"i on Y analogous to the functions ¢ and p’J above.

We now define the desired payoff M 1Yy

M(x,y) = fy(x)g(x) (go(y)ﬁo(X) + Jn;(gj(y) — zﬁ)%h))
m
(1) FROLONNOIADRES IANERIAN)

= (rotx)p(x))? + (5otn)#(3)) 2.

we show first that . and v are optimal strategies. If

we compute M(x,®) (4in the usual extension), we obtain

—
rD
g

M(x,v) = — (f‘o(x);ﬂ(x))2 < O.

To sce this, 1t 1= sufficient to o!serve that, according to the

prorerties noted a ove,

ﬂ' - =
v 3yt = Y

end g, and Y vanist on e(v). Similarly, we obtain

#0,) = (onP)® > o

Thuc . and v are optirmal and C s the value of the game.

It follows also from (2) atove thet 1f ' 1s any ortimal
atrategy for player I, tlen t!ie spectrum of ..' {1s contained
in the zeros of f‘Oa'. Thuc any optimal ' Fras weigit only on
tre -rure stratesles Xy and a‘,, and siwllarly any sptirzl
vt for “luver TI1 restricts Ytz welght to {yJ} v [51}.

o
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We now show that V¥ 1s the only optimal strategy for
player II. Por suppose V' 1s optimal. Then, in the expres—
sion for M(x,v), the second and fourth terms in (1) drop
out in view of the remark of the preceding paragraph. Let v!
assign the welight °3 to the point Yy and a weight ‘4
to the point B,. We show first that the numbers u; are all

zero. For, let

\
n m m
(3) v 2 Eolyy) ¢ 3 Aegley) = 2 Aso(By).

Then, we have
() mx,w) = a(x80e) [1(x) + Br g (x) — £oln)el)],

where the XJ are certain numbers, whose values will not affect
the argument. Our assertion about v; will be proved if we can
show that < = O, for then, from (3) and the properties of o
i1t will follow that each tq = 0. Now, if v ¢ O, then ¥ > O.
But recall that io(oo) > 0 and g(oo) - ﬂj(ao) = 0 for

J > 0. But ag is a cluster point of X; 8o there exists an
X ¢ X, such that at x = X, the terms in the brackets of (4)
get arbitrarilr close to the positive number vﬂo(ao), and 1f

X 18 not one of the x, or a, then Q{Y)ﬁ(i) > 0, 8o that

J
we have M(X,v) > 0, and +' 1s not optimal.

Since all 0; vanish, a simple computation shows that

(5) M(x,v') = fo(x)ﬁ(X)Lgl(vj - 13)d‘,(x) - fo(X)#(x):}.
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Pinally, if <+ ¢ v, then, for some index k, 9"( - > 0.
But then, since a, 1s a cluster point of X, we can find X
close to a, but distinct from the x, and a, 8o that the
bracketed term in (5)‘10 close to the positive number
('I't - '1("("\() and so that f,(X)#(X) > 0. Thus, once again
we would have M(X,**) > 0 and +' would not be optimal. The
only remaining possibility is, therefore, that ‘VQ - U for
all k, so that ¢' = ¥ and uniqueness is established for
player II.

Similarly, by a symmetric argument, u' e u for any
optimal strategy u' for player I.

Thue, Theorem 2 is established.

3. METRIC SPACE GAMES—CONSTRUCTION OF PAYOFF

This section is dedicated to the construction of the pay-
off required for the establishment of Theorem 1 and 1its
corollary, which will be proved in the final section. The
construction and method of proof are quite similar to those
used in proving Theorem 2; however, to preserve continuity cf
presentation, we shall paraphrase identical details.

Therefore, let X and Y be the respective spaces
according to hypothesis, L and w the respective finite
probability measures on them., u and wv will be described
with the same notations used previously. Finally, let p and
p' denote the assoclated metrics of X and Y respectively.
Then, without furth®r ado, we initiate our construction.

The basis of our construction hinges on the fact that any
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infinite metric space contains a sequence of disjoint neighbtor-
hoods. To see this for X, say, there is no loss in generality
in assuming that X has a cluster point, for otherwise we are
guaranteed a sequence by the discrete topology induced by »p

and the infiniteness of X. Therefore, let x* denote a
cluster point of X. First, choose a, # x*, and, for 1 > 1
choose a, 8o that 0 < p(x',ai) < p(x'.cx_l)/b. Then, as

our sequence of neightorhoods, {N° }, we set
)

N°1 - {le(x,ci) < Pil' 1=1,2, ...,

where éi = p(x',ci)/B. It is easy to verify, using the
triangle inequality, that these neightorhoods are disjoint.

Therefore, let Naii denote a sequence of disjoint
neighborhoods contained in X (spheres of radius ry centered
at ai). Define functions ﬁJ, J=0, ..., n, as follows:

ri - p(xpci)

1 '
‘J(X) = ri . T if x € NG

1

for some 1 (at most one) and

1 & 5 (mod n+ 1)
= 0 otherwise.

One verifies that ‘J is a bounded continuous function on X

into the noi-negative reals, and which, moreover, satisfies

#,(a,) -} 1f 15§ (modn + 1)

——
M
o

= 0 otherwise.
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Next, let the function ¢ bve given by

(1) g(x) = zglp(x.xi). x € X,

(where, as previously, {xi} = o(1)). There 1s no question

about continuity here. We note merely that

F(x) = 0 1f x € o(u)
o

> 0O otherwise.

Finally, we define functions fJ, J=0, ..., m, as

follows:

(9) rolx) = glx),

and, for J¢ {1, R m}, set

p(x,x,)
(10) fJ(x)-I;IW°

Here, again, continuity is immediate, and we note merely

that

(11) rd(xi) - bij, 10J - 1' 2k 8.4 m'

where © 18 Kronecker's delta. Moreover, to 1insure bounded-
ness of these functions, if such is not the case, we need only
replace p by the function I—%—a in the formulas (7) and (10)
without affec*ing subsequent arguments.

The remainder of our construction involves defining certain

bounded continuous functions on Y 1into the non-negative reals.
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To accomplish this we merely repeat the foregoing construction

with the replacements:

" = -Yn’ " - 'ﬂ',
llpl __)QP.I. "n" —).ﬂ‘l',
™ - .yl, .“ adp .f‘.
"yt N "ﬂ. npn P lgl'
url ad .f‘", lu! -y .'V.,

In terms of these functions, then, and using the convention
ko= 9 " O, we define our bounded continuous polynomial-like

payoff M as follows:
Mxy) = = M) 3 (2,00 = ) ¥)
+ ﬂ(X)JiO(gJ(y) - t/J)dJ(X)
6x) 3 ()2 + My) 3 #(y)2
- X .
j%0 4 " 21

(x,y) € X xY. Thies completes our construction.

4. VERIFICATION OF SOLUTION AND PROOF OF UNIQUENESS

To verify that (u,¢) 18 a solution, we calculate first

the expectation M(u,y):

M(u,y) = Hy)ﬁoﬁ(y)e >0, all yelV.

To see this, we note that the remaining sums vanish by virtue

£ (8), (3), and (11), 1.e. ¢ vanishes on e{u) and
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‘/?Sdu = “J’ J=0, ..., m. Similarly,

(12)  M(x,2) = - g(x) 3 #,(x)2 <O, allxex.
50 =

™Mus, (i,¢) 1s a solution and O 1s the value of the game.
To show uniqueness for the first player, let u' denote
an optimal strategy for him. From the non-negativity of the
functions ¢, ﬁj in (12), we see that a/’i?du' = 0 for all
Je {P, paapppe q} and hence that U/ainu' = 0; for otherwise,
by (12), a counter strategy is provided by % Thus, if u'
is optimal, we have
5 s
M ] & - b iV e L
(u',y) )‘(y)"zo(»J uJ) J(y)
(13)
- 2
+ My) 2 #(y)5,
J=0

where we have written

u3 -o/?Jdu', $ 20, seop W

Next, suppose ué 'o/?od“' # 0 (and hence, positive). Choose
as possible counters a subsequence of the f's,. {?n such

that n, # 0 (mod m + 1). Then, by virtue of the minimizer's

i
counterpart of (6), (13) becomes

M(w.a,,i\) Rt A LR “’ni);l':’

i Mo )
Po,
"y

(-u6+51;), 11,2, ... .



P-1219
11-14-=57
] e
Since Y vanishes only on a finite set and is positive else-
where, we see that the expression above can be made negative
for 1 sufficiently large. Hence ub = 0, and it follows
from (8) and (9) that o(u') € «{u), 41.e. any optimal u'
must restrict its spectrum to the set {xl, ki xm}. Thus,
finally, to establish uniqueness, we need only show that the
corresponding weights are equal. Let “i denote the weight
on Xx, placed by u'. Substituting in our payoff M we ob-
tain (noting g = 0),

Mutiy) = = ) 3 (] - ) $()

(15)
m
+ 1Y) 3 P2
J§° ]
Now 8 8 ' f ke {1, ..., . Then,
'm uppo em T W, for some ( m} en
since pl = M, = 1, we would have some J = J . & (1, ..., m
PRSP o¢ { }
such that u!

JO > uJo. But, by choosing the subsequence {ani}
with n, & j, (mod m ¢+ 1), by the identical argument ‘sed
before, we would find a counter rendering the expectation (15)
negative. Hence uj - uJ and thus u' = u, Uniqueness for
the minimizer can be established in a similar manner, as is
clear. So Theorem 1 is proved.

Pinally, to estatlish the corollary, we need only make the
appropriate identifications in our payoff to ensure that
M(x,y) = — M(y,x).

Added note.

The suthors would like to thank Dr. Irving Glicksberg for
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his valuatle comments on this paper. As & matter of fact, Dr.
Olicksverg suszested an slternste procf for Theorem 1 which

extends it to completely regular spaces X, Y. The gist of his

proof invcolves ovtainin, the extended thecorem Ly making it a

corollsry of Theorem 1 via a mappinzs: X — Hn, Y — R™,
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