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SUMMARY 

.8 shown that, given a pair of infinite metric spacta 

and a pair of respective finite mixed strategies on them, 

there exists a separable game with bounded continuous payoff 

on their cartesian product such that the given strategies 

constitute the unique solution of the game.  If the spaces are 

identical, then, corresponding to any given finite mixture, 

one can find a symmetric polynomial—like game with bounded 

(skew-symmetric) continuous payoff such that the given strategy 

Is the only optimal one. A stronger conclusion holds If the 

spaces are bounded subspaces of Euclidean n-epace with suffi- 

ciently many cluster points in their closures, in that the 

payoff can be a polynomial and have the desired property. 
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A NOTE ON POLYNOMIAL AND SEPARABLE OAMES 

David Gale 
Oliver Gross 

1.     INTRODUCTION 

A  two—person zero—sum game   P    Is called polynomial—like 

or separable If its payoff function Is of  the form 

M(x,y) -    2f1(x)g1(y), 

where x and y are elements of any strategy sets X and Y. 

Important special cases of separable games are those In which 

X and Y are bounded (usually compact) suboeto of Euclidean 

spaces and M Is a polynomial In the coordinates of x and 

y. These latter are called polynomial games. 

It Is a basic and fairly elementary fact concerning 

separable games [ij , that, if optimal strategies exist, then 

tnese can always be chosen to be finite mixed strategies.  We 

consider here the Inverse question:  Given a pair of finite 

mixed strategies, does there exist a separable (respectively, 

polynomial) game whooe unique optimal strategies are the given 

pair0  In case either X or Y Is fJ"Ite the answer Is known 

to be In the negative.  We here sr.ow, however, that 

Th* orern 1.  If X and Y are metric spaces containing 

ini'lni tely many points and ,* and v are any finite mixed 

strategies on X and Y respectively, then there is a 

ff !•',  bounded continuous and separable on X * Y,  such - 

tnat the associateo ^ar.e ras ^ and  v a_a unique optimal 
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1.      INTRODUCTION 

A  two—person zero—sum game   P    1B called polynomial—like 

or  separable  If  Its  payoff  function  Is  of  the  form 

n 
M(x,y)  -    7 f1(x)g1(y), 

where    x    and    y    are elements of any strategy sets    X    and    Y. 

Important  special  cases  of  separatle games  are  those  In which 

X    and     Y    are  rounded   (usually compact)   sublets  of Euclidean 

spaces  and    K    In  a  polynomial  In  the  coordinates of    x    and 

y.     These   latter are  called  polynomial  games. 

It   Is  a  basic  and  fairly  elementary  fact   concerning 

se; arable  games   [lj ,   that.   If  optimal  strategies  exist,   then 

tnese  can  always     e  chosen   to  ve finite  mixed  strategies.     We 

:on3lder  :.ere  the   Inverse  question:     Given  a  pair of  finite 

mlxel  strategies,   loes  there   exist  a separable   (respectively, 

polynomial)  g iir.e  whose  unique   optimal  strategies  are   the  given 

pair       In   :äse either    X     or     Y    is  finite  the  answer  Is  known 

to  be   In   the  negative.     We   here  show,   however,   that 

Theorerr  1.     IT    )C    and     Y    are  metric  spaces  containing 

Infinitely many points  and     ,i    and    v    are  any  finite  mixed 

strategies  on    X    and    Y    rcspeo'.lvely,   then   there  is  a 

payoff    M,     \ ounded  continuous  and  separat le   on     X  » Y,     such 

that   the   assoMated game  has     ,;    and     v    a_8  unique  optimal 
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Ptrategiea. 

Corollary.  If X is a metric space containing infinitely 

many points and M  l£ any finite mixed strategy on X,  then 

there is a skew—aynmetric payoff M,  bounded continuous ana 

separable on  X x X such that the associated symmetric game 

has    as the unique optirnal strategy. 

For the case of polynomial gar.es we show: 

Theorem 2. If X and Y are bounded subsets of guclidean 

spaces whose cloavres contain infinitely many points, 

then for any finite mixed gtrategiea    and t/ there exists 

a polynomial payoff function M  auch that the associated game 

has ►• and  ■* as its unique oj.tinal ctrategies. 

(An analogous corollary holds here, also.) 

Concerning the foregoing Theoren 2, we remark that 

Glickcberg and Oross, [2], have Q\ o'^m   th.it any ya.lt'  of mixed 

strategies can te the unique solution of a continuous game on 

the unit square.  For finite mixtures, .owever, their construction 

is complicated, involving consideration of four special cases, 

and the payoff funct'on is not a polynomial, nor even separat le. 

The rather simple construction involved In our proof of Theorem 

2 shov;? that their result still r.olis unier tie rucf stronger 

requirement that the payoff  e L   polynonial. 

Finally, we credit Dresner, Karlin and Shapley, [l] , for 

t;.eir rather exhaustive studv of tr.e structure of solutions of 

separable and polynomial g.'ines.  However, their results JC not 

Include the theorems ;roved !n this note.  Indeed, one of the 

%': ove authors ras pointed out that the conrtructlon of the next 
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aectlon provided a oounter^example to one of the conclusiona  of 

a  structure theorem In   |l|,   and fortunately  (for mathematics) an 

error In  the proof of that part of the theorem* was subsequently 

uncovered. 

2.     POLYNOMIAL QAWES VfTTH  PRHSCPIBED UNIQUE  SOLUTIONS 

Tnls  section contains  the proof of Theorem 2.     Let    X 

and    Y    be sets satisfying the hypothesis of the theorem  (We 

pause  to note that  boundedness of    X    and    Y    Is required to 

insure  Integrablllty,   since  polynomials may otherwise  be 

unbounded.).   Let     M     be  the  mixed  strategy which assigns  the 

weight     ,..     to  the  point     x.     of    X,     1  -  1,   ...»  ra,     where 

J, .   «  1.     Similar.,/,   let    t/    assign  the  weight     «.     to  the 

point    y       In    Y,     j  «  1,   ...,  n    where    J v   -  1. 

The   set  of points     fx-i »   •••!   xr]'     
the   Lnec^rur' 0^     ^> 

will   be   Jenoted  ^y    <r(tO.     Similarly,    cr(i/)     will  denote  the 

speftrun  of    f. 

We  now define   tie   following  set  of  polynomials: 

fn(x)   - ^ Ix  - x' 
x'to-^) C 

f^x)  -Tf 1X ~ ^   n,     1  -  1,   ...,  m, 1 x'^^-fx^j      lx1-x"2 

where  'x - x'!  Is the urual Suclldean distance from  x  to 

x' 

It   Is  clear that   the   atove  functions  are  polynomials;   how— 

•D.eoren-.   ',   fourth  Inequality  r<p.   17^-17^   of   [l] . 
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e/er,   aside  from continuity,   the  only properties of them which 

we  shall  use are the  following: 

fc(x)  > 0    for all    x  e X    and    f0(x)  « 0 

If and only if    x    *-«K^). 

fjCx)  > 0    for all    x  t X    and     f^x)  - 0 

If and only If    x   «,<r<^) -   fx,],     (l - 1,   ...,  m). 

ri(x1)  -  1,     1   -   1,   ...,  rr,. 

In  3  precisely   analogous  manner we  define   the  polynomials 

g-     and    g   ,     j  -  1,   ...,  n,     on   tie  set     Y. 

h'ext,   let    a^,  o   ,   . . . ,   a       be    n  +   1     dlstln?t   cluster 

points  of     A     (the  closure  of    X)    which  Jo not meet     o (ii) 

(these   exist   .y hypotnesls),   and  define   polynoml:ilc     ^    and 

ft.,     J  ■ C,   ..., n    on     X    via 

^(X)    -fYlX   -OLl2, 
k-0 

tA*)  ' Ix - o. I   ,     J  - 0,   . . . ,  n. 

0<k^n 

T\~e  only properties   of   these   functions   we   shall   use  are 

that   they  are all non—negative,   t:.at    $    vanls.es only on   the 

a. ,     anl   that     0'      varfshes   only  on    a.      •..■lt;      ;<»<». 

Finally, let     p   ,   ...,   ?. c     r,  +   1     dlstln:t   ^lurter 

: olntp   of wM-■   do not  -nee*.      cr(t ),     ana  J^flne  polynorlals 



P-1216 
11-14-57 

/ and f     on Y analogous to the functions $   and &.    above. 

We now define the desired payoff M by 

M(x,y) - f0(x)^(x) fg0(y)^0(x) * I (^(v) - "J^JW/ 

(i)        - g0(y)^(y) ^o(x)/o(y) + i(fi^) - ^1)^(y)) 

- (ro(x)0(x))2 + (f50(y)^(y))2. 

We  show first   that    ^    and    v   are optimal strategies.     If 

we  compute    ^(x,^)     (in the usual extension),  we obtain 

(2) M(x.*)   =  -  (f   (x)^(x))2   <  0. 

To see this, It is sufficient to o' serve that, according to the 

prxrcrtlen noted d ove, 

and g^ and  P vanish on «/(v).  Similarly, we obtain 

M(I ,y) -  ^0(y)r(y))2 > o. 

Thus and   v     are  optimal  anJ    C     Is   t^ e  value of   the game. 

It  follows  also fror   (2)  above   th&t   If     ..'     Is any optimal 

strategy   for player     I,     then  the   spectrum of     .-'     Is   contained 

In   the   zeros  of     f^'.     Thus  any  optimal     ►• '     has  welgS t   only  on 

the   rure  strcterrles     x.     and    a,,     and     similarly any   optimal 

«-'     for  r layer     II     restricts   its  weight   to      /y  I   1/   fp,}. 
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We now s how that "" is the only optimal strategy tor 

player II. Por suppose ~· is optimal. Then, in the expre~ 

sion tor M(x, .. ), t he second and rourtl terms in (1) drop 

out in view or the remark or the preceding paragraph. Let e~' 

assign t he weight '1 to the point y J, and a weight 1 
to the point ~1 • 

zero. For, let 

We show first that the numbe rs u" 1 are all 

' 

'ftlen, we have 

where the ~J are certain num ers, whose values will not affect 

the a~nt. Our ass rtion a ou t ~1 will proved if we can 

show that ~ • 0, for t hen, fro ( 3 ) and t he properties of g0 , 

1t will follow t hat ea c ~ • 0 . 

But r ecall t at ~0 (a0 ) > 0 and 

Now, if ~ ~ 0, t hen ~ > 0. 

~(a0 ) • ~J (a0 ) • o for 

J > 0 . But a 0 i a c luster point of X; so t here exists an 

x X, such t hat at x • x , t terms in the racke ts of ( 4) 

get arbitraril:· c l ose to t he posi t ive num er ~--0(a0 ), and if 

x is not one of t he i or a J t hen ~x}~(x) > o, so t ha t 

we have M(x, v) > 0 and 11' is not optimal. 

Since all ~1 vanish , a simple computat ion shows that 

( 5 ) M(x,'ll') • r 0(x)llf'(x{t (vj - "<j )llf'J (x) - r 0( x )llf'(x)J. 
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PtnallJ, lt ~ ~ ..,., then, tor 10. lDdex k, ~k - ~ > 0. 

But then, 11nce 11 a clu1ter point or i, we can find 

cloH to ~ but dilt1nct troll the xi and a J 10 t hat the 

bracketed te~ ln (5) il clo1e to the politive number 

-X 

and 10 that r 0 ('i);('i) > o. 'ftlua, once qaln 

we would have M(x, vt ) > 0 and .. would not be optimal. 'nle 

only remaining possibility is, therefore, that ~k • ~ tor 

all k , eo t hat "' • ~ and uniqueneee ie established for 

pl<~yer II. 

Similarly, y a symmetric argument, ~· • ~ for any 

optimal strategy ~ · for player I. 

Thue , Theorem 2 is eata liahed . 

3. METRIC SPACE OAMES--CONSTRUC'riON OP PAYOPP 

Th is section is dedi cated to t he construction or the pay­

off requi red for t he es tablishment of Theo~ 1 and ita 

cor oll ry , wh i ch wil l be proved in the t!~al section. The 

construction and metho of proof a re quite s imilar to those 

used in pr oving orem 2 ; owe ve r , t o preserve continuity rr 
pr esentation, we s a l l paraphr a e identical details. 

Therefore , l e t X and Y be t he respective spaces 

acc ord ing to hypothes i s , and "' t he respective finite 

pro a i l i ty measure s on t hem . and "' will e deecribed 

with t he same notations used previouely. Finally, let p and 

p' denote t he aeaociated me t rics of X and Y reepectively. 

Then, wi hout furth\r ado, we initiate our construction. 

e basis or our construction hlngee on the fact that any 
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infinite metric space contains a sequence of disjoint neigh or­

hoo s. To see this for X, say, there is no loss in generality 

in assuming that X has a cluster point, for otherwise we are 

guaranteed a sequence y the discrete topology induced y p 

and the infiniteness of X. Therefore, let x • denote a 

c luster point or x. First, choose al ~ x•' and, for i > 1 

choose ai so t at 0 < p(x•,ai) < p(x•,al-1)/2. 'nlen, as 

our sequence of neigh orhoods, 
{Nai}• 

we set 

It ia eaay to verify, using t he 

triangle inequality, that t hese ne1g orhoods are disjoint. 

Therefore, let {Nai1 denote a sequence of disjoint 

neighbo oods contained 1n X (spheres or radius ri centered 

at ai). Define fun ctions ' J' J • 0, ... , n, as follows: 

• 0 otherwise. 

1 
T if 

fo r some i (at most one) and 

i • (mod n + 1) 

One verifies that ,J is a ounded continuous fun c tion on X 

into t he no -negative reals, and which, moreover, satisfies 

( 
1 

-I' 

- 0 

1f 1 • J (mod n + 1) 

o erw1se. 
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(where, ae previo .ely, {xJ • cr( ~}). There is no question 

about continuity here . We note merely that 

( } {

,t(x) • 0 

> 0 

if X E. cr( ~ ) 

otherwise. 

Pinally, we define functions rj, J • 0, ••• , m, ae 

follows: 

( 9 

and , for j E {1, ••• , m , set 

p(x,x
1

) 
fj (X ) • ( J i,IJ p xJ,xi . 

( 10) 

Here , again , continuity 1s immediate, and we note merely 

t at 

whe re ~ is Kronec er ' s delta. Moreover, to inaure ounde4-

ness of t hese functions, if such ie no t t he case, we need only 

re lace p y t he function 1 ! p 1n t he formulae (7) and (10) 

without affec~ing subsequent arguments. 

The remainder of our construction involves defining certain 

bounded continuous functions on Y into the no.,.....,egative reala. 
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To ac com lish this we merely repeat t he foregoing construction 

with t he replacements: 

•x• ~ "Y", •~r~• ~ •n•, 

"p" ~ "pt• I "n" ~ •m•, 
•x• -+ •y• I ·~ ~·r, 
•ca• ~ .•. , "f" ~ •g•, 

"r" ~·r•", · ~-~- · ~ ·~. 

In terma of these functions, t en, and using the eODYentlon 

1.10 • ~ • 0, we define our ounded continuous polynomial-like 

payotr M a follows: 

m 
M(x,y) •- ~ y) ~(fJ ( x) 

( x ,y) E X )l Y. Th1 completes our onetruct1on. 

4. VERIFICATION OF SOLUTION AND PROOF OF UNIQUENESS 

To ve ·1fy t t ( ,~) 1 a solution, we calculate ri rs t 

t e expectation M ( ~J. , y): 

To see t is, we note t at t e remaining euma vani h y virtue 

of ( 8 ), (9 ), and (11), i.e. , vanishes on r{ 1-1 ) and 
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(12) 
n 2 

M(x,~) • - ,(x) ~ , J(x) < 0, a ll x E X. 
J80 -

~us, ( ~ .~) is a solution and 0 is t he value of the game. 

To show uniqueness tor t he tirst playe r, l e t ~ · denote 

an optimal strategy ror hi m. Prom t he non-negativity or the 

rwac tions ,, 'J 
J e {o, .... , n} 

in (12), we see t hat ~-1d~ ' • 0 for all 

and hence t hat ~_,Jd~ ' • 0; for otherwise, 

by ( 12 ), a counter strategy is provided y ~. Thus, 1r ~ · 

is optimal, we have 

(13) 
m 2 

+ J"(y ) 1 ~(y) I 

J•O 

wher we ha ve wri t ten 

j • ,j1 J d~ • , J • 0 , •.. , m • 

Next , suppose ~O · fiod ' ~ 0 (and hence, positive). Chooae 

as poss i ble counte rs a au sequence of t he such 

t hat ni • 0 (mod m + 1). T:len, y virtue or the m1n1mi&er•a 

counte rpart of (6), (13 ) be comes 

M( ~ ·.~n) •- ~~n ) ~1. JL + 
~ 1 ° "t 

~~n ) 
• - i (- ~0 + t->, 

"1 1 
1 - 1, 2' • • • • 
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Since 'I' vanishes only on a finite set and is posit~.ve else-

where, we see t hat t he expression a ove can be made negative 

for i sufficiently large. Hence ~O • 0, and it follows 

from ( 8) and (9 ) t hat cr( ~ •) ~ ..( ~ ), 1.e. any optimal 1-L' 

~t restri ct its spectrum to t he set {x1 , ••• , ~}· Thus, 

finally, t o esta 11sh uniqueness, we need only show that the 

corresponding weights are equal. Let ~1 denote t he weight 

on xi placed by ~-L'. Substituting in our payoff M we ob­

tain (noting ~O • 0), 

m 

(15 ) 

M( ~-L ' , y ) •- t(y) ~ ( ~j - ~j) 'j(y) 

m 2 
+ "y) ~ lj(y) . 

J•O 

Now suppose ~ ~ ~ for some k • {1 1 ••• , m}. Then, 
m m 

since ~ 1-L j • ~1-L J - 1, we would have some J • Jo• {1 1 • • • I 

J•l J• 
uc t hat ~-Ljo > ~Jo· But, by chooa1ng t he subsequence {~ni} 

with ni • Jo (mod m + 1), by t e identical argumen t sed 

be fore, we would f i .nd a counter r endering t he expectation (1 5 ) 

necative. Hence 1-L j • 1-LJ and t us • • 1-L . Uniqueness for 

t he minimizer can e esta l ished in a similar manner, as is 

clea~. So Theorem 1 1 proved. 

Pinally, to esta lish t he corollary, we need only make t he 

appropriate identifications i .n our payorr to enaw. that 

M(x,y) •- M(y,x). 

Added note. 

The authors would like to thank Dr. Irving Qlickaberg tor 

m} 
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hla  vtluablt comments  on  thlo paper.     As a  matter of fact.   Dr. 

Ollcksoer^ au^eated an altematt proof for Theorem 1  which 

extends   It  to completely   regular spaces     X,   Y,     The  ^Ist  of his 

proof Involves obtaining  the extended  theorem  Ly makinr: It  a 

corollary  of Theorem 1  via  a  mapping:     X —> H  ,    Y —> R  . 
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