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This paper contains a simplified proof, and indicated
generalization, of a result of Cesari and Turner, "On a Lemma

in the Direct Method of the Calculus of Variations."
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\ SUMMARY
T™his paper contains a simplified proof, and indicated

generalization, of a result of Cesari and Turmer, "On a Lemma

in the Direct Method of the Calculus of Variations."
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ON A DIFFERENTIAL INBEQUALITY OF CESARI AND TURNER
Richard Bellman

1. Introduction

In a recent paper, [1], Cesari and Turner give a proof of
the following

Lemma. If f(x), O < x < a, 1is any nonnegative

Ln-integpatle functlion with

(1) ke™(x) > (a = x)P /% (a = )3 (u)du > o,
X

for almost all x in [0,a], and, in particular, for x = O,

where ¥, m, n, p, @ > O are given constants with m > n,

then

(2) a ¢ cri(0),

where ¢ and r are constants depending only on k, m, n, p,

and gq.
The authors give a very ingenious proof of this result,

which 1s not quite direct. Here we shall show that some pre-—

liminary transformations enable us to present a simple, direct

proof, and indicate some generalizations.

2. Proof of Lemma

Let us tegin with the transformation

(1) £(x) = (a = x)®™(x),
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which converts (1.1) into an inequality of the form

- m a wX‘l .
(2) k w(x) 2‘{’ (a — u)w” (u)du

Now replace w'(u) by z(u), and then x by a — x. If we
set y(x) = z(a —x) for O < x < a, we obtaln a new

inequality of the form

(3) k y(x)© 2‘/0”" y(u)u’du,

where ¢ > 1.

The change of independent variable xb+1 = r, and the

1/(b+1))

further change of dependent variable y(x - g(x),

yields the simplified ilnequality

(4) ky 8(x)° > /% glr)dr,

valid for almost all x 4in [0,a], and valld for x = a,
with ¢ > 1 and g(x) > 0.
From this we wish to conclude that

\

1
(5) k, gla) ~ > a,

where ¢ depends on ¢, and k2 on kl'

This 1s easily done. Let h(x) =(/o/”‘ g(r)dr. Then (&)

is equivalent to

—1/c dh



Integrating both sides between O and x,

(7) (1l = 1/¢)(y) > KaX,

since h(0) = 0. Setting x = a, we have

(8) h(a) > kua°/(°‘1).

Combining (4) and (8), we have

(9) Ky 8(a)° 3 hla) > x, & "),

which ylelds the desired result.

3. Discussion

we obtain
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The same techniques can be used to obtain a corresponding

inequality for the case where we start with a relation

(1) F(£(x)) > 6(a — x) /% H(a — u)K(f(u)}du,

X

under appropriate assumptions concerning the functions

P, G, H, and K.
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