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The methods developed in another paper (Ref. 1) are applied to the
calewlation of the minimum variance of unbiased estimates of doppler shift,
vhen the received vaveform is observed against a background of additive

vhite Caussian noise.
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The purpose of this note is to illustrate the application of the
methods developed in Refs.. 1 and 2 to the calculation of the minimm
variance of unbiased estimates of doppler shift in a received vave form.

It vould be possible to evaluate the function G of Ref. 1, and hence to
evaluate the greatest lower bound for the variance of estimates of doppler
shift, for the general case vhere the received amplitude and time delay,

as vell as the doppler shift, are unknown. This would not result in a
simple expression for the ansver, however; therefore, it vill be assumed
here that the received energy and the time delay are known. To be precise,

ve assume the observed vave-form to be

Y2 %

v(t) = % F(e® t) + na(t) (1)

for 05 t< 00 . Here “o is assumed to be knowvn; time delay has been
set equal to zero (no loss of generality for cases vhere time delay is
assumed knovn ) and n(t) is vhite Gaussian noise vith spectral demnsity "o'

The paramster ¥ is a measure of the 'doppler shift'. Por exssple,
if ve are dealing vith a reflected radar signal from a target moving vith
redial veloeity v , and if ve assume = to be small (c = velocity of
light ) then approximately % = ? -

v, I% will hesoeforth be assumed that the a priori range of variation
of $ is a real interval [a, b] , and that |aj¢<l, |blccl,

The factor /2 miltiplying ¥ makes the total received energy
independent of the valus of § . This would not actually be the case,
since the received energy actually would be greater for approaching
targets and less for receding targets. However, the factor o‘/z makes for

a great simplification in the mathematics, so it vill be assumed that the




received energy is in fact independent of 5. In cases of practical
interest, this assumption probably has little effect on the calculated
valuse of the minimum variance of unbissed estimates of ¥ .

The evaluation of G(%,3' | §,) can be carried out in & manser

virtually identical vith that of Ref. 1, the result being as followvs:

it 2o’ w
R » 5= Fo(b) dt (2)
o
Q
rO
.v’jr(t) FleSt) dt
#(s) = e (3)
/rz(f.) at
o
BCS) = exp [R 9(9)] (1)

(where exp stands for the expomential function); then

R ., [
ocs,3' |y) o — HO-F) (5)
H(S- §.) H(§'- 3)

It is seen that this is of precisely the same form as Eq. 20 of
Ref. 1, vith o = o = «  , except that the definition of H 1is given
by Bgs. (2), (3), and (4) of the present note. Therefore, all the

developments of Ref. 1 can be followed exactly, finally resulting in:

let

L(S) = H(S) -1 (6)
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[ 4
Lu) = f.'“‘ L(S) 4% (7)

then Gilb ((o), the greatest lover bound for the variance of unbiased
estimates of Y wvhen the true value is So , is given approximately by

Eq. 45 of Ref. 1 with !o substituted for T , and of course vith the new
definitions of o (u), L(§), R, ete.

In particular for sufficiently large R,

2 (u)
(o4 (y) = ~§-— du (8)
glb ° / L(u)

We will nov turn to the evaluation of @(%) in a large class of

cases. Namely, ve assume F of the form

F(t) = Fl(t) cos w t + Fz(t) sin wot (9)

It can then be established vith some elementary trigonometric

identities that

! a0

/2

gis) = Y FH (t) dt (10)
2

F(t) dt o

o

vhere



g(t) - 2 r, (t) F, (e St) cot[u (of -l)t] coa[uo(o‘ ol)t]

+

F,(t) Fo(e°t) {cosfw (e -1)t]

2

+

ein [wo(o‘ ol)t]

}
con [ (o% +1)t]}
|
}

--—r(t)!‘(o t)

> -in[ w(e® -l)t]

¢ 3 F (0 F (50 {sin[w (o8 -1)t]
{ sin [wo(e‘ »l)t)

Thus, #(%) can be readily evaluated for cases in vhich the Pourier
cosine transforms of P (t) F, (¢°t) and P(t) F, (e't),  and the
Pourier sine transforms of Fl(t) Fz(o;t) and Fz(t) Fl(e‘t) are known,

Also, in most cases, if wo is sufficiently large, the terms
involving w.(o; +1)t cen all be neglected.

As an illustration, suppose

Fi(t) = exp [-%pzta] (02 t<m)
(12)
F,(t) =« 0

Then, since |S| is always assumed < <« 1 , and assuming W >>E,

-w‘z ¢ ]
g(S) = exp 5 (13)
ug J
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1)
Folloving Ref. 2, we can then readily evaluate dilb for this case:

a
b
~R x‘ 2
2 ° (u) 2p
g1b 2 &L (u) R W

It 1s also not difficult to obtain the result for

Fl(t) = exp [- %pz tz] " rz(t) = kt exp [-%12 ta] .

for example.
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