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The mtthodj» dev»iojied In another prnpr (R«f.  1) are applied to the 

oalaulatlon of the Blnlmoi variance of unbiased ettlaatea of doppler ahlft, 

when the received vmvefom Is observed a«jftin»t a background of addltlvt 

white Qausslan noise. 
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Tb« purpoM of this not« it to lllustr«t« the «pplieatloo of the 

■ethodj dereioped in Itofi.    1 and 2 to th« calculation of tbm wAmimm 

rmriane« of unbi*Md tstlantet of doppier shift In ft rftc«iv«d «ftrt form. 

It vould b« poftftibl« to «yftluftt« the function 0 of Ref.  1,  and hence to 

erftlnftte the greatest lower bound for the variance of estlaates of doppler 

shift,  for the general case where the received amplitude and tias delay, 

fts well as the doppler shift, are unkncnm.    This would not result in a 

sljqde expression for the answer, however; therefore,   it will be assoed 

here that the receired energy and the tias delay are known.    To be precise, 

we ftssuas the observed wftve-fon to be 

v(t)    .    0^ e      F(s5 t)     ♦    n(t) (1) 

for  0 ■  t <  oo Hers    oC.   Is ftssvossd to be known; tias delay has been 
0 

set equal to lero (no loss of generality for cases where tiae delay is 

aaauaed known! and n(t) is white Oaussian noise with spectral density II . o 

The paraaeter   t is a asasure of the  'doppler shift*.    For axsaple, 

if we are dealing with a reflected radar signal fron a target moving with 

radial Telocity T , and if we assuae   —   to be saall (c - velocity of 
c 

light) then approxiaately    t * — , c 
UT.    It will heaoefortb be assuaed that th« a priori range of variation 

of   t  is a resil interval [a, b]   , mal that     |a|«l,   lb|«l. 

The factor e   c multiplying F aakes the total received energy 

Independent of the value of   5   .    This would not actually be the case, 

since the received energy actually would be greater for approaching 

target« and less for r«c«ding target«.    However,  the factor e       eftkes for 

a great sisqpliflcation in the mathmnatlc«,  so it will be assuasd that the 
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r«o«lT«d •atrgj l« in fact lndep«nd«nt of   !> .    In caMt of practical 

iisfrmBt,  this aaraqpftioa pzxibabl/ hac Little «ffact OD the calculated 

ralu« of the ■Iniwni rarianc« of unblaaad eftlaatas of   ?  . 

Tbm araluatlon of 0(^,5* I 1)    can bt carrlad out In a Banner 

virtually Identical vlth that of Ref.  1, the result being aa follovs: 
an 

F2(t)  dt (2) 

•       /F(t)  r(eJt)  dt 
0(5)     .       fi^  (3) 

. 00 

/ 
T2(t)   dt 

H(5)     -     .xp [R 0(T)] (4) 

(wh«r«  «xp  stands  for  tbs  sxponsntial  function);   then 

ocs^1 U)    -    —#R S^JÜ 
o o 

(5) 

It is seen that this is of precisely the same form as Iq. 20 of 

Ref. 1, vlth * c oc' * « , except that the definition of H le given 

by Iqp. (2)# (5), and (k)  of the present note. Therefore, all the 

drrslopaents of Ref. I can be followed exactly, finally resulting in 

Let 

L(5)  -  H(5) - 1 (6) 
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^(u)  -   /•'1,,f L(lf) d? (7) 

than  (T .. ( ? ),   the gr«at«8t lover bound for the variance of unblaeed 
gib   o 

••tlaat«« of ^ vhan the true value la $ , Is given approxlaately by 

Sq. -»' of Ref 1 with  J aubrtituted for T , and of eourae with the nav 

daflnltiooa of ^(u), L(S)( h,  etc. 

In particular for aufflelantly Large R. 
OB 

,1^ -R X     (u) 
0- iK ^t)  -   W /   ^     du (8) gib   o rr^    ^(u) 

-oe 

We vlll now torn to the evaluation of   (J(5)    in a large claaa of 

caaea.     Namly, ve aaauae T of the form 

F(t)     -     F.(t)   coa u> t     ♦    T^it)   ein wt (9) 
1 O c O 

It can then be eatabliabed with sane elasMntary trlgononetrlc 

identitlea that 

V; 
ac 

i 
0(S)       •  —^    / ^(t) dt (10) 

/ 
r2(t) dt 

where 



^ (t) .    jT^t) ri(t!ft) jco.^C«5 -l)t] ♦ COB^C«1 ♦Dt]} 

4   jT^t) r2(t5t)    |c08[wo(«
J   -l)t] - CO«^^   ♦l)t]J 

♦ J FjU) r2(t5t) j.ln^C«15 -l)t] ♦ «in [^(^ ♦l)t]| 

- j f2(t) ^(»^t)  j«ln[u(«5 -l)t] - sin^C«5   a)t]| 
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(11) 

Diua,   (l(T)    can be rMdily evaluated for cases  in which the Fourier 

cosine tranaforas of F^t) F^^  (e^t)       and F2(t) F2 (e^t), and the 

Fourier sine transforaa of T^t)  F2(e
5t)  and F2(t)  F.Ce^t)  art  known, 

Alao,  In aott eaaes,  If      w     is sufficiently large, the terms 
o 

Inrolvlnc (•> (s *l)t       can all be neglected. 

As an Illustration, suppose 

F1(t) •xp [- i'v] (0 ^ t < CD ) 

(12) 

r2(t) . o 

Then, since ,SI Is always assuoed <, < 1  , and assuaing UJ >>p , 

0(5)  S  sxp 

L^2 (13) 
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for this eaa«: 

2      ^     • 
-R 

gib 2ir R u) 
- oo 

It 1« also not difficult to obtain the result for 

F1(t)  . exp j^- | p2  t2j   ,    r2(t)  - kt exp U ^ jf2 t2J   . 

for  «xjuni I«. 

(IM 
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