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Some one-dimensiomal fissior processes are considered vith par-
ticular regard to questions of critical length and energy dependence
of the products of fission. Various interconnsctions betveen the
functions used in the invariant imbedding approsch and the classical
approach are indicated. In particular it is shovn hov one may pass
fram the considsretion of certain linear tvo-point boundary valus problems
to nonlinesr (Riccatiom type) initial value prodlems. The 7ormer are

useful for theoretical considerestions, the latter for numerical camputation.
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DEFINITIORS OF VARIARBIZS

p(n,x) = the probability that n neutrons are reflected over all time
by &4 rod of length x as a result of an incident neutrem.

h(x,r) = gp(n,x) "
U(x) = 3 np(n,x)
20

qL(n,Y) = the probability thet a particle starting to the left st y at
time zero vill result in n particles emerging from over all
time.

Q,R(n.l) = the same probability assuming that the particle starts to the
right at time zero.

(r,y) = 3 g (n,y) "
=0

‘(r)y) = g qﬂ(‘ny) rn

(¥) =S nag(n,y)

uply %nqnny

(y) = 5= ng,(n,y)

wly Eany

V(x)-thupemdm‘orotuutm-rpntfmmuddn
mdofhmhxuanoutdatnunrmrmiuibmn
the other emd.

'R("x) = the expected number of mut.rem over all time passing : toward
turiatuan.utdmtmm“mrium
bar[x,O] at x.
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vL(t;x) = the eorresponding number passing to the left.
f(x;y,2) = the expected number of neutrons over all time moving to
the right at the point z as a result of a source neutron
moving to the right at y, the length of the bar being x.
U(x,t) = the expected mumber of particles emerging fram x between
time zero and times t from a2 rod of length x due to a
trigger neutron entering at x at time zero.

u(x,t) = Ut(x,t)

V(x,t) = the corresponding number transmitted.

Ix'(’,t) = the expected mmber of neutrons emerging from x over the
time interval[ O,t] due to an initial neutrom moving to
the left at y at time zero.

nR(y,t) = the corresponding number due tO a neutron moving to the
right.

u(x,v;r)dr = the expected mmber of neutrons reflected fram O wvith

energy betwveen r and r + dr, over all time, due to an
initial neutron of energy v entering the rod at O at time
zero.
v(x,v;r)ar = the expected mumber transmitted.
q(s,r)ar

the probability of energy changes from level s to a level
betveen r and r + dr due toafissioming.
n.(y,v;r)u- the expected mmber of neutrons emerging from O with
energy betveen r and r + dr, over all time, &wt to an
initial neutron of emergy v starting to the right at
y at time zero.
uL(y,v;r)dr =the corresponding quentity when the neutron starts to
the left.
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INVARIANT TMBEDDING AND NEUTRON TRANSPORT THEORY - IT.
FUNCTIONAL EQUATIONS

by

Richard Bellman and Robert Kalaba
The RAND Corporation, Santa Momica, California

and
G. Miltom Wing

Los Alamos Scientific laboratory, University of California
Los Alamos, Nev Mexico'

I. Introduetion

In our tvo previous papers on the application of the principle
of invariant Mngtomutmtrmportpm-n-,fs]‘ ,[h], va
considered the probtlem of determining probability distributioms for
the reflected and transmitted fluxes associated vith one-dimensional
rods. Using only expected values, these techniques led to methods for
determining critical length.

The custamary method of treating these guestioms, besed upon the
eguation of transfer, leads to linear differential equatioms Tor the
expected values, wvith two-point boundary conditions. The critieal
lengtl . ceiculated as the solution of an eigenvalue problem.

The method presented in 3] and [4] 1s of an entirely different
nature. The basic equations are nov nonlinear differential equations
vhose solutions are determined solely by initial values. The critical
length turns out to be the first value of vhich the soluticns of the

equations for expected flux become infinite.

Work performed in part under the auspices of the U.S. Atomic
Energy Commission.
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In viev of the fact that these tvo approsches to problems of this
type sppear to be so disparste, it is of same interest to link them,
and to understand the relation betwveen the various functions that are
introdused in these fashions. In[1l] , vhere invariance principles
are used to treat the closely related processes of radiative transfer,
Amberzumian states that V. V. Sobalev has obtained various comnections
between the solutions of the equations derived from invariance principles
and the funstions arising from the classical equations of mathematical
physics. Ve have been unable to secure these papers, and although ve
bave searched the literature for papers on this topic, ve have not been
able to find any.

It is this interrelation vhich ve propose to diseuss in this paper
in some detail. Ve shall shov that the equation of transfer, as well
as the functional equations obtained previously, may all be derived
fram a ammon point of viev. In some cases, this method ylelds linear
equations vith two-point boundary conditioms; in other cases, it ylelds
nonlinear equations vith initial value conditions; in still other cases,
ve obtain the desired relations oomnecting the solutions of the two
tYpes of equations.

The great analytic wtility of linear equations for a rigorous
study of the character and nature of diffusion processes must certainly
be emphasized, cf. Yeller, [6 ], Lehner and Wing, [9] . Nonetheless,
in ecommectiaon vitk the oamputstiocnal determination of the solutionm,
tvo-point bowndary eonditions cause serious difficulties, cf., for
exsmple, Davison, [5], for s discuseion of a mumber of methods
utilized to treat these preblems. The nonlinear equations, although



certainly not as handy for analytie purposes, possess the merit of
requiring only initial conditioms for their numerical solutiom. They
seem vell suited, in comsequence, for moderm digital computers. For
references to related vork of Medheffer and Luneberg, see [2]. In
connection with the transmission line equations, the paper of Pierce,
{107, is relevant.

Any rigorous discussion of the stochastic processes we consider
here vould take us too far afield. We refer the reader interested in
these matters to the forthcoming monograph by T. E. Harris, (8] , and
to his expository peper, (7] . Similarly, to avoid digressions vhich
would divert us fram our principal object, that of illustrating the
applicability of & variety of functional equaticn techniques, ve shall,
in the main, comsider only expected fluxes. To determine full
probability distributions vould require for the general case a study
of characteristic functiomals, a topic of same complexity. Omly in
the time-and-energy-independent case, do we discuss the complete
distribution.

We shall consider only one-dimensional processes, treating in
turn the time-independent, energy-independent case; the time-dependent,
energy-independent case; and the time-independent, energy-dependent
case. In the study of the time-dependent case, we are grateful to
T. E. Harris o r the suggestion to introduce moment density functions

and for mueh other helpful eriticiem.

-
See M. Bartlett, An Introductiom to Stoehastic Processes, pp. 7°-83,
vhere many references to tiue vork of Bhabha and Famakrishnan may be found.
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l. A Mathematical Model of One-Dimensional Neutron Trangport.

Let us nov define vhat ve shall mean by a one-dimsnsional neutron
transport process. A neutron is considered to be a point moving on a
line interval until an evemt occurs vhich causes it to transform into
tvo neutroms of similar nature, one moving to the left and one to the
right. This event will be called fission and the process called a

fission process.

The probability that a meutron wvwill undergo fission in an
{nfinitesimal irterval of length y is taken to be X "1 y + o(y), and
the probadility that it can traverse an interval y without this
occurring is 1 - S y + o(y).

Here A represents a 'mean free peath.' We have adjusted our
notation to conform to that curremt in physical cireles.

The process can be complicated by the assumption of inhamogeneity,
1.e., » 1 y replaced by the fwmction 1/» (y); by the introduction
of a distribution function for the mmber and direction of the particles
produced by fissiom; and by taking account of absorption and collisions
vhich merely reverse direction vithout indueing fission. Since these
more realistic features merely add arithmetic complexity without
analytic insight, ve have ignored their existence in this preliminary
treatment.

We shall, hovever, discuss the case in vhich the neutron and its

progeny posess energies vhich affect, and are affected by, fission.

2. Imvariance Principles.

As ve have explained in earlier papers, cf. [3] ,[ 4], our aim

is to introduce certain parameters vith the property that the neutron
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transport process described above can be considered as a sequence of
stochastic processes which induce transformations of these parameters.
Purthermore, it is desirable to have these paremeters represent
physieally meeningful quantities such as time, energy, length, and so
on, essentially quantities vhich correspond to measurables and
observables. This is merely desirable, but should not be insisted
upon to the detrimenmt of the analysis. That there are no iadispensable
variables is quite evident by nov.
In applying invariance prineiples, we can borrov same terminoclogy
from commmication theory and consider each physical process to consist

of three principal elements, a source, an observer, and a transmitting

mediwm, or 'commmication chamnel.' As ve shall see belov, the classical

equations of mathematical physics, of vhich the equation of transfer
is typical, arise vhen functional z2quatiom techniques are applied to
processes defined in terms of variables describing the observer, or the
source. On the other hand, the mev eguations of invariant imbeddding
arige vhen the process is described pertly in terms of the medium and
partly in terms of the observer or source.

By describing 2 single process partly in one set of terms and
partly in other terminology, ve shall obtein the desired equations
linking the verious formulations. There is much to be done in this
direction, with this paper merely a single step in the direction of
a more comprehensive theory. We shall restrict ourselves here to

one-dimensional processes.
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I1. Time-Independent, Energy-Independent Case

3. PMirst Pormulation.

Ve first recall saome results derived in[3].
Consider a finite, hamogensous rod, the interval fram x to O as

indicated below.

S

NT

Mgure 1

Let us start vith the case vhere a 'trigger' neutron enters the
rod from the left, at x, at time zero. We shall assume that energy is
neglected, and rid curselves of time comsiderations by asking for the
respective probabilities that precisely n neutroms are reflected from
the rod (vhich 1s to say, emerge fram x to the left), over all time,
forn=0,1,2, ... .

This prodaebility vill be denoted by p(n,x). In introducing this
notation, in plase of vhat custamarily might be called p(n), ve are
dsliberately calling attemtion to the fact that the length of the
rod is to be treated in this section as m essential parameter of the
process.

We are thus imbedding this particular process in the family of
processes of similar nature in vhich the rod can assume any positive
length.

Using invariance principles, as described in[ 4] in detail, ve
obtain the followving system of nonlinear differential equatioms,
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p'(0,x) = - x"2 p(0,x)
(3.1)
_Y = 3>
p'(m,x) = - (0+41) 2" Ip(n,x) + x"p(n-1,x) + A S kp(k,x) p(n-k,x),
k=l

valid for x2 0, along vith the initial condition p(m,0) = fc..
The study of these equations is as usual greatly facilitated by the

introduction of the genereting function
(3.2) h(x,r) = g pla,x) = .

Using the equations in (3.1), ve readily see that h(x,r) satisfies

the quasi-linear partial differential equations
(3.3) h = A1 (r-1) b+ A7 £(u-1) h_ .

Bither fram this equatiom, or directly fram (3.1), (also see

Section 7), ve derive the Riccati equation
(3.4) Ut = AL (240°)

for the expected nmumber of reflected neutroms, U(x). This equation is
valid for 05x<.x°, vhere Xq is the critical length which turns out
tobe I A,

As ve shall see below, this equation can be derived from first
principles, vithout the introduction of higher moments, or use of the
genereting function. On the other hand, it is also possidble to obtain
the partial differemtial equation for the genersting functiem by these

direet techniques.
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L, Second Pormmulstion

In this formulation of a fission process, wve begin with a particle
situated at a poimt y, imterior to the rod, at time zero and starting

off either to the left or %o the right.

X T

Flgure 2

let us define the probabilities
%(n,y)-mmmqmt.wummmtom
left at y at time gero vill result in n particles
emerging fram x over all time.

(.1) qa(,.,,) = the same probability assuming that the partiecle

starts to the right at the initial instant.

Observe that ve have nov suppressed the x-dependence, indicating
vaishtokmxﬁxodthm@outthmuiuwu,nuhavc
focused our attentiom upom y. We vish to imbed this process vwithin
bedhofpmomd&htneinvhiehymummnhn
between O and x.

To obtain equations characterizing the functions ve have Just
introduced, ve follow the path of the particle fram y to y - 4,
dependent wpon the initial directiom. If, for example, the particle
suffers a collision in[y,y - 4], ve obtain a new precess in vhieh
-Mimemmwtaty-AmmMrmrm

thc].attntyob;utbnunooolliuon,wmhrtvitha
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prouuottbl‘tmfm'mmtialpartiehsty-ammg
to the right.
Taking account of these possibilities, it is easy to see that ve

obtain the relatiocns

Q.L(oly) =0
(5.2)

- -

n |
g BY) = a5 gy (k,¥) ag(a-x,y)
J

Lk-l

+ (1 - X2 A) qL(n,y+A) + o(a),
for O¢<y<x,andn =1, 2, ..., vith the boundary econditions
X =
(4.3) qL(n,x) fln .

We cbtain a similar set of recursion relatious for the sequence

{qn(n,y)‘} with the boundary conditions
(b.5) ag(8,0) = “pp -

From these approximate relations, we derive the following nonlinear

differentiz]l equations

n
g (a,¥) % 3y (,y) - a1 ):“,qu(l.y) qg(n-4y),
L
(4.5)

n
ag(n,y) = A ag(m,y) + 27t E,Oqﬂ(l.r) g (v-1,y),

for O<cy<x.



The generating fumetions, defined by the series

— n
t(r,y) Eo g4 (n,y)

(s.6)

o)' > ( ) ll,
&(r,y n_Zo,an.yr

satisfy the nomlinear partial differential equations and boundary
conditions

™ = £(r,y) &(r,y) + 2T 2(r,y),

(5.7) & = X =X £(r,y) &(r,y) -2 % &(r,y),
f(r,x) = r g(r,0) = 1.

What is amazing, and a great advantage of this formulation, is
—_k - .k
that the moments ) n q,x‘(n,y) and " n qR(r.,y), k=12, ...,
D=l n=1

satisfy linear differential equations. Introdueing the expected values
(y) = 3 (n)y )s
g 3, Mg

w(y) = El nq, (n,y),

we obtain, through differentiation of eq. (4.7), the linear system of
differential equations

w) =21y,

(4.9) w(y) = . uw(y), Ocy<x.



e
\.ﬂ n
b‘ & o

The boundary conditions are now tvo-point:

nR(o) =0,
(4.10)

%(x) = 1.

5. Critical Mass.

Ouoftheprincipdamofathcoryarmmtumponiothc
determination of critical mass. We eguate the physical phencmenon of
eriticality with the mathematical concept of singularity. In both
analytic approaches, ve seek a length of rod which results in an
infinite expected value, cf. [3] and [4].

The details of the analysis, howvever, are quite differemt in the
twvo formulations.

In the first approach, ve have an ordinary differential equation
of Riecati type, vith a given initial valus, vhich we integrate
mmerically point-by-point until the solution blovs up. The first
critical point encountered is the required critical length.

In the second approach, wve solve a system of linear differential
ecuations wvith a two-poimt boundary condition. This method is closely
allied to classicel eigenvalus techniques, with the length x playing
the role of an eigenvalue.

In the simple time-independent, energy-independent case treated
above, both methods are readily pursued, both ylelding explicit analytic
expressions. It is only vhen we turn to the discussion of more realistic
processes that a fork in the roed develops. A formulation vhich ylelds

linear ecuations appears very much more desirsble if a theoretical
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treatment is contemplated, vhile an approech based uypon nonlinear
equations determined by imitial eonditions appears preferable if a
numerical treatment is desired.

In future vork, we shall discuss these points in greater detail.

€. Interlinking of the Two Techniques.

Having seen that tvo quite different anelytic approaches to the
study of neutron transport are possible, ve vish to determine the
relations, if any, that exist among the various functions ve have
defined. This linking of techniques can be useful in two vays. On
the ove hand, it shows us hov to linearize certain types of Riceatian
functional equations, and on the other hand, it shows hov to replace
tvo-point boundary value problems involving linsar equations by
initial value problems for nonlinear equations.

In order to obtain the desired relations, we combine the twvo
formulations in the following manner. In calculating gﬂ(n,y), ve
first observe that as a result of one neutron entering [7,0] fram the
left, vhich is to say leaving [ x,y | from the right, ve have a
probebility p(k,y), in the notation of Section 3, of having k neutroms
reflected. Here we are speaking only of those neutrons that emerge
from [y,0], moving to the left, for the first time. Each of these k
neutrons can nov be considered as the initiator of a nev process
starting fram y in vhich e neutron enters [x,y] fram the right, the
particle moving to the left.

In these terms, let us see hov ve can obtain exactly n neutrons

emerging from x over all time. Suppose that the first of the neutrons
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described above produces o nevtrons, the secand n,, and the k-th, a

quantity ) where
(6.1) By 43D, + ... =0
Since the probability of this event is

(6.2) qL(Ll,’) qL(nZ”) ‘e qL(nk”)‘

we derive the relation

(6.3) ag(n,y) = kil p(x,y) [ZQL(D:[:Y) g (n,¥) ... qL(n\.y)w; ’

vhere the inner summetion is taken over the lattice-points satisfying
equation (6.1).

Recalling the definitions

2 Q‘R(n,y) l'n = g(r,y),
n=0

(6.1) gy (n,Y) r® ~ 2(r,y),

b
n=0
> p(n,x) s a(x,r),
n=0

we obtain fram equation (£.3) & relation comnecting the generating

functions,
(6-5) 8(1',)') o h(X.f(T,Y))-

An zapalogous relation ean be derived if we consider qL(y,r)

initially.
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Prom these relations wve oan derive equations comnecting the expected
velues. However, as ve shall see belovw, these equations can readily be
obtained directly.

The remainder of the paper vill be devoted solely to a discussion
of expected values, sines the analogues of the results above for
generating functions are nov relations connecting characteristic
functionals. Since consideration of these entities would both com-
plicate the analysis and elevate the canceptual level, we have kept

them offstage until another date.

7. Expected Velues.

Let us nov indicate hov to obtain the equations for expected values
without passing through the intermediate step of probability distributioms.
This discussion is preparatory to the course we shall pursus in the
treatment of the more camplicated time-dependent and energy-dependent
cases. Womthinkdthcpm-ubommunic, as is
cammon in redisetive transfer theory.

Let U(x) dencte the expected mumber of neutrons reflected fram
[ x,0] over all time as the result of an incidemt trigger neutron at
time zero. In pessing through the segment [x,x - A] the trigger
peutron mey undergo fissiom, in vhich case one neutrom is reflected
end ope is incident on[x - 4, O] , the expected number of reflected
peutrons from this segment being U(x - 4). If the trigger neutron
does not undergo fission, then the expected number of neutrons
reflected directly is U(x - 4). In addition, one of the neutrons
reflected fram the segment [x - 4, 0] may undergo fission giving rise

toamthrtﬂwrmmidntmthnm[x-m 0] , ¥hiech
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in turn gives rise to the expected number of reflected neutrons
U(x - 4). All other processes lead to terms of at least second order
in A. Teking account of these possibilities, we obtain the equation
(7.1) Ulx) =»"a (1 + U(x - 2)) + (1 -2"28) ulx - a)
-1 -1
+ (1 -2""8) U(x - A)A"" au(x - &) + o(a).

letting A— O, we obtain the differential equation
(7.2) U'(x) = xE [1 + v.r"’(x)] , U(0) =o0.

In addition, if wve let

V(x) = the expected number of neutrons emergent fram one end
of a rod of length x as & result of a trigger neutromn

incident a2t the other end,
we find that V(x) satisfies the equation
(7.3) v (x) = e u(x) v(x), v(0) = 1.

Similarly, ve see that up(y) and u (y) satisfy the linear

eguations

wiy) =2t wly), w0 -o,
(7.%)

w(y) = -x w(y), u.L(x) = 1.

To derive equations (7.:) we trace the trigger neutron through

either the segment [y + 4,y] or [y,y - 4], as the case may Ye.
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Considering ths case in vhich it moves to the right, ve find that if it
does not undergo fissiom om the svgmext [y + 4,y ], in effect ve have
a process in vhich there is a trigger nsutron moving to the right at
Y. If it does undergo fission then ve have a process in vhich there
are trigger meutrons moving towvard the right and toward the left at y.

Teking imto account the probabilities of these events we have
(7.5) ugly+a)=Q- x1a) ua(y) + x'lb{un(y) + u (y) }+ o(a).
Similarly for w (y), ve find

(7.6) w(y) = (1 -x712) wy + 8) + A%z {ua(y +8) +uly+ A)} + o(8).

Bquations (7.4) follow directly from these.

Folloving the argument given in the previous section, it is easy
to sec that wve obtain the fallowing two equations

uw(y) = u(y) w(y),
(7.7)
w(y) = V(x - y) + U(x - y) u(y),

vhich connect the solutions to the linear and nomlinear differential
equations given above.

Consequantly the transformation formulas are

) - Ty -

Vix~
w (y) = - ,' g

(7.8)
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(7.9)
' w (x-y)
V(x-y) = “L(J) - “-R(l) -“—Rm .
By mecns of these relatioms, wve can pess from the solution of
one type of equation to the other. We have thus obtained a set of

relations linking the two types of functionms.

8. Time-and-Energy-Independent, Variable Observer.
L34 4

Let
vR(z;x) = the expected number of neutrons passing z toward
the right over all time as a result of one trigger

neutron cotering the bar [x,0] at the left, at x.
vL(z;x) = the corresponding mmber passing to the left.
Then wve easily derive the equatioms

vR(z + 43;x) = vR(:;x) - vL(l;x) )\.JA + o(a),
3.1)

-1
vL(z + 8;x) = vL(z;x) + VR(I;X) XA+ o(a),
vhich lead to the linear system

vé(z;x} = -)‘-le(Z;x)
(8.2)

-1
vl"(z;x) =X vR(z;x),

vhere the primes denote differentiation with respect to z. The two
point boundary conditions are
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(8.3) vR(x;x) =1, vL(O;x) - 0.

Camparing these equations and boundary conditions with those

obtained for iy and v in the previous section, wve find that

w (z) = vo(z;x),
(8.4)

un(z) - vL(:;x)A

This system constitutes a reciprocity L‘.‘i vhich states, in part, that
the expected number of neutrons emerging fram x over all time as the
result of a trigger neutron moving to the left at z is equal to the
expected number of neutroms, over all time, moving to the right at :z
as a result of a trigger neutron introduced at x. The reciprocity

obviously holds under much more general circumstances.

9. The Intermal Flux.

Let us nov consider the expected mmber of neutrons moving to
the right vhich pass a fixed point z as a result of a source neutron
moving to the right at a fixed point y, y>z (see Pig. 3). We consider
this as a function of the length of the bar, x, say f(x;y,z), y and 2

being held fixed. This will illustrate

-

Sourece Observer
.
y

xT

LR
o

Pigure 3

hov intermal flows may be determined. If x =y, then
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(5.1) r(x;y,2) = £(y;y,t) = va(z5y)
in the notation of the previous section. If x>y, then
(9.2) £(x;y,z) = vp(z3y) + U(y) u(x-y) “p(z5y).

The first term in the right hand side of the above equation is the
direct flux and the second 1s the secondary flux due to reflections

from the segments [y,0] and[x,y ].



ITI. Time-Dependent, Energy-Independent Case

10. Expected Value.

Let us nov consider a time-dependent process. It vas pointed out
to the authors by T. E. Harris that the techniques used in the preceding
sections can be equally wvell employed in the discussion of time-
dependence, provided that we introduce the important function
probability density.

We define the following two functions.

U(x,t) = the expected mmber of particles emerging from x
between time zero and time t from a rod of length x

(20.1) due to a trigger neutron entering x at time zero.

u(x,t)dt=the expected number between t and t + dt arising

in the same manner.

Note that Ut = u.

To obtain an equation for U(x,t), we begin with the fact that a
neutron traversing [x + 4,x] splits with probability A" A and continues
unaltered with probability (1 - A-IA). The neutron vhich has not
suffered a collision produces a certain flux of neutrons from (x.0]
in the time interval [x,s + ds] , namely u(x,s) ds. The velocity of
& peutron is denoted by e.

Of this flux, an expected amount (1 -X'lA) u(x,s) ds continues
through [x + 4,x] vithout collision, vhile A su(x,s) ds produces
pneutrons going in both directions. The quantity A']'Au(x,l) ds going
%o the right produces an expected reflection of U(x,t - 8) - A lau(x,s) ds,

during the remaining time.
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Adding these effects together, ve see that
U(x + 8,t + Eé) Xy [u(x,t)+1] + (1 - A71a) (y(x.t)
t
(10.2) + g u(x,s) A2a U(x,t-s) ds}* o(a).
0

Passing to the limit, ve obtain the integro-differential equation

t
2 -1 -1
(10.3) e Ut = A g u(x,s) U(x,t-s) ds + » .
0
The initial conditions in spece and time are

U(x,0) -

[
o

(10.%)

u(o,t)

"
o

Using Laplace transform techniques, we can solve for U since the
equation in (10.3) is of convolution type. A number of interesting
questions arise in this analysis which ve shell discuss at a later
date.

let
V(x,t) = the expected number of neutrons transmitted through
a bar of length x in time t.
Then we obtain the equation

t
(10.5) Vv(x+a,t + -:-) = V(x,t) + (1 -A-lA) S u(x,s) ar' V(x,t-s) ds + o(a)
0
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vhieh leads to the integro-differential equation

t
(10.6) v+ % v - e g u(x,s) V(x,t-s) ds.
0

In addition V satisfies the conditions

v(o,t) =1

(10.7)
v(x,0) = 0.

11. Moving Source.

Let us now describe the process in terms of a variable source Ilet

u.L(y,t) = the expected mumber of peutrons emerging fram x
over the time interval [0,t] dus to an initial
(11.1) neutron moving to the left at y at time zero.
un(y,t) = the corresponding quentity due to a neutron moving

to the right.

Then we readily obtain the following equations:

w (y,t) e (“L(’ +4,% - %) +uly+a, t- ﬁ

|
[

+ (1 - )«-IA) u.L(y + 4, t - %) + o(a).
(11.2)

u(y,t) = A"t (un(y St - rwly-g, - 2

NS
[

+ 6 - x'la) uR(y -4), t - %) + o(a).

From vhence we obtain the system of differential equations
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X -1

al-

4 HF

\I.R

(11.3)

-A-lu!‘

Ay Ar

1
e
for C<y<x, with the conditions

w (y,0) =0, w(x,t) =1,
(11.%)

uR(y,O) =0, wuplo,t) =0.

Proceeding as in the stationary case we readily obtain the following

relations, showing the intercomnections:

t
U-R(y;t) - S u(y;‘) UL(I.t-B) ds,
]
(11.5) N

w(y,t) = Vix-y,t) + 8 u(x-y,8) up(y,t-s) ds.
0
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IV. Time Independent-Energy Dependent Case

12. Eemd Values.

Let us nov consider the case vhere wve take into account the fact
that the velocity, or epergy, of the particle determines the probability
of fission. Furthermore, fission will produce two particles with
energies different, in general, from that of the perent. For con-

venience, O and x in Fig. 1 are interchanged:

or
o>
4

Figure 4

We defipe the functions

u(x,w;r) dr = the expected number of neutrons reflected fram
C with energy betveen r c.nd r + dr, over all
time, due to an initial neutron of energy w
entering the rod at O at time zero.

(12.1)
v(x,w;r) dr = the expected number transmitted.

q(s,r) dr = the probability of energy change from level s
to a level between r and r + dr due to a
fissioning.

i-%ﬂ' + o(A) = the probability of a fissioning in a segment

of length A of a neutron at energy level w.
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u(x,v;r) = (1 - -)1-%-'-’») u(x - 4,v;r) (1 - T%;’—)

(12.2) + (1 - T%‘—'T-) A u(x - A,v;s) q(s,r) ?%T

(o TE O "¢
[e WSS |

q(s,t) u(x - 4,v;s) u(x - 4,t;r) -X%%’- at

+(1--;%;’—)A

0 J

Passing to the limit, we obtain the integro-differential equation

. (X7 * <)) & ¢ g u(x,v;8) a(s,v) 3oy
0
(12.3)

+ g g q(s,t) u(x,v;s) u(x,t;r)}rm.—y
00

+ )": + T%ﬁ S u(x,z;r) q(wv,z) dz.

0O

There is a similar equation for V, the transmitted flux.
Let us nov obtain the funetions whiech vill permit us to linearize

these equations. Introduce the functions
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ux(y,v;r) dr = the expected number of neutrons emerging from O
with energy between r and r + 4r over all time
dus to an initial peutron of energy v starting

(12.%) to the right at y, 0Sy <x, at time zero.

uL(y,v;r) dr = the corresponding quantity vhen the neutron

starts to the left.
Then, as before,

up(y,e5r) qlv,s) as

o1

w (y,w;r) =Q- T‘%ﬂ"“x.(’ - A,v;r) + '77%37 {
(12.5)

+ S qL(y,ur) q(v,s) ds] + o(a),
0

with a corresponding equation for \an(y,v;r).
To obtaia equations connecting these functions, ve again proceed

as in the previous sections. The result is

w(y,wir) = S u(x - y,v;8) - u(y,s;r) ds,
0

(12.6)

\xL(y,'sr) = v(y,w;v) + Su(y.'n) u(y,e;r) ds.
0
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