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SUMMARY

A two-move game with perfect information is considered,
such as a move and counter-move situation between two firms
or ocononiol; This leads to the problem of finding a global
minimum of a concave function over a convex domain and the
distressing possibility of local minima at every extreme
point. It is shown however that the glebal minimum can be
obtained by solving a linear programming system with side
conditions that at least one of certain pairs of variadbles
vanish. The latter problem can be shown to be equivalent to
solving a.llnoar programming problem with some integer valued

variadbles.
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SOLVING TWO—MOVE GAMES WITH PERFECT INFORMATION

George B. Dantzig

Consider a two-move game where player X can engage in
sny vestor x = (X,,X,,...,X,) of activity levels x, 2 O,
consistent with 8 fixed inventory vector ¢ = (el,eg,...,em),

say
(1) Ex = e (x > 0)

where E 1s sn m x n matrix. This constitutes X's mQve. In
so doing he lesves en inventory position f + Ex for player Y
where E 1s 8 given m' x n matrix and f an m' component vector.

This requires that Y chose as his move an activity vector

- (ylay230o0,yn|) so that
(2) Py = f + Ex (y > 0)

where F is 8 Ziven m' x n' matrix. It is sssumed that x must
be chosen so that an admissible move for Y exists. We remerk
in pessing thst & chess or checker game restricted to one move
by esch player cen be cast in this form 1f there are edded
side constraints regsrding the discrete character Bf a move.
Mowever & competitive situstion of & move and a counter—move

between two firms or two economies, would be more significent.

Let us suppose the psyment to Y by X is ziven Uy

(3) z = ax - fy
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where a = (°1’°2""’°n) and /Ka (/51,/%,...,/‘5:‘,). It is clear
thet an optimum for X 18 to chose x so that his payment to Y
is
(%) % = Min [ax = Min Ay]

x vix
where we further assume /3y is bounded from below for fixed x.

This is besically & very difficult problem because

Miny,g& for y satisfying (2) 1s 8 convex function of x but

this implies theat

(5) z' = [ax - Min_ by]

y

18 a concave function of x which is to be minimlized over a

convex domain of x satisfying (1) and (2). This can lead to
local optime at one, many, or all extreme points of the convex
domein of x.

For example suppose

(6) % €1 Xy 20
¥ § 4 =%y ¥y 20
V1 £ %

Z = O"‘l - (-yl) =Yy o

then the function 2' to be minimized is
'
X, 1f 0 < x; ¢1/2
(7) z' = — Min(=y) =¢ 1 54 B
l-x, Iif 1/2 <% <1

-
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which has two local minims, one at x, = O and the other at

The values of 8' at these locel minima happen tc be equal but
2 slight perturbation could cause either one to be the global
minimum.

By careful application of the duslity theorem this problem
can be reduced to & linear programming problem subject to a set
of n' pairs of linear conditions elther yJ >0 or nJ > 0 for
J=1,2,...,n'} here nJ are the dual veriables along with

"= ('1’"2""’"m) satisfying

(9) mFy 4Ny = ny > 0,(4<1,2,...,n')

where FJ is the Jth column of F. We first remark for any fixed Xx,
there exist an optimum y = y* setisfying (2) which minimizes

ﬁy. Associested with this x is also an optimum solution to the
dusl of (2) with variables 7 (unrestricted in sign

associsted with the m' equations) 8nd non—negstive verisblles

”: 2 O corresponding to Yy gsatisfying (9). The néceasary and

‘iuf?ioiont conditions that ® solution of the primsl and dusl

systems be optimsl is that
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(10) either y, = 0 for J = 1,2,...,n'

or nJ = 0

We now prove the followling fundamental theorem:

THFOREM: An optimal solution to the two-move game (1),

(), (3) is found by choosing x end y satisfying (1) and (2),

auxiliary varisbles w and 7 satisfying (9) and (10), 8nd

Min z satisfying (3).

Proof: The proof is along stendard lines and immediate.
An optimsl solution to the game exists at one of the extreme
points of the convex of x defined by (1) and (2) say at x = &
for which there i1s 8 y = 5 and 7 = #, N = 7 that satisfy (2),
(9), (10) and ylelds the value z = Z defined by (4). Hence

l
(11) Min 2z ¢ 2

On the other hand we can produce s solution x*,y*,m*,N* to (1), (2)
(9), (10) which minimizes z by devices considered in (1]

which shows that this type of problem is equivalent to a linear
programming probtlem with some {integer valued varisbles for whigh
efficient procedure may exist (2], [3]. For the chosen velue |

of x = x*, (10) implies that the y* 18 chosen so &8s to minimize

Ay. Hence the set of x*,y*, chosen this way 1s an admissible

two moves in ® game and 1ts z = Min z must satisfy

(12) Q.S Min 2 ;
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whence from (11) we have
(13) 2 = Min 2

completing the proof.
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