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Sumnery

In a series of recent papers the principle of invariant
imbedding, which reyresents an extension of the invariancs
principles of Ambarsumisn and Chandraseikhar, has been
employed in the atuldy of a variety of physical processes
including radliative transfer, neutron transport, random walk
and scattering, and wave propagation.

Use of this principle leads to the formulation of
various functional squations deascribing the process ungsy
conslderation. Redheffer has used 2 similar approach in the -
treatmant of several problems of elesctromagnetic theory.

The ain of the present paper is to saxtend previous results
and techniques to cover cases involving plane wave propagation
in stochastic media,

In general terms, the appreach involves first the

derivation of stochastic functional eguations for reflection

and transmission coefficients, followed by the taking of
expected values of sppropxiate functions of the random state
variables. This makes poasible the determination of their
characsteristic functions and distribution functions, by means
of 8%ill other functional equations, or by computational
schemes of the Monte Carlo type.

¥e disouss the particular example in which a plane wave
is incident on a stratifisd slab which is characterized by
stochastic wave numbers in each stratum, The distribution



P-1471
8-29~58

funotious for the amplitude of the random reflected and trans-
mitted waves are thnen determined as functions of the thicknass
of the slab, The effacts of multiple scattering ars taken
into sccount,

T"he emphasis throughout is upon the gensral applicability
of these functional equation procedures to problems of propa-
gation in stochastic media, using methods quite distinet from
the nlansiocal techniques,
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INVARIANT IMBEDDING AND WAVE PROPAGATION
IN STOCHASTIC MEDIA

Richaxd Bellman and Robert Kalaba
The RAWD Corporation, Santa Monica, California

1. Introduction

In this paper, we wish toc describe an application of the
theory of invariant imbedding, (4 - 11], to the propagation
of electromagnetic waves through an inhomogenssus msdium,
especially where the inhomogeneity is stochzatic in origin.
Problems of this zort arise in a variety of fielida including
radio wave pmopagation and acoustics.

There have héen a large numbaer of papsrs devotad to
this topic, most using the routine perturbaticn approach, and
a few ths concept of a stratified medium; cf. Redheffer, [22],

Luneberg, P.], Bremmar, [; ], Patarskii, [24], Gronwall, [16],

et al’. Topiss of current interest in radio wave propagation
are discussed in [;2,1#,25,27].

Our aim 1s first of all to illustrate the applicability
of functional equations and principles of invariance to the
study of various types of wave propagation. The basic ideas
were sketched in our note, [7], and fuller mathematical
details will be given in papers shortly to appear. Secondly,
we wish to point out the importance of functional equations
in stochastic variables, prior to the appearance of any

E 2
In his book on Radiative Tranafer, Chandrasekhar refers
to some earlier uzes of invariance principles by Stockes and

Rayleigh.
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expected values. These relations can be used, as discussed
below, to furnish numerlical soclutions along Monte Csrlo lines,
Finally, we wish to emphasize that the nonlinear aspects of
the recurrence relations that are derived make it important
not to use expectad values, but rather to examine the actual

probabllity distribution of the random varliables that appsar.

. The Physical Proocsess

We wish to consider the problem of determining the
characteristica of waves reflected from a randomly inhomo-
genecus medium and the properties of waves transmitted
thirough such a mediwn., In particular, we 1imit ourselves to
the case in which a plane scalar wave 18 normally incident
on a slab bounded by parallel planes, the wave humber or index
of refraction of which is a random function of distance from
an interface., We assume that the medla in whioch the slab is
éontained have constant wave numbers and, as usual, that time
variations are simple harmonic. Ultimately we are goncerned
with random solutione of the reduced wave equation in one

dimenzion
(1) w"(x) + k(x)w(x) = O,

where the local wave number, k(x), 18 a random function of

x. The index of refraction, n(x), 4is exprsssable as

(2) n(x) ulgﬁil.



P-1471
8‘29—28

Since it is the method of attack which we wish to
emphaslze,; before taking up the stochastic case. we solve the
refleoction and transmission problems for the case in whioch
k(x) is deterministic, making use of the notion of invariant
izbedding and a wave-localization principle uh;oh we first
gave in [7]‘ Then we take up the problem of reflestions fron,
and transmissions through, a msedium which has random strati-~
fications, each satratum being bounded by planes perpsndicular
to the direction of propagation of the incident wave and sach
having a random wave number. For oonvenlence, we assume that
these random wave numbars are indespendent, but no assunptlions
are made concerming "smallneas" of departures of the wave
numbers from their average values.

Some generalizations and indications of future work are
provided in the discussion of §6.

3, Deterministic Wave Propagation

To 1llustrats some of the ldeas which we ghall employ in
the treatment of the stoshastic probiem, we first discuss the
problem of the reflection of a plane wave normally incident
on an inhomogeneous slab, & problem of some difficulty and
iaportance in itself, {19]. Censlder a plane wave,
exp 1(kox-<ut), arriving from the homogeneous zpace, x < 0,
and appreaching the inhomogeneous slab, O ¢ x < b. The

gpace X > b 1is sasumed to be homogeneous,
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Plg. 1
A Plane Wave Incident on an Inhomogeneous Siab

The medium X < 0 18 characterized by the wave number ko,
and ths medivm x > b by the wave number kl' The inhomge-
genzous slabk, 0 ¢ 2 ¢ h, 4is characterized by the wave
number k{x), which is assumed to be mectionally smcoth.
Our objsotive is the determination of the reflected wave,
“-—ikox, where here, and in what follows, ws shall suppress
the time factor e %,

We firat imbed thia problem within s class of problems
in which the incident wave and the inhomrgeneous slab are
suitably altered. More presisely, we consider the problem
of determining the wave reflected in the half-space x ( z,
where 0 < 2 b, as a result of having the wave
exp[ik(z'— 0)x — z)] ineident on the inhomogeneous slabd
zZ{x<b. he usual, k(z —~ 0) denotes the limit of k(x)
as x approaches z (rom below and k(z + O) 18 the limit
ag x approaches z from above. As before, we take the

space b < X to be¢ homogensous with the wave nuuber kl.
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Rig. 2

The QGsometry of the Class of Slab Problams

For the modified preoblem the spesce X < £ hae the oconstant
wave number k(z — Q), and we denote the reflected wave by
u(z) exp{- 1k{z — 0)(x ~ z)}, where the explicit dependence
of the coefficient of reflection, u{z), on the position of
the left face of the 8lab, =, is indloated.

Observe that when = = 0 we are confronted with the
original problem, and when 2z = b we are confronted with the
simple probler of dstermining the reflecticn coefficient for
wavas incidsnt on the plans interface of two homogensous
msdia. In the latter case we have
k(b — 0) — Xy

(1) u(e) - k(b — 0) + ky

which feollows from the usual assumptions that are made con-
cerning the oontinuity at the interface of the wave funstion
and its first derivative with respect to x,

We now wish to show that a knowledge of the reflection
coefficient for the inhomogeneous slab's extending from
£+ A to b enasbies one to find ths reflestiecn coefficlent

for the slab [g,b]. This is accompliashed through uss ¢f the
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localization principle given in [7], valid under mild
restrictions on the function k(x), which in turn was
suggested by Bremmer's paper, P ]. Iet us now indicate this
principls.

Raturmn for a moment to the original problem with z = O
and considar & plane wave exp(ikox) arriving from the
homogenscus space ¥y < 0 and entering the inhomogeneous
slab. At the boundary the incident wave 18 aplit into &
reflected wave and a refracted wavs. There i8 an immediate
refisocted wave and an immediate refracted wave obtained by
supposing that the inhomogeneous medium is actvally homo-
geneous with wave number k(+ O). If the inhomogeneous
medium is now taken to be the limit of 2 sequence of inter-
facen with this type of reflection and refraction ocaurring
at each interface, we can obtain the total reflected wave
and the disturbance within the inhomogeneous slab by adding
up the effects of the reflected and refracted waves obtained
in this way and then psassing to the limit. This principle 1is
valid regardless of the position of the left face of the slab,
2, 0 zLDb.

To apply this principle, we consider the situation
illustrated in Fig. 3, in whish the wave numbers of the

strata are as shown.
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- - X
0 z zZ 4+ A b
Fig. 3

The Geometry for & Class of Modified Problema

To within terms of orders zero and one, the reflectlon co-
efficlent for the slab [z,b] is given by the sum of three
terms. The first is the immediately reflected wave. The
second is the wave that ardire s yrom transmigsion of the
incident wavs through the interface X = z, rsflestibdn at
the interface X = 7 + 4 and tranamission through the inter-
face x = 2z, The third component arisea from trarsmission of
the incident wave through the interface at x = z, reflection
at x =2z + A, reflection at x = g, reflection at

X =2 + A, and finally transmission through the interface

at x = 2,

Mathematically, we are lad to the equation
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(2) u(z) - XK(z20) = k(z+4-0)
k(z-0) + k(z+2-0)

2k(z—0) wa(zes Je2K( 24008 ___ 2k(2440)
k(z—0) + k(z+6~0) k(z-0) + k(z+40)

ile(z+a—0 )

2 70) a“‘( z+4—0 )A

u{z+A)e
k(2-0) + k(z+4—0)

. K(z+860) — k(2-0) 1k(z+a~0)a
k(20) + k(z+46~0)

1k{ z+4—0)A

u{z+4)e

. 2k(z+4—0)
k(z+86-0) + k(2-0)

+ o(a).

A passage to the limit in which A tands to zero then shows
that u{z) satiefies the Riccati equation

(3) ui(z) = g - 2l — Fp w?,
where tiie primes denote differentiation with respect to .

Integration of this differential equation, whioch is
easlly ascoemplished numerically on & high speed digital conme
puter or by hand, using the end condition of equation (1),
on the interval [0,H) then ylields the desired reflection
coefficient, wu{0).

Similar Riccati equations for the impedance and
reflection coefficient of nonuniform transmission lines have
been given by Plerce, [24 , and by Walker and Wax, @xﬂ; sce
also the discussion given by Schellcuneff, [?3], and
Osterberg, %Kﬂ. The idea of concentrating attention on the
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reflection coeffiocient as a funotion of the thickness of the
slab goes back to Ambarzumian, [1], who applied it in certain
radiative transfer problems involving diffuse reflecticn from
& foggy medium, The notion was considerably extended and
developed by Chandrasskhar, [15| and Bellman and Kalaba, [4.
In addition it forms the basin for the treatment by Bellman,
Kalaba, and wing, [8 - 14 of various problsms of neutron
multipliantion in fissionable material; including the deter-
mination of critical mass,

The point here is that it is easier to degl with the
nonlinear Riccati equation and the end condition, insofar
a8 numerical computation is concerned, than it is to solve
the linear two=-point boundary value problem for the wave
within the slad, Purthermore, in many oases, it is the
reflected wave rather than the wave within the slab which 1is
of primary physical importance., Once the reflection
coefficient wu(z) has been determined, though, for 0 ¢ % £ b,
the determination of the wave within the slab is also reduced
to an initial vaiue problenm,

Similar considerations enable us to determine the trans-
miassion coefficient, v(z). For 2 = b the problem reduces
to that of determining the transmission through the interface
betwaen two homogensous medis having wave numbers k(b — 0)
and kl. We have the usual snd condition

(4) v(b) = —2{b=0)
k(b —~0) + ky
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Te cxlculate the tranamisaion coefficlent for the case in
which the inhomogeneous slab extends from 2z to b, froma
mowledge of the transmission coefficient for ths cases in
which the slab extends from 2z + A to b, we write the
following equation:

(5) v(z) = Acz0) 1k(z+s-0)s
k(2-0) + k(z+4~0)

ik{z+4-0)a

{v(z+A) + u{z+d)e

. k{z+4-0) = k(3-0) 1k(z+4-0)a V(M)} + o(d).
k{z+4-0) + k(2-0)

It states that excluding terms of order highars than the first
in A ths total transmitted wave consista of on2 somponent
¥hich is transmitted through the interface x = 2, 13 trans-
mitted through the interface x =z + A, and is transmitted
through the interface ixX = b, and a second component which
arises from transmission through x = z, reflection at

X =2 + 4, reflection at x = z and transmissions at
X=%+A and x =b, A passage to the limit in which A
tends toward zero then ylelds the differential equation

{6) A (—%— \%-— 1k)v.

Assuming that wu(z) has been calculated on the interval

0< z<b, we ses that the equations (4) and (6) permit the
determination of v(z) on the same interval; in particular
the transmission coefficient for the inhomogeneous slab, v(0),
can be calculated.

¥e wish to point out the strong similarity between
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equatione (3) and (6) sbove which dessribe reflection and
transmission of waves and the equations in (6.2) of our
pravious paper, [8}, which desoribs reflection and trans-
mission of neutxyons in a rod of fissiopable material,
Abstractly the derivations of the squations for the wave and
the particle cases are identiocal. Ve plan in the future o
investigate the implications of this wave-particle ansiogy
in more detail,

4, Stochastic Wave Propagation

Let us now turn our attention to the case in which a
wave 13 normally incident on a atratified slab, each stratum
of which ia characterized by a wave numk4r which is a random
variabls. OQur ghjsctives will be the characterizatien of the

stochastic reflected and refracted waves,

© | | s | e

Wave
.o > 2z
A1 4 b
ggrractcd Arflected
—
Wave . wWave
=0 % X% 2 Fg1=P

Pig, 4
A Stochastic Stratified Slab of Thicknsss b

Referring to the above figure, we denote ths wave nunrber of
the medium z ¢ 0 by ko, and that of the stratum between
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X, and xm+1 by the random variable km+1’ m=9Q,1,...,0— 2,
For g > Xeg = b, the medium has wave aumber kN. Thus the
slab 0 ¢ z ¢ X1 is divided into N~ 1 strata. We put

Am =X, =R The incident wave, which arriveg at the
interface z = Xy 3 from + 0, 18 specified by the

function eikn(a-xu“i), where now the time factor oiut is
suppresssd. The reflected wave iz denoted by RNéﬁikN(z‘xN"l),
z > Xy 17 and the refracted wave ie denoted by TNcikoz,

z < 0,

Our attack on the problem of the determination of the
random variables RM and TN will be along the following
lines. We first imbed the problem for a fixed value of N
within the class of problems for which N = 1,2,... . Next,
using the localization principle, we derive a relationship
between the random variables RN and R“_l. Lastly, using
analytio, Monte Carlio, or perturbation teshniques we determine
successively the distribution fungtions for the reflection
coefficient, RN’ and the transmission coefficient, TH‘
In this paper vwe assume that the random wave numbers k Are
independent, but no assumptions of smallness of variation of
the random numbers km about their means need be made,

The simple case in which N = 1 is easily treated. The

ik.z
incoming wave is e A s 2> 0, the reflscted wave i3
—11(12 1koz
Rle , 2> 0, and the refracted wave 1is Tlo s 20,

In terms of the wave numbers ko and kl, the reflection

and transmission coefficients are given by
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(1) B =g+’
1 ©
2k

@ g

These rslations follow from the assumed continuity of the wave
function and ita first derivative at the intarfass =z = O,

We now tum to the case illustrated in Fig. 4. The teotal
reflected wave 1t corpozmed of an imnediately reflected wave,
& wave which arises from transmission through the interfsce
at 2z = Xg 34 reflection at the face 2z = Xy o and retrans~
mission through the interface at 2z = Zyo1? aid #0 on.

Expressed mathematically, thig atatement becomas

- kg (-8 3) = &
(3) RN”:+§;+EN2§NR§_1‘$1 ¥y e g 1851
s = W
l+

where the dote dencte the sontributions from terms involving
more than one reflestion from the medium =z Xy o° Te
evaluate these terme we note that each component incident con
the interface = = Xy 3 from the left givea rise to a re-
fleoted wave whioh is then partially reflectad at the inter-
face 2z = X 2 and is then partially transmitted through the
inzerface £ = Xy 1* These coxmponents are the temms of a

geometric sexices with common ratio

= i SN

1
L+ %, TNl
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Equation (3) becomss ‘
ky =l [Mokey <Rl by,
i -

1l
1~%4““N;ﬁ§4%4 ’
E; 1 T &y 15#4

It is convenient to introduce the local reflection and
transmiassion ceefficients for waves incident from the right
on the interface x = xN—l’

© T

and the corresponding cocefficients for waves ingcident from

the left,

(8) sy = 2".’:‘1 - .

These coefficients ebviously satisfy Stokes' relations,

(9) Ty + P =0,
(10) Gty = 1 = r5
(11) o+t = 2,

N |
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o that equation (4) becomes
Wy LY 1
(12) Ry = Tx * Sy%y® Ry A AT
1= rye Ry
—2loy 384
e (bt “A”N"ﬁ)“n—l .
1~ rye “B-1 =
If, finally, we make use of Stokes' relations and introduce
—-21 A
we {ind
r, + O
(lk) RN = N ﬁ-lnﬂ—l , N = 2’3,". .
1+ Ry

Rquation (1) ylelds
(15) Ry = ry.

Rquations (14) and (15) constitute the desired stochastic
functional equations for the reflection coefficients RN’
3imilar considerations for the tranamission coefficients

yield the relations
o o Vegatya
N
(16) Ty = T s N = 2,3,000,
N N-1
L+ mdy Ry

(17) Ty = .
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5. _Applications of the Preceding Results

We now considsr the uses to whioch wa may put the
stochastic functional equations derived in the last section.
The basic problem that confronts us is that of determining the
distridbution of RN and TN’ given the distridution of the
random variables r, mdsy 1 =1,2,...,N =1, Here, in
speaking of the determination, we are primarily interestsd in
the numerical determination,

We shall discuss three possible uses of the preceding
results.

i. Monte Carlio, The formuls seems ideally suited for

a Gdirect determination of the distribution for RN and TH
using a Monts Carlo technique in conjunction with a digital
computer which generates thae random sequences &ri} and
i&i}’ This wil. be easy to carry out even when the distri-
butions of ry and 61 depend upon those of r1 and
51_1. Thousandas of runs can be carried out in a matter of
minutes,

2. Recurrence Reslationas for Distribution Punctions.

Since RH is complex, we take as & fundamental distribution
assoclated with this stochastie variable, the function

(1) pN(z,r) = the probability that R, be in a circle
about 2z with radius r.

Since the transformation in (4.14) maps the intsriors of

eircles intec the interiors of circles, it is clear that we
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can obtain a relation for pn(z,r) in terms of the corres-
ponding funotion for N -— 1, [17].

Since, however, pN(z,r) depeands upon the thrae resl
variables X, y and r, vwhere £ = X + 1y, we sees that
this relation 18 not ideally suited for direct numerical
computasion,

Having obtained the formula, we can now introducs
perturbation techniques. Assuming that », and 5, may be
written in the form

(2) Py o=+ €M,

0, = d + €A

L 1’

where € is a small parameter and o, and 4, are random
variables with known distributions, we can writs

(3) py(z,z) = p§°’ + epgl) + e2p§9) + ooy,

and use tha recurrence relations to ebtain relations for

p§0)’ Pgl): ree e

3. Stocnastic Iteration. The formula in (4.14) yields

a relation of the type

+ Vv
(%) RN = :: ¥ NRO ’

where Uys Yyo Wys Zy 8T random variables determined by the
sequences {ri} and {6£}'
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A8 a matter of fact, we lmow that (4.14) is equivalent
to the matrix relation

weo v\ iy S wes vy

(5) ;= .
N 2y 2 ory ey oz

These relations can now be used to determine the
individual and joint momsats of the Uys Vg Wy By in
tarms of the moments of the r, and §,, of. [2].

Results of this typs are useful in connection with the
inverse problem of CGutarmining the distribution of ths ry
and 81, glven the obzerved stochastic valuss of the Ry.

Each of these methods will have their analogues in the
multi-dimensional case, Prom the standpoint of computational
ease and effectiveness, we feel that the Monte Carlo methed

is the most promising.

€. Discussion

It is clear that this paper is but a first step toward
& more comprensnsive theory of wave propagation in atochastic
nedis based on the principle of invariant imbedding, =
radical departure from current practice. In future papers, we
plan to discuss spplicaticns to the case of ¢blique incidence,
other gsometries (mse [5,16]), and electromagnetic wave
propagation, per se. In addition we propose to exploit the
wave-particle similarity mentioned in §3.

Pinally, let us mention other teschniques for treating
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nonlinear equationa with stochastic elements, given in
Bellman, [3], and Kalaba, [;8}, and which are relsvant in

wave propagation studies.
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