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In a series of recent papers the principle of invariant

imbedding, which represents an extension of the invarianoo

principles of Ambarzumian and Chandxasekhar, has been

employed in the study of a variety of physical processes

including radiative transfer, neutron transport, random walk

and scattering, and wave propagation.

Use of this principle leads to the formulation of

various functional equations describing the process under

consideration. Redheffer has used a similar approach in the -

treatment of several problems of electromagnetic theory.

The aim of the present paper is to extend previous results

and techniques to cover cases involving plane wave propagation

in stochastic media.

In general terms, the approach involves first the

derivation of stochastic functional equations for reflection

and transmission coefficients, followed by the taking of

expected values of appropriate functions of the random state

variables. This makes possible the determination of their

characteristic functions and distribution functions, by means

of still other funotional equations, or by computational

schemes of the Monte Carlo type.

We discuss the particular example in which a plane wave

is incident on a stratified slab which Is characterized by

stochastic wave numbers in each atratum. The distribution
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funotions for the amplitude of the random reflected and trans-

mitted waves are then determined as functions of the thilckess

of the slab. The effeots of multiple scattering are taken

into account,,

The emphasis throughout is upon the general applicability

of these funotional equation procedures to problems of propa-

gation in stochastic media, using methods quite distinct from

the alaosioal techniques,
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1. Introduction

In this paper, we vrish to describe an application of the

theory of invariant imbedding, [4 ii], to the propagation

of electromagnetic waves through an inhozogeneous mdium,

especially where the inhomogeneity is stochastic in origin.

Problems of this sort arise in a variety of fields including

radio wave propagation and acoustics.

There have been a large number of papers devoted to

this topic, most using the routine perturbation approach, and

a few the concept of a stratified medium; cf. Redheffer, [22],

Luneberg, [19] , Bremner,, [13] , Tatarskii, (24], Gronwsall, [.16],

et al Topics of current interest in radio wave propagation

are discussed in [12,14,25,27].

Our aim is first of all to Illustrate the applicability

of functional equations and principles of invariance to the

study of various types of wave propagation. The basic ideas

were sketched in our note, [7], nd fuller mathematical

details will be given in papers shortly to appear. Secondly,

we wish to point out the importance of functional equations

in stochastic variables, prior to the appearance of any

In his book on Radiative Transfer, Chadrmsekhar refers

to some earlier uses of invarianoe principles by Stokes and
Rayleigh.
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expected values. These relations can be used, as discussed

below, to furnish numerical solutions along Monte Carlo lines.

Finally, we wish to emphasize that the zonlinear aspects of

the recurrence relations that are derived make it important

not to use expected values, but rather to examine the actual

probability distribution of the random variables that appear.

2. The =hsical Process

We wish to consider the problem of determining the

characteristic& of waves reflected from a randomly inhomo-

geneous medium and the properties of waves transmitted

through such a medium. In particular, we limit ourcelves to

the case in which a plane sealar wave is normally incident

on a slab bounded by parallel planes, the wave number or index

of refraction of which is a random function of distance from

an interface. We assume that the media in which the slab is

o ntained have constant wave numbers and, as usual, that time

variations are simple harmonic. Ultimately we are concerned

with random solutions of the reduced wave equation in one

dimension

(1) w"I(x) + k2 (x)w(X) - 0,

where the local wave number, k(x), is a random function of

x. The index of refraction, n(x), is expressable as

(2) n(x) -
k0
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Since it is the method of attack which we wish to

emphasize, before taking up the stochastic case, we solve the

reflection and transmission problems for the case in which

k(x) is deterministic, making use of the notion of invariant

lkbdding and a wave-localization principle which we first

gave in [7]. Then we take up the problem of reflections from,

and transmiLssions through, a medium which has random strati-

fications, each 5tratum being bounded by planes perpendicular

to the direction of propagation of the incident wave and eaoh

having a random wave number. For convenienoe, we assume that

these random wave numbers are independent, but no assumptions

are made concerning "smallness" of departures of the wave

numbers from their average values.

Some generalizations and indications of future work are

provided in the discusaion of 6.

3.. Deterministic Wave Propazation

To illustrate some of the ideas which we shall employ in

the treatment of the stochastic problem, we first discuss the

problem of the reflection of a plane wave norwally incident

on an inhomogeneous slab, a problem of some difficulty arid

iportance in itself, r9]. Consider a plane wave,

exp i(k 0 x - t), arriving from the homogeneous space, x < 0,

and approaching the inhomogeneous slab. 0 < x < b. The

space x > b is assumed to be homogeneous.
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Fig. 1

A Plane Wave Incident on an Inhomogeneous Slab

The medium x < 0 is oharacterised by the wave number k.0

and tha medium x > b by the wave number k1 . The inhomo-

geneouB slab, 0 < x < b, is characterized by the wave

number k(x), which is assumed to be aectionally smooth.

Our objective is the determination of the reflected wave,
-ikox

As , where here, and in what follows, we shall suppress

the time factor e - i wt .

We first imbed thia problem within a class of problems

in which the incident wave and the inhom'geneous slab are

suitably altered. More precisely, we consider the problem

of determining the wave reflected in the half-space x < z,

where 0 z eb, as a result of having the wave

exp[ik(z - 0)(x - z)] incident on the inhomogeneous slab

z x < b. As usual, k(z - 0) denotes the limit of k(x)

as x approaches z from below and k(z + 0) is the limit

as x approaches z from above. As before, we take the

space b < x to be homogeneous with the wave number kI,
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Fig. 2
The Geometry of the Class of Slab Problems

For the modified problem the space x < z has the constant

wave number k(z - 0), and we denote the reflected wave by

U(Z) exp[- iLk(z - 0)i- z)],~ where the explicit dependence

of the coefficient of reflection, uz), on the position of

the left face of the slab, z, is indicated.

Observe that when s - 0 we are confronted with the

original problem, and when z - b we are confrouted with the

simple problem of determining the reflection coefficient for

wavas incident on the plane interface of two homogeneous

media. In the latter case we have

k(b - O) - k
(1) u(b) -

k(b - O) + kl

which follows from the usual assomptions that are made con-

oemning the continuity at the interface of the wave function

and its first derivative with respect to x.

We now wish to show that a knowledge of the refleotion

coefficient for the inhomogeneous slab's extending from

z + A to b enables one to find the refleation coeffioenV

for the slab [z,b]. This is accomplished through use of the
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localization principle given in [7], valid unmder mild

restrictions on the function k(x), which in turn was

suggested by Bremer,& paper, [13]. Let us now indicate this

principle.

Return for a moment to the original problem with z - 0

and consider a plane wave exp(ikex) arriving from the

homogeneous space y < 0 and entering the inhomogeneous

slab. At the boundary the incident wave is spllt into a

reflected wave and a refracted wave. There is an imediate

reSlected wave and an immediate refracted wave obtained by

supposing that the inhomogeneous medium is actually homo-

geneous with wave number k(+ 0). If the inhomogeneous

medium is now taken to be the limit of a sequence of inter-

faces with this type of reflection and refraction ocourring

at each interface, we can obtain the total reflected wave

and the disturbance within the inhomogeneous slab by adding

up the effects of the reflected and refracted waves obtained

in this way and then passing to the limit. This principle is

valid regardless of the position of the left face of the slab,

z. 0 z -<b.

To apply this principle, we consider the situation

illustrated in Fig. 3, in which the wave numbers of the

strata are an ahowa.
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. lk(z + 0-o)

k(z-O) / (x) I'

0 z z+ a

ig, 3

The Geometry for a Clas8 of Modified Problems

To within terms of orders zero and one, the rofleotion cso-

efficient for the slab [Z*1b] is given by the "sun oftbhree

terms. The first is the imediately reflected wave. The

second is the wave that ari. s Prom transmission of the

incident wave through the interface x = z, rlectibn at

the interface x - Z + A and transmission through the inter-

face x - z. The third component arises from trartsmisvion of

the ineident wave through the interface at x = z. reflection

at x - z + A, reflection at x = z, reflection at

x - z + A, and finally transmission through the Interface

at x - z.

Mthematically, we a" led to the equation
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(2) u(z) k(- k(Z-o)
k(M-O) + k(Z+A-O)

+ 2k(R:-o) . -u(z+A)e2i(z+A-°)A _ (z+6o)
k(Do-) + k(z+6-o) k(z-O) + k(z+&o-)

+ 2k()iAo) .. ik(z+ -O)%(z+, )eik(Z+ -O)A
k(O-O) + k( O)

•kC +-O)- - k(aO) k(z+&-O)u(z+A)e ik( z+A-O)A
k(a-O) + k(z+A-O)

• 2k(+A--O) .- + O()+ k o()k(z+&-o) + (O

A passage to the limit in which A tends to zero then shows

that u(z) sutiefle the Riceati equation

(3) u, (Z) - ,

where the primes denote differentiation with respect to z.

Integration of this differential equation, which is

easily acoomplished numerically on a high speed digital com-

puter or by hand, using the end condition of equation (1).

on the interval [0,i then yields the desired reflection

coefficient, u(O).

Similar Ricoati equations for the impedanoe and

reflection coefficient of nonuniform transmission lines have

been given by Pierce, [a2l, and by Walker and Wax, [a6]; see

also the discusion given by Sohe)kunoff, [23], and

Osterberg, , 0] The idea of concentrating attention on the
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reflection ooefficient as a function of the thickness of the

slab goes back to Ambarzumian, il], who applied it in certain

radiative transfer problems involving diffuse reflection from

a fog" medium. The notion was considerably extended and

developed by Chandrasekhar, [153 and Bellman and Kalaba, [4].

In addition it forms the basin for the treatment by Bellman,

Kalaba, and Wing, [8 - 1 of various problems of neutron

multiplication in fissionable material, including the deter-

mination of critical mass.

The point here is that it is easier to deal with the

nonlinear Ricati equation and the end condition, insofar

as numerical computation is concerned, than it is to solve

the linear two-point boundary value problem for the wave

within the slab. Furthermore, in many oases, it is the

reflected wave rather than the wave within the slab which is

of primary physical importance. Once the reflection

coefficient u(z) has been determined, though, for 0 z . b,

the determination of the wave within the slab is also reduced

to an initial value problem.

Similar considerations enable us to determine the trans-

mission coefficient, v(z). For z - b the problem reduces

to that of determining the transmission through the interface

between two homogeneous media having wave numbers k(b - 0)

and k1 . We have the usual end condition

(4) v(b) 2(b-).
k(b-o) +
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To calculate the tranamianion coefficient for the case in

which the inhomogeneou slab extends from z to b, from a

knowledge of the transmission coefficient for the case in

which the Blab extends from z + A to b, we write the

following equation:

(5) ((-) 2 z-0) ,_ ,ik(z+.-O)A {(z+A) + u(Z+& )k( -O)A
k(+-O) +V

(z+A-O) - kf-O).ik(z+-O)k o VAz+A + O(&).

L(z+A-O) + k(a-0)

It states that excluding terms of order high.r than the first

in & the total transmitted wave consists of one component

which is transmitted through the interface x - z, is t.rans-

mitted through the interface x - z + 4, and is transmitted

through the interface x - b, and a second component which

arias from transmission through x = z, reflection at

x - z + A, reflection at x - z and transmissions at

x ws + A and x - b. A passage to the limit in which A

tends toward zero then yields the differential equttion

Assuming that u(z) has been calculated on the interral

o & z < b, we see that the equations (4) and (6) permit the

deterwmation of v(z) on the a= interval; in parwtioular

the transmission coefficient for the inhomogeneous alab, v(O),,

can be calculated.

We wish to point out the strong similarity between
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equations (3) and (6) above which describe reflection and

transmission of waves and the equations in (6.2) of our

previoun paper, (8], which describt reflection and trans-

mission of neutrons in a rod of fissioable material.

Abstractly the derivations of the equation. for the wave and

the particle oases are identical. We plan in the future to

investigate the implications of this wave-particle analogy

in more detail.

4. Stochastic Wave propagation

Let us now turn our attention to the case in which a

wave is normally incident on a stratified slab, each stratum

of which ix characterized by a wave nunh-er which is a random

variable. Our objectives will be the characterization of the

stochastic reflected and refracted waves*

ko l 0N Wavi
. - -- : Z

Al A2
k fracted Reflected

Wave Wave
x-O xI  x x_ _-
x0 1 X 2 '--2 xN_1 -b

Fig.4

A Stochastic Stratified Slab of Thicokness b

Referring to the above figure, we denote the wave number of

the medium z < 0 by kO, and that of the stratum between
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and xm. 1 by the random variable k,+l, m = Ol,. .. N - 2.

For z > x _ - b, the medium has wave number 1c.. Thus the

slab 0 < z < 3N_ 1 in divided into N - 1 strata. We put

4M = xm - %- I , The incident wave, which arrives at the

interface z - XN- 1  from + oo, is specified by the

function aikN( Z- XN l , where now the time factor *i't is

suppressed. The reflected wave in denoted by "NI

z > xl, and the refracted wave is denoted by 
TN*

z<0.

Our attack on the problem of the determination of the

random variables . and TN will be along the following

lines. We first imbed the problem for a fized value of N

within the class of problems for which N - 1,2,... . Next,

using the localization principle, we derive a relationship

between the random variables R and 1t I . Lastly, uting

analytic, Monte Carlo, or perturbation techniques we determine

successively the distribution functions for the reflection

coefficient, RN, and the transmission coefficient, TN.

In this paper we assume that the random wave numbers . are

independent, but no assumptions of smallness of variation of

the random numbers Im about their means need be made.

The simple came in which N - 1 is easily treated. Theiklz

incoming wave is e , z > 0 the reflocted wave ia
-ik z ikoz

le Is z > 0, and the refracted wave is Tie , z < Q.

In term of the wave numbers k0 and k.i, the reflection

and transmission coefficients are given by



P-?47l
8-29-58

1-13
k, - k0

(2) T -

These relations follow from the assumed continuity of the wave

function and its first derivative at the interface z - 0.

We now turn to the case illuatrat*d in Fig. 4. The total

reflected wave is composed of an immediately reflected wave,

a wave which arises from transmission through the interface

at z - reflection at tht face z - x,_2 , and retrans-

mission through the interface at z = Xaz a so on.

Expressed mathematically, this statement becomes

kN + 

where the dots denote the contributions from terms involving

more than one reflection from the medium z < xV_2 . To

evaluate these terms we note that each component incident on

the interface z - x,_ 1  from the left lives rise to a re-

floated wave which is then partially reflected at the inter-

face z x1 j_2 and is then partially transmitted through the

Ivzface z w xM_- . These components aure the terms of a

geometric seriLO with coun ratio



Equation (3) beoomes

"N- "N-.l + kk ~ 2i*.A

RK ICN + k N+kN _i)

It is convenient to introduce the local reflection and

transmission coefficients for waves incident from the right

on the interface x - xM-l:

(5) r H - k+5.

(6) t2N k..

and the corresponding coefficients for waves incident from

the left,

(7) r kN l -kN

(8) * 2.+-

These coefficients obviously satisfy Stokes' relations,

(9) r. + 1'N - o,

(10) 1t - r2

(11) t N + tk- 2,
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to that equation (4) becomes

(12) -r. + tN Nl R

r. +e-t

If, finally, we make use of Stokes' relations and introduoe

(13) N-1 = e ~

we find

... N- 2,3,..
(14) N r *1 + *

Equation (1) yields

(15) R_ = r1 "

Equations (14) and (15) constitute the desired *tochastic

functional equations for the reflection coefficients W.

Similar considerations for the tranwamssion coefficients

yield the relations

t N
(16) T N TNI, N - 2,3,...,

1 +

(17) Ti tit
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5. Alicatiors of the Pxeoe~jf Results

We now consid~er the uses to which we may put the

stochastic functional equations derived in the last siection.

The basic problem that confronts us is that of determining the

distribution of %N and T... given the distribution of the

random variables ri avA ,, 1 , .2. N - 1. Here, in

speaking or the determination, we are primarily interested in

the numerical determination.

We shall discuss throe possible uses of the preceding

results.

1. M~onte Carlo. The formula seems ideally suited for

a direct determination of the distribution for RN and T.

using a Monte Carlo technique in conjunction with a digital

computer which gentJrates the random sequences rj and

tb~3 . This wilL be easy to carry out even when the distri-

butions of r. and S. depend upon~ those of r._1 and

gi-leThousands of runs can be carried out in a matter of

minutes.

2. Recurrence Relations for Distribution Functions.

Since RN Is complex, we take as a fundamiental distribution

associated with this stochastic variable, the function

(1) pN(z,r) -the probability that RN be in a circle

about z with -radius r.

Since the transformation in (4~.1i4) maps the interiors of

aircles into the interiors of circles, it in clear ttiatC we
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*an obtain a relation for p,(z,r) in terms of the corres-

ponding function for N - 1, 17].

Since, however, p,(z,r) depends upon the three real

variables x, y and r, whore z - x + iy, we see that

this relation is not ideally suited for direct numerical

computation.

Having obtained the formula, we can now introduce

perturbation techniques. Assuming tat r. and 6i my be

written in the form

(2) r. r+~~

6i-d + Ei

where 6 is a small parameter and oi and Ai are random

variables with Lmown distributions, we can write

(3) p,(zir) - 40O) + ep(l) + 6 P2 + *s

and use the recurrence relations to obtain relations for

S(0) ().

3. Stoc;astic Iteration. The formula in (4.14) yields

a relation of the type

(4) UN + VA

where uN, VN,, w, zN are random variables determined by the

sequences jrij and I6lj
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As a matter of fact, we know that (4.14) is equivalent

to the matrix rolation

N (uI 'ri

These relations can now be used to determine the

individual and Joiut moment& of the UN, vu, WNP Z in

tarms of the moments of the ri and 6i, of. [2].

Results of this type are useful in conneotion with the

inverse problem of Oetermining the distribution of the r i

and 6iv given the observed stdohastia values of the RN.

Each of these methods will have their analogues in the

mslti-dimentonal case. From the standpoint of computational

ease and effectiveness, we feel that the Monte Carlo method

Is the most promising.

6. Discussion

It is clear that this paper is but a first step toward

a more comprhensive theory of wave propagation in stochastic

media based on the principle of invariant imbedding, a

radical departure from current practice. In future papers, we

plan to discuss applications to the case of oblique incidenoe,

other gsometries (set [5,10]1). and electromagnetic wave

propagation, 1_* so. In addition we propose to exploit the

wave-particle similarity mentioned in §3.

Finally, let us mention other teohniques for treatiAn
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nonlinear equations with stoohastic elements, given in

S[3], d Kaaba, [181 , and which ar elevant in

wave propagation studies.
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