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Abstract 

The hand calculation of the weight distribution of the (71, 35) quadratic residue 

code is briefly described. This calculation falls into two parts. The first part 
consists in evaluating the 10x10 determinant given uy the power-moment identities, 

using properties of Van der Monde determinants. The second part of the calcula¬ 

tion consists in reducing the six solutions obtained in the first part to one solution. 

This reduction is accomplished by group theory analysis. 
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Wtight Distribution of tht Quadratic Rtsidut (71,35) Coda 

The code A we are considering is a 35-dimensional code in a vector space V 

of dimension 71 over the field of two elements. Let V be a vector space of dim 

p(p a prime, equivalent to -1 mod 8) over the field of two elements. A belongs to 

the general class of cyclic codes [of dim(p-1)/2) in such a space V, which are left 

invariant by the coordinate permutations i -*ai, as a quadratic residue mod p. (We 

label the coordinates of a vector from 0 to p-1.) The following facts are known about 

this class of codes.1, 2 There are two such equivalent codes in the vector space. 

The code is self-orthogonal,and its orthogonal consists of itself plus the all-one 

vector. All the weights in the code are divisible by 4. and the minimum weight must 

satisfy the inequality (d-l)(d-2) * p-1.3 By this latter bound the minimum weight in 

our code must be > 12. A vector of weight 12 is known to exist; hence the minimum 

weight is 12. If we let \i be the set of vectors of weight i in the code, we have 

13 unknowns: A^* Ajg, A2Q, .... Agg. 
If we consider the first power-moment identities4 that the code must satisfy, 

we get equations of the following form: 

AiJ*-"tA«0'c0 

12A12.-".60A60*c1 
S 

s 

1J10A„."-*«010A6„-c10 (1) 

U^A,,. ♦ («o“a60-dnA,0) . cu 

<1212Au -«uAjj!* 1312a16. . 5el2A5,.(60l2A|0 • Cj, 
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where the c's, d'*,and e'* are conatanta determined by the power-moment identitiea. 

The determinant of thia aet of equationa ia zero. 

It can be proved that iAj • (p-i + l)A^p.l f The uae we make of thia here ia 

to expreaa A12 in terma of A60. Since 12A12 - 60A60. A12»5A6(). Uaing thia we 

expreaa the righthand aide of the firat eleven equationa of (1) in ter ma of conatanta 

and A60. The form of theae equationa ia 

A16*"‘,'A56 

16A18+"'*56A56 

1610a16**,, + 561°A56 

If Aca ia regarded aa a fixed but unknown constant, we form a ayatem of equations 
oO 

whose determinant is Van der Monde and hence nonsingular. Substituting the 

column of constants into the first column of Eq.(2) and attempting to solve for Alg 

by Cramer's rule, we get a sum of subdeterminants th.it are 10X10. A determinant 

of this size usually presents a formidable computation problem, but since these 

determinants are almost Van der Monde they can be evaluated by hand. The result 

of this calculation is 

A16 »71X7X391 -56A60 (3) 

We will let G denote the cyclic group of order 35 of quadratic residues mod 71. 

In this case G is generated by 2. At times an element a in G will be considered the 

coordinate permutation i -*ai of V; at other times a will be considered the ath co¬ 

ordinate index. The context will determine which is meant. 

As previously noted, A is invariant under the coordinate permutations in G. 

Hence the set of vectors of any fixed weight in the code is also invariant under this 

group. Thia implies that Ai must be divisible by 35 if neither i nor i-1 is a multiple 

of 5 or 7. If i or i-1 is divisible by 5 and not 7 (7 and not 5), At must be divisible 

by 7(5). Hence Aß0 is divisible by 7. Since the code is cyclic, each Aj is divisible 

by 71. 
Using these facts and Eq.(3) we will try to determine the possible values for 

A6(). Since the determinant of Eq.(2) is nonsingular, once Ag0 is known we can 

calculate a unique solution for the remaining weights. By the above, Ag0 is 

divisible by 71X7, and since Ajg > 0. by these divisibility conditions the possible 
values of Afi0 are the following six numbers: 71x7, 71x 14, 71x21, 71x28, 71x35, 

71X42. 

We are able to limit this set to three solutions by proving that either 35 divides 

Ag0 or 35 divides Ag0-71x7 . This is done by the following argument. If 35 does 

' c0 "g0A60 

• C1 -«1A60 

' c10'*10A60 
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not divide A60. there muet be a vector v in A of weight 60 hich is invariant under 

the subgroup K (of order 5) of G generated by 27. Let Ey be the equivalence class 

of vectors equivalent to v under the coordinate permutations in G and the cyclic 
group of order 71; Ey has 71x7 vectors. Our statement holds if we can show that it 

is impossible to have two equivalence classes of 71x7 vectors in A. Let aK be a 

coset of K, and -aK be the set of coordinate indices -ak, ak in aK, K and its cosets 

and minus these sets represent 14 disjoint sets of coordinate indices. Since v must 

have a zero on its zeroth coordinate and ones on 12 of the above-mentioned 14 sets 

of coordinate indices, v must have either 25, 30, or 35 ones cn the coordinate indues 

in G. Now it is known^ that the idempotent of the code has a one on its zeroth co¬ 

ordinate and 35 ones on either G or -G. If v has either 25 or 35 ones on G the addi¬ 

tion of the idempotent would yield a vector in A whose weight is not divisible by 4. 

Thus v has 30 ones on G and 30 ones on -G, or in other words, v has 5 zeros on one 

coset aK, and 5 zeros on one set -bK; Ey then contains 7 vectors, each with zeros 

on a different coset of K, in particular t vector w with zeros on K and on one set -cK. 

If there were another equivalence class in A containing 71x7 vectors of weight 60 it 

also would contain a vector w' with zeros on K and on one set -dK. The weight of 

w f w' must then be 10, not divisible by 4. Thus we have three possible solutions for 

A60: 71X7* 71X35* and 71X42* 9 * 4 5 2 
The vector v that has ones on K, 2K, 2 K, 2 K, 2 K, 2 K, -K, *2K, -2 K, 

-23K, -2*K, -26K is invariant under the group K and is in one of the two quadratic 
residue codes. This reduces the number of solutions to two; 71x7 and 71x42. The 

solution A60 *71X42 implies that A56* 71x110, the solution A60*71x7 implies that 

A « 71X670, The case Aß0 * 71x42 was eliminated by determining that more than 

Tlx 110 vectors of weight 56 arc in the code. This was done by examining the follow¬ 

ing four vectors oí weight 15, which are complements of vectors of weight 56 in the code. 

w j * (0, 36, 38, 43, 44, 45, 46, 47, 54. 58, 63, 64, 66, 67, 70) 

w., * (0, 4, 5, 6. 10, 13, 14, 20, 25, 30, 38. 48, 51, 03, 68) 

w3 - (0, 3, 6, 12, 18, 20, 23, 24. 34, 40, 41. 50, 54, 61, 70) 

w4 * (0, 5, 20, 22, 30, 36, 38, 39, 43, 44, 46, 47. 61. 64, 67) 

Each one belongs to a distinct equivalence class under G and the cyclic group 

of order 71. Each equivalence class was shown to have 35x?l distinct elements; 

hence there are at least 140 vectors of weight 56 in A. Thu*, AgQ must be 71X7. 

Using this, the remaining weights are as follows; 



H #!!|"H ' -.I II 

A,2 * 35x71 « 2, 485 

Ajg » 2,345X71 » 186,495 

A.,0 « 186,186x71 . 13,219,206 
» 

A24 - 4,340,910x71 . 308,204,610 

A28 - 37,881, 505x71 . 2,688,166,855 

Aj2 ' 129,893.225x71 - 9,222,418,975 

A36 - 181,404.764X71 - 12,879,738,244 

A40 • 103,914, 580x71 » 7,377, 935,180 

A44 ■ 24,093,685x71 . 1,710,651,635 

A48 « 2. 170,455x71 - 154,102,305 

Aj2 " 71,610x71 . 5,084,310 

A56 ’ 870x71 » 47, 570 

A#0 » 7x71 . 497 
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