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INTRODUCTION 

Thia Final Report describes the work comple ted unde r Contrac t Cwb-10763 

durin1 the period 1 November 1963 to 31 October 1964. 

The results are presented in the form of four papers, the first three of 

which (A,B, and C) deal with the theory of the time-average (i.e., normal) motions 

of the atmosphere, and the fourth (D) dealing with the observed mean energetical 

properties of the 500-mb waves. 

In an appendix we include an article dealing with the harmonic representa­

tion of surface tol)Olraphy. Thia article was not written under contract auspices, 

but is of p-eat relevance to the overall program of the contract research (espe­

cially to the first two papers included in this report). 

Further work, not completed as yet and hence not reported on here, deals 

with the reformulation of the problems treated in papers A and B in a more 

reali■tic spherical geometry rather than a Cartesian fj-plane. 

1 
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PAPER A 



ON THE THEORY OF THE MEAN PERT RBATIO 'S 

IN THE ATMOSPtlERE 

Barr Saltzman 

ABSTRACT 

A general solution is obtained for fore d, tati nar , qua i - g o trophi 

perturbations in an atmosphere having th main z nal- rag ri ti 

or the real troposphere and stratoph re. Spe ial ndi -

lions along 45• N latitude are obtained for idealiz d r p • f for -

ing due to internal sources and sinks of heat and du t 'I w r b undar airflow 

over topography. The results show how the olution d pend on th al 

or the disturbances. For example, on the longwav ide f a riti al v ct r 

wave number corresponding to quasi-re onance, the disturbanc fore d by 

internal heating tilt eastward with height thereby transporting h at southward, 

and tend to increase in amplitude above the tropopause into th high trato ph r 

The reverse is true for waves smaller than critical. Compari on with ob r ­

vations suggest that the real atmospheric mean waves ar combination of mod 

from the two regimes. 



1 • Introduction 

'nlis work is an extension or two previous studies by t he writer (1961, 1963 

conceming the linear theo~ , or the time-average perturbations in the wester 1 s, 

a subject considered earli er by Charney and ~1iassen (1949), Smaeorinsky (1953 ), 

and Gilchrist (1953), for exMtple , and more recently by t he ~t ff lEID era ot t e 

Aclldemia 51n1ca (1958), Barrett (1 961 ), and oiae (1 962), fCJr exampie. As in the 

previous studies, we base the t eory on a quasi-geostrophic, ~ -plMe represen­

tation ot the atmosphere and apply it only to winter conditions a.ion 45 deg N 

latitude. Cur aim here is 1) to improve upon the representation of the basic 

zonal-avera,,e state by ~dopting a more real istic vertical profile or the basic 

zonal wind and static stability, including a stratosphere, 2) t o extend the cal­

culations to a broader spectrum or harmonic components, and 3) to examine th~ 

energetical properties or the solutions. 

'nte extension of the calc1lation to low r wave numbers is made in spite or 

the realization that there may be a deterioration or the validity or the quasi­

gftostrophic and ~ -plane app!"Oximations tor very lon waves ( c. r., ur er, 

1958; Phillips, 1963). Thia was done in order to obtain a basis for measuring 

the importance or removing thffae restrictive aBsumptiona. 

Moreover, we also recognize that th~ linear equations used here and pre­

viously are valid only as a first approximation, and cannot be expected to be 

capable or accounting for all or the details or the observed mean p .rturbatiorm, 

especially in higher latitudes (c.r., Rltzman and Rao, 1 6 ). 



~Cl linearised pot,mtial wrticity equation goveming the time-a•erage per­

turbatiOIII ot the meridional geoatrophic wind speed, can be written as follows 

tor a ~ - plane "1th no latitudinal variation or the basic state (c.r., Saltaan 

1961), 

were 

• X • diatance eaatward 

". • distance northward 

f' • preasure 

t - tiae 

I&, • eutward wind speed 

~ • northward vin1 spaed 

IP - .Lt-/ J.t ,. 
• tanperature 

• • rat..e of heat addition, per unit mus, due to radiation conduction, 
wt.er phaae d\angea, and friction 

3' • acceleration ot grarit7 

l • gu constant tor air 

Cp • apecitic heat at co111tant pressure 

f • Coriolis paraeter 

X • eastward ccapon.,t ot •1scoue torce per unit maaa 

'( • northward 00apo111nt ot Yiscoua force per unit mass 

6 
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• static stabilit7 

(time mean over interval or ena•ble At , uch that 
~u/~t -o ) 

I -

() • l )- (.) • transient departure from time mean 

( \• ~•-• ~:•o ~• • zonal average of time mean variable 

( ), • l) - () • • departure of time mean variable fro■ sonal average 

f • H +M 

H • ,S..;, (Gtlr.)/~t, 

M• 

At the lower boundary ( which we take as Ute top or a shallow trictiCl'l layer, 

designated b7 the subscript ~ ) ve assume that the mean w - per urbation■ 

can be expre sed as the sum or effects due to forced motion over topograph7 and 

forced vertical motioo due to friction (Ol& rney and Eliassen, 1949). 'nlue, de-

tining -k as the height or the ground surface above sea level and C 
lower boundary friction coetticient, we have 

Illich leads to the following tol'll or the thermodynamical energy equation • ' 

7 

as the 



Al.thou~ C and t, are reall:, tunctiona ot ]( ~ and ~,. , we ah all UIIWIII 

the ettecta ot tlleir variability in (2) are arnall enough that we can adopt aCllle con­

•tant affl"&ge Yalue. Scae justification tor thia is giYen by ~gorinsky (195J). 

At the tropopauae (which we designate b:, the eubecript tl ) we a1111uae "'a' is 

continuoua-i .e., (".)Ills m (~)•• , 111h ich x denotes the value on the troposphere 

•ide and • the Ya.lue on the stratosphere side. We can thus write the enera 

equation gover-i ing Va-. in the form, 

(J) 

• 
At the "top" or tile abnoephere (lllhich we designate by tile subscript -r ), 

tak• to correspgnd to acme arbitrarily small pressure, we require (c.t., Smagor­

inaQ 1953) that 

, (4) 

thia upper bounda~ conditia, is consistent with the requirement that""',~ o u 

f,. _. o pron.ding ;,,r. /~t' remains finite and Q,T • o (c .t., ~>&l.tzman 1961, 

lq. 26), and is also conaiatent with the re<1uireent that the syst• be energeti­

oe]q "clo•ed" at the upper boundary (aee Section 5). 

We nON 1pecit.,, the basic zonal average state to cansiat ot 1) a troposphere 

(-\ > f > fa. ) 1n lihich the vertical profile or the geoatrophic zonal wind is 

pnn bJ 

(5) 

t 
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where ~. and N0 &re th z ro order Besse az1d eumann functions, Q, , -lr 
and C.. are cons • nts, and th st tic stability is ive, by a constant, r. 
• - Ar , and 2) a stratosphere ( fll ">f- > fr ) in "1 ich "-•L-t> is a con-

stant, (i.e., JT./~1·• = 0 ), d t e st ic s ahility i given by anc'l:.he 

t, r.11 : Cl(.r., = -A,.<-~. ith s itabl: choices ot CL, 

' ~ , and C- ' 
(5 ) can ,ive a very good fit to the o s rved winter p file or IA.. (ee~ Figure 

la) and haste i.Mport nt ddition 1 r operty that it mak s the coefficient or 

the first order term ot (1) a constMt (c.r., ~s, 1 62). The representation 

ot r. is most valid in th tropos h*r, d ie least valid in the stratosphere 

where a repres ntation of the for-m r •• -s -A/~ corresponding to isothermal con­

ditions would be better (c.r., e.g., G. es, 1961; <;&ltzman and Rao, 1963). How­

ever, the main feature of th st,atic st bility v riation with height {i.e., a 

very atabl stratosph~ric lay r overl ing a less stabl troposphere is adequately 

represented (see Figure 1b). 

If, !urthennore, we introduce e coordirn'I r sfonnations , 

' ½ ( R Ax f s )- L • ( X.,-J d •) 
' -2(!_)"i. 

f, 

vhere s denotes he valu a s a level, w can wr · te the gov~rning eq ations 

for our e~tem in he fonn, 
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a'\r. + ~a.,,; + a~\S; + ! tl"'i + ~~ ~ = ( RAst•)F. (6) 
.;,xa. ~3L a1L J olJ \.~IL. , 

(I,> ! > I .. ) 

->lli + ~ ,r. _ ,. ( a"'i _ ')14.,) = _ :iR s, , i"'i .),C ~ ct.¼} 

( J = J~) 

2 R. («-1} Q, 

u. •• ¼'Joe. 

12 

, 

• 

(8) 

(9) 

(10) 



where 

s, -

_ 2R (~r.,~M") 
u.. + ~ 

2~~ 1--(A%R./,t,,)'1a.c 

Jal.~ 

'\ ( ...!. ~"", ) 
ii '\1; ~J UL 

Notice that the eftect of forced airflow ewer mcuntaine represented bJ s,<.fr..) 

as it appear• in the lower boundary condition used here a,d also previously (1963), 

ie th.At ot an equivalent surface heating. 'nlie ie theretore the corweree ot t.he 
approach used by Stern and Halkus ( 1953) in their treat.aent ot the pro bl• of air-

now over a heated surtace. 

13 



3. 'DI• Solution 

V. usu.e that the variations ot the forcing tunctione f, , G, , and 

.S
1 

near a ~ Yen latitude circle can be repres.,nted b7 a double Fourier aerie• 

O'l9r a region tonned b,- the length or the latitude circle and an arbitr&J"'1 meri­

dional width ( let. ua say, 4 degrees ot latitude) centered on the lat.i tude circle. 

ftaat s.a, 

(11) 

~ -Fi' 
-l . 21f ( RAx-fs)t / ~ ~,.. 
t . J.. w ( l /4% t1")' / ¼ L• 

~••length of the tund•mtal regian correaponding roughly to th• di•­
tance around a latitude circle 

• L: • 1anal width ot the tundul.,tal region 

"""' • vaYe n111ber in th• ,- -direction 

""" • vaYe n111ber in the ~ -direction 

1ben we can write the eolution ot the system (5) - (9) in the tol'll, .. --
~ (", t, l) = ~._ .. !._ ... v,..,~(~)~[i.(--lc""~1-.l-.c,.)] 

(12) 

where, tor the troP91phf[! : 

(1)) 

14 



in which q- , I , and J are the complex influence tunct1an1 tor the ettecta 

or heat and momentum sources in the interior ot the troposphere, at the lower 
boundary, 81'\d at the tropopause , r es pectively. 'lbese are g!.vtm by 

_ ,r R. Ai: fs ~ E ~ l 3 ( Jj ~> ~ < J 
G: (~ ·\) = (14) .,.., ) 2 4L Lt 0 lt) 

} (E.; \) £ > j 

- G:l"') + -~ (r:l") - -•""' -.-
r"" ,t \) - - ~:!J,[cJ*(;\l) -c+tJ:()\)] 

05) 

' 
I l~, . l i.) - + L. I,_ ... - ""'•""' I 

- (16) -

where 

3"(4.;C..) • [ c3 +._ (-4)- c-,. ,#: (~)] X [Ca..;,(._) - c, ,I.,('-)] 

c, . [ 'P.'(~~> + t¼-~,)~(~\~) l 
C1 -= l +~' (l k) .. ( t,-'-lr) fa.(~ \L) 1 
CJ - l 'P.'(l\,.) + )l, 'P. (l}.)] 

c,.. [ '11a.' (~la) +-J\, -k_ (Ala)] 

-J,' - J.. t/J I J..} 

1 



AL- (t,;. .. _.!'! ,. .. ), [)~ •(k:-r--), ~~=(k~-V)) 
l!s 

.14" • (~1.._..'- +J.a~--J 
~ • ( C'-C.J - c, C4-)-I 

y - )A-a.~/~""'-

and th• tunctian1 +, l~l) and fa. (A I) are given by, 

ft - J.(ll) , l''">o 
+'l. - N. ti l ) , 
.,,, • Jo (i, ~'1) J 

~-- )0 

~ 1 =(L~')&. <O 

'I'~ • ~ 1-(') (. i, )' f) J , .. ,. 7 ( \. A 1) ~ < 0 

'I', • I , ~&•o 

+-- - J.a \ J i" - 0 

1111.-. J" • , N. , and M. are the aero order Beisel, Neuaann, and Hankel tunc­

tiona, respecUnl7. Not.e that tor the preYioua model studie1 b7 the writer (1961), 

u wll as tc:r the models studied earlier b7 9ugor1naky (1953) and the Starr Mai­

ben ( 1958), the hcaogmeou■ eolut.iane, in tenu of which the ccaplete aoluticne 

were apreaaed, were the confluent hypergeca,tric tunctiona rather than Bft■■el 

funct .. on■• 

Aaauaing all the fcrcing ie confined below the tropo,ause (i.e., F. -:: o -g.-, 
I <la), we h&Ye tor the 1trato.,here: 

, (17) 

where 

, CL= - • 

16 
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l 

In the sen, e t ha t both dMlpine and amplification or the mean tropopause pertur­

b tions into the str~tos . here are pennitted, this solution is more general than 

the stratosphere eolut ion o f Sma orinsky ( 1953) which requires exponential du,p­

ing in all c ases. 

Scme or t he general properties ot the 90lution regarding the positions and 

elopes or trou ,hs and r i dges or th e pressure field are readilJ ded11cible traa 

the differential equations: 

Cue I) Forcing d e to mountains or eq i vcile:,nt boundary heating ( F, = a,~ , .. , 
S, 10 ) - Asa\.lD • ng an hamonic form for V. we ave b:, applying (6) at the trough 

or ridge ( ,r. : 0 ) , 

which has the general solution 

J 

In order to satisfy the tropopause condition (9 ) , for ~,Ill; o , we must set 

which means that J,r. / J \ = 0 for all J' alon ~ a trough or ridge line. 

Thus we conclude that 1n this model trou,:h and ridge lines usociated with a 

boundary-induced perturbation of a e i ven wave number has no slope and height. 

Furthermore, at the intersection of a trough or ridge with the lover bowad­

ar,, we have fran (8) 

17 



'ft\u, in the case ot a pure mountain ettect, tor ex1111ple, ve have the approxi­

■<11te relation 

which implies that the center ot c,slonis vorticity must be on the downslope 

(heated) aid• or the mountain and the center ot anticyclonic vorticity on the 

gpalope (cooled) aid•. In the absence ot friction {i.e., C • 0 ) ve vould have 

~1.,,/J 1 ~ 0 at "\1i ::. o , which would ••an that trough• and ridge• coincide 

"1\11 ·ua• nll•,a and peaks ot the topographic barmanica, (c.t., Barrett, 

1961 ). 

Cue II) Forcing due to internal :,ources or heat and mcaent\al { F, lo J S,:o) -

For the interaection ot a trough or ridge line with the lower boundary in this 

case, we can vrite (8) 1n the ronn 

llhich 11eana 

[ 

>O 

<O 

, 

tor a trough 

tor a ridge 

a inc• A,) o . 'lbua, at the lower bowpan all trough a and ridges induced t,y 

in!r•mt2 •ow:s•• ot heat and 11ggentt11 must tilt EASNARD vi.th height, In the 

absence ot the aurtace friction ( C. = o ), we have ,4,:. o and hence ;J\f.,P\ :so 

which would imply no tilt ot the troughs and ridges vith heip,h Rt the la.,,er 

boundar,. Prem (1J) and {14) we can ahow that 1n the absence ot friction w 

18 
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I 
I 
I 
I 
t 

(.i) 
hAve q: ~ 0 and, he ce, th troughs nd riu es would continue to show no 

tilt with h ir,ht t r ou hout the entire atmosphere if the vertical model sur­

fac s of the forc ' np funct on have no ilt wi h h~i ht (c.f., . a ,orinsky, 

1953). 

As can e s n in h f ol lowing secti on (and also in the revious calcula-

tions by th writer, 1 3 , wh n friction is incltr:ied, th sloes of e troughs 

anrt r • d es sane distance bov t e lower bound ry display syst mat· c var iations 

depending on the wnv number of the perturba ion. These appear to e in accord 

with he res1 lts of a· lch rist (1 3) . 

Fran {J or (9), we can al. deduce some or the properties which the solu­

tion must displ~ at the tropopause. lf, for exan le, "'•-- =- o we must have 

~ ~ O at a trou h or ridge, which m ans U1At the trough and rid e linHs 

are vertical. More generally, we must hAve at all points a a1g the tropopause, 

or 

which implies an increase of the anplitu e of he mean emperA.t.ure wAves as we 

pass fran the troposphPr side to th~ str lospherc side. 

1 



0 4. Special Solution• Corresponding to Winter Nonul Condition• at 45 N Latitude 

a) Par•etere - The tollOldng constants denning the phyaical ayat• are 

choaen, 

~• • .3 ~ ,o• c:..-, 

~ • 4.S x I c,I c.-v 

¼, • 10- ◄,,.ac_-• 

A o-•> c.....-~-• r" • I· 7 ,. I 

f,-1000~ 

J, - ,. 8114 ( 10° ~) 

J
1

• 1. o•oo ( 2so,..J,) 

~ - ,. ~ .,o-3 r "'-'--"3 

C. 1.c.,e104 c..-, 

and the tollOld.ng coratanta are taken to dNcribe the mean zonal atate, 

_, - 0 
~ _, 
V • 33"""'1~ 

- l. c. • o.o~,~ a. 

As. • S" k 10-'-~ .....,-, 

A. - .3 )L 10-• ~,._J,,-• ( °' = '-) 

'4•t.Wa)• 4.&tl ,_..~-• 

The pron. laa ot U..l t) and r. ( t) 1aplied by tbe1e conatant a are 1hown in 

Fipre 1a and 1b alcng with the prot1la• uaed in the prerioua 1tud7 (Saltman, 

196.3) and the ob••ned J&m.1&1"'7 nor11al •aluea at 45°N. 

Pcrcing due to tvo phyaical ettecta will be considered: 1) la,,er boum ary 

h•ting and cooling due to adiabatic air now o•er topography and 2) intem&l 

20 



heating and coolin with an assumed maximum .-. 0 a r 700 mb due to a canbination ot 

diabatic e ff cts an rans · ent eddy heat f luxes. From previous studies by the 

writer (1962, 1963 ) i appears ht forcin de t o internal sources ot manentlln, 

measured by M, , is smaller han the above err cts, but perhaps is not unim­

portant if one wishes to account for a snail res · dual percent.a e or t he total 

variance or the mean map . t er detenuinat • one of M, should be 08sible now 

with the se or data presented ~y rutcher, 1 59.) 

b) Influence funct i ons and resonance - etore discussing these forcing tune-

tiona, et us first consider the inf uence functions I,.__ 
I 

, and G-°-, .. , 
and, also, the qUAntity -X._ ~ 

I 
"11ch represents tile magnification factor fer 

the amplitude or the perturbati ons a ove thfl tro opaus~. 'nles qu&nlit.ies depend 

o,,ly on the wAve number and the h;ysical conatan s iven above. 

In Table 1 we present some or he derived parameters "1 ich depend on vavft 

mnber, for 'Ml • 1 through 6 and ~ • 0 and 1, (i.e., for twelve vector wave 
~ numbers, measured by)'- ) and in Figure 2 we 5iow he tratosphere amplitude 

function 11 ~--,- for these same w ve numbers. :le can see fro11 this r igure 

that only the perturbAtions having the ow s vec or WA.Ve nud>er~ can anplify 

abc·,e the tropopause in th · s model. 'nlis seems to be in a reanent with observa-

tions (c.r., Arctic Meteorology ese rch r o , 9 

The influence funct.ions I. (=-I. t-') +"' I t.~>J 

3 ). 

) J"" ~ JlA) +~- J(.i.)) , 
and '"' • ,.._ (iJ) G- ( ~ (r + t ~ from wh ch one can compute the troposphere solution, 

given the forcing funct ions , are t abulat din ahles 2 and 

although actual calculations were made a every 5 11b. 

at every 100 11b 

t he case of ~ 

tabulations tor only four reteren e e"els (900 , 700, 5 , and 0 mb) ar g · ven 

although actual calc• 1 ions were made tor every 50 111b et.ween 90 and 250 mb. 

1 
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An obvious :feature ot th .. • tabulated influence tunctiana ia the marked 

1ncrnse in map,nitude, and the reYeraal or signs, in the Yicinity or vave na­

ber (5,0), vhich imply hif,h &lllplitude responses and chan,:ea ot phase ot the per­

turbation• near this vave n1aber. 'ftlia is a reflection ot the tact that the 
J. 

••ctor va•e nu.ber /-~o 1• very close to the "quaai-resanant" ••ctor vaYe 

naber tor t he model treated (c.r., Gilchrist, 1Q5J; ~agorinsky, 1953). 1'1• 

exact quasi-reaonant vector vave number, vhich ve call M-~,. .. (=--tl._.,. .. +..L""tf 1 /,... , .. 
satieties the condition 

(18) 

,,> 
vhich in the absence ot surface friction ( C :o) would imply that ~--.• .. • (and 

·1 J ~ ~ ~ ~ alao I• • , J • • , and <f-•-• ) approaches in!inity and i" • • (and also, ~,• ,_,.. I -,• , .. ) , .. , •·> ) I •-• , 1. _ • , and C • • equals zero. Hence, the resp<Xlsea vould be ot -.- --,- ,-,-
Winite amplitude. In the presence of surface friction, howe.,-,r, the condition 

~,I .,,., T,., ,,., (18) iapliea that .. • (and also -••• , '1._,. .. • , and r.. ,. •• ) equals zero ,• I I --- I r'~ 1,., ,.:., t,1 and SJ,•• (and also ~ ... .- , J,...~-- , and <r-~~• ) is a large but finite nuaber. 
'ftlua, in our frictional case, internal sources and sinks of heat and manentua ot 

ecale (.,.• , ~ .. ) having no tilt vith height vill induce large amplitude perturba­

t.iona also having no tilt with height. 

Ole ia tempted to speculate that if there happened to be sollle forcing on a 
I. 

■cale near/2. • a very high amp l itude response ot the mean meteorological vari--,..-
ables vould be induced. In fact, we actually do observe a response on the scale 

""'s s vhich is perhaps greater than might have been expected (c.r., Saltr.aan 

and Peboto, 1957). For t1«> main reasons, however, ve must be cautious about 

diac~••ing solutions near the quasi-resonant point. 'li,e first is that a ver1 

27 



hiah aplitude reaponee would be incanaistent vi th the tqpoth••i• ot -11 per­

turbationa-1. e., the appearance ot strong non-linear ettecta may inYalidate the 

theory near ft-• , J ). 'ft\e aecand 1a that nan it the aolutiona near ( -~, J ) 

are rough~ correct, they are eo sensitive to the choice ot parameters that we 

cannot be sure ot their correspondence to real ataoapherf! conditions. Needle•• 

to ••Y, these queetiana conceming reaanance can have iaportant illpllcatians tor 

the a\j)ject or global moditicAtion or clJaate. 

c) Bupona• to Topogr1Pb7 - Litt us represent the ·topographic surface in the 

neighborhood ot 45°N b7 a double Pourier expanaion ot the tora 

= 

+ L c .. ,. e,.,.,,..,. l-tt." - ~,..,.) 
,...., ~ 

' C._,.. :: ~ [ ( £!:! .. + c;• .. s- + (c_!::_ + e'~:~-r] L 

28 

(19) 
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I I 

I I 

I I 

I I 
I l 
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I 
I 

I 
I 
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I 

I 

I 
I 
I 
I 

I 

I 

I 

. ,, 

1 

1 

I 

I 

I 
I 
I 

I 
I 
l 

, .. , 
e (i) 

1 J_ ~ (€,..,- + ---~ ' 

'""'""" 
- """"' ~ "" + [. '"' €. 

'9111,- ""', ---

..L ~ I 
6 (A) - e ..... , ] ..... ,._, twa,-9 - l c.:> ,,, ~.-- - ,..., 

- e,.., . .., .-.,-

E is the canplex Fourier coeffici ent, and E and • are the phue angles ,,,.,. 

ot tbe harmonics along a latitude circle indicating tile first longitude at 1'\ich 
a maxim'Ull ot .C., occurs. From (19) d the detiniUon ot S,tfJve can now vrite 
the following expressions tor the real and imaginary parts or the canplex Fourier 
coefficients or the bow.:ary forcing function, providing ve take IA.6 as a con­
atant, 

--
vhere 

I 

= ~ t + II.' ( Ai I~ t•) a:~ le, 

It ia instructive t'1rst to show the general effects or the scale or the 
topography only by computing t he r esponse u; on the assumption that all or 

29 



the topograrhic hU'IIIOnics have equal amplitude and phase along a given latitude 

(45°N, in ow ca■•). We also uauae that "-o, 1■ unitor111 with cl . For thia 

pw-poae, ve conaider all the wave nuabera included b7 _, • 1 through 6 and 

• O and 1 except (-.,-.) • (t., I) • 

In part.icular, we ■ hall set C..,./L • - C.,1 • 200 metera , 1>,_
1
., 

• C..,. I 

' 
• 0 , which rro.n ( 19) is equivalent to setting ~ l~) .... 

• 0, and 
L' ( i.) 

•(;. --,, 
l-"J t~) 

• 4£.:,, • 4£~,-• • 'nlus, we are 
~,~ 

• 0 , C.-,.,~ •Jc..• , and C• , . ' 
con■idering all components except (6, 1) included by the expansion 

~lJ,~) - i l {. \-.,.) +~l'",,) ] 

""" .,, I 

where 

-l {4111,o) 
-:: c ...... e..t.-, 'M.Jc.. ~ 

'1 

-l (.¥1,1) : - C""', I ~ ~~' ~ 

'ftle val\11 ■ ot I.,"' ti-cm which the responeea are •sily obtained uaing (13) are 

given in Table 2. 'nle eo lut. iona are ehOlffl in the torm ot croae-eectiona along 

45°w 1n Figur• ) through 1J, with the mountain pron.lea ahOWl at t he bottcm. 

In FiRQrea 14 and 15, the fields ot w, and T, associated with the eolutiona 

tor (., .. ) • (~ 10) and (.:l,I) respectively are shown
1

u these are represen­

tative ot the tvo regiaes aeparated by the quasi-resonant wave n\llt>er. It can 

be ••., the.t in all cuee I w, \...,..i coincides with I"'.\......,< 
1
and \T, 1-.-. coin­

cidn with v;,o (in agreanent with the tact that the troughs and ridge, have 

no ■lope with heir,ht-c.r., Section J). 
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d) Reepan•• to Sow-cN and Sinkp of Heat - 'nle diatri bi& ion of Q, ( • , 1 , t) 

1• nry poorl7 kn<MI. ror want or a better Ntiate, we shall adopt a dietribu­

tian aiailar to that uaiaed preTioualy by ~agorinsky (1953) and the writer 

(1963 )-i.e., 

~.( 11•~ ,f) : l _.., !. _..,.;z_,..lt> ~[~( ... i, .... ~if)] 
(20) 

VMN 

the nrt.ical tune t.ion A (f) having the term ahCMI in Figure 16. It we viah, ve 

can apand (20) further in the mnner ot (19). 

Aa in th• ■ounta l.n cue, ve ehall examine the ettect of the ecale anl.y b7 

eC111puting the reaponae '\Ji •••laing the amplitudes and phases are the ••• tor 
. (~ ,·> all forcing hanaonice. 'nle following unitona aagnitudee ot ~ .. C• N_. - i. N "' ) . ""' ....... 

were adopted, all referred to a phu• origin at ...ft'/. ~ £. , 

.. , l"") l~ .. , <~> r ..la._ I ~.,0 -. -2 N,..,, - 2 N""',-' = 10-1,J - 0 ~-

~ch iapllee that 

t [ ~,l"",•> + Q, l-,,) ] 
,..., 

' ) l"') 
~., .. ,o = .i N .. ,. A<t> &we.,.,. (-kx -E:,._.,.) 

~,l--,•> ~ -4 N,..,, A(t) .......,~(-It~ - £~,,) tc.1f1 
(21) 

44 



Por cu• w ha" 

Prca the•• aprnaian• tor c2--. ~ it 1a eaa1 to calculate th• forcing tune-
' 

t.icma ~.-. and hence to •oln tor ~ trc:a (13) given the valu• ot cr-,-
ehown 1n Table 3. 'nle rnul t•, again tor ""' • 1 through 6 J ac luding ( 6, 1 ) 

1 
are 

lha,n 1n Figures 17 through 27 tor ~ ~ o (i.e., ll&X1ll\a heating at zero longi­

t.ade). Ficurea 28 and 29 •how th• value• ot ""• and T, correeponding to 

t.he - two hullcnic■, <,..., .. ) • (2,0) and (2, 1) , uaed to illuatrate the 

aamata1n reeponae <•• Figure 14 ). 

Par the •lue of ~.,!~ • 10-5 d• •ec-
1 

uaed here, the -,r1.- ••J"tlcal­

_,. Mating, gi.Yeft by 

f Q,j. i-t \(IQ,"+ 
T fT 

la 1 .i.,e I 10-5 deg/aec, which la of the crder ot obMrntiCl'\al ••tiaate• (e.g., 

9tatt ..... , Acadaia Sinica, 1958). 
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5. F.nergetics 

1-'rom the basic perturbation equations and bound r, condition• tor our study, 

we can derive the followin g pair or equations tor the energy balance ot the •an 

perturbations : 

=o 
(22) 

~ l '-• J = l · (IL,'-',);; l + {- ~ (..i, T, ). i + f 14
'~' n,;Y, ! (2J) 

{oJ = 

--

1'\eae equations are a 

tiona i> resented by P· urakami ( 1960). 

( ~ f. )o, + ( w>, ♦, ) .-r' = o 
~ -f.,. t, -,,,. 

60 

• Available potential energy ot 
the mean p rturbationa, per unit 
mass 

• Kinetic energy ot the aan per­
turbations per unit maaa 



In o~i r st1 d,,, we have been concerned vi th modellin~ the mean atate along 

a a!n~le parallel of l~t · tude (45°.~) , and not with the propertiea ot the •olu­

tion ~ar &WR~ frtAII the given latitude. For t his reason, ve haYe not been con­

cerned with ass rin th t the l at i tude band over wti ~ch we made our Fourier expan­

sion is energeticctlly "c osed." \' 'e are c ncerned, however, with the "contribu­

tion" 1it1ich event, nenr t he g · ven li! titude ci rcle can make t , a closed system, 

on the ass· mpti on t 1:1 t ccndit.ions at this lat · tude circle are somewh ·.t represen­

tative ot avera e condit j ons over the whole a~~osphere. 

For the Foirier expansions used in the previous section, ve h&Ye 

u., = 0 at 

and ve have taken 
/\ ,,. 
" v = 0 "• - ,. 

Fran the lower boundAry condition, ve have 

wh~re 

we -10 -

w,½ -

"-'," -V 

~ C (~u, - ~) - ~a ax• de)* 

.,14 - ~~ 't &.l.•\ ttJ ,c• 

~ram the upper boundar~, condit.' n, we have 

' 

•'ith t~eee relations, the kinetic energ,y e uation (23 becanee 

( ~.~ t/>.~ )o ( ~. c-_ ~.'-)• 
+ ----- = 0 

1'T - f\ ,,T -1\ 

1 



The first term on the right or (23' ), which has a countl'rpart with opposite 

sign in (22), repr •H,nt.s t :1P. rate of conversion of available potential energy 

into kinetic energy of the mean pertu1·bations. The second term repr9sents the 

rate or frictional dissipa ion of kin tic energy, and thP. third r"presents the 

rRte of ,ener lion of pertw·uaLion kinetic energy de to the presence or moun­

t&in9 at the lower boundary. J.n (22), the first tenn represent■ the rate ot 

gain of menn perturbation potentil\l energy frot1 th mean zonal potentiB.l en~'"g.v, 

and t third term r epresent~ tho r~te of gel'lf'rntion of m~3n p rturbation poten­

tial energy du to d iahatic recesses and hoat transfP-rs by transient eddies ot 

all rrttquencies. 

Ir we r:,ake " double Fourier expansion of f', , T. , and w 1 in 'the man-

nor of (11), dmoting th~ corres ondinp cCtlplex Puurier coefficient~ hy 

r !II? ct vely, w c.,n write thP. followin ~ transforms of th _ en rr.;y eou ion r or 

th'! in ividual harmonicq (""' ,""-), 

where 

l ~i_ ~r. [ v ,A>s,~-+ v';..> e,lqj i i Ao· A,J - -,r. df 

iA, - k,i - ! f [ ./1.t"I SI"') +- .fl. 1..•l I!, lq j ~ -

l ~' A,J - {-~ l ol'~e,l~J + al l.:J 5,.:, ] ~ - ,r. 

2 

' 



I 

and 

(25) 

where 

From the ~P.ostrophic and h~.rdros t. rttir r lat· ons, we h.i:tvf! 

( 26 ) 

(27 ) 

(28) 

and fror.1 t h'! en ~r~.V en11 t ion, we h 1we 

( ?.9) 

:~1t th,. us P. of ;\ ri (?.7 , w~ c.:\n wri ~ t ,. P l ~r bou -:-y work terms 
r ~pr~:if' t,' np . P. pf fp c; of fr · <' t ion ;i d mount • n~ , c; f ol lows 

----------------------------- - - ------------- --



(JO) 

(J 1 ) 

tt follOW9 from (1 3), (1 5), (28), and (29) th~t for a single hannonic re-

sponse, onlv t n airr ow over mo mtains, the re can be no intP- mal conven,ion or 

energy; i.e., lA, · k,i must vanish. Hence t he re must be an exact balance between 

{Di and t ~ · ~. i . Ci1 th" other hand, for a Mnnonic response, only to int~mal 

heatine I ~. ) , ve must have an exact balance between frictional dia sipation lDJ 
11nd the cor, ers i on or a.va. i lllble otential energy into kinetic energy l~,· k, ~ • 

A ,._ 
(By settiz,111 )(, = '1, = o ve have excluded transfer of kinetic energy between th-i 

transi'fflt perturb~ ions and mean perturb t ions, the poesible importanc~ or which 

was discussed by the writer, 1Q59.) 

As an exNnple, in Table I., we present the vttl es of the energy conver:sion 

ilal.egrals at, ~:L/1. for(....,,"")• (2, 0) and ( 2, 1) for the heating solutions 

onl1. It can be seen the t the rates of dissipation and transfonnation of energy 

in the solution for (2 , 1) are about an order or m:i . itude larger than in the (2,0) 

solution. We also see th t f or t.he "ultra lon wave'' (2,0), the ter.iperature per­

turbation leads the pr~ssure perturbation with a resulting neg~ tive value or 

lA. -~.\. Tnis is in agreement with the results or '!iin-Nielsen, (191>1). 

It ve combine th e solutions for heating and mountains for a g iven harmonic, 

or, for example, r ve canbine two a monics h.g_ vin the RM'le VRlue of """- hut dif-

rerent v lu s of '91,, (such as is 1.rnplicit in sanP observ:◄ t. ion :11 stucUes, e •• , 

I 
I 
I 

Saltzman an Fl i s r, 1 O), we introdu ce the , os 1 ility for A fonn or "res onance" J 

4 
I 
I 



I 

I 
I 
I 
I 
I 

I 
I 

Table 4. &lergv integrala, eftluated along 7 • I/2 , correeponding to the ■olu-
(2 0) (2 1) _'2 _, -1 tiona tor Q1 ' and Q1 ' , 1n unite ~ 10 ✓ er~• • ••c • 

Porcl. ng Function { •0•1 ! { A; K1} f Q1A1 J tnl 
Q{2,0) 

1 - 111 75 186 - 75 

Q(2,1) 
1 1025 719 -)o6 -719 



b~tween the individual eol tiona which can lead to values or the quadrati.c energy 

integrals along ~ -= L/2. which are much different from the simple 9Ull or the 

integrals tor the individual harmonic solutions. Thus it is possible that on one 

acAle, the comhination or fields or "->1 and T, due to mounta ins and heating 

ar~ such as to reinforce and give a large r.onversion of energy, and on another 

scale the effect may he the oppositP-. 

6 

I I 

I I 

I I 

I I 
J I 

I 
I 

I 
I 
I 
I 



I 

I I 

I I 

I I 

l I 

I 

I 

I 

I 

I 

6. Discussion and Conclusions 

In trying to comp re these theoretic al results wil.h rea 1 mean condi ions in 

U1e atmosµhere, we are conrronted with s~rious difficulties due to factors rall­

in~ into two m in c tegories: 

a) Lack of knowledg of the true f orcing distribution - Despite recent 

ohservat.ion:tl studi s ( . P, ., Clapp, 1961 ), we r.,us t actrnit that the vertical struc­

ture and Mlplit udes an phasP.s of the internal forcing functions are very poorly 

known. In addition, t.he mean surface heating due to airflow over the topographic 

f eatur s h~s not yet hP.en detennined ac~urately, and the assumption used here ot 
a uniform !'lurface zun:il win may be significantl~, in ~rror. t would be worth-

while to mAke a sPriou obsP.rvational study of .S~4,..) usinp, &nf!fflanetP.r level wind 

data for ti 1e elobal st~tion uetwork, as well as to make rerindnents or such esti­

mates of Q,, as h.cive alrendy been given (P..g., Rudyko, 1956). 

b) Sensitivity of tt .e ~olutions to th ,;eanetric~l anrt bA~ic-stgte pArame-

~ - T'n nrt.ificiality er the , -pL~n~ eeanetry, and tht- choicfl! of the di.men­

~ion L• in p;trticul.Ar, mak s 't difficult to a~sociate Uie harmonic solutions 

with the t amonic~ alon p :1 r llels of l t it.urte of the real Atmospheric vari11bles. 

In the cxtrP.rn case, • t i~ ossible to int rortuc:-f! riuflsi-resonant comition~ at 

-zonAl wave mun r s low r than 1'WV = 5 simply by incrP.asin~ thf! dimenRion L • • 

For this r e son aloe , we ~li o l d h 

rP.al atmos h re. 

autio1 s A hout making com!>A.rison!IJ wit.h the 

In spite of t hP.se res rv · ions, we should expP.r-t h;tt t.h , solutions obt.iu.n~ 

here cio der,1on~ r :lte t la st tit P,ross for s of the pos siblP. rP-sponsf"s to for'!ing 

on di rr rent s i\ s., L . ~o:nb ·.nation of which in the proper RnhP.ricAl peane ry can 

accoun fo he ooservations. 

7 



An an illustrat i on or the possibilities, let us attempt to assign amplitudes 

and phases to the forcing runctions studied here for"""'• 2 (the scale of the 

m~jor con inent and ocean systan), based on empirical da a ~iven by Peixoto et al. 

(19t,4) Md the Staff memb rs, AcRdemia Sinica (1958). The forms taken ar~, 

(32) 

where 

100 ~ 

0 -= 85 E longitude 

and 

where 

9 • 155°E longitude 

and A ( t) is given 1n Figure 16. 

'nle solutions are given in Figure& ,.;o and 31, respectively, in the form or 

croaa sections of ~ Along c\- -= L./1(45°N) • Canpr r1.son with the results of 

Tewfllles ( 1963) for 00 mb a.rid O mb ndicAte that the- heating solution in p;\rti­

culAr shows a good deal of agreement with the observa • on , w:i th nearly correct 

positioning and amplitude of the stratospheric ~nd mid-troposph~ric mean wnves. 

6 
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'nle possibility of achieving plnu!lible solutions for the troposphere wu 

danonstrated in the revio\18 study by the writer ( 1963), ae well as by the stud­

ies or Smagorin!lk~ ( 1953 and D8~s ( 1962), for exam le. We vi ~-w the results here 
as dST1onstrating t he ossibi • ty for accountin also for the stratospheric mean 

stAte as a r~spon e to f orci~ . r ecesses within the troposphere. 

1n conclusion, we ref r the reader t o t~ ist ~f general suggestions for 

t e improvement and xtension of the problem of the mean wav s which were given 
in the last section o f t he previous stud. ( 1 63). r main concern here has been 
w~th itEl!l 4 of t.his list w ich called for :irnpr ov m nt of the representation ot 
the basic zonal s t ~te. l~c work rema • ns to e done on this as well as the other 
items. Th recent work of . ao 19 4), wh·ch is based on num rical ra her than 

analytical methods, 9eezns es ecially romis ing. 
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FINITE DIFFERENCE MODELS FOR THE ST TIO ARY HARMONICS 

OF ATM~PHERIC MOTION 

M. Sankar Rao 

ABSTRACT 

A finite difference procedure is utiliz d for th olution f 

system of two ordinary differential equations go 

oupl d 

rag d 

quasi-geostrophic perturbations in the atmosph r . S m int r ting ff t 

of the seasonal changes in the zonal mean stat ar di u d. 
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1 • Introducti n 

flle long standing debate on the relati•e iaport.anc• ot the therma . and 

orographic in!luencea in ■aintaining the stationary zonally-aa,-etric pertur­

bation• ot the ataosphere can not 79t be ooru,idered resolved despite much the­

oretical. effort on this subject. Aa ia well knmm, the solutions or t.he linear­

ised approximate potential TOrticit1 equation tor the stationary zonally-aaJmetric 

state, which is the basis ot the moet or the theoretical discuaeions, are con­

trolled not onl,- by the aseWll8d distribution ot the torcing due to the thennal, 

orographic and transient edd7 ettecte, but also by the assumed form or the basic 

zonal mean state, rotation, and friction. EYen ll\en the forcing functions are 

usUlled to be explicitly kno..n, this equation in ita general tonn is not separ-

able except under certain reatrictiYe assumptions regarding the zonal nean state, 

the coriolla parameter f and its variation with latitw:te ~ • The theore-

tical studies up to the recmt past natural.17 t.ul into tour broad groups, de­

pending on the cC1Dbination ot, and assllllptions about the infiuencing tactore 

considered 1n each cue. 

A. Reaearches 1n lllich the ettect ot torcing due to heating only is in­vestigated 

In these works, sane or all the variables ot the basic zonal mean state 

are generally conaidered either constant or pressure dependent oni.,.. f and 

~ are taken as ccnstants. Fr-i,ction is generally considered. . Cllletimes ll\en 

an equivalent barotropic or two-level barocllnic mcxiel is used, 1m licit assump­

tions are made regarding the variation of even the zonally asymrietric erturba­

tions with pressure. Examples of studies in this group are Smagorinsky ( 1953), 
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Oilchriat (1953), Dellale and Harper (1961 ), and OU. (1961 )1• 

B. Studi• 1n wiich the ettect ot forcing due to orograph7 an~ 1■ inveeti­gatecl 

In th•• research••• the treataent ot the baaic sanal mean state, f , 
p and tri ct.ion a I ildlar to that of th• thenaal cu•, and here alao, impli-

cit uaaption• are uaua~ ■ad• regarding th• variation ot the zonal.17-aa,-netric 
pertw-batian• with pre11ure. !D■pla1 are Quene7 (1948), Charney and Elias•• 
(1949), Bolin (1940), C.U.bo (1956, 1957), Macata (1957), and Kawata (1957). 

c. Iiweatigationa 1n "11ch attapta are •de to atud7 the reeulte ot forc-ing due to a combination of heating, orograph7, and traneient •dd7 effect■, ot different 1p1.tial ac&lee 

In theae atudiea, alao, the treat.ant of the basic sanal mean state, f , 
and friction 1• 11111.lar to the above cu••• No uaumptiona are ■ad• re ard­

ing the variation of t.be san&Uy-u,-etric perturbation• with ir•eaure (e.g., 

Saltaun, 1963, 1964). 

D. 8-earchea 1n which attmt1on 1a tocuaaed not onl y on the forcing func­tion•, but also on the latitudinal variation of ;§- and tJ. , the zonal ■NII eut-weat ccaponent of the wind 0 

Prict1Cl'l 1a not cCl'laidered in theae works. In some cues, aainly u a 
■-th-tical apecl»nt, barotrop7, or in effect equiva.lent barotropy, 1■ torced 

on the soral •an atate or on both the sonal mean state and the perturbations. 

Exaplea of etudiea of this kind are Kuo (1958)2, Start Mmbere "cadania Sinica 
(1957), and Barrett (1961). 

1 Dllfa par••teriaecl one part. ot the heating b7 a heating function aillil&r to that uaed b7 Mints ( 1958). Puture adYanc ea aee to 1 ie in par•eteriaatione ot thia ldnd. 

2 fllo\lgh Kuo treated a hcaogeneoue probl•, his work is or great importance tor the queetian ot forced perturbation■• 



In addition to these theoretical mrka, a great nu.her ot publiahed 
diagnoetic obaerTaticnal result.• are ot pertinence to thi1 problm. Euapln 
are Sutclltte (1951 ), Haurvits and 0-aig (1952), Saltaan and Peixoto (1957), 
Van Mieghm, Detriae, and Van !sacker (1960), Clapp (1960), Saltman and 
Fleisher ( 1962), and Saltzman and Rao ( 196) ) • 

EYen when the companente ot the basic sonal mean etate are taken u 
funet.1.on1 or pr•sure alcne, the analytical eoluticn or the re11Ulting coupled 
sys ta of ordinary ditterential equations, is •ery laborious and tiae coneuming. 
Introduction ot realistic scnal mean •ert.ical profiles is extr .. 17 dif.t'icult, 
it not impoesibl• in the usual analytical •thou. It 1a the main purpose of 
this paper to demonstrate a powertul finite difference •thod vhich not onl7 
reduces the labor to an insignificant amount ot co■puter time, but aleo opena 
nw poaeibilitie• tor many kinda ot numerical experillentation. Ae examples, 
sane intereeting results will also be discussed. 

2. 'PPror1r+,e lguatian Go••rnin& the Tille A•eraged Axially Afmpetric Pertur­bationa ot the At,aoaphere 

We adopt the same notaticn of Saltuaan (1964- ) except tor the following 
changes. X .- "i • x y r.:i H , and the subscript b ot Saltsman, are 1QJ J ,'f, 
replaced here b7 X ~ A f:I H ~ and the eubecript \,- , reapectinl:,·. ,a, 1<) y7JY 
Al.ao, we further define 

D* - D - l)o 
-1 

k - fl 

X - L X -
y : L a 
~ ~ p 



where 

D • An7 dependent Yariable 

L • An7 ac&ling length ~ 0 

~ • Any acallng pre■■UJ"tt ~ 0 • 

With the uae ot the abo•e notaticn, the apprn:x1Nt.e nondiaenaionalised 

equatiana AO••minl the tiae a•erapd axially uymetric parturbationa ot the 

at.aoapher•, alang with the top and bot tea boundary condition■, 1n X , Y and ~ 
-,.t•, ueae th• fora (Salt...,. 

(1) 

(1a) 

(1b) 
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lt -l, r )- PsR I ?J I; at 6 :: ~ - L 'J' - -Tio Pf 
.- ,-L c)'J' 

J - J(y) - ( - Ps R ) I u O pf o..t ey - ~r -- -

B -== e c1) :: -PsR a To a.t 5=~ uoPf - -L ~y 
&-

~ - -fr 'I) - ~ fs R a..t ~ = ~b' - ~ 

l<o L Ue, Pf 

E - E CY) - dfb ~ R_ c,J- ~ :: ~ - - P5- b-l<oL 

N IV(y) (- Ps R) /l)oPf a.r ~ = '--
, 

In the X and Y direction, we uauae periodicit7. Also here ~ , H-lt , and 
h ~ , Illich denote the u:ially aa,-etric aaniteat.ation or internal and external 
forcing functions, and Y , 6 , € , (r , J , B , -e , £ , 
and N , which denote the axial.17 a,-etric state, are considered gi •en. 

Giftlft the coeft'iciente and forcing tunct1.on• 1n (1), (1a), and (1b), the 
prabl• 1a to eolTe ( 1) wit,h periodicit7 conditions in the X and 'I direc-
tion■, while at ~ and ~ , (1a) and (1b) have t o be satisfied re-T Ir 
spectinly. Before conaideri~ t e relaxation technique wh ich naturally aug-
gesta itself tor such a p-obl•, we should note t at the lower boundM7 condi­
t i on ( 1b) contains a eecond depem ent var le { ~ "1 i ch can be wri tten 1n 



tenm of -);. through the geoet phic aasmption. Then (1 ) , (1a), and (1b) will 

be 1n one dependent Yariabl• 1r.,, onl.r, but (1b) will be an integro-ditterenti&l 

equation. 'nle order change by the introduction of geopotential will not eoln 

the ditticultiee ooapl.etel.r. 'lbi■ i■ bec&1ee the zero order tenn in ( 1 ) is uau­

al.ly po■iti•e tor ■o■t or the earth'• lP.-:.tioephere. t i a found tha t under these 

circ\aUltancN the relaxation method can not be applied to eol•e (1 ) with i ts above 

11entioned boundary conditiona (Rao 1963). Thus moatl7 tor mathema t ical expedi­

a,cy, we u■\819 that 

(Auapt.ion 1) Do -: Dv A rv D 

(Aa•apt.1on 2) ..!.... of-- C o!VS rAN r 
L- oY 

■o that -Y = f ( ~) , b-= S{ f) , €:. t ( ~) while & , J , 13 
N beeaN constants. Na., let us i ntroduce {.y k , J. lc.. , 13k , -C.t: , £A , 

and N"' to dtnote tha new oonatants 

~ 

l,. ,J ,8 ,~,£,and /'I 

reepectiYely. Alao let ,_!j.-, , e I and /\ represent Y ( g) , ~ { ~) , 
and E (q) re■pecti•el7. With thu notation, (1), (1a), and ( lb) take 

font 
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(2) 

(2&) 



where 

'nle aimpllfied probl• is now to solve (2) with its pres cribed bounda ry condi­
tions. To this ett'ect, we can na, use the double Fourier expansion ■ethod 
which 11 equi•alent to the method ot separation ot •ariables. 

4. Pourier ~sian and the Reeulting S71t• ot OJ:dinarz Di!terential Eguat.ion1 
AaeUllling that all the tiae a•eraged axiall.7 as,-aetric dependent Tari.able• 

satiet, the Dirichlet conditj on1, we can expand an7 s ch dependent •ariable D~ .. 

-+ 

Here j and k are the lengths of the fundamental region in X and Y dir c-
t i ons respecti vely. ')'\f\ and ~ re wave mabers. 'nle s ubecri ts ~ , 'Y' and 
~ indicate that t he Fourier coefficients are tunction!t ot t"rt\ , rn and ~ • 

Now dropping subscripts ~ , rn .itnd 4 f or conve i ence i n wr i ting and 
substituting expansions ot the abo•e tn,e in (2 ), (2a), and ( ) we e t t wo 
coupled 179tma ot ordinary differentia l equat ion wi t h ~ 
Yar:iable (after wr · t i ng u_ in terms of ( b) ro 11 

s t . e independent 

gr ostro hi 



approxiaation) u follow: 

Here 

( 3) 

(3a) 

(4o.) 

Symbols with lower subscripts 1 and 2 refer to the Fourier coefficients, 
vhich are t\lnctions of •'"1 , IYl , and ~ , f or the reso .cti ve dependent vari­
abln. We note that th e coupling in the first s stem ce11es through the friction 
tena. 



Seccmd Syat• -

The aecand a,-.ta 1a exactly e1.ailar to the tirat; the lower eubecripts 3 

and 4 replac~ 1 and 2 respecti••ly in the tiret a;rst•. 

5. Scae Raarka 

We shall cancem ouraelYes with the tint s19t• only because the second 911-

t• is exactly aiailar. The first a19t• 1a generally eolYed (Smagorina)q, 1953 ; 

Saltzman, 1963) by making f\rttar ana:qtical aaauaption1 regarding the coetticiente, 

~ 1 e I and f' 80 that the resulting IHCOnd order crdinar;y ditterential ,---, 
eq~ tions contain coetticimte which are linear tunctione ot the independent Tari-

able and therefore can alw79 be tranatorwed to 1tandard confluent h;ypergeane tric 

type ot equations (c.t., Bataan, 195.3, p. 249). At thia point, ve shall depart 

fr01t the an~ical approach and tollov a finite difference method. For thia we 

haYe to aa■•e that 

(Aaalapticn ) ) No point ot the tinite difference lattice tor the region 
conaidered coincide• with a eingular point. 

6. Finite PU(•ren;• Method ot Solutigp 
The t\mdutental ditticult7 in applying the t1:m,t• ditterence technique to 

aol•• the •111t• ( 1) 1a the coupling which cannot be broken up b7 silllple addi­

tion or aubtracti on. The ti.rat aethod, naturally sug eating itself, 1a to take 

an arbitrary 1Ji. and aol•• tor V,- f'rom (3), (Ja), and (3b) and take that 

1J; and aolve tor a new ~ trca (4), (4a), and (4b) an d t o repe t thia 

proc•• until w arriYe at stationary Yaluee ot u, and ir;_ . There 1a no 

guarant.N that euch a proc••• will lead to convergence unle s ~·e are able te 
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prOYe 1 t by nuaerical mal.7•1•. A auperior method which takes ad•antage ot the 

tact that the UPF!t. bound&r7 ccnditiona are not coupled, will be deacribed now. 

In thia ccntat we ■hall introduce aultiple letter aylll,ola which are like PamtUI 

fioating point nrlablea. 

A. 1he finite difference interior equaticm 

1he c.,tered difference equation correaponding to (3) can be written . 
at any grid point j u (Pig. 1) 

A ~N ( j } lJ"i ( j + I J + BI N ( J ) -1.~ ( j - J ) -t ( o I\/ ( j ) · 1J; { j ) :: D f N { J ) ( 5 ) 

A~N (j) -=- i · ~ ( j) _ e c j) • c5 ~ 

B1tv (~) - l. · ~~~/\{j)- 4 -~ (j) 

(. ON (j ) -= 

D F N (j ) :: l,. ~ ~ ► • G, C j ) 

~i o-id spacing 

. 
J =- an inda referring to grid points trca 1 to J . 



r -. Ficttttoua point J = O 
I 

( = ( I J = l T 

T 
6( 

1 

• 

J = 2 

J = 3 

• 

J = J - 1 

( = (b I J = J 

I 
L -. Fictitious point j = J 1 

Fig. l. F inite diff r n 



ot increasing j ( J :: / , ..2. J 3 · · · J- I ) • Now we use the lower bound&.r7 
condition to get 21; ( 7) and ~ ( :r) . 

c. Application ot the l ower boundary condition 

Ae in the case of upper boundary condition , we invoke the Aesumption 4, 
introduce a fictitious point at J+ I , and write the bOWldary condition at 'T 
in the finite difference form. 1hua we get 

[A .2.r\/ (J) +(ON (3)] 1', ( .J"-t) + [BIN (.r)+ A 2. N ( J") ·'a LIN] · l'," ( .:r)­
(5b) 

IA2.N( .r)+coN(J" ~½Cr-I)+ rB1N(;T)+A2.N(;r) . ~Ll.~ -1{(.:r) -- r <~> 
_ [ E F N (.:r)+fn NU) .l.,L1 ri] - A1.N (:r) -f:RNC~) . v; C-:r) == o 

where, 

0 L' N -= 2 - ~ ~ . -ck f ~ -v -= 1 L21'1 
J. ~ TT 

FR N :: ;;__. s t; . ,(k. • ~ :!;,r 
h L , N = ~-~ -e; - [ E 1c l. ;:-rr t. :i. + N1e H,] 

h Llrl-:: ~ - H. [- l:1c . .2:;K, I.,,+ (Vk H;J 

we can write tor ¥ 1 ( '-4-1) and 1ri. (J-1) in ( 5b) and ( 6b), as 

-V, ( J - 1 ") -:: f I N ( J-1) · 1;, ( :J) -+ 1: 1 IV L - , (5b.1) 

(6b. 1) 
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_ [!_F N C1) - ,- N{1)· HtNJ 

[B1N 1) - C N · , ) . G-IH_ j 

F-2.rJC1 ) -

[A2N( /) t C N ( /)] 

[s, N(/) ._ CoN(1) - G.2.N] 

~EFN(1) - CoNll) • h '2-N] 

lB1N(1) - (ONU)· GiN] 

G , rv == ~ . d 1 · & l a1- J -== ., 

\:J2N-= ;l · ~~ • G-~ cJ- j =-1 

e . d~ · H , a.l- j :: HIN - ;i_, . ~ 

(5a. 2 ) 

(6a. 1) 

(6a.2) 

Pl-ca (5.1 ), (5.2), (6 .. 1 ), (6 .2) t og ther with (5a.1 ), (5a.2), (6a .1 ), (6a.2) we 

can inductive}¥ calculate£/N CJ) tlN (J), Ftrv[J), and F2Al(j) in order 
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f-1N(J) 
_ [ t ~ I\J (.j ) - ( 0 N(j ) - ~;i.N CJ- I) J 

[81N (J ") t CoN (j) ·E · N ( .; - r)] 

(6.2) 

In order to get [IN ( 1) , Fi rJ ( f ) , l:.- /Y(1), an F N ( I ) ~ich are neces­
sary to calcula e E \ 1'I (j), FIN (J) , E .'.l f\l (.j) , and F N (j J ran (5 .1 ), 
(5. 2) , ( .1 ), and (6.2), we introduce the boWlci&ry condition at 

B. Application or the upper boundary condition 

• 

To introduce the boundarr conditions 1n finite difference term, w~ will 
uauae that , 

(Aaaumption 4) 1be dependent Yariablea 1r, and ~ re continuous across the boundaries at ~ T and ~ Lr so that the in­terior equation as w .11 as the boundar. ro oitions are to be tultilled at j -::. t and at .j :: J'" . 

With t his aasaption, we can now introduce fictitious points at J ::- 0 

and J =- .J + I (see l'ig. 1 ). Now it we write the uppt•r boundary cor1dition 
at j -= ·1 1n the centered difference tora and require t.hat the iterative type 
ot equations ( 5) and ( 6) 111uat hold tor an:, m•ber or the family, we get 

V, ( l) £1 N (1) • 1r, (.2.) + FIN ( ,) (5a) 

1.rl. ( I) [ 2 "' { I) , 11;_ { 2. ) -+ F"L/\1( I) (6a) 

where 

EI N ( I) 
[ A2 rv(,) + co N {, ) J 

- -- ( 5a.1) -
[ B f N ( I ) - ( 0 I\/ 

I 
I • .. I >J 

1 



and [)(J) • ftlue ot U7 d..,....ent y-.,.1.abl• D at j . HeNt without &117 loaa 

of pneralit7, w -...s that q 1e decreaaing trca 1 to r . 
fl!e centered diftermce equation t or (4) 1e written ■iailarly a■ 

low•• oona1der a ane par-ter t-1}1' ot ■ olution■ tor it;' and 21;.. ~ieh a.re 

ot tbe it.-ati'N type (Rit.cliqer, 1957, p. 103 ), 

where 

V,{J):: f IN(J) • 1r,(,.i+ I} +-FIN(J' ) 

ir,__ c J J = £ ~ N c J ) . ir,._ c J + , 1 -+ F 2. N ( J ) 

A2N(J) 

[ D ~N(j) -C oM(.j) .f tN(J-n J 
[81NCJ) +CoN(J) • [tM(J -1)] 

- Airv(j) 

[BIN(.J) +CoNC:;) • [i,v(J-0 J 

90 

(5. 1) 

(6. 1) 
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t.o calc late 1{ J) and if>- (J ) inducti Yel.7 ill the decreasing order ot J 
( 1= J -IJ j - 1.1 .. • ~ , 3Jl_) • '!'hus we arr1Ye at the ccmplate 110lut.1on. 

7 • Scae Cmm,rati Ye Re1ultf 

Por co11pariaon purpoee1, w take the Saltzman'• 1963) model, for vhic h scae 
reaulta were published. Finite difference aolut ione tor waYe ntmb r ( , 
are obtained. Fi«ure 2 ahowa the s lut. i on tar heating w1 tJ\ tr1 t on wh i • F~. 3 
gi ves t h e 1olut i cm tor mountain with fr i ction. Here the grid spacing 1a ar itr ar­
Uy takm u 5 ab. Experiaentation vi.th diffeNl'\t grid apac~a is cont•pla d. 
'nle tiae taken by the IBl'.-'7090 11 les1 tt.n a nillute tor one s olution tor 

alcmg with all the related fields l ike T.,._ , _,, and K,. . e a , r ef"ment, 
at least tor tha type of atmoeph ric probl•, cu be ccnaidered •ery sati sfac­
tory. 'n'le result• vitJ\ the 1econd ■od•l ot Saltman (1964) w re equall.7 euccess­
tul and are not. publlihed here. 

8. Sea• tperipnt&l B,qlt• 

~l7 the re1ult1 ot a tn experillllnta will be diacuesed here. No attept 

will be ■ade, at preaent, to conatMJct a general the01"J. 

A. Top boundarJ condit.tan 

P'rca Fig. 2, we can aee that with (.J _.
1

-= O aa the top boundary condi­

tion, we get Yery large pert.urbaticns at t he upper bound&rJ tor certain hanlon­

ic1. It the top boundary condition 11 changed to V- ~ o , which can be eui ly 1,7 

done 1n thia nlaerical schane, Fi«. 4 1a the resu t. Everything else is hel d t e 
••• a1 in Pig . 2. I t a found that though thi1 change 1n the upper boundary 
condition had an inaigniticant effect en the lower tropospheric perturb&tione, 

9 



ow substituting (5b.1) and (5b.2) 1n (5b) and (6b) we get 

S / N h 1T, (. ~ ) ➔ S ~ ,.J t- 5 3 1v • 2.rl. ( .:r) -= o 

5 4N • U-2. ( J)f 55" /'I + S{, 1v V, C.J) = o (6b.2) 

where 

. 

s 2 "' -== ~-2.N ( .J) FIN l J -1)+ C oNC-J) . Fl "' ( J'-1 ) -D FN (J )- Ii i.N tr) -I-LIN J 
S 3 N:: + [ A '1 N { ~J. FR N] 

S1,r11 .,, ~ 2 N(.J") • E irv (J"-l) + r ol'V(J") . E:UV(;r-1) + e . • (:r) + ll 2-1VCJ) ·'3 L1.N J 

Ss-,v -= {! J. N (s ). riN (J-1 ) +co N6) . F2.N{ J-1) I;.: F r,1 (:I) _A 1.N(::r) ·Lll~ 

SbN~-[ AlN(..J") -FRNJ 

D. Pinal phaae ot t n.nite ditt'erence solution 

Pl-ca {5b.2) and (6b.2) we can ver.· easi ly obtain 1T, c::r) and 1r: ( I) 
b7 direet eUaination. After obtaining lf C .:r) and '½. (J) we se (5) and (6) 
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the Yalue■ obtained tar lnel ■ above 50 mb appear to be more rea■onable. So tor 
all t he remaining experiments, the top boundary condition is taken as ~ 

7 
';' O • 

B. Innuenc• of the seaeonal dl111ge in the mnal mean state on the topo­graphicall1 forced perturbaticma 

To study the effect or zonal mean state change on the perturbation■, 
produced b7 the moun t ains, we take the following data: 

L - s 3 3 J J )( / o
7 ( l'1 -

i. - 3 6 -
f< - q -
6 - 4go CM s rc -'--
R - l ·& 1 y.. Io I, C "'1 - l $ £. c - 2- 1) E~/ -
cP ( • o o y.. lo 1 CMl-- SEC 

-2.- DEG,- , 
C - l · b-,c10 4 C t--1 -
Ps - l o oo MB -
p~ -- ~ 0 0 Mf3 

PT - 5" Ml3 -
J,., :tt h, cJ J ,r,wi ~ CP - 1 -
ht - ~ X /tJ4 CM 

H~ - 0 

Pb 
- ~ ~ CIY1-3 - I -~ -;.. t o -



Aleo the values of kt:> , , and Uo 1tillzed her ar given 1n Table 

I. At JO°N and 60° .. the U0 v l ites at t, e lower boundary are arbitrarily takm 
-1 u 1 ■ sec oth in wi n and s1111111er (becau e il ~a not still clear how far 

WP. rAn trust the obaervatio al 900-mb values at these latitud~s) . A 45°N , the 

Yalues at the lower boWld&ry &re t&ken as -1 2.5 11 sec and 
-1 4.5 m sec , 

f o:-- unn r M o lld.nter reepecti vely, ltlich appea r to agree with the o s rva t ions. 

-} and P values are taken to correspond to the latitude under cons i derat i on. 

-n ;ult P . 0 i gurea corresponding to mountain with fri ct i on cases, the atmospheri c 

troughs ar ridges show ,. A • ht .i f from t he to o ~r a ic trou hs .-id r i d es. 

Figures 5 o 10 give the 1!10lu ion!'! ror("Vfl)m)-=-(3, o) t ct · rrerent lat i tudes. 

'ftte chan~es in the intensit y or circulation and t he position of t he nai s are of 

interest in this type or study. It is to be noted th a at J0°N and 60°N t he node 

appears at a lower p-essure in winter than 1n suaner. At 60°'N, this r ults in a 

rnersal or phase even at 500 mb tran one season t o t ' e other. However, the zona l 

circulation at J0°N and 60°N is stronger in winter than in sumner. This rest1lt is 

opposite fro■ the analytical studies or Barrett, 1961. is is becau e the analy-

"' 'JTt, tical studi~s generally hAve r strictions on ~o and H t hough they may be 

ditter9"lt f er tropoaptare and stratosphere. To show 

thetical f<o (Table 1, col. 1 ) , which has constarit value s in the troposphere 

a P"ld stratosphere wiU\ a linea r v11riation between JOO and 100 mb, is taken. 'nlis 

K0 ie used at all the altittaies torboth the s •asons keeping everything else 

the sue. Fi«W"ea 11-16 ahow the results which are self- xpl anatory. From these, 

we can conclude that tor a quantitative theory or the stat i onary zonally asynne­

tric perturbations, the vertical structure or the zonal mean s tabi l ity h.=ts t o be 
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considered as realistically as poesible. No claill 1s mde however, that the Yalues 

used here represent realistic valuee. 

Figures 17 and 18 show the results f or ("t11 J''1l ):-(3J I) at l 5°i . Signifi­

cant phase chmiges r~■ one season to th t h r Ht al l evels are the interesti~ 

feature or these figuree. 'fttis can hap pen it tile wa.Ye n\.mber falls on one side 

ot the quui-reeonant frequency 1n one season and on the other side in another 

eeason (c.r., Gilchriat, 1953). 

To inYestigate the acceptabili ty or the barotropic or equiYalent baro-

o 
tropic theories, a unitonn current, with the 500-mb zonal mean velocity at 45 N, 

correeponding to the season conlli dered, is introduced. The forcing is kept the 

••e by adjuating the mountain hei.8lt. 'nle results f or("r!A/·r·v-=(3JO) are iven 

in Figa. 19 and 20. For ( ~ ,Nl J .::( 1, t) , the results are giv., in Figs. 21 and 

22. It can be in rred that the barct.ropic or equivalent barotropic theories can 

on~ ive qualitatiYe results even at 500-llb J.evel for ( TI\, "l"\) = l >, I). At l east 

tor 110m import.ant scalff, they ••• to be incapable of g1 ving acceptable re­

sults. Also, frca Fige. 21 and 22 ve can infer, rran the verticals tructure of 

the reeporwe, that the wave n 1 .h er ( J I) f al ls on either side or the quaei­

reeonant frequency according t.o the s•aon, givin~ rise to a 40 degree phase 

chani'e• 

9. Scae ((gncluding Cc ent■ 

'ftle rnults here show the importance ot the vertical stNcture or the zonal 

Man state and the scale or the perturbatiorw and, therefore, have an important 

bearing on the naerical modeling of the atmo91>here. Before trying to corm truct 
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a cr•t.11Alw tb••J iii a .,._.ieal ...-.,., it wU1 M ot .,._ lDteNn lo 
....,.111,nt. wtt.11 dUt..-..t kinda o1 beet.inl twu.... AbOft a11, • ••W ..., 
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cl1'1•, and our iponnee ftllUdlnl tile ftl'tieal nnat.ve ot tile pert,wbatian 
heatina t'llnetS.., are the tanddabl• 1911P-ttn•ta ill tb• ~ of conetNeU.11& a 
qwtitatiw linNr theol1J. 
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On the Theory of t e Axially-Sym 
State of the Atmoap 

By BAaav SALTIIIAJ111) 

s.,,,,,,,.,_,. - A pouible formal approach to a do1ecl steady-ttate theory of th ... .-...,. 
symmetric variables is outlined. The approach involvea alternatin1 iterative ,_..._ ol tile 
enet'ly and momentum equations. In these equations the effects of transient eckly pla1■1i-­
oi all frequencies are aNumN to be parameteriaed in terms of the mean 1ym.-trtc ftllallleL 

The time-average distribution of the set of meteorological variables can be 
expressed as the sum of an axially-symmt!tric subsl~t obtainw by averagin1 aroand 
latitude circles and an axially-a.41ymmetric subset 1which is the departure from this 
zonal average. By prescribing one of these two subsets it ii possible to develop a 
separate steady-state theory for the other. On thir. basis, aspects of the asymmetric 
theory have been discussed by SMAGORINSKY [14)1), Staff Memben of the Academia 
Sinka [15]. SALTZMAN [II, 12, 13] and 000s [7] for example, and aspects of 
the symmetric theory have been discussed by ELIASSEN [6], Kuo [7] and DAVl&I 
and OAKES [3] for example. In these latter symmetric studies, the mean zonal wind 
and temperature fields are also prescribed, and in the case of the studies by 
E:.aASSEN and Kuo the zonal average effects of the transient asymmetries are 
given as known •forcing functions'. leaving only the mean toroidal motion as 
the unknown. In this note I wish to outline schematically a possible formal 
approach toward a closed steady-state theory for fill of the symmetric variables 
without attempting to actually solve any of the detailed problems which would be 
involved. 

2. Fu11da111ental Equatio,u 

The 'primitive' equations governing the time-average variables for a spherical 
earth with pressure as the vertical coordinate are given by the writer (1.981) in the 

a h k .,, it• 

1) The Travelers Research Center, Inc., Hartford, Conn., U.S.A. 
1) Sumbers in brackets refer to References, pages 159/ 160. 
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form 

- «>• - cli - clii (! tan ♦ - ) - ;,. v O .. •coe.clA + II •cl♦ + f.U a, - + • • . ·U V + .-COS ♦ «U - ·" = ' (I) 

tan ♦ - ) - ,)ji 
- 11 u + - - - Y = O 

" " i1 ♦ • (2) 

(3) 

(4) 

(5) 

where 

X = i + M., 

tan ♦ , , + «la,' w ' ) 
" U V • ,lp , 

(6) 

y =y +Mw, 

M. = ( a .. • 11' + «lv ' 1 COS ♦ + tan ♦ u' . + r)v•~·-) (7) 
- • cos ♦ aA .- os ♦ ,,,- • i1p • 

In these equations we have used the following notation : 

A = longitude 
, = latitude 
I> = pressure 
I = time 
., = "cos, d}.Jdt = eastward wind component 
v = "d~/tlt = northward wind component 
w = df, /tll 
z = height of an isobaric surface above sea-level 
T = temperature 
qn, '/e, 'It = rate of heat addition per unit ma _ due to radiation, rondu tion, water 

phase change respectively 
g = acceleration of gravity 
fl> = gz 
" = radius of the earth 
R = gas constant for air 

128 

• 



Vol . 57, 196-1/1) Axially-Symmetri , Timc-A\'erage, Stat f th Atmosphere 

c,, = pecific heat at con tant pre ure 
D = angular velocity of the earth 
I = 2 D sine/> (th Corioli parameter) 
x = eastward component of the molecular and mall s al eddy vi ous force per unit mass 
y = northward component of th molecular and small ·cale eddy vi cous force per unit mass 
() = time or ensemble average of () such that ao/at = : 0 
() ' = () - (). 

If we now apply the zonal-averaging operator dcfin d by, 

II 

= () - o. 
we obtain the following system governing the symmetric variables, 

~. RT 0 
()p +" • = , 

~Ue + -~"• COi! = O' 
uf> 8 COi"' u. 

Ve "afj° + (~:; - Rl>T•) w, - Q. +Ce = 0 • 

(9) 

(10) 

(11) 

(12) 

(13) 

wh re A., R., and C, are quadratic Junctions of the asymm •cric mean perturbations given by 

A, = (111 
()u, 

+ l l 
<lu, + w, 

()u, tan• ) 
"cos• flA "i). ()p - - "- 1,, t•, •, 

B. = ( "• 
<lv, i)v , 1) . tan• 2) " co . -(),: + t• l 

" <>• 
+ w, _ ! - - "1 t)f> " . ' 

c. = ( "• 
,n·, i>T, 1)T1 - _!! w, T,) . a cos•<>T + t l 

",). w, - ~ 
Cp /J e 

\\'e shall a ume that the. quantitie. are mall enough to b n glected in the fir t approximation, but that in the higher approximations th ~- can b pre. rib d from the asymmetric solutions (which, in turn, are ba. ed on th sp ·rifi ·ation of a pre­vious symmetric solution). The hope i that th impli r I it rativ pro t! •. tarting 
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from a symmetri solution with A. = B. = c. = 0, will converge to the true solu­
tions for both the s~·mmetrk anr! asymmetri omponent of the mean , ariables. 
In this discu. ·ion we hall be concerned mainly with the problem of achieving the 
fir t symmetric solution. 

\\'e now make the implifi ations (to be \'crified a posteriori) of negle ting 
tlu. co • fa cos•"• compared to/ in (9) and tan~ 110 /a compared to/ in (10), and 
further we a . ume that the toroidal compont>nt • 1•0 and w. are of a econd order 
ompared to the other mean zonal variables so that in the fir ·t approximation we 

can negl ct term · involving their proclu ·ts, e.g. th first two terms of (10) . \\ e then 
ha,· , 

( 14) 

(15) 

( 16) 

(17) 

(18) 

From (17) we can define a stream function 1P• for the mean toroidal motion 
(c. f., Kuo 1956) by the relation , 

(19) 

In order that the system (14) to (18) be mathematically ·lo. ed w must introduce 
some postulates concerning the functional form of Q., X O ( -= i Afr) and Y • 
(= y i\lw) - Although a part of Q. can probably by pre cribed in term. of the 
:;pacial distribution of external solar heating, it would appear that a large part of 
Q. (as well as of 1\1 z and M w) should be related in om wa to th m an zonal 
temperature field T •. Thi i becau e of the relation of radiation and water vapor 
processes to the temperature and also because the larg - ale eddy motions of th 
atmosphere are basicall} convective, owing their origin to temperature imbalan e . 
The precise form that this r lation ma • take for Q, i a · yet unknown, though on"! 
may be tempted at the out. t to look for an Au. tau h me ·hani. m in regard to 
the sen ible heat transport (e.g., DEFANT [4], Annt, [1 ) ; \\ C know, how ver, 
that this cannot be ,·alid univer. ally _ ince in th low r . tratosph r flux . of h at 
counter to th mean temperature gradient are obse rved (e.g., \\'HITE [ 171). 

It is even more diffi ult to u e dire t phy ical argum nt: to arriv at relation­
ships of x. and }'• to T0 , but her again om . pe ulation. hav be n made (e.g., 
DAVIES and 0AKE ~3 ' ). ertainl~·. th cla. si al Au tau. h relationship. h tween 
the momentum transport and . hear of the mean zonal urr nt , 11 0 , annot h orr t 
for the larger eddies (c. f., . TARR rt 6 ). though they probably ha,·, . omc valiclit 
for smaller eddy ales , ~- f. . K t·o 7 ). 
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At this tim . let us be content to a . ume that by . ome combination of empirici m and theor~· we can postulate general r lationship for gcoph~· i al fluid ystem of th· form Q0 (T,),X0 (T,,u0 ) - 1(110 ) Mr(T0 ) and \: oCfo , i'o) = y(;•o) + .\fw(T,) . \\'ith this understanding and u. ing (19) , we ·an pro ~ccd formall~· t r du e (14) to ( IN) to th following pair of quation which arc no mor than simplifi • d form of the energ~· and momentum equations for the zonal a \'crag mean tat , re pc tively: 

(21) 

In principle , by the us o f (J:;) and (16) w an eliminate a y linl"a r fun tion x(u0 ) from (21) leaving a d o ed sy ·t m in th two dt.• pcncl('nt \' ariablcs 'Po and T0 • and by specifying appropriate boundary condition. w would th n b in a position to sol\'e for the symmetric ·ta te. The qu t ion now ari one rning a strategy for actually achie,·ing this solution. 

3. A proposed nie/l,od o/ attack 

let us begin by a urning that a crude fir t estima t of T0 , which w will all T~1l , can be obtained by neglecting the effe t s of m an toroida l motions in the energ~· e<.1uation (20) - i. e. , 

(22) 
It is imagined that (22) expresses a rough balanc between radiati\'c heating, latent heat release and ensihle heat transport by eddi s, a ll suitably parameterized in terms of T, where necessary . In thi way th primar~· non-adiahati pro . . an be introduced at the outset to gi\'e •he mo ·t basic elem ' nt . o f th m an zonal temperature distribuation. An interesting attempt at . oh-ing this t~·pe of problem is given by ADDI I , 2 who. e result show that man~· of the gross r featur of the T, field can inde d be deduced . An important study r garding the pur ly radia­tive effects was made rcccntl~· b~· ~IA:'\ AHE and M iiu. E R 8]. 

\\"e mu. t now re ognizc that the same large-scale eddies which t ra i1sport hea t (the effects of which arc included in (22)) a lso ha ,·c the propl~rty of transporting angular momentum in a rotating . ystcm. This implies t'1e pos. ibility that mea n toroidal motions will b required to eff ct con. r\'a tion of th total angular momen­tum. A first crude solution for thes mean toroidal motions whic h we ca ll 'i'i/1 ran be obtained from ('.!I ) and appropri ate boundar~· concl i'dons h~· pres rih i1 1g T0 -T~11 . Aspects of this part nf th prohl m ha\'C he<·n tr ated with snrn su • s: by 
ELIAS F. ~ fl . K1 ·0 7 and D A \ "I E and 0 A K F. . 3 . 

!\ext , hy USl' of this first c timatc, y,~11 , we are' in a position to :-oh ·e th t• cn mpldc cnerg~· equation ('.!0) to obtain a pre. umably bett C'r e .. timate of T0 (i . c., Tf 1 
). In turn T~~ l could h pres ribcd in (21 ) to soh-e fo r a n<' xt hctt r estirn at t.• of 'Po (i .. , 

ep~~l ). and . o forth . \\'c would pro cd in th hopt.' that this pro ' s. of : huttling back and forth between the encrg~· and momentum equation. would converg to r ason­ably accura te ,·alues 'P~'1• T~'1 for ·omc ,·alu of 11 . 
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As remarkcc.' earlier a similar iterati\'e process in\'oh·ing the solutions of the 
as~·mmetric problem would be ner<'ssa r~· to furthC'r refine the theory by taking into 
account A,, 8 1 and C,. In addition, further ext<'nsions and refinements h uld be 
possible hy sol\'ing the continuity eq ual ions for water , apor and trace ub tances 
such as ozone (c. f. , e.g .. PR.\RH.-\K .\R .\ _10]) , which arc of the form, 

£, = 0 (23) 
where 

X = mass of water \'apor or tra ' <' sub. tan c per unit ma · of air 

H ,.. ( au · x· ,)v ' x· co • oo, ' x· ) 
= · ' 1 - a cos.fl). + -acos•fl•- + flp 

1,-metnc TMGI':, 

• • ........ Eul'IJ 
E..-uoa E-.aatioa 

' .o, T(l) J. 0 0 
~ Aa:,mmetrtcn.or:, i 

~ 

.(2) 
0 

T(2) 
0 

L--------, 111' vl, 1111' 
.en, T(II) 

I 
•1• Tl' 111 0 0 

1 I • 
•o 

110· Vo, WO' 

•o· To, 110 

a,•· r.,, 

J,f.r 

Fig ure I 
Schematic flow diagram for a diagnostic theory of the mean , y mm tnc sta te of the atmosphcr 

(se tex t) 
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-"x -= source fun tion tor X ( = q,/1. when X i spe ific humidity, E) 
L = latent ht.•a t of condensation 

ancl, 

E = (11 tlz, 1 a os ,-.,H. 

Be ide. being of inter('st in their own right, the cli tribution. of z al o play an . . important rol in dt'lermining the heating distribution q11 and q, . and hen e, an­other round of impro\'eml•nt s in till.' theor~· oulcl ht: rea lized in prin ·iple if we feed brKk th<' information dui\'l'd from solutions of (23) to tht original formut tion (22) . Th<' on:! .111 s heme propo. l'd her is illustrated in Figun• I . ~I y purpos has been to s t this forth as one possibl framew, rk in which to work toward a ·lo. cl th ory of th mean state, and in which to show the conn ct ion of many di, er contribu­tions. such as thus referenced here. 
Clearly. the u ·ce s of th proposed approach will clep nd criticall n our abilitv to clisco\'er valid and dynamicall~- meaningful law. governing th r -lat ion b tween the mean variables and th mean eddy tran. ports of h ·.tt , mom(:ntum. and tra e substance. in gcoph~·si al (i. e. , rotating, thermall~·-driven) fluid s~·stems. Our ulti ­mate con lu. ion may, in fa t, be that a tcacly th or • found I on su h law i. not satisfactory or . ati fying or c,·cn obtainabl<' ( •. f. . :.\LTZ'.\t ,:-. l 13], lntrodu tion). in which case we mu t fall back on an initial value approa h in whi ·h at least th · /a,ge-!,calc eddy bl•havior is allowed to develop freely a: a on cqu n of nc1tural instabilities (e .g ., PHIi. i.iP '9]). On the othcr hand, we must re"ognizc that it would also be somewhat un atisfying to ac ept an initial ,·alu theory if it turn out that the solution for the mean stat e is indepcnrlent of th hoice of initial con­ditions. and h n e is determin d only by th houndar • conditions and sy. t •m para­meter . 
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FURTHER STAnSTICS ON THE EXCHANGE OF KINETIC ENERGY 

BETWEEN HARMONIC COMPONENTS OF THE ATMOSPHERIC FLOW 

Barry Saltzman 

Sidney Teweles 

ABSTRACT 

Tbe transfers of kinetic enerey between harmonic components of the 500mb 

postrophic now over the Northern Hemisphere have been measured for an ensemble 

of daily maps coverin1 a nine year period, baaed on a truncation at zonal wave num­

ber, n = 15. The results show 1) that, in the mean, all waves (n =- 1 - 15) transfer 

their enerey to the zonally-averapd motion (n = 0) and, of more physical signifi­

cance, the aare1atu of all waves in the group n = 2 - 15 transfer energy to 

support the uymmetric polar vortex comprised of wave numbers zero and one, 

and 2) that, amon1 the wavr.,s themselves, waves of n ;;; 2 and 5 - 10 are sources 

of kinetic enerey and all the rest are sinks. The energy source at n :..: 2 seems 

to be a sipificant new result indicating a strong forced conversion of e.nergy on 

the scale of the major continents and oceans. Seasonal variations are discussed. 
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~ aea1ure•d.• of tba rat.•• of tran1ter ot kinetic enero t.o tile 

aonal current. troa t.he eddie1 of dltferent. •n naber • n (denoted bJ N ) 
CSaJ.t.aan and nei1her, t960aJ, and bet.WNn th• dltferent .sq acale• t...,_ 
Ml••• (denoted bJ L ) L!w.ltDAn and ne11her, t960bJ, baYe DOif bNft ex­
t.ended t.o oo••r a nin►T•ar period vlt.hin th• 19an t955 to t964. 

In new ot t.h• lona•r period ot record, we fNl •noa&b cont1denoe •• 
be• added to t.h• a•erap• t.o pre1ent a rwlution into t.hre• mont.b and 
balf- TMI' • ... aonal• a•erap• in addition to th• annual anrep, and alN 
into indiridual •n naben inat.Md of the p-oup1 of••• nuaben 11•• 
preriouaq. flle •a1ur1■1nt • are at.ill ~ tor th• 15° to ao°I aonal bUld 
at. th• 500 ab lanl and tor n • 1 - , 5 • flle, are baeed on tbe ....... ..,.. 
tiona uecl 1n t.be pnriou at.udi•• <••••, onlJ the borisont&l, 1eoatropldo, 
ooaponent.1 ot tb• aotion are or,neidend). 

The nn n1n.-,-r aYerqN are Ii•• in Table 1 aloft& wit.b probable 
•non (ooaputed 1181111 halt tbe total maber ot ca~••> tor t.be emeable of 
clal~ ftl.uN oftr the mt.ire ,-r, th• •rMr and colder balf ,-r,, and 
the t.hr•• ac>nth ... IOftl. 'nl• •ix ac,nt,h w• are aleo ehown papbic~ ln 
Pipre 1, and tbe annual buda•t. 11 npreNnted acbe■atioa~ 1n P1pre a. 

hall tbe N ftl••• it can be ••n that all wan, tend to teed their 
energ into tbe sonal. current., with axiaa at n • 2 ud 7 1n tbe umual, 
colder 1lx-aont.h, and '4nter ..... A lliniaua in N oocun at n • 4 , ae 
lt did lD the pNftOUI ltw:17 COYerlftl the 79ar 1951. For all ... n\lllbera, 
tbe aan ftl.•• of M appear to be aipdticanti, clitferent troa aero. n. ,s total pin of kinetic enero bJ the sonal current, •a1ured a,, E M(n) , 

n-1 1• li,nn ln t.ba laat oolan of Table 1. 
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tile ndietrlbut.lon of ldnet.lc enero aonc t.be 1nd1 Yidual •"•, M&nNd 

_, L, ebow,in 1en•ral, a mt pin bJ tbe lOIII •"• D • t , , , and 4 , 

ud t.lle abort. •ft■ n • t t - t5 • Th• lara• lo•• troa n • 2 appear• t.o be 

an ~t. new tiDdina that •1111••t.• a lara• forced conftnlaa ot pot.e\ial 

mere, on t.hi• ■cal• aa■c,clat.ecl with the oont.inent.-ocean etNct.ure. !be loe• 

fNa I.be c7clon• band D • 5 - 10 1• probabl7 coapenaated bJ th• aonal tree 

t.rocllldc deftlop■ant proo••••• within the t.ropoaphere. 

Pl'aa a qnopt.lc Ylwpoint., w not.• that. the ao-callecl "polar -.ort.a• 1• 

DO •re t.ban tbe •• of ua uia117-•> atrlc co■ponent ot •t.lon oorreapoad-

1111 to n • 0 and an ulalq-aqwt.ric coaponent correepondlq t.o a • 1 • 

!Ima, t.be nnlt• ben lbow U.t t.be whole polar 11»rt.u tend• t.o derlft an 

laporl.aDt. part, ot it.a IMJ'l1 fl"CIII t.he hiper •" fflllllb•r• ta~ 2) bJ' t.he non-
15 

11naar \,anafer proc•••• •anred bJ L N(n) and L( 1) • 
IP'2 

Ae .-..id be apeotecl frclll t.be•• 1ec,■'ropbic calcuat.lom, the resalt.a 

.._. t.be apeot.ral reciaa e\udlecl an in Moord w1 t.b the tbeorea on enerc, 

\iuefw 1n t~h•ulonal, non diwraent. tlon preatnt.ed b;r Pjort.oft ['195,J1 

••••• t.M 1-a of .. 1"11 trca in&enaedia\e •oal•• 1• acc-.,.nied bJ' a Ida of 

_..., "1 lar1•r acal•• a• well a■ bJ -.1.l•r acal••• 'Ille oonal■t.•t pin 

of ••• bJ tbe hiper •" mabera, n • t t - t5 , Ii••• t.h• appeannoe of 

a lolaoproff-t.n,e oaeoade oonat.ratMd bJ tbe t.raoaUon at n • t5. Ia 

W• itDIIMOt.loa, lt 1• iaport,ant. t.o noopi•• t.bat the t.nnater apectna 1• 

a ,-uon ot t.lle part.lolllar t.nnoat.t.aa pot.Dt. ohoNn. Por eX111ple, lt w 

-.ld a\ead t.be calc1llat.t.oa t.o lnclad• iatt.nt.t.eq ht.ab •" 1111111ber• (ud, 

na .... eo, it we 1Dcl•ecl Dr!rlcal. t.ramter proceaNe) w woald thent., 

••• 111p1:1e cl1eet.patlft wr1r t.ranefen aeaoclat.ed wit.b ecldJ Yiaooalt.1, Uld, 

u a n..it., tbla wud •rkedl7 affect. tbe entire trwfer -,.ct.nae Ia 
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I 
ov cue• w haft arbitrarily truncated at n • 15 in the belief t.bat. t.bie 
represent.a a rough l.1.111t or the acalea deacribable on hemispheric qnopt,io 
chart■• Accardinal.7, we consider the agngate ot al 1 acal•• n ~ 16 ae 
a aort ot riecoua •ink tor the aurplua emr&i•• acquired in tb• lona-U• 
anrac• b;r eddi•• in the 1roup n • 1 - 15, throu&h the proo••••• •uured 
bJ L and N and b7 conYer■ion h'oa potential enera. In tNt.h, hcweftr, 
t.be repon n ~ 16 is itaelt rich in energetical detail involrl.ng all ab­
■poptic pben011ena, and, in tact, certain portion■ ot thia repon-, nm 
be •tcnitioant. IPJH'911 of kinetic ener17 tor the IJ'DOpt.ic aotiona I• •I. , 
ors eel c-1.u cOllftOU" aotiom ) • 

X.peot.ion ot the error e■tiaat.•• (, • 2o/../iii llheN • 1• tile ■tand­
arcl dffia t.1on and I 1• the maer ot d&J•) ahowa aacb aore nriabilit.7 in 
L t.ban in N • In tact, tor mat ••• naber■, L •ari.•• on a da117 or 

lonc•r period baai■ bet.lfMft poaitive and negative •al•• eo t.hat., hoa ti• 
t.o t.iM, t.be dollinant. ldJMt.ic enaro eource appear■ to ■hitt troa o• wn 
meber t.o anot.hlr. 

'!he mnt.b-to mnth van.at.ion in ld.net.ic enel'IJ t.ranafer bJ t.boee •••• 
daonatratina a large and diatinct annual eye le i • ■hown in '1c•N , . I\ 
1• 1Dt.ereet.1na to note t.he d•are• to which wave nUlt)er• , and 2 app•r to 
c011pl .. nt each ot.her. The t.ranater ~ van ftlllllber 1 and the tran■ter ma 
et••• D'llber 2 both la•• lar1e nluea in the colder aom.be and mar aero 
nl•• in t.be •.,..r aontha, wave lllllber 2 in particular haring little 111t. 
t.nnaport. bet•• April and October. Al.though there 1■ a aillllar annul 

15 cycle in the tranater iDS:2 tbe zonal now, [ N(n) • and the tran■f•r llll ., 
ot the croup of wan m_,.r• 6-9, the rate ot tranater rmaina aubatant.ial 
••• in •i-,r when a ld.n1- rat.• ot tramter appear• in Jul1'. A '1Diq111 
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charact.eriatic of t.he inUYidual mnth or Februa17, included in the wintel" 

atat1at1ca, 1• the tendenc1 tor a large poaiti•• •alue of L in••• na­

ber fov. 

69P11114c En• 
Ve are 1rat.eful. to Profeaaor Aaron neiaher ot 1'.IT tor hi• original 

wrk in aettin& up th• nuarie&l tol'lllllat1on and •cMn• pro1raa tor th••• 

calc\ll.ationa, and alao to the National Aeronautic a and .lpace Adlliniatrat.lon 

tor it• eupport. 1n proYidinc coaputer taciliti••· Support. tor th11 work 

Ila• be1n proflded bJ the U. s. Weather Bu-eau hander Contract No. Cwb-1076]), 

tbe ltoaic hra, Cc '••ion, and tbe u. s. Nat7 a&Nau ot Naftl V.apona. 

h 1rr,,, 
PJort.oft, a., OIi tbe chaea•• in tbe apectral diatribution of ldnltic enera 

tor tbe hcHUeen■ional, non-di•ergent now. T9llg, 5, 225-2'0, t95'3. 

Sal.tau, I. and A. Pleiaber• Spectnaa ot kinetic •n•ro tranafer due to 
larp-aoal• bol"lsont.al laJnold• atre••••• T•lly, ,2, '10-t" • 1960a. 

Sal.tau, B. and A. neiaher; Tbe uchanc• of ldnlltic 1nero bet.wen lar1•r 
ecal.•• ot ataDaplleric aotion. T•llp, t2, '74-'m, t960b. 
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.IOl'INAL o, G1orNY I CAL R1 uac■ \"oL. 69. No. I APIIL 15. 1964 

Harmonic Analysis of the Topocraphy alone Parallels of the Earth 
Jo t P. PEIXOTO 

Unfrer,it11 of Li bon and the ~ationr.l .lleteorologu:al S rt·ir of Portugal, L isbor& 

BARR\" SALTZ'.\IA~ 

1'h 1'rnveler Re earch Cent r, llart/ord, onnect1cut 

'ID:'\E\" TEWELE~ 

l/. S . Weather Bureau , Ira lw,gtnn , D . C . 

Ab,tract. The topocraphy aloq latitude cmlc-. for ach 5• bet"'· "" th pol hu been 111bjected to harmonic analy ia. The amplitude and pha..ce of the first 15 harmonic ar«' pre­anted in tabular form. The fint four harmonic arc r presented on M rcator chart . 

Introduction. In pre\'ious papers the writers 
[Saltzman and Peizoto, 195i; J>eizoto a,1d 
Saltzman, 1958; Ptizoto, 1963; Teicele,, 1963] 
among others [e.g., Van Mieghem et al., 1000] 
have discussed aspects of the spectral properties 
of mean fields in the atmosphere. These proper­
ties are related to the inhomogeneity of th 
earth's surf are manifested by differences m 
orography and heating. In order to investigate 
possible relation of these fields to the oro-
1rapbic influences and in \'iew of the importan~e 
that tbe spectral analysis of the terrestrial to­
pography can assume in many branches of 
geophysics, it was decided to perfonn a bar-

mo11ic analy 11- of the mean topography along 
parallels of the entir eanh . The r ults are 
presented here in tabular form for hannonic 
up to wave number 15 and in mapped form for 
the first four wa,·e numlx-r-5 . Similar computa­
tion for the north rn 1cmi ph r only ha" 
been rcponcd by Barrett (1961] . With god tic 
rather than meteorological purpo in mind, 
pherical hannoni analy5i~ of th topography 

of the litbo phere ha been carried to the 16th 
degree by Pr 1J [ 1922] and, m more rec nt 
unpubli hed analyse , to the 31 ·t degree by 
G. J. Bruins and U. A. Uotila (information 
communicated by W. :\I . Kaula . 

TABLE I. Amplitude Spectruma of the Mean To1><>1raph~- for th Xorthern Hcmi. ph re, in Meters 

" 0 

I l38 
:l 45 
;i 173 
4 235 
5 82 
6 80 
i 125 
8 88 
U 88 

10 82 
11 40 
12 71 
13 99 
14 39 
15 45 

-. .. 

193 
44 

177 
257 
67 

113 
12'1 
ti6 
68 
95 
47 
52 

10& 
32 
35 

♦. de1 X 

10 15 20 :l5 30 35 40 _.5 50 55 60 '5 iO i5 80 85 

252 
J:l5 
li9 
um 
41 

112 
lO'J 
67 

107 
01 
26 
69 
88 
32 
II 

204 200 
11:1 Hi 
118 lU 
!lft 151 
8.1 ,0.1 
88 90 
22 113 
01 au 
75 .;s 
~J ii 
68 60 
18 l:l8 
88 u .. 
57 105 
49 35 

316 800 
'12:l 782 
204 55:l 
2:JJ 586 
20-& 372 
!,i 285 

2 .. 8 .. :l3 
69 2t.rl 

l:.ffi 303 
119 157 
95 270 

134 l:l3 
fiU 100 
72 43 
_.9 HO 

10'17 
10'-JO 
5!!.! 
69'1 
3i6 
2fJ8 
3 .. 7 
W9 
:l:H 
80 
38 
94 

l:W 
138 
57 

.. 11 
fl(; I 
Hf;J 
:lS:I 
Z4JI 
12 .. 
2-13 
Hi6 
156 
254 
80 

1!)8 

1:l3 
21 .. 
115 

149 

26!J 
;1u1 
355 
3IO 
286 
134 
158 
!JO 

J < I 

U '2 W8 2-1\J l4i4 :.?38 _.-19 _.:!2 16 
:iS-1 2IG I J:Z 1-18 :~os 425 3-15 16 
:li4 -:ll :ll-1 i(i :w· ;j \J2 250 16 
16i ii 210 2i:l :l I 3~1 li6 16 
2:.'0 10'.l I ii 1:u; :.?55 3l-1 117 15 .. o I"'° oo !14 _ ;o :..:1u oo 15 
125 40 IOi l3!J 237 209 104 15 

~16 i ti i3 110 1 I I I J 0\ J--1 
U3 85 S:i 11:l 1-1 I 'J2 ii 1--1 
G--1 i 6 21 11 !) :.! Ii 5 14 
43 ii ; 115 14 58 1:1 
57 45 i'J 153 100 :..:! 37 1•) 
3 1 Ji 1 I JUJ YI '.!i IJ 1:. 

5 4- Ji 86 _.- :.?i I !I 11 
38 58 15 50 :.. :l:i - 11 



PEIXOTO, SALTZMA~ . AND TEWELFJI 
TABLE 2. Pb-.. Spectrwm ol the Mean T0p01rapby for the Northern Hemi1phere, in Desree• Meuured Eutward from the Greenwich Meridian 

n O 5 10 15 20 25 30 35 40 45 60 M 60 66 70 75 80 8S 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

39 
9'l 
26 
26 
36 
40 
27 
28 
36 
33 
30 
8 
6 
6 

12 

12 
67 
34 
24 
22 
44 
33 
25 

4 
2 

32 
11 
11 
13 
18 

23 
34 
30 
26 
38 
43 
86 
36 
0 
2 
4 

13 
14 
17 
18 

37 
45 
26 
22 
38 
36 
40 
39 
34 
5 
9 

17 
20 
21 
3 

39 66 79 
58 80 M 
14 116 9'l 
10 8 88 
32 32 21 
29 42 32 
49 0 44 
36 12 1 
17 19 12 
4 1 20 
3 2 28 

17 13 30 
14 11 I 
26 26 11 
23 13 13 

80 71 
81 76 
88 114 
83 M 
17 29 
24 21 
41 39 
42 30 
8 1 
O 35 

21 11 
13 12 
28 20 
24 21 
6 22 

78 
M 

111 
3 

24 
16 
41 
13 
9 

35 
14 
11 
24 
18 
5 

UM 
90 

116 
5 

26 
7 

39 
16 
9 

26 
17 
1 

19 
11 
20 

142 
94 

120 
34 
33 
M 
37 
20 

1 
19 
31 
26 
us 
8 

18 

190 
39 

117 ... 
10 
43 
10 
5 

20 
8 

31 
17 
8 

15 
9 

191 309 320 
1M 141 136 
lO'l 83 80 
45 47 50 
16 32 32 
25 24 21 
8 13 11 
3 7 6 

24 4 0 
28 32 30 
18 26 27 
18 23 4 
10 18 28 
9 13 22 
4 6 19 

310 289 
128 109 
88 49 
38 19 
24 1 
19 49 
14 32 
8 19 
1 9 

29 1 
22 27 
15 19 
11 12 
20 6 
16 1 

MatAematical uprtlliom. The topocraphic 
profile of the earth alone a given latitude ♦ may 
be expnaed in terma of a one-dimeDlional (i.e., 
aonal) Fourier expanaion of the form 

pbue of the harmonic component of wave n, 
" = wave num!>er, and (h{♦)) = averace value 
of A(>., ♦) around the latitude circle ♦ = eon­
lt&Dt. 

l(A, ♦) - (A(♦)) 

-+ I: IH(n, ♦)I c01 t1[A - 1(t1, ♦)] ·-• 
where A{.\,~) = height of the surface above aea 
level, .\ = longitude, H(n, ♦) = amplitude of 
the harmonic component of wave n, t(n, ♦) = 

(AC♦)) - i IH(O, ♦) I - ~ f /a(A, ♦) a>. 
For computational purpoeea 

II 

(A(♦)) = ~ ~ A(A,, ♦) 
where M = number of equally spaced data 
pointa on a latitude circle. 

TABLE 3. Amplitude Spectnama ol the Mean Toposrapby for the Southern Hemi1phere, in Me~n 

♦, de1 S 

" 5 10 15 20 26 30 35 40 45 60 55 60 65 70 75 80 85 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

129 159 276 229 125 lO'l 44 
60 26 58 lO'J 128 M 78 

245 212 288 249 214 190 108 
204 245 336 322 305 230 86 
39 112 180 191 142 119 lO'J 

161 101 19 63 58 23 31 
130 138 183 136 177 16.1 &1 
41 118 152 148 181 187 103 

112 89 88 142 124 76 59 
166 90 84 22 ~ 38 68 
20 148 157 107 127 162 60 
4 20 171 176 136 144 98 

110 81 122 143 103 43 &I 
28 51 108 82 33 59 18 
22 44 133 148 132 162 8t 

47 
57 
85 

" 6.1 
&I 
62 
35 
63 
74 
17 
71 
69 
14 
65 

47 41 
ao 43 
88 " 44 39 
48 43 
82 38 
48 38 
41 38 
78 34 
50 36 
33 31 
77 33 
47 31 
29 27 
73 32 

150 

26 
24 
22 
20 
19 
19 
21 
22 
23 
24 
23 
21 
18 
16 
14 

9 234 1287 1540 
8 240 478 66.1 
8 91 ~9 9M 
6 140 217 294 
6 61 116 359 
4 9'l 180 230 
3 67 180 ao 
3 45 130 113 
3 124 178 107 
4 6.1 93 23 
6 38 M 71 
5 56 89 21 
6 52 64 37 
4 33 68 14 
3 32 31 ~7 

1568 677 
606 407 
664 146 
138 13 
221 26 
121 36 

9 26 
43 34 
67 19 
35 10 
2-& 7 
29 9 
37 7 
40 5 
32 3 



n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

HARMONIC ANALYSIS OF TOPOGRAPHY 
TABLE 4. Pbue Spectrum.1 of the Mean Tol)Oll'apby or the Southern Hemi ph re, in Depeer. M uured Eastward from the Gre nwi h Meridian 

5 

62 
146 
27 
33 
u 
29 
31 
16 
30 
32 
19 
23 
5 
7 

13 

10 15 

2 336 
IM 126 
33 42 
28 26 
23 15 
31 46 
25 30 
23 22 
34 13 
31 33 
23 25 
19 19 
7 13 
1 6 

22 l 

20 25 

338 351 
132 128 
43 35 
29 29 
15 11 
4 5 

33 31 
U 25 
16 17 
6 8 

27 28 
21 23 
16 17 
10 7 
3 3 

30 

357 
134 
33 
27 
13 
27 
30 
24 
20 
33 
26 
24 
16 
3 
2 

♦, de1S 

35 40 

295 252 
125 127 
39 49 
25 15 
6 6 

47 51 
34 32 
20 20 
16 13 
3 1 

25 27 
23 22 
14 11 
10 8 
2 3 

45 50 55 

259 2 9 294 
123 107 113 
48 49 52 
12 17 21 
5 72 2 

49 48 49 
28 30 31 
21 18 18 
9 7 9 

34 35 1 
29 26 28 
19 17 20 
9 10 13 
8 4 7 
1 23 2 

60 

315 
135 
74 
44 
25 
I) 

51 
36 
24 
16 
10 
6 
2 

24 
20 

65 

102 
108 
110 
26 
45 
53 
44 
6 

14 
18 
29 
24 
23 
7 
7 

70 

84 
99 
22 
30 
68 
49 
4 
9 

11 
13 
28 
23 
19 
10 
7 

75 

56 
70 
18 
14 
l 

45 
41 
9 

39 
13 
27 
14 
23 
6 

16 

80 

M 
77 
16 
85 

1 
43 
51 
13 
38 
25 
23 
13 
2 

17 
6 

85 

66 
96 
39 
n 
60 
16 
36 
6 

23 
33· 
11 
22 
6 

17 
11 

The amplitude and phue spectrums were 
evaluated from the expffllllioDI 

IH(n, ♦)I • [,f,.'(n, ♦) + ,f,/(n, ♦) ) 1 11 

and 

( ., 1 .f)1(n, ♦) 
t "• ♦, = ; arc tan ,f,.(n, ♦) 

where ,f,,(n, ♦) and ,f,,(n, ♦) are the real and 
imqinary part.a of the complex Fourier trans­
form of la(.\, ♦) ; i.e., 

area cent r •d on h 5° latitude-longitude 
intt,rsection. \ alues for the topography of Ant­
arctica have been obtained from manuscript 
map based on the late t determinationa avail­
able in 1063. The di tributions of the amplitud 
H(n, f#,) and phase £(n, ♦) spectrum were 
computed up to wav number 15, for every 5° 
latitude circle based on data spaced at 5° inter-

H(n, ♦) - ! 1 .. la{A, ♦)e-••• a>. 
.. 0 

11·· • - /a(A, ♦) coe nA ti>. 1r 0 

- i 1 .. A(A, ♦) 1in nA a>. 
1r • 

• (,1(n, ♦) - i(,1(n, ♦) 
For omputational purpoees 

2 • 
.f>1{n, ♦) • M L A(A;, ♦) coe nA; , .. 

2 JI 
.f>,(n, ♦) - M L la(A1, ♦) sin nA, ··• 

For all latitudes except thoee croainc Ant­
arctica, the harmonic anaJym is baaed on topo­
graphic heights preaented by Btrkof,ky and 
Btrtoni [1955) . The heights presented by them 
are mean values detennined for the 5° x 5° 
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TABLE 5. Zonal Average ToJ)Oll'apbic Beipt 

North m 
Remi phere 

Southern 
Hemi pbere 

♦, de1 N (h), m ♦, de1 S (la), m 

0 
6 

10 
15 
20 
2.S 
30 
35 
40 
45 
50 
55 
60 
65 
iO 
75 

169 
189 
189 
158 
222 
298 
586 
761 
592 
438 
367 
278 
3 l4 
375 
308 
2GO 
2:1 

8 

5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
60 
65 
70 
75 
80 
85 

195 
196 
241 
234 
204 
153 
76 
48 
46 
23 
13 
5 

172 
1071 
2118 
2-131 
Z-44 

I 
l 
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HARMONIC ANALYSIS OF TOPOGRAPHY 
val around each Jntitude circle (i.e., M = 72). 
These spcctrums are discrete line IJ)CCtruma and 
hence have meanin1 only for the discrete intcpr 
values of wave number (Tables 1 to 4). 

The phue an1le c(n, 4') indicates the lonci• 
tude where the first maximum of h, correspond­
ing to n, is located. Additional maximums arc 
located at E + 2,rk/n for each intt1ral value of 
k up to n - 1. The reader should note that the 
harmonic analysis alone a latitude havin1 a 
nonzero height above aea level ( = I,,) at only 
one of the 72 points would l'C!Ult in an equal 
amplitude ( = 2/a/72) for all hannonics, 1 
through 35. For this case, the average heiaht 
for the latitude would be 1an2. This situation 
is approximated at latitudes 85°N, 50°S, 55°S, 
and 60°S, \\'here land occurs only in one part of 
the latitude circle. 

The 1onal average height of the topogr:ipby 
abo,•e aea level, denoted by (h(♦)), is given in 
Table 5. There is a marked contrast beh,·et>n 
the averap heights for the primarily oceanic 
latitudes so• to 60°S and those for l:ititud<'S 
75• to 85°S which are dominatNI by the ant­
arctic ice cap. 

The dominant role of the major mountain 
barriers (Himalayu, Rocki<'S, Alps, Andc. ) is 
shown very clearly in Mercator charts of the 
fim four topocraphic hannonin (Figure 1). 
For the northern hemisphere, these charts a re 
in emential agl'l'ffl\ent with th<>!e produced by 
Van Mieohe,n tt al. (1960) from spectral ,·alur. 
CffflJi'lted by Ba"ett (1961). The values which 
he reports were derived for M = 36 by mc:ins 
of an analoe harmonic analyser. 

Acknowledgmnat. This ,rnrk • ·11" oriatin:tll~• performed at the Maaachuaetu lutilutc of Tech-
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