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ABSTRACT

The problem of the rigorous simultaneous adjustment of large photo-
grammetric blocks is reviewed and extensions to an earlier theory ore developed.
Various matrix iterative appraaches to the solution of the very large systems of
normal equations characteristic of sizeable photogrammetric nets are investigated.
The Method of Block Successive Over Relaxation is found to yield ¢ practical
and most sotisfactory solution to this problem. Results of an extensive series of
numerical simulations are reported. The successful application of the approach
to a 23-photc strip of actual photography provides final confirmation of the

validity and effectiveness of the solution,
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PREFACE

The objective of this study is to develop a computationally feasible procedure
for the solution of very large systems of normal equations generated in the process of
simultaneous adjustment of cil observations arising from a large pnotogrammetric net.
Although the theory for forming the normal equations in a systematic and practical
manner was ceveloped over six years ago by one of the writers (Brown, 1958 a), it has
widely been held that the sheer size of the normal equations for long strips or lorge
blocks of photography would restrict the application of the theory in its full generality
to photogrammetric nets of relatively modest dimensions. Consequently, efforts at
applying the theory have concentrated largely on piecewise adjustments according to
various schemes ranging from cantilever extension using three or more photos per step
to extension through adjustment of small blocks. All such solutions are, of course,
compromises dictated solely by computational considerations, Few will argue the
desirability of simultaneous adjustment of sizeable photogrammetric nets, but many will
argue its practicability. We therefore take considerable pride in announcing our
success in developing an altogether practical, yet uncompromisingly rigorous solution
to the problem of adjusting large ohotogrammetric nets. Surprisingly, there is evidence
that the efficiency of the solution increases with increasing dimensions of the photo-
grammetric net and is even grecter with blocks than with strips. The solution of the
normal equations is accomplished through the application of techniques of matrix iterative
analysis developed over the past decade by investigators concerned primarily with the
solution of large systems of linear equations arising from the numerical solution of systems
partial differential equations. A comprehensive treatment of matrix iterative techniques

is provided by a recently published book (Vorga, 1962).

Qur study has been divided into two major parts. Section 1 provides the overall
theoretical development essential to the solution. It also incorporates a number of re-

finements (some previously published, others not) of the original photogrammetric theory
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(Brown, 1958 a). In porticular, it fully develops the concept of the *ellipsoidal

control point' (previously introduced in Browr, 1959, as o special case of the awkwardly
phrased concept of 'relaxation of quasi-cbservatianal variances'). The general adjust-
ment is extended ta accommodate observations provided by auxiliary external sensors
(inertial systems, aircraft tracking systems, etc.). Provisions are made for the cali-

bration of such sensors as an integral part of the overall adjustment,

Section 2 outlines the numerical procedures emplayed in implemeniing the
solution ond presents detailed results of an extensive program of numerical simulation
designed to evaluate the effectiveness of the general approach developed in Section 1,
Several specific opproaches within the fromework of the general opproach ore investigated

to determine the particulor voriont leading to the most effective results.




SECTION 1
THEORETICAL DEVELOPMENT
By

Duane Brown

1.01  INTRODUCTION

In a previous paper ( Brown, 1958 a), the writer presented a rigorous least
squares solution effecting the simultaneous adjustment of the entire set of original
plate measurement arising from a completely general photogrammetric net. |t waz
shown that the development of the general normal equations was an entirely straight-
forward procedure presenting no difficulties even with a digital computer of relatively
small capacity. A direct solution, however, was considered to be impractical for large
photogrammetric nets because of the prohibitive dimensions of the normal equations. A
practical means was developed to coliapse the system of general normal equations to a
more tractible system of reduced nomal equations whose dimensions were independent
of the number of unknown relative control points and were dependent only on the total
number of unknown elements of orientation, This version of the solution found immedi-
ate application in space geodesy (Brown, 1958 b, 1959, 1960 a) wherein powerful stellar
control could be exploited to reduce the number of unknown elements of orientation to
three per exposure station ( the X, Y, Z of each station). Even rather iarge geodetic
nets (up to 100 stations) were considered to be amenable to this approach for in practice
only a handful of stations in the over-all network would observe a given group of flashes
thereby making possible the piecewise formation of the partial normal equatiors generated
by relatively small local configurations; the formation of the final system of normal equa-
tions would thus reduce to a simple matter of appropriate dissection and subsequent summing
of the partial normal equations of individual configurations, In such geodetic applications,
the sclution cf large systems of equations would normally have to be faced only at infre-
quent intervals and hence would warrant an effort which would otherwise be considered

prohibitive,




In Brown (1958 b) the writer outlined an extension of the general adjustment
to account for errors in presurveyed locations of exposure stations. This extension was
further developed in the Appendix tc ¢ later report (Brown, 1959). Here, the solution
was modified to cover the zase in which any of the elements of orientation and any of
the coordinates of control are considered to be measured quontities subject to odjust-
ment. In the originol soluticn, these quantities were considered to be either perfectly
known or to be wholly unknown and the entire odjustment wos placed on the measured

plate zoordinates.

In an unpublished, privately circuloted poper ( Brown, 19€0b) which is referred
to by Case ( 1961), the writer further extended the basic soluticn to incorporate orbital
constraints applicakle to a satellite-borne camera. Here it was shown that the entire
vector of coordinates of exposure stations for a given orbital pass could be replaced by
a 6 x 1 vector of osculoting Keplerian elements, these in turn being determined as part

of the over-all photogrammetric reduction.

The first unclassified application of the extended form of the writer's solution to
aerotriangulation is probably that of Dowdy and McClure ( 1962). Here, a compute: pro-
grom for the simultaneous odjustmen, of as many as 12 photogrophs was developed for the
IBM 709 Computer. For fong photogrammetric strips, the program employed what might
be called a long base cantilever in which six, seven, or eight successive photos were
corried in each odjustment. Dowdy ond McClure applied the progrom to the adjustment
of 11 sub=blocks of a 50 photo block of actual photography. The solution ollowed not
only for adjustment of plate coordinates, but olso for adjustment of ground control. Al-
though the standard deviations assigned to the ground control ronged typically from 20
to 30 ft., the published adjustment of the ground control turned out to be smoll froctions
of a foot. Dowdy and McClure expressed concern over such unrealistically smoll corrections
but were unoble to offer a specific explanation for the result. The present writer, in seeking
on explanation for this untoward result, carefully studied the flow charts ond program listings
published by Dowdy and McClure. Both were found to be in good order and disployed a

sound understanding of the method. The difficulty was finally traced to on easily mode
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blunder in weighting wherein two different unit variances were implicitly carried in

the same adjustment; the one for the ground control and the other for the plate measure-
ments. More specificaily, the weights assigned to the ground control points were taken

as the straight reciprocals of their variunces thereby automatically fixing unit variance

at unity. Accordingly, the weights of the plote coordinates should also have been taken
as the straight reciprocals of their variances. Actually, they were not, for all plate
coordinates were assigned unit weight. If onewere to regard the standard deviation of

the typical plate coordinate as being 0 =0.025 mm, the weight of the plate coordinate
would then prcperly become l/(.025)2 = 1600, rather than unity. Accordingly, in Dowdy
and McClure's study, all of the plate coordinates were grossly underweighted ( by a factor
on the order of 1000 to 2000) or, equivalently, all of the ground coordinates were grossly
overweighted ( again, by o factor on the order of 1000 to 2000). Hence, essentially all
of the adjustment was placed on the plate coordinates and practically none was placed on
the ground coordinates, For all practical purposes, then, the ground control was actually
treated as if it were perfectly known., Within this context, Dowdy and McClure's numerical

results may be viewed as being valid.

Dowdy and McClure indicate the 1BM 709 running time of the progrom for a twelve
photo adjustment to be slightly more than one half hour per iteration. Inasmuch as compu-
tations required for the formation and for the solution of the reduced normal equations in-
crease as the square ard cube, respectively, of the number of photos, it follows that be-
tween two and four hours would be required per iteration for a twenty four photo adjust -
ment and that between eight and thirty two hours would be required per iteration for a
forty eight photo adjustment ( this assumes that sufficient memory were available to keep
all computciions in core). Nommally two to three iterative cycles would be required for
adequate convergence, thus doubling to tripling the above figures. Small wonder, then,
that in recent years enthusiasm has generally waned for the idea of rigorous and simultan-
eous adjustment of large blocks of photos. Instead, efforts have been directed mostlv
toward development of compromise solutions such as extension by anolytical pairs, t-iplets
or sub-blocks with subsequent adjustment of the model to absolute control ( e.g., Mikhail,

1962, 1963; El-Assal, 1963; Schut, 1964; Harris, Tewinkel, Whitten, 1962) or adjustment

.




of strips or blocks of modest dimensions, typically of 25 photos or less ( e.g., Dowdy
and McClure, op. cit.; Matos, 1963). A broad review of the development of analyt-
ical techniques is given by Doyle (1964).

From the foregoing, it appears that the general impetus towards the implementa-
tion of the uncompromisingly rigorous adjustment of large photogrammetric blocks has in
great measure died out in favor of suboptimal but more easily implemented analytical
approaches, Nonetheless, the desirability of simultaneous adjustment is conceded by
virtually all investigators, Because of the general abandonment of the idaal of simul-
taneous adjustment, o Pandora's box of alternative approaches (most being minor variations
of one another ) seems to have been opened leading, in the writer's view, to the generally

chaotic present state of analytical photogrammetry.

As has already been indicated, the stumbling block to the implementation of
rigorous block adjustment has been the solution of the very large systems of normal equa-
tions generoted by blocks of even fairly modest dimension. As we indicated, the formation
of the nomal equations themselves is a relatively minor problem, In all approaches
reported to date the solution of the normal equations has been effected by one or another
of the numerous variants of Gaussian elimination. This has set a practical limit (on the
order of 25 photos) to the size of the photogrammetric net which can be handled, for
computational difficulties with Gaussian elimination increase severely with increasing

numbers of unknowns,

In 1958, the writer experimented briefly with the Gauss-Seidel iterative technique
for the solution of linear equations only to abandon it as utterly impractical upon finding
its rate of convergence to be insufferably slow. However, in 1962, the writer's interest
in the possibilities of the Gauss-Seidel approach was rekindled upon reading in Faadeva
(1959)of an accelerating process developed by Luisternik (1947, [t was further aroused
upon the writer's discovery that,by means of a scheme of ordering the unknowns of the
general normol equations generated by a 'uniform block' (to be defined later), it was
possible to obtain a coefficient matrix having highly diagonal characteristics. Indeed,

the writer found that with a 'uniform block’ it was possible to develop an ordering which




would confine all nonzero elements of the coefficient matrix to a comparatively

narrow band about the principal diagonal, the width of the bond being completely
independent of the photadimensions of the block. Such strong diagonality, it seemed

to ihe writer, might well enhance the prospects of acceptably rupid convergence of an
iterative process of solution. In further conjectural development of the renewed possi-
bilities of an iterative approach, the writer conceived of a process for the systematic
formation of the normal equations in which an algerithmic scheme of indexing could be
employed to bypass the computation of al! zero elements of the normal equations, thereby
leading to the direct formation of an equivalent ‘' collapsed' system of far smaller dimen-
sions. This concept of ‘ collapsed normal equaticns' further enlarged the possibility of
the ultimate development of a practical approach to the problem of the rigorous odjust-
ment of large photogrammetric nets, In December 1962, these ideas were expressed for-
mally in a technical proposal to Rome Air Development Center, resulting subsequently in

the award of the present contract to investigate their practicability,

As we shall see, the applicability of the acceleroted Gauss-Seidel process tumned
out to be decidedly marginal. On the other hand, the application of a more powerful
iterative technique (that of successive overrelaxation) proved to be successful beyond
all expectation, As aresult, the rigorous adjustment of blocks of large dimensions may
now be said to be entirely practical even though it may entail the simultaneous sol ution
of several thousand equations, Except for the collapsing algorithm, the development of
the normal equations for our present solution remains largely the same as in the writer's
original papers of 1958 and 1959, However, a number of refinements have been added,
foremost of which is a generalized treatment of auxiliary observations which permits the
introduction of any desired statistical or functional constraints on the parameters of the ad-
justment, Before we take up the central problem of the solution of the normal equations,
we shall incorporate these refinements into the derivation of the normal equations, Here
it is appropriate tonote that the extension of the adjustment outlined in Brown (1959) was
given without proof, an omission which has led to a number of private requests for clari-

fication. As we shall see in the development to follow, the proof of the extension




is so emborrossingly simple as to be elusive. This is why it was not discovered until

shortly ofter the publication of the original solution. In brief, it involves nothing

more than recognition of the fact that tha adjusted values of any observations may

be carried in the adjustment as unknown parameters.

1,02 THE ELLIPSOIDAL CONTROL POINT

In the formulation of the general photogrammetric adjustment, we shall
admit the possibility of correlated observations. Properiy exploited, the admissi-
bility of correlated observations provides the investigator with o convenient and
flexibie means for rigorously implementing any manner of variation in the basic
measuring processes without requiring the least alteration of the general adjust-
ment itself, We shall utilize this tool at the very outset to introduce a concept
fundamental to our approach, namely that of the 'ellipsoidal control poiri. '
According to this concept, the metric properties of a contro: point X,, ‘s’}, Z’
are fully cheracterized by its covariance matrix }\.’, the elements of which
specify, in effect, the relative statistical magnitudes and interactions of the

errors in the coordinates, The term ellin<oi-lc! control point stems from the

consideration that the following quadrctic form

x’z Gx’y’ Gx’i’
) _ =1 T _ 0 0 2
M a = /A A = (X=X Y:'Y(: Z,-Z)) |Iny, Oy Oy,z

defines an ellipsoid centered at the observed point X? ' Y?, Z;’ . By incorpor-

ating this quodratic form into the general quadratic form of the adjustment, one
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constrains the adjusted rays from the various cameras to a given control point
to intersect in probability within the space allowed by the 'error' ellipsoid
associated with the point, The concept of the ellipsoidal control point erases
the usual distinction between different types of control points, The difference
between an absolute control point at the one end of the spectrum and a relative
control point ai the other becomes merely one of degree. In the case of an
absolute control point, the dimensions of the error ellipsoid for a moderate
level of probability would be quite small (perhaps on the order of millimeters),
whereas, in the case of a relative control point, the dimensions would be com-
paratively large (perhaps on the order of hundreds of meters). Partially absolute
control points are characterized by either extremely flattened (pancake shoped)
error ellipsoids for the case when only one of the three coordinates is known
accurately, or else by extremely elongated (cigar shoped) error ellipsoids for

the case when two of the three coordinates are known accurately.

The ellipsoidal control point provides a particularly convenient means
of introducing either absolute or partiai control expressed originally in terms of
geographic coordinates ( Q’ )\’ ’ h’ ) rather than Cartesian coordinates (X’,Y’,Zj).
If ‘3?,)? . h‘; denote the ‘cbserved' geographic coordinates, the corresponding

Cartesian cordinates )@’, Y? 3 Zg » may be expressed functionally as

0 = 1 0 0
X3 x’(d",)",h’) '
- 0 0
v/ A A C TR
0 - 0 10
Z] Z’(Q‘:,A’,h’)

If the covariance matrix of the geographic coordinates is
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{3) T, = 0 o? a
! Qt)‘ | )‘1 )"h’
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that of the derived Cortesion coordinates becomes

[ X ] _ T
(4) A, = U T, U
wherein
0 0 0
ax; ax} ax’
g N, k]
(5) u, = aYy vy aY|
0 0 0
a¢) Y 3k’
0 0 0
22} 9% oz
0 0 0
3¢ an aK
o _

The covariance matrix A’ contains all of the information pertinent to the error
structure of the geographic coordinates. In the event that only one of the three
geographic coordinates were known accurately, one could proceed by assigning
comfortably large variances to available approximations for the two poorly known
coordinates and o realistic variance to the known coordinate. The transformed

covariance matrix A’ would then contcin the information that one of the three

geographic coordinates is known with worthwhile accuracy while the other two




are known only nominally. The nonzero off-diagonal elements of A’ are par-
ticularly vital to the correctness of the solution for they define the orientation

of the error ellipsoid.

By applying the concept of the ellipsoidal control point to geographic
coordinates, one circumvents the awkward conventional alternative of forcing
rays to intersect with mathematical precision on quadric surfaces, cones and
planes. Upon reflection, one begir. to appreciate that in the real world
absolutely perfect control simpiy does not exist; all control is subject to error
of varying degree. Moreover, there is really no essential distinction between
an approximation and an observation, for one can arrive at approximations
on'y through a process of observation, however crude and however indirect.
Thus, approximations may be viewed as observations having large and uncertain
variances, We shall adopt this view throughout the development of the general

photogrammetric adjustment,

1.03 OBSERVATIONAL EQUATIONS GENERATED BY THE PROJECTIVE
RELATIONS

As in Brown (1958) we consider the photogrammetric nei to involve a
total of m exposure stations and a total of n control points. We shall employ
the subscript 1(1=1,2,...,m) to denote the |'h exposure station and the sub-
script 4 (1= 1,2,...,n) to denote the 1”‘ control point, When double subscripts
are used, the first will refer to the station and the second to the control point,
No restrictions are placed on camera orientations or on the nature and distribution
of control, We shall proceed at the outset as if every control point were recorded

at every station. Later this assumption will be dropped.

Y : o th . th .
The projective equations arising from the §  control point and 1 station

are shown in Brown (1958a) to be of the form
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Al)‘u i Bl“n * Ciuij

1 = Xp + C' ’
! Dl)‘n+E1p‘u+Fluu
(b) [ ] (] [
. Al)‘u+81“n+clvu
y', = Y C' ’
P
1 D'X”+E'IJ“+F'V”
where
7) Ron = plate coordinates of 1”‘ point on 1th photo,
1y Yy
(8) xp ,yp = plate coordinates of principal point of 1”‘ photo,
1 Py
(9) c, = principal distance of 1”1 photo,
At Bt Ct
h
(10) A; B; C: = orientation matrix of o photo,
Dt Et F:
5 ® &
1 &
() o -51'—, s Yf = direction cosines of ray joining 1
» Z, - 7°¢ expos;;\re station at Xf F YT 0 Zf
- - B and §  control point at X, Y,, Z,

(R, = 1 (X, X2 (v, -YE)2+ (2, =262,

The elements of the orientation matrix are functions of the three angular elements

of orientation @, w,, K, .
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All steps leading to the formotion and collection of the ertire set of
linearized observational equations arising from the projective relations will
proceed precisely as in our earlier solution, Thus, we let x‘:’, y?, denote

measured plate coordinates and set

14
(12)

Y?j + Vy (‘ = ‘Izlooilnv 1=1,2,...,n)

Yy
1

where the v's are observational residuals. Similarly, we set

= = 00 c _ €, 00 ,C
a, = o+ 50 1 xp’+8xp’ X; = (X% + BX;
[+ C Cc
(13)  w, = of +5y v, = Yoty Y, o= (Y% + 8y
i i i
k= k% + 6k ¢, = ™ +6¢c 2 = (25 +82° (1=1,2,...,m)
1 1 t 1 1 1 1 | 1 1Erecst

in which arbitrary approximations are signified by the superscript ' ®* and
the §'s are the appropriate corrections to the app-oximations. We likewise

- . ' h )
assume approximations are available for the coordinates of the 1' control point

ard set
00
x: X‘: +8x1 !
(49 Y = Y®+sy ,
] ] i
- 00
Z’ Z’ +SZ’ .

The substitution of equations (12), (13), (14) into (6) and subsequent linearization

by Taylor's series leads to the observational equations
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(‘5) Vl’ + Bl’ 81 + 8118] = 61] (l =l,2,.,,,m; 3=‘,2,...,n)
in which -
) _ Sc\rl
', ax” ax” ax” 5w
Ve 303 = 1
_ 1 - _ | da dw YA £ =
(16) M= , B” = 1 1 " 6l = 8#(l
A\
(2,1) LyiiJ (2,9) Oy By L 9y, . 1) .
c H
aal aw! BZl
i X 62

7)) B = , 6. = |eYy. | , € =
0 00
(2,3) ay” %, %, (3,1 (2,1 ATIRAY

The partial derivatives in 'B” and 'B.” are evaluated at the appraximations
0? ;. u}:o , etc. The quantities x?oj 0 y(:°’ in €, denote the values resulting
when the right hand sides of equations (6) are evaluated using the approx-
imations, Detailed expressions for the partial derivatives are given in our

earlier paper (Brown 1958) and need not be repeated here,

At this point o comment on notation is apprapriate. Throughout tne paper
we shall continue the practice {already begun) of affixing tne superscript '?' to
quantities which are considered to be observed and the superscript '@ " to quantities
which are considered to be approximations or the result of approximations (as, for
example, in the quantities x?",, y‘:oi which denote the plate coordinates computed

from approximate elemenrts of orientatior and approximate cocrdinates of control).

=} 25




We shall denote the covariance matrix of the olate coordinates x(: W y(: : by

- -
o? o
Xy *19Y1y
(18) A =
& o o
X ey o Yy

0

ond shall define the weight matrix of Xgyt yf’ to be

-
19w, = A, .

By allowing the f _te coordinates for a given point to be correlated, we admit

a variety of possible plate measuring technigues (e.g., goniometric, polar

coordinate) in addition to those which directly produce Cartesian coordinates,

We also thereby admit the possibility of employing comeras which do not have

flat fields (e.g., panoramic cameras, meteor cameras, Baker Nunn Satellite

Tracking Cameras, CZR cameras), for here the plate coordirates to be carried

in the adjustment would be those derived from the appropriate transformation

(usually from cylindrical to plane coordinates) of the original film measurements,
0

In general, if £ g’ 77:)3 denote the measured coordinates of an image in what-

ever coordinate system is appropriate to the comera or measuring method and if

)

20 [ Y
” x(gi’l’rii’) '

X

(20)

define the transformation to Cartesian coordinates, the covariance matrix of the

derived plate courdinates is given by

(21) A” = C” A” C”,

where
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By employing the full coveriance matrix A“ in conjunction with the derived plate

coordinates, we correctly procpagate and preserve the informational content of the

original observations throughout the entire photogrammetric adjustment .

Retuming now to the linearized projective equations (15), we may express the

entire set of such equations generated by all m exposure stations as

(23)

where

AP}

V2i

Vm,

(2m,9m)

61 - €!

é‘j 0o ... O
O sz LX) 0
0 0 200 é

. B =
(2ml3)

Inasmuch as we shall assume independence of plate coordinates of different

images, we may express the covariance and weight matrices for the ccmposite

th &
observational vector for the ' point as

(25)

A’ =

(2m, 2m)

3 0
() O
e - ® 'Am,

Wy 0
0 Wy
0 0

r €
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(27)

If next we collect all equations generated by all control points, we

shall arrive at the system

B 0
o 8 ..
o 0o ..

(26) v+B6+8B8 = €
in which
N ~
F‘-’I B
Vz o .Bz oo
v = I B = ’ B -
(2mn,)) |- (2mn,%m)] . (2mn,3n)
v B
n n

— -y
A O ... 0
0 A2 se e 0
{25) A= ,
(2mn,2mn) | . . 1
0 0 ... A
n

W =
(2mn, 2mn)

[ -

ee e 0

see 0

ee e w

Equations (26) and (28) contain the entire store of information provided by the

projective equations,

metric net (Brown, 1958a) was based entirely on these equations.

15

Our original treatment of the adjustment of a photogrom-
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1.04  OBSERVATIONAL EQUATIONS GENERATED BY ELLIPSO!DAL CONTROL
POINTS

We shall now turn to other possible sources of information. If we regard
the coordinates of the lth control pcint as also being available from independent

external cbservations, we may write

R

X, = X% * "X, g

(29) Y, = Y‘;"’VY, ‘
= 0

Z’ Z’ +VZ’ .

Here, as before, X’ ' Y’ ' Z’ denote the adjusted coordinates, The observed
coordinates are X? 5 Y? o Z;’ and their observational residuals are vy v vYj o VZ’ .

The covariance matrix of the observed cocrdinates is /\j and the weight matrix

s W’ . As we saw in our discussion of the ellipsoidal controi point, by permitting
the covariance matrix A’ to be filled, we gain a new measure of observational
flexibility, Equations (29, simple though they are, constitute the observational
equations arising from externally observed control points, By emplcying the
expressions in (14) for the adjusted coordinates, we may replace (29) by the equiv-

alent relations

00 = 0

X§ + X, X’+vx’
(30) Y"’°+8Y’ = Y‘;+VY’

00 - 0

2y + 6z, 23+ vy

-16-
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A’ ’
X’ 1 X,
(31) Vy © SY’ = €Y 7
] ]
vz -8, = ¢ ,
[} ]
where

(32 €, =x0.x,

(33) V’ 4 6, = € Iy

The observatianal equations arising from independently obtained coordinates

of all n control points are then given by

34 v-85=F¢€,
where
r.oo T -'- . [~ 7
vy & €
- V2 : 8 . €
(35) Vi = ’ 5§ = ; € =
(3n,1) g (3n,1) : (3n,1) i
v 3 €
n n n

-17-
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If we were to assume that the coordinates of different points are independent
of each other, the covariance and weight matrices associated with the obser-

vational vector of (34) would assume the forms

B = i .
A 0 ... 0 W, 0 .. 0
. 0 A ...00 . 0 W, ... 0
(36) A = ., W =
(3n,3n} B i (3n,3n) o .
0 0 e | 0 0 ... W
n n

1.05 OBSERVATIONAL EQUATIONS GENERATED BY ELEMENTS OF
CRIENTATION

{t is clear that we could proceed as in the preceding section to
introduce any independent observations which may be available for elements
of orientation. We shall assume initially that independent observutions are
available for all elements of orientation for all exposure stations. If (y? ¢ W eas

. . . th
denote cbserved elements, we may write the observational equations for the 1

station:
s b c _ c.\0
a =qa’ +v , x =x +v o, X, =(X" )P +v_c ,
! L ay Py Fy xp' ! ! Xl
(37) w, u«‘: +vwl. ypl ypl R e SN AV
P, l
c ¢
Kl=K‘:+vK, A A Z|‘(Zl)°+vzc '

-18-




where the v's are observational residuals. If we eliminate the adjusted
observations from equations (13) and (37), we shall arrive at the equivalent

set of observational equations:

= 00 0 =
va!- b, = a; - a = €q,
(38) RIC IS of -df = €,
[« - C.\00 c.0 _
vae-8Z, = Z)P-(Z) = €5

With obvious notation we may represent these in matrix form as

39) v -6 = ¢

1 t i

The observational equations for all m stations are then

(40) v -8 = €

where
[~ [ ] [ 7]
A4 8] 6‘
v 5, €

@an v = ) , &= [, , € = .

(9m, 1) . (9m, 1) : (9m, 1) .

(G e =

-19-




We shall let ;\1 denote the covarionce matrix of the observations of the
elements of orientation for the 1"‘ station and shall let V.V!= 1.\;] denote
the corresponding weight matrix , We shall not require that these matrices
necessorily be diagonal. We shall assume, for the time being, that the
observations of elements of orientation are independent from one station
to another. Then the covariance and weight matrices for the observed

elements of orientation can be written

s ] ir N
A‘ 0 se e 0 W' 0 L) 0
. 0 Ay ... O . 0 W, ... 0
42 A= ;W=
(9m,9m) i : : (9m,9m) | . i ;
0 o .. A 0 0 . oW

Wc shall ultimately allow A and W to be completely filled matrices.

1.06 NORMAL EQUATIONS IN THE ABSENCE OF DATA FROM EXTERNAL
SENSORS

We now have developed the observational equations arising from

(a) measured plate coordinates,
(b) ellipsoidal control points,

(c) independently determined elements of orientation,

We have yet to consider still another potential source of information which may

be applicable to the photogrammetric adjustment: namely, external sensors and,
in particular, external sensors which may themselves be significantly biased and
which may, therefore, need to be calibrated as part of the overall photogrammetric
adjustment in order that their potential accuracies might be fully realized. Before

we turn to such considerations, we shall pause briefly to consider the form of the

-20-




normal equations generated by the observational equations developed thus far.

The three sets of observatianal equations, namely,

v+ Bs+BE = € (linearized projective equations)
(43) v - 8 = € {constraints on elements of orientation)
v = 5 = (constraints from ellipsoidal control points)

may be mesged into the single matrix equatian

. 'B .
N BT s §
(44) vl + |-1 0 '. = € '
v 0 -1 LS €
and this in turn may be reduced to
(45) v+ Bs = €
where, with obvious notation
i s 21
v B 8 : €
4) v= |vi, B=F o, &= .| , €= |c¢€
(nO'nO) . (nOI 1) 0 -I (POI‘) ) (nm 1) <

where ny= 2mn+ 9m + 3n, py = 9m + 3n,
In o similor monner we may merge the covarionce matrices and weight

matrices of the three basic observational vectors into the single composite matrices

A ond W where

-21-
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r— -1 B -
A 0 0 W 0 0
(2mn, 2mn) (2mn, 2mn)
(47) X = 0 A 0 , W = F{'= 0 W 0
(g, ng) (9m,9m) (ng/ng) (g, ng) (9m,9m)
0 0 A 0 0 w
L (3n,3n) ] | (3n,3n) |
The normal equations leading to the determination of that pair of vectors v, § which
satisfy (45) while simultaneously leading to the minimization of the quadratic form of
the residuals
_ =Tas
(48) s = v Wy
is shown in Brown (1955) to consist of
T = _ =T =
(499 (B WBYSE = B We .
By virtue of (46) and (47) the normal equations may be written
. B T :
T T
B -1 O w 0 0 B B ) B -1 0 w 0 0 €
(50) BTo -1|loc w olla ofls B1 0 -1 [0 wo €
0 0 wl|lo - 0 0 W| e
which, upon reduction, become
(5]) N:TW (X N .o 080 = oco B \vo/ f' f
N N+ W & c-We
wherein
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N = BT w B ’ c = éT w € ’
(9m,9m)  (9m, 2mn)(2mn, 2mn)(2mn, Im) (9m,1) (9m, 2mn)(2mn, 2mn)(2mn, 1)

(52) N = 8 w B,
(9m,3n)  (9m, 2mn)(2mn, 2mn){2mn,3n)
N = B.T w B 7 c = B.T w € -

(3n,3n)  (3n,2mn)(2mn, 2mn)(2mn,3n) (3n,1)  (3n,2mn)(2mn, 2mn)(2mn, 1)

The normal equations (51) are of the form described in our earlier poper (Brown, 1959),
We shall temporarily defef the further treatment of the normal equations until Subsection
(1.12) and, in the next three subsections, shall consider the extension of the basic solu-

tion to incorporate information from externcl sensors.




1.07  OBSERVATIONAL EQUATIONS GENERATED BY AUXILIARY EXTERNAL SENSORS

For the sake of complete generality, we shall now consider the possibility
that there may be certain auxiliary measurements interrelating elements of orientation
and coordinates of control. For instance, the distances between certain pairs
of exposure stations may be known, or distances between certain pairs of con-
trol points, or even distances between certain exposure stations and certain
control points, It is altogether likely in the near future that the relative posi-
tions of successive aerial exposure stations will be measured with worthwhile
accuracy by inertial sensors. Conceivably, the effectiveness and accuracy of
such sensors could be increased if certain parameters peculiar to the sensors
were carried as unknowns in an appropriate modification of the pnotogrammetric
adjustment. To enlarge on this, let us consider an inertial system in samewhat
greater detail. The output of an inertial navigational system of high quality
has a very low random component, but is subject to a cumulative time varying
error upon which may be superimposed a sinusoidal type of error having the
Schuler period P (approximately 84 minutes near the earth's surface). Strictly
for purposes of discussion, let us assume that the follawing equatians adequately
describe the nature of the errors in the navigational output for the latitude 9,

ond longitude \ of the tth exposure of a photogrammetric strip:

.2 7,

¢, - ¢2 = €°1 + +o,(tl—too)+oz sm—pE (tl-too)+o3cosp—"(t’-too)

(true) (measured) (r:rr:g'or;\ + higher order terms,
(assumed negligible)

(53)

% = R = @ & b bile St by SA-NUE ~te) 2T (4 _poy)
[l { xl 1 ] 00 2 $in T { 00 b,, cos T '- 00
(true) (measured) (random + Fitgher farder terms .

)
error ) (ossumed negligible)

24




in these equations

. th
t = timeof i exposure,

too = arbitrary time of reference which would nomally be

selected to correspond to a time near the center of the

strip,
°°+°~" =  zeroing errors at time t = too (ordinarily ag>>ay , bp>>by),
bo* by
o /b = coefficients of first order seculor drift,
02:9 ‘_ =

coefficients of first order periodic drift,

by /by

Let us further suppose that the aititude of the aircroft is measured by means of
a precise pressure altimeter and that a nominally constant altitude is flown,
Aside from zeroing, the systematic errors in pressure altitude are primarily
attributable to the slowly changing departure of the isobaric surface at flying
height from the spheroid of reference, If s, were to denote the distonce along
the flight path of the l'h exposure station (s=0 when =ty ), o suitable error

model for measured pressure altitudes might well be of the form

(54) h’ - h? = Gh + co+c,s’+czsf*c¢s::+...
1
(true) (measured) (random equations defining isobaric
error) departure ‘along flight line

from reference spheroid.

-25




If the velocity of the aircraft were nearly constant, one could replace s,

in this equation by s = v(tl- tgg) where v denotes the average velocity

along the flight interval. By means of appropriate transformations the above
equations for ¢1 . )‘1 ; 'hl couid be expressed in terms of Cartesian coordinates.

Thus, we may write functionally

X; = (8 €, J?*‘x d R+ € L 0 sneeiby byeesicoscrrennit,)
1 1 1

(55) Yl = f21(¢2+€¢ Ix°l+‘x ’ hol+€h 1 %IQIOOI;h[bI[uuu;%'CI[uuu;tt) i
1 1 1

Z:: = f3,(dl+€¢ ,)‘?+ 6)‘ ’H)1+ € @0 seeeibyibysiiaioicsegt)
1 1 1

Here we have expressed the adjusted Cartesian coordinates for the lth exposure
station in terms of independently determined geographic coordinates together

with a set of unknown error coefficients necessary for their calibration. Equations
(55) may therefore be considered to constitute another set of observational equa-
tions involving not only parameters heretofore considered (X::, Y::, Z::) but also

a new set of parameters (al p bl , €. ) independent of the parameters of the photo-

1
grammetric model proper. Nothing in principle prevents us from incorporating
si,ch observational equations into the photograommetric adjustment. By doing so,
we may possibly streng! “er the photogrammetric adjustment to a worthwhile degree

and, in the process, <alibrate the external sensors over the flight interval employed.

The above discussion is intended to provide a heuristic introduction
to the next phase of our formulation of the general photogrammetric adjustment,
namely the incorporation of observational equations arising from external sensors.
We postulate the existence of a general abservational vector.

T
(56) g1 = (BY &% s 0‘;)

-26-




provided by an unspecified combination of unspecified external sensors.

We shall assume that the adjusted values Bk = 9'(: 7 of the external
k

observations must satisfy a set of r equations of the general functional

form

(57) fk(e‘lezl...’ep U],U),---[Ugw U],U)I-..l\.hn, W,Uz,.--cu )- 0

in which
WiVzreeesUgm = elements of orientation (e.g., =0y, U= Wy, etc,)
1:;,:;2,...,03,, = coordinates of control (e.g., vy =Xy, u=Yy, etc.)

U],U),...,Uq

To linearize equations {57), we set

:J’ = :J:” + 8:), ’ 1 = ‘,2,.--,9"\,
(58) U = UesH . 1=1,2...,3n,
.J; - .’w+ su. , k = ]’2’...’q 0

in which the approximations for the elements of orientation u(:o and coordinates

of control u’00 ore the same values as were used in the linearization of the

projective equations, The substitution of these expressions together with the
expressions Ok = 93 + v, into equations (57) and subsequent linearization
by Taylor's series yields

-7~

unknown parameters peculiar to the external sensors.




(59)

where

(60)

(61)

v, Y Qoav, t
Mgy " %29,

€

gh

8g

olare i v,
%g 6o

e

gh

+

+

fig b * fagBup + ...+
flg&)‘ + fzg 5U2 e ia fsn’g 5“3“

flg 80\ & f?g

oo 0/ %; U'mﬁ Ué”r ()

Equations (59) may be expressed in matrix form as

(52)

66

6

Av+ﬁé+395+88'

€
6

8U2 +ooo+f

w L]

.
o7 Ugm s Y

where & and & are t7c same as in (24) and (27 respectively and

(63)

A

(rep

~ D

o

art

ary

0]2 o

022 e

°r2 s

-2

(r ,9m

f‘?m,g 5u9m

1 U?l s s

q:9 "7q

» Bni

..m ..m

U‘, U2[ ss e

€
b5




(66)

r_.. .0 (1] - P..I e o (X1 ’
i hy .o fyga b fo ... fq
. fn fag oo 2,0 fa f22 oo faq
(64) BG - . . . ! B = . . . ! ee *
(r,3n) sz 3 (r,q) o 5 (r,V)
jn frl see fr’Q- Lfn frz LX) f',q 8
€5) & = (54 &u; ... 8uq)T.

(QI])

We shall let the covariance and weight matrices of the observational vector 8

be denoted by Ay and Wy = A;] :

By meons of equations (62 we can introduce into the photogrammetric
adjustment any pertinent information available from independent tources. For
example, in the special case considered at the beginning of this section, the

matrices A_and B would assume the forms

6 6

o Azz s o

A6= o . » where A = oy 9. O -3i-1 Onogm
(3m,3m) | . ; . (3,3

N1 ,31 -2

M1 =2,31 =2 12,311 9y -3,31

%y ,11 = %31

o
..




r-— e
0 0 0
0 0 0
iy
FF" 0 see 0 0 0 0
o Ezz ) 0 0 o 0
(67) ée = where §“= 0 0 0
(3m,9m) 5 - 3 (3,9 g g .
6 0 .. F
_f e re,m-r hGiagsiez By e
G-z, 21 Fay-19a1 faLepa
f3’°2,9’ le-l,m f:u,?l
- N

Becouse no control points are invalved in equations (55), the matrix .B.B would be

o zero matrix, Since the U's (the o, ,bl <, in the present case) are common ta
oll equations, the matrix “8.9 would be a completely filled 3m by q matrix, where
q would equal 12 if four parometers were carried in each of the error models of

(53) and \54).

Inasmuch as different strips of o block may be tlown on different acco-
sions, it may be necessary ta employ fresh coefficients in the error models for
each strip or subgroup of strips. This situation is easily accommocdiated by o
reinterpretation of (62), (65), (66), and (47). We now attach o subscript
to the matrices defined in (64) , (65), (46) to signify that they arise fromthe
1 strip or n'h group of strips for which the gth set of errar coefficients apply.
If we postulate that the black is subdivided inta o total of s subhlocks, each
having o re-initialized error model for the external sensors, the motrices in

(62) assume the forms

-30-




(68)

(69)

LN ] h
Here & refers *o the corrections to the 1™ set of error coefficients (these apply

VlfOf

only to the lth sub-block ). In the present application the elements A
1

A

o

the vectors Vyr & are themselves vectors (applying to the lfh sub=block) ond are not

to be confused with the scalars v ' G appearing in (57) (these should now be rede-

finedas v, , €
9”

arising from the 1

sub-block).

From the foregoing example it should be clear that equations (62) may be

1,
to refer, respectively, to the th residual and ofh discrepancy term

interpreted with sufficient generality to accommodate any available auxiliary data

pertaining, however remotely, to any of the elements of orientation or to any coor-

dinates of control.

-31-
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1.08 OBSERVATIONAL EQUATIONS GENERATED BY ARRIOR!
KNOWLEDGE OF PARAMETERS OF ERROR MODELS

Our final set of observational equations is intended to exploit any
information that may be available concerning the admissible voriation of the
coefficients of error models of external sensors. We assume that the parameter

.;; is itself subject to observation and write

(70) Uk =) U: + Vk ’ k=11210-o;qc

Upon eliminating u_ from equations (58) and (70) we get

R . I B

which may be expressed in matrix form as

(72 v = b € .
(q.1) (q,1) (q,1)

1]

Weshall let A ond W = A7 denote the covariance and weight matrices

(q.9)  (q.q) (q.,9)
of ine a priori values of the error coefficients, In the event no a priori constraints
were to be placed on the error coefficients, \.A./.wouid become zero., By the same
token, if no constroif.\.t.s were to be placed on a particular error coefficient, the

rows and columns of W correspc nding to that coefficient would consist of zero

elements,

22-




1.09 THE MERGED OBSERVATIONAL EQUATIONS

Bringing together the various sets of observational equations which

may apply to the adjustment of a general photogrammetric net, we have

v + B&5+ 8BS

= € (See Section (1.03))
Av +B&§+BSEE+BEE = € (See Section (1.07))
06 6 9 0 6
73) ¥ = 5 = € (See Section (1.05))
" SN TE = € (See Section (1.04))
- 8§ = € (See Section (1.08))
These may be written
1 0 0 o of [v] (8 8 o] _
0 A, 0 0 0 Y B, B, B 5
74 0O 0 | 0 O - + {-1 0 0 3 =
0 0 0 | 0O v 0 -1 0 s
0 0 0 0 | v 0 0 -l
L ) e

which may be represented more compactly as

(75) Av + B® = €
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The covariance and weight matrices corresponding to the combined observational

vectors is

rA 0 0 0 0 W o 0 0 0
0 A O 0 O 0O w, 0 0 ©

9 ]
@ A=1]0 Ao of, w=A"=-1{00 wo o
0 0 0 0 W 0
0 0 A 0 0 0 0 W
L . 9 -

All of the information pertinent to the adjustment is contained in equations

(75) and (76).

1.10 THE GENERAL NORMAL EQUATIONS

The normal equations for the minimum variance adjustment are obtained
from the particular pair of vectors v, & which simultaneously satisfy the specified
observationai equations while minimizing the quadratic form

S .
(77) y = v Wy .
The writer has shown (Brown, 1955) that the solution to this problem leads to a set of

normal equations of the form

(78 N§=c,




in which

1f we set

T
= (A AA ’
(81) G (999)

we can express the matrix (KT\KT)-‘ as

0
0
(82) AAAN = 0

W
0
0
0

0
G
0
0
0

OOi.OO

W
0

LO

, 22 o o O

vl

p

From this and from the implicit partitioning of B in (75) we may express the

coefficient matrix N as

(o1 o 11 IRE
8’ 8 -0 ollw o o o ofls B
(83) N= “T ¥ o 4 o|lo 6 0o o 0)|8 B
8 o 6
o T o o -llo o wo 0f}- 0

L ° ] )

o 0 0 w oflo -
s 0o 0o n wllo o

& L




which reduces to

Jwa+§ce*w1 Bwp+s GB B! G B
9 PR 0
o) N= | B ws+8 GB BWB+*B GB+W B GB
0 0 I’ 9
B G B B GB B GB +W
0 0 9 o8

Similarly we may show that c is of the form

——

BTW€+ BTGGB-W€

6
(85) c= BTWG*-BTG€9-W€

]
..OT [T X ) .00
i B G 69 -We

D

From (84) and (85) we see that the general normal equations (78) can be

expressed as the sum of the following two sets of normal equotions

r * I T.- -. * .7
N+ W N 0 ) c-We
(86) KT ON+w 0 5 = c-We
| 0 0 0 o
r - r‘ o
. ~ Q ru
N N ) c
6 6 6 6
—T (X3 a .e (1]
N'N N 3 =
(%7} P 9 %
NTONT ONsw | s e & i
6 0 ] | 6 |




in which
-8'ws , N =86GB, N =868,
6 o 8 6 0
N=8ws, N -8 Gs, N =B GB ,
6 68 6 68
88 N =8 WB, N =8GB, N =BGb .
6 6 8 0 0
¢ =BTWe, ¢ =BTG€ ;
5 6 8
.r: ‘—'.BqWG, c =B.TG€ '
9 6 8
c =BTG€ ,
9 6 8

We recognize equations (86) as being those derived in 1,06 and in our earlier papers
(Brown 1958a,1959); they arise from the projective relations and from con-

straints placed directly on the elements of orientation and coordinates of

control, Equations (87) reflect the combined contribution of those external

sensors not involved in the generction of the constraining matrices W and W

In the case of the Air Force USQ-28 system, for example, such sensors would
include: o precise inertial system (Hypernas 1) providing accurate measurements
(0=10 arc sec.) of the direction of the camera axis relative to the local vertical,
together with measurements of heading (0 = 40 arc sec.) and of relative position
(0,)); a precise ranging system (SHIRAN) providing simultaneous measurements
(0= 3 ft.) of the distances of the aircraft from up to four ground stations; o
Terrain Profile Recorder providing ¢ continuous measure (0= 10 ft,) of the
distance to the nadir of the aircraft; a precise pressure altimeter monitoring the
altitude of the aircraft relative to an isobaric profile. Bquations (87) are suffi-
ciently general to encompass all of the sensors of the present USQ-28 system

plus anv other sensors which might later be added to the system,
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1.1

the form

(89)

in which

(90)

DETAILED STRUCTURE OF THE NORMAL EQUATIONS

To proceed further we shall confine our consideration to normal equations
of the form (86). From the partitioning of (27), (28), (35), (36), and(41) we can
show that the normal equations (86) (with the third rows and columns dropped) are of

oe (X

N,* W,

From the further partitioning of (24),(25), and (42) we can expand (89} to the form
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Np + W 0 cee 0 : N" Niz ces ﬁ]l 81 o -We
] . (] . . ] ]
0 N2+t Wp ... 0 . Na N2z ... Naa| | 52 22 = W€y
:
. . . ¢ . . . . .
. . 3 i . . . . .
. . . ' L] . . L] L]
. . ' . . > L]
] - - -
0 0 vee P4"m4-VVm_ : hﬁﬂ hﬁmz ve e Pdm_ Sn C-"anfn
() S R SRS | P
[}
T . T = T [ oo (1] (1) s e
N Nav ..o ! PNyt W o ... 0 & q-W €
. ] .. [ e o e e
N‘Tz Nsz 088 NmT2 : 0 N2 + wz cess 0 82 C2 - W2€2
]
]
. . . ! . . . . .
. . . ] . . . . .
. . . ] . . . . .
]
-T - T _T ] oo oo oo oo LI T
Nia  Naa .o N, | O 0 .o NoW LB e
in which

-
.
)
.
.
.
—_

Nn = FZ]BH W” B” ! €y T ’=Zl 14 W” 1y !
p— _ .T . (1)
G2 Wy S & Wi By e
n
(13 _ v..T e L1 _ ..T
1 -l;-‘fBll 1y C1y ! < —l_; 14 W” 1y °

The upper left hand portion of the normal equations consists of m
diagonally arranged 9x9 blacks of elements, each such block corresponding
to the elements of orientation for a particular exposure station, When the
elements of interior orientation are rigidly enforced ta precalibrated values
(as would normally be the case in aerial photogrammetry), the 9x9 blocks

reduce to 6x4 hblocks. In general, any parameter of the normal equations
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may be enforced at the value employed in the linearization of the projective
relations by simply deleting the rows and columns of the normal equections
corresponding to the parometers, This is equivalent to the operation of letting
the a priori weight (in the \;V or V.\; matrix) of the parometer appr oach infinity,
By so doing one forces the solution for the given parameter to assume the value
of zero, which, when substituted in the remaining equations, eliminates the

parometer from the overall system,

The lower right hond portion of the normal equations consists of n
diagonally orranged 3x3 blocks of elements, each such block corresponding
to the coordinates of a particular control point, B, making the appropriate
diagonal element of the \.f;/ matrix for a given point sufficiently large, one
can force the adjustment to reproduce a pre-established value of any coor-
dinate of the point to within any desired tolerance. One could, of course,
rigidly enforce a given control point by striking out the rows and columns of
the normal equations corresponding to the point. Again, this would be tanta-

mount to giving the point infinite weight.

1,12 THE REDUCED NORMAL EQUATIONS

When the number of unknown e¢lements of orientation is not exces-
sively large, it becomes practical to reduce the general normal equations
(91) to a system of lower order by a process of inversion of o partitioned system,
The practicability of this approach depends on the fact that, by virtue of diag=
onality, the inversion of the lower right hand matrix of the normal equations
(l:l.+\.ﬁ./) consists merely of the inversion of n individual 3x3 matrices (the ;‘:Jj+\;V.j)
and, hence, can be accomplished no matter how great the number of control

points, As shown in our eorlier paper (Brown, 19580), inversion by partitioning

leads to the following expressions for & ond 6:




(93) 6 = Mic-We) + Mlc-wWe) .

(94) 5§ = iC«T(; - »'v;) + ﬁ/'\(:- We) .

in which

95 M = [N+wW-RN+wW) NTl'l‘

(96) Moo= (W) e ew) T RT MR (;‘:H\Xf)-l,
97) R o= -MREN+wWT

If we set

09 Q = (N+w) R

and note that M in (97) then can be written
= N T
999 M = -mMQ ,
the expression (93) for & may be put into the form
. B . . . . T .o a0 00
(1000 & = Mlc-We=-Q (c-Wel .
We shall refer to(100)as the reduced system of normal squations. A more
convenient alternative expression for & can be derived from (94) by first

using (98) to express M in (96) as

o) M= (N+w +amal
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and then substituting this together with (99) into (94), getting, upon coliecting

terms

(102) § = (N+W) (c-We) - QM c - We - Q' (c-We) ]

in which, by virtue of (100),the postmulitiplier of Q in the second term may be
replaced by 6, thus reducing the expression for & to simply

(103) & = (N+W) (c-We)-Qé .

This expression for 6 differs from that in our earlier paper (Brown, 1958q) in that
the approximations for controi are not required necessarily to be precomputed in

o manner forcing c - W€ to zero.

The partitioning employed in the formation of the normal equations can
be exploited to derive a convenient cumulative process for forming the reduced
. th 2
normal equations(100). From the dota generated by the 1 control point, one

would compute the intermediate matrices

(104 Q, = (KJ,N'/, ™! N,T

(105 R, = N, Q,

(106) s = rll, - R,

(107) ¢ = ¢ -Qf (.c.l -'v'vl .e.,) .

As Sl and El are formed they are cumulatively added to their predecessors

vielding, after the final control point has thus been processed,
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(108) S = S, +S;+...+S

n

C|"’C2+...+C

¥

(109) <

n

In terms of these the solution for & becomes

1oy 6 = (s+W'C-we .

Once § has thus been determined, the solution for each control point con be

computed in turn from

o oo oo -l ]

(my s = (N’+W,) -Q’S,

which iz a direct consequence of the partitioning of (103).

The reduction based on equations(104)through (111)has a number of

attractive properties:

(c) the order of the largest matrix to be formed, inverted or otherwise
operated on, is equal to the toral number of unkriown elements of
orientation and is completely unaffected by the number of control

points involved in the reduction;

(b) the computations are so arranged that data arising from a given
control point are processed independently of the data from any
other control point up to the stage of the cumulative formation
of the reduced normal equations (this means that the internal
storage required of the computer depends almost exclusively on

m and is ~ssentially independent of n);
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(c) for n >> m the total number of computations is essentialiy propor-
tional to min rather thon to  as would have been the case had
the coefficient matrix of the normal equations been completely

filled with nonzero elements.

1.13 THE PROCESS OF ITERATION

Before the final residuals are computed, it may be necessary to iterate
the adjustment a number of times in order to reduce the effects of higher order
terms to insignificonce. For this reason we rewrite equations(110)and (111)to

. th . . .
reflect the solutions resuiting from the 1 iteration of the adjustment:

M2 & = ey M ow

iliEs 8?) ) ‘Nf')*w, ! <.c§‘)-§~/, .E.,(')).

The initial solution corresponds to the case 1 = 0, and each subsequent sclution
results from the relinearization of the original observational equations about the
values resulting from the preceding solution. The process of iteration should be

continued until o sufficiently stable solution is cbtained,

Inasmuch as initial approximations are essentially arbitrary, nothing would
have prevented us from letting the a priori observations of elements of orientation
and coordinates of control serve as initial approximations for the linearization of

the observational equations, By thus setting
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Y
8

%

(114)

e e ‘(0 o0
we would have reduced the initial discrepancy vectors e< )and é( )to zerc vectors,

As a result, the discrepancy vectors ta be used for the first iteration of the adjustment

would have become

RURIES IO RO N
(115)
M Y0, 50 L e

and in general

o)

§0 .+ &V, v t g )

PN Gl

We see then that, although initial discrepancy vectors for . € and € can be made

(1-1), {1-1)

OO TR IR TR

(16)

[f]

equal to zero by the natural and perfectly valid equating of initial approximations
and a priori observations, this does not mean that subsequent discrepancy vectors
; and € arising from the process of iteration are equal to zero, Indeed as (115)
shows, discrepancy vectors for ; and e subsequent to zero initial vectors are no
longer arbitrary, but are equal to the sum of all preceding adjustments of the
parameters. It i; because this fact could have been s easily overlooked that we

chose to give prominence to the vectors € and ¢ by avoiding the natural choice

for initial approximations which would have rendered € and € equal to zero.
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1.14 ERROR PROPAGATION

After the final iteration of the solution, equations (26), (34), and (40)

can be solved for the final vectors of residuals, giving

v = €-B&-Bb

mz v = ¢€-8,

if the process of iteration were carried to the point where the final vectors &, &

were reduced to insignificance, equations (117) would reduce to

v = €,
(118 v = €,
v = ¥

in which the discrepancy vectors are those resulting from the substitution of the

final parameters into the original observational equations.

The quadratic form of the residuals arising from the adjustment is

Wv = vTWv+va+va.

The degree: of freedom associated with the quadratic form is equal to the
number of cbservations in excess of the minimum required for a unique solution,
in the case vhere all control points were to appear on all plates and where

a priori values were available for all elements of orientation, the total number

of observations ng would be equal to 2mn+9m+3n and the degrees of freedom




would become f = ng -(9m+3n) =2mn. In most cases of interest, however, only

a relatively few of the total number of control points will appear on a given plate,
This situation is readily handled by assigning dummy observations having zero
weights to those zontrol points not appearing on a given plate. In this manner

the theory can be made to heid for any observutional situation and total number

of observations ng becomes equal to the number of nonzero diagonc| elements in
the composite weight matrix W. With ng thus reckoned, the degrees of freedom

for the adjustment becomes, in general,

(1200 f = ng - (9m+3n).

If atatal of r:w of the 9m elements of orientation were rigidly enforced (thereby
reducing the order of the normal equations), the term 9m in (120) should be re~
placed by 9m-r;1. Similarly, if ; of the 3n coordinates of control actually were

ta consist of relative control for which the assigned varionces of the approximations
were grossly relaxed, the term 3n in (120) should be replaced by 3n-;. On the
other hand, if the assigned variances of the approximations employed for relative
control were considered to be fairly realistic, the term 3n would be better left

unaitered,

If the observational vector has the multivarinte normal distribution, the

statistic

(121) X5 o8

will have the chi square distribution with f degrees of freedom. This may be
exploited in statistical testing of the adequacy of the adjustment, The estimate

of unit variance arising from the odjustment is given by

(122 & = of.

-47-




Ideally, G: should be equal 1o unity, From the chi square test one can derermine

whether or not the departure of q} from unity is statistically significant.

Ti.e covariance matrix of the adjusted parameters is provided by the
inverse ¢f the coefficient matrix of the normal equations. In particular, the

covariance matrix of the adjusted elements of orientation is

2 3

1
——~
w
+

2
S’

1]
<

ond that of the adjusted vector of coordinates of control is

*9 *9 *9 ‘

(1240 ¥ = M = (N+w) T

+tQMQ .

The submatrix of T corresponding to the ifh control point can be shown to be

o0 o0 (1] -l

_ el
(129 %, = (N+W)7 +G MQ .

The first term of this equation (N‘ + W’ )  represents the covariance matrix of the
adjusted coordinates of control under the assumption that the elements of orientatior
are error free. The second term Q’ A;\, QI represents the contribution to the
error in triangulation of errors remaining in the adjusted elements of orientation,
With a sufficiently strong photogrommetric net, one couid hope to suppress the
contribution of the second term to insignificance relative to the first. This is
generally the case with a ballistic comera net where abundant stellar control

can be exploited to reduce the errors in the calibrated elements of orientation to
insignificonce. Onthe other hand, with aerial photography the effects of residual
error in odjusted elements of orientation are difficult to suppress sufficiently when

absolute control is minimal,




.15 COMPARISON WITH OTHER THEOR!ES

An alternative treatment of the problem of adjusting the observed coor-
dina’es of control points merits consideration. Let us first rewrite the observa-
tional equations arising f-om the projective equations and from the coordinates

of contro!, These are

(126) ,‘f+82+86 = €.
v = 8 = €.

As discussed eorlier, we cre at perfect liberty to choose the approx] mations
for the coordinates of control to be equal to their observed values, thereby

rendering €=0, Assuming this to be done, we may write V '.6. ond then elim=

inate the parametric vector & from the first of the above pair of equations, thus

getting
(127) v+ Bv + 8B = €,
We may rewrite this as
(128) Av +B86 = €
where A and v are now defined as
=
.o . (2mn,l)
(129) A = ( [ 8 ), v =
(2mn,b) (2mn, 2mn)(2mn,3n) (b,1) v
(3n,1)

a0

where b = 2mn + 3n, By virtue of the elimination of the parametric vector & from

the lineorized projective equations, we hove reduced the number of unknown param-
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eters ond, hence, the arder af the generol normal equatiors from 9 + 3n to

simply 9m. The normal equations for the present approach are

10 B aAAY'81s = 8aAA e

where A is now defined as

=

A 0 !

a3 & = (2mn, 2mn) . :

(b,b) 0 A _j
(3n.3n)

The formation af the normal equations is thusseen to entail the formation and

inversion of the intermediate matrix

(132) G = A A A .

(2mn,2mn)  (2mn,b)(b,b)(b, 2mn)

By virtue of (129) and (131) this may be written

- - - - - p—

e oo Q-T

(133) G = 0B lA 0 I = A+ BAB .
0 .T’
LO A.J LB.J

From the partitioning of B and A indicated in (27) and (36) we may write

F_c- r r-w - ’-..T
B‘ 0 L] 0 I\I 0 - . 0 B‘ 0 o0
oo .o ooT
co-aocT 0 Bz o e 0 0 Az see 0 0 Bz eve
(134) BAB
0 0 ee e n 0 0 eee An LO 0 eee




which reduces to

P-oo oo o0T
B]A]B‘ 0 reo e o
3 =
0 0 oo éT
. n nn _

This is a diagonc! matrix of = matrices of dimension 2m by 2m. Inasmuch as A

is a diagonal matrix of mn matrices of dimension 2x2, it follows that the required
inversion of G breaks down to the inversion of n individug! metrices of dimension
2m x 2m, On the other hand, in the approach we developed in Subsection 1,12
the reduction of the normal equations to an equivalent 9mx 9m system was accom=
plished through the inversion of n intermedicte matrices of order 3x3 (the ;:I, e

It follows that the approoch of the present section, though mathemotically equiva-
lent to that developed earlier, entails grossly more computation for large m; in
fact, only in the cate of the single photo (m=1) does the present approach entall
less computation (for this case it provides a practical solufien to the problem of

photogrommetric resaction of » single camero when the given control is subjact

to significant error),

Schmid (1959) published a solution similar in many respects to that of Brown
(1958a). One major difference is in Schmid's treatment of errors in control points,
For the general case in which all n points appear on all m photos, Schmid employs
an approcch wherein the coordinates of each ground control point are adjusted inde-
pendently for each phatograph, Within the fromework of the present subsection, we
can reconstruct t}:? essentials of Schmid's solution as follows, The typical 2mx 2m

submatrix B, A, B,T appearing in (135) may, by the partitioning of (24), be ex-
panded to
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[ ]
By,
oo o0 o0 T 82’ oo oa-'- o.r ooT
(136) B’ A’B’ = A’ [B" 82’ oo Bm2]
B
™
~.' (1] ..T (1] (1] (1) T o0 (1] '.T -
By A,Byy ByA By ... ByA B
o N *8 (1] .'T (1) *e o0 T [ 1] oo .'T
. (1] "T *3 .o .'T o0 o0 ..T
B M8y B AyBy ... BmyAyBy

This is o filled nixm matrix of matrices of dimensions 2x 2, In Schmid's treatment
only the diagonnl elements of above matrix cre actuolly formed. This is equivalent
to setting

(138) B.A B = 0 forailx# 1.

In this manner, the matrices B’ A, B’T in (137) are aol.I"re.duced to diagonal
matrices of m 2x 2 matrices and this in turn reduces B A B' (and, hence, also

A KAT which, in Schmid's solution, is termed A P-‘ AT) to a diagonal matrix
s 252 makvices.  THua byl inemsion.of & KA becomes the equivalent of

the simple inversion of mn 2x 2 matrices in place of the far more formidable inver-

sion of n 2m x 2m matrices as in the rigorous development,

e S, AR 00 S BN 1 et




Tna e‘feci of unlocking the B, '\" B" matrices by the aibitio. imposition
of (138) can be theoreticatly justified only if the coordinates of the coatrol points
were somehow fo shift randomly about their true pasitions from one exposure to the
next. |nasmuch as the world is not made of jelly, such on approach is unsound in

our opinion. Moreover, because the coordinates of a given absol ute control point

are free toshift independently for each plate, they will tend to compensate unduly

for errors in the measured plate coordinates and wili, thus, lead to attractively small,
but spurious, plate residuals. This consequence may also be viewed as stemming from
the fact that the degrees of freedom for the adjustment are, in effect, grossly increased
from the correct value of f = 2mn + :n - 9m (for the case where all control is considered

-

to be subject to adjustment and cppears on all photos) to f = 2mn + 3mn+ m = 9m = 3n,

Schmid (1959, p. 38) discusses the possibility of modifying the adjustment
so that control points subject to error are adjusted only once within a given photo-
grommeiric net, but, instead of developing the approach fully, he advocates (be-

cause of computational difficulties) an alternative fwo step approach in which

(1) the aodjustment is performed first with all absolute
control treated as purely relative control except
for the minimum control needed for a unique solution
(this leads to a photogrammetric model that is approx-

imately correctly translated, rotated and scaled);

(2) . _ordinates of the resulting model are subsequently
further retined by means of o seven parameter transforma-
tion (three translations, three rotations, and change of
scale) detesmined in a secohd adjustment by the minimi-
zation of the sum of the squares of ihe residual distances
between the made! coordinates and the known coordinates

of the withheld absolute control.




Schmid suggests that the above means of circumveniing the computational ditti-
culties inherent in the strictly correct adjustment of control subject to error is
"from tha theoretical standpoint sufficiently rigorous.” Our results and experi-
ence would seem to contradict this, If, for example, ane were to witnhold all
but minimal contral from the adjustment of a long strip that is offected only by
random errors of measurement, the typical result would be a sinuous deformation
of the model because of unfavorable propagation of rondom error (systematic error
would contribute a secular component ta such deformation). When only minimal
absolute contral is exercised in the simultaneous odjustment af ali photos in the
strip, the build-up of quasi-systematic deformation is not prevented, although
the degree of such deformation is not as severe as in the case of a photo-by-
photo cantilever extension. With a sufficiently long strip, the overall defor-
mation is characterized by several slowly changing cycles of positive and neg-
ative deporture, It follows that wher: the model is subjected to a rigid trans-
formation (three trarslations and three rotatians) coupled with a uniform stretch,
only a small port of the totol deformation will be removed, for such a transfor-
mation can accommodate, ot best, only one-haif cycle of quasi-systematic

error over the length of the strip. The end results of such an approach will
ordinarily beor little resemblance to the results one would obtain from exer-
cising all availatle control in the original adjustment of the strip. The effect
of utilizing controi in this manner is to ' pinch' the build-up of quasi-systematic
error to zero (very nearly) in the vicinity of each absolute control paint. Far
the limiting case of absolute control of unrestricted abundance, one can suppress
the build-up of quasi-systematic error to complete insignificance, provided the
cantrol is actually exercised ir the phatogrammetric adjustment, On the ather
hand, if it is for the most part withheld, as suggested by Schmid, such cantral
can da nothing to squelch the inevitable build-up of significant, sequentially

correlated deformation of low spatiol frequency,




A-ide from uiiimaic consideratione of accuracy, there is another cogent
reason why available absolute cantrol shauld be exercised in the adjustment
rather than being withheld for subsequent determination of a ' cosrective' trans-
formation of one kind or another (e.g., the rigid transformation advocated by
Schmid or more complex polynomial transformations advocated by Schut (1964),
Harris, Tewinkel, Whitten (1962), and athers). As will presently be demon-
stroted, we have found that the rate of convergence of the recommended iter~
ative solution of the normal equations is accelerated by the introduction of
absolute control. Once a certain critical level of control is attained, conver-
gence can be soeeded by as much as an order of magnitude. For a long strip,
the critical level appears, on the average, *o be a pair of fresh absolute control

points per four ta five photos.

As we demonstrated in Subsections 1,06 ond 1,11, the rigorous adjustment
of absolute control subject to significant errar is computationally very simple within
the framework of the concept of the ellipsoidal control point, for such control can
pe treated precisely in the same manner as relative control, the only distinction
being in th= lower magnitudes of the elements of the covariance matrices (the K’)
of the absolute control. In view of this and in view of the foregoing discussion,
we most strongly advocate that the entire store of available observational materiol
be utilized in the simultaneous adjustment of a photogrammetric net, The general
theory developed in this paper is sufficiently comprehensive to accommodate vir-
tuolly any conceivable type of information that might be applicable to the ptoto-

grommetric problem,

Before we leave this subsection to take up the problem of the solution of the
normal equatians for large photogrammetric nets, it is appropriate to review the few
remaining differences of consequence between the writdr' s earlier soluiion (Brown,
19580, 1958b, 1959) and that of Schmid (1959). For the introduction of partial

cbsalute contral expressed in terms of latitude ¢, langitude A\, and heignt h, Schmid




employs on approach similar to that of Dodge (1959). A portial control point given
by h, for instance, is considered io deiine G 3piisiGidal surface on which the rave
are forced to intersect through the introduction of the oppropriate observational
equation. By the same token, oppropriate observational equations defining specific
cones and planes ore imposed for partiol control given in terms of ¢ ond A. In the
cpproach of Brown (1959), portial control expressed in terms of ¢, A and/or h is
treated as in Subsection 1,06 of the present report (in the earlier report, the termin-
ology 'relaxation of quasi-observational variances' was employed in place of the
‘ellipsoidal control point' of the present report), Here, instead of forcing rays to
intersect on various mathematical surfaces (or intersection thereof), one constrains
the rays to intersect as closely as possible to the center of on appropriately defined
ellipsoid of probability. By virtue of this concept, all essential distinction between
various types of control points is erased; all possibilities are embraced by the ellip-

soidal control point.,

The extended solution outlined in Brown (1959) provided the first ( and, to
this point, the only ) treatment of the problem of adjustir.g any of the elements of
orientation considered to be observed quantities subject to random errors. This
opened up the possibility of the rigorous incorporation of auxiliary data gathered
by those external sensors which could be considered to ke sensibly unbiased (infor-
mation from unbiased sensors can be fully absorbed by the matrices \;V and ;). The
primory theoretical innovation of the present report is the extension of the solution
to apply to auxiliary sensors whose observations may be biased to a significant degree.
The primary practical innovation is the demonstration of the fscsibility of certain of
the iterative procedures for the solution of the enormous systems of normal equations

generated by lorge. photogrommetric nets,
Aside from the differences outlined above between the solutions of Schmid

(1959) and of Brown (1958a, 1959), there are virtually no further differences of

consequence between the two insofar as the furidamental photogrammetric adjustment
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is concerned. In our comparative analysis we have concentrated mainly on Schmid's

theory because, in our view, it is, in spite of o few lapses in rigor, the only compet-
ing theory which aspires to the simultaneous edjustment of o general pi.otogrammetric

net with comparable theoretical and statistical soundriess., Also, the precise relation-
ship between the two theories has not, we feel, generally been opprecisted by the

photogrommetric community ,

1.16 THE PROBLEM OF ADJUSTING LARGE BLOCKS OF AERIAL PHOTOGRAPHY

The reduction of the normal equations developed in Subsection 1,12 has proven
effective in geodetic applications and in applications ta smali ta medium blocks of aer-
ial phatography (on the order of 20 ta 30 photos), However, problems of raunding error
ond camputing time ultimately render this approach impractical far relotively lorge blocks
{(on the order of 40 photos or more). This means that, if large blacks of phatography ore
to be successfully adjusted os arganic units, on effective alternative ta the reduction of
the normal equatians must be developed, The development of such on alternctive is ac-
tually the primary objective of this investigation, Toward this end, we have concentrated
mainly onthe problem of adjusting iarge blocks of aerial phatography having fairly con-
siste -t patterns of forward and side overlap. Our original opproach was based on the fal-

lcwing considerations:

(1) the coeificient matrix of the general normal equatians for an oerial black
is both highly patterned and highly sporse (i.e., cansists predominantly
of zero elements);

(2) by means af an oppropriate indexing algorithm, it is possible ta collapse
the full coefficient matrix of the normal equatians ta o for more campact

matrix containing few zero elements;

(3)  this ' collapsed system' of normal equaticns can be computed directly,
thus by-passing the unnecessary computation of zero elements;
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(4) o computing algorithm can be formulated to exploit the collopsed
system of normal equations to effect, if practical, the solution by
means of recently developed iterative procedures which are vast
improvements on the classical Gausi-Seidel method;

(5) the computing algorithm can be designed to operate on natural blocks
of elemunts of the normal equations, rather than on a single row at
a time;

(6) through o process called "intertwining, " it is possible to rearrange
the coefficient motrix of the general normal equations in such a man-
ner as to achieve a highiy diagonci form which could conceivably be
conducive to the more rapid convergence of t'e iterative process,

The rationale of our approach is perhaps best presented in terms of concrete
examples, Let us begin with consideration of the form of the general normal equations
arising from what we shall term a ‘ uniform block.' A uniform photogrammetric block
is one which has o consistent, self-reproducing pottern of control and overlop. A
specific illustration of a uniform block four photos wide and five photos long is presented
in Figure 1.1, Each photo in the block has a consistent nine point pattern of control
(we use the term ‘ control' here in the brood sense to denote anything from a relative
control point (pass point) to an absolute control point; all are eilipsoidal control points).
The forwar-} uverlap is sixty per cent and side cverlop is twenty per cent. Except where
boundary conditions prevail, each triple overlop area and each sextt ple overlap area
contains one and only one control point. In practice, of course, it is most unlikely
that one will obtain blocks of photography displaying such uniform characteristics of
overlap. On the contrary, it is not unusual for there to be gaps in the side overlap
and for there to be different numbers c* photos in cortiguous strips, thus rendering the
strips ' out of phase’ insofar as the uniform block is concerned. |n some instances,
such difficulties could be rectified by the twofold expedients of (a) inserting dummy
observations having zero weight matrices, (b) inserting both dummy observations having
zero weight matrices and aoppropriate dummy photos having nonzero weight matrices,

Thus, for example, if a control point for a certain position were to be missing on one




Figure 7.1
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and Photos is According to Rows,
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or more photos (as might easily happen if sidelap were to fall outside of tolerance),
one could assign dummy plate coordinates, say (0,0), to the missing image and assign
zero weights to these plate coordinates. By virtue of such weighting, the dummy
coordinates will in no way offect the finol results. In a similar manner, complete
gops in the photography or phating discrepancies of strips can often be rectified
through the insertion of dummy photos having dummy images. To avoid indeterminacy,
the assigned eiements of orientation of dummy photos must be given finite weights.
When introduced in this manner, dummy photos have no effect on the end results,
but yet do contribute to the complete predictability of the data flow. This is of great
value in the exploratory formulation of simple indexing algorithms for the collapsing
ond subsequent implicit reconstruction of the coefficient motrix of the normal equotions.
For this reason, at the outset of our investigation we confined our considerotion to
uniform blocks. Once the effectiveness of our proposed approach had been demon-
strated, we abandoned the stipulotion thot a uniform block be employed for, even
with the aid of dummy observations and dummy photos, the transformation of an actual
block into a uniform block can prove to be cumbersome, except for the case of the

isolated strip.

With the understanding, then, that our consideration of the uniform block
is strictly for exploratory purposes, we may proceed to investigote the character of
the normal equations of the form (91) as generated by the adjustment of the sample
block of Figure 1.1. The form of this coefficient matrix is indicated in Figure 1,2a.
The solid ond shaded areas of the figure corresporid 10 nonzero elements; all other
oreas are filled by zero elements, The most striking choracteristics of the coefficient

matrix are

(a) the regularity of the pattern,

(b) the predominance of zero elements,
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The submatrices N” of the N portion of th> normal equations are nonzero matrices
only when the I'h point appears on the lfh photograph, in which case the .l\-l” inter=-
locks the corresponding I:IH and f.\.l’ portions of the normal equations. The portion
of the matrix corresponding to N may be described as consisting of four ' landings’

of 'staircase’ matrices with three parallel staircases to a landirg, Each individual
staircase is generated by a particular row of control points; the longer the row the
longer the staircase. Each landing is generated by a particular strip; the number of
landings is equal to the number of strips. The number of staircases per laniding is
equal to the number of rows of control points per strip. The last staircase in each
loanding lies directly over the first staircase in the next landing., This is a consequence
of the control in the side overlap (were there no contro! in the side overlap, the nor-
mal equations for the block ‘would degenerate into separable sets of independent nor=
mal equations for strips). From the foregoing considerations, it becomes a simple
matter to generalize the pattern of the normal equations in Figure 1, 2a to apply to

a uniform block of any dimensions, as long as the bazic nine point pattern of control
is maintained and the numbering of photos and controi points corresponds to that of
Figure 1.1, For instance, if the block were 4x50 instead of 4x5, the staircases
would merely become lengthened to 50 steps instead of 5 steps. The r;|+v'v portion

of the matrix would consist of 200 diagonally arranged, nonoveriapping éxé matrices
instead of 20, and the N+W portion would be increased from 43 diagonally arranged,
nonoverlapping 3x3 matrices to 378, In general, the number of control points in a
uniform b! sck of the type of Figure 1,1 is (2s+1)x(p+2) where s denctes the number of
strics and p is the number of photos per strip. If the 4x50 block were now increased,
to, say, a 10x50, the effect on the N portion of the matrix would be merely to in=
crease the number of staircase landings from 4 to 10 with each landing consisting of

3 porzilel stoircoses 50 steps high, the first staircase in each landing being diroctly
below the last staircase in the landing above, The I:U-W and ;:J # V:/ matrices would
increase to 500 diagonally arranged éx6 matrices and to 1092 diagonally arranged
3x3 matricas, respectively, The order of the general normal equations would thus
become 6x500 + 3x1092 = 6276,




As o uniform block bezomes larger and larger, the ratio of the number of
nonzero elements to the total number of elemants in N (the coefficient matrix)

decreases drasticallv, For the type of block of Figure 1.1 this ratio is

riw her of nonzero elements in N 9(42p+ 4s+ p+ 2)
total number of elements in N 9 (4sp + 45+ p+ 22
> _ZE for large s and p.

sp

Thus, in a 4x5 block about 1 element in 12 is nonzero, in a 4x50 black the ratic
is about 1 in 76, and in a 10x50 block it is abaut 1 in 194, The fact that the nor=-
me! equations are so highly patterned with such a small portion af the elements

ing nonzero suggests

(a)  that the normal equations be formed in such a manner that only the
nonzero elements are actually generated,

(b)  that an alternative representation of the normal equations be developed
to exploit to the fullest the patterned characteristics of the equations
and to render the system as compact as possible,

(c)  that the solution of the normal equations be effected by a suitable
iterative process cesigned to operate only on the blocks of norzero
el ements,

With regord to (a) there is rio particular problem, The logic of generating only the
nonzero constitue.is of the normai equations is fairly simple and straightforward. With
regard to (b) there is again no particular problem, far the coefficient matrix cf the gen-
eral normal equatians can be ' callapsed' to the compact scheme indicoted in Figure 1,2b,
Here all zero blocks of eleme:.ts have been ' squeezed' out of the original normai equo-
tions by sliding each nonzera sub=block ta the left cs far as possible, The sclid blocks

in Figure 1.2b correspond to the diagonal blocks of the original norma! equctions., We
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see that the collapsed normal equations are also highly patterned. It is clearly possible
to establish a set of rules or algorithms by means of which the elements of the collapsed
matrix can be related o their counterparts in the original matrix. Inasmuch as the coi=-
lapsed system in conjunction with a small set cf algorithms is sufficient io reconstruct
the original system, there is really no need to generate the original system in the first
place. It is sufficient to generate the coilapsed system directly. Not only can this

be done, but it can be done on a relatively small digital computer such as the 1BM 1620
(not that we necessarily recommend this), This is true no matter what tha dimensions of
the block, for the maximum number of columns in the collapsed sysiemn can never exceed
39 (this again assumes the 9 point pattern of control of Figure 1.1:. The only effect of
increasing the length or width of the block is to lengthen the collapsed matrix of nor-
mal equations; it can never be widened., Thus the computer can be programmed in such
a manner as to generate the collapsed normal equations row by row or, more naturally,
horizontal block by horizental block. The total computational time in setting up the
collapsed system will thus increase only linearly with the aumber of photos in the block.
It is this fact that makes the use of a small computer feasible for this stage of the reduc-

tion.

With regard to point (c) above, it is a relatively simple matter to set up an iter-
ative solution that will operate only on the nonzero blocks of elements. The pivotal
question is whether or not a prohibitive number of iterations will be required for cdequate
convergence, Unfortunately, this question cannot be answered in advance on the basis
of purely theoretical considerations. The answer is to be obtained only by actual trial
through numerical simulation of various typical operational situations of particular inter-
est, The great bulk of our effort in the present investigation has been directed toward
this end, Detaiis of the numerical processes employed and of the results obtained are
given in Section 2. We sha!l confine our attention in the remuinder of this secticn to
further development of the general approach and to a brief discussion of the high pcints

of our numerical results.
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1.17  ALTERNATIVE ARRANGEMENTS OF THE NORMAL EQUATIONS

Let us take the block of Figure 1.1, but, instead of numbering the photos
and control points according to rows, let us number them accor.ling to columns as
in Figure 1.3. The general normal equations then assume the alternative form indi-
cated in Figure 1,40, the collapsed form of which is indicated in igure 1.4b, The
N portion of this system is somewhat simpler than in our earlier system of Figure 1.2a,
This raises the question of whether one arrangement offers any practical advantage
over the other with regard to rapidity of convergence of the iterative process. [t aiso
raises the brooder question of the role played by the arrangement of t»e normal equa=

tions in general, Is there some optimal arrangement offering significont advantages?

In our further investigation of arrangements of the normal equations, we were
able to devise orderings of the unknowns which would confine all nonzero blocks of
elements to lie with o limited band about the diagonal. The normal equations for one
such arrangement are indicated in Figure 1, 5a and, in collapsed form, in Figure 1,5b.
Here, the numbering of photos and points is according to columns as in Figure 1.3,
However, the vector of unknowns has been rearranged according to the following
scheme in which successive sub-vectors of the solution vector are listed hurizontally:

Ist column of photos

8, &, 83, &y 830 84 85, & b &4 b4 8 b and points
810/ S5+ 511/ 812/ 860 &30 Brar & v Br5. 5160 Sg0 E170 Byg

S19 89, S20s 8214 Bry 822/ 823 E11v 5:40825. 8120 240 Oy

2nd column of photos
and points

3rd column of photos
and points

etc.

The control point vectors 64 through &5 generated by the.losf two columns of contre!
terminate the sequence of unknowns. This system of normal equations may be said to
be dominated by elements on and near the diagonal. All nonzero elements are confined
to a diagonal band 225 elements in width; moreover, within this band one can define
five narrower bands (each 21 elements in width) which contain all nonzero elements ex-

cept those generated by the last two columns of control. An attractive feature of this
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arrangement of the normal equations is that the width of the diagenal band confining
all nonzero elements is independent of either the length or the width of the block of
photos. In this sense, then, as the dimensions of the block increase, so does the rel-
otive diagonality of the normal equations. In the case of a 10x50 block, for instance,
the diagonal band containing all nonzero elements will comprise only about three per

cent of the matrix.,

We have employed the term 'intertwining' to describe the process of reordering
the unknowns for the purpose of achieving r=latively strong diagonality. The guiding
principle of the process of intertwining is the devising of an arrangement of the normal
equations such that the coefficients of the unknowns corresponding to a given control

point are as close in the matrix as possible to those photos on which the points appear.

At the outset of the investigation the writer's collaborators devised two cther
schemes of intertwininy of greater compactness and efficiency than that of Figure 1. 5a.
These are illustrated in Figures 2,2) and 2.22 of Section 2. During the course of the
investigation we learned that our initial enthusiasm for the prospective effectiveness of
intertwining as a means for accelerating the convergence of the iterctive solution of the
normol equations was unwarranted, for the simpler and more prosaic orderings of Figures
1.2 and 1.4 actually turned out to be more effective in this regord. As we shall see in
Section 2, the failure of intertwining to live up to expectctions, though 1 blow to our
intuition, is hardly to be regarde4 as an untoward result, particularly in view of the
relative complexity of the collapsing algorithms associated with the process, Moreover,
since future investigators may profit from cur negative finding by avoiding the duplica-
tion of this particuiar approach, we feel our discussions of the concept of intertwining

are justified.
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1.18  OUTLINE OF KEY RESULTS

The results of our initial four months of effort ore summarized in cn interim
report (Brown, Davis, Johnson, 1963) which is now superceded by this, the final
report. By a process of numerical simulation we were able to estoblish in the interim
report thot of the three iterative techniques investigated

1.  Gauss-Seidel,

2. Gauss-Seidel with Luisternik accelerotion (Faadevo, 1959),

3. Method of Successive Over Reloxotion (Varga, 1962),
the first was far too slow in converging to be considered practicol, and the second
blew up numerically. On the other hand, the third provided excellent results,
converging to a satisfactory solution for a simuloted 25-photo strip in less thon 10

minutes on on |BM 7094.

One of our most significant findings concerns the effect of obsolute control on the rate
of convergence of the iterofive process. A strip hoving only the minimal obsolute con-
trol required for determinocy wos found to converge appreciably more slowly than ane
having a moderate sprinkling of control throughout the strip. With o 41-photo strip
generating o system of normal equations of order 633, for instance, odequate convergence
wos obtained within 150 iterotions (6 minutes on an IBM 7094) when o pair of fresh
absolute control points was introduced on about every fifth phcto. On the other hand,
on the order of 600 iterations were required when the same strip was odjusted with
absolute control limited to the beginning of the strip (full detalls are given in Section
2). Our simulations to date indicate that the number of iterations required for satis-
factory convergence is roughly equol to the order of the norma! equotions for the cose
of strips with minimal obsolute control; for strips having a moderate level of well-
distributed absolute control, the number of iterotions may be as few as one fifth to
one tenth of the order of the normal equotions. There is even some indication that
once a certain level of obsolute control is attoined, the number of iterations for
satisfactory convergence may be only very weokly dependent of the order of the normai

equations. |f further investigotion should prove this to be the cose, the distinct
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possioility emerges that the simultaneous adjustment of a long strip of aerial
photography may entail no more than the general order of computational effort as
is required for the reconstruction of the strip by means of analytic cantilever extension

operating on poirs of photos.

Toward the end of our study we were successful in devising an efficient
collapsing aigorithm for the normal equations generated by a general, non-uniform
block of photography. Our limited numerical simulations with blocks lead us to
believe that, in full scale practical application, the rigorous adjustment of large
blocks of aerial photography will involve appreciably less computational effort than
the adjustment of long strips having comparable numbers of photos and levels of
control. To appreciate this, one should view the conventional aerial block as a
continuous, folded strip. In such a folded sirip, control in the side-overlap is
common te subintervals of the strip and serves, therefore, to reduce appreciably
the number of unknown control points. The resulring reduction of the order of the
normal equations and the bi-directicnality of computational transference made
possible by side-overlap constraints combine to accelerate the convergence of the
iterative solution of the normal equations of the block. It is this that ultimately
renders the block computationally more attractive than the strip, even though the

logic of the data handling for the block is more complicated.

1.19  CONCLUSIONS

Our central goal of developing a computationally feasible procedure for
solving the norma! equations for large photogrammetric nets has been successfully
attained. In particular, we have removed the primory impediment to the implementation
of the rigorous adjustment of iarge blocks of aerial photography. By virtue of the
successful implementation of the concept of the direct formation of the collapsed
normal equations the computing time required for the formation of the normal
equations for an aerial block becomes strictly proportional to the number of photos

in the block rather than increasing as the square of the number of photos as in previous
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reductions. With sufficiently large blocks having a sufficient level of absolute
control, there is some evidence to suggest that the number of iterative cycles
required for adequate convergence of the normal equations may leve! off to an
almost stationary value, little affected by the inclusion of additional photos. If
this should bear up under further investigation, it will mean that not only the
formation of the normal equations but also their solution will be essentially
proportional to the number of photos in sdequately controlled aerial blocks of
sufficient size. We believe that the simultaneous adjustment of blocks of several
thousand photos will prove to be altogether feasible through the implementation of
optimal buffering procedures wherein external storage (tape, magnetic disks, etc.)
and core storage are both used to maximum advantage. In this regard, we would
point out that Varga (1962, p.1) tells of a computer program designed to accomplish
the iterative solution of a system of simultaneous equations of order 108,000 generated

by the numerical solution of a three dimensional system of partial differential

eguations. in view of this coupied with our success in appiying itsiative procedurss
to the photogrammetric problem, we feel that the time is at hand when the photo-
grammatrist need no longer be intimidated by the enormous systems of equations arising

from the uncompromisingly rigorous adjustment of large blocks of photography.

Our numerical investigations so far have been limited to the realm of classical
photogrammetry where auxilicry sensors play no role. Yet, with the development of
such integrated mapping configurations as the Air Force USQ-28 system, it is clear that
we are at the threshold of a new era in photogrammetry in which auxiliary sensors will
become of increasing importance. Anticipating this, w<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>