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FOREWORD 

This report was prepared for the Applied Mathematics Research Laboratory, 

Aerospace Research Laboratories by Dr. P. R. Krishnaiah and Major J. V. 

Armitage, under Task 707101, Research in Mathematical Statistics and Prob¬ 

ability, of Project 7071, Mathematical Techniques of Aerodynamics. It contains 

extensive tables of the Studentized Smallest Chi-Square distribution together with 

the description of the method used in computing these tables. Some applications 

of these tables are also discussed. 

The authors wish to thank Miss Eva Brandenburg for typing the manuscript 

carefully . 
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ABSTRACT 

Let X1.’‘k be k “dependently distributed chi-square variates with n 

degrees of freedom and let xfl be another chi-square variate with m degrees 

of freedom distributed independently of the other x.'s. ...en. the di.tribut.on 

of v = m minlx^... . x^) 

n 

is known to be the studentized smallest chi-square distribution. In this report, 

lower 10%. 5%. 2. 5% and 1% points of the distribution of v are tabulated for 

k - 1(1)12. „ = i(1)¿0 and m = 5(1)45, Some applications of these tables are also 

discussed. 
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1. INTRODUCTION 

The distribution of the studentized smallest chi-square plays an impor¬ 

tant role in the problems of testing for the homogeneity of variances and in 

the ranking and selection procedures. In this paper, the evaluation of the 

probability integrals associated with this distribution is considered. Using 

Gauss-Laguerre quadrature formula, lower 10%, 5%, 2. 5% and 1% points are 

tabulated. Various applications of these tables are also discussed. 

2. DISTRIBUTION OF THE STUDENTIZED SMALLEST CHI-SQUARL 

Let ,x^ be k independently distributed chi-square variates with n 

degrees of freedom and let x^ be another chi-square variate with m degrees of 

freedom distributed independently of the other x.'s. Then, the distribution of 

V = —rTx— where w = min. (Xj,... ,xk) is known to be the studentized smallest 

chi-square distribution. The distribution of v is derived below. 

We know that the distribution of w is 

g(w) = k f(w;n) [l-F(w;n)] 
k -1 

where 

f(w;n) = 
-w/2 (n/2)-l 
e_w 

2.nlZ r(n/2) 

W 

F (w;n) = / f(x;n) dx = e -w/2 . ,_.(n/2)+j 1 
0 

jH(w/2)( 
1=0 I(n/2)+j] 

Starting from the joint distribution of w and Xq, maxit.5 the transformations 

1. 



mw , . ... ,., V = - , X = xn and integrating with respect to xrt, we obtain the 
n X 0 0 0 

following expression for the frequency function of v: 

h( v) = 
(kn/m) 

k -1 « 

r(m/2) n ̂
 gC K'1) rlÄil.,1 

(2. 1) 

(nv 
I I , 

/m) 2 f + J’1 

n (k-i)nv m+n^k-i) ^ 

m 

where 
/k-i-l) 

j -TZtt [(n/ZJ+jJ ! ... [ (n/2)+jk_._ J 

and the summation is over all possible values of j,,. .. , j, . , subject to the 
1 k-i-1 

restrictions j + ... +j . =j and 0 < j < j for r = 1,2,..., (k-i-1). 
i K*i-i r 

The rth moment 
•O 

of v is given by p' = Ç h(v) v 
r 

dv 

k -1 « 
_ (kn/m) (_i)k'i‘1 ^k-1 j p[ m+n(k-i) 

F(m/2)r(n/2) i = 0 j = 0 

(k-i-1 ) F . . ..r + l 
. a. [ m/n(K-i )] 

J 

’r’ r+j+ T ^"*9 
n 

(k-i) 2 
(k-i)+j-l 

The moments of v are given in [5] when n is an even integer . 

3. EVALUATION OF THE PROBABILITY INTEGRAL OF v 

The evaluation of the probability integrals of the distribution of the 

studentized largest chi-square was considered in a companion paper [1] by 

2. 



the authors. The techniques proposed here for the evaluation of the prob¬ 

ability integrals of v are similar to those used in [l]. Two techniques are 

proposed below for the evaluation of a for given values of c.k.m and n where 

(3. 1) h( v)dv = ( 1 -a). 

Method 1: 

We know that 

(3.2) ( h,v,dV = ( ^ 
)c J0 n 

^-i 

r(m/2) 

pr e~Y vT'1 1 ' J0 nn/2) yJ dx 

where 

k-i 

•0 

■Í 

i = 0 

X -SL-1 
e X T 

r(m/2) 

cnx r -y -S.-1 
e 1 y 2 

r(n/2) 
dy 

k-i 

dx 

But, from [1] we know that 

(3. 3) 
k-i r(m 

^-- (k-i) . , .r+ 
^ a (cn/m) 

r 
r=u /2) ^ 

(k-i)n 
-J— 

r( r+ ik-On+m , 

r /, / , r-l4k-On+mJ/2 [l+(k-i)cn/m] L ^ J 

The evaluation of the right side of (3. 3) was considered in [l]. 

can be evaluated for given values of c,k, m and n. 

So 

0« 

h(v) dv 

Method 2: 

We know that 

3. 



where 

•O 

! 
«O 

í h(v)dv= \ e <|j(x)dx 

c 0 

4>(x) = 
(m/2)-l 

T (m/2) 
. [l-I(cnx/m; n/2)] , 

and 

The integral f h(v)dv can be evaluated for given values of c,k,m and n by 

/c 

using the Gauss-Laguerre quadrature formula. The application of this quad¬ 

rature formula here would involve the computation of the values of ^(x) for 

certain values of x. A method is suggested in [l] for computation of X(a;b) 

for given values of a and b. This method can be used to compute JD(cnx/m;n/2) 

and hence ^(x) for given values of c,n,m, and k. 

Using either of the above two methods, we can compute the values of a 

in (3. 1) for different values of c and for fixed values of k, m and n. Then, the 

values of c for given values of c, k, m and n are computed by using the Aitken's 

interpolation procedure. 

I(a;b) = ^ 

a -y b-1 
f_I_ dy . 

r(b) 

4. DESCRIPTION OF THE TABLES 

Tables of the studentized smallest chi-square distribution are constructed 

for a = 0. 10, 0. 05, 0. 02 5, 0. 01, n = 1(1)20, m = 5( 1)45, k = 1(1)12, by using 

method 2 of the previous section. In applying this method, the 32 point Gauss- 

Laguerre quadrature formula is used to compute the values of a for different 

values of c and for the given values of k, m, and n. Then the values of c for 



given values of a,k,m and n are computed by using cubic interpolation. 

The entries in the tables given at the end of this paper are correct to four 

decimals except for a few values which may differ from actual values by at 

most one unit in the fourth decimal. The values in the first column of each 

table given in this paper are compared with the reciprocals of the corresponding 

entries in F tables to check for the accuracy. 

Gupta and Sobel [5] constructed the lower 25%, 10%, 5% and 1% points of the 

distribution of the studentized smallest chi-square for m = n = 2(2)50 and 

k = 1(1)10. K. V. Ramachandran [14] constructed the lower 5% points of this 

distribution for selected values of k, m and n. The tables given in [5,14] c/er- 

lap slightly with the tables given at the end of this paper. 

5. APPLICATIONS OF THE TABLES 

Consider k+1 normal populations with the unknown variances <r^,cr^, <r^ 
0 1’ k * 

. . . 2 2 2 ? ? 

Also, let Sq, Sj, . .. » sk denote the maximum likelihood estimates of a ,. .. , a 

respectively. In addition, let n. denote the degrees of freedom of s^ for i 
i i i 

= 0, 1, . . . , k. The hypothesis H of equality of variances can be expressed as 

hypotheses H^,. . . , and H can be tested simultaneously against the respec¬ 

tive alternatives A , . . . , A and A as follows: 
1.k 

Accept or reject hT(i = 1,2 # • • • » k) according as 

5. 



where F. 
i 

s. /s 
i 

2 
0 

and Fq is chosen such that 

(5. 1) P[ F. ^ F 
IQ 

i = 1.2, k |H] = (l-o). 

The total hypothesi s H is accepted if all the individual hypotheses H 
1 

are accepted. If the sample sizes n,,. . ..n 
1 ' k 

cedure, then we choose the critical values F 

(5. 1) becomes 

are equal to n in the above pro¬ 

p's to be equal to (say) F . Then 
a 

pJnn X2 . /nX2 2 F 1 = 
|_ 0 min' *0 c J (1-a) 

square variates Where Xmin is the "'■¡»¡nium of k independently distributed chi 

with n degrees of freedom and x2 is another ch,-square variate with n^egr 

of freedom distributed independently of . • The 

ees 

min critical values F can be 

obtained from the tabl es given at the end of the paper. 

The test procedure proposed above for testing H against A is the one-sided 

version of the test proposed by R. Cnanadesikan [3] for testing H against 

Ou2/*2]. 
i=l 1 k 

The tables of the studentized smallest chi-square distribution are also 

useful in selecting a subset containing the population with the smallest variance. 

For details of this application, the reader is referr 

Some other applications of these tabl 

ed to Gupta and Sobel [4]. 

es are discussed in [10, 11, 13, 14, 15]. 
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