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PREFACE

This report discusses the moticn of gases and weapon debris and the
temperature distribution in the immediate vicinity of the rising late-
time fireball of a nuclear detonation in the atmosphere. ''Late-time"
loosely denotes that period after the fireball has adjusted to the pres-
sure of the ambient atmosphere. This subject will be of interest to
those agencies which seek methods for determining the influence of
the tireball on electromagnetic wave propagation.

The authc - wish to acknowledge the assistance of R. W. Hendrick,

T.J. Barrett, G. Schindler, H. Kramer, E. Tschupp, and G. Rohringer
of General Electric, TEMPO, who have entered into a number of dis-
cussions on the suhject of this report.

The co-author, Dr. Charles Dolph, is Professor of Mathematics at
the University of Michigan and consultant to the General Electric
Company.
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SUMMARY

This report describes a technigue for the solution of a class of prob-
lerns in compressible turbulent flow and demonstrates its application
to a problem involving the rise and the entrainment of ambient air by
the late-time fireball due to a nuclear detonation in the atmospheve.
T'he method is based on the work ot J. E. Moyal® which shows that the
components of Fourier spectra of velocity parallel to the wave vector
are associated with compression waves (i-rotational flow), while those
components transverse to the wave vector are associated with eddy
turbulence. If solutions are sought for systems in pressure equilibrium
with an undisturbed atimosphere, the resulting formalism takes on con-
siderable simplicity due to uncoupling of the equations of motion

Assumptions related to th: evaluation of certain convolution integrals
which appear in the theory are examinced and shown to involve the larg-
est eddies in the role of the principal convective agent. This assump-
tion converts the nonlinear Naviei-Stokes equation to lincor form with
solutions conveniently described in a moving frame of reference. The
heat transfer and continuity eguations are also simplified by the samc
linearization process. Simultaneous solutions of the equations in wave-
vector space and subsequent inversion to physical space with certain
initial conditions provides solutions which have consideratle similarity
to the actual flow situation fround in weapons tests such as vortex ring
(torus) formation. Qualitative and quantitative features of the predicted
motion, for example, velocity distribution, rise rate, and temperature,
are discusssd.

A section on conclusions and recommendations assembles the main
ideas and results which have come from the study and suggests the di-
rection of future effort both with respect to the fireball problem and
with respect to the general theory of turbulent flow.

A set of appendices is supplied which provides information on the lit-
erature in the field of turbulent flow, a method of solving the linearized
equations of Moyal for large Reynolds number, and provides informa-
tion on certain integrals used in the text.
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LIST OF SYM3GOLS

velocity of sound

initial condition index

acceleration of gravity '

ratio of svecific heats

scale height in the atmosphere

=/ =1

Fourier mode index, modulus of wave vector
thermal diffusivity

kinematic viscosity

piessure

Prandtl number

pressure function (= 1n p/p_)

radial coordinate in spherical system or typical length
Reynold's number

density or radial coordinate in cylindrical system
Fourier spectra of temperature function
Fourier spectra of density

density function (=1n p/po)

absolute temperature

time

temperature function (=1ln T/Tc)

i th component of velocity

space coordinate in rectangular system

Fourier spectra of i—component of velocity.
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SYMBOLS
Subscripts
k denotes component of the spectra of velocity along the wave
vector k
0 denotes reference conditions far from the fireball, initial

conditions or denotes typical values of velocity and length
in the flow field

oc denotes conditions at fireball center at t=0

i denotes vector component (i=1, 2, 3).

Superscripts
prime denotes dimensional variable

{t) denotes part of velocity spectra transverse to wave vector.
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SECTION 1
iINTRODUCTION

A task on "Investigation of the Effects of Nuclear Detonations on Elec-
tromagnetic Propagation,' Contract AF 19(628)-4210, has been the
study of turbulent mixing processes. The objective of this s*udy has
been to obtain information on the mixing processes in the fir=hall

which might determine the distribution of debris, temperature, and
velocity.

The motion and temperature distribution of the late-time fireball has
considerable importance from the point of view of the weapois system
engineer. This is related to at least two separate areas of penetration
aid and ABM system design: the absorption of EM radiation (such as
ECM and radar waves) which is dependent on temperature distribution
and debris motion; and clutter which is due to irregularities of the prop-
erties of the fluid. Both of these effects strongly influence electronic
system design. Because of this importance a number of investigations
of the phenomenon assuciated with the rise and entrainment of the fire-
ball have been conducted.* Test information hes been correlated and
empirical expressions developed for average temperature, rise veloc-
ity. and fireball radius.* These expressions are useful kinds of infor-
mation for the system designer since over certain ranges of y.eld and
altitude of detonation they provide data for .he gross features of the
fireball such as an average temperature. The variations of temper-
ature and the detailed motions in the vicinity of the rising fireball have
not beern forthcoming up to now largely because the problem involves

the complicated concepts of gravitational convection in a compressible,
viscous, heat conducting fluic.

This report attempts to provide some iurther information on the fire-
hall rise problem by using the most general methods of fluid mechanics.
The problem is first posed in as complete a form as possible. Through-
out the analysis a series of assumptions is invoked to continuously sim-
plify the problem in a way which preserves the main mechanismns of the
dynamics and still allows solutions to be obtained which display some
important features of the problem.

*See References 2, 3, 4 and 5.
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Unfortunately the problem in its fullest extent must be posed within

the framework of compressible turbulent flow. There has been only

a small amount of fundamental work* (see Appendix B) in this f{ield
although applications involving mixing length or eddy viscosity as-
sumptions in wakes, jets, and supersonic boundarv layers are nighly
developed. The work on turbulent gravitational convection has involved
assumptions such as similarity!® or restrictions on the role of density
differences.!?

Although much importaut insight into the problem has been made avail-
able, by this means it has been difficult to find full solutions which yield
the kinds of motion which experienze shows the fireball tu undergo such
as the formation of a moving vortiex ring. Because of this it appeared
that a different class of assumptions would lead to more realistic
motions.

O. M. Phillips:La has shown that if the net linear momentum of the fluid
is non-zero in a viscuous fluid in the final stages of decay of turbulence,
the motion develops into a kind of vortex ring similar to the solutions
found in this report. The basic difference is that the inclusion of part
of the non-linear term as carried out here provides a translation of the
ring through the fluid which depends on the initial conditions. Phillips
demonstrates that the low density iu the core of a heated vortex ring
may be expected to keep the material of the ring coherent, presumably
becausc of the effect of centrifugal forces operating on the density dif-
ferences. The theory of vortex rings in an inviscid fluid due to Lamb
and to Hill are reviewed by Turner.'® ¥ Some excellent photographs
of rings are contained in Reference 14.

In an important paper Moyal® demonstrates the methodology bty which
two types cf velocity spectra may be segregated. The resultiag equa-
tions are tractable if the assumption is made that the largest eddies
in the flow (the only ones which couple with the constant gravitational
field) dominate the non-linear terms. This last assumption appears
reasonable when the equations of the velocity spectra are examined.

The convolution integrais which arise from the non-linear terms after
Fourier transformation are approximated by the value of the integrand
which corresponds to non-linear coupling between the largest eddies
and the eddies of all other sizes. It is shown that the resulting term
is responsible for translation of the space coordinates in a manner
which depends or :he initial conditicns. The translation effect allows

*See References 6, 7, 8 and 9.




a convenient description of the motion and temperature distribution in
a moving frame of reference. For the case of an initial velocity in the
upward direction only, the translational velocity may be identified with
the rise velocity of the fireball.
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SECTION 2

THE EQUATIONS OF MOTION, HEAT TR .NSFER,
ANCD STATE IN PHYSICAL SPACE

The problem is specified in terms of the conservation of mass, mom-
entum, energy, and the equation of state using the dependent variables

s, Tp, and 6 where s=/n(p/p,), 7 -fn(p/po 8= in(T/T,) and the
velocity, =(vy, va2, v3) of the Ilu1dp The subscript zero corresponds
to any convenient time-indepencent reference condition and p p, and

T are the densuy, pressure and temperature at any point x'= (xl . x7, x3)
and any time t'. We specify a body force per unit mass of g in the
negative x3 d1recti0n.

-~ 5\"_ ~
=+ == - v =5 (1)
3 Ax, j 3x
J
9 b 2 1 3 3\_) Ca'l D"p y 5\1 5
7= VooV, = ’ v R RN - 7
3t i3V A%’ ax’ vy ax! j ox’ B9%3
1 ‘] 1 J
(2)
0 2, (y-1 °F 20 y O
— - 7 6 = 7 p = —-v, — + L—) v, - E) + 4
3t Y at ) ox’ Y ] ax, c T
J J p
p) p 2
| Bvi 3V 5 av,
sl + =L -5 |- (3)
2 \ 3% ax’ 3 \ax|
J 1 J
- 7 _=s+8 . (4)
P

The summation convention is used in these eonations and throughout
this report. In the order given, the equations represent the conser-
vation of mass, momentum, and energy and the equation of state.
The qguantities v, x are the kinematic viscosity and thermal diffus-
ivity of the fluid, respectively. The quantities a’, ¥, c, are the




velocity of sound, ratio of specific heats, and the specific heat at con-
stant pressure of the fluid, respectively. The quantity §;3 is equal to
unity if i=3 and zero otherwise. In performing the following analysis
we make the assumption that the quantities v, », a’, ¥, and cp are
constant.

In many problems involving the late-time fireball, with low Mach num-
ber rise rate, the term in braces on the right-hand side of Equation 3,
representing the effect of viscous dissipation on the temperature, is
small compared to the other terms and may be disregarded.* This
does not imply that viscous dissipation is neglected insofar as it is the
ultimate energy sink in the srnallest eddies. It is simply not consid-
ered to influence the temperature measurably.

In addition, the equation of state represents a perfect gas ind we, there-
fore, assume that the effect of chemical reactions within the fluid plays
a negligible role. This contributes to inaccuracy of the solutions when
the temperature is above, say, 2000°K at most altitudes.

It is implicitly assumed in writing the above equations that the flow be-
haves according to continuum mechanics.

We have alsc assumed that the fireball is small compared to distances
over which the earth's gravitational field cha' ges by a significant amount.

The late-time f'reball is characterized by a relatively uniform pressure
at a given altitude. This concept of '"pressure equilibrium, " though it
1s probably not completely valid, will be employed to simplify the equa-
tions. This assumption requires that the pressure everywhere in the
fireball is equal to that which occurs in an undisturbed atmosphere.
This requires that

2 am
a P
a__ - _ ) 5
0% Ax’i g6i3 )
37 3 anw o

p_ _ &Y P__P.-_P . (6)
’.i ' , 1) a 1 ’ A 7 ¥

x3 2 X axz t

12 i / /
T = -(gyla' )x_ +nm =--x3/H + , (7)
P x'3=0 Plx =0

O
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where H' is the scale height of pressure in the atmosphere and is
given by

Ho= 2~
gY
and
anp
—_—z - I/HI
a ¢
*3

If Equations 5 and 6 are employed in the momentum and energy equa-
tion these become

v, v, v,
— ¢ v 1 v IR v, — (8)
at vy i 3 ax’  ax. j 3x
1 J J
Y 6-—vj ax5 -3 v3/H . (9)

The other equations remain unchanged. Equations I, 4, 8, and 9 are
tive basic set which will be discussed in the following sections.




SECTION 3

THE NON-DIMENSIONAL EQUATIONS
IN WAVE-VECTOR SPACE

Following the work oi Moyal the set of Equations 1, 4, 8 and 9 is trans-

formed into wave-vector space in accordance with the following relations

-ik-x' =, +ikex'
e

. dx’ ; v, =
i i

o
N
il
|
Gy
<
(¢]

dz. . (10)
1

The quantity dZ; is the Fourier spectra of the velocity in the i di-
rection. The integral on the right is shown in Stieltjes form to allow
for the possibility that dZ; may be a ''pathological' function (or im-
proper function in the sense of the Dirac delta function).

Similarly, we define formally the quantities dS, dP, and d{) as

follows:
dk . -.—o. =, - . +.-‘ -,
ds = 3_§se1k X dx’; 5:,}3 ik X 4s
(2m)
— . -..__.' —o, . + — —y
4P = dk3 In_e 1k x dx’ ; @ =u{-e ik x dP
-1.< R _ - -, . + l—(. -,
dQ = d3f9e1k dx’ 9-‘-J‘e1 de
(2m) ‘

The integrals on the left are taken over all of physical space while
those on the right are taken over all of wave-vector space.

The magnitude of the vector k = (k; , k,, k3) can be loosely consid-
ered as an inverse measure of eddy size in the sense that 2m/eddy
lengtt .. the i direction x~k; . "The transforma.ion into wave-vector
space thus brings together, into a small volume in this space, all
eddies in the flow of a given size and shape independent of where they
may occur in physical space. The largest eddies in the flow are
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transformed so that they reside near the origin in wave-vector space,
while the smallest eddies occupy regions far firom the origin in that
space. Thus, within the concept of flow of kinetic energy in wave-
vector sprce, energy is considered to start with the largest eddies
near the origin and flows outward toward the region occupied Ly the
smallest eddies where, by the action of viscosity, it is eventually dis-
sipated as heat. In this manner energy is removed from the gross
motion of the fluid as the eddies are reduced in size and reappear
more remote from the origin. This process cannot continue indef-
initely without supplying energy to the flow, mainly to the larger ed-
dies. The role of the body force per unit mass in Equation 2 is to
supply this energy from the gravitational field. This concept will be
used later in an attempt to reduce to manageable form. the convolution
integrals which will soon appear.

The transformation is straightforward and the non-dimensional e jua-
tions in wave-vector space are

| Qs

—dS+iRek,dZ = -iRe |k.dZ (k'-k)dsS(k') . (1)
at b bl

5 (3 . 1 A 0 i 4 A £
—dZ, +k dZ.+—kk.dZ = -iRe k' dZ (k'=k)dZ (k). (12)
at i i 3 13 A =) ] i

=~ b . , 7 )
%dQ +%k 4Q= - iRe [k 47 (k'~ k) dQ(K)

: V= 3
- iRe ( v ) —I:I—— 0 (13)
dP = dS + dQ . (14)

Adding Equations 1] and 13 we have a useful auxiliary equation

n 2 . _ Re -
y ok dQﬂyRekjdzj-Hdz3 . (15)

In these equations a typical length in the flow, r,, is taken as the
unit of length; a typical velocity, v,, becomes the unit of velocity.
The Reynolds number, Re, is given by rovo,/u . The unit of time
becomes ré/u . Therefore, all quintities in the set of equations im-
mediately above are non-dimensional, including k which is measured

in units of 1/r




SECTION 4
DECOMPOSITION OF THE VELOCITY

Moyal has shown that the component of the vector dZ in wave-vector
space which is parallel to the vector K is associated with compression
waves and random noise (irrotational flow). The components of dz
which are transverse to k are associated with the eddy turbulence
(solenoidal flow). In order to segregate these two kinds of motion,
following Moyal, we define de as the compenent of dZ along k and

—

t ]
dzg ) as the ith component of dz(t) a vector transverse to k . This
may be written

k

L ST (16)

7 =
di. dzi K k

o (t) _
Note that kj de =k d/.k and kj de = 0.
If we define the gquantity dC(X) by
dC (X) = —iRe | k' dZ (k'-k) dX (k') .
i . j 1
k
then we have

k

(t) i
(X) + - de(X) ,

dC (X' = dC;
i i
where dX is any one of the spectra.

If Equation 16 is substituted into Equation 12 and both sides are multi-
plied by k;/k the result is

3 4 2
5 42, +3 k" dz _=dC (2) . (17)

2
If Equation 12 is multiplied by (bij - kikj/k ) the result is
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2 4zt 42 gz - gl
at ] J J

(z) . (18)
The quantity 65.j -kikj/kz is called the projection operator and has the
property of converting a vector in k-space into components normal to
k . That is, if Aj is a vector, the vector A; is normal to k when

i
— 2
A, = A, (6..—k.k./k >

L J\ 1) 1)

We now have two equations which result from the original momentum
equation. One of these equations governs the behavicr of the spectra
of the irrotational velocity (Equation 17); the other governs the be-
havior of the spectra of eddy turbulence (Equation 18).

10




SECTION 5
LINCARIZATION

The non-linear effects represenied by the convolution integrals will
be partially taken into account by assuming that the largest eddies in
:he flow (those for which k=0) are the principal agents in the convec-
tive process. It is possible to decompose the convolution integrals
into the following form:

k. k.
[Kodz_(k'-k)dz (k) [6 - =) = [ K 4z ('~ k) 4z (')
J 1) k k/,-{k J
K.k,
g - L1
i3 2
k

(t)

i

+k_dz _(0)dz " (k)

and

k. dZ (k'-k)dZ (k') k /k= [ k' dZ (k'-k)dZ (k') k. /k
ce e j ke & © i

7
+ ke dZe(O) duk(k)

(t)

where we have used the relations dZ.
i

(k) = (6. .- k.k./kz) dZ {k) and
k, dZ, = kdZ, . I .
i k
The last term on the right in these equations represents the non-linear
interaction of the largest eddies with the eddies of all other sizes and
is the part of the integral which corresponds to the spherical shell in
wave-vector space for which k'=k . The non-linear effects associated
with the first term on the right-hand side are disregarded for the pres-
ent study. Only the largest eddies are coupled to the buoyant force.

11
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The equations for the spectra of velocity become

{t) + kz det)
1 1

dZ

(o7 .
oo

_iRek az (0)dz'" (k)
e e 1
2

(19)
4 2

L+ = 7, =
atde 3k dl.k

- z dz. (k
i Rek_dZ _(0) dz (k)

(20)
The time dependence of the quartity kedZe(O) is found by letting
k=0 in the above equations

3 (t) _
5,42, (0) = 0

a
'a'z de(O) =0
The equations may be integrated to give

az0, 1) = dzﬁt) (0, 0)
1

dz, (0,t) = dz (0,0)

The resulting inhomogeneous equations for the spectra of the solenoidal

3 (t)
= +
3t dZ.

velocity are linear®* where the relation kedzkz kdZ), has been used again
: - ()
; k +iRek de(O, 0)| dZ,

=0

The equation for the spectra of ..e irrotational velocity is identical
except that the term k? is replaced by 4k2/3

The solutions are

Z
dZS
i

Y (k, t) = dzgt) (k, 0) e-k t exp {—i Re k de(O, O)t]

(21)

dependent coefficients.

*If the bouyant force term is not equated to the pressure gradient and
carried along to this point the resuiting linear equations have time-

12



SECTION 5
42
dz, (k,t) = dZ, (k, 0) e exp {—i Re k dZ (0, 0) t] . (22)
(t) -
Note that dZ'" (k,0) = [6.. =¥ k./k" }dZ (k, 0)
& 1) 1] J
kdZ (k,0) = k. dZ (k, 0)
k! AR
The total velocity spectra are from Equation 16:
az. (k) - 4z e, 1) + (k. /k) dZ. (k. t)
1 1 i k
=dZ (k, 0) exp [-i Re k, dZ (0, 0) t]
J J )
4 2
2 - -k
' 5 e-k t o 3 t
(s,;k'-k,k) — tkk, ——| . (23)
1 1 J Kk ) Kk

The first factor involving the exponential translates the resulting in-
version in physical space so that each X; is replaced by x.-RedZ,
(0,0)t . The coordinate system in whici: the motion is most conveni-
ently described is one which is moving with non-dimensicnal velocity
Re de(O, 0) in each of the x; directions. The factors Gi.k" - k;k,
and kikj become differential operators on the inverse of the funceions
2 2

-kt 2 -4/3kt, 2 .
de(k, 0) e /k~ and de(k, 0) e / /k . As will be shown
later, for certain initial conditions, the differential operators cause
vortex and torus (or '"'smoke ring'') forination.

If Equations 13 and 15 are combined, the energy equation becomes*

-Exj-de*‘yik2 dQ =-iRe k. dZ (C,0)dQ-i(y~-1) Re k dZ,
3t v J J J J

(24)

*Attempts to solve the continuity equation for density yielded integrals
which could not be evaluated.

13
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with solution

d(X(k, t) = exp (_ 1 Vt-=-vYy

A

Cvre L
exp~1\t+'y;k t |dt ;

where we have defined V bLy

< =

2) At
k t) {dQ(k,O) ~ily = ) Re [k dZ (K, v)
Q

V - Re kj dzj(o, 0)

From Equation 23 with the translating term as a factor we have

4 2
-gkt
k.dZ (k,t}) = k. d%7 (k,0}) e exp(-1Vt
i J( ) j J( ) p )
So that
¥ 2
~7;kt (y~-1) Re k.dZ (k, 0)
dQ(k, t) = exp(-iVt) {dQ(k, 0) e - J

X 4 2
Yy — ==}k
(yv 3)
4 2 2"
.[exp (——ik 2) —exp(«y% k f}] . {(25)
/

To insure compatible initial conditions of velocity aua temperature
we use Equation 15 in the form

Re 1, . Z .
dQ(k, 0) = - (ﬁ- -1 'ykj) dzj(k, 0)/k (26)

v

substituting into Equation 25 we have for the spectrum of the temp-
erature function

14
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dQ(k, t) = Re dzj(k, 0) exp(-1Vt) % -iPr k

(27)
where Pr=v/x, the Prandtl number.

Again, the term exp(-1iVt) indicates that a moving coordinate sys-
tern is the convenient frame of reference for a description of the

temperature.

This will be inverted in the next section for a specific initial velocity
distribution.

The density function may be found directly from the temperature func-
tion and the equation of state.

15



SECTION 6

QUANTITATIVE FEATURES OF THE SOLUTIONS
FOR THE FIREBALL PROBLEM

SELECTION OF INITIAL CONDITIONS

Shortly after the fireball has come to pressure equilibrium it is moving
upward due to ballistic and buoyant forces. The velocity 1s likely to be
predominately in the upward direction and to be largest at the center

and reducing in magnitude toward the edges of the visible fireball. We
assume that the initial motion can be represented hy a single coinpo-
nent of velocity in the z{or x3) direction. The upward initial velocity

1s assumed to follow a Guassian distribution so that the initial conditions
are

,-r2/4b

50 € Covilx 0) = vk, 0020, (28)

vy, 0) = v
where v3qg is the upward velocity at the center and b is a parameter
governing the rate at which the velocity reduces toward the edge of the
fireball. The origin of the stationary coordinate system now requires
definition and is taken at the center of the fireball at t=0. The quan-
tities r and b are non-dimensional.* When r=24b the veiocity has
dropped by a factor of e below its value at the center of the fireball.
Transformation of the initial conditions gives

3/2 2
b -k%b
dZB(k, 0) = vy (-T_!') e (29)
3/2
b
dz3(0, 0) = vy4|7] . (30)

THE VELOCITY FIELD

The inversion of Equation 23 with the initial conditions specified above
in a frame of reference moving upward with velocity ReV30(b1'11)3/2 is
(see Appendix C)

*Normally we will choose b=1/4 so that the velocity has reduced by a
factor e when r=1.

16
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- / 3
vi(x,t) = =2/7v 7:)3'2 6. ?2_ lerf—r
1 30 i3 3x.0x_Jr
i 3 2/t+b
2
a
b —erf —2 | . (31)
x,0%x_ r ——
L3 2/ t4b
N3

The moving frame of reference is introduced as a convenience resulting
from the factor exp [—'1 Rekj de(O, O)] in the original transform of the
velocity.

Performing the differentiation the velocity in the x;{(i=1, 2) direction is

X, X
S i3 3/2[ r ) r )]

vi(x,t)-z/? Vip ~T P T(T -T(;’-_— ) (32)

r 1 2
where

T(u) = u2 erf’' u-3uerf'’u+3erfu

Tl = 2/t+b

TZ = 2/4t/3+b

3

-Emerfu = erf’ u

The radial velocity in any horizontal plane is given by

(F k)
o 1 7Y

o]
2/T vy, X:S b3/2{T (-1?;) - T (-T’—Z)] , (33)

1/2

<
"

1/2

wh = (x2+ 2)
ere p = ! x2

The velocity in the Xs direction is
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) 2 X
v3(§€,t) =-2/7 v30b3/2{£-5—'f'(,ri)+—%—'1“(%)
r 1 r 2
+i3[zs(;r—)+s($—)]} (34)
r 1 2

P 4
ueri u-erfu

where S{u)

The functions T{u) and S{u) are plotted versus u in Figure 1.

Note that as t—0, TI°T2=T and we have

x X = 0 t—0
vl(x,O) vz(x,O) 0

v_(x,0)

3/2 1 11 [T .
3 -2f1-rv30b -5 erf () , t=0

T r

The derivatives of the error function are

) 2 --u2
erf u = —e
Jr
2
Iy lu =-u
erf u = - — e
Jr
Yielding
v.(x,0) = v -x%/ b
3tV = Vg @

The initial conditions have been recovered at t= 0.

The horizontal radial velocity v, given by Equation 33 is secen to
change signs 2s we move from above to below the origin of the meving
corrdinate system. It is zero on the vertical axis and on the horizontal
plane through the moving origin. It rapidly approaches zeroas r—=.

The general character of the horizontal motion is as shown in Figure 2,
where the velocity is shown outward from the vertical axis above the
horizontal plane containing the moving origin and toward the ax:s below
this plane.

18
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Hu)=u erf'v =3uerf'y + 3erfu

S{u) = verf'y = erf u §
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Figure 1. The function T{u) and S(u) versus v .
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Figure 2. Configuration of the horizontal velocity in the
moving frame of reference.
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The vertical velocity has a more complex dependence on time and the
space coordinates. In the moving frame of reference it is symmetrical
about the plane x, =0, positive near the vertical axis, and negative far
from the axis for small values of time. As time increases it reduces
in value near the vertical axis and .ncreases at values of p which are
increasingly large. Its behavior is as shown in Figure 3.

When combined with the horizontal radial velocity v, a configuration

in the moving frame shown in Figure 4 results. This displays the fea-
tures often observed in nuclear weapons tests (and chemical explosions)
where a toroid or vortex ring is formed.

MOVING ]
AXES 3

x
H
10064 1

P S—

ATt=0

3
=
O
4
0]
104
b
=
m
@
>
>
e
(&)
m
P4
P
=

EARLY TIME LATE TIME

Figure 3. Configuration of the upward velocity in the moving frame of reference
in the plane x; = 0.

X~ ’:3 X3
;
1177. THT: % ?“T.
2N Y2 T2
AL H L]

TIME =t

Figure 4. Velocity configuration at three different times showing vortex ring
formation in a frame of reference moving upward with uniform
velocity.
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SECTION 6

TEMPERATURE DISTRIBUTION

If we continue to employ an initial upward velocity which has a Gaussian
distribution in space about the center of the early fireball, the tempera-
ture spectra is given by

iy-1k

3/2 3
(y/Pr -4/3)

wor—iveld [ BX
dQ(k,t) = Re v30(b/fr) explL—-iVt] ()’H 1Prk +

(=)

_(g; t+b)k2 ( iy~ ) e-(g-ub)k)

(v/Pr)-4/3 K&

. (36)

where Pr=v/%x, the Prandtl number (= 0.7 for air). The factor
exp[-iVt]translates the resulting inversion so that x3 is replaced by
x3 - Re dzj(O O)t and again the coordinate system offering the greatest
utility is one moving upward w1th uniform non-dimensional velocity

Re d23(0 0) = Re V30{b/’n’)3 ¢ . If the spectra of temperature is in-
verted and expressed in this system the result is (Appendix C)

v~ 3/2 Pr 1 r 1-4Pr/3 3
9-8Jﬂv30b Re YH 1_<=:rf - YEr-4/3 5x
2,/ L t+b 3
N Pr
= erf —— ] - (r-1) 0 -l erf I
Pr-4/3
r /;j;—-—' y/ / 6x3 r 2 I3 TS
2/ =—t+b
N Pr
(37)
Performing the differentiaticn yields
3/2 Pr r %3
8 =sﬁv3ob Re ST erf - -(y N (1-4Pz/3)
A L _ 2
Pr 3

s(i) +(y-1)s(;’;)] , (38)

where LN = 2 /——— t+b g = 2/4t/3 +b and, as before,

S(u):uer;t u-eriu.
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If we iet b=1/4, the length scale is established such that the initial
velocity drops by a factor e at a distance re from the center of the
fireball.

To establish the velocity scale let t=0, r—~0 and note that erf x—2x/
— v30Re Pr
T , x small. This yields 8§ = 2 =————— from Equation 38 at
5% H‘rA
r=0% for b=1/4. Define eoc as the value of 68 at t=0, r=0 (at the
center of the tireball)so that

2 v Re Pr

30
9oc - vyH

Substituting into Equation 38 to remove the Reynolds number, velocity
product

_ x.YH
0 = fél 6 11 Tr - E [(1-4Pr/3)s(?f_)
e A (y-4Pr/3)r A

-
™8

Along the horizontal midplane x3 =0 the temperature function is

ey f
6 = '\;ﬂ aoc erf|— /——f"'— ’
[ 2/2t4+1/4

where we have taken y=1.4, Pr = 0.7 and p= (x% + x%)l/2

This function is relatively constant for small values of p/2+/2t+1/4
as p increases indicating the presence of a thin '"sheet' of high tem-

perature air in the horizontal midplane of the moving coordinate
system. For small values of p/2.~/2t+1/4 the temperature for x3 =0 is

D /
6= OOC/2V2t+1/4 ,

giving (using e8= T/TO)

1
V8t +1
1 [T
To | To

Note that T, is the temperature of the atmosphere far from the fireball.

*We approach the moving origin along a horizontal path.
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SECTION 7
DISCUSSION

The velocity and temperature distributions obtained in the previous
sections result from an extension of the theory of turbulence for the
final period of decay. The extension is brought into the theory by in-
cluding that part of the non-lincar terms which corresponds to coupling
of the largest eddies with eddies of all other sizes. The resulting lin-
earizaticn, which i8 carried out in wave-vector space, has the effect
of translating the space coordinates in the prescription of the velocity
and tempcrature in a wave-like manner Jepending upon the velocity of
the largest eddies in the initial motion. The resulting translational
velocity is to be identified with the rise velocity of the fireball if the
initial motion has cnly an upward component. A convenient coordinate
systern for describing the motion and temperature in the case of more
general initial conditions is one which is moving in the direction of the
velocity of the largest eddies in the initial motion.

From a physical point of view the energy source most effective in the
motion of the late-time fireball is the gravitational field. Its origin

is in the downward motion of those parts of the atmosphere outside the
fireball. This may be shown analytically by retaining the constant
buoyant force term through the transformation to wave-vector space.
The term in the transformed equations which represents the buoyant
force p:oduces a downward velocity which is effective on only the
largest eddies in the flow since it contains the Dirac delta function

as a factor. Attempts to continue the analysis in this direction, which
is tantamount to relaxing the assumption of pressure equilibrium,

were unsuccessful due to the difficulty associated with the interpreta-
tion of integrals which arose containing the delta function. It was felt
that formal application of the rules for handling the delta function could
lead to ambiguous results from a physical point of view. For this rea-
son, the assumption of pressure equilibrium, which states that the
pressure ‘it corresponding altitudes within the flow is equal to that in
an undisturbed exponential atmosphere, was used before the transforma-
tion was applied to the momentum equation. This, in effect, removed
the energy source allowing the motion to proceed in accordance with the
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theory of the final period of decay of turbulent flow. The resulting
effects are:

1. To remove from the solutions for the irrotational part of
the velocity those terms which correspond to propagating
sound waves such as those obtained in Appendix A

2. To remove a term in the energy equation which depends on
the time derivative of pressure

3. To simplify those non-linear terms in the energy equation
which involve space derivatives of the pressure.

Item 2 has at least rernoved the effect of radiating sound waves on

the temperature distribuiion. Item 3 has an effect which is difficult
10 determine since, in essence, it is a linearization process brought
about by the fact that in an exponential atmosphere the only space
derivative of the logarithm of the pressure T, which is non-zero is
the derivative with respect tothe vertical direction and it is a constant.

The overall effect on the motion of the assumptions considered above

is to smooth out irregularities leading to a deterministic but certainly
approximate description of the velocity and temperature. The smooth-
ing which occurs prevents this method from providing accurate infor-
mation on the problem of radar clutter due to a fireball. The method
employed does provide at least qualitative information on the velocity
and temperature distribution. An extension of the analysis to include
the influence of irregular pressure waves mav be required. A possible
starting point is to employ the solutions obtained in Appendix A.

The form of the solutions obtained in this report have suggested an
approach to the problem of fireball mixing involving the use of Hermite
functions. Employing a Gaussian distribution of upward velocity as the
initial condition the solutions found are exprescsed in terms of the error
function and its derivatives. These derivatives as well as the initial
conditions, may be written as Hermite functions which have several
properties which may be useful in obtaining solutions of the fundamental
equations. '* For example, the Fourier transform of a Hermite function
is also a Hermite function, convolution integrals involving Hermite func-
tions may be perfcrmed analytically, a series of Hermite functions is
capable of expressing a wide -range of generalized functions.'®

Another alternative approach and one which is usually employed in the
general theory is L0 determine relationships among the various statistical
features of the dynamics, such as correlation coefficients, but to include
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better approximations to the governing equations. Some of these
alternatives are considered in Appendix B. Since no direct data
exist on cor ‘elation coefficients within the fireball, the spectra of
velocity and temperature were felt to be more useful for this
application.

Although the velocity field found for the initial conditions used here
appears to represent a developing vortex ring, the temperature in

the horizontal midplane of the moving coordinate system has a form
which represents a vertically thin layer or membrane of high temper-
ature air within the ring of the vortex which is dropping intemper-
sture due to nrdinary conduction. This occurs because the velocity
in the center of the ring is small in the moving frame of reference
and the thin layer rises while diffusion of energy occurs by heat
conduction. At other positions the terms involving the velocity which
appear zs ''source' terms in the energy equation act to increase, by
convective transport, the temperature cutside the fireball and reduce
it on the inside. In this way the fireball '"grows' by outward move-
ment of heated air which mixes with the atmosphere. Only part of
this convective effecti® included in the solutinns for the temperature
found in this report. The non-linear term v; 38/3x; which ~epresents
this convective effect is only partially included. Th= other source
term represents the effect of expansion and compression on the tem-
perature and probably is less important.

If the solution for the velocity is eimply substituted into the energy
equation or the continuity equation (see Footnote page 13) integrals
are found which represent singular solutions. This is probably re-
lated physically to the impossibility of maintaining exact pressure
equilibrium in the flow. The full understanding of this and many

cther features of the problem must be reserved for later investigatioa.
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SECT'ON 8
CONCLUSIONS AMND RECOMMENDATIONS

The conclusions obtained as the result of this study are:

1. The most directiy useful results for the fireball mixing
problem will be obtained from the velocity, temperature, pres-
sure, and density rather than from solutions describing cor-
relation cc--Ificients involving these variables.

2. An extension of the theory of turbulence in the final period
of decay may be obtained by inciuding that part of the non-linear
inertia terms which provides a translational effect. The largest
eddies in the initial motion cunvect, without distortion, the
eddies of smaller size.

3. The velocity di:tribution of a heated mass of air rising in
the atmosphere obtained from the equations of change of a
viscous, heat conducting, compressible gas show features which
correspond in several respects to the actual characteristics of
the late-time fireball of a nuclear detonation.

Recommendations for further work are:

26

1. A more detai’:d comparison of the results obtained in this
report with experimental data should be carried out. Dificrent
kinds of initial conditions should be employed.

2. Use of michine computation to obtain solut’ 1s of the equations
of change in spectral form should be carried cut. This approach
would begin with an analysis of the one-dimenc:ional case.

3. A study of the general theory of turbulent flow as related to
the problem of the late-time fireball should be undertaken. This
study should include:

a. Attemp’s to employ the solutions of Appendix B as a
starting point to obtain information useful for radar clutter
problems.
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b. A study of methods of generalizing the linearization
process employed in this report.

c. An investigation of the use of higher transcendental

functions, such as Hermite functions using the theory of
: s

Pansions. "
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APPENDIX A
ASYMPTOTIC SOLUTIONS OF THE LINEAR EQUATIONS

In non-dimensional form, after Fourier transformation with respect
to the independent space variables, the equations of Moyal are of

the form
d [, 2 () _ (t)
3t \dzi ) + k®dZ;" = Re dCi (Z)
d 4 2 i az k
— + - =y F+F - =
It (dzk) 3 k d K Re y (dS +dQ) Re de (Z)
da{ds) . -
o + i k Re de = Re dC(S)
d{d0) 2

x
ok Mokl TR - + — ¥ =
Tt ik(y~-1)Re de 7 5 Q = Re dC (Q)

As such, as is usually the case, successive approximation procedures
are suggested for the two limiting cases of varishing Reynolds number
and for large Reynolds number. Moyal himself wrote down a solution
for the homogeneous case neglecting the non-linear convolution integrals
which he claimed was accurate to terms of order 1/ .. In dimensionless
form his solutions for a zero mean velocity assume the form

. 2
(t) _ Sty -kt
az." = dZ; 30 e
1 %kzt o i ~iaktRe
dz, =3 e ‘i%_dzk‘o + 3 (48, +dO ) | e
r a tiaktRe |
+ -= t
a2y | - 2 (@5, 1 aQ) ] e }
o2
- =kt
1 v | a -iaktRe
= - - —{dS, +
ds = C dzk!n 5 (S +dQ ) e
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o a ,. 7 1aktRe
= g‘dzk|0- = (dS, +d0,) Je '
L Ty K
T (v=1) a5, +aQ,, |
v=1 -%kztﬁ( a ' iaktRe
= + = + *
40 e 42y ‘0 2 (as, dQD)] "
a iaktRe
- [dz, |, - 2 @5+ Q) Je 1
) Ty
- e [y-1) a5, +aQ, |
where
1r4
T e -t -
o > 1:3 v+ (y-1) x]
t::t.t:t\.u:x.l = ¢
2 non-dim
r“/v
o
actual B knon-dim/ro
qactual ~ Yo ®pon_dim
actual = Vo dznon-«iim
v Tr
Ra __0 o
v

We have noticed, however, that this approximation has the following
remarkable property; namely, it is an approximation which gives the
correct sum and iriple product of the three roots of the secular equa-
tion for the last three coupled equations involving the longitudinal
components, but it does not correctly give the sum of the pair-wise
produ~ts of the roots. As such, however, it would form a good basis
for computing a more accurate approximation to each root by, for
example, Newton's method. Since we were, however, interested in
trying to understand at least some of the simpler aspects of the non-
linear phenomena, we did not pursue this matter further.
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The non-dimensional form of these equations does, however, also
suggest a successive approximation procedure which in principle

would yield information for large Reynolds numbers by standard
techniques. It is to be noticed that the first equation does not involve

the Reynolds number on the left-hand side while the coupled set are

in a form to which methods have been developed for finding a solution

to the homogeneous equations as they are, for example, described

in Chapter 6 of The Theory of Ordinary Differential Equations, by
Coddington and Levison, McGraw-Hill, 1955. Once such a funda-
mental set of solutions were known along with the trivial solutions

for the homogeneous uncoupled transverse equations, the convoluticn
integrals on the right-hand side of Moyal's equations could Le evaluated.
The right-hand side of the equations could then be thought of as known
and a first approximation to the non-linear effects found as follows:

The uncoupled equations for the transverse components could be solved
directly by the method of variation of parameters and added (o the trivial
general solution to the homogeneous part of these equations. If the right-
hand side of the coupled equations describing the component along k is
denoted by the vector b{t,k) and if the fundamental matrix for a large
value of the Reynolds number, found by solving the homog :neous coupled
equations by a procedure we will outline, were denoted by @(t, k) then the
vector function _(g(t,k) defined by the relation [Equation 3.1 page 74 of
Coddington and Levinson ]

t

o(t, k)= 8(t,k) (87" (s,k) bls, k) ds

%

we id be a solution of the non-homogeneous equations vanishing for t,-
To this could be added the general solution of the homogeneous equations
already found in order to have a first-crder approximation to the non-
linear effects.

Unfortunately, time did not permi* us to explore this mode of attack in
detail although we did make a beginning in this direction. Since there
is some possibility that work in this area wili be funded on a long-range
basis in the future, it appears to us to be worthwhile to record the
progress obtained to date by this approach. If for simplicity we let

1 :
B=unjv = B where Pr is the Prandtl number, then the coupled
homogeneous equations of Moyal can be written in the matrix form
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N
d p— ia“k i1a"k 4 2 y ™ s
dt (dzk) 0 v y -3 k& O 0 dzk
8 w@s) = rell -ix 0 0 2l 0 o o iS
dt Re
< o) | \-ily=1k 0 ¢ 0 o -ypk¥ | \do

That is in the general matrix form

d x 1
N — 4+ —
dt i Re A=

If B, i# a non-singular matrix such that B-! A, B, =D, where D,
is a diagonal matrix with distinct roots that can be found, as we will
show to be the case for Moyal's equations, then the transformation
x = B,y leads to a system of the form

y' = Re [D e ’] 7 (A-1)

For Moyal's equations the situation is particularly simple for it is pos-
sible to find a matrix B, with the above properties which is, in fact,

independent of the time. In this situation A( )‘ B Al B, . For sim-

plicity we will again denote this by A, .

We will now briefly describe the method used to obtain a formal solu-
tion to Equation A-1. This description is, in reality, a specialization
of that given in Chapter 6 of Coddington and Levinson, but it seems
worthwhile to include it, for the case at hand is considerably simpler
than the general case treated by them. We seek a solution for y in the
form

y=PexpQ , (A-2)
where P(t) and Q(t) are matrices, Q(t) being assumed diagonal. For
P(t) we assume an expansion of the form

1 1
P(t) = Pylt) == P,(t) + ——= P,(t) + .
Re”

while for Equation A-1 it suffices to take Q=Re Q,(t) + Q;(t) where,
as we shall show, Q (t) D_, a constant matrix and where Q; is also
a diagonal matrix by assumptlon
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Performing the indicate differentiation and substituting into L. nation
A-] we obtain after cancellation of the exponential factor

f 1 1 Vo 1 1
\P°+Re Prr—=F |t Potgg it Pt
e ] ; Re i
iReQ’+Q"s = Reiﬁ{D rLallp+t v + L p o+ \;
0 1/ t‘ ¢  Re l(o Re "1 Z 2.""”'
L oA Re H

Rearranging according to decreasing powers of the Reynolds number,
the above becomes

’ 0: ’ - £ v - "
R'a PoQo_ D PO'-‘L(Re) EP0+P1 QO+ POQ -Dopl"‘AIP0§~

o 1
1 I3 - ’ ] _
*Re PI*P,Q +P) Q] ~DP, -A P
l i 7 Fi ! —
+;—-§ (P2+P3Q0+P2Q2"DOP?’"AIPZ) ... =0
ne

By equating the various powers of the Revnolds number to zero we
obtain the following infinite set of matrix equations:

' —
P.QJ _Dopo =0

P +PQ +PQ -D,P -A P, =0
;o 7 ’ 3 . B
P/ +P,Q  +P,Q/ - D,P,~A P =0
P, +P,0  +P,Q; - D P3-A P, =0

-----

The first of these is easily satisfied by taking P =1 = the identity
matrix which, of course, implies that P/ =0 and setting Q= D, -
To satisfy the second equation it is first rewritten in the form

PD,-D P} = A -,
in which use has been made of the information already obtained. Now
it is clear that there are no diagonal terms on the left-hand side of

the above equation. Thus, the diagonal terms on the right-hand side
must cancel so that if we let

Ay = (34
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we see that since Q) is diagonal, by assumption Ql = (aij Gij) where
6ij is the Kronecker delta equal to one for equal indices and equal to
zero for different indices. For i#j we then find that if P,= (Pi})z

i#j then
pij = aij/(;‘i';\j) s
where A;, A; are distinct roots of D = = (Ag 61 ). In order to determine

the dlagonal terms of Fy, P; is replaced by 1:’1 = Pl +Dl where Dy
is as yet an unknow5 diagonal matrix and where P, is assumed to have
a zero diagonal. Pl is clearly still a solution of the second equation
along with P, for such an arbitrary Dy. To determine D, we use the
next equation rewritten in the form

®| +D| +PjO] -AP| = A D, -DQ; +P,D, -D_P,
In this form there are no diagonal terms on the right-hand side and
since Pl had a zero diagonal, it follows that the dlagonal matrix Dl
must be given by the diagonal terms of A{P; - PIQI This same
process can <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>