
f 

o 

AIR UNIVERSITY 
UNITED STATES AIR FORCE 

SCHOOL OF ENCIINEERING 

WRIGHT-PATTERSON   AIR   FORCE   BASE,   OHIO 

Af      WP -O- Ol i     f>4    M mm®m 
>  / y   / J 



ESTIMATION OF THE SCALE PAHAMETER 
OP THE LOGBDEMAL DISTRIBUTION 

BY M ORDER STATISTICS 

THESIS 

GR£/MAT^/C4-8 Eugene R.   Higkfield 
Capt ÜSAP 



ESTIMATIOH OP THE SCALE PAB1METKE 

OF THE LOGHOIMAL DISTRIBUTION 

BY M OEDEH STATISTICS 

THESIS 

Presented to the Jfeculty of the School of Eogineering of 

the Air Porce Institute of Technology 

Air University 

in Partial Pulfillaent of the 

Hequiremente for the Degree of 

Master of Science 

Eugene R.  Highfield,  B.S. 

Capt USAP 

Graduate fialiability Engineering 

August I964 



GRE/M^TH/64-8 

Preface 

This thesis presents two relutively simple techniques for 

estimating the scale parameter   CT  of the lognormal probability 

density function thiuugh the use of order statistics.     It has been 

assumed that the reader has a basic understanding of elementary 

statistics and references are prorided for those readers desiring 

further reading about the lognormal distribution and order statistics. 

1 am vexy grateful to Dr.  H.   Leon Barter of the Aerospace 

Research Laboratories for suggesting the topic, acting as my thesis 

sponsor and making his valuable time available to me for necessary 

consultations.    1 am also extremely grateful and indebted to 

Professor A.  H. Moore of the Mathematics Department for beint my 

thesis advisor and suggesting and directing the method of approach 

in developing the m-order statistic estimator.    Without his 

continual help, guidance and encouragement I would not have brought 

this study to a successful conclusion. 

Finally,  I wish to express my appreciation to my wife who has 

been very patient with me during some very trying perioda. 

Eugene B.  Highfield 
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Abstract 

This thesis develops unbiased single order statistic and in-order- 

statistic estimators of the scale parameter   [7 of a truncated 

lognormal probability density function.     In this development It is 

assumed   .hat the location parameter >6<  is known and that if it is not 

zero, a transfomed variable with a location parameter approximately 

zert  can be obtained.    The method of development cf the single-order- 

statistic estimator was to consider the expected value of the i-th 

order statistic.    The development of the m-order-statistic estimator 

utilizes the development of the single-order-statistic estimator and 

then considers the variance of the m-order-statistic estimator as a 

Lagrangian function which is minimized to obtain the necessary 

weighting factors.    These weighting factors are then combined with the 

other coefficiencs to obtain the desired multipliers.    All the 

multipliers used to ootain the estimators,  the variance of the 

estimators and their relative efficiencies are presented in tabular 

form as appendices.    The procedures to be followed in the proper use 

of these   tables are contained in Chapter VI.   The efficiency of the 

single order statistic is given relative to the m-order-statistic 

estimator which uses all the data a/ailable.     In this respect,  it was 

found that  the best order statistic to use is the first one and that 

it produces efficiencies above 70% when the number of Tailures is less 

than naif of the sample.    The tabled multipliers and variances are 

given to five c'ecimal places,   the efficiencies to two decimal  places 

and all numbers are accurate tc within one unit in the last decimal j.lace. 
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I.    Introduction 

The lognonor.l distribution, in its simplest foun, may be defined 

as the distribution of a variate whose logarithm obeys the noraal lav 

of probability.    Its history may be traced back to 1879 when 

D.  HcAlister. set down explicitly, and in some detail, a theory of the 

logrormal distribution (fief li2).    Although little has been done in 

the theory of estimation for truncated or censored samples of a 

lognormal population,  Sarhan and Greenberg (Ref 24) have worked in this 

area for the normal distribution using the method of least squares for 

estimators of /-<  and   V ,    Their work is somewhat similar to the work 

in this thesis in that both efforts utilize order statistics in the 

estimators.    With the lognormal distribution,  the data cow    in a 

natural ascending order wherea.i    in the normal distribution the whole 

sample must be observed and than arranged in ascending order to obtain 

the order statistics. 

Developments in the field of order statistics have occurred 

primarily in the last twenty years.    The first two papers of real 

importance in the field were written by Hosteller (Eef 19) in 1946 

and Wilkfl  (Baf 28) in  .948.    Much has been writtan since that time and 

a book edited hy Sarhan and Greenberg (Ref 25),  published in 1962, 

brings together many important works pertaining to the theory and 

application of order statistics. 

The lognormal distribution is treated in this thesis with 

estimating tecnniques being derived to estimate the scale -^araaeter   V . 

The development of the one-order-statistic estimator is similar to 

1 
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that of Quayle  (Ref 20),  Iwwpver the derelorment of the m-order-Btatietic 

estimator is completely new and uses the Lagranglan method to minimize 

the variance of the estimator.     In deriving the estimator it was 

assumed that the location parameter AA was zer?. 

It was necessary to consider various sample sizes, n,  since each 

order statistic has a different probability distribution for each 

sample clze.     In this thesis,  samples of sizes up to twenty are 

considered.    An IBM 7094 digital computer was used to compute all 

tables and complete infomation on the use of these tables is presented. 
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II.    Lognormal Dietribution 

Propertiee 

The lognormal distribution is a distribution in which the 

logarithm of a xandom variable is normally distributed and either 

natural or common logarithms may be used (fief 17 »122).    Although veiy 

little is written on the lognormal distribution in the  standard text- 

book on statistics, a very thorough coverage is provided by 

Aitchison and Brown (fief l).    Their work covers the history, general 

properties,   estimation problems,  examples of uses of the distribution 

and also describes variations of the lognormal distribution.    For the 

purposes of this thesis,  the lognormal distribution will be 

considered to be the two-parameter,  positively skewed lognormal 

probability density distribution which is expressed as 

tA.r)     Hi)     ^-T7   c/^'   v ^ 

for   / > C ,  ^7 > 0 and     _ oo </^ <'   ^ 

where In t denotes the natural logarithm of t.     The parameters ^ 

and  ^   are  the mean and stan-^rd deviation of In t which is 

distribuced noroally.     For this stu^y,  it is assumed that  the mean 

is zero or that if it is not,  it  is known and the data adjusted. 

Tnis is not an unreasonable assumption and if the mean is not known, 

it may be estimated  (fief 25).     The moments of the lognürmal 

distribution are defined by 
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It can be seen tliat the mean 'X and variance p  are therefore ^iren 

by 

1 r-z 

S    =      Z (<?     ~  O (2.4) 

Figure 1 shows the logncrmal probability density function for various 

2 
values of ^ and \y    .     It vill be noted that the greater the value 

2 
oi V  , the greater is the skewness and the further to the right is 

the mean (X . Another interesting feature of the lognormal 

distribution is that it has multiplicative reproductive properties 

whereas the Tormal distribution has additive reproduTtive properties. 

Application 

The lognormal distribution finds application in a wide variety 

of fields, such as physics, engineering, economics, biology, 

astronomy and sociology. It has been used to represent the 

distribution of incomes, of household size, of particle size, of body 

weight and of results of endurance tests (Ref 1:100-106).  It has 

alao been used to desci-'be survival time of bacteria in disinfectants 

and the number of plankton organisms caught in a net (Ref 4). 

In engineering, it represents the downtime of complex electronic 

systems (Hef 2i2>)f  o~  servicing times in congestion problems (Kef 14) 

and also the repair time of airborne radar equipment (Ref 22:110). 
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A rovi^h test of whether a diatribution is lognonual aay be made by- 

plotting the distribution on logarithmic probability paper on which 

the curve should approximate a straight line. 
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III.    Order Stetiatica 

General 

Since thia theaia ia baaed on the concepts and propertiea of 

order atatistica,  their notations and definitions will be introduced. 

Pirat, consider the elementa y,, y^,»      y    of a aanple dravm from 

a continuous population f (x) which are rearranged in ascending order 

of magnitude and then denoted x,     ,  x_    ,   ....  x      .    Thia D l,n      2,n n,n 

permutation of the original observations is referred to aa the  "order 

statistics."    Various other quantities based on the order are also 

thought of ae order st&tiaticn.     In particular, any component x. 

is called the i-th order statistic.     It is possible,to derive the 

distribution of the individual order statistics or the joint 

distribution ox  aeveral  of them,  however,   for thia paper,  they will be 

stated and if the reader is interested in the detail, he is referred 

to Wilks  (Hef 28) and Sarhan and Greenberg (Bef 25). 

Probability Density Function 

The prooability density function of the i-th order statistic in 

a sample of size n from some general population is given by 

n -. 

f *;„)--(J^JUn:!)/ n*!.)' [l-F(Ki*)\    /fej       ^ 

where f(x.   ) and F(x.   ) are the probability density function and the v in' x in' r J J 

cumulative distribution function,   respectively,   of x.   .     rihe nean value 
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of the ■'-th order statistic is 

oo 

y 
- oo 

while the variance of the i-th order statistic is 

oo 

i n (5.2) 

/ 

V^ [Xtn] ''(J-fi^Tjl  IXiJ fXt-n -   '-. irVf(Xf. X(*nyi ' 

CO 

EZ[X;„ (5.5) 

iUao,   the covariance of the i-th and j-tn (i-^j) order statisticp is 

given by 
00  OO 

Cov**[X;niXin] ^f^TMiriT! /M.-.X^ FCXi.f l)!{n-i)! 
- oo - oo 

FfXjn)- F(Xc'n)] ~L"[/- F()(ir)~)]n'JjF(X!)jlF(Xi*) 

£ [XtnJ- t iXl'nj (5-4) 

The values for the above eqviations can be calculated after specifying 

the population. 

LoKnotmal Distribution 

Consider the r-th moment about the origii. of the i-th order 

btatistic t.    from a lognormal population which is expressed as 

30 

Eft-: n'. I 

-j (i->)li^:}i 

J^^ 
,^\^ 

u- 
-.7,   jfltnf'lFFd^  JlnJLH    JFn      0.5) 

8 
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now if a substitution of variables is made where 

y. - k^SiiL <x 

V 
and r^ y;„ a- fen 

then 

^ft; 

ac 

- oe 

,1- 

^^['-^^"^^^V^X^M) 
^ J7) ^ 

\^ 

Cr-/)/(h-:;/ 
A3 

(zrrY 12 

Pbr ease of notation rnd simplicity, let 

CO 

L. n : I 

>' n ' (i'-0!("'0l 
raSl'-rc^ T z %(h* - r t ) 

Jy.-* (i 
[inyz 

(5.8) 

— OÖ 

then Eq  (5-7) simplifies to 

(5.9) 

Now it will be recalled from chapter II that 

- r 
tLtJr e 

r^< 
(2.2) 

anr*. therefore Eq(5.9) may be restated as 

tit-: = tLtrj-Ar; r5.l0) 

Now if r ir  sev equal to one,  £q  (5.10) becomes 

£  t- i n ^^, • 
i    > 

i \ 
(5.U) 



Although the above could be used ue a method of obtaining the moments 

of the order statistics,  it is not in a linear form which could be 

used to estimate the parameter   V-     If»  however,  E[ln t    ] Ja 

considered rather than E/t    j,  it is possible to develop a linear 

relationship suitable to be used in eatima^ion techniques.    It will 

be seen however,  that one is really looking at a normal density 

function when this is done.     Consider then 

oo 

<n    LL'n 

rl n. I 

(,'-,)/(>w)/ K\J'\:'f^T(Li^ 
o 

(2 

I* 11 / _ 
t' 

(PL L ir\ 

(2ir)* v   tt 
(3.12) 

Once again, a substitution of variables is made by letting 

then 
Lin 

and   /y  {-       - t- A r ^ + /^ 

then 

OC' 

n ' 

,' 2. A i n 

 ^ - ^x.. 

K 

0.15) 

It should be noted that x,  is a standard normal vari^te.  For 
in 

10 
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simplicity here and in later use,  let 

- a? 

At this time Bq (3.14) should be recognized as the expected value of 

the i-th order statistic of a standard normal population.  How for 

r-l,  Eq  (5.15) becomes 

00 

t[Li:\- ^c.^/^j^^-f^^V^^x. 0.15) 
-00 \^    1 

where it can be seen that the integral  in the second tern is the Beta 

integral and therefore £*llowe further simplification of Eq  (5-15) to 

t[^i-.] ^ t C:n y^ ß{cJ n-c^} (5.16J 

This is rather interesting and may be of some value for further study 

and use in some iterative techniques.  However, this form does not 

lend itself to a simple linear estimator of r unless it is assumed 

th.t the mean is zero. With that assumption, Eq (3.16) becomes 

£ftttJ--  v-C-n   - v E\y-J (J.17) 
L      J L    J 

Similarly it con be shown that 

V^ftiJ - vz V/)t[X;J (3.ib) L 

and that 

Un^fiU,   Jr+jr\    ;;   ^2Ccv*Z [Xi*   Ai, } (5.19) 
J 

11 
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J.   B.   Eosser tabulated,  up to nineteen decimal places,  the expected 

values of the i-th order statistics of a standardized normal 

population (fief r7i4l2).    Pollo\rLiig this,  D.   Teichroew calculated 

the values of the product of the i-th and j-th o^der statistics in 

samplas of size   ~ 20 and published his and a ten decimal place 

version of Bosser's work (fief 27).     Using these tables,  Sarhan and 

Greeaberg calculated and published the variances and covariances for 

order statititics of saaple sizes   ~  20 to ten decimal places 

(fief 24).    For the purposes of this paper,  only eight decimal places 

were raed. 

12 
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17.    One-Qrder-Statistic Eetimator 

Introduction 

An estimator based on one order statiatic has the advantage of 

being extremely simple to use while providing a fairly good 

indication of the parameter being estimated.    Also this type 

eetimator should be of considerabJq benefit where it is desired to 

determine the parameter   V early in the testing cycle sc that early 

design changes can be initiated if necessary.     In this thesis,   the 

efficiency of the single-orcier-statistic estimator is determined 

relative to an estimator which is based on all the data available. 

That is,  tne efficiency is relative to an m-order-statistic 

estimator as found in the next chapter and tabled in Appendix C. 

It will be noted in column 4»  Table 1, Appendix A,  that the minimum 

variance,  aingle-order-statistic estimator is that estimator based 

on the first or last possible failure.    Table 2, Appendix B,  shows 

the efficiency of using an estimator ba^ed on the first failure. 

Derivation of the Estimator 

It is desirable to obtain a linear unbiasod estimator of   v 

based on the i-th order statistic      In the case of the lognormal, 

the lo^rithm  ^f the i-th order statistic is used.     Recall that 

£[Ltc-nJ -~ r C:n (5.17) 

13 
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then it can be said that the estimator of   V is 

i-' it)    i- ^ '' i 

wherj E In t.       may be  replaced by the actual In t.     since the maximum 

likelihood estimator of E In t.    1 is In t.     itself.    We then 
L   inj      in 

have 

V    ' ,•-,  ■ K- ^n (".2) 

where C.  is tabulated in column 5 of Table 1 which is Appendai A of 
in 

vhis paper,  and is hereafter referred to as the  "multiplier."    For 

jase of notation in the next  chapter,  let 

^].   =   multiplier     -   Q; (4-3) 

Variance of the Estimator 

Hecall  from elementary statistics  (ßef 5«7l) that if 

u =    ax \ h (4.4) 
d 

then the variance of y may be expressed by 

Vftt ly a1 VAZ j x J (4o) 

which can be extended to the estimator and therefore the variance of 

the estimator may be given by 

V^/rh AV ^[i^,-J (4-6) 
and tnen substituting Eq (3.18) into Eq (4.6), we have 

WjV| = Mt' v
zVAK[x;n] (4.7) 
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and therefore 

V^ffl/r^  -   A/-z I'^i'.J U8) 

By  substituting Eqs (4-3) and (5.14) into the equation above, we aee 

that 

\ / r \/. 1 
[^ nj 

where both the numerator and the denominator have been tabulated for 

n- 20  (Bpf 25:193,200-205) and therefore Eq  (4.9) can be  readily 

evaluated;   this has been done and the results have been tabulatjd 111 

column 4 of Table 1, Appendix A. 

Efficieacy of the  Estimator 

The relative efficiency of the estimator is based on the 

variance of the m-order-statistic estimator of the next  chapter 

which Utes all the available data and is a minimum variance 

eetimator.     The efficiency of the single-order-statistic  estimator 

is  therefore given as 

t f r \7~iJJ- ■ lJo (4.10) 

where    0'   is the m-orde^-statistic estimator and    v     is the single- 
B S 

order-statiatic estimator. 

15 
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V.    M-Order-Statietic Betiaator 

Introduction 

While a ain^le order statistic estimator is extremely simple to 

use, it is not too efficient for the normal and logx^rmal 

distributions because the variance of the estimator gets rery large. 

Therefore,  it  is desimble to have an estimator whijh may be uaed 

when speed and simplicity are not a^ essential as efficiency.     The 

eetimator derived here will be linear and unbiased as well as one 

Wüich uses all  the available data. 

Derivation of the Estimator 

Consider the linear relationship 

v   -_- __ (5.1) 

where n is the number of items on test,  m is the failure at which 

.he tes^  is terminated  (or truncated),  the k.  are coefficients such 

thfat 

21  i1:     ^ (5-2) 
and 

^■„   =   (£[X   t;n]) (5.5) 

Once the k.  are determined,  then K.   , where 
i ' in' 

K. "     ^— (5-4) 

16 
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can be  tabulated  (see Table 3) an<i Bq (5-l) becomes 

which provides a linear estimate for   V of a nonnal distribution 

with a mean of zero.    This estimator is unbiased and the proof follows 

Prom Eq  (5.1)» the expected value is determined by 

E[v]-   -~  £/i:   f;Af..„  Z, /,■„] (5.0) 

and by combining Eq  (3.17) wid Eq  (4.3) 

£[nin/L t„]= r (5.7) 

theref re 

but with Eq  (S2)  the above equation becomes 

£[rj = ^r ( ^r; = v (5.9) 

Since the eftimator is linear, unbiased, and uses all available 

data, the k. are now calculated ao that the estimator will have a 

minimum variance. 

Variance of the Eatiaator 

The variance of th- estimator given by Eq(5.l) may be 

written as 

1J 

(5.10) 

17 
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which A&y be simplified and prut  in terme of the standard nonnally 

djstributad variate x      by utilizing Bqs  (3-18) and  (5.19)»   »o that 

Eq  (5.IO)  becomes 

1   /   r   - ÜlH'  ,/   rv  1 *1J<I 

f V?   r:   '       ^   ~   Loy^K^Xi^ (5>11) 

The vairiances and covailances of order statistics from a standard 

normal population have been tabulated by Teichroew  (Ref 25 «193» 

200-205)  for n   ' 20.    Although the results are accurate to 20 decimal 

places,  only the first 8 places have been used ir this study.    With 

the values just mentioned,  the only unknovr j in Kq (5.1l) are the k... 

In order to select the k,   so as to minimize the variance of the 

estimator,   let Var [P'j/r'be a lagrangian function subject to the 

corstraint that 

(5.2) 

and solve  for the k.   by the standard lAgranglan method as shovm in 

the neit pa-itgraph. 

Illustrative Example 

fbr illustrative purposes,  consider the case where a sample of 

size n    j» on test and truncation of testing is made t.fter two 

failures.     That is,  if m«2,  then Eq  (5«l) becomes 

A-/ /  11 n  Z*   Lin +_   Az.   Alih /r.    I z n (5 12) 

18 
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and Eq  (5.1l),  the  lagran^ian function,  becomes 

+ z ^Y^~-- ^«rx,.,x,j (5.15) 

Then,   talcing partial derivatives of 2/ ^ith respect  to  the variables 

f - ^Wx,„]. ^AA. r_[x,„, x^j = o    (5-") 

k., we i have 

^V ^n,' 
c)^ z 

2 
(5.15) 

i\ + t -Z l-~ (5.16) 

Now solving these equations simultaneously,   one finds that 

^ s ?J^A^.*LLX' "7 - M'* M*" ~o***tx>"^ x\*l I       (^.! 7) 

and 

z 
K 

The results are then used in Sq (5-4) and then the K.  are utilized m 

in Eq  (5-5) to obtain the appropriate    V 

The K,     obtained by the above techniques have been  .abulated 
in 

29 
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in Table 5 in coluanfl  5  through 7 for the appropriate n and m. 

Further,   the k.  were used in Eq  (5.10) and then Var \y'] /v1' 

war  tabulated i.i coluan 9 of Table J. 

20 
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71.    Use of Tables 

General 

Before any of the tables are used,  it must be determined that 

the applicable distribution is the lognonaal  (see Chapter II). 

These tables are also applicable to the normal distribution but all 

the sample da ^a would be needed in that case and application would 

be sijiilar to that used by Sarhan and Greenberg (Hef 24).     If   >^ 

is not ze.^o,   it  can be estimated  (fief 24) and a transformed variable 

derived which lias a mean which is appmximatel/ zero. 

Table 1    Qne-Order-Statistic Estimator 

This table will not normally be used since the efficier.oy 

obtained by using the time of the first failure is much oigher than 

that of estimators based on other order statistics.    The ^afference 

in efficiency may be seen by comparing the efficiencies of "ftible ] 

with those of Table ?.     The steps  to follow in uaing this  table are 

aa follows: 

1. Locate the page of Able 1 which contains the sampl3 size u 

in column  (l). 

2. Locate in column (2) the number of the failure at which it 

is desired to obtain an estimate    »f   V . 

$.     Estimate the ecale parameter   ^   by multiplying the 

logarithm of t        by the value found in column O).     The 

value in column (5) is called the multiplier. 

21 



G RE/MATH/M-9 

4. The variance of this eßtiaator ie  founii by multiplying the 

square of the  true valuo of the  scale parameter   v   by the 

factor found in column  (5). 

f).     The relative efficiency of this estimator as compared vith 

an m-order statistic estimator is found in column (6). 

Table 2    One-Order-Statistic Setimator 

Since the first failure time provides an estimator which has the 

Bmftlleott variance and highest efficiency relative to the data 

collected among the one order statistic eptlmators,   this table vaa 

prepared for its siüplicity and so that the efficiency of the 

estimator could be seen.    This is the table that should bo used when 

vising only one order statistic for estimation of    V.    The procedure is 

aa  follows: 

1. Locate the page of Table 2 which contains the sample size n 

in column (l). 

2. Locate  :he line with a on« in column (2) for that sample 

size. 

5. Estimate the scule parameter   \J  by multiplying the lojjarlthm 

of t        by the multiplier in column  (3). 

4. The variance of thia estimator is found by multiplying the 

square of the true value of the scale parameter   ^  by the 

factor found in column (4). 

5. The relative efficiency of this estimator is found by 

locating the total failures under column (2) and then 

rrading the relative efficiency which is on the same line 

22 
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in cülunm  {^). 

Table 5 M-Order-Statistic Eetiaator 

The m-order atatiatic estimator providee an eetimator which has 

minimum variance, unbiased and suffi' ient nd should be used whenever 

possible to ^ive a more accurate estimate of ^ . The steps in 

using the table are as followst 

1. Locate the page of Table *>  which contain« the sample size n 

in column (l). 

2. Locate the line within that rample size which indicates the 

number of failures observed. 

}.     Estimate the scale parameter V  by multiplying the 

logarithm of each t  by the appropriate multiplier in 

column» (5) through (7).  Multiply the time of first 

failure by first line Kl, second failure time by K2, and 

continue.  When the number of failures exceeds five, 

multiply the time of the sixth failure by the EL on the 

second line, seventh failutf time by the K2 on the second 

line, etc. 

4.   ae variance of this estimator is found by multiplying the 

square of the true value of the scale farameter ^ by the 

factor found in column (ö) and on the same line as the 

last multiplier for this estimator. 
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711.    Conclusiona &iA fiacomnendationfl 

ConcluBionB 

The neceaea'-y background  theory on order statiatice and the 

lognurmai cListribution have been i-^eeented in this  thesis to allow 

eatimation of the  scale parameter   v   of the logncraal pdf.     Estimation 

techniques were developed for utilizing one order statistic or all 

available order statistics.     Although the times-to-failure for the 

oajnpie come in an ordei ^d ascending sequence,  a very long period 

of time cjuld pass between successive failures.     There hard to 

realize failures are no*-  required by the one order statistic 

eetimation techniques since it was found that  the use of the first 

failure time,   even though as many as half of the sample failed, 

provided estiaatora with relative efficiercies above 70^ (See 

Table 2).    The m-order-statistic estiBPtor found in tlus thesis is a 

tainiaum variance estimator.     The variances of the estimators were 

compared with those of the estimators determined by  the method of 

least  squares by Sarhan P.nd Groenberg  (fief 2.1.) and in each case,   the 

variance of the m-order statistic estjmatoi  was equal to or leas 

than the other comparable variance.     In the case where tie full 

sample fails,   the multipliers are also equal to those determined by 

the method of least squares.     This provides a good check on tne 

accuracy of the multipliers of thiz   chesis  cinoe they were derived 

by a different method. 

It  should  be pointed out  that,  while  tue estimates of    ^ 
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Gbtained in this thesis are unbiased,  estimates of  OC and p 

obtained by substituting estimates of   ^   in iCqe  (2.5) a^d  (2.4) 

would be biased.     In general,  functions of unbiased eatiraatore of 

parameters are not unbiased estimators of the corresponding 

functions of the parameters.     One advantage of the method of 

maximum likelihood,  now under study by Moore and Harter (Ref 12), 

is  that functions of naiiaun likelihood estimates of parameters are 

maximum likelihood estimators of the corresponding functiona of the 

parametere. 

Although  the  theory developed here containa some rather 

involveü mathematical expressions,  the tables for the application of 

the theory are extremely simple to use. 

Recommendations 

Recommendations for further study are the extension of Table 5 

to higher sample sizes, a rework of 'Pable 5 to allow c«.nflcring muc.i 

the same as was done by Sarhan and Greenberg (Ref 25«206-269) and 

finally,   investigation of the possible use of equation  (3.16) for 

parameter estimation by iterative techniques. 

25 



GRE/MATB/ 64-8 
• 

Bi bliograpw 

1. Ai tchiaon, J. , and Brovn, J. .l. C. ll!!. IDSPPJ.Pl Diatribution. 
London: Caabrid8e University Praaa, 1957. 

2. Bovai.rd, R. L., &Dd Zagor, B. I. Dovntiae Dietribu.tion ~ 
Complex El.ectroDic Sxttw. TIXPO Beport Bo. BK-5~DIP-59. 
Santa Barbara, Calif a Geueral Electric Co. , (1959). 

3. Cohen, A. C. "r..ti•ting Pal:811etere of a 3 Parameter IDpritbJD.ic 
NOrmal Distribution." Jturual 2(J!e£icap Statistical 
A,tociation, ~a206-212 1951). 

4. D;i ·ton, W. J "~tiM tea of the Mean and Standard Deviation of a 
Normal Pc. .1· • " Ap•ls g! Mathetical Statistics, 
~:606-80~ ~ 957). 

5. Fisz, Marek. Probability Theor.y ~ *!b=Ucal Statistics (3rd). 
New York a Jobn Wilq aDd Sou Inc. , 19 3. 

6. GaddUJD., J. H. "!Dgnomal Distributions." Bt.turt , 156:463 
(1945). 

1. Goodwin, H. J. "Some !Dv Moaents of Order Statistice" ApMle ~ 
Mathe.atical Statittics, ~:279-285 (1949). 

e. Gupta, A. K. "Eetiation of the l!le&n aDd StaJld&rd Deviation of a 
Momal Population froa a Censored Saaple." Bioaetrika, 
2ia260-~73 (1952). 

9. Gupta, Sh&nti S. "Life Testing SUlpliDg Plau for I.og lloraal 
Distributio.as. TechpoMtrict, ~al51-175 (1962). 

10. Halperin, Max. "Miu::i..mua Likelihood Eetilaation in Truncated 
Samples." Amale g! Matheaatical Statittice, ll•226-238 (1952). 

11. Barter, H. Leon. "Eeti.ating tbe Parameters of BeptiTe 
Exponential Populationt from One or Two Order Statiatict." 
Annals 2£ Matheatical Statietict, Jlal078-1090 (1961). 

12. Barter, H. Leon, and Moore, .llbert H. "Uae of Order Statietica 
i n Iterative MtnipniJI Likelihood Etti.mation of tbe Paruaetere of 
Gamro and Wei bull Populations." Sn~tted for Publication to a 
~echnical journal (1964). 

13. Bastings, Cecil, Jr., et al. "Lov Moaenta for Saall S&aples; 
A Compari tive Stu~ of Order Statiatica." y•la ~ Matb•tical 
Statistice, ~=413-426 (1947). 

26 



GRE/MATB/64-8 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

24. 

25. 

26. 

27. 

Horvath, William J. Jr. "Applicability of the lognonoal 
Distribution to Servicing Times in Congeetion Probles." 
Opemtions Beeerch, 1•126-127 (1959). 

JenkiM, T. H. "A Short Method and Tables for the Calculation 
of the Mean and Standard Deviation of I.ogari.tbai Distributiona." 
AnDale ~Mathematical Statistics, 1•45-55 (1932). 

Jonee, H. L. "Emct lover Moaenta of Order Statistics in Small 
Saaplea froa a Bormal Di.atribution." .lpml! g! Mathellatical 
Statietics, li•27Q-273 (1948). 

Kenne7, J. F. and Keeping, E. S. MatheMtioa 2! St&tiatice, 
~ Jo, ~Edition. Hew York: D. Van Bostrand Co. Ino., 
(1954 • 

Llo7d, E. H. "Leaet Squares Eeti.Mtion of Location and Scale 
Paraaeten Uliug Order Statistics." Biometrika, jia88-95 (1952). 

Mosteller, Prederick. "On Soae Useful Inefficient Statietice." 
Anmls 9.! Matbre.ti~ Statiatict, !1•371-4.08 (1946). 

Quayle, Bouald John. Ettil!tiop 2l. ~Scale Parameter 9.! the 
Wtibull Prob&biliV 1!lalilz Pfction gz .!l.u. 9.! Qa!. ~ Statietic. 
lJnpublilhed Theaie GBE/MATB/T-10, J.PIT, Wright-Patterson APB, 
Ohio (1963). 

Ruben, H. "On Momenta of Order Statiatica from Bo:mal Populations." 
Bioaetrilgp.. £_a20Q-227 (1954). 

Sandler, Gerald H. SzatM ,liabilitY ¥M!ripg. 
Cliffe: Prentice-Ball Inc. 1963). 

&glevood 

S&rban, A. E. "Eett.tion of the Mean and Standard Deviation by 
Order Statiatioa." ApQ'lt 2iMatQel&tical Statietice, ~:317-328 
(1954). 

S&rban, A. E. and Greenberg, B. G. "Eeti.ation of Location and 
Scale Faraaetera b,y Order Statiatica froa SiDgl7 and Doubl7 
Censored Saaplee, Part I, The llomal Distribution up to Samples 
of Size 20." &melt 2!. Matheptioal Statittict, 1la427-451 (1956). 

S&rhan, A. E. and Greenberg, B. G. Cgntributioy to ~ 
Statistioa. Bev Yorka John Wile7 and Sone Inc., Tl962). 

Sav, J. G. "Eeti.M.tion ot the Bomal Population Pammeten Given 
a Single Censored Sample." Bioaetrika, ~al5Q-l59 (1959 ). 

Teichroev, D. "!ablea of Expected Valuee of Order Statietica 
and Producta ot Order Statietict for Saaplee ot Size 20 or Lees 

27 



GH£/rtATH/b4-8 

from a NoruAl  Distribution. "    Ajiriala of Mathematical Statiat.'' cs, 
21:410-426(1956).    —-.-.^ 

26.     Vilks,   3.   3.      "Order Statistics."     Bulletin of  the  American 
Mathematical  Society, 5±:6-lO  (19467^" 

28 



GRE/MA^H/eA-e 

APPENDIX A 

TABLE 1 

An unbiased One-Order-Statijtic Estimator 
of the Parameter 

of a i-fttiameter Lognormal Population 

29 



~ .:. E I I-' AT H I 6 4- a 

( ~ ) 

2 
2 
3 
3 
4 

4 
4 
4 
5 
5 
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6 
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6 
6 
7 
7 

7 
7 
7 
7 
8 
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8 
8 
8 

8 
8 
9 
9 
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TAdLE 1 

A~ UNSIASED C E ORDER STATIST!C ESTIMATOR 
OF THE PAKM:ETER v rF A 

1 - PARA~ETER LOG-NORMAL PCPULATICN 

( 2) 

M 

1 .., ... 
l 
3 
1 

2 
3 
4 
l 
2 

4 

1 
2 
3 

4 
5 
6 
1 
2 

3 
? 
6 
7 
1 

2 
3 
4 
5 
6 

7 
8 
1 
2 ., 
J 

( 3 ) 
MULTIPLIER 

-1.772454 
1.772454 

-1.161636 
1.181636 

-C.971463 

-3.366 8 74 
3.366 8 74 
C.971463 

-0. 85'18 71 
-2.020125 

2.020125 
C.859871 

-C.7 891 37 
-l.55H227 
-4.961626 

4.961626 
1.558227 
C.789t37 

-0.739547 
-1.32 C3 51 

-2. 8 352 15 
2. 8 35215 
1.32 0 351 
0.73 9 547 

-(;.702444 

-1.173 399 
-2.114'159 
- 6 .55675 8 

6. 5 5675 8 
2.114959 

1.17331.19 
C.702444 

-C.6733-15 
-1.072619 
-1.748341 

30 

( 4) 

VAR CF EST/~l. 

2.141593 
2.141593 
0.781164 
0.781164 
0.464051 

4.C8f:C65 
4.0 8 ' _ (. 5 
0.464051 
0.33C897 
1.27127<; 

1.27127'} 
0.33C8CJ7 
0.25Cl014 
o.67 e8 35 
6.0611CJ4 

6.061194 
o.c7P835 
0.25<;014 
0.214352 
0.447569 

1.76':219 
1.76f21CJ 
0 .447569 
0.214352 
0.18':1998 

0.32Ci623 
0.898049 
&.047336 
8.C47336 
0.89 P. C49 

0.329623 
0.183998 
0.162046 
c.2sc;c61 
0.56CJ715 

( 5 ) 
E F F ('7o) 

100.00 
26.65 

lOC.CO 
35.27 

lOC.CO 

1C.40 
7.01 

38.80 
10C.CO 

25.70 

14.93 
40.29 

lOO.CO 
38.15 
3.84 

3.C6 
20.72 
4C.81 

100.00 
47.48 

11.43 
7.S7 

24.85 
4C.82 

100.00 

54.46 
19.56 

1.98 
1.t9 

12.54 

27.85 
40.55 

1CC.CO 
59.80 
27.06 
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TABLE    1 

AN   UNBIASED   GNE   UHÜtR   STATISTIC    ESTIMATOR 
QF    THE    PARAMETER      'T    CF    A 

1    -   PARAMETER   LOG-NORMAL    PEPULATION 

11) 12) ( 3) 1 A) (5 ) 
N y MUL TI PL IER VAA   CF    EST/^1 EFf ('-) 

9 h - 3 . M» 2 6 4 3 2.26M20 6. Al 
9 (, 3.6^26^3 2.261120 A. 9 1 
U 1 1 . r ^ 8 3 A 1 0.5o9 71 5 i 6 . A 0 
9 8 1.072619 0 . 2 5f- 6 6 7 3 G . C 5 
9 9 0.67339^) 0. 162CA6 AC. 12 

IG 1 -0.6^987/ 0. ^^^30 100.CO 
10 2 -0,9986^5 0.21 ^A 3 6 3.97 
in 3 -i.52A253 0 . A G ^ 5 9 3 33.62 
10 '< -2.661    '.O 1. 1 l0^c

15 11.78 
10 b -8. 152102 10.C3P553 1.21 

10 t. 8. 1LJ2102 10 . C 3 p CJ 5 3 i.C7 
10 1 2.66 12^0 1 . 1 1P555 e. 33 
10 H 1.52A2bi O.AC'59 3 19.59 
10 9 0.9986 '♦ b 0.2 1 ^A 3 31.6 9 
10 10 G . 6 A 9 8 7 7 0. lA^A ^C 39.dö 

:i 1 -C.6303^4 0 . 1 3 7 A 1 C 1GC.C0 
11 2 -0.9M69A 0 . 1 H 1 9 6 7 6 1. 3 i 
11 s -I.3720AA 0.3119 77 39.2' 
11 M - 2 . 1 6 A 6 0 A 0 . 6 9 ■> 2 '. 3 1 7. 2 <: 
11 c 

J - 4.Mi 6 6 U 1 2 . 7 6 1 C 2 C '. . i 0 

11 1 A . A A 6 6 0 1 2. /6102G 5. 31 
11 H 2 . 1 6 A 6 0 A 0 . 6 9 ^ 2 A 3 11.53 
11 9 1. 3 /20^ 0 . 311 9 7 7 2 2.2 2 
11 10 G.9A 16^A 0.181967 3:. S 2 
11 1 1 0 . 6 3 0 3 A A 0. 1 30MC 3 9 . C A 

i? i -0.613 788 0 . 12 19 2 5 ICC.CO 
L2 2 -0.896272 0. l^PAb3 7 C . C 3 
I? s -1.261291 0.251321 A A . G 8 
\? A - 1 . H 6 ? 7 A 2 0.Al ^ 1 1 7 2 2.5 9 
\? b -3.2025 1U 1.33^637 7.85 

12 t -9.7A75fc9 12.0 37 502 C.8I 
1? 1 9. 7^ 7 5 69 12.C 32502 C. /A 
1/ 8 3.2025 K 1 . 3 3 r. 6 3 7 5.9 1 

1 2 9 1.8627A2 0.Aec 1 1 7 1 A . 3 9 
12 10 1.261291 0.251321 2 A . 3 8 

3 1 
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TABLE   1 

^N   UNBIASED   CNfc   ORDER   STATISTIC    ESTIMATOR 
OF    THE    PARAMETER       r      C.f    « 

1   -   PARAMETER   LOG-MORMAL    PTPULATION 

(1) 12) ( 3) (A) (5) 
N M MULT 1 PL IER VAR   OF    FST/t   ^ E F F (^ 

I? 11 0.H96272 0. 15R^63 33.85 
12 12 C.61 3 ^ H d 0. \2^?b 3 8.^5 
1! 1 -0.599524 0. 1 1 ,29^ ICC.CO 
1 3 2 -0.8 5 90 50 0. 14C5 18 72.28 
1 3 3 -1.176 700 0.201620 ^8.21 

13 ■< -1.65878 1 0. 36C^9C 27. W 
1 3 5 - 2 . c 7 5 u a 0.817321 1 1.96 
11 6 -5.2A0691 3.251501 2.8^ 
n 8 3.2^8691 3.259501 2.38 
n 9 2.575UÜ 0.817321 8.51 

n 10 1.658787 0.36^<J9C 16.91 
13 11 1. 176700 0 . ? o <; S 2 C 26. 17 
13 12 C. 859050 0 . 1 4 C 5 I 8 3A.55 
13 13 0.599524 0. 1 1:>29^ 3 7.85 
1^ 1 -0.587068 0. 106059 IOC.CO 

I A 2 -0.827882 0. 12^399 7^. 18 
U 3 -1.109/22 0. 1 7r.A33 51. 77 
M '« -1.511113 0.29^519 31.91 
!'♦ 5 -2. 1950 71 0.56^233 16. 13 
l^. t -3.741 156 1 . 5 6 ' 0 3 6 5.5 9 

1'. 7 - 1 1 . 3 A 3 1 14 14 . 0 2 P 0 8 P C.58 
1^ H 11.3^3114 14 . C 2 P C 8 8 C. 5 4 
iu !) 3.74 I 156 1.561036 'i.^O 
IA 10 2.19 5071 0 . 5 6 A 2 3 3 10.97 
1A 1 i 1.511113 0 . 2 9 0 5 1 9 19.11 

1A 12 i . 10') 7 22 0 . 1 7 9 ^ 3 3 2/.67 
1 '. 13 0.8 2 7 8 82 0 . 126 399 3 c.. C 7 
1'. U 0. 58706H 0. 106 0 5 9 37.26 
15 1 -0.5/6066 O.uSc^ci ICC.CO 
IS 2 -O.HOi324 0. 1 1 row /5.80 

15 } - 1. C 5 5 1 9 8 0.15^69/ 5 A . fi 6 
1 5 A - 1 . 3988 4 1 0.2 31' IriO 35.^3 
15 5 -1.939108 0 . i 2 r 6 '• r 20. 18 
15 6 -2.982439 0.9^1678 8. 7^. 
15 1 -6.049661 3. 75P351 2. 0 8 
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IAHLE    1 

AN   UNeiASEL»   ONE   ORUEK   STATISriC    ESTI^ATOK 
OF    THE    »'AKAMFTER       ^      TF    A 

1   -    PARAMETER   LOG-NORMAL    PPfULATION 

(1) {?) ( 3) (A) ( 5 ) 
N M MULT 1PL 1ER VAR   CE    EST/C-; E E r ( T 

lb S 6.0^66. 3. /5P 351 1. 7 9 
15 10 2.982A39 0.9416 /8 6. 52 
15 1 1 1.939108 0.42C646 1 3.2^ 
15 IZ 1.3988^1 0. 2 3MfiC 21.C2 
15 13 1.05 5198 0 . 15 6 6 9 7 2 8.91 

15 1A 0.801324 0. 115C17 35.45 
15 15 0.5 ^6066 0.C999C1 36.67 
16 1 -0.566254 0.094593 1CC.C0 
16 2 -0.7 7836^ 0.iOc657 77.20 
16 3 -1.009824 0. 13<;031 57.55 

16 A -1.310330 0.207371 3«;.54 
16 5 -1.754357 0.330^.04 24.04 
16 6 -2.523833 0.64^631 12.06 
16 / -4.278046 1.787632 A. 18 
16 8 -12.938710 16.024 /22 0.^4 

16 9 12.938710 16.C2W22 0.4 1 
16 10 4.278046 1 . 787632 3.4 0 
16 11 2.523833 0 . 6 4 ^ 6 3 7 8.62 
16 12 1.754357 0. 33^404 1 5. 30 
16 13 1.310330 0.207371 2 2.69 

16 IA 1.009824 0. 139031 2 9.96 
16 15 0.7^8365 0 . 1 0 r- 6 5 7 3 5.72 
16 16 0.566254 0.094593 3 6 . C 9 
17 1 -C.557432 0.08^967 IOC.CO 
17 ? -0.758275 0.097fl?q 78.^,2 

17 3 -0.971382 0. 12^950 5 9.92 
17 A -1.238567 0. 1 7AH9? 42. 78 
17 5 -1.614315 0.26^463 2 7.65 
17 6 -2.215657 0. Wr609 1 5 . A 1 
17 1 -3. 3Ö76H9 1.06^197 6.66 

17 H -6.849905 4. 257^50 1 .59 
1 7 10 6.849905 4.257^.50 1.40 
r 1 1 3.387689 l.06f 19 1 5.15 
17 12 2.215657 0.47^609 1 C . 6 2 
17 13 1.614315 0.26^463 17. 16 
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TABLE 1 

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER lOG-NORMAl PCPULATION 

(l) ( 2) ( 3) ' It ) ( 5) 
N M MULTIPLIER VAR OF EST/v-~ EFF (~) 

17 lit 1.238567 O.l71t892 24.15 
17 15 0.971382 0.121t950 30.85 
17 16 0.758275 0.091829 35.91 
17 17 0.557432 o.oeq967 35.53 
18 1 -0.51t91tlt1 0.085895 100.00 

18 2 -0.740514 0.091189 79.49 
l8 3 -0.938326 0.11~491 62.02 
18 It -1.179011 0.15~710 45.70 
18 5 -1.504224 0.22f.062 3l.C2 
18 6 -1.993694 0.370615 18.70 

18 ., -2.850325 0.72~203 9.34 
18 8 -4.813818 2.004360 3.24 
18 9 -l'lt.53431tl 18.02?076 0.34 
18 10 14 • 5 31t 3 ;, 1 18.022076 0.32 
18 11 4.813818 2.004360 2.70 

18 12 2.850325 0.72.,203 6.94 
18 13 1.993694 0.37('615 12.49 
18 lit 1 .504~24 0.22~062 18.84 
18 15 1.179071 0.15.,710 25.1t3 
18 16 0.938326 0.11~491 31.59 

18 17 0.740514 0.091189 36.C3 
18 18 0.549441 0.08~895 )4.99 
19 1 -0.542158 0.08228 3 lOO.CO 
19 2 -0.724670 0.08134 8 6 80.44 
19 3 -0.909543 0.10~99 9 o3.e8 

19 It -1.128844 O.l3f953 48.34 
19 s -1.415205 0.19~860 31t.l3 
19 6 -1.825792 0.30('090 21.e1 
19 7 -2.1t89778 o.5Jr741 12.13 
19 8 -3.791571 1.19('823 5.24 

19 q -7.649653 4.75~724 1.25 
19 11 7.649653 "· "15f724 1.12 
19 12 3.7'11571 1.19C823 4.17 
19 13 2.489778 0.53('741 8.69 
19 14 1.825792 0.30C090 14.23 
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cu 
N 

19 
19 
19 
19 
19 

20 
20 
20 
20 
20 

20 
20 
20 
20 
20 

20 
20 
20 
20 
20 

20 
20 
20 
20 
20 

TABLE 1 

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER LOG-NORMAL Pr.PULATION 

' 2 ) 
M 

15 
16 
17 
18 
19 

1 
2 
3 
4 
5 

6 
1 
8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

'3) 
MlJL Tl PL I ER 

1.415205 
1.128844 
O.Q09543 
0.724670 
0.542158 

-0.535482 
-0.710427 
-0.884214 
-1.085798 
-1.341592 

-1.694063 
-2.230491 
-3.175276 
-5.348813 

-16.129997 

16.129997 
5.348813 
3.1"?5276 
2.230491 
1.69406) 

1.341592 
1.085798 
0.884214 
0.110427 
o. 535482 

35 

c It ' 
VAR OF EST/~.z.. 

0.193860 
0.13e:953 
0.10~999 
0.085486 
0.082283 

o.o7qo5~t 

o.o8t:538 
0.0 9 '-020 
0.12~409 

0.169181 

0. 2 51'l 111 
0.411004 
0.802870 
2.226181 

20.01 9<B9 

20.01«;939 
2.2U181 
0.80i'870 
0.411004 
0.25C1ll 

0.169181 
0.12~409 

o.o9e:o2o 
o.osc53e 
0.079051t 

( 5) 

EFF (~) 

20.34 
26.56 
32.22 
36.09 
34.1t6 

100.CO 
81.29 
65.55 
50.73 
37.00 

24.89 
11t.92 

7.44 
2.59 
0.27 

0.26 
2.20 
5.70 

10.37 
15.e3 

21.10 
27.55 
32.16 
36.10 
33.95 
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APPENDIX B 

TABLE 2 

An unbiased Oiia-Order-Statistic 
Betiaator of the Ärameter 

of a l-ftirameter Lognoraal  Bspuiation 
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(1) 

N 

2 
2 
3 
3 
3 

4 
4 
4 
4 
5 

5 
5 
5 
5 
6 

6 
6 
6 
6 
6 

7 
7 
7 
7 
7 

1 
1 
8 
8 
8 

8 
8 
8 
8 
8 

TABLE 2 

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER lOG-NORMAL PCPULATJON 

( 2) 
M 

1 
2 
1 
2 
3 

1 
2 
3 
4 
1 

2 
3 
4 
5 
1 

2 
3 
4 
5 
6 

1 
2 
3 
4 
5 

6 
1 
1 
2 
3 

4 
5 
6 
1 
8 

(3) (4) (5) 
MULTIPLIER VAR OF EST/v.t EFFC~) 

-1.772454 2.141593 100. 00 
26.~5 

-1.181636 0.78116~ • c.oo 
100.CO 

35.27 

-0.971463 0.464051 lOO.CO 
91.58 
61.70 
38.80 

-0.859871 0.330897 100.00 

98.73 
98.73 
57.35 
4C. 29 

-0.789137 0.259014 100.CO 

-0.739547 0.214352 

-0.702444 0.1839~ ' 

37 

99.'i9 
ec;.e1 
71.63 
54.30 
40.e1 

100.00 
99.13 
94.19 
94.19 
65.~9 

51.90 
4C.e2 

lOO.CO 
97.56 
95.46 

86.74 
74.12 
61.21 
49.89 
4C. 55 
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TABLE 2 

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER v OF A 

1 - PARAMETER LOG-NORMAl PCPUlATION 

Cl) (2) ( 3 ) (It) '5) 
N M MUlTIPliER VAR OF EST/(12. E F F ('Y.,) 

9 1 -0.673395 0.162046 100.CO 
9 2 95.82 
9 3 95.13 
9 4 89.59 
9 5 89.59 

9 6 68.54 
9 1 57.67 
9 8 48.16 
9. 9 4C.12 

10 1 -0.649877 0.145430 100.00 

10 2 91t.10 
10 3 93.99 
10 4 90.1:4 
10 5 83.1t3 
10 6 73.97 

10 7 61t.05 
10 8 51t.78 
10 9 lt6.f:2 
10 10 3Cj.60 
11 1 -0.630344 0.132410 1oo:oo 

11 2 92.50 
11 3 92.1t9 
11 4 90.57 
11 5 85.39 
11 6 85.39 

11 7 69.C4 
11 8 60.36 
11 9 ~2.34 

11 10 45.25 
11 11 3Cj.04 

12 1 -0.613788 0.121925 100.CO 
12 2 91.01 
12 3 90.85 
12 4 89.84 
12 5 86.2~ 
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TABLE 2 

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER c- ('F A 

1 - PARAMETER LOG-NORMAL P.CPULATION 

(l) '2) (3) (4) ( 5 ) 
N M MULTIPLIER VAR OF EST/y-.z. EFF (~) 

12 6 80.2l 
12 1 72.78 
12 8 64.Cf0 
12 9 57.26 
12 10 50.25 

12 11 44.00 
12 12 38.45 
13 1 -0.599524 0.11]294 10C.CO 
13 2 89.65 
13 3 89.20 

13 4 88.73 
13 5 86.27 
13 6 81.64 
13 1 81.64 
13 8 68.46 

13 9 61.38 
13 10 54.62 
13 11 48.43 
13 12 42.85 
13 13 37.85 

14 1 -0.587068 0.10~059 100.00 
14 2 88.41 
14 3 87.58 
14 4 87.42 
14 5 85.79 

14 6 82.29 
14 1 77.21 
14 8 71.16 
14 9 64.73 
14 10 58.36 

14 11 52.34 
14 12 46.81 
14 13 41.79 
14 14 37.26 
15 1 -0.576066 0.099901 100.00 
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TABLE 2 

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER LOG-NORMAL PCPULATION 

cu (2) ( 3) '"' c 5) 
. N M MULTIPLIER VAR OF ES Tlv,_ EFF l<%) 

15 2 87.27 
15 3 86.01t 
15 It 86.C2 
15 5 81t.99 
15 6 82.37 

15 7 78.28 
15 8 78.28 
15 9 67.38 
15 10 6l.lt8 
15 11 55.11t 

15 12 50.33 
15 13 lt5.35 
15 lit ltC.81 
15 15 36.t7 
16 1 -0.566254 0.094593 100.CO 

16 2 86.23 
16 3 81t.59 
16 It 81t.58 
16 5 83.97 
16 6 82.06 

16 7 78.79 
16 8 71t.lt5 
16 9 69.1t0 
16 10 61t.02 
16 11 58.t3 

16 12 53.1tlt 
16 13 lt8.55 
16 lit ltlt.Cit 
16 15 3CJ.90 
16 16 36.09 

17 1 -0.557432 0.089967 lOO.CO 
17 2 85.28 
17 3 83.22 
17 It 83.17 
17 5 82.83 
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TABLE 2 

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER LOG-NORMAL POPULATION 

(1) ( 2 ) (3) (4) ( 5 ) 
N M MULTIPLIER VAR OF EST/v-z. EFF C%) 

17 6 8l.lt6 
17 1 78.89 
17 8 75.27 
17 9 75.27 
17 10 66.C5 

17 11 61.C6 
17 12 56.12 
17 13 51.1e0 
17 14 46. CH· 
17 15 1e2.e4 

11 16 lCi.C5 
17 17 35.53 
18 1 -0.549441 0.085895 100.CO 
18 2 84.39 
18 3 81.Cf4 

18 4 81.79 
18 5 81.63 
18 6 80.67 
18 7 78.67 
18 8 75.68 

18 9 7l.Cf0 
18 10 67.61 
18 11 63.C4 
18 12 58.1tl 
J8 13 53.89 

18 14 49.57 
18 15 lt5.51 
18 16 41.74 
18 17 38.25 
18 18 34.99 

19 1 -0.542158 0.082283 100.00 
19 2 83.58 
19 3 80.74 
19 4 80.46 
19 5 80.40 
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TABLE 2 

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR 
OF THE PARAI'lETER v CF A 

1 - PARAMETER LOG-NORMAL PCPULATION 

(1) ( 2 ) '3) Cltl ' 5 ) 
N foil MULTIPLIER VAR OF EST/~z EFFC%) 

19 6 79.75 
19 7 78.21 
19 8 15.11 
19 9 72.55 
19 10 72.55 

19 11 61t.(:2 
19 12 60.33 
19 13 56.05 
19 14 51.89 
19 1S 47.93 

19 16 44.20 
19 17 40.73 
19 18 37.1t9 
19 19 31t.lt6 
20 1 -0.535482 0.079054 100.00 

20 2 82.82 
20 3 79.(:2 
20 4 79.19 
20 5 79.18 
20 6 78.76 

20 7 77.59 
20 8 75.(:1 
20 9 72.88 
20 10 69.57 
20 11 65.85 

20 12 6l.C'11 
20 13 57.e9 
20 14 53.93 
20 15 50.09 
20 16 lt6.1t4 

20 17 43.00 
20 18 39.79 
20 19 36.78 
20 20 33.95 
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APPKNDDC C 

TABLE 5 

An M-Order-Statiatic Estimator 
of the fttrameter      of a 

l-Rarameter Lognortnal Population 
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TABLE 3 

AN M-OROER STATISTIC ESTI~ATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER LOG-NORMAL PCPULATION 

(1)(2) (3) ( 4 ) '5) '6) (7) ' e > 
N M Kl K2 K3 Kit K5 VAR OF EST/v-.z. 

2 1 -1.77245 2.14159 
2 2 -0.88623 0.886:!3 0.57080 

3 l -1.18164 0.7@116 
3 2 -1.18164 o. 0.78116 
3 3 -0.590S2 o. 0.59082 0.27548 

4 1 -0.97146 0.4t405 
4 2 -1.08342 0.38802 0.42496 
4 3 -0.72431 -0.18321 0.67337 0.28634 
4 4 -0.45394 -0.11018 0.11018 0.45394 0.1e005 

5 1 -0.85987 0.33090 
5 2 -0.92129 0.14430 0.32670 
5 3 -0.92129 0.14430 o. 0.32670 
5 4 -0.53069 -0.19686 o. 0.57649 0.18976 
5 5 -0.37238 -0.13521 o. 0.13521 0.37238 0.13332 

6 1 -0.78914 0.25901 
6 2 -0.78426 -0.00963 0.25900 
6 3 -0.70182 -0.31285 0.44716 0.23263 
6 ... -0.55840 -0.24613 -0.08212 0.5@492 o.1e553 
6 5 -0.42271 -0.18507 -0.05910 0.05384 0.50302 0.14063 

6 6 -0.31752 -0.13856 -0.04321 0.04321 0.13856 
0.31752 0.1C570 

7 1 -0.73955 0.21435 
1 2 -0.67914 -0.10785 0.21249 
7 3 -0.64365 -0.3•1820 0.31562 0.2C189 
7 4 -0.64365 -0.31820 0.31562 o. 0.2C189 
7 5 -0.44748 -0.21855 -0.10506 o. 0.~4533 0.14080 

7 6 -0.35330 -0.17205 -0.08064 o. 0.07604 
0.44457 0 .1·1124 

7 7 -0.27781 -0.13510 -0.06246 o. 0.06246 
0.13510 0.21781 o.oe75o 

8 1 -0.70244 0.18400 
8 2 -0.59891 -0.17294 0.17951 
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TABLE 3 

AN M-OROER STATISTIC ESTIJI'ATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER LOG-NORMAL PCPULATION 

(1)(2) ( 3 ) ( 4) ' 5) ( ~) '1) ( 8 ) 
N M K1 K2 K3 1<4 K5 VAR OF ESTh;;- 2 

8 3 -0.58510 -0.30996 0.20538 0.17565 
8 4 -0.53084 -0.27983 -0.15790 0.45137 0.15961 
8 5 -0.45308 -0.237 .. 7 -0.13293 -0.04661 0.53916 0.13637 

8 6 -0.37391 -0.19592 -0.10866 -O.G:!655 o.031C9 
0.50554 0.11262 

8 1 -0.30468 -0.15941 -0.08802 -0.02878 0.02721 
0.08554 0.39872 o.Ot;lao 

8 8 -0.24759 -0.12945 -0.07131 -0.02296 0.02296 
0.07131 0.1291e5 0.24759 0.07461 

9 1 -0.67339 0.1~ 205 
9 2 -0.53667 -0.21778 0.15527 
9 3 -0.53232 -0.29643 0.11691 0.15415 
9 4 -0.50071 -0.27787 -0.17230 0.36853 0.14518 
9 5 -0.50071 -0.27787 -0.17230 0.36853 o. 0.14518 

9 6 -0.38247 -0.21125 -0.12953 -o.c~538 o. 
0.52105 0.11106 

9 7 -0.32170 -0.17746 -0.10845 -0.05335 o. 
0.04809 0.46671 0. OCJ 345 

9 8 -0.26858 -0.14 804 -0.09029 -0.04366 o. 
0.04208 0.08834 0.36194 0.07804 

9 9 -0.22373 -0.12327 -0.07510 -0.0~597 o. 
0.03597 0.07510 0.12327 0.22373 O.OE:502 

10 1 -0.64988 0.14543 
10 2 -0.48735 -0.24975 0.13686 
10 3 -0.48659 -0.28147 0.04663 0.13669 
10 4 -0.46878 -0.27051 -0.17843 0.29080 0.13182 

I 

10 5 -0.43115 -0.24826 -0.16304 -0.09569 0.44795 0.12133 

10 6 -0.38207 -0.21965 -0.14376 -o.oe358 -0.030G8 
0.51143 O.lC757 

10 1 -0.33068 -0.18989 -0.12398 -0.07157 -0.02478 
0.01999 0.4981e2 o.oc;314 
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TABLE 3 

AN M-OROER STATISTIC ESTIMATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER LOG-NORMAL PCPULATlON 

(1)(2) '3) ' 4 ) '5) '~) (7) 
' e) 

N M K1 K2 K3 Kit KS VAR OF EST/vz 

10 8 -0.28276 -0.16225 -0.10575 -O.Of075 -0.0204lt 
0.01835 0.05793 0.43244 0.07966 

10 9 -0.24063 -0.138C1 -0.08986 -0.0~145 -0.01697 
0.01633 0.05057 0.08826 0.~3180 0.06781 

10 10 -0.2043-8 -0.11719 -0.07626 -0.04358 -0.01422 
0.01422 0.04358 0.0762(, 0.11719 0.20438 0.05760 

11 l -0.6303/t 0. 13 241 
11 2 -0.44747 -0.27320 0.12247 
11 3 -O.lt4748 -0.26676 -0.00936 0.12·247 
11 It -0.43789 -0.26060 -0.1'7960 0.2,11t8 0 .1149) 
11 5 -0.41257 -0.24512 -0.16842 -0.1C855 0.39004 0.11307 

11 6 -O.lt1257 -0.24512 -0.16842 -0.1C855 0.39004 
o. 0.11307 

11 7 -0.33328 -0.19756 -0.135llt -o.oe619 -0.041t63 
o. 0.50305 0.09142 

11 8 -0.29129 -0.17255 -0.11787 -0.07491 -0.03784 
o. 0.03290 0.47240 0.07992 

11 9 -0.25258 -0.14955 -0.1020(, -O.Ot471 -0.03209 
o. 0.02989 0.06246 0 .4C258 o.ot931 

11 10 -0.21831 -0.12922 -0.08813 -0.05~79 -0.02733 
o. 0.02664 0.05507 0.08678 0.30663 0.05991 

11 11 -0.18834 -o .11146 -0.()7599 -0.04806 -0.02338 
o. 0.02338 0.04806 0.07599 o. 11146 
0.18834 0.05169 

12 1 -0.61 9 0.12193 
12 2 -0.41462 -0.29083 0.11097 
12 3 -0.41408 -0.25299 -0.05437 0.11077 
12 It -0.40927 -0.24976 -0.17789 O.ltl11 0.10954 
12 5 -0.39254 -0.23924 -0.17001 -0.11653 0.33249 O.lC512 

12 6 -0.36504 -0.22223 -0.15763 -0.10760 -0.06433 
0.44352 0.09780 
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TABLE 3 

AN M-ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER v CF A 

1 - PARAMETER LOG-NORMAL PCPULATION 

(1)(2) (3) '4 ) ( 5) '6) (1) ' e > 
N M K1 K2 K3 1<4 1<5 VAR OF EST/v-' 

12 7 -0.33109 -0.20140 -0.14263 -0.0«;705 -0.05752 
-0.02104 0.49286 0.08874 

12 8 -0.29516 -0.17943 -0.12693 -o.oe615 -0.05071 
-0.01790 0.01385 0.48979 0.07913 

12 9 -0.26040 -0.15823 -0.11184 -0.07576 -0.04436 
-0.01523 0.01308 0.04170 0.44721 O.Ot982 

12 10 -0.22850 -0.13880 -0.09805 -O.Ot634 -0.03870 
-0.01301 0.01204 0.03748 o.ot447 0.37655 O.Ot127 

12 11 -0.20003 -0.12148 -0.08578 -0.0~799 -0.03374 
-0.01118 0.01087 0.03335 0.05738 0.08462 

0.28529 0.05364 

12 12 -0.17480 -0.10615 -0.07494 -0.05063 -0.02942 
-0.00966 0.00966 0.02942 0.05063 0.07494 

0.10615 0.17480 0.04688 

13 1 -0.59952 0.11329 
13 2 -0.38713 -0.30433 O.lCl57 
13 3 -0.38544 -0.24037 -0.09092 0.1Cl05 
13 4 -0.38331 -0.23886 -0.17454 0 .1C907 O.lC05 3 
13 5 -0.37248 -0.23187 -0.16916 -0.12110 0.27807 0.0<;773 

13 6 -0.35235 -0.21915 -0.15964 -0.11395 -0.07480 
0.40013 0.0<;249 

13 7 -0.35235 -0.21915 -0.15964 -0.11395 -0.07480 
0.40013 o. 0.0<;249 

13 8 -0.2953 4 -0.18345 -0.13335 -0.0«;478 -0.06160 
-0.03242 o. 0.41:l946 0.07757 

13 9 -0.26474 -o .t-6437 -0.11939 -o .oe4 7'4 -0.05488 
-0.02822 o. 0.02382 0.47203 0.06954 

13 10 -0.23557 -0.14622 -0.10615 -0.0'7526 -0.04862 
-0.02454 o. 0.02218 0.04646 0.42373 O.Oc189 
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TAÜLE   3 

AN   M-ORDER   STATISTIC   ESTINATCR 
OF    THE    PARAMETER     ^T     TF    A 

I   -   PARAMETER   LÜG-NORMAL   PTPULATION 

ill [2) 
N      H 

(3) 
Kl 

(A) 
K2 

13) 
K3 

(6) (7) (8) 
K5 VAR   OF   EST/^ 

U    11 •0.208   2 
•0.02138 
0.35375 

•0.12959 
0. 

•0.0940A 
0.02030 

•0.0*662 
0.0^195 

•0.0^296 
0.065GA 

0.05A86 

13   12     - 0.18A77 
0.01870 
0.08216 

•0.11^65 
0. 
0.26695 

0.08318 
0.01835 

•0.05889 
0.03760 

•0.03793 
0.05836 

0.0A855 

13   13 •0. 16321 
0.016^1 
0.073^.6 

•0.101^6 
0. 
0.10126 

•0.073A6 
0.016^.1 
0.16321 

•0.0520C 
0.033A6 

•0.033A6 
0.052CC 

0.0^.288 

IA 1 
1A 2 
1A 3 
1A A 
1A 5 

1A 6 

-C.58707 
■0.36379 
•0.36075 
•0.36001 
■0.35317 

•0.33862 
0.35558 

•0.31A86 
•0.22892 
•0.22836 
•0.2238A 

•0.12095 
•0.1703A        0.C6A32 
•0.16677     -0.1233A 0.228C0 

-0.21AA6      -0.15959     -0.11778      -0.08221 

0. 1C606 
0.09377 
0.09289 
0.09272 
0.09099 

0.08727 

1A      7      - 0.31765 
0.0A626 

•0.201C5 
0.A3939 

-0.1A9W     -0.11010     -0.07657 
0.08189 

1A      8      -0.29270      -0.18517      -0.13755      -0.1C118      -0.07Ü1A 
-0.0A20A      -0.01555 O.A795y 0.075A8 

1A      9 •0.26619 
0.03781 

•0. 16833 
•0.0135A 

•0.12A97 
0.01012 

•0.09181 
0.A8168 

-0.06350 
0.06865 

iA   10     -0. 
-0. 

23997 
03379 

•0.15171 
•0.01178 

•0.11257 
0.0097A 

•0.08263 
0.03139 

-0.0570A 
O.A53A2 0.06190 

IA    11 ■0.21519 
•0.03010 
0.^0218 

•0.13602 
•0.01027 

•0.10089 
0.00916 

•0.07A01 
0.02879 

-0.051C1 
Ü.0A920 

0.05551 

IA   12     -0.192A3 
-0-02678 

0.06A7A 

•0.12161 
■0.00899 
0.33366 

•0.09018     -0.06612     -O.0A552 
0.008^8        0.02617        0.0AA67 

0.0^96A 

A8 
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TABLE   3 

AN   M-OROFR   STATISTIC   ESTIMTCR 
OF   THE   PARAMETER       ^    CF   A 

1   -   PARAMETER   LOG-NORMAL   PCPULATION 

(I)(2) 
N      M 

14   13 

13) 
Kl 

•0.17182 
•0.02383 
0.05854 

14) 
«2 

•0.10858 
•0.007S1 
0.07959 

(5) 
K3 

•0.08050 
0.00774 
0.25101 

16) 

■0,0*900 
0.02363 

(7) (6) 
K5 VAR   OF   EST/r^ 

•0.04060 
0.04031 

0.0^33 

14   14 •0.15316 
■0.02121 
0.05258 

•0.09^ 78 
•0.00699 
0.071^ 

•0.07175 
0.00699 
0.09678 

■0.0,525a 
0.02121 
0.15316 

•0.03616 
0.03616 

0.03 951 

15 1 
15 2 
15 3 
15 4 
15 5 

15 6 

-0.57607 
-0.3A374 
-0.33930 
-0.33917 
•0.33501 

•0.32461 
0.31192 

•0.32317 
•0.21857 
■0.21845 
•0.21564 

•0.14586 
•0.16574 
■0.16346 

0.02582 
•0.12398 0.18263 

-0.20881      -0.15814     -0.11975     -0.08732 

0.09990 
0.06719 
0.065^6 
0.06593 
0.06490 

0.08229 

15      7 •0.308A0 
•0.05473 

•0.19828 
0.40527 

-0.15004  -0.11346  -0.08250 
0.07820 

15  8- 0.30840 
0.05473 

■0,19828 
0.40527 

•0.150C4 
0. 

-0.11346     -0.08250 
0.0782Ü 

15     9 •0.26535 
•0.04627 

•0. 17046 
•0.02464 

•0.12883 
0. 

0.09722 
0.47892 

-0.07040 
0.06731 

15   10     -0.24210     -0.15549     -0.11747     -0.CP857     -0.064C5 
-0.04195      -0.02184 0. 0.01800 0.46936 0.06142 

15    11 ■0.21947 
•0.03 7 84 
0.43507 

■0.14092 
■0.01935 

•0.10643 
0. 

■0.0^020 
0.01704 

0.05793 
0.03587 

0.05563 

15   12 ■0. 19H17 
•0.03^04 
0.05C67 

■0.12723 
■0.01716 
0.38254 

•0.096C6 
0. 

•0.07236 
0.01589 

•0.05222 
0.03295 

0.0502Ü 

15    13     - 0.17856 
0.0305^ 
0.04625 

•0.11463 
0.01525 
0.06394 

•0.08ö53 
0. 
C.31585 

•0.06516 
0.01466 

•0.04699 
0.03007 

0.04531 
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TABLE   3 

AN   M-ORDER   STATISTIC   ESTIMATOR 
OF    THE   PARAMETER      ^r     CF   A 

1   -   PARAMETER   LOG-NORMAL   PPPULATION 

(1)(2) 
N      M 

(3) 
Kl 

(4) 
K2 

(5) 
K3 

16) (7) (8) 
K5 VAR   LF   EST/^i 

15    IA 0. 16069 
■0.02747 
0.04200 

•0.1C315 
■0.01360 
0.05819 

-0.07786 
0. 
0.07704 

•0.0^861 
0.01340 
0.23701 

•0.04225 
0.02730 

0.04077 

15    15      -0.14436      -0.09266      -0.06994      -0,05265      -0.037S4 
-0.02466      -0.01215 0. C.01215        0.02466 
0.03794 0.05265 0.06994 0.09266        0.14436 0.03663 

16 
16 
16 
16 
16 

1 
2 
3 
4 
5 

■0.56625 
■0.32632 
•0.32055 
■0,32055 
•0.31814 

■0.32982 
0.20922 

•0.20923 
0.20756 

•0.16675 
•0.16102 
•0.15963 

•0.0C742 
•0.12355       0.14185 

0.0S459 
0.08157 
o.oeooi 
o.oecoi 
0.07943 

16  6- 0.31081 
0.27028 

-0.20267  -0.15576  -0.1?C41  -0.09069 
0.07762 

16  7  - 0.29838 
0.06116 

■0.19448 
0.36953 

-Ü.14936     -0.11533     -0.08670 
0.07453 

16      8 0.23187 
0.05737 

•0.18364 
•0.03490 

•0.14096 
0.43578 

-0.1C874  -0.08160 
0.07042 

16  9  - 0.26271 
O.C5315 

■0.17111 

0.03209 
0.13127 

■0.01197 
0. IC1 19 
0.46958 

-0.0 758 3 
0.06564 

lb    10      -0.24235 
-0.U4879 

■0.15781 
■0.02928 

■0.12102 
•0.01060 

•0.0C!323 
0.0r770 

•0.06978 
0.47452 0.06056 

16    11 ■0.22192 
■0.04451 
0.45549 

0.14448 
•0.02657 

•0.11077 
•0.00938 

■0.OP529 
0.0^751 

•Ü.06377 
0.02445 

0.05546 

16   12 ■0.20223 
■0.04043 
0.03877 

■0.13164 
■0.02404 
0.41747 

•0.10090 
•0.0Cd31 

•0.07766 
0.0C717 

•0.05803 
0.02275 

0.05055 

16    13 •0.18374 
•0.03665 
0.03572 

•0.11959 
•0.02172 
0.05131 

•0.09165 
■0.00738 
0.36465 

•0.07C52 
0.0C675 

•0.05266 
0.02100 

0.04593 
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GnE/MATh/6<»-8 

TABLE   3 

AN M-ORDER STATISTIC ESTIMATOR 
OF THE PARAMETER  c* CF A 

1 - PARAMETER LOO-NORMAL PTPULATICN 

(1)(2) 
N  M 

(3) 
Kl 

(A) 
K2 

(3) 
K3 

(6) 
KA 

(7)        18) 
K5    VAK OF EST/c2 

16 U  -0.16666  -0.1C8A6  -0.08311  -0.C6393  -O.0A773 
-0.03319  -C.01962  -0.00658   C.0r628   0.0)^28 
0.0327A   O.OA^C^   0.06285   0.29996 0.0A166 

16 15  -0.15100  -0.09826  -0.07529  -0.0*791  -O.OA322 
-0.03003  -0.01773  -0.00589   0.0r579   0.01761 
0.02988   Ö.0A299   0.05753   0.07A55   0.22A61 0.0377A 

16 16  -0.13659 -0.08U88 -0.06810 -0.0r237 -0.039C8 
-0.02715 -0.01601 -0.00529 0.0C529 0.01601 
0.02715 0.03908 0.05237 0.Cfc8lC 0.08888 
0.13659 

17 1 
17 2 
17 3 
17 A 
17 5 

17 6 

■0.557A3 
•0.3110A 
•0.3ÜAC3 
•0.30387 
•0.30259 

•0.29750 
0.23126 

•0.33517 
•0.20075 
•0.20070 
•0.19978 

•O.ibAAl 
•0.1563A 
•0.15555 

-0.03623 
-0.12241 0.1053A 

-0.1963A  -0.15278  -0.12012  -0.09279 

0.03A1A 

0.089^/ 
0.07672 
0 .0 7 A 8 7 

0 . 0 7 A 8 2 

0.07A52 

0.07328 

17  7 •0.28806 
0.06599 

0.190C3 
0.33367 

-C.1A779     -0.11609      -0.0895A 
0.07 0V7 

17      8      -0.27^,79      -0.18121      -0.1A086      -0.11056 
-0.06260      -0.04181 0.40798 

-0.08516 
0.06 771 

17      9- 0.27^ J<) 
0.06260 

•0.18121 
•0.04181 

•0.14086 
0.40798 

0. 11C56 
0. 

-0.08516 
0.06771 

17    10      -0.24107      -0.15889      -0.123A2      -0.09675      -0.07437 
-0.C5445      -0.03605      -0.01935 0. 0.47C5A 0.059^,^ 

17    11 
■0.0^018 
0.M65 90 

•0.14685      -0.11403      -0.08935      -0.06b63 
•0.03311      -0.Ü1741        0. 0.014C5 

0.05 49 3 

17   12 •0.20482 
•0.04600 
0.02851 

■0.13495 
•0.03027 
0.44110 

•0.10478     -0.08207      -C.06*C0 
•0.01564 0. 0.013A6 

0.05CVy 
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GRE/MTh/6A-8 

TABLE   3 

AN   M-ORDER   STATISTIC   ESTIMATOR 
OF    THE   PARAMETER     C"    CF   A 

1   -   PARAMETER   LOG-NORMAL   PCPULATICN 

(1)(2) 
N      M 

(3) 
KI 

(A) 
K2 

(5) 
K3 

(6) 17) (6) 
K5 VAR   OF   h'ST/r2 

17    13     - 0. 18755 
0.0^20^ 
0.02652 

•0.12356 
■0.02761 
0.0^060 

•0.09592 
-0.01A06 
0.^0086 

0.07511 
0. 

•0.05763 
0.01273 

0.0A62^ 

17 1^  -0.17135  -0.11288  -0.08761  -0.Cfe859  -0.05261 
-0.03835  -0.025U  -0.01266   0.        0.01191 
0.02^53   0.03753   0.051^.0   0.3A835 0.0A22^ 

17   15     - 0. 15633 
0.03^95 
0.02259 

•0.10299 
■0.02288 
0.03^55 

•0.07992 
•0.011^3 
0.0^737 

•0.06256 
0. 
0.C6158 

•0.0^797 
0 . 01 1C 7 
0.28D70 O.0385<» 

17 16  - 0.1A2A8 
0.03183 
0.02072 
0.21355 

•0.09385 
•0.02082 
0.03169 

•0.0728A 
•0.01033 
O.Ü<»350 

•0.05701 
0. 
C.05666 

•0.0A370 
0.01021 
0.07216 

0.03513 

17    17 -0.12966 
■0.02895 
0.01893 
0.085A1 

•0.06541 
•0.01893 
0.02895 
0.12966 

•0.06628     -0.05187     -0.03976 
•0.00936        0. 0.00936 
0.03976        0.0^187        0.06628 

0.03197 

18 
18 
18 
18 
18 

1 
2 
3 

5 

•0.54944 
•0.29752 
•0.28938 
0.28891 
•0.28831 

•0.33953 
•0.193C7 
0.19263 
•0.19238 

•0.19948 
•0.15179 
•0.15139 

•0.06132 
•0.12080       0.07270 

0.08590 
0.07249 
0.07033 
0.07025 
0.07012 

18 6  - 0.28486 
0.19508 

-0.19001  -0.14946  -0.11917  -0.09393 
0.06929 

18 7  - 0.27775 
0.06954 

•0.18520 
0.29864 

-0.14561  -0.11601  -0.09134 
0.06757 

18  8- 0.26715 
0.06660 

•0.178C8 
•0.04730 

•0.13Q95 
0.37850 

-0.11143     -0.08764 
0.06500 

18      9 •0.25380 
•0.06303 

•0.16913 
•0.04463 

•0.13287 
•0.02727 

■0.1C574 
0.43268 

-0.08308 
0.06 176 

18    10      -0.23860 
-0.05907 

•0.15897 
•0.04171 

•0.12485 
■0.02531 

•0.09931 
•0.0C950 

•0.07797 
0.46181 0.05 60 7 
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GRE/fllATt'/64-8 

TABL E 3 

AN M-OROER STAT I STIC ESTtfllATOR 
OF THE PARAME T E ~ v CF A 

1 - PARAfllETER LOG-NOR MAL PrPULATION 

(1)(2) ll) (4) '5) c ~) c 7) 'e) 
N ,. K1 1(2 I() I(" 1(5 VAR OF EST/v1. 

18 11 -0.22246 -0.14819 -0.11636 -O.O'i252 -0.07259 
-0.05493 -0.03869 -0.02334 -O.OC852 0.006C5 

0.46831 0.05415 

18 12 -0.20613 -0.13729 -0.10778 -0.01!567 -0.06718 
-0.05079 -0.03571 -0.02144 -O.OC76 4 o.oo5'i5 

0.01956 0.45547 0.05018 

18 13 -0.19016 -0.12664 -0.09940 -O.Ol899 -0.06192 
-0.04678 -0.03281 - .0 1963 -O.OC685 0.00575 

0.01840 0.03132 0.42677 0.04629 

18 14 -0.17491 -0.11648 -0.09141 -0.07263 -0.05691 
-0.04297 -0.03012 -0.01795 -o.or.616 0.00548 

0.01719 0.02918 0.04170 O.lf!529 0.04258 

18 15 -0.16059 -0.10693 -0.08391 -0.0~666 -0.05222 
-0.03941 -0.02760 -0.01641 -o.or.556 0.00517 

0.01598 0.02707 o;ol868 0.05114 0.33347 0.03909 

18 16 -0.14727 -0.09806 -0.07695 -0.06112 -0.04787 
-0.036 11 -0.02527 -0.01499 -o. C502 0.00484 

0.01478 0.02501 0.03576 0.04734 0.06023 
0.27283 0.03585 

18 17 -0.13494 -0.08'i85 -0.07050 -0.05599 -0.04385 
-0.03307 -0.02313 -0.01371 -0.00456 0.00450 

0.01363 0.02304 0.03295 0.04366 0.05568 
0.06988 0.20361 0.0328 5 

18 18 -0.12345 -0.08220 -0.06449 -0.05122 -0.04011 
-0.03025 -0.02115 -0.01252 -o.cr415 0.00415 

0.01252 0.02115 0.03025 0.04011 0.05122 
0.06449 0.08220 0.12345 0.03006 

19 1 -0.54216 o.oe22e 
19 2 -0.28548 -0.34308 0.0~877 
19 l -0.27632 -0.18607 -0.21243 o.0664tt 
19 4 -0.27545 -0.18558 -0.14743 -0.08328 0.06621 
19 5 -0.27523 -~.18541 -0.14727 -0.11890 0.04351 0.06616 

19 6 -0.27295 -0.18382 -0.14595 -0.11777 -0.09437 
0.16175 0.06562 
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GRE/MTh/v)4-8 

TABLE   3 

AN   M-OROER   STATISTIC   ESTIMATCR 
OF    THE   PARAMETER      ^r   CF   A 

1   -   PARAMETER   LOG-NORMAL   PCPULATICN 

(U (2) 
N      M 

19      7     - 

(3) 
Kl 

0.26764 
0.0721G 

K? 

•0. 18019 
0.26^01 

(5) 
K3 

(6) (7) (8) 
K5 VAR   OF   EST/c-^ 

-0.U301      -0.11533     -0.09233 
0.06435 

19      8     - 0.25924 
0.06959 

•0.17^^8 
•0.05164 

•0.138^3 
0.348^.3 

-0.11158     -0.08925 
0.06234 

19      9      -0.24819      -0.16701      -0.13246      -0.1C672      -0.08530 
-0.06642      -0.04917      -0.0329'/ O.^C941 0.05969 

19   10     -0.24819      -0.16701      -0.13246     -0.1C672     -0.08530 
-0.06642      -0.04917      -0.03299 0.4C941 0. 0.05969 

19   11 ■0.22103 
0.05887 
0.46373 

•O.I^ÖÄS 
■0.04342 

•0.11787 
■0,02889 

•0.0<;489 
■0.01562 

•0.07575 
0. 

0.05317 

19   12     -0.20635     -0.13878     -0.1.000 
-0.05486     -0.04040     -0..02680 

0.01126        0.4622P 

0.08853     -0.07065 
■0.01420        0. 

0.04964 

19   13     -0.19170     -0.12891      -0.10217     -0.08220     --0.06557 
-0.05089     -0.03743     -0.02476     -0.01290        0. 
0.01088        0.02318        0.44414 0.04612 

19    14      -0.17746      -0.11933      -0.09456      -0.07607      -0.06066 
-0.04705     -0.03458      -0.02282     -0.01173        0. 
0.01039        0.02178        0.03326        0.41282 0.04270 

19   15     - 0. 16391 
0.04342 
0.00984 

•0.11021 
•0.03188 
0.02035 

■0.08732 
■0.02100 
0.03106 

•0.07C24 
0.01067 
0.04229 

■0.056C0 
0. 
0.37077 0.03944 

19    16      -0.15116 -0.1C163 
-0.04001 -0.02936 
0.00925 0.01895 
0.31985 

-0.080S2 
•0.01932 
0.0 2889 

■0.06476 
■0.0r972 
0.0',936 

•0.05162 
0. 
0.05065 

0.03637 

19    17     -0.13927 -0.09364 -C.07418 
-0.03684 -0.02702 -0.01776 
0.00864 0.01758 0.02679 
0.05884 0.26115 

•0.0596Ö      -0.04755 
■0.0C887        0. 
0.03652        0.C47C6 

0.03351 
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GAE/MATtl/64-8 

TABl[ 3 

AN M-ORDEA STATISTIC ESTI"-ATOR 
OF THE PARAMETER v CF A 

1 - PARAMETEM lOG-NORMAl PCPUlATION 

CUl2) (3) ' 4 ) ( 5) ( ~) ' 1 ) 'e > 
N M Kl K2 I() 1(4 1(5 VAR OF E ~T/ 7.z.. 

19 18 -0.12821 -0.08620 -0.06829 -0.05491 -O.OitJ76 
-0.03390 -0.02486 -0.01633 -O.OC812 o. 

0.00804 0.01626 0.02478 0.0~379 0.04359 
o.o5tt62 0.06771 0.19463 0.03 085 

19 19 -0.11785 -0.07923 -0.06277 -o.o~ott7 -0.04022 
-0.03116 -0.02281t -0.01500 -o.or.743 o. 

0.00743 0.01500 o.Ol28tt 0.0!116 0.04022 
0.05047 0.06277 0.07923 0.11785 0.028 36 

20 1 -0.5351t8 0.07 9 0 ~ 

20 2 -0.27468 -0.346C1 O.Ot 547 
20 , -0.26461 -0.17969 -0.22l61t 0.06294 
20 4 -0.26328 -0.17889 -0.14327 -O.lC259 0.0~ 2 6 
20 5 -o·. 2632tt -0.17886 -0.14321t -0.11682 0.01737 O.Ot:260 

20 6 -0.26179 -0.17783 -0.14237 -0.11607 -0.09430 
0.13116 0.0~226 

20 7 -0.25787 -0.17 13 -0.11t016 -0.11421 -0.09272 
-0.07388 0.23 l 0.06134 

20 8 -0 .. 25125 -0.17059 -0.1361t6 -0.11116 -0.09019 
-0.07178 -0.05503 0.31855 0.05977 

20 9 -0.21t217 -0.161t38 -0.1311tts -0.1(705 -0.08679 
-0.06901 -0.05281 - o.o :H69 0.3f!lt53 0.05 76 1 

20 10 -0.23113 -0.15687 - 0.125lt't -0.1C209 -0.08273 
-0.06572 -0.05022 -0.03573 -0.0?.191 0. 4 3002 0.0 5500 

20 11 -0.21877 -0.11t81t5 -0.11869 -o.oc;6~7 -0.07822 
-0 .. 06208 -O.Olt738 -0.03362 -0.020lt8 -0.00773 

O.lt5558 0.05206 

20 12 -0.20566 -0.1395lt -0.11151t -0.09073 -o.073tt6 
-0.05827 -0.041tlt2 -0.0311t5 -0.01905 -0.00701 

O.OOlt87 0.46294 0.04 894 
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GRE/HATH/6A-8 

TA8LE   3 

AN   M-ORDER   SFATISTIC   ESTIMATOR 
OF    THE   PARAMETER      ^r    fF    A 

I   -   PARAMETER   LOG-NORMAL   PrpULATICN 

(li(2) 
N     M 

( 3) 
Kl 

(A) 

K2 
I 5) 
K3 

(7) (8) 
K5 VAR   JF   EST/^ 

20   13 •0.19231 
■ 0.0 5 A A 2 
0.00A82 

•0.130A7 
•0.0A U4 
0.01599 

■0.1CA28 
■0.0292Ö 
O.A5-.^G 

■0.0PA81 
0.01766 

•0.0686^ 
•0.0063 5 

O.Q<i5n 

20   l<t •0.17913 
•0.05063 
0.Ü0A70 

-0.12151 
■0.03653 
0.01517 

•0.09711 
■0.02718 
0.02582 

•0.C7896 
•0.01632 
0.^.32^5 

•0.06389 
•0.00575 

0.0^.263 

20   15 •C.16638 
■0.0A699 
0.00^52 

■0.11286 
■0.03573 
0.01A31 

•0.09019 
■0.02^18 
0.02^27 

•0.07332 
•0.01507 
O.C^57 

•0.05932 
■0.0C522 
0.399^1 0.03960 

20   16     -0.15^25 -0.10462 -0.08360 
-0.04353 -0.03309 -0.02329 
0.00431 0.01342 0.02272 
0.35723 

•0.0^796 
■0.01390 
O.C3235 

•0.05497 
•C.00475 
0.04252 

0.03671 

20   17 •0.1428 3 
•0.04029 
0.00408 
O.C4<:"y9 

■0.09687 
•0.03061 
0.01255 
0.30734 

•0.07740 
•0.02152 
0.02120 

•0.C6292 
•0.01282 
o.c^cie 

•0.0508H 
■G.C04 33 
0.0 3 970 

0.03399 

20   18 0. 13214 
•0.03726 
0.00384 
0.04661 

■0.08962 
•0.02830 
0.01169 
0.05745 

•0.U716 1 
•0.01989 
0.01973 
0.2 50 5C 

•0.05320 
•0.01 183 
0.02809 

•0.C4 7C6 
•G.003S6 
0.036 )b 

0.03145 

20   19 •0. 12216 
•0.034^3 
0.00359 
0.04334 

■0.08285 
•0.02615 
0.01086 
0.05353 

•0.06619 
•0.01837 
0.01H31 
0.06566 

•0.05380 
•0.01C91 
C.0P60 / 
0. 186^7 

•0.04350 
•O.CC 363 
0.03433 

0.02908 

20   20 ■0.11276 
■0.03178 
0.00334 
0.04015 

•0.07648 
•0.02413 
0.01006 
0.04966 

-0.061 10 
-0.01695 
0.01695 
0.061 10 

•0.0^966 
•0.C1CC6 
0.0?413 
0,07648 

•0.04015 
•O.0C334 
0.03178 
0.11276 0.02684 
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Vita 

Eugene Raymond Highfield was bom  

  the son of  and  

    After completing      

  he enrolled at Michigan State  university, 

Bast  lÄnßing.     He received his commission as a 2— Lt.  upon graduation 

in June 1952 and entered the Air Force at Ellington AFB,  Texas,  where 

he was a student in basic navigation.     Finishing his navigation 

training at Mather AFB,  California,  in November 1955» he spent the 

next   two and a half years on a 3-36 crew at  Loring AFB, Maine.     In 

Auguat 1956 he entered a one year Aeronautical Engineering curriculum 

at Ai^ and then went overseas for three years in an aircraft 

maintenance assignment,     upon his return from overseas he was assigned 

in aircraft maintenance at Maxwell AFB, Alabama,  where he spent two 

years  oefore arriving at  the Air F^rce Institute of Technology to 

study Reliability Engineering.     Capt.   Highfield is a member of the 

Institute of Electronic and Electrical  Engineers and Tau Beta  Pi. 

Permanent address«      
 

This  thesiß was   typed  by Mrs.   0,nirley McCarthy. 




