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Preface

This thesis presents two relatively simple techniques for
estimating the scale parameter (G of the lognormal probability
density function thivugh the use of order statistics. It has been
agsumed that the reader has a bagic understanding of elementary
statistics and references are pimvided for those readers desiring
further reading about the lognormal distribution and order statistics.

I am very grateful to Dr. H. Leon Harter of the Aerospace
Research laboratories for suggesting the topic, acting as my thesis
sponsor &nd making his valuable time availabdle to me foTr necessary
consultations. I am also extremely grateful and indebted to
Professor A. H. Moore of the Mathematics Department for being my
thesis advisor and suggesting and directing the method of approach
in developing the m-order statistic estimator. Without his
continual help, guidance and encouragement I would not have brought
this study to a successful conclusion.

Finally, I wish to express my appreciation to my wife who has

been very patient with me during some very trying periods.

Bugene R. Highfield
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Abgtract

This thesis develops unbiased single order statistic and m-order-
statistic estimators of the scale parameter ( of a truncated
lognormal probability density function. In this develorment it is
assumed ~-hat the location parameter//x is known and that if it is not
zero, & transformed variable with a location parameter approximately
zerv can be obtained. The method of development cf the single-order-
statistic estimator was to consider the expected value of the i-th
order statistic. The development of the m-order-statistic estimator
utilizes the development of the single-order-statistic estimator and
then considers the variance of the m-order-statistic estimator as a
lagrangian function which is minimized to obtain the necessary
weighting {actors. These weighting factors are then combined with the
other coefficients to obtain the desired multipliers. All the
multipliers used to ootain the estimators, the variance of the
estimators and their relative efficiencies are presented in tabular
form as appendices. The procedures to be followed in the proper use
of these tables are contained in Chapter VI. The efficiency of the
single order statistic is given relative to the m-order-statistic
estimator which uses all the data available. In this respect, it was
found that the best order statistic to use is the first one and that
it produces efficiencies above 70% when the number of failures is less
than nal{ of the sample. The tabtled multipliers and variances are
given to five decimal places, the efficiencies to two decimal places

and all numbers are accurate to within one unit sn the last decimal place.
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I. Introduction

The lognormrl distribution, in its simplest form, may be defined
as the distribution of a variate whose logarithm obeys the nomal law
of probability. Its history may be traced back to 1879 when
D. McAlister set down explicitly, and in some detail, a theory of the
logrommal distribution (Ref 1:2). Although little has been done in
the theory of estimation for trunceted or censored samples of a
lognomal population, Sarhan and Greenberg (Ref 24) have worked in this
area for the normal distribution using the metinod of least squares for
estimators of/xx and U . Their work is somewhat similer to “he work
in this thesis in that both efforts utilize order statistics iz the
estimators. With the lognormal distribution, the data com~ in a
natural ascending order whereas in the normal distribution the whole
sample must be observed and than arranged in ascending order to obtain
the order statistics.

Developments in the field of order statistics have occurred
primarily in the last twenty years. The first two papers of real
importance in the field were written by Mosteller (Bef 19) in 1946
and Wilks (Ref 28) in .948. Much has been writton since that time and
a8 book edited hy Sarhan and Greenberg (Ref 25), published in 1962,
brings together many important works pertaining to the theory and
application of order statistics.

The lognormal distribution is treated in this thesis with
estimating tecnniques being derived to estimate the scale narrameter < .
The development of the one-order-statistic estimator is similar to

1
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that of Quayle (Ref 20), however the development of the m-order-statistic
estimator is completely new and uses the lagrangian method to minimize
the variance of the estimator. In deriving the estimator it was
assumed that the location paranoter/xx was zero.

It was necessary to considier various sample sizes, n, since each
order statistic has a different probability distribution for each
sample size. In this thesis, samples of sizes up to twenty are
considered. An IHM 7094 digital computer was used to compute all

tables and complete information on the use of these tables is presented.
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IT. lognormal Distribution

Properties
The lognormal distribution is & distribution in whicl. the

logarithm of a 1andom variable is normally distributed and either
natural or coumon logaritlms may be used (Ref 17:122). Although very
little is written on the lognormal distribution in the s.andard text-
book on statistics, a very thorough coverage is provided by
Aitchison and Brown (Ref 1). Their work covers the history, genersl
properties, estimation problems, examples of uses of the distribution
and also describes variations of the lognormal distribution. For the
purposes of this thesis, the lognormal distribution will be
considered to be the two-parameter, positively skewed lognommal
probability density distribution which is expressed as

st )
"L(—'V / (2.1)

][(i‘/,fu,v> = £(¢) (;ﬂv‘i " ¢
for 1 >C, U > Dand -o00< 4 < O
where 1ln t denotes the natural logarithm of t. The parameters .
and U are the mean and standard deviation of ln t which is
distribucted normally. For this stuly, it is agsumed that the mean
is zero or that if it is not, it is known and the data adjusted.
Tnis is not an unreasonable assumption and if the mean is not known,
it may be estimated (Ref 23). The moments of the lognormal

distribution are defined by
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E[t] = gmreC (2.2)

2
It can be seen that the mean X and variance ;5 are therefore given

by

X = ¢ T* (2.3)

Zj)2: (<—72/<4+V2'<(ZVL—/> (2.4)

Figure 1 shows the logncrmal probability density function for various
values of/u and 9’2. It will be noted that the greater the value
o1 V 2, the greater is the skewness and the further to the right is
the mean (X . Another interesting feature of the logaormai
distribution is that it has multiplicative reprodu~tive properties

whereas the 10ommal distribution has additive reproduntive properties.

Application

The lognormal distribution finds application i1 a wide variety
of fields, such as physics, engineering, economics, biology,
astronomy and sociology. It has been used to represent the
distribvtion of incomes, of household size, of purticle size, of body
weight and of results of endurance %‘ests (Ref 1:100-106). It has
al3o been used to desci?be survival time of bacteria in disinfectants
and the number of plankton organisms caught in a net (Ref 4).

In engineering, it represents the downtime of complex electrcnic
systems (Ref 2:%), o servicing times in congestion problems (Ref 14)

and also the repair time of airbornme radar equipment (Ref 22:110).

4



GRE/MATE/64-8 ,
r

0 l 2 3 4

Frequency curves of the lognormal distribution for three values of o*.

I
|
l
|
|
o8+ !
|
|

0 i 2 3 4
| Frequency curves of the lognormal

|

distribution for three values of u.

Fig. 1




GRE/MATH/6., -3
A rough test of whecther a distribution is lognorwal may be made by
plotting the distribution on logarithmic probatility paper on which

the curve should approximate a streight line.
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IIT. Oxder Stetistics

General

Since thig thesis i3 based on the concepts and properties of
oxrder statistics, their notations and definitions will be introduced.
First, consider the elements Yo Ypr ceven Yy of a sanple drawn from
a continuous population f(x) vhich are rearranged in ascending order
of magnitude and then denoted xl,n’ 12,n, bblC xn,n' This
permutation of the original observations is referred to as the "order
statistics." Various other quantities based on the oxrder are also
thought of af order statisticn. In particular, any component xi,n
is called the i-th order statistic. It is possible.to derive the
distribution of the individual order statistics or the joint
distribution o. several of them, however, for this paper, they will be

stated and if the reader is interested in the detail, he is referced

to Wilks (Ref 28) and Sarhan and Greenberg (Ref 25).

Provability Density Function

The prooability density function of the i-th order statistic in

a sample of size n from some general population is given by
,7/ 4 -

j(xirﬁ \/'-/57('/) '7_’_ /(Xm> { Xl'\)\ ,(X('h/) (5'1)

where f(xin) and F(xin) are the probability density function and the

cumulative diatribution function, respectively, of X0 “he mean value
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of the F=-th order statistic is

0

) / . :
[ n. AN n-t /
4 f_\ﬂ'n}’“- Nin-0)! /X:n F(Xin) [J - F(Xm)} FXe) dXen Gu2)
%o
while the variance of the i-th order statistic is
r){ -
/(n-)]
— 0o

Vag [Xt'n] "( X(: F(Xg,,)C—I[J— C(Xt’nﬁn—bd}:(x“)

i)
~ EZ[X:,J (3.3)

Algo, the covariance of the i-th and j-th (i< j) order statistice is

given by

, / -
Covn [Xin, Xin] :(To.f(?-z—/)-%n-ﬂ'///(vnxfn F(Xin)™

- [FOgn) - F(in)]j'_wﬂ— F(X;nﬁn"jolf(x;) A F(Xn)

= E[Xin]- £ X5n] (3.4)

The values for the above equations can be calculated after specifying

the population.

Lognormal Distribution

Consider the r-th moment aboul the origir of the i-~th order

statistic tin from a lognormal population which is expressed as

e

) et Jre R Lo e 2 Tt s

(R N e
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now if a substitution of varisbles is made where

A . - (%”’ .(.ﬂ
X e {—‘-*" S and vd X, .TL“
en V. t‘.,)
then
Z0 1
/ e n < 'UX[n+ rae "_%C'\
J (L f) (H L\/ /X‘”) [_/ /:/X‘”/j Q < lxtn()~6)

(gn)‘/z

—a

[ (((7)

75 i hb ‘r )((n" )7’
n'c ¢ F(X: ) [ f(xm)W 7 S A X, .1

e
— 0
For ease of notation ¢nd eimplicity, let

(,217)‘/Z

o\
ey v ¢

/ 'Q(XL" [/ /
(Y A (5.9)
¥ =i /) i L)//f ) F((h/] —F

A,

then Eq (3.7) simplifies to

\) e

bt Q:i—
f[zlt'nr] 4 ' 4 r.oon (5'9)
Now it will be recalled from chapter II that

- rad + 5 V-
é[z‘d-‘ ¢ Al (2.2)

=

and therefore Eq (3.9) may be restated as

E/‘?ﬂf] - E[_i']-Ar - (3,10)

Now if r ir selL equal to one, Eq (3.10) becomes

E[ﬁ-n] s [é] A (3.11)

b
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Although the above could be used us & method of obtaining the moments
of the order statistics, it is not in a linear form which could be
uveed to estimate the parameter ¥ . If, however, E[}n tin] is
considered rather than E(ﬁin], it is possitle to develop & linear
relationship suitable to be used in estimation techniques. It will
be seen lovever, that one is really looking at a normal density

function when this is done. Consider then

Q0

7

ha i) - =0 / Flb ) [ - F'(xm)}”"'{z“ tin)

( {‘—//)'/U]—J,
%
r

/ Im {m_;ﬁ
v 2" A+

“uen

LR T (3.12)
Once again, & substitution of variables 1s made by letting
1,1 {' - At ['{%l")
\ - Lo NCIA - I
AN N — then Vﬂ( )((h tin
and Lr +m & xin *//U
then
o
f o "n! L/L_F ]h—i e 4 Xe
oL, — 5 ‘- ‘a }1
s [ (MT‘,,/J (c /},’(ﬂ (:)ﬁ(xln) [ (X n) < n /
[>'s)
'/;;XCML '
® .__(Z'_ S o”(xfh
(z2T0) "2 (3.13)

1t should be noted that xin is a standard normal variite. For

10
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simplicity here and in later use, let

o ' o,
(N ;cnhf”p—Fp&nﬂ"wgngffffx%@, (3.4)
()J(n-1)! (o)

- ad

At this time Bg (3.14) should be recognized as the expected value of
the i-th order statistic of a standard normal population. Now for
r=1, Eg (3.13) becomes

28]

» / / -l - ,Ix/‘l s \w/
Elfm—é,j . O C( N 'f'/.//// F(%n) [I- F(X(’n>:!n _6_1_:\ I/ln 0( ,le (3-15)
_m (21 )7z

where it can be seen that the integral in the second term is the Beta

integral and therefore &llows further simplification of Eg (3.15) to

EJ;{15017 =Y C}n ;/(& fg[/[} e Cat ) (3.16)

This is rather interesting and may be of some value for further study
and use in some iterative techniques. However, this form does not
lend itself to a simple linear estimator of ¢ unless it is assumed
th .t the mean is zero. With that assumption, Eq (3.16) becomes

Cllt]= vCe = v EXe] (3.17)

J
Similarly it can be shown that

-
-

\ML{,,{M} v T Vax L')((,j (3.16)
and that

-

(7,“,/}( [/é:« g(n ’//,, %]nj y 2( cV Al [})\L'H \ . ! (519)

11
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J. B. Posser tabulated, up to nineteen decimal places, the expe:ted
values of the i-th order statistics of a standardized normal
population (Ref °7:412). Following this, D. Teichroew calculuted
the values of the product of the i-th and j-th o-der statistics in
samples of size < 20 and published his and a ten decimal place
version of Rosser's work (Ref 27). Using these tables, Sarhan and
Greeaberg calculated and published the variances and covariances for
order statistics of sample sizes < 20 to ten decimal places

(Ref 24). FPor the purposes of this paper, only eight decimal places

were tvsed.

12
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IV. One-Order-Statistic Estimator

Introduction

An estimator based on one order statistic has the advantage of
being extremely simple to use while providing a fairly good
indication of the parameter being estimated. Also this type
estimator should be of considerabls benefit where it is desired to
determine the parameter V early in the testing cycle sc that early
design changes can be initiated if necessary. In this thesis, the
efficiency of the single-order-statistic estimator is determined
relative to an estimator which is based on all the data available.
That is, the efficiency is relative to an m-order-statistic
estimator as found in the next chapter and tabled in Appendix C.

It will be noted in column 4, Table 1, Appendix A, that the minimum
variance, single-order-statistic estimator is that estimator based
on the first or last possible faiiure. Table 2, Appendix B, shows

the efficiency of using an estimator baced on the first failure.

Derivation of the Estimator

It is desimsble to obtain a linear unbiased estimator of «
based on the i-th order statistic In the case of the lognormal,

the log=nrithm >f the i-th order statistic is used. Recall that

g/z;f;.,,] =5 Co (3.17)

13
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then it can be said that the estimator of ¢ is

\; (T' ’ }4 ['(71 {[,, (4'1)

whero E{in tinJ may be replaced by the actusl ln t, since the maximum
likelihood estimator of E[}n tin} is ln tin itself. We then

have

] ]

L® '1-” . }/y1 fi,]} (4.2)

where C;i ig tabulated in column 3 of Table 1 which is Appendix A of
vli's paper, and is hereafter referred to as the "multiplier.” For

*age of notation in the next chapter, let

-

N7[n: multiplier = (., (4.3)

Yariance of the Estimator

Recall from elementary statistics (Ref 53171) that if
Y= ax s b (4.4)

then the variance of y may be expressed by

~
.
.

AN |
o

. ‘ .
‘.Q(}[LJ JZ \//?(ZX]

which can be axtended to the estimator and therefore the variance of

the estimator may be given by

\ oo | = 2 -

| AR LQ } M[n VAR L/(ﬁ f"n] (4.6)
and tren substituting Eq (3.18) into Eq (4.6), we have

th}5 ]— ﬂi%l(;zhgﬂ [XUy} (4.7)

14
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and therefore

/ ’_, . ; ) ’ )
Viag [~ ]/» g A" A (48)
By substituting Eqs (4.3) and (5.14) into the equation above, we see

that

T 1 - _\\'API/\/U’)]

VARV | /v £ Z[_XLnJ (4.9)

where both the numerator and the denominator have been tabulated for
n--20 (Re{ 25:193,200-205) and therefore Eq (4.9) can be readily
evaluated; this has been done and the results have been tabulatad in

column 4 of Table 1, Appendix A.

Efficieacy of the Estimator

The relative efficiency of the eetimator is based on the
variance of the m-order-statistic estimator of the next chapter
which uses &ll the available data and is & minimum vacsiance
estimator. The efficienty of the single-order-statistic estimator
ie therefore given as
Vg | Vim)

LS o U & .10
S (4.10)

where o is the m-orde.-statistic estimator and o is the single-

order-statistic estimator.

15
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V. M-Order--Statistic Estimator

Introduction

While 8 single order statistic estimator is extremely simple to
use, it is not too efficient for the normal and logr~mmal
distributions because the variance of the estimator gets very large.
Therefore, it is desimable to have an estimator whi h may be used
when speed and simplicity are not a: essential as efficiency. The
estimator derived here will be linear and unbiased as well as one

wuich uses all the available Jata.

Derivation of the Egtimator

Consider the linear relationship

-fl M/n ZL le_»l“f _{Z_Mzn_ﬂh@_i_- 50 = %m MM’?»Z! ZLmn_

N sy S Imn g

(5.1)

where n is the number of items on test, m is the failure at which

.he tes* is terminated (or truncated), the ki are coefficlents such
that

o= m (5.2)

and
\

f 7
Mo, = (E[ 4 ten]) (5.3)
Once the k, are determined, then Kin’ where

i
- Min

hvfn P (5.4)

16
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can be tabulated (see Teble 3) and Eq (5.1) becomes

V /\l'? /'V\ /I") ! K‘?h Zﬁ ?AZH Ul 280 R o )\vkr: ’J” g*"/ (5'5)

which provides a linear estimate for VvV of a normal distribution
with a mean of zero. This estimator is unbiased and the proof follows.

From Eq (5.1), the expected value is determined by
EIV]= - B[S #:M., Lt (5.6)
and bty combining Eq (3.17) and Eq (4.3)
E[M‘-,, A. t,,] = (5.7)
theref re
E[7] = 5 E[.f ¥, V] (5.€)
but with Eq (5.2) the above equation becomes
Ele] = 55 (77) =0 (5.9)

Since the ertimator ie linear, unbiased, ana uses all available
data, the ki are now calculated so that the estimator will have a

rinimun variance.

Variance of the Estimator

The variance of th- estimator given by Eq(5.1) may be

wvritten as
2 2

7 :il le/]mn ‘ ]
\//AK[/(V /I M'_',' \/AR [Afln 4 ¢+ /g': T \\,A l fan

th m

n 71 % ) M .0
+ 2:]221 Z- ___l._/\_/]in%ﬁ_ _4_1’1 (CJ’V [,(’,,1{\,,?' {,1 1{4,1'
) (-1

t

- {5.10)

17
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which aay be simplified and put in terms of the standard normally
distributed variate x, by utilizing Eqs (3.18) and (3.19), so that
Eq (5.10) becomes

. 2
- -'/p/lh//,& ) } %7: A//mn\/

y / )
e 15 VR X e T Ve (X,
R
.7 va‘ \ ’ %7‘ /'r’jl.h ?} }\/)J.n ] ”X .
A i = OVAR | LnJXjn (5 11)
12 0 b ’

The variances and covariances of order statistics from a standard
commel population have been tabulated by Teichroew ‘Bef 251193,
200-205) for m < 20. Although the results are accurate to 20 decimal
places, only the first 8 places have been used ir this study. With
the values just mentioned, the only unkmow: 3 in Eq (5.11) are the k.
In order to select the ki 80 88 to minimize the variance of the
estimator, let Var ('CJ ' be a lagrangian function subject to the

corstraint that
P (5.2)

and solve for the ki by the standard lagrangian method as ahown in

the next paiegraph.

Illustrative Example

For illustrative purposes, consider the case where a sample of
size n 3 on test and truncation of testing is made «fter two

failures. That is, if m=2, then Eq (5.1) becomes

./{t’ V: ” Z« Zim___f_& /&h/d‘ {zn (5.12)
7
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and Eq (5.11), the lagrangian function, becomes

2 T = ‘(7,24/!’»1 \ / N o) i)l )l / 3
'/A(’[b],‘bl - 4// /pe[k,, 1 15” mf‘/)((,,,j
,f 1y n K / )
. 2 /Lljwfz 144 /"ME[X"?,XZMJ (5.13)

Then, taking partial derivatives of // with respect to the variables
ki, we have

e?/fm

C){o/ \/AEIX :} + £ /M/n vy {ovae [)(m )(MJ 0O (5.14)

Y _ B M LT x
St 2 Vax [thJ* 2L len Cypay e )(an £ (5.15)
t v b, =2 (5.16)

Now solving these equations simultaneously, one finds that

f = ,//’ ("’V]znl VAQV[X.?_’!Y _ /*/Z/n Man jov“’fx_’”' )(z,,]_)_ (5.17)
i /\?‘n‘l | anﬂ] + //12: V/AL’LX‘Z”] —,Z M:nMZn CuVAR{_Xw Axn)
and
K.~ :
7 |+ "’/z,f Vag [Xz _] M i Ca»AR [x:n in]_ \) (5.18)
M \/Ag [X:ﬂ] M V’ZnCUVH)Q[X;n in] /

The results are then used in 5q (5.4) and then the K, are utilized

in Eq (5.5) to obtain the appropriate Vv .

The Kin obtained by the above techniques have teen .abulated
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in Table 3 in columns 3 through 7 for the appropriate n and m.

Further, the k. were used in Eq (5.10) and then Var [v | /( *

war tabulated i. column 8 of Table 3.

20
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YI. Use of Tables

General

Before any of the tables are used, it must be determined that
the applicable distribution is the lognormal (see Chapter II).
Tliese tables are also applicable to the nurmal distributionm but all
the sample da.a would be needed in that case and application would
be similar to that used by Sarhan and Greenberg (Ref 24). If .-
is not zero, it can be estimated (Ref 24) and a trensformed variable

derived which has a mean which is appmximately zero.

Table 1 One-Order-Statistic Estimator

This table will not normally be used since the efficiency
obtained by using the time of the first failure 1s much aigher than
that of estimators based on other order statistics. The differcnce
in efficiency may be seen by comparing the efficiencies of Table 1
with those of Table 2. The steps to follow in using this table are
as follows:

1. locate the page of Table 1 which contains the samplz size n

in column (1).

2. locate in column (2) the numuver of the failure at which it

is desired to obtain an estimate f ¢©

5. Estimatec the scale parameter ¢ by multiplying the

logarithn of t by the value found in column (3). The

’

value in column (3) is celled the multiplier.

21



GRE/MATH/ 64-8

4.

The variance of thie estimator is found by multiplying the
square of the true valus of the scale parameter V by the
factor found in column (5).

The relative efficiency of this estimator as compared with

an m-order statistic estimator is found in column (6).

Table 2 One-Order-Statigtic Estimator

Since the first failure time provides an estimator which has the

smalleat variance and highest efficiency relative to the data

collected among the one order statistic estimators, this table was

prepared for its simplicity and so that the efficiency of the

estimator could be seen. Thia is the table that should bo used when

using only one order statistic for estimation of V. The procedure is

ag follows:

s

Locate the page of Table 2 which contains the sample size n
in cclumn (1).

locate the line with & one in column (2) for that sample
aize.

Estimate the scule parameter | by multiplying the logarithm
of tl,n by the multiplier in column (3).

The variance of this estimator is found by multiplying thse
square of the true value of the scale parameter ¢ by the
factor found in column (4).

The relative efficiency of this estimator is found by

Jocating the total failures under column (2) and then

reading the relative efficiency whicl is on the same line
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in column (5).

Table 3 M-Order-Statistic Egtimator

The m-order statistic estimator provides an estimator which has
minimum variance, unbiased and suffirient nd should be used whenever
possible to give & more accurate estimate of [ . The steps in
using the table are as followst:

1. locate the page of Table 3 which contains the sample size n

in column (1).

2. Llocate the line within that rample size which indicates the
number of failures observed.

3. Estimate the scale parameter U by mul“iplying the
logarithm of each tnm by the appropriate multiplier in
columns (3) through (7). Multiply the time o first
failure by first line Kl, second failure time by K2, and
continue. When the number of failures exceeds five,
multiply the time of the sixth failure by the K1 on the
second line, seventh failure time by the K2 on the secund
line, etc.

4. 2e variance of tais estimator is found by multiplying the
square of the true value of the scale rarameter * by the
factor found in column (8) and on the same line as the

last multiplier for this estimator.
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VI1I. Conclusions arnd Recommendations

Conclugions

The neceassary background theory on order statistics and the
lognommal distribution have been }resented in this thesis to allow
estimation of the scale parsmeter ' of the logncrmal pdf. Estimation
techniques were developed for utilizing one order atatistic or all
available o~der statistics. Although the times-to-failure for the
sample come in an orde:ad ascending sequence, 8 very long period
of time could pass butween successive failures. There hard to
realize failures are no* required by the one order statistic
estimation techniques since it was found that the use of the first
failure time, even though as many as half of the sample failed,
provided estimators with relative efficiercies sbove 70% (See
Table 2). The m-order-statietic estimator lound in tins thesis is a
minimum variance estimator. The variances of the eat.mstors were
compared with those of the estimators determined ty its method of
leust squares by Sarhan end Greenberg (Ref 21) and in each case, the
variance of the m-order statistic estimatc: was equa. to or less
than the other comparable variance. In the case where the full
sample fails, the multipliers are also equal to those determined by
the method of least squares. This pruvides a good check on the
accuracy of the multipliers of thi- thesis cince they were derived
by a different method.

It should be pointed out that, while tihe estimates of Vv
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cbtained in this thesis are unbiased, estimates of ‘X‘and,BL
obtained by substituting estimates of ¢ in Eqs (2.3) aund (2.4)
would be btiased. In general, functions of unbiased estimators of
perameters are not unbiased estimators of the corresponding
functions of the parameters. One advantage of the umethod of
maximum likelihood, now under study by Moore and Harter (Ref 12),
is that functions of maxmum likelihood estimates of parameters are
maximum likelihood estimators of the corresponding functions o. the
parameters.

Although the theory developed here contains some rather
involved mathematical expressions, the tabies for the application of

the theory are extremely simple to use.

Recommendations

Recommendations for further study are the extension of Table 3
to higher sample sizes, a rework of Table 3 to allow c.ascring muca
the same as was done by Sarhan and Greemberg (Ref 25:1206-269) and
finally, investigation of the possible use of equation (3.16) for

parameter estimation by iterative techniques.
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APPENDIX A

TABLE 1
An Unbiaged One~Order-Statiustic Estimator

of the Parameter
of a i-Parameter lognormal Population
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TAGLE 1

AN UNSIASED CNE ORDER STATISTIC ESTIMATOR
OF THE PARAMETER - CF A
1 - PARAMETER LOG-NORMAL PCPULATICN

ts) (2) (3) (4) (5)

N M MULTIPLIER VAR CF EST/g¢? EFF (%)
2 1 -1.772454 2.141563 10C.00
2 2 L.772454 2.141593 26.65
3 1 -1.161636 0.781164 10C.CO
3 3 1.181636 0.781164 35.27
4 1 -C.971463 0.464C51 10C.CO
4 2 -3.366874 4.CBECHS 1C. 40
4 3 3.366874 4.,0870LS 7.C1
4 4 C.971463 0.464C51 38.80
5 1 -C.859871 0.33CE87 10C.CO
5 2 -2.020125 1271279 25.170
5 & 2.020125 1.271276 14.63
5 9 C.856871 0.33C897 40.29
6 1 -C.789137 0.256C14 10C.CO
6 2 -1.558227 0.671R835 38.15
& 3 -4.5961626 6.061194 3.84
€ 4 4.961626 6.061194 3.C6
6 3 1.558227 0.£7°835 20.72
6 6 C.789137 0.25S014 4C.81
7 1 -0.736547 0.214352 1C0.00
7 2 -1.32C351 0.447566 47.48
7 3 -2.835215 1.7€#219 11.43
7 5 2.835215 1.76€216 157
7 I 1.320351 0.447569 24.85
7 7 0.739547 0.214352 4C. 82
8 1 -C.702444 0.182698 100.60
8 2 -1.173399 0.326623 54.46
2 3 -2.114959 0.858049 16.56
g 4 -6.556758 §.047336 1.68
8 5 6.556758 8.C47336 1.€9
8 & 2.114959 0.898C4S 12.54
8 7 1.173399 0.329623 27.85
8 8 C.702444 0.182998 40.55
S 1 -C.673395 0.16204€¢ 1CC.CO
9 2 -1.072619 C.256¢€617 56. 80
S 2 -1.748341 0.56S715 27.C6
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(1)

z

PoliNe N o NN ]

1C
10
10
10

10
10
10
10
10

21
11
11
L1
11l

11
11
11
11
11

12
12
17
12
12

1 c

12
12
172
12

TABLE 1

AN UNBIASED CNE ORDER STATISTIC ESTIMATCR

1

(2)

M

10

—

S N

THE PARAMETER
PARAMETER LOG-NORMAL PCPULATICN

(3)

MULTIPLILR

-30()['2643

3.64642643
le768341
1.072619
U.673395

-C.64G011
-U.3980645
- 1.524253
=Z2.66]1 40
-8.152102

Helb2102
2.661240
1.524253
0.998645
C.64G8177

-C.630344
-0.G641694
-1.372044
-2.1646CH
-4.4646660]

4.4046601
2. 164604
1.372044
LeUs10694
D.630344

-C.6117484
-0.896272
-l.7261291
-1.RL2 142
-3.2025174

-G,7475L9

9. 7417569
3.202514
l.862742
1.261291

31

VA

- CF A

{4)

2.26112C
2.262120
0.566715
0.25%6617
0.162C46

0.14%430
0.217943
0.40F593
l1.119555

10.C3€6553

10.C3¢553

l.118555%
Q.4G~A5971
0.212543
0.14%43C

0.137241C
0.181667
0.311977
0.£9722473
2.161C2C

2.716102G
Ce£r97243
Oss1v477
0.181967
0.13741C

O.12192%
O.15F463
0.051321
O.4c117
l1.339637

12.037250°2
12.€32502

Lol B35 367
O.48B°117
0.251321

CF EST/¢?

(5)
EFF ()

behl
44591
1640
3G.CH
4C. 12

100.C0
63.617
33 62
11.78
l1.21

1.C7
o133
19,59
Jl.t9
36.¢€0

16C.CO
61.34
3G, 74
L.
4,10

Ja 21
11.93
2 i
NS

3G.C4%

10C.CO
7C.CH

L4, CH

%l kLS

Tet5

Catil
C.l4
S
14,139
264.38
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(i)

12
17
12
13
11

13
13
13
11
13

13

1
L

I3
18
14

14
14
14
146

L4

14
14
14
14
14

14
14
15

15

15
15

b

15
'S

TABLE 1

~N UNBTASED CNE OROER STATISTIC ESTIMATOR

1

Dol o Rl a BV I ol

10
11
12
13

~ VW

OF THE PARAMETER
PARAMETER LOG-MORMAL PCPULATICON

(3)

MULTIPLIER

0.89621°2
C.613788

-0.999524
~0.4959050
-1.17617100

-1.653787
—Z.%75148
=5.268691

5.248691
2.575148

1.658787
1.1767G60
C.B59050
0.599524

-0.587068

-0.827882
-1.109722
-1.511113
=Z2.19%0171
-3.7411596

—11.‘,‘¥511‘0
1105‘9311{9

JoT4al156
2.19%0171
1511113

1.109722
0.H21382
C.5087068

-0.576066
-7.801324

-1.C55194
-l.3984841}
-1.939108
-2.982439
~6.049661

e .

(4)

VAR OF EST/ <+

0.158463
0.121625%
0.112294
0.14C518
0.¢09¢€62¢C

0.36°99C
Ve81132)
3.259501
3.259501
Ce8117321

0.36%66C
0.20652C
0.14C518
O0.112294
0.10£059

0.12¢(399
0.176433
0.297°519G
C.Y%64233
1.561'03¢

14.02°08¢
14.C29CH8
1.56103¢
O.564233
0.297519

0.176433
0.12¢399
0.10f,059
D.uGc9C1
O.11%Q117

O.15¢8% 7
0.2361n¢
042060
0.941678
3.75R351

(5)
EFF ()

33.85
3JR.45
1CC.CO
12.28
48.21

21.47
11.66
2.84
2.38
8.51

16.6G1
cEL17
34.55
37.85
10C.C0

T4.18
S1.77
31.61
l16.13

5.59

Cas I8
Cob4
440
1C.G7
19.11

21.€7
H3.C7
371.2¢6
1CC.CO
15.80

2o BE
BIor 9 8
20.18
8.74
2.08H
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(1)

15
15
15
15
15

15
15
16
16
16

16
16
16
16
16

16
16
16
16
1¢

16
16
16
17
17

1
17
17
17
17

17
17
1"
17
17

AN UNBIASED ONE ORDER STATISTIC
PARAMETER
PARAMETER LOG-NORMAL PT+ JLATION

OF
)

(2]
M

9
10
11
12
13

14
15
1
2
3

T~

10
11
12
13

14
15
l6

~ O WV w

10
Y1
12
13

TABLE

THE

(3)

6.04966.
2.982439
1.939108
1.398841
1.055198

0.801324
0.576066

=0.566254
-C.7783¢5
-1.009824

-1.310330
=-1.754357
~2.523833
-4.278046
-12.938710

12.938710
4,278046
2.523633
1.754357
1.310330

1.00982¢4
U. 778365
C.5662¢4

-C.551432
-0.758275

-0.971382
-1.2385¢67
-1.614315
=2.2156517
-3.387689

6.849905
3.387689
2.215657
1.614315

MULTIPLIER

33

1

VAR (¢F

v CF A

(4)

3.75R351
0.941¢18
0.42C€46
0.23618C
0.15€6697

O.115C17
0.C9v90C1
0.094593
0.10°657
0.13G60131

0.202371
0.33C4C4
0.647637
1.78263°2

16.024122

16.C24722

1.782632
o.bll"J37
0.337404
0.202371

0.136031
J. 10657
0.0945973
0.08¢G667
0.097829

0.124950
0.174893°
0.2654¢3
0.475609
1.06¢197

4.257450
4,257450
l1.06¢197
0.475609
0.269463

EST/c

ESTIMATOR

(51
EFF (7))

1.79
e S
13.24
21.C2
2R.G1

35,45
3e. e
1CC.CO
717.20
57.595

36.5¢4
24.C4
12.Co
4.18
Q.44

Caal
3,40
B.€2
1%.320
2.9

25.G6
35,72
Je.C9
10C.CO
T8.42

56062
42.18
21.¢65
15.4641

t.te

1.569
l1.40
5.19%
1C.€2
17.16
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(1)

17
17
17
17
18

18
18
18
18
18

18
18
18
18
18

18
18
18
18
18

18
18
9
19
19

19
19
19
19
19

19
19
19
19
19

TABLE 1

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR

(2)
L]

14
15
16
17

1

et et s P —p—
CWVSWN [k = N I oOWVEWN

—
W AN~ ®-

@~NOV S

12
13
14

(3)

MULTIPLIER

1.238567
0.971382
0.758275
0.557432
=0.549441

-0.740514
-0.938326
-1.179071
-1.504224

-2.850325
-4.813818

-14.534341

14.534341
4.813818

2.850325
1.993694
1.504224
1.179071
0.938326

0.740514
0.549441
-0.542158
-C.724670
-0.909543

-1.128844
-1.415205
-1.825792
-2.489778
-3.791571

-7.649653
7.649653
3.791571
2.489778
1.825792

34

OF THE PARAMETER < CF A
1 = PARAMETER LOG-NORMAL PCPULATION

(4)

VAR OF EST/¢2

0.174892
0.124950
0.097829
0.089967
0.085895

0.091189
0.112491
0.152710
0.22€062
0.370615

0.723203
2.004360
18.027076
18.022076
2.004360

0.727203
0.37C¢15
0.22¢062
0.157710
0.112491

0.091189
0.08%895
0.082283
0.08%486
0.107999

0.13€953
0.192860
0.30€090
0.53C741
1.190823

4.75€724
4.15€724
1.19€823
0.530741
0.30C090

(5)
EFF (%)

24.15
3C.85
35.91
35.53
100.CO

79.49
62.02
©5.70
31.C2
18.70

9.34
3.24
0.34
0.32
2.70

6.94
12.49
18.84
25.43
31.59

36.C3
34.99
100.CO
80.44
63.6e8

48.34
34.13
21.87
12.13

5.24

1.25
le12
4017
8.69
14.23
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TABLE 1

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR

(2)
M

15
16

MSWN -

b=
v~

11
12
13
14
15

16
17
18
19
20

(3)

OF THE PARAMETER
1 = PARAMETER LOG-NORMAL PCPULATION

MULTIPLIER

1.415205
1.128844
0.909543
0.724670
0.542158

-0.535482
-0.710427
-0.88421%
-1.085798
-1.341592

=1.694063
-2.230491
-3.175276
-5.348813

=16.129997

16.126997
5.348813
3.175276
2.230491
1.694063

1.341592
1.085798
C.884214
0.710427
0.53548¢

35

¢ CF A

(4)

VAR OF EST/gz

0.193860
0.13€953
0.102999
0.085486
0.082283

0.07S9054
0.08€538
0.09¢£020
0.122409
0.16S181

0.250111
0.411004
0.802870
2.226181
20.019939

20.016939
2.22¢€181
0.80?2870
0.411004
0.25C111

0.169181
0.122409
0.09¢€C20
0.08C538
0.075054

(5)
EFF (%)

20.34
26.56
32.22
36.09
34.46

100.C0
81.29
65.55
50.73
37.00

24.89
14.92
Te44
2.59
C.27

C.26
2.20
5.70
10.37
15.83

21.70
27.55
32.76
36.10
33.95
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APPENDIX B

TABLE 2
An Unbiased Oe-Order-Statistic

Estimator of the Paremeter
of & l-Parameter lognormal Population
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TABLE 2

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR
OF THE PARAMETER ¢ CF A
1 - PARAMETER LOG-NORMAL PCPULATION

(1) (2) (3) (4) (5)
N M MULTIPLIER VAR CF EST/g2 EFF (%)
2 1 =1.772454 2.141593 100.C0
2 2 26465
3 1 -1.181636 0.781164 .C.00
3 2 10C.CO
3 3 35.27
4 1 -0.971463 0.464051 100.C0O
4 2 91.58
4 3 61.70
4 4 38.80
5 1 -0.859871 0.330897 100.C0
5 2 98.73
5 3 98.173
5 4 57.35
5 5 4C.29
6 1 -0.789137 0.259014 100.C0
6 2 99.59
6 3 86.81
6 4 71.63
6 5 54.30
6 6 40.81
7 1 -0.739547 0.214352 100.00
1 2 96.13
7 3 94.19
7 4 94.19
7 5 65.€9
7 6 51.S0
7 7 4C.82
8 1 -0.702444 0.18399 10C.CO
8 2 97.56
8 3 95.46
8 4 86.74
8 5 T4.12
8 6 6l.21
8 1 49.89
8 8 4C.55
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TABLE 2

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR
OF THE PARAMETER < OF A
1 = PARAMETER LOG-NORMAL PCPULATICN

(1 (2) (3) (4) (5)
N M MULTIPLIER VAR OF EST/g2  EFF(%)
9 1 -0.673395 0.162046 100.€0
9 2 95.82
9 3 95.13
9 4 89.59
9 5 89.59
9 6 68.54
9 7 57.67
9 8 48.16
9 9 4C.12
10 1 -0.649877 0.145430 100.00
10 2 94.10
10 3 93.99
10 4 90. 44
10 5 83.43
10 6 73.97
10 7 64.05
10 8 54.78
10 9 46.62
10 10 35460
11 1 -0.630344 0.132410 100.00
11 2 92.50
11 3 92.49
11 4 90.57
11 5 85.39
11 6 85.39
11 7 69.C4
11 8 60.36
11 9 52.34
11 10 45.25
11 11 35.04
12 1 -0.613788 0.121925 100.CO
12 2 91.01
12 3 90.85
12 4 89.64
12 5 86.22

38



GRE/MATH/64-8

TABLE 2

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR
OF THE PARAMETER ¢ CF A
1 = PARAMETER LOG-NORMAL PCPULATION

(1) (2) (3) (4) (5)

N M MULTIPLIER VAR OF EST/;2 EFF (Z)
12 6 80.21
12 7 72.78
12 8 64.90
12 9 57.26
12 10 50.25
12 11 44.00
12 12 38.45
13 1 =0.599524 0.113294 10C.CO
13 2 89.65
13 3 89.20
13 4 88.73
13 5 86.27
13 6 8l.64
13 7 8l.64
13 8 68.46
13 9 6l.38
13 10 54.62
13 11 48.43
13 12 42.85
13 13 37.85
14 1 -0.587068 0.10€059 100.C0
14 2 88.41
14 3 87.58
14 & 87.42
14 5 85.179
14 6 82.29
14 7 77.21
14 8 71.16
14 9 64.73
14 10 58.36
14 11 52.34
14 12 46.81
14 13 41.79
14 14 37.26
15 1 -0.576066 0.099901 100.00
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TABLE 2

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR
OF THE PARAMETER ¢ CF A
1 = PARAMETER LOG-NORMAL PCPULATION

(1) (2) (3) (4) (5)

N M MULTIPLIER VAR OF EST/¢2 EFF (%)
15 2 87.27
15 3 86.04
15 4 86.C2
15 5 84.99
15 6 82.37
15 7 78.28
15 8 78.28
15 9 67.38
15 10 6l.48
15 11 55.74
15 12 50.33
15 13 45.35
15 14 4C.81
15 15 36.€7
16 1 -0.566254 0.094593 100.C0
16 2 8€.23
16 3 84.59
16 4 84.58
16 5 83.97
16 6 82.06
16 7 78.179
16 8 T4.45
16 9 69.40
16 10 64.02
16 11 58.€3
16 12 53.44
16 13 48.55
16 14 44.C4
16 15 36.90
16 16 36.09
17 1 -0.557432 0.08%967 100.CO
17 2 85.28
17 3 83.22
17 4 83.17
17 S 82.83
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TABLE 2

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR
OF THE PARAMETER < CF A
1 - PARAMETER LOG-NORMAL PCPULATION

(1) (2) (3) (4) (5)

N M MULTIPLIER VAR OF EST/;2 EFF (°Z)
17 6 8l.46
17 7 78.89
17 8 75.27
17 9 75.27
17 10 66.C5
17 11 61.C6
17 12 56.12
17 13 51.40
17 14 46.96
17 15 42.84
17 16 36.CS
17 17 35.53
18 | =0.5649441 0.085895 10C.CO
18 2 84.39
18 3 8l.94
18 4 8l.79
18 8 81.63
18 6 8C.€7
18 7 78.67
18 8 75.€8
18 9 71.90
18 10 67.61
18 11 63.C4
18 12 58.41
18 13 53.89
18 14 49.57
18 15 45.51
18 16 4l.74
18 17 38.25
18 18 34.99
19 1 -0.542158 0.082283 100.G60
19 2 83.58
19 3 80.74
19 & 80.46
19 5 80.40
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TABLE 2

AN UNBIASED ONE ORDER STATISTIC ESTIMATOR
OF THE PARAMETER < CF A
1 = PARAMETER LOG-NORMAL PCPULATION

(1) (2) (3) (4) (5)
N M MULTIPLIER VAR QF EST/¢2 EFF (%)
19 6 79.175
19 7 78.21
19 8 15.17
19 9 72.55
19 10 72.55
19 11 64.€2
19 12 60.33
19 13 56.05
19 14 51.89
19 15 “7.93
19 16 44,20
19 17 40.73
19 18 37.49
19 19 34.46
20 1 -0.535482 0.075054 100.00
20 2 82.82
20 3 79.€2
20 4 79.19
20 5 79.18
20 6 78.76
20 7 77.59
20 8 75.€1
20 9 72.88
20 10 69.57
20 11 65.85
20 12 61.51
20 13 57.89
20 14 53.93
20 15 50.09
20 16 46.44
20 17 43.00
20 18 39.179
20 19 36.78
20 20 33.95
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APPFNDIX C

TABLE 3
An M-Order-Statistic Estimator

of the Parameter of a
l-Parameter lognommal Popuistion
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TABLE 3

AN M-ORDER STATISTIC ESTIMATOR
OF THE PARAMETER <« CF A
1 - PARAMETER LOG-NORMAL PCPULATION

(1)(2) (3) (4) (5) (6) (7) (e)
N M Kl K2 K3 K& KS VAR OF EST/g2
2 1 =1.77245 2.14159
2 2 -0.88623 0.88623 0.57080
3 1 -1.18164 0.78116
3 3 -0.59082 0. 0.59082 0.27548
4 1 =0.97146 0.4€405
4 3 -0.72431 -=0.18321 0.67337 0.28634%
4 4 -0.45394 -0.11018 0.11018 0.45394 0.18005
$§ 1 =0.85987 0.33090
S 2 -0.92129 0.14430 0.32670
S 3 =-0.92129 0.14430 O. 0.32670
S 4 =-0.53069 -0.19686 O. 0.57649 0.18976
5 5 =-0.37238 -0.13521 0. 0.12521 0.37238 0.13332
6 1 =-0.78914 0.25901
6 2 =-0.78426 -0.00963 0.25900
6 3 -0.70182 -0.31285 0.44716 0.23263
6 & =-0.55840 -0.24613 -0.08212 0.58492 0.18553
6 5 =-0.42271 -0.18507 =0.05910 0.05384 0.50302 0.14063
6 6 -0.31752 =-0.13856 =-0.04321 0.04321 0.13856

0.31752 0.1C570
7 1 =0.73955 0.21435
7 2 -=-0.67914 -0.10785 0.21249
7T 3 -0.64365 -0.31820 0.31562 0.2C189
7 4 -0.64365 =-0.31820 0.31562 0. 0.2C189
T 5 =0.44748 -0.21855 =0.10506 0. C.5%4533 0.14080
7 6 =-0.35330 =-0.17205 -0.08064 0. 0.07604

0.44457 0.11124¢
7 7T -0.27781 =-0.13510 =-0.06246 0. 0.06246

0.13510 0.27781 0.08750
8 1 -=0,70244 0.18400
8 2 -0.59891 -0.1729¢4 0.17951
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TABLE 3

AN M-ORDER STATISTIC ESTIMATCOR

(1)(2) (3) (4) (5) (¢) (7) (8)
N M Kl K2 K3 K& KS VAR OF EST/G 2
8 3 -0.58510 -0.30996 0.20538 0.17565
8 4 =-0.53084 -0.27983 -0.15790 0.45137 0.15961
8 5 =0.45308 =-0.23757 =-0.13293 -0.04661 0.53916 0.12637
8 6 -0.37391 =-0.19592 -0.10866 =0.02655 0.031C9

0.50554 0.11262
8 7 -0.30468 =-0.15941 -0.08802 -0.02878 0.02721

0.08554 0.39872 0.05180
8 8 =0.24759 =0.12945 =-0.07131 =0.02296 0.02296

0.07131 0.12945 0.24759 0.07461
9 1 =-0.67339 0.1€205
9 2 -0.53667 =0.21778 0.15527
9 3 =-0.53232 -0.29643 0.11691 0.15415
9 4 =-0.50071 =-0.27787 =-0.17230 0.36853 0.14518
9 S5 -0.50071 -0.27787 =-0.17230 0.36853 O. 0.14518
9 6 =-0.38247 -~-0.21125 =-0.12953 -0.C¢538 0.

0.52105 0.11106
9 T =0.32170 =-0.17746 -0.10845 -0.05335 0.

0.04809 0.466171 0.06345
9 8 =-0.26858 =-0.14804 <-0.09029 -0.04366 0.

0.04208 0.08834 0.36194 0.07804

0.03597 0.07510 0.12327 0.22373 0.0€6502
10 1 -0.64988 0.14543
10 2 -0.48735 -=0.24975 0.13686
10 4 -0.46878 =-0.27051 =-0.17843 0.290C80 0.13182
10 5 =-0.43115 =-0.24826 -0.163C4 -0.09569 0.44795 0.12133
10 6 -0.38207 =-0.21965 =-0.14376 -0.02358 -0.030C8

0.51143 0.1C757
10 7 -0.33068 =-0.18989 =-0.12398 -0.07157 =-0.02478

0.01999 0.49842 0.0631¢

OF THE PARAMETER < CF A
- PARAMETER LOG-NORMAL PCPULATION

45



GRE/MATH/64-8

TABLE 3

AN M-0ORDER STATISTIC ESTIMATOR
OF THE PARAMETER < CF A
1 = PARAMETER LOG=NORMAL PCPULATICN

(1)(2) (3) (4) (5) (€) (7) (e)

N M K1l K2 K3 K4 KS VAR OF EST/g2
10 8 <-0.28276 =0.16225 <-0.10575 =0.0€075 <-0.C2044

0.01835 0.057s3 0.43244 0.07966
10 9 -0.24063 -0.138C1 =-0.08986 =0.0%5145 -=0.01697

0.01633 0.05057 0.08826 0.23180 0.06781
1C 10 -0.20438 =-0.11719 =-0.07626 =-0.04358 <=0.01422

0.01422 0.04358 0.07626 0.11719 0.20438 0.05760
11 1 -0.63034 0.13241
11 2 =0.44747 =0.27320 0.12247
11 3 <-0.44748 =0,26676 =0.00936 0.12247
11 4 =0.43789 =0.26060 =0.17960 0.22148 0.11993
11 5 -0.41257 -0.24512 -0.16842 -0.1C855 0.39004 0.11307
11 6 =0.41257 =0.24512 -0.16842 -0.1C855 0.35004

0. 0.11307
11 7 -0.33328 -0.19756 =0.13514 -0.08619 =-0.04463

0. 0.50305 0.05142
11 8 =-0.29129 =-0.17255 =0.11787 =0.07491 -0.03784

0. 0.03290 0.47240 0.07992
11 9 -0.25258 =-0.14955 =0.10206 =-0.0€é471 =-0.03209

0. 0.02989 0.06246 0.4C258 0.0€931
11 10 -0.21831 =-0.12922 -0.08813 -=0.05579 <=0.02733

0. 0.02664 0.05507 0.08678 0.30663 0.05991
11 11 -0.18834 =-0.11146 -0.07599 -0.04806 =-0.02338

0. 0.02338 0.04806 0.07599 0.11146

0.18834 0.05169
12 1 -0.61 79 0.12193
12 2 -0.41462 =-0.29083 0.11097
12 3 -0.41408 =-0.25299 -=0.05437 0.11077
12 4 =-0.40927 -0.24976 =0.17789 0.1€111 0.1C954
12 5 -0.39254 -0.23924 -0.17001 -0.11653 0.33249 0.1C512
12 6 =-0.36504 -0.22223 <-0.15763 <-0.10760 =-0.06433

0.44352 0.05780
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TABLE 3

AN M-ORDER STATISTIC ESTIMATOR

(1)(2) (3) (4) (5) (6) (7) (e)
N M K1l K2 K3 K& KS VAR OF EST/g2
12 7 =0.33109 =-0.20140 =0.14263 =-0.05705 =-C.05752
-0.02104 0.49286 0.08874
12 8 =0.29516 =0.17943 =-0.12693 =-0.08615 =-0.05071
-0.01790 0.01385 0.48979 0.07913
12 9 =-0.26040 =-0.15823 =0.11184¢ =0.07576 =0.04436
-0.01523 0.01308 0.0417C 0.44721 0.06982
12 10 -0.22850 =-0.13880 =-0.09805 =-0.06634 =-0.03870
-0.01301 0.01204 0.03748 0.06447 0.37655 0.0¢127
12 11 -0.20003 =0.12148 =-0.085768 =0.05799 =0.03374
-0.01118 0.01087 0.03335 0.05738 0.08462
0.28529 0.05364
12 12 -0.17480 =-0.10615 =0.07494 =-0.05063 =-0.02942
-0.00966 0.00966 0.02942 0.05063 0.07494
0.10615 0.17480 0.04688
13 1 -0.59952 0.11329
13 2 =-0.38713 =-0.304323 0.1C157
13 3 -0.38544 -0.24037 -0.09092 0.1C105
13 4 -0.38331 -0.23886 =-0.17454 0.1C907 0.1C053
13 5 =-0.37248 =-0.23187 =-0.16916 =-0.12110 0.27807 0.05773
13 6 =-0.35235 =-0.21915 =-0.15964 =-0.11395 =0.07480
0.40013 0.06249
13 7 -0.35235 =-0.21915 =0.15964 =-0.11395 =-0.07480
0.40013 0. 0.05249
13 8 -0.29534 =-0.18345 =-0.13335 =-0.05478 =-0.06160
13 9 =-0.26474 =-0.16437 =0.11939 =0.08474 =-0.05488
-0.02822 0. 0.02382 0.47203 0.06954
13 10 -0.23557 =0.14622 =-0.10615 =0.07526 =-0.04862
-0.02454 0. 0.02218 0.04646 0.42373 0.06189

OF THE PARAMETER © CF A
- PARAMETER LOG-NGRMAL PCPULATION
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TABLE 3

AN M-0ORDER STATISTIC ESTIMATCR
OF THE PARAMETER < (F A

(11¢2) (3) (4) (5) (€ ) (7) (8)
N M Kl K2 K3 K4 KS VAR OF EST/g:
13 11 -0.208 2 -0.12959 -0.09404 -0.0%662 =0.04296
-0.02138 O. 0.02030 0.04195 0.065C4
0.35375 0.054806
13 12 -0.18477 -0.11465 -0.08318 -0.05889 -0.03743
-0.01870 O 0.01835 0.03760 0.05836
0.08216 0.26695 0.04855
13 13 -0.16321 =-0.10126 =-0.07346 =-0.0520C -0.03346
-0.01641 O. 0.01641 0.0234¢ 0.052CC
0.017346 0.10126 0.16321 0.04288
l4 1 -C.58707 0.1C606
14 2 -0.36379 -0.31486 0.06377
14 3 -0.36075 =-0.22862 -0.12095 0.06289
14 & -0.36001 -0.22836 -0.17034 0.C€432 0.06272
14 5 -0.35317 .,-0.22384 =-0.16677 =-0.12334 0.228C0 0.05099
14 6 -0.33862 -0.21446 -0.15959 -0.11778 -0.08221
0.35558 0.08727
14 7 -0.31765 -0.20105 -0.14947 -0.11010 -0.07657
-0.04626 0.43939 0.08189
14 8 -0.29270 -0.18517 =-0.13755 =-0.1Cl18 =-0.07014
14 9 -0.26619 -0.16833 -0.12497 -0.09181 -0.06350
-0.03781 -0.0135¢% 0.01012 0.48168 0.06865
i¢ 1C -0.23997 -0.15171 =-0.11257 -0.08263 -=0.057C4
-0.03379 -0.01178 0.00974 0.021139 0.45342 0.0¢€190
14 11 -0.21519 -0.13602 -0.10089 -0.074C1 -0.051C1
-0.03010 -0.01027 0.00Y16 0.0287S 0.04920
0.40218 0.05551
14 12 -0.19243 -0.12161 -0.09018 -0.0€612 -0.04552
-0.02678 -0.00899 0.00848 0.02617 0.04467
0.06474 0.33366 0.04964

- PARAMETER LUG-NORMAL PCPULATION
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TABLE 3

AN M-ORDER STATISTIC ESTIMATOR
OF THE PARAMETER <« CF A
1 -~ PARAMETER LOG-NORMAL PCPULATICN

(1)(2) (3) (4) (5) (€) (7) (€)
N WM Kl K2 K3 K4 K5 VAR GOF EST /<
14 13 -0.17182 -0.10858 =-0.08GC50 -0.0%900 -0.040¢0
-0.02383 -0.007651 0.00774 0.02363 0.04031
0.0585¢ 0.07959 0.25101 0.04433
l4 14 -0.1531¢6 -0.09¢78 =-0.07175 -0.0%258 -0.03616
-0.02121 -0.00699 0.00699 0.02121 0.03616
0.05258 0.0717¢ 0.09678 0.15316 0.03651
15 1 =0.57607 0.06990
15 2 =-0.34374 -0.32317 U.08719
15 3 -0.33920 -0.21857 -0.14586 0.0E596
15 4 -0633917 -0.21845 =0.,16574 0.02582 0.08593
15 5 -0.33501 -0.21564 -0.16346 -0.12398 0.18263 0.0€¢90
15 6 =-0.32461 -0.20881 -0.15814 <~-0.11975 -0.08732
0.3119¢2 0.08229
15 7 -0.30840 -0.19828 =-0.150C04 -0.11346 -0.08250
-0.05473 0.40527 0.0782C
15 8 -0.3C840 -0.19828 -0.150C4 -0.11346 -0.08250
-0.05473 0.40527 0. 0.07820
15 9 -0.26535 -0.17046 -0.12883 -0.06722 -0.07040
~0.04627 -0.024¢4 O. 0.47892 0.0¢751
15 10 -0.24210 =-0.15549 -0.11747 -0.CP857 -0.064C5
15 11 -0.21947 -0.14092 -0G.10643 -0.0°P020 -C.057S3
-0.03784 =0.01935 0. 0.01704 0.03587
0.43507 0.0£568
15 12 -0.19817 =0.12723 -0.096C6 -0.C7236 -0.05222
-0.034C4 =-0.01716 0. 0.C15889 C.03295
0.05C67 0.38254 0.05020
15 13 -0.1785%6 =-0.11463 -0.08653 =~-0.C€51€6 -0.04659
-0.03059 =-0.01%25 O. 0.01466 0.03007
0.04625 0.06369¢ C.31585 0.04531
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TABLE 3

AN M-ORDER STATISTIC ESTIMATOR
OF THE PARAMETER <« CF A

l = PARAMETER LOG-NORMAL PCPULATICN

(1)(2) (3) (4) (5) (€) (7) (RE
N M K1 K2 K3 K4 K5 VAR CLF EST/g 2
15 14 -0.16069 -0.1C315 -0.07786 -0.0%861 -0.04225
0.04200 0.05819 0.07704 0.22701 0.04077
15 15 -0.164436 -0.09266 -0.06994 -0.05265 -0.03764
-0.02466 -0.01215 O. C.C1215 0.02466
0.0376G4 0.05265 0.06994 0.06266 0.14436 0.02663
16 1 -0.56625 0.06459
16 2 -0.32632 -0.32982 0.08157
16 3 =-0.32055 =-0.20922 -0.166175 0.0€g001
16 4 -0432055 -0.20923 -0.16102 -0.0C742 0.0€0C01
16 5 -=0.31814¢ -0.20756 -0.15963 -0.12355 0.14188% 0.07943
16 6 -0.31081 =-0.20267 -0.15576 -0.12C41 -0.09069
0.27028 0.07762
16 7 -0.29838 -0.19448 -0.14936 -0.11533 =-0.08670
-0.06116 0.36953 0.07453
16 8 -0.29187 -0.18364 -0.14096 -0.1C874 -0.08160
-0.05737 -0.034S0 0.43578 0.07042
16 9 -0.26271 =-0.1711' =0.13127 -0.1C'19 -0.07583
-0.05315 -0.03209 -0.011ly7 0.4€958 0.0€6564
16 1C -0.24235 -0.15781 -0.12102 ~-0.0S323 -0.06978
-0.04879 -0.02928 =0.01060 0.00770 047452 0.0€056
16 11 -0.22192 -0.l14448 -0.11077 -0.08529 -0.06377
-0.04451 -0.02657 -0.00938 0.00751 0.C2445
0.45549 0.05546
16 12 -0.20223 -0.131¢4 -0.1009C -0.07766 =-0.058C3
-0.04043 -0.02404 <-0.,0C33: 0.0C717 0.G2275
0.03877 0.41747 0.05055
16 13 -0.18374 -0.11959 -0.09165 -0.07C52 -0.052¢6
-0.03665 -0.02172 -0.00738 0.0C675 0.021C0
0.03572 0.05131 0.36465 0.04593
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TABLE 3

AN M—ORDER STATISTIC ESTIMATCR
OF THE PARAMETER < CF A
1 - PARAMETER LOG-NORMAL PCPULATICN

(1) (2) (3) {4) {5} (€) (7) (€)
N M Kl K2 K3 K4 KS VAR OF EST/¢?
l6 14 -0.16666 =-0.1C846 -0.08311 -0.C¢€393 =-0.04773
0.03274 0.0417C7 0.06285 0.265996 0.04166
16 15 -0.15100 -0.09826 -0.07529 -0.N®791 -0.04322
-0.03003 =-0.01773 -0.00589 0.00579 0.01761
0.0298E8 0.04299 0.05753 0.07455 0.22461 0.03774
16 16 -0.13659 -0.08888 -~-0.06810 -0.0237 -0.039C8
-0.02715 -0.01¢601 =-0.00529 0.0C5269 0.0160C1
0.02715 0.03908 0.05237 0.C¢81C 0.08¢e8s8
0.13659 0.02414
17 1 =-0.55743 0.0€894v7
17 2 =-0.31104 -=0.33517 0.075672
7 3 -=0.304C03 -0.20075 -0.l1l844] 0.07487
17 &4 -0.30387 -0.20070 -0.15634 -0.02623 0.07482
17 5 =0.30259 =-0.16978 =0.15555 =0.12241 0.10534 0.07452
17 6 =-0.29750 =-0.19634 -0.15278 =-0.12012 -G.09279
17 7 -C.288C6¢ -0.190C3 -C.14779 -0.11609 -0.086G54
-0.06599 0.333¢7 0.01C97
17 8 =-0.27479 -0.18121 -0.14086 =-0.11056 -0.08516
-0.06260 -0.04181 0.40768 0.Ge771
17 9 =GC.27479 -0.18121 =-0.14086 =-0.11C5¢ -0.08516
-0.06260 =-0.04181 0.40768 C. 0.0¢771
17 1C -0.24107 -0.15889 =-0.12342 =-0.C%675 =-0.07437
-0.05445 -0,03605 =-0.0193% O 0.47C54 0.05942
17 11 -0.22283 -=-0.14685 -0.11403 -0.08935 -0,064863
-0.05%018 =-0.03311 -0.01741 O. 0.014CH5
0.46590 0.0L4v9>
17 12 -0.20482 -0.13465 -0.10478 -0.08207 -0.0613C0
-0.,064600 -0.03027 =0.01564 0. 0.013456
0.02851 0.44110 0.05C4Yy
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TABLE 3

AN M-ORDER STATISTIC ESTIMATOR

(1)(2) {3) (4) (5) (6) (7) (e)
N M Kl K2 K3 K4 KS VAR OF EST/¢2
17 13 -0.18755 -0.12356 -0.09592 -0.,07511 -0.05763
-0.04204 -0.02761 =-0.01406 . 0.01273
0.02652 0.04060 0.40086 0.04624
17 14 -0.17135 -0.11288 -0.08761 -0.0£859 -0.05261
-0.03835 =-0.02514 -0.01266 C. 0.01191
0.02453 0.03753 0.05140 0.34835 0.04224
17 15 -0.15623 =-0.10298 <-0.07992 -0.0€256 =-0.04797
0.02259 0.03455 0.04737 0.Cel58 0.28570 0.02854
17 16 =0.14248 =0.09385 =0.07284 -0.05701 <-0.04370
-0.03183 -0.02082 -0.010133 0. 0.01GC21
0.02072 0.03169 0.04350 0.0%666 0.07216
0.21355 0.03513
17 17 -0.12966 =-0.08541 -0.06628 -0.05187 -0.03976
-0.02895 -0.01893 -0.00936 0. 0.00936
0.01893 0.02895 0.03976 0.05187 0.06628
18 1 -0.54944 0.08590
18 2 -0.29752 -0.33953 0.07249
18 3 -0.28938 =-0.193C7 -0.19948 0.07038
18 4 -0.28891 -0.19283 -0.15179 =-0.06132 0.0702%
18 5 -0.28831 -0.19238 =-0.15139 -0.12080 0.07270 0.07012
18 ¢ -0.28486 -0.19001 -0.14946 -0.11617 -0.093S3
0.19508 0.0€929
18 7 -0.27775 -0.18520 -0.14561 -0.11601 -0.09134
18 8 -0.26715 -0.178C8 -0.13995 =-0.11143 -0.08764
-0.06660 -0.04730 0.37850 0.0€6500
18 6 -0.2538C -0.,16913 -0.13287 -0.1C574 -0.08308
-0.06303 -0.04463 -~0.02727 0.42268 0.0¢€176
18 10 -0.23860 -0.15897 -0.12485 -0.06931 -0.07767
-0.05907 -0.04171 -0.02531 -0.07950 0.46181 0.0586G7

OF THE PARAMETER < CF A
= PARAMETER LOG-NORMAL PCPULATICN
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TABLE 3

AN M-ORDER STATISTIC ESTIMATOR
OF THE PARAMETER ¢ CF A
1l = PARAMETER LOG-NORMAL PCPULATION

(1)(2) (3) () (5) (¢) (7" (8)

N M Kl K2 K3 K& KS VAR OF EST/c2
18 11 =0.22246 =-0.14819 -0.11636 -0.08252 -0.07259
-0.05493 -0.03869 -0.02334 -0.0C852 0.006C5
0.46831 0.05415
18 12 =-0.20613 =-0.13729 -0.10778 -0.08567 -0.06718
-0.05079 =-0.03571 -0.02144 -0.0C76« 0.00595
0.01956 0.45547 0.05018
‘8 13 -0. l9016 '00‘266‘0 -00099‘0 ‘0007899 -0006‘92
-0.04678 -0.03283 -).01963 -0.0C685 0.00575
0.01840 0.03132 0.426177 0.04629
18 14 =-0.17491 <-0.11648 -0,09141 -0,.,07263 =0.05691
-0.04297 -0.03012 -0.01795 -=0.0C¢lé6 0.00548
0.01719 0.02918 0.04170 0.38529 0.04258
18 15 -0.16059 =-0.10653 =-0.08391 -0.0€666 =-0.05222
-0.03941 -0.02760 -0.01641 =-0.0€£556 0.00517
0.01598 0.02707 0.03868 0.05114 0033347 0.03909
18 16 =-0.14727 -0.098C6 <-0.07695 -0.C¢112 -0.04787
-0.03611 =-0.02527 -0.01499 -0.0C502 0.00484
0.01478 0.02501 0.03576 0.04734 C.06023
0.27283 0.03585
18 17 -0.1349¢ -0.08$85 =-0.07050 -0.05599 -0.04385
-0.03307 =-0.02313 =-0.01371 =0.00456 0.00450
0.01363 0.02304 0.03295 0.04366 0.05568
0.06988 0.20361 0.0328%5
18 18 -0.12345 -0.,08220 =-0.06449 -0.05122 =0.04011
-0.03025 =-0.02115 =-0.01252 -0.CC415 0.00415
0.01252 0.02115 0.03025 0.04011 0.05122
0.06449 0.08220 0.12345 0.03006
19 2 -0.28548 -0.34308 0.0¢877
19 3 -0.27632 -0.18607 -=0.21243 0.06644
19 4 =-0.27545 -0.18558 =-0.14743 -0.08328 0.06621
19 5 -0.27523 -0.18541 -0.14727 -0.1189C 0.04351 0.0€616
19 6 =-0.27295 =-0.18382 =-0.14595 =0.11777 =0.09437
0.16175 0.06562
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(1¥(2)

N

19

19

19

19

19

19

19

19

19

19

19

[

7

D

10

11

12

13

14

16

17

(3)
Kl

°00267b‘0
-0.07210

-0.25924
-0006959

-0.24819

-0024819
-0.06642

-0.22103
-0.05887
0.46373

-0.20635%
-0.05486
0.01126

-0.19170
0.01088

-00177‘06
’0.0‘0705
0.01039

-0016391
°000103‘02
0.00984

-0.15116
-0.04001
0.00925
0.31985

-0.139217
-0.0368¢%
0.00864
0.05884

AN M-0OROER STATISTIC ESTIMATCOR
OF THE PARAMETER

TABLE 3

< CF A

-~ PARAMETER LOG-NORMAL PCPULATICN

(4)
K?

-0.18019
0.265C1

-0.17448

-0.16701
—000"917

-0.16701
-0004917

-0014868
‘O 00‘03‘02

-0.13878
0.4622°8

-0.03743
0.02318

-0.11933
-0.03458
0.02178

-0.11021
~0.03188
0.02035

-0.1C163
0.01895

-0.093¢64
-0.02702
0.01758
0.26115

(5)

K3

-0.14301

~-0.13843
0.34843

-0.13246
-0.03299

-0.13246
’0003299

"0. 1 1787
-0.02889

-0.1.000
~0.0c680

-0.10217
0.464414

-0009456
-0.02282
0.03326

-0.08732
-0.02100
0.03106

-0.080%:2
-0.01932
0.02889

-C.07418
-0.01776
0.02679

(6)
K4

-0.11533

-0.11158

-0.1C672
0.4C941

0.4CG941

-0-09489
-0.01562

-0.08853
-0.01420

-0.0822C
-0.01290

-0.01173
0.41282

-0.07C2¢4
-0.01067
0.04229

0.07936

~-0.05966
-0.0C0887
0.02652

(7)
KS

-0.09233

-0.08925

-0.08530

~-0.08530
0.

-0.07575
O.

-0.07065
O.

--0.06557
0.

O.

-0.056C0C
0.
0.370177

O.
0.05065

-0.04755
0.
0.C47C6

(e)
VAR OF EST/c2

0.06435

0.0€23%

0.0£969

0.05969

0.05317

0.04964

N0.04612

0.04270

0.03944

0.03637

0.03351
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TABLE 3

AN M-ORDER STATISTIC ESTIMATOR
OF THE PARAMETER << CF A

(1e2)

N M K1l K2 K3 K& K5 VAR OF EST/ =
19 18 =-0.12821 -0.08620 =0.06829 =-0.0%491 -=0.04376
-0.03390 -0.02486 =-0.01633 -0.0C812 0.
0.0080¢ 0.01626 0.02¢78 0.02379 0.04359
0.05462 0.06771 019463 0.02085
19 19 -0.11785 =-0.07923 -0.06277 -0.05047 -0.04022
-0.03116 -0.02284 -0.01500 -0.0€C743 0.
0.00743 0.01500 0.02284 0.02116 0.04022
0.05047 0.06277 0.07923 0.11785 0.02836
20 1 -0.53548 0.07605
20 2 -0021‘68 "0.3’0601 0.065107
20 3 <=0.2646]1 =-0.17969 <=0.22364 0.0¢8294
20 & -0.26328 -0.17889 <-0.14327 -0.1C259 0.06260
20 5 <=0.26324 =-0.17886 =-0.14324 -0.11682 0.01737 0.0€260
20 6 =-0.26179 =-0.17783 -0.14237 -0.1'607 -0.0943C
0.13116 0.0€226
20 7 -0.25787 =-0.17513 -0.14016 -C.11421 -0.09272
20 8 -0.25125 =-0.17059 =-0.13646 -0.1111¢ -0.09019
-0.07178 -0.05503 0.31855 0.05977
20 9 -0.24217 -0.16438 -0.13148 -0.,1C705 -0.08679
-0.06901 -0.05281 -0.03769 0.38453 0.05761
20 10 -0.23113 -0.15687 -0.12544 -0.1C209 -0.08273
-0.06572 -0.05022 =-0.03573 -0.0?191 0.43002 0.05500
20 11 -0.21877 =-0.14845 =-0.11869 -0.06657 =-0.07822
-0.06208 =-0.04738 -0.03362 -0.02C48 -0.00773
0.45558 0.05206
20 12 -0.20566 -0.13954 -0.11154 -0.09073 -0.07346
-0.05827 =-0.04442 -0.03145 -0.01905 -0.00701
0.00487 0.46294 0.04894

(3)

= PARAMETER LOG-NORMAL PCPULATION

(4)

(5)
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TABLE 3

AN M-ORDER STATISTIC ESTIMATCR
OF THE PARAMETER ¢ (F A
1 - PARAMETER LOG-NNRMAL PTPULATICN

(1)(2) (3) (4) (5) (€) (7) (e)
N M 1 <2 K3 K4 K5 VAR JF EST/:
20 13 -0.19231 =-0.13047 -0.10428 =-0.00481 =-0.06564
~0.05442 =-0.04144 -0.02928 =-0.01766 =-0.00635
0.00482  0.01599  0.45440 0.04577
20 14 -0.17913 =-0.12151 -0.09711 =0.C7896¢ -0.06389
-0.05063 =-0.03853 -0.02718 -0.01632 =-0.00575
0.00470  0.01517 0.02582  0.42245 0.04263
20 15 -C.16638 -C.11286 =0.09019 -0.07332 =-0.05932
-0.04699 =-0.03573 =-0.02518 =0(.01507 =0.0C%22
0.00452  0.01431 0.02427 0.C2457  0.39941  0.03960
20 16 =~0.15425 -0.10462 =-0.08360 =-0.CE£79¢ -0.05497
-0.04353 -0.03309 =-0.02329 -C.01390 -C.00475
0.006431  0.01342 0.02272 0.C3235 0.04252
0.35723 0.03671
20 17 -0.14283 -0.09687 =-0.07740 =-0.C€292 =-0.05088
-0.04029 -0.03061 =-0.02152 =-0.01282 =0.00433
0.00428  0.01255 0.02120  0.02Cl8  0.03970
0.C49%9  0.30734 0.03399
20 18 -0.13214 =-0.08962 =-0.U7161 =-0.0532C =-0.C47C6
-0.03726 -0.02830 =-0.01989 -0.01183 -0.00356
0.00384  0.01169 0.01973  0.02809  0.C36i6
0.04661  0.05745  0.2505C 0.03145
20 19 -0.12216 -0.08285 =0.06619 =0,0538C =0.04350
-0.03443 -0.02615 =-0.01837 -0.01C91 =-0.CC3¢3
0.00359  0.0i086 0.01H431  0.02607 0.03433
0.04334  0.05353  0.06566  0.1B€47 0.02508
20 20 -0.11276 -0.07648 =-0.06110 =-0.04966 =0.040:5
-0.03178 =-0.02413 -0.01695 =-0.C1C06 =0.0C334
0.00334  0.01006 0.0:095 0.07413  0.03178
0.04015 0.04966  0.06110 0.07648 0.11276  0.02684
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