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ABSTRACT

THE NATURE OF BUCKLING IN THIN SPHERICAL SHELLS

by Lynn Seaman

The report deals with a numbr of questions concerning the buckling
of thin elastic spherical shell segments unier uniform external presswure.
Both experimental end analytical studies wece performed to determine the
nature of the buckling phenomenon.

The experimental work was performed on plastic shells which buck-
led elastically so that tests could be repeated. The size and position
of the buckle or dimple, effect of creep on buckling loads; importance
of the precision of clamping conditions, and the reproducibiliiy of
buckling loads under unchanged conditions were determined. A general
discussion was given of the shape of the load-deflection curve, the
appearance of the buckle through the post-buckling range and the
dependence of buckling pressures, unbuckling pressures and minimun
pressures on the shape parameter A . No correlation was possible
between the observed imperfections and the buckling loads.

In the analysis, the nonlinear equation for tectal potential
energy was derived for deep shell investigations. A formula for
deflected shape, which was similar to that seen in the tests, was
used to determine esquilibrium positions for a number of shell con-
figurations. Besides the usual shape parameter A , a depth measure
was also necessary since the shells were not shallowe. The equilibrium
positions were plotted into load~center deflection, load-average de-
flection, and energy-deflection curves. Computed buckling loads were
much too high, probably due to neglecting the mode shapes which are
small surface undulations which occur in the shell before buckling.
The equation developed is adequate in the range near buckling but needs
improvement for use in the large deflection range.

The experimental buckling loads were in a fairly narrow band midst
those of other investigators. The repeatability of the tests added
greatly to the value of the resuits. Analytical buckling loads were
higher than previous results, and far above the test results.




ACKNOWLEDGEMENT

M.I.T Computation Center for machine time on the I.B.M. 7090 to
complete the analysis,
Submitted in Partial Fulfillment of the Requirements for the Degree

of Doctor of Sc! nce at the Massachusetts Institute of Technology.




ABSTRACT ¢ & © o & o 0 *» o

ACKNOWLEDGEMENT

® & o o o

TABLE OF CONTENRTS . . «

CHAPTER 1
CHAFZER 2
CHAPTER 3
CHAPTER 4

CHAPTER 5

INTRODUCTION .
NOTATION . .

TABLE

OF CONTENTS

HiSTORY OF THE PROBLEM

EXPERIMENTAL STUDY . .

A Introduction

B Preparatory Corsiderations
ShellFonniI‘g. o o o o &
Shell Shape Determination

Creep Effcr

C Testing . .
Test App
Test Pro

D Experiment.
General !
Bucui!l{; 2

ANALYTICAL STUDY

Introduction

Solution

M o O W -

*

.

tus
UIOS o ¢ ¢ ¢ ¢ o

Derivation of >

-

. on Buckling
Modulus D¢ :rmination . «

Results
icussion
w“36e8s
Effects of Irperfections
Comparison :r: h Other Work

® & & o o
s« & & o o o
L]

® o e o 0

¢ & @ o o

® © o & o o
s o

.

¢ & 8 & © o o o

Anzxlytical Results

e & S o o o

Aons ¢ o &

Deflected Shape . .

s & o & © o

® e & o * ¢ o o & o o

® & o o o

*® & & & o

¢ o & & o

e & ¢ o 2

s @& ¢ & °

® o o & 2

S8 BuR8s

®e o o ¢ o

BRVE &

gmﬂmmo\
D W -




CHAPTER 6
CEAPTER 7
CHAPTER 8

FIm e ® & & & & & o o6 & o+ o .

AFPFENDICES:

A
B
C
D
E

BIBLIOGRAPHY

BIOGRAPHY

SUMMARY AND COMCLUSIONS . . . .
SUGGESTIONS FOR FURTHER STUDY .

5 €6 o 3 * o 6 9 &

ENERGY EQUATION

MODULUS AND CREEP COBFFICIENT

e

EXPERIMENTAL RESULTS . « + «

ANALYTICAL RBSULTS , ., ., , . .

118
127
13
140
141




CHAPTER 1 INTRODUCTION

With the increased us2 of shell type structures in architecture,
space exploration, and other projects, much interest has been evinced
in the determination of the collapse or buckling loads of these
structures. This report treats the buckiing of thin elastic spherical
shell segments under thz sction of uniform external pressure,

The object was to define the nature of the buckling phenomenon.
This included the buckling load, shape of the load-deflection curve,
the effect of imperfections and testing conditions, and the size and
shape of the dimple which forms. Besides the buckling load (qcr),
other pressures of interest were the load to which the shell jumped

~at buckling (q;), the load to which 1t jumped at unbuckling (qun)’
and the minimum post buckling pressure (qmin)° A further purpose

was to find out if there was a difference between buckling loads
obtained from tests with displacement control and those obtained from
tests with pressure contrcl,

In the analytic=i study the object was to derive equilibrium
equations for the symmetrical deformations of deep shells and to use
these equations for buckling. The attempt was to find a deflected
shape andbuckling loads and to determine whether the equations were
adeguate. With a series of equilibrium positions, load-deflection
curves could be constructed and compared with test results.

The relevant literature was reviewed in search of clues to the

most successful approach to the problem. G. A. Thuraton, B. Budiansky,
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and others have investigated analytically the shape of the load-center
deflection and/or load-average deflection curves and buckling loads.
B. Budiansky and W, L. Chen have initiated the discovery of the
importance of imperfections on buckling loads. A. Kaplan and Y. C. Fung
have provided experimental knowledge about deflected shape as well as
buckling loads. T. von Karman and H. S. Tsien have suggested energy
criteria for buckling which contrast with a definition of buckling
pressuve a8 the first maximum point on the load-displacement curve.

The experiments were conducted on thin plastic shell segments with
depth to span ratios from 1/500 to 1/11. For the shells A, the
shape parameter, ranged from 3.5 to 25, A function of both the thick
ness to radius ratio and shell depth, this parameter has been found to

govern all shallow shell buckling phenomcpa.

A= J//Z//—y’);ﬁf:.smo( (1-1)

where a is the shell radius, h 1is thickness, 2nd X is one half the
opening angle of the shell.

Most of the tests were conducted by displacement control using
water pressure above and below the shell. These tests provided a
complete load-deflection curve from no load into the pust-buckling range
and back to zero load. A few tests were run with an approximation to
pressure control, 1In all cases the shells behaved elastically and the
tests could be repeated. Besides those topics mentioned above, the
study included the effect of buckle position and creep on the buckling

load and the variation of the pressures q _, qz, ., and g with A,
cr un min




The results were used to check the possible validity of the energy
criterion. In all this study the reproducibility of the tests was
very helpful, permitting even an estimate of the importance of effecte
which have caused so much scatter in test results.

Analytically, equilibrium positions were determined by the principle
of minimum potential energy. The energy equation wa3s derived with the
aid of an order of magnitude analysis and applied to finding buckling
loads for a number of configurations like the shells tested.

The experimental work is presented in Chapter 4 and the analytical
study in Chapter §. The results from these two portions are brought

together in the Summary, Chapter 6, and compared.
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CHAPTER 2 NOTATION

shell radius
angle defining edge of shell, see Fig. 1

variable defining buckle extent

/27, o%) ., /4 . . .
4-ﬂ7'&’) 77 ratio of extensional to bending
stiffness

linear and nonlinear components of deflection used
in an example
modulus of elasticity

modulus at one minute after loading

EZO'EXI’EIOlEOI szx 'E12’E02 ‘EOB’E04

£

Eer

€ 1625,
3

23, €r2
€ s &23

€11, €23, €33,

coefficients of energy terms defined by Eq. (5-28)

strain

strain at buckling

strain in @, 6, Z directions or X, Y, 2 directions

shear strain between ¢ and Z directions or X and 2
directions

shear strain between Y and Z, X and Y directions

strains in the —niddle surface in ¢, 0 directions

€33

linear strains corresponding to é;,/ €., €3, E33
creep coefficient

thickness of shell
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ky, k3

K(t,g)

X(T,g)

[

cr)N

central height of shelil

nondimensional curvatures of the middle surface in
the @, © directions (curvature times radius)

position coordinate, see Fig. 1 ~

variation of tangential displacement through thickness

stiffness coefficients used in an example

a function of creep and the time since commencement
of loading

a function of creep and duration of loading; it
defines the effect of creep on the buckling load

A%, }/b—é- sind =¥2 ¢ sinoh, shell shape
parameter

dimensionless volume change, Eq. (5-26)

quantity assumed to be greater than 10 used to define
orders of magnitude

a constraint

Poisson's ratio, taken as 0.3 in the analysis

rotation in ¢-Z plane

q/qT, nondimensional pressure

critical or buckling pressure

nondimensional pressure to which shell jumps at
buckling and at unbuckling, respect..ely

normalized pressure, see Eq. (4-4)

total potential energy

11




neq

dimensionless form of potential energy

pressure

linear buckling pressure

pressures of minimum and maximum points on the load-
deflection curve

buckling pressure

definition of buckling pressure given by K. O. Friedricks

upper buckling pressure as defined by H. S. Tsien
pressure to which shell jumps at buckling
normalized buckling pressure, see Eq. (4-4)
dimensionless pressure, see Eq. (5-26)

radius of shell segment in plan

shell surface

stress

stress in @, ©, Z directions

critical stress

normalized critical stress

time from beginning of loading

-
e 8

variable of integration used in Eq. (4-3)

time from beginning cf loading to buckling
deflection tangential tc middle surface
nondimensional deflection of middle surface tangen-

tial to the middle surface (deflection/radius)

i2
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S

strain energy

extensional and bending components of strain energy

dimensionless strain energy terms, see Eq. (5-26)

position coordinate, see Fig. 1

displacement component in Y direction

volume

deflection normal to the middle surface

nondimensional deflection ¢f the middle surface normal
to the middle surface (deflection/radius), or
displacement in the Z direction

nondimensional linear deflection

nondimensional depth of buckle at apex of shell
(depth/radius)

work of the external forces

variation ¢f normal displacement through the shell
thickness

rectangular coordinates

surface loads in the coordinate directions

position coordinate, see Fig. 1
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CHAPTER 3 HISTORY OF THE PROBLEM

The first attempts to solve the buckling problem dealt with the
linearized equations and assumed that buckling occurred when two
adjacent equilibrium positions could be found for the same load. The
solution ¢f the case with axisy.metric deformations was given by

1)

R. Zoelly( in 1915. This derivation can be seen in Timoshenko: The

2
Theory of Elastic Stability( ). The critical pressure is given as

. _2& /h) (3-1)
fr = /e (7)
(3)

A. Van der Neut later showed that unsymmetric buckling modes did

not yield a lower critical value. Hence the linear buckling load for
a complete spherical shell was established and served to define the
important parameters in the problem. However, experimental buckling
loads were generally i to 4 of this linear value so other criteria and
methods of analyses were tried on the problem.

An important idea was the suggestion that the shell could jump
fiom one position on the load-displacement curve to a position with
lower or equal total potential energy if one were available. (A
possible curve of pressure versus deflection is shown in Fig. 2.)

(4

T. von Karman and H. S. Tsien announced the notion of an energy

criterion by defining qcr = q For the critical load, K. O. Friedrichs(s)

nin’
suggested qm, the pressure at a point on the initial part of the curve

which had the same energy level as a point on the post buckling curve.

14




T. von Karman and H. S. Tsien, K. M. Mushtari(e), and V. I.

(7)

Feodosev were investigators who used the epergy or minimum load

criterion that q = q Friedrichs used his criterion q__ = q_.

min m

All five used an energy method of analysis and 211 except Friedrichs
analyzed a small segment of the dome as an isolated piece. Von Karman
and Tsien, the initial investigators, assumed that €,;, = O, among
other things, but found a Uiin of .316 Ap a goou estimate of buckling
pressures. This investigation also successfully predicted the size
of the buckle. Friedrichs discarded many of the assumptions of von
Karman and Tsien, refined the equations of equilibrium, and pointed
out certain handy mathematical techiniques which can be used on the
problem. His equations indicated that Uin could be negative, thus
showing the falsity of either his solution or the energy criterion.
It is suggested here that his neglect of the boundary conditions caused
occurrence of a negative load.

The first investigators were bothered by the edge conditions
on the small segment they analyzed. Feodosev overcame this problem
by specifying a deflected shape which cculd match the slope, shear,
and moment induced in the rest of the shell. He found a negative
value for Yin®

Mishtari, using different equations for deflected shape, and
properly applying boundary conditions, found a small positive value
for q . (28% and 16% of qT) in his two analyses. He also critically
examined the analyses of von Karman and Tsien, Friedrichs, and Feodosev

and pointed out errors in their calculations.

15




In a separate paper following Friedrich's publication, H. S. Tsien(s)
augmented the theories of von Karman and Friedrichs by proposing that

the shell should follow an energy def ection curve, rather than a load-
deflection curve. He showed tnat a negative value of 9., would be obtained
from the von Karman criterion and that an additional restriction had to
be made. Beside tie condition that the totaL potential energy must be

the seame before and after the jump, he required that either the load

must be the same (constant pressure case) or the volume: enclosed under
the shell must not change (constant volume case). In his analyses Tsien
obtained different critical ‘oads 1in the two cases, qCr for the constant
pressure case being about hal’ that for constant volume. A number of
tests performed under his direction verified his results for constant
volume and one test gave some verification for his results for constant
pressure,

The energy criteria have generally been applied only to deep shells
or to shells with o at least 40 or greater. The reason for this is that
the analyses have been performed on the region of the shell where the
dimple should form, neglecting the rest of the shel , and the total
angle of the dimple 1s 7° or 8°

These criteria predict some possible load deflection path which
15 lower than the route over the wmaximum point of the curve. The
peak of the curve and thas the buckling load may be reduced by
imperfections or clamping conditions. Since the energy criteria can

be used to find a minimum possible buckling load, the criteria should

be useful in predicting the effect of imperfect conditions.

16




The energy criteria and the analyses based on them lead to a
numbar of effects, some of which can be verified experimentally.

The criteria require the presence of adequate external energy to
produce a jump and thus it seems that buckling could occur at a range
of pressures and not be very reproducible. Presumabiy the critical
loads given in the analyses were minimum values at which Quckling

could occurand therefore test results should be equal to or above

these theoretical values. Th~ difference in buckling loads predicted
for constant volume and constant pressure tests is probably the most
significant effect and the most readily verified. It is significant
because in practical situations of buckling under wind or snow loading,
the failure is with nearly constant pressure conditions, Yet the tests
of Kaplan and Fung(g), Homewood, Brine and Jchnson(lo), aid most of the
tests of Tsien were made with volume control. If it is a fact that
buckling pressures with constant pressure tests are much lower than

for constant volume conditions, this is imporiant to know.

A number of investigators have sttempted tc solve the differential
equations of equilibrium for the shell segment and have usually considered
that the buckling load was the maximum point on the load-deflection curve.
Cylindrical coordinates have been employed and the analysis has been
restricted to fairly shallow shells (rise to span less than 1/8). The
technique used has beern to expand the dependent variables in terms of
a power series of the center deflection to thickness ratio. Then the

coefficients of the series are required to satisfy the governing

differential equations. A. Kaplan and Y. C. Fung(g), R. R. Archer(ll)

17




and H. J. Weinitschke 122!

have used variations on this method and found
it gives results near test values only for very shallow shells. It can
be pointed out from the analytical results of Weinitschke and Archer
that, with enough terms in the series, an accurate value for critical

load can be found. (That is, accurate theoretically, but not necessarily

near experimental results) Therefore, it is apparent that the deflected

shape is a series in which an extremely large number of terms 1s important.

The energy or variational approach has been used with the deflection

expanded 1n a power series. With this method the investigators have

3)

1
found results only up to A =7. G. P. R. von Willich( derived the

necessary equations and found results using only one parameter.
y

4) (15

1
¥. L. Chen( used the same technique and two parameters. A. B, Caseman

extended t he investigation to three parameters.

Chen also investigated the effect due tc various types of symmetric
imperfections such as grooves at midheight in the shell. His results
show that the effect of an imperfection may be either positive or
negative depending on the magnitude of the imprefection and the depth
of the shell. Hence a correlation between imperfections and buckling
loads is rather complex.

In dealing with shallow shells, many investigators have replaced
the spherical segment by a paraboloid with the same height and plan
dimensions. The approximation has the effect of introducing a symmetric
imperfection with a magnitude of about .002(h2/a)7\‘ at midheight on
the shell., It can be seen from the formula that the error increases

rapidly with A

18
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(16b)

H. B. Keller and E. L. Reiss have used a finite difference
approach fairly successfully in the shallow shell range to define qcr”
They also found q, and q,: the intermediate value suggested by
Friedrichs.

Four recent attempts have been eminently successful in determining
buckling loads for a large range of A. These are of p%rticular impor~-
tance since they essentially agree on critical loads. Weinitschke(lzb}
augmented his earlier power series approach by expanding the series from
both the center and edge and matching the terms at an interior point.
This decreased the convergence problem a great deal because both series
were shorter than a single series expanded about the apex, and the

7)

1
accuracy was correspondingly higher. G. A. Thurston( used a numerical

integration technique to find solutions at various points up to A= 9.

B. Budiansky<18)

transformed the governing differential equatgions into
two simultaneous integrel equations and found good results up to A= 13.
With the energy method Casem>n found results up to A= 7. Since these
four methods are essentially different from each other, yet their results
agree very well, it is reasonable to conclude that the buckling loads
for the perfect shell under symmetric deformation have been determined
in the snallow range. The buckling loads found in these analyses are
plotted in Fig. 11.

It may be mentioned that all the deflected shapes used in the

preceding analyses have been based purely on mathematical considerations,

not on the appearance of the shell surface during loading.

19




Budiansky also considered the posstbility of central imperfectiions
and found a significaut decrease in load for large imperfections. The
central imperfection is deceptive rince it implies a change in radius
as well as an axisymmetric groove at midheight. If the central height
is assumed to determine radius, then the imperfections of Chen and
Budiansky are found to be quite similar. In fact, b, the imperfection
megnitude of Chen is 3/16{€H), where £H is the error in central height
1n Budiansky's notation. The effect of simply an error in height
(and therefore in radius) can be found from the linear buckling lcad,
rewritten as follows

__En ¥
T 2Bu-v3 r?!

where r is the radius of the shell in plan and H is the central height

Qq

of the shell segment. A small change, AH, in H gives a corresponding

change in qT of

2/3(1-v*) r?

Therefcre

LAr - 244 - IHEH) . o¢ (3-2)
7r H

and £ is the nondimensional error in central height according to
Budiansky. He obtained reductions of 10% to 30% in buckling load for
£=0.05. A decrease of 10% caused merely by the change in radius
could be found from Eq. (3~2). In addition, qCr is a function of

A as well as of the variables in . and A in turn is a function of

20




Y H. Therefore a change in H should shift the curve of q.,. versus

n

A {see Fig. 11) down by —‘%ﬂ— ., and to the right by ﬁ‘%:—{- A . This
predictable effect seems to be verified by the plots of buckling
load given by Budiansky {and not reproduced herein;.

Budiansky and Weinitschke have suggested that probably the
consideration of unsymmetrical deformations will help Fo provide critical
pressures closer to experimental values. Weinitschke stated in reference
12b that the circumferential stresses which he obtained were sometimes
as high as twice the meridional stresses, thus suggesting the possibility
of nonaxisymmetric buckling. A simple linear analysis by Rabotnov(lg)
showed that buckling should occur when either of the two stresses reached
a critical value.

Extensive sets of tests have been performed by Kaplan and Fung;
Tsien; Homewood, Brine, and Johnson; and K. Kloppel and O. Jungbluth(zo).
The vuckling loads obtained by these investigators are shown in Fig.

12. Kaplan and Fung performed an essential service by carefully testing
a number of magnesium shells with A values between 4 and 10. They not
only found buckling loads, but also measured initial imperfections anu
deflected shapes as the shell approached buckling. The measurements
were plotted to show that during loading (before buckling) the shell
could form either a central dip, or a Lymmetric furrow about the shell
between center and edge, or both dip and furrow, or s>me unsymmetric

shape. Furthermore, the particular form depended on the value of A,

the more complex shapes occurring with the larger j\.
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These different defiection patterns have usually been referred to
as modes of deflection and appear quite similar to vibration modes.

) . _{16a)
Reiss, Greenberg, and Kelier

Weinitschke, and Budiansky have also
mentioned the chaunges of mode shapes. As A is varied the mode seems

to change at about A =3.2, 5.3, 8.8, 16, 25, . . . (These are equal
logarithmic steps). The first value of A is about the minimum at which
buckling occurs. Between 3.2 and 5.3 a central dip forms during loading.
Between 5.3 ard 8.8 the maximum deflection may occur in a symmetric
furrow about the shell. Beyond this point there is confusion as to
whether the mode is symmetric or unsymmetric, and the changenver

points are not well defined.

The tests of Tsien were for shells in a deeper range, fromA= 15
to 25 and the buckling loads were equal to or slightly above those of
Kaplan and Fung.

Kloppel and Jungbluth tested a large number of ribbed domes to
find the effect of stiffeners on buckling strength. Their shells
were made by welding a series of meridional and circumferential
ribs to a thin shell dome so that the structure became a composite of
thin shell and frame types. There is no theoretically predicted
buckling load for such a structure so it was assumed to be a uniform
shell with some effective thickness,

An expression which can be used for this effective thickness is

Eh* =472 5. Sg (3-3)

22




where SE 1s an average extensional stiffness (Eh for a uniform shell)

‘ 3
and S_ is the average bending stiffness (=Eh).

B 12

Kloppel and Jungbluth tried many combinations of rib sizes and
distributions yet their buckling loads were rather close together as
seen in Figure 12, Their procedure for finding an effective thickness
(which is similar to Eq. 3-3) was somewhat validated by this lack of
dispersion. Tests were performed under air pressure so that when failure
occurred it was sudden and complete., Many of the specimens exhibited
local failure before the snap-through tock place, It may be postulated
that local failure occurred in all cases, but it was only observed in
those where buckling did not occur immediately thereafter.

The buckling loads of Kloppel and Jungbluth are considerabliy lower
than those of Tsien in the same range and this fact may be explained
partially by the occurrence of local buckling and pa&rtially by the
assumed equivalence of frame and uniform shells. Since many dome
structures are actually composite, the work ¢f these two investigators
has a2 great deal of practical significance.

Quite recently R. H. Homewood, A, C. Brine, and A. E. Johnson(lo)
made a series of tests with A from 6 to 206, thus connecting the
experimental ranges of Kaplan and Fung and Tsien. Their results agreed
well with Kaplan and Fung but were considerably below the buckling
loads of Tsien. Two of their shells unbuckled when the pressure was
removed showing that the material had not been stressed beyond the

elastic range. These two were subsequently re-buckled and the second

23




buckling loads were nearly equal to the critical loads obtained the
first time. Hence some reproducibility of buckling loads could be
deduced from these tests.

The combined test results show a fairly large scatter, particularly
between buckling ‘oads of different investigators, The dispersion between
test results of separate experirenters may be attributed to differences
in shell material, test apparatus and procedures, clamping conditions,
and the range of A used.

The analyses and tests performed t.us far have been adequate to
solve a few problems of buckling and to raise a myriad of questions.
From the tests it can be predicted that q,, is between 15% and 80%
of the linear buckling pressure. The shell surface does not remain
uniform during loading but forms waves and the number of waves is
partially predictable. A curve of buckling pressure versus A has
been found analytically for symmetric deformaticns of shallow shells,
but this pressure does not correspond well with test results. The
convergence of iteratiom, perturbation, amd finite difference techniques
often is not adequate near the buckling point. This suggests that the
correct deflection shape is a power series with a large number of
important terms. Imperfections have been considered both snalytically
and experimentally and so far the only indication is that the effect

ot imperfectione i{s rather complex.
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The scatter in test results and the disagreement beiween
theoretical and experimental buckling loads prompted the suthor to
consider a number of questions. The investigations of this report were
designed to provide some answers for these problems. Some of the
pertinent questions were the following:

1. Are imperfections important? What is the effect of size,
shape and position of imperfections on buckling?

2. Are clamping conditions important?

3. Are buckling deformations symmetric?

4, Are buckling loads reproducible?

S. Is an energy critericn valid so that the critical loads
depend on the ambient energy level?

6. What is the position of the dimple which forms at buckling
and does the position affect the critical load?

7. Does the type of loading -- constant volume or constant
pressure -- affect the buckling pressure?

8. Is buckling precipitated by yieiding or local failure in

cases where qcr is below the analytically predicted pressure?

25




CHAPTER 4 EXPERIMENTAL STUDY

A Introduction

The purpose of this experimental project was to investigate
the nature of buckling of thin, clamped, spherical shells under uniform
pressure. Under this general topic the following specific items were
considered:

a. Shape of the load-displacement curve from no load to post-
buckling and the rebound or unbuckling curve.

b, Size, shape, and position of the buckle which formed.

c. Reproducibility of buckling loads.

d. Eifect of shell imperfections or clamping conditions on
the load-displacement curve and the buckling load.

e. Effect of creep on the buckling load.

Most of the tests were performed with control of the volume

enclosed under the shell and were therefore so-called constant volume

tests. This name comes from the fact that the enclosed volume does

not change during buckling. Such a restriction can be accomplished by
having an incompressible fluid filling the space under the shell. This
type of test was chosen so that a load-displacemcnt curve could be
determined since both pressure and a measure of deflection were known
at any time. The change in enclosed volume is proportional to the
change in average deflection of the shell under an increment of
pressure. The constant volume test was also chosen so that the

buckling process could be partially controlled and forced to occur

26




gradually. 1In addition it seemed desirable to have either consiant
pressure or constant volume conditions so that the resul ts could be
applied to the discussion of the energy criterion of Tsien. (In a

constant pressure test, the pressure remains constant during buckling.)

In a practical situation the conditions often approximate those
of a constant pressure test. Consider a hemispherical structure under
a wind loading. If buckling occurs and a dimple forms, the internal
air may be compressed and produce some small resistance to volume change.
Thus the buckling action, although mainly a constant pressure situation,
is really somewhere between constant pressure and constant volume,
Therefore it was necessary to make some constant pressure tests. The
latter tests were made with the same conditions as the constant volume
tests so that a relation between buckling loads in the two cases might
be found. With such a relation, buckling loads in practical situations
could be predicted from the results of constant volune tests.

In the usual structure pressure is not uniformly distributed over
the shell but may have a variety of patterns. However, the rate of
change of pressure over a shell surface is usually small and buckling
would probably occur under a region of maximum pressure. If only the
small segment which forms a buckle is considered, there is nearly a
uniform pressure applied. Therefore, it is reasonable to test using
a uniform pressure. Also the uniform case is easier to reproduce and
easier to compere with other test results, A uniform pressure was

therefore used in these tests.
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A plastic was chosen as the shell muterial rather than aluminum or
other light metals which have usually been used. There were a number
of reasons for preferring a plastic material. A plastic was relatively
inexpensive and easy to form by vacuum drawing; it had reasonably small
thickness variation; and there was nc strain-Lardening nor residual
stresses developed during the forming operation. It was desired to test
entirely in the elastic range of the material so that each shell could
be buckled many times and not cause material failure or yielding. The
large ratio of yield stress to mcdulus of elasticity for the plastic
allowed the large deformations of buckling to occur while the strains
remained elastic. An added benefit was that the pressures used for test-
ing the plastic shells were 1/20 to 1/60 of that for comparable metallic
shells., With the lower pressures, the equipment was simpler, less
expensive, and more convenient to use. One difficulty with the plastic
material was its creep characteristic. The nature of this creep was
investigated so tha. test results could be reported in a uniform and
meaningful manner and extended to apply toc non-creeping materials. The
particular plastic chosen was a polyvinyl chloride which was available
in thicknesses from 0.010" to 0.080".

As mentioned in Chapter 3, the form of deflection seems to change
at certain values of A . To study the effect of the mode changes on
critical loads, it wes decided to test a number of shells with A values
at 3.2, 5.3, 8.8, 16, and 25, that is, at the supposed changeover points.
As a check, shells with A= 7.0, 12 and 20 were also used. To study

reproducibility of loads and variations of loads between shells, a large
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number of shells were formed for A= 7.0 and 12. 1In Fig. 13 it is
apparent that the tests sre grouped about certain values of A . That
the results are in groups instead of a single line shows that the desired
A's were only achieved approximately. Procedures described below were
used to find the dimensions of the shells after forming and these dimen-
sions were used in computing the A “or each shell. After choosing A's,
it was necessary to select values of thickness and radius which would
give the desired \ls. This choice was 1lim’‘ed by specifying that the
buckling pressure must be greater than 0.05psi. and that the sum of
bending and extensional stress at the edge must be less than 500 psi
at q = % qT. From Fig. 3 it is apparent that these restrictions left
only a narrow region for acceptable combinations of h and a. The
possibility was considered that A was not the only necessary shape
parameter. Consequently, where possible alternate combinations of h
and a8 were made for a single A. The small circles in Fig. 3 show the
combinations which were chosen. For each set several shells were formed
and tested. In the experiments a total of 39 shells were used.

Due to the presence of creep the test procedures are quite important
and are described in detail. The test results are discussed with a view
to answering some of the questions which have been raised by earlier

tests and analyses and which are mentioned in Chapter 3.
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B Preparatory Considerations

- Shell Forming -

The shell segments were formed from polyvinyl chloride (P.V.C.)
sheets by a process known as vacuum drawing. 1In this method a single
mold, the female, was required. The plastic sheet was heated, drawn into
the mold, and allowed to cool in the new shape.

Since the shells were to have five different radii -- 15", 25",
35", 45", and 80" -- as shown in Fig. 3, five molds were needed. These
molds were made from aluminum plate with a thickness at least 4" greater
than the height of the shell to be formed. 1In Fig. 4A there is a sketch
¢{ one. auch mold. Aluminum is relatively easy to machine but has better
surface and is stronger than many of the other possible mold: materials
such as wood or graphite. A cavity with one of the desired radii was
machined in#e the plate and a 1/16" diameter hcle was drilled in the center
of the cavity for access to the vacuum,

The rest of the forming equipment can be seen in Fig. 4A also.

The wooden clamping rings held the sheet in place during forming. The
large cylinder was needed to provide a vacuum chamber and to hold the
sheet slightly above the mold so that the mold was insulated while the
sheet was being heated. The cylinder was located in a large oven and
a line to a vacuum pump was connected to control pressure in the
cylinder.

The forming process began with the cutting from a polyvinyl

chloride sheet of a circular piece with the diameter of the wooden
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clamping rings. The piece was rinsed in hot running water to remove
grease, dust, and other foreign particles. Wiping the sheet clean
vas not feasible due to electrostatic effects. yet cleaning was
necessary or bumps would appear during forming. The piece was clamped
into the wooden rings with negator clamps a:d placed in the oven atop
the cylinder as shown in the lower sketch of Fig. 4A. With the sheet
to be formed in place, the oven was heated to 150o - 170°C. The sheet
seemed to be properly heated when the steam from the rinsing water
had disappeared from it. Then the vacuum of one atmosphere was applied
and the sheet immediatelydropped 0 fit the mold. The heat was
turned off and the oven opened to speed the cooling. About one minute
was allowed for anneailing and then ccld water was poured in to fill
the cavity in the center and the gutter which formed just outside the
mold (see the second sketch in Fig. 4A). The newly formed shell was
allowed to cool under full vacuum for § to 15 minutes. The longer
period of cooling was required for the sheets 0.080" thick while the
t hinnest sheets neeéed only a very short time. After the cooling process
the vacuum was turned off and the shell was lifted out of the mold.
Then shell and rings were dashed together into a vat of cool water so
that the shelil could cool uniformly, and the rings were removed. At
this time the mold was also taken out of the oven so that it would be
cool for the next forming.

The finished shell was then examined to find any visible imperfections
caused by the presence of steam, etc. If the fault was in the forming,

the cycle could be restarted by rinsing, reclamping and heating as before.
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Or heating, the shell became planar again and was ready for redrawing.
If the shell passed inspection, the excess edge material was trimmed
off so that only 3/4" of flat rim remained and the specimen was ready
for testing (see Fig. 4A).

The vacuum drawing process described above gradually evolved
during the production of the shells for this research. Hence some of
the imperfections in the first shells produced were eliminated in later
production. The rim slope (see Fig. 7) was caused by too short a cooling
time under vacuum and/or not enough heat. Watermarks (shallow bumps)
were caused by trapped steam. Either of these imperfections could have

been corrected by reheating and redrawing.

- Shell Shape Determination -

After forming the shells it was necessary to find the thickness
and radius to which the shell actuallv conformed. Thicknesses were
read to the nearest ten thousandth of an inch with an Ames Dial gage
at five positions in the shell - one at the apex of the shell, and
the other four at points halfway between the apex and the edge. An
average of the five readings was taken as the shell thickness. The
thickness variation was about 1% except for the very thin shells
where variations were 10% to 12%.

The radius of the spherical shell can be found if the rise in the

center is known. The rise was measured to the nearest thousandth of an
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inch, Readius was then computed from the formula

2= L,/ (4-1)

2H 2

where H is the central rise of the shell, and r = 5.25", the radius of
the supported circular edge as seen in plan. Unfortunately some of the
rims of the shells were not flat but had a slope either upward or
downward as shown in Fig. 7. The radius determinations for these shells
were nade while the shells were clamped into the testing cylinders in

order to obtain the "a- tested' radius if possible.

- Creep Effect on Buckling -

The creep behavior of the plastic material used in the experiments
is similar to that found in most plastics. The total creep strair at
low stress levels was fairly small, around 5% (at room temperature).
The creep rate was very high so that creeping was essentintlly complete
in twenty minutes, The creep became nonlinear for stresses over a few
thousand psi, that 1s, the creep rate became a function of stress level
as well as of time. The creep rate varied somewhat with temperature
and humidity. At moderate stresses the creep could be termed =lastic
since the strain was completeiy recovered after some time. In fact,
the unloading curve matched the loading curve.

For the polyvinylchloride material used in the experiments the

following formula was found to describe the stress~strain relation
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adequately:

E=2L[/+qh(t+t, (4-2)
In order that£= O0at t =0, t, was defined by
/+9 /Ml =o r f=e I

This makes t, extremely small so that it can be neglected for most
purposes but it makes the evaluations of the integrals more reasonable,.
g is a creep coefficient and E; is the modulus at one minute after
loading.

In order to find the effect of creep on the critical load, certain
assumptions were made. As some investigators have suggested, buckling
occurs when a critical strain is reached at some point in the structure
and does not depend directly .on the stress level, In the following
derivation the strain was assumed to be a linear function of displacement,
This condition is reasonably correct to the point of huckling, after
which nonlinearities necome important.

The applied load may not be constant but vary with time T. In
this case Eq. (4-2) is still applicable but the stress and strain
must be replaced by the infinitesimal quantities d€ and dCT . A
general treatment of creep strain relations is available in reference
27. As shown there, in a short time interval from 7 to 7 +d/7 the
stress is changed by jé?béf At some later time t, the load j%g;érhas
been on for a time t - 7. The increment of strain caused by this

lcad can be seen from Eq. (4-2) to be
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dé -—Ef-f;rdﬁ_//fj/y/é—ffz‘.)] (4-3)

In this equation 7' can assume any value from O to t. The total
strain at the critical point in the shell at any time t can be found
by integrating the preceding equation with respect to T from T =0

toT = t.

'
ey | 48[ 105k (¢-T )47

If the load is applied at a constant rate, then Cr-'d;ég'where T is

the time at buckling.

Elt) = %27.2;[/-3 +9 h(¢+2.)]

(3 /
£ K(t9)

A

"

When t = T, the time at buckling, £{(t) = é;r’ and the critical

stress is

dc.r- = E:E},—K(Z?)

where - /
K79) = = g b (T+2)

A normalized stress can be defined as

(02.)y = %r _ E&.,
W K(74) /€

The normalized stress is a function only of E; and ecr’ neither of
which is a function of the duration of loading T, or the creep coefficient

g; therefore, { d"cr)N is not a function of T or g. If stress is
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proportional to laod, then normalized buckling pressures can be similariy

(7"”3\/ = Ler

| (4-4)
/ c'r«i;-'" = ’”
K(T,39)

Pcr is a nondimensional form of buckling pressure defined as the critical

defined,

(2}

pressure, q_ ., divided by the linear buckling load, qT.

In equation (4-4), qCr is the actual pressure measured dur ng the

test and (qcr) can be interpreted as the pressure for a hypothetical

N
test with-a duration of 2.728 minutes; that is, for K(T,g) =

<+
[

1.000# =1,000 (since t, can be neglected). If the theory is

2.72
correct, the normalized pressure, like the normalized stress, is not
a function of either T or g. Hence, this value of pressure can be
compared to the buckling loads for noncreeping materials for which g
1S zero.

Since creep adds a certain amount of nonlinearity, it is of
interest to find the effect of creep on the shape of the load-defiection
curve up to the point of buckling. An estimate of this effect was
obtained using the constants mentioned previously and a T of twenty

minutes. Then points on the stress-strain curve were obtained for

various values of t from the equation

E(t) = %’%[/——j *f/” (% #f.)] (4-5)

A linear extrapolation of the initial portion of the curve was made to
obtain a stress at the abscissa of critical strain. This value from the
linear extrapolation was then compared with the critical stress obtained from

35




the equation. The difference in this case was only 0.3%. Therefore
it is fairly safe to say that creep did not account for nonlinearities

found in the load-deflection curves.

~ Modulus Determination -

In order to relate these test results to other materials, some
procedure had to be found for evaluating the moduius of elasticity.
Simple tensile tests were run on samples of each sheet using SR-4
strain gages and a dead weight. Beam tests were also run in an attempt
to determine the compressive modulus in case it differed from the tensile.
Both sets of tests were conducted on 6" by 13" specimens. In the beam
tests the specimens were supported as simple beams with a load at the
midpoints and the end rotations were measured by the motion of a wire
fixed to the beam near the end. Although the beam deflections were
extremely large, the relation between load and end rotation was essentially

linear. In Appendix B it is shown that the end rotation equals

}‘:3

§ o+ Loov

where %Z is the end rotation in the linear theory. Hence for a rotation
of 6o or 0.1 radiens, which was about the maximum used, the nonlinear
correction was less than 0.2%. Because of the presence of creep, the
moduius changed with time. It was decided to use E,, the modulus at

one minute after loading. E; iz defined by the creep equation

é = g[/'+j/n /L‘#Z,y (4-2)
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Since to is negligible, t = 1 minute gives f = = and there is no creep
correction required for the determination of th; modulus, The beam
tests gave the most uniform results for modulus, the average value being
498,000 psi. A summary of these determinations is in Append.x B.

The tensile tests were not so reliable due to the presence of
the strain gages. On such small specimens the stiffness of the gage
produced an important effect on the strains and hence on the modulus
of elasticity. However the electric strain gages could be read with
more precision than the beam rotations. Therefeore the gages were
valuable in determining creep which is a small variation on the total
strain. Hence the creep equation {4-2) and creep coefficient, g, are

based on the tensile tests mainly. Results from these creep and

modulus tests are also given in Appendix B.
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C Testing

- Test Apparatus -

The main tests were constant volume tests which required the presence
of an incompressible fluid in a chamber below the sheli ‘shsll convex
up). Water was selected as the most ccnvenient fluid for this purpose.
But with water below and air above the net pressure on the shell would
be hydrostatic and vary over the shell surface., Therefore there had to
be a water chamber abcve the shell also. Tests were run by applying
a displacement and measurling the pressure taken by the shell. Hence
the required apparatus was a set of water tight chambers between which
the shell could be ciamped, a device for withdrawing water from the
lower chamber, and a system for measuring pressures above and below the
shell,

The compieted equipment can ke seen in Fig. 4. The lower chauber
consisted of a heavy pipe section bolted to a base plate. These two
pieces were rather heavy so that they would not alter the enclosad
volume much as the pressures changed., The upper chamber was made of
plexiglas and alliowed observation of the shell, the buckles, and bub-
bles which were trapped in the chambers. Holes for inlets and out~
lets were made at th.oee plales around the lower chamber., These were
necessary in crder toc allow the water to come in and the air bubbles
to be forced cut, It was found convenient to use water from a large
Jjug which maintained a nearly constant water temperature o that the

volume would not change due to temperature fliuctuations.
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The tubing which connected the reservoirs, chambers, and mano-
meters was of transparent plastic which allowed observation of bubbles
in the line. When bubbles were present,the manometer readings were
very unsteady since each motion ¢f the bubbles seemed to upset the
equilibrium cl the gages, too.

The manometers were capillary tubes with an inside diameter of
1.8 mm. These were used so that when the pressure changed, the change
1n the amount of liquid in the tube would not greatly alter the total
volume under the shell. The tubes for registering upper and lower
pressure had equal diamcters so that the capillary rise (3" to 1")
would be the same and no correction was required. The capillary
rise was quite a bit larger in pure water than in impure and so small
amounts of liquid soap were added in both tubes to make certain the
water was impure. The soap reduced wall friction between glass and
water and so also produced freer and more accurate motion of the
water,

The faucet for allowing withdrawal of water from the lower chamber
was at first a high vacuum glass valve. Later the valve was replaced
by a short rubber tube with a small clamp on it. With the clamp there
was good control of the rate st which water drops came out so that a
desired speed of volume change could be maintained.

The rubber gaskets used in clamping the shell may have caused
some inaccuracies. The narrow rim all around each sheli was supposed

tc be clamped ggainst a2ll motion. However, the thick gaskets in the
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clamping rings probably allowed some outward displacement and rotation
of the edges. Rough calculations show that the amount of displacement
would be quite small compared to the total shortening of a meridian and
is therefore not too important as a cause for snapping through. The
edge rotation would not approach that for the simply supported case,

vet the theoretical buckling load for the latter case is at least 3/4ths

h}

of that for the fixed condition according to the calculations of

leinitschke(IZb).

- Test DProcedure -

There were two basically different types of tests used. The
censsitant volume test was the most important and it was of the con-
trolled displacement type. It proceeded much like an ordinary tensile
test. A certain strain or displacement was applied to the shell and
the pressure which was required to make the shell stay in that position
was read. The other type, the constant pressure test, was carried out
by increasing the load until buckling occurred and hence the control
was on the load, not on the displacement.

Preparation for the constant volume tests was commenced by placing
the shell between the clamping rings of the test cylinders and bolting
them together, as shown in Fig. 4., Then the chambers were filled with
water, beginning with the lower chamber., The tube to the top chamber
was connected to the small elevated reservoir and the tube to the lower

chamber was connected to the taller capillary tube as shown in Fig. e.
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Equal heights were obtainsd in the upper and lower chsmber manometers
by letting water either in or out of the lower chamber through the faucet,
To force water in, the reversing standpipe shown in Fig, 4 was attached
to the valve and fil'ed with water. W%ith equal pressure above and below
the shell, the shell was sustaining a net load of zero.

Testing began by opening the faucet and allowing a number of
drops of water to come out from the lower chamber. The shell had to
move downward in order to keep in contact with the water and thus the
displacement was applied to the shell. Of course, a certain pressure
was required to hold the shell in the deflected shape and this pres-
sure was given by the difference between pressures in the upper and
lower chambers. Hence the load on the shell could be found from the
readings of the two m@&nometers. So the normal procedures was to open
the tap, let out a number of drops, close the tap, read manometers,
and then repeat. The information recorded in each cycle was the
number of drops and both manometer readings. At buckling the height
in the lower chamber manometer increased suddenly and readiangs were
taken both before and after the jump. Then the usual procedure was
continued on to some point in the post-buckling range. For decp
shells the q,, the pressure to which the shell jumped at buckling,
and qmin’ the pressure at the minimum point of the load-deflection
curve (see Fig. 2), coincided and so the test was often halted just
after buckling. For shallower shells, the curve looked more like the
one in Figure 2 and the test was continued until Uin had been passed.

See Figure 10 for some typical load-displacement curves.
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After the test the total amount of water taken out during the
test was determined by weighing. This information was used to associate
& volume change with each pressure reading b apportioning the total
change according to the total drops up to each point. For plotting
load versus volume change curves, 1t was necessary only to plot the
pressure versus the cumulative number of drops. The drops were found
to be somewhat nonuniform in size but not encugh to make the initial
portion of the load-deflecticn curve appear nonlinear. Therefore,
the number of drops was probably an adequately reliable measure of
volume change.

In order to unbuckle the shell the reversing column was attached
to the faucet, Then the normal testing procedure was to open the tap,
allow g certain amount of water to run into the lower chamber, close
the tap, and read the heights of manometers and reversing column. The
difference between the current reversing column reading and the previous
one gave the volume change because the column was calibrated., The
rrocedure wes repeated until some point on the :initial portion of the
load-deflection curve was reached.

With the presence of creep, time became a factor in the test.
The steps of the constant volume test enumerated below were adopted to

standardize the effect of time.

a. The pressures in the water manometers and the time were
recorded.
b. The tap was opened to allow a number of drops (say 10) to

escave from the lower chamber and the number was recorded.
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c, Again the pressures 1n the gages were read and noted. At
some specified time (say 30 seconds) after the last time the tap was
opened, step b was repeated. By using an equal time interval during
each cycle, the loading rate was made to be constant stepwise,

d. At buckling the tap was immediately turned off and the time,
pressure readings, and number of drops in the last cycle were recorded.
The remainder of the experiment proceeded without being timed.

e, Steps b and c were repeated until the desired point on the
post-buckling curve had been reached.

The loading process was then reversed by attaching the reversing
column to the tap and fililing it with water. In the rebound test a
procedure similar to that above was followed.

a. The pressures in the water manometers and the height of the
reversing column were read and recorded.

b. The tap was opened to allow a number of centimeters of water
trom the column to enter the lower chamber.

C. Steps s and b were repeated until the shell had unbuckled
and the pressure was reducing along the initial portion of the load-
deflection curve., See Fig. 10 for some typical rebound curves.

The preceding tests give a complete curve of load versus displace-
sent measured in terms ofthe change in volume under the shell. After
the nature of this curve was known for a shell or a group of similar
shells, the only things that werc required of further tests were certain

si1gnificant pressures on the curve such as qcr’ 9z, 49 __, and qmin’ The

un

following modified procedure gave these impc. tant pressures and was used

for a majority of the tests.
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&. The time was noted and the tap was openeld.

b. A uniform drop rate was maintained. This was done visually
for short buckling times, but for long tests, the rate was kept even
by passing an equal number of drops each minute.

c. While keeping a uniform drop rate the pressure in the lower
chamber manometer was observed continuously.

d. When buckling occurred, the faucet was shut off, and the
time and the reading of the lower manometer prior to buckling were
recorded. The pressure in the upper chamber mancmeter was read and
recorded. t one minute after buckling the height of the lower
rianometer was read again, This latter reading was teken to find the
so called lower buckling pressure, q,, Just after buckling the height
in the lower manometer was changing rather rapidly due to creep so the
specification of a one minute wait was necessary to meke the readings
uniform,

e, The faucet was turned on again and the height of the lower
manometer was observed, If the height increased and then decreased
(pressure on the shell decreased and then increased) then a reading
was taken at the maximum to give Uin Otherwise it was assumed that
= Qip-

f. The reversing column was used as before to force water back
into the lower chamber. The tap was turned on and the lower chamber

manometer was observed,




g. The warning for the cnset of unbuckling was a gradually
accelerated decrease in gage height. Near the time of unbuckling the
tap was turned off and the shell was allowed to unbuckie without
outside influence,

h, At one minute after unbuckling, the two gage readings were
taken and recorded. The creep in gage height was generally not large
in this case but still noticeable.

After the pressures in the two chambers were equalized following
the test, a period of 20 minutes was allowed to elapse before the next
test was commenced. This wait time seemed necessary s¢ that the shell
would have essentially no memory (due to creep) of the previous test.

In order to check the reproducibility of buckling loads, a series
of tests was run without removing the shell from the testing cylinders.
Then the shell was taken out and replaced in the test chambers and
tested again. This procedure also served to demonstrate the effect
of precision in clamping the shell in position.

After a series of constant volume tests had been run on some of
rthe shells, the water was emptied out and a ''constant pressure” test
was run. Actually the volume of air was not great enough to allow

fo

4

full collapse of the shell under the same pressure, but the test

approximated constant pressure conditions to some degree. This degree
may be estimated from the fact that a lower buckling load was obtained
and that the buckle was about the same size as that for constant volume

tests. The maiin distinction then was that the pressure was applied,
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not the displacement. In these tests a U tube manometer and pressure
inlet were both attached to the upper chamber. The lower chamber was
open to the atmosphere. Pressure was built up gradually and the
manometer was watched continuously. When buckling occurred, the

maximum manometer height and duration of the test were recorded.
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D Experimental Results
- General Discussion -

The data from both constant volume and constant pressure tests
are given in Table 1 of Appendix A. The tests reported were made
in accordance with the procedures just described. Individual tests
are not reported, only series of tests which were made under the same

conditions. For instance "a'" 1s the designation for a series of

1"

constant volume tests and "a(air)" is a series of constant pressure
tests run under the same clamping conditions as the constant volume
tests. The values of pcr in each series were normalized according
to Eq. (4-4) and then averaged. This procedure removed the effect
of different lengths of time in testing. Under series "a' were
repcrted the averaged values of (pcr)n’ Py, Pun and the position of
the buckle whicn formed. Notice that during any series the buckle
occurred in the same position. The one exception to this is the

second series of tests on number 35,

The buckle and imperfection positions were given as:

c center of shell

n near center

m midway between center and edge
e adjacent to cdge

For each sheil the values of q., A, a/h, and o4 are listed. This is
followed by a brief description of observed imperfections. First was

the slope of the rim of the shell. If the edge strip curled up (with
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the shell convex up) after forming =« positive slcope was indicated.
Next was the estimate of the height of bumps and their lccation on
the shell.

From any series of tests run under the same conditions, it was
found that the value of qCr was nearly the same in all tests. When
the buckling pressures were normalized according to Eq. (4-4) to
account for creep, then the variations were less than 1% w- thin any
one series, With such small variations it was possible to conclude
that buckling pressures were reproducible and dependent on conditions
which were actually unvaried during a series of tests, Between series
of tests there was much more spread in the buckling loads, but the
variations were still of the order of 5 or 10%, which is guite
reasonable, The greatest variations occurred between different shells
with supposedly the same shape. In a number of cases the critical
load for one shell was 50% of that for another with the identical gross
dimensions. A number of test series were made with large variations
in test durations in order to check on the creep correction, Eq. {(4-4).
One such series is plotted in Fig. 6 and from the correlation shown
there betw