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THE COAGULATION OF CHAVCED CLOUD-DROPLETS

L. M. Levin

(Presented by O. Yu. Shmidt,
Member of the Acadeny, Kovember 26, 1955.)

According to present theory of the formation of precipitations
{1, 2], the growth of cloud-iroplets in the range of diameters d = 4 ~ %0 .
takes place only by way of condensation of water vapor. The basis of this
conclusicn is thet since there exists @ critical value ker = 1.214 [2, 3]
for the parameter of gravitaticnal coagulation, then coasgulation of [Ewo?
neulral droplete ie possible only when the diameter of the larger drop
exceeds 30 p.*  But it scems to us that growth of cloud-droplets in the
range d = 4 ~ X0 u may take place through coagulation of electrically charg:d
drcplets. To confirm this hypcthesis, let us calculate E, the coefficieut of
cepture [3], for electrically charged droplets.

Langmuir [2] and Shishkin [1]} unjustifiably applied the theory of
deposition of an aerosol on obstacles to the theory of cloud-dropiet growth.
The coeflicient of capiure, in the deposition of an aerosol on & sphere, was
calculated [2] under the assumption that the sphere is considersbly larger
thar. Lie aseroscl particle. Consequently these cslculations may be applied
to the descent o droplets of vaindrop size in a cloud, but not to the case
of two droplets of comparable size. Langmuir, ip calculating the growth cf
cloud -droplets, really considers all the cloud-droplets to be fixed in spece,
except one droplet (sometimes of the ssme dimensions as the others) which
moves under the influence of gravitetics and of rising air currents [2].
Shishkin, however, takes the cosgulation of droplets as depending only cn
thelr reletive velocity [1], ealthough it is easy to see that the air veiccity
fields around the droplets, which determine the droplet interaction, depenl
on the velocities cf the droplets relative to the air. Since it is not at
present pocsible to account for the interaction of the serodynamic fields of
two Groplets, it scerms reasonable to ue to perform the calculations for cases
when one of the drops is considersbly smsller than the other, and in doing so
to teke the aserodynamic field of the small droplet as not affecting the field
of the large droplet. Then in a coordinate system tied to the large dropletl,
the small drople” will be acted vpon by the force of gravity, by the electric
forces, end by the aerodynamic Stokes force.

¥ For instance, with a rising air velccity of 10 cm/sec, the droplet
diameter grows by condencation from 11 to 30 u in 7.5 hours, and then
i;rews by pravitational coasgulotion to 1300 u in 15-20 minutes [1].



1) In the case of both droplets’ bearing electric charges of
differcnt signs, the equztion of motion of the small droplet will take
the form

nd? ldv {r) &0
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where r, 1s the radius vector to the center of the smell droplet, v, = dr,/df
is its velocity vector, d 1s the drorlet diameter, its density, e;, ex
the charges on the droplets) u,(r,) 1is the ffield of velocities of the air
stream around the large droplet, u is the viscosiiy ccefficient of the air,
and ¢ is tite vector acceleration of gravity.

Converting eguation (1) to the dlmensionless form {3] (as characteristic
velocity we teke the constant descent velocity of the large droplet,
u,=pg?/ 18, and as characterlstic ~ize D/2), we find *

k-——-+—v 114—ka,«— + g, (2)
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are dimensionless séaling criteria for the phenomena.

It is obvious that for |o1{ >> 1 we mey neglect the inertia term in
equation (2), whereupon this equat.on takes the form (for a = -Xoy; > 0):

Ve=u—a—+g. (3)

Examination of equation (3) shows that for small values of g it has
seven singular points (four saddles on the p axis, two centers and a dipole
at ‘ne coordinate origin), and for large values of &, three singular points
(two saddles on the p axis and a Cipole). FPigure 1 illustrates the topo-
loglcal configurations of the trajectories ot equation (3) for different
valuer of a. This figure shows that cthe geparatrices A passing through a
sadile (p= 0, x > l) represent limiting trajectories determining the capture
coefficient E. This means we have E = p§ (po being the distance of the said
separatrix from the p axis at x = -»), since, as we shall show infra, these
separacrices do not intersect the surface of the large droplet.

O the other hand, we can derive expressions for the trajectories
described by equation (3) in finite form, if we note thut the field
corresponds to 8 Stokes stream having, in dimensionless (spherical) coordinates,

the stream function ¥(r, 0)~.jﬂL2( *hrq.—zr). Then for the trajectories we get
1 &
dr Y o Yy—a/rt g Bir risin€ 96 »;—--—-g‘cow (4)
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+ 1In equatiorn {2) we have tr.e dAimernsionless quantities v~ v, fu, w-ru fu,
re 2D, cem2u|D  where D is the diameter of the large dronlet
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and consequently,

_ rtsind ¢
d":--* \‘;""" e = o 5{n 0 d8, (5)

From this it is easy to find the equaticn of the trajectories:

o= $p, x —a (] 4 Cosb), (6)
where ¥:,r 15 the value of 4; for the trajectory at 6 = .
Notinz that the separatilx we arz seeking has, at 8 = 0, a finite

(4
value of r, we find for it che value of 4, equel VOQM.R==2LLﬁzJﬁl==2a,Since
according to equatlon (5) we have d¢s /d8 O along ‘ae trajectory, then the

separatrix in questlion, having ¢; = O ut 6 =« O, nowh re intersects the surface
of tha large druplet, for which §; < O. Consequent]{,

E=p!=,“g . (7)
T K
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2) Ulet us now consider that cese when the large droplet is charged
and the smell droplets neutral. Then in the first approximation the charge
of the large droplet will induce dipoles in the small droplets and attract
them. The equation of motion of the small droplets, in the same coordinate
system, takes the form {ref. [4]):

du" d :
&P ki “:'l. = — 3apd (U, (r,)) — ¥, (r,)| — :

e g (8

where € is the small droplet dielectric constent.

In dimensionlees fcrm equation (8) becomes:

BEE 4+ v — ko, St g, - (9)

28 e—1 q
where o, = —— <FT };i;u’ >0.

If 05 >> 1, then equation (9) is simplified:
Vnn-—kf’:’s"*‘ﬂn ' (10)

and the trajectories of motion may be determined from an equation similar
to (5):

®o, sin 6 g9 (11)
d"r’. = "'"""’;:I"‘“’“.
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Equation (10) has eight singular points.
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Their positions and the
topologicenl configursticns of the trujectories are similar to the cases
illustrated in Figure 1.%

3) Tables 1 end 2 present the results of our calculations of E;
likewlse values of 03 and 0o, enabling one to estimate the applicability of
+ke computaticn methods as develoved (the calculations were carried out for

gy, 02 > 5 and gy s 0.25).

The crder of magnitude of the charge was cal-
culeted sccording to Ye. I. Frenkel' [5], and for the absaliute magnitude of
the charge in the CGSE system we accerted the expression

e == 0,5-10°7d [p],

(12)

corresponding to a value of 0.3 ¥V for the elactrokinetic potential. It seems
tc us that the magnitude of the charge accepted by us according to expression
(12) has been selected reasonsdbly as regards order of magnitude, and does not
coutradict the experimental findings of Gunn (6}, who measured the gross

charge of cloud-droplets of diameter 4 > 10 4.

TABLE 1
1 i
D d [u) °, e | owm din) s, |
',
5 { 15600 65,2 15 6 5,4 2,3
5 2 3900 74,7 20 { 61 0,98
7,5 1 3080 18,8 20 3 8,8 {,00
7,5 4 192 25,9 25 1 25 0,50
10 Y 975 7,9 25 2 8,2 0,50
10 5 a9 10,4 30 1 12 0,20
15 1 192 2,3 30 1,5 5.4 0,2
TABLE 2
ll"‘oo”‘ £y = 0,1 “.-0.“
Din Oy
2
5 1250 2,32 1,48 0,80
7.5 110 1,08 0,69 0,40
10 20 0,57 0,38 0,22
12,5 5.4 0,34 0,23 0,13

* The difference amounts to the fact that the dipole reduces to two nodes,
¢ steble node, at the coordinate origin, and an unstable node (p = 0,
0 < x < 1), while the centers ars converted into unstable foci or
As previously, the separatrix A passing through a saldile
does not intersect the surface of the large droplet
and constitutes & limit trajectory.
equetion {11} is convenient for comstructing this separa-
trix (caleculation of E).

unstable nodes.
(DZOJ x > 1)
(equation (11))
kave shown that

SRS
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Numerical calculations



Tables 1 and 2 show that under these asgumptions the coefficient of
capture for cleud-dropizts, im the range with whick we are dealing, is high
encugh to guarantee a considerable coagulatior of droplets, while for neutral
droplets of the same =izes there is no coegulation. The amount of coazulation
will be rather great even it the actusl size of the charges is an order of
magnitude lower than that which we have taken.

- oo -

4) From the expressions for o, and op it follows that at Jarge values
of D (when u, also is large) the quantities 0y, op << 1 and, consequently, the
effect of the electric charges on coajulution may be neglected. This accounts
for the experimental results of Gunn and Hitschfeld {7}, in which D = 3.2 mm,
d >S5 and ey = 0.2 CGSE. Thus in these experiments u, = 825 cm/sec and
oy = 4-10°%, 0z < 7-1073. Consequently these authors did not find any
electric charge effect on the coagulation of a large droplet with small
droplets.

In the same way, by calculsting the quentities oy and oo it mey be
shown that in cloud-droplet catchers the precipitaticn of droplets onto the
receiver is in practice independent of the electric charges of the droplets
and of the droplet receivel.

Similar results are ind=e¢d foundl fer charged droplets.

In concluslon T excress ay cordial thanks to V. M. Bovsheverov for
fruitful discussion cf the results oi this work.

Geopavsical Institute, ‘ Received October 21, "S53.
Academy ol Sciences of the USSR.
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SIZE DISTRIEUTION FUNCTION FOR CLOUD-DROPLETS AND RAINDROPS

L. M. Levin

(Presented by G. A. Yamburgev,
Member of the Academy, December 4, 1953.)

Modern theories of the formation nnd development of clouds and
forms of precipitation are essentially + acerned with empirical size dis-
tribution functiens for cloud-droplete 2.d raindrops. Iu chronological
order, four dietribution functions have be«wn used in these theories: tiae
Smolvkhovski-Schumann theory [1-3], the Morshall-Pelmer theory (4], the
Best theory [£, 6] and the Knrgian-Yazlin <heory [7]. The first of these,
a theoretical lormula, was derived by Smolukhovski for colloids, amnd the
same scheme for deriving the distribution Sunction was, without any suf-
ficient justification, carried over by Schumanr to the cloud-droplet case.
The otvher distribution functicns are empirical.

In 1941, A.N. Kolmogorov proved {8] that if we take & rather
gereral scheme of random break-up of particles, then in the limit we
obtain a logarithmically normal size-distrivution of particles. It is
natural to suppose that & logarithmically normal distribution might like-
wise be found for the random coagulation of cloud-size droplete, in the
limiting cace of a great number of particl=-merger cvents.

In 1952-1953, e large amount of steti-.ical date was collecled
by the Elbruz expedition of the Geophysical Institute, Academy of Sciences
of the USSR, data which made it possible Lo examine the question of cloud-
droplet distribution function and to sts’le the premises for the raindrop
dlstribution function.*

Figure la shows "rectified diagrams" [10] for the size-distribution
of cloud-droplets collected frocm individuzl clouds. Plotted as abscissae
are vhe logasrithms of droplet diemeter 4 in microns; es ordinatea, values
of ¥'' [F(4a}], where F(d) is the selection i“stribution function, and

. ‘
W(x)==p%§ S e~"Adi(here ¥~ 18 the inv:ivs: “wiction of ¥). According to

the logarithmicall; normal distridbutinon ~nr .nich the density of distribution
will be given by the formula:

o oY e (1)

n{x) = o=

¥ The experimental procedure followed by the expedition in its research on
the microstructure of clouds is described in reference [9]. Rain spectra
were studled by a dyed [ilter paper method.
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the experimental points nubt, in these coordinates, lie on a straight line.
Toe pcint of intersection of this straight line and the axis of the abscissae
i5 1n g, and the tengent of the streight line's angle of slope is l/o (10].

"igure le shows that the exverimental findings for clouds are satis-
foctorily described by o logarithmically normsl distribution tuncticn. At
the vrese=nt time, tne expedition uas accumuiated over thirty samplings of
cloud-droplets, with the numbers of droplets in the sample ranging from 2000
to 20,000. They all support the above conclusion.

As for the ruindrop size distribution, we are not at the present
time in oossession of any similsr material collected {rom individual rein-
falls. From the naterial for 1952 1t wns possible to determine only the
oversge spectra for a number of reinfells of one particular intensity.
These spectra are shown, in the same cocrdinates, in Figure 2. The graphs
of Figure 2 indicate that rain-~drouplets likewlise have a logarithmically
normal distribution law. Eince this last conclusion is drawn only for the
average spectra, it is of great importence to collect statistical material
on the spectra of individual rainfalls.

Moreover, to answer precisely the question of the distribution
function it is essentlial to expand the range Of captured droplets, both for
clouds and for rein. In the case of clouds, it would appear essentis. to
esteplish a procedure for capturing fine dropiets (d < 4 u) and a procedure
for collecting & greater amount of the large droplets (4 > 50-450 p). In the
case of rain, it would be desirable to effect the capture of drops of dia-
meter d > 400 u.

It seems to us that the logarithmically normal law uf size-distrivution
of cloud-droplets in the diameter-range @ = 4 ~ 50 p proves that ccroulation
of cloud-droplets cccurs over the whole of this range. This fact indirectly
confirns our working bypothesis of coagulation of electrically charged cloud-
droplets in the Giameter-range 4 = 4 ~ 70 u, as set forth in reference [11].

In reference (7] it was shown that the size-dlstribution of cloud-
droplets is well approximated by the formule

2 &%, (2)

u(x) = ax® e

‘This formula was derived from the fact that cver & large range of
diaveters the empirical quantity lg 9&%2 was found to be linearly related to
d. But this relationship hoids with fair accuracy for a great range of x,
in the case of a logarithmically normal distribution.

In Figure 3a W#e show graphs of 1 Eﬁél, where n(x) is given by

formule (1).% These grephs show that for the range o = 0.25 ~ 0.5 (that is,
a range practically covering all the values of ¢ encountered in the clouds

investigated), relationship (2) is fairly well satisfied for x > x3 = 0.5 ~
1.0 x,. In the region x < x; there is & characteristic bend in the curve of

*  The quaniity Xo was taken for the scale-unit on the x-axis of Figure 3.
We note that x5 is the median of the distribution.

-8 -
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Sept. 3, 1953, at 18:00 hrs:
N = 27,800, ¢ = 0.35, dy = 8.6 p.
Sept. 3, 1953, at 18:30 hrs:
N = 16,000, 0 = 0.35, do = 9.3 u.
- Sept. 3, 1953, at 19:00 hrs:

N = 7,500, 0 = 0.31, dy = 10.7 u.
Sept. 19, 1953, at 18:45 hys:

N = 4,352, 0 = 0.30, 45 = 8.8 4.

Sept. 19, 19S3, at 19:00 hrs:

N = 3,900, ¢ = 0.27, 4, = 8.8 p.
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5-5-7.5 m/hr’ H - 28,700,
0.52, &y = 0.57 mnm.
5.6-5.5 ma/hr, N = 37,300,
0046, do - 0064 mm.
2.6-3.5 mu/hr, K = 27,700,
0.48, dp = 0.56 mm.
l¢6’2|5 mmr, E - 24,&»;
On‘é, do - 0056 LER .
0.5-1.5 mm/hr, N » 22,300,
0.41, 45 = 0.55 ma.
0.5-7.5 mm/hr, X » 140,600,
0.48, 4, = 0.58 mm.






n{x)

1g S R inflexion which 1is seen in nearly all tle experimental curves
% ‘ :
s 0T n'd 4 “" ‘
of 1g “égl (see Figure 1b) correspunding to the distributions shown in
Figure la.

Similaiily it may be shown that the size-distribution of raindrops
ae found empirically by Marshall and Palmer [4]:

n(x) = ae X | (3)

is, over a large part cf the curve, an approximation to the logarithmically
normal distribution. This fact is 1llustrated in Figure 3b, which is =
graph of lg n(x) for n(x) as given by formula (1).

Here, incidentally, we must note that the exverimental data obtained

by us on cloud-dioplets do not satisfy the Smoluxhovski-Schumann distrivution,
for which

n(x) = ax® e-bx3 , (4)
This follows from the fact that in the coordinates of Figure 1b this
distribution (4) should appear as a cubic parabola. As may be seen from
Figure 1b this is not the case.
In conclusion we express our cordisl thanks to A.M. Obuknov,

Member-Correspondent of the Academy of Sciences of "the USSR, for his valusble
advice. '

Geophysical Institute, Received December 1, 1953.
Academy of Sciences of the USSR.
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