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THE GENERALIZED INVERSE PROBLEM OF ORBIT COMPUTATION *

V. Q. 8ZEBEHELY
Space Sciences Laboratory, Qeneral Elsctric Company, Philadelphia, Pa., USA

Abstract: The basic problem of celestial mechanicsa — finding the motion for given

initial conditions in a given force field — is inverted by asking for force fields
which result in either a specifio orbit or which allow to obtain a closed form solution
of the equations of motion. The first case leads to a generalized concept of guidance
and thrust programs, while the second opens the way to finding new closed form
solutions for slightly modified n-body (n > 2) gravitational fields.

The problem discussed in this paper is a gencralization in purpos> and in method
of the classical problem of orbit determination in celestial mechanics. It allows
the determination of classes of functions which either furnish optimization oppor-
tunities of the guidance problem (first case) or furnish overall field modifications
which allow closed form solutions (second case) applicable to perturbation cal.
culations as reference orbitsa with predetermined approximations.

Establishing new reference orbits for perturbations and formulating a concise
and systematic method of guidance analysis are the two main results presented

in the paper.

Peatome: OmnucHnaeTca MeTol, C NOMOUIBIO KOTEPOrO0 OMNPOAEASIOTCS MOXMOMN-

KalMH cuia, fellcTRylONX Ha KOCMHYECKH® PAKeTH TAKHM 06pa3doM, 4TO HX
OpGUTH M TPAEKTOPHH MOTYT OLTh ONMMCAHII W NPEACTABJICHNW ¢ NMOMOINLIO
pewenufi B 3aMkuyTofl QopMe ¢ nanuuM npuGankenned. OcopHaa 3axava
nebGecnofl mMexaluMKH - HAXOXKIAEHHO® ABHIKEHHA JNA AAHHLIX HAYANBHMX
ycnonuil B rannoM cHAOBOM noje - o6pallaeTCA H CHOAHTCA K 3ajade HAXOXK-
JeHHST CHJI0BOro 1NOAsl, KOTOPoe AACT B Pe3yAbTaTe HAM ofpefe.teHHYI0
OpGHTY, HJIH NO3BOJSIET NOAYYHTH pelteline B 3amkHyToll dopMe ypannenufl
ABHAteHHs1. B neppoMm cayvae AalPOe CHAOROE 10Je MOAHPHUHPYETCA UROAD
TpaeKTOpHH, BTopad 3afava TpeGyer Moauduxauuu nosHoro noad. Ilepeuil
cayuafl Beger k oGoCuennoff xKounenuUHH nporpaMm YNpapiaeHHs W TATH,
Toraa Kak BTOpofl OTKpHBOET NYTH K HAXOMXKAEHHIO HOBHX peuleHHA B 3aM-
knytofl dopme aasa cna6o MOAMPHIHPOBAHHKX TPABHTAUHOHHLWX NoAeR »
Teaa (n > 2). Kaaccuueckast 3anaua onpenenennn opOuTul B HeGecHOll Mexa-
HHKE COCTOHT B HUXOM/JCHHH 3J1eMelITOR OPGHTI K (HJIH) HAYATLHBIX yCaoBKA
Ha octiope HaGJjoaeHuii B cionoM nosae, T.e. npeiactanister coGofl 3anawy
o6paTHyio 3aa4e pacyeTa TPAGKTOPHH A AQHKOTO CHAOBOTO NOAA H AAHHKX
HauQALHHX ychaonuiil, Ona MomeT GLTL MOAH)PHUHPOBAHA € LOJNbIO HAXOMK-
JIeHHA OlipeJeJeHHhX KOHCTAHT HJIH XapPaKTEPHCTHK CHIOROTO MoNs, 3aKOH
TATOTeHNsl KOTOPOro mnpeanoaarnercs 3alaHHHM (HanpuMep, none 3eMJH
Han otrkpmiTite llentyua). PaccmarpuBaemasa B cratbe o6paTHas 3ajxaus
npeacrasanetr coGoft o60o0uieHHe 110 UGAH W METOAY, TAK KoK OHa N03BOJAET
ONpPEACARTD KJaacchl pyHKUHIl, KOTOpLo 066cnedHBRIOT NHG0 ONTHMANBH LE BO3-
MOXKHOCTH 1IpoGaeMit ynpapaeitua (nepnuifl cayuafl), au6o obmne moaudu-
KAUHH MOJs, NO3HOAAIOLNIHG NOAYUHTh pellleHHn B saMKHyToft dopMe (RTopof
cayuail), nIpHMeHHMIO K pacYeTaM C BO3IMYLIEHHIMHM HCXOAHWX OpPOGHT ¢
anpatiee onpesfieeHHMMHK NPHONHKOHHAMH,. YCTAHOBJAEHH® HOBLIX HCXOAHMX
OpOHT npH HaJMYKMKH BOaMYyueHull i PopMYyAHPORANNE TOUHOrO M CHCTEMA-
THUECKOrO METO/la NHAJN3N HABEIeHHA — JIRA OCHOBHMX Pe3yabTaTa HacTosIneA
padoThl,

This publication stermns in part from work sponsored by the United States Air

Force, contract AF-49(638)-814, Air Force Office of Scientific Ressarch of the ARDC.
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1. Introduction

Inverse techniquus are widely used in several branches of theoretical
physics, applied mathematics, continuum mechanics, celestial mechanics, etc.
In some of these fields the inverse approach has lead to the solution of
important problems, in others it opened up entirely new fields of research
and in a few cases the potentialities have not yet been fully evaluated. The
more flexibie the concept of inverse technique is, the more usefulnoss it
offers, therefore, in the following, a general view will be presented and
applied to some basic problems of applied celestial mechanics.

A phenomenon is often described by a set of differential equations ai..
initial and boundary conditions. A “‘solution” is often pre.ented by a set of
independent variables as functions of space, time or other dependent variables.
These functions are considered solutions if they satisfy the above mentioned
equations and conditions. The idea of the inverse approach stated in its most
general form is to start out with the “solution’” and find the equations
describing the phenomenon. Inasmuch as this general statement is of very
limited use for solving actual problems, certain restrictions are applied. In
hydrodynamics for instance, the continuity equation for incompressible
potential flow is the Laplace equation which the potential function () must
saticfy. Therefore, functions which satisfy the dp =0 equation will describe
certain flow fields. The real and imaginary parts of functions of a complex
variable satisfy the Laplace equation, therefore, flow fields m'ght be generated
inversely by finding the boundary conditiors which are satisfied by arbitrary
chosen functions. To satisfy part of the problem by giving solutions of the
differential equations and then finding the boundary conditions is a well
known approach in continuum mechanics.

On the other hand, to find the equation which will be satisfied by a *“solu-
tion” which in turn satisfiee certain initial conditions is a frequently en-
countered problem in celestial mechanics. Even the above, already re tricted
— as compared to the original — statement is too general, since often only
certain constants in the differential equations are found by imposing a soiution.
Frequently the general form of the equations are given and the ‘“‘solution”
will be selected so that it will further specify the equations. The classical
example is, of course, when observational data represent the ‘‘solution’ and
the equations describing the phenomenon are sought. Some of the physical
laws governing the phenomenon are known and some are unknown, some
numerical constants attached to the problem are given, some aie to be
determined. Classical examples are the discovery of Neptune from it3 pertur-
bative effect on the orbit of Uranus, establishment of the coefficients of the
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higher order harmonics in the expansion of the Earth’s gravitational poten-
tial, etc.

Another example of somewhat different type is the solution of the earth
satellite problem by Vinti [1] and Ga:finkel [2]. Slight modifications of the
potential function describing the Earth’s gravitational field either by adjusting
numerical coeflicients or by changing the functions — might result in satisfy-
ing the new equations by a ‘“‘solution” which would not satisfy the original
equations.

Several questions remain open in connection with the above mentioned
examples. Differential equations describe physical phenomena only approx-
imately and it can happen that a certain set of data will “fit” a solution of
the modified equations better than it satisfies the original equations. If the
numerical constants occurring in an equation are modified and this way a
solution is obtained. the deviation must be evaluated between the solutions
to the original and to the modified equations. If not only numerical constants
but the functions involved are modified, this evaluation might be wvery
difficult.

The avenues of applications of the inverse approach in celestial mechanics
have been varied and proven to be extremely useful. The purpose of this
paper is to present a general view and to point out its applications.

2. Analytical considerations

2.1. ELIMINATION OF TIME

Consider dynamical systems of n degrees of freedom with generalized
coordinates qi, gz, ..., i, .-, ¢n, and write the equations of motion in the form:

o="/ulqr. gx), 3, k=1(1)n. )
Considering every ¢, depending on ¢, we have
5 dql )
= d T —
q=qq1) and gy il
or
di=1'g (2)

where the prime denotes derivatives with respect to ¢1 and the dot denotes
derivatives with respect to the time (t). From (2):

di=q/ g1 +q(g1) (3)
For i=2, eqs. (1) and (3) give
fa(ge, 4) = g3’ hr(qe, gx) +9s°(G1)*
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or using eq. (2):
f2(qr, gx's 1) = q2"h(ge, qr', G1) + 2" (Ga)2. 4

Solving this equation for g, or for (¢1)?, we write

(1) = H(ge, qv’, g1°) (6)
and computing the time derivative, we obtain
OH OH dq. OH dqz'
i ' : 6
i 35t 350 Ty v
Eqgs. (1), (2), and (6) transform (6) into
* dH oM OH
2/1(qe, @a', G2°) = + s q + s 7
hige, @1, g2°) .glbq ' Z B @’ 3 'y )]

where ¢i’ = 1, provided that ¢, » O.
For =3, eq. (3) gives

fs(qe, @x', @2") =qs' frlqn, @1, @27) +q3" H(qe, @', g2°). (8)
The form of the equation is the same for s=3(1)n:
folar, @x', @2°) =qd' hige. qr’, @2") + 9" H(gn, ¢¥’, g2°). (9)

Eq. (7) is a third crder differential equation and the (n—2) eqs. (9) are
of the second order. The system is of (2n — 1) -th order as expected since it
was obtained by elimination of the time from the original (2n-th order)
set. It is significant that eq. (7) contains only one third derivative. In the
two degrees of freedom case i =1, 2 and only eq. (7) is obtained b7 elimination
of the time. This equation, however, will describe completely the geometry
of the problem.

Let qi=2z, q2=y, and E=fi(z, y, 2, 9) %

3.":,?(’! Y, 2, y) (10)

corresponcing to eqs. (1). The simple relations of y=y'z with y' =dy/dr
and y=y(z), correspond to eqs. (2). Eq. (4) becomes:
Lz, 9.y, 5=y h(z, 4, ¥, ) +y (&) ()
which, when solved for z for (£)? gives:
(@2=H(z, 9.9, ") (13)

Final elimination of the time results in vhe equation of the orbit, corres-
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ponding to eq. (7):
o o o ]
’ (4 - = I_ '_ M_ ’ ~ 1'3\
2z v.4' ) (ax“’ 3 Yoy Y ay'> Hzy vy, y) (13

The above equations of motion (10) ropresent a slightly more general case
than the two dimensional restricted three body problem in a rotating rectan-
gular coordinate system. The differential equation connecting y and z is of
the third order. If usy is made of the Jacobi integral, eq. (13) can be reduced
to the second order, as will be shown later. The three dimensional case of
the restricted three body probler. corresponds to

i=’l(zr Y, y)
y=/faz,y, %) S (14)
Z =/3(z’ y)

and it can be shown that the 6-th order system is reduced to the 5-th order,
consisting of a third order and of a second order differential equation. The
first equation contains

r,y2y,2,y,2°, ¢y
and the second

r,y,.2Yy,2,y, 2"
The following three remarks are offered at this point:

(i) By eliminating the time two purposes were served: (a) the order of
the system of differential equations has been reduced by one, and (b)
since time effects do not enter, the problem is changed into a geo-
metrical one.

(ii) If the equations of motion contain the time explicitly, eq. (5) will
contain an additional term dH/d¢, in which case elimination of time is
not achieved.

(iii) Since the elimination of time process implies that the ¢; = ¢1(t) function
be inverted to t=#q:), and substituted in the ¢;=gqi(¢) relation, giving
gi=q[t(71)] the ¢1 =0 point requests special attention. Dcuble valued
functions oceurring in eq. (5) warrant the same comment.

2.2 MODIFIED EQUATIONS
Consider the right side of eqs. (1) as the sum of two functions:

fi(gx, gx) = Fu(qx, Gi) + @dlqr) (15)
k,s=1(1)n

T o »
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i.e the modifying functions (p;) depend only on the generalized position
coordinates. The effect of the ¢ set will now be investigated on the geometry
of the orbit.

Eq. (4) will assume the form of
Fa(qr, g’ G1) + @2(qe) = g2’ [ Fi(qz, qr', 1) + pr(qe)] + q2"(d1)2 (18)

From this equation we obtain ¢), assuming that Fy(qs, qi', ¢1) and
Fs(qe, q¢', ¢1) are given and the ¢i(qx) and @a(gx) functions are not.

G¥=H(qe, q', g2, 1, ). (17)

The first equation of the orbit corresponding to eq. (7) is obtained again
by differentiation:

» 0H oH O0H 2 btpx
2F = + 0+ g X
fuc tgx Og @ tgz g qt o2 @ op hgl th ) (18)
oM 3 31 S
+
69’2 tgx bqt

For given F,, F2 and ¢y, ¢; functions, eq. (18) is one of the orbit equations.
For given F,, F: and gx=qi(q1) functions, eq. (18) is a partial differential
equation for ¢, and ¢s2. For given F; and Fy, eq. (18) is an orbit equation
and can be used to select ¢; and ¢2 to facilitate obtaining the solution.

The other orbit equations corresponding to eq. (9) become for +=3(1)n:

Fierpi=q/(F1+p1)+qH (19)

i.e. every orbit equation introduces one new ¢ function.
The previously mentioned set of eqs. (10) in a modified form becomes:
E=Fi(z,y, 2, 9)+qilz, y)
§=T:Az, y, Z, y) + g2z, y).
Eq. (16) for this case is

Fy+pp=y'(F1+¢1) +y°(£)? (21)

(20)

from which #2 can be computed, giving
iz:H(zl Yy, y') .'l', 1, W)' (22)
The equation of the orbit, corresponding to eq. (18) is

oF +2gy= 20 L o080 .08
1T = 32 dy yby' yby'
op1 btpl) oH (btpg btpz) OH

+(0x+” o) 3 T \3: TV )

+y
(23)
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This is wu ordinary third order ditferential equation for y(z), i.e. for the
function representing the orbit, if Fy, Fs, g1 and @3 are given. It also can be
considered as a partial differential equation for ¢i(z, y) and @iz, y), i.e. for
the modifying functions, if F), F; and y=y(z) are given. Finally, eq. (23)
can also serve as a guide in selecting the ¢, and ¢ functions for given F,
and F; so that the solution can be represented by functions of known geo-
metric properties.

As summary of this chapter, the following remarks are offered:

(i) For an n degree of freedom system there are n modifying functions:
@1 ... p» which depend on the n generalized position coordinates,
q1 ... gn. After elimination of the time the 2n-th order system is reduced
to a system of (2n— 1)-th order, represented by n—1 equations. The
first equation is of the 3-rd order. It includes ¢), g2 and their partial
derivatives, the latter ones linearly. The remaining (n —2) equations
each include ¢;, @2 and only one of the ¢; functions (k=3(1)n).

(ii) If the F; functions and the gx(q:) functions are given the n modifying
functions ¢, will have to be determined from n —1 equations, one of
these being a partial differential equation, i.e. the ¢x functions are not
uniquely determined.

(iii) For given F; functions (properly) selected ¢: functions will completely
determine the solution.

3. Applications
3.1. GENERAL CONSIDERATIONS

It will be shown that the above conclusion marked (ii) allows the formu-
lation of generalized guidance equations on one hand (section 3.1.1) and
offers a new presentation of the Encke method on the other hand (section
3.1.2). Conclusion (iii) points the way to the establishment of new approximate
solutions (section 3.1.3).

3.1.1. Generalized gusidance approach

The combination of eqs. (1) and (15) describes a dynamical system where
the “forcing functions’’ are split into two parts:

dis= Fil(qr, ge) + gilqe). (24)

The first part (F;) is now considered as the given force field, the second
part (@() as the guidance force along an orbit. To determine the n guidance
force components (¢(), eqs. (18) and (19) are used. Since there are only (n—1)

G EE ey
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equations, no unique solution is available, in fact, the guidance forces
@3, P4 -.. pa Will be expressed as functions of ¢; and .. It is noted that ¢
and @2 are not independent but related by a partial differential equation.
From the point of view of gu:dance this is one of the advantages of the present
approach since a great variety of guidance functions result from the analysis.
In actual cases, the first guidance function might be determined as a function
of the position coordinates and of the second guidance function (¢2). Even
if 2 is fixed, the first guidance function is not determined uniquely since
it appears as a solution of a partial differential equation. This equation has
the general form:

0 )

where L is a linear function of the partial derivativos.
The determination of the set of guidance functions therefore is reduced
to first finding the general solution of eq. (25), for instance, in the form o
P1=¢1(p2, 1). Using then oqs. (19) the remaining guidance functions are

determined as
P1=@ip2. q1)

i=3(1)n. (26)

Optimizing conditions imposed on the problem might require finding the
minimum of the total force vector, (¥) of work (¥,) or of power (¥j), i.e.:

V=V + @2t + ... ga? oOr V’2=IEZ grdge or ¥s=f 3 qedge.  (27)
-1

ke

3.1.2. Generalized Encke method

The Encke perturbation method computes the difference between the
actual and a fictitious precomputed (‘‘nominal”’) trajectory. The coordinates
of this nominal trajectory can be represented by closed form solutions of a
differential equation. The method is based on the premise that if vhe diiferen-
tial equation for the nominal trajectory is a “slight” modification of the
ifferential equation associated with the original problem, then the deviation
between the actual and the nominal trajectories is small.

The Encke method (3] is summarized here for comparison using the
notations of this paper and properly selected units:

lot Gi= — :1—: Py (25)

where ¢; is the i-th [position coordinate, r2=3?_, 4,2 and Py is the i-th com-
ponent of the perturbation. These equ=tions represent the actual trajectory
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while the reference trajectory satisfies the following differential equation

” P
P=—15 (29)
where p¢ is the i-th coordinate of the two body reference orbit and
3

roz= z p;z.

{=1

Introducing for the difference between the actual and the reference trajec-
tories my one obtains the differential equation, which the Encke method

integrates: )
.o 1 ros) ] '
"= s q:(l—-; - |+ Py (30)
T=qc— P S
For actual computational purposes eq. (30) is written as
. a 1
m=;o—3(lc—"—-°3m+P4 (31)
where the computation of
po®

=] -
T @t poT
is facilitated by tables.

If the reference orbit is ‘“‘close’’ to the actual, large integration steps can
be taken, therefore, the efficiency of the Encke method depends on the
proper choice of the reference orbit. This is not difficult when planetary
motions are studied, i.e. when frequent rectifications (selection of new
reference orbits) are not necessary. For purposes of lunar trajectories, or
in general, for three body orbit calculations the original Encke scheme has
limited significance especially in the regions where the deviations from two
body orbits are large.

It seems to be a logical extension of the Encke method to investigate
reference orbits which are not based on two body calculations but which
approximate the trajectories associated with the three body fields. Let

o =1d(gx, gx) (32)

be the i-th differential equation describing the actual motion of a body in a
given (f;) force field and let the reference orbit be described by

o= fi(pr, Pr) + @o(ps) (33)

where pq is the i-th coordinate of the reference orbit.
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The partial differential equations for (¢¢) which are associated with eq. (33)
are obtained from egs. (18) and (19) by writing p, for ¢; and f; for F;:
’ » m b‘Pl b%)
2 2 = s ’ y ’ ’ YN S 34
h+2p=n (Pk PE PP L G g S (34)
and
fitpe=pd (fi+ @)+ pd Hipe, pr', p2°, @1, g2), for i=3(1)n.  (35)

A set of simple pi(p1) functions can be constructed which represent
approximately the solution. Substituting these functions, eqs. (34) and (35)
will give several sets of ¢; functions. These sets are subjected to a minimize-
tion process and a single set of ¢ functions is obtained. This set of ¢, with
the associated p¢(p1) functions complete the constiuction of the 1eference orbit

Introducing now the deviations of the actual orbit from the reference
orbit by

T=q(— Pt

and subtracting eq. (33) from (32) one obtains:

nte=fu(qe, ge) — fo(pr. Pr) — @il px) (36)

where 7¢(t) is to be determined, g¢i(t)=7x(t) + pa(t) and pi(t) is known.

This concludes the generalization of the Encke method excepting the
important fact that Encke writes the final eq. (31) in a form specifically
suited for numerical work. The corresponding step in this generalized treat-
ment can be accomplished only if the specific f; functions describing the field
of an actual problem are given.

3.1.3. Approximate solutions

The problem of approximate solutions is twofold: firstly, a method of
constructing such solutions is to be established and secondly, the accuracy
is to be estimated. It will be assumed that the solution of the original system
of differential equations is not available, so the estimation of the error of
the approximate sclution must be more sophisticated than comparing two
functions in a given domair.. Error estimates are intimately associated with
the functions (g¢) previously called guidance or modifying functions as was
shown before.

In section 3.1.1 the guidance problem was discussed and it was shown
how the ¢ functions are determined along a2 prescribed trajectory, i.e. how
the given force field is modified along a given orbit. The present chapter
deals with the modification of the entire force field, so that approximate
orbits subject to arbitrary initial conditions can be represented in “‘closed’
form.

ey

ey
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The Encke method is a special perturbation technique and the aim of the
previous section (3.1.2) was to generalize its reference orbit aspects. The
purpose of the present chapter is to show how the inverse trajectory concept
can be applied to obtain approximate general solutions and how to estimate
the accuracy of these solutions.

Eqs. (18) and (19) with ¢ = 0 represent the orbit in a given F; force
field and it is assumed that the ¢,=qi(q1) functions which satisfy these
equations with given initial conditions are not available. In order to find
an approximate solution to the ¢¢ = 0 actual problem, one finds the ¢ # 0
sets for which the general solution of the orbit differential equations can be
given. In other words, the exact general solution for the orbit in a modified
field F(+ ¢ is determined first. The approximate general solution of the
actual problem is represented, therefore, by the exact general solut.on of the
approximate problem.

Since the difference between the solutions of the actual and modified
differential equations are in general proportional to the modifying functions
applied, the motion in the original force field will differ from the motion in
the modified field by an amount which is proportional to the field distortion.
The ¢ functions represent the distortion of the field and the smaller these
distortions are, the better the approximation becomes.

The description cf the analysis involved is simple. Referring to eqs. (18)
and (19) one selects an arbitrary set of ¢¢(qx) functions for which the ¢;= g¢(q1)
solutions can be represented by “simple’” functions. This does not require
the precise specification of the ¢ set, only the general functional forms of
ite members. The next step is to minimize the values of the members of the
¢4 field distortion set in the domain of interest. The result will be a set o
¢« functions which will allow a simple representation of the general solution
(¢¢) and at the same time will minimize the deviation from the actual solution.

Three remarks are of some importance:

(i) The error estimate for the approximate general solution is associated
with a domain in which the solution is applicable.

(i1) The error estimate in general will be very crude unless the special form
of the differential equations is taken into account.

(iii) The field distortion functions might introduce large deviations if the
domain is “large’’. Approximate solutions consisting of several functions
which are matched at the boundaries of their respective domain might
have to be considered.
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3.2. THE PLANAR RESTRICTED THREE BODY PROBLEM

3.2.1. Reduction to the second order

The differential equations of motion of the title problem in a rotating
Cartesian rectangular coordinate system with origin at the mass center of the
two principal bodies (see fig. 1) can be found in any standard reference [4)]
in the following form:
w(x ra)  v(r—b) |

P (

T=n2x+2ny—

(37)
g=nty—Ini— =3 o

where n is the angular velocity of the system, r is the distance between m,

and m, p is the distance between m, and m, u==~k%m;, v=~kZm,

Im Im
Q- — b ——— (38
my + me m -+ ma
Y}
m
r
]
a
m, # 2Ty ——=
a — b —"l
[— I -
Fig. 1. Coordinate system for the restricted 3-body problem.
The Jacobi integral is
. . 20 2v
A RE R (30)

The third order differential equation of the orbit, containing z, y, y', y*
and y” is obtained by using eq. (7). The order might be reduced to two if
use is made of the Jacobi integ al. These steps will be executed below, but
first a transformation to polar coordinates will be made, by the relations:

z+a=rcos and y=rsin0. (40)
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After substitution, the equations of motion (37) become:

F=r(0+n)2—ant cos 0 — & — (r — 1 cos 0) ?

3 i (41)
Y an?sinf  vlsin0 |
0= —2-(0+n)+ - e
and the Jacobi integral assumes the form:
0 9
()2 + (r0)2 — n2r2 + 2ran? cos 6 — “T" - “?” =2C (42)
where
02 =r2—2rl cos 0 +12. (43)
It is noted that using
V=~ /;l - '—(; + ran2 cos 0 (44)
eqs. (41) and (42) can be written as
F=r(0+n)— %:; (
1oV o)
E 1V
rf= — 2¢(0 + n) - 30 s
and
(F)2 + (r0)2 — n2r2 + 2V = 2C. (46)

It is noted that the (r, 0) polar coordinate system is originated at m, and
not at the origin of the (z, y) coordinate system and therefore direct comparison
of eqs. (45) and (46) with reference (4] might be misleading. The third order
differential equation, corresponding to eq. (7) is obtained if the following
substitutions are made:

2¢(0 10V oV
@1=0, q=r, /l=-i+—n)——— /2='(0+")2—$-

In order to arrive at a second order differential equation, use will be made
also of the Jacobi integral. Writing #=r0 where r'=(dr)/(d6), (6) can be
expressed using the Jacobi integral (46):

2AC—-V)+n2r2  g¥r. 0)

rz4(r')? S (r)? $2l

(02 -

where the g(r, 6) function was introduced for simplicity’s sake and its physical
meaning is the magnitude of the velocity of the mass m in the rotating
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conrdinate system. It is noted that § has not been expressed from an equation
corresponding to (4) in the general treatment since the Jacobi integral could
be used instead.

Corresponding to eq. (3) we have
F=r'b+r(0)2 (48)

or according to (45)

r( +n)2 - %, = — g [2r’(0+ n) + ’l_b_li] + r"(6)z. (49)

This equation corresponds to eq. (4). If the Jacobi integral would not exist,
one would solve eq. (49) for (6)2 and would proceed as in the general case.
Using the expression for (6)2 as given by eq. (47), observing that

oV _ ., 1o
or 2 or
oV _ 192
30 206
_y 90

and substituting in eq. (49) the result is:

o(r -2 ) s (Bh - ) = Zreerr o0

This second order differential equation for the r=r(6) function represents
the orbit associated with the planar restricted three body problem.

If the reciprocal transformation for the radius vector is introduced,
eq. (60) assumes the following form:

"2 "2 3
glu”+ u)= [(%) + l] (“2914—“'90)—271[(%) + 1]‘-’ (51)

where u=1/r, the subscripts represent partial derivatives, and

n? an? o
g2=2C + i 27 cos 0+ 2u [u+v(1 — 2lu cos 0+ 12u?)="s), (52)

Eq. (51) is the result of the derivation. Its general solution would represent
the solution of the restricted three hody problem.
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Two remarks related to eq. (561) might be in order:

(i) Due to the choice of the coordinate system and because of the structure
of the differential equation, the latter reduces easily to the corresponding
two body problem by writing

y=0 and n=0,

For this case, which corresponds to the motion of m in the field of m,
in a fixed coordinate system, eq. (562) becomes:

g2=2uu+2C and so gy=pujg. (83)
Eq. (51) gives:
u”+u=[(u')+u] ulg? (54)
or
u+u"=pulh? (565)

where h is the constant of integration of the momentum, i.e.
h—6r2 = Jur,
It is noted that eq. (47), using the (u, 0) variables can be written as
294
(02 = uTgIW
el I g
g (0)

which relation was used to obtain eq. (55).
The fact that eq. (54) is identical with the well known form of the two
body equation, i.e.

(66)

and therefore

1
h?

u + u” =constant

can also be shown without resorting to the momentum integral as follows:
Eq. (564) can be written ac

pl(w') 4+ u?]=2(C + pu)(u + u’)
which by differentiation becomes
pl(w?+u?]) =2uu’(u+u") + 2C+ pu)lu +u’)'. (57)
Comparing (67) with the identity:
[(w')2+ u?) =2u'(u +u") (58)

we have u+ u”=constant, provided that the velocity is not zero.
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(ii) The Lagrangian solutions follow rather elegantly from eq. (51) if
u = ug = constant solutions are searched for. Since the g(u, 6) function
is identical with the velocity magnitude in the rotating system and
since the Lagrangian solutions are stationary in this system,

g =0
This reduces the differential eq. (51) to
oV n?
or
puo® + 9%, (1-- ugl cos Oo) = n2(1 — aug cos Op). (60)
Eliminating a and n? by
- 14 2 _ n+v
a = and n 7 (61)

and introducing the o = u/v and x = uel notation, the equation for the libration
points (60) becomes :

x3
a(x3— 1) + (x cos Og — l)[l - @1 =9z o8 00),/_] = 0. (62)

3.2.2. Guidance

It was shown in section 3.1.1 that the number of guidance functions g
equals the number of degrees of freedom. Since the planar restricted three
body problem has two degrees of freedom, ¢; and ¢; are to be introduced
and evaluated. Eqs. (45) in their modified forms are:

oV

F=r(0+n)— = + qi(r, 6) )
(63)

- 1oV g

0= —2¢0+n) — 35 e 6). |
Reduction of this problem to a second order differential equation is possible
only if the Jacobi integral is applicabie, that is if ¢; and @2 are components

of a conservative field, or if

01 _ Ogar

of or

In other words if the guidance functions can be derived from a potential,
®, then the potential function (V) of the original problem can be modified
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and the equations of motion become

F=r(0+n)— b:r‘ ,
(64)
. *
= —2¢(0+n)— }%‘;— \
where
Ve=V+P(r, 6). (85)

This way, the fourth order system can be reduced to a second order
differential equation, containing r, r’, r*, 0, @, &, &,. It is noted that by
introducing @ instead of using independent ¢, and ¢; functions, the problem
is restricted to conservative guidance forces, but this restriction is not
necessary and it is made for convenience’s sake only. The radial and tangential
components of the guidance force are determined. once the guidance potential
(@) is found, by

0P
== = /

109

r o0’

(66)

The second order differential equation of the orbit can be established
simply by substituting

2
@*=2C-V*+ 5 (67)

and
VeV 4@

in eq. (51). Since V(u,0) is given (44) and
dg* 1 n?
o T\ )

b(]‘

l 14
00 !F(lo*_d)o)'

the basic guidance equation from (51) becomes
q* ‘271 [(1')2 t l]g Lg*(u u')} /
u
= [(1‘:)2 + l] [u'( Vo + D) — u? ( Ve + Py + 2—:)] . \
u u

(68)

- T S
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This is the equation which corresponds to eq. (18) or (19). The differential
eq. (68) is of the second order since the modifying function was derived
from a potential. For given u=u(0) this equation is a partial differential
equation for the guidance poteatial (®). The erroneous observation might
be made that partial derivatives would not appear (see eq. (19)) if a potential
function for the guidance forces would not have been introduced. On the
other hand it should be observed that eq. (18) which did not use a potential
function for the modifying functions, does contain partial derivatives and
so does eq. (25). Therefore, we conclude that the guidance equation is always
a partial differential equation either for the guidance functions or for the
guidance potential.

At this point, to illustrate the method, we select an orbit and show how
the guidance potential is determined. Consider the

u=na+fcosf (69)

conic sections and require that the mass m describe this orbit.

It can be shown that conic sections do not satisfy the differential equations
of the restricted three body problem [5], therefore, selecting these orbits,
triviality (@ =0) is avoided. The practical significance of such orbits is also
demonstrated in [5].

Substituting eq. (69) into (68) the partial differential equation for ¢
becomes:

L(®.,0) = M(6) %’ + %:-). (70)

From this equation ®P(u, 0) is determined keeping in mind that the in-
vestigation refers to a specific type of orbits, i.e. to those which are described
by eq. (69). By selecting any other family of curves for the path and sub-
stituting these into eq. (68), the resulting equation will have the same general
form as eq. (70) and only the L(®, ) and M(0) functions will change. It is
to be noted that the dependence of L on @ is always of the same form, i.e.

L(®, 6)= P(0) VQ(0) — 2& + ®R(6) + S(0) (1)
and for different paths only the P, @, R, S functions will be different.
The partial differential eq. (70) is solved by the standard method, i.e.
= du = (72)
from which

u— | =¥ (13)

i
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and
- Q(0)= ¥, (13)
where @ =(2(0) is the solution of
dp L6, ) %
WMo (74)

The general solution of the partial differential eq. (70) is

Y. = ¥Y('¥))

or

O=0Q0)+ ¥ <u - 71;_:90‘)) , (75)

where ¥ is an arbitrary function of its argument.

The determination of the actual guidance force components is made by
means of eqs. (66):

D
F1= —uzb—u = —u2Y’.
and

o= -2 w2+ ¥, (76)

For the conic section orbits the M, P, Q, R, S functions are as follows:

_ psinb
X10)= (x+ B cos 6)2 (77)
__on Va?+ B2+ 2afcosf
A (x+pcosB) (78)
@(0)=g¢%0) as shown in eq. (52),
R 2x
() = a4 f2+ 2xf cos 0 (19)
and
S(0)=—(M + }QR). (80)
The characteristic eqs. (73) furnish the solutions:
Yi=u—fcosf—2a lnsinO—az;ﬂzln tang (81)
and
Vo =D —X6)
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where £2(0) is obtained from an equation corresponding to eq. (74):

i P —— R 8 ‘

This equation can be reduced to an Abel type differential equation and
this way the guidance pot untial according to eq. (75) is determined, subject
to the selection of an ark.trary ¥ function.

3.2.3. Encke method

Three body trajectories which connect the neighborhood of m; with the
neighborhood of m; are of considerable practical interest. Such orbits often
are constructed of three parts. The first part is a two body approximation
fitted to that part of the trajectory which is in the vicinity of m,. The third
part is another two body approximation fitted in the neighborhood of m..
The second, in-between part of the trajectory, the matching of these two
body fits and the problem of approximating the trajectory in the region
where the force field is essentially a three body field, is seldom treated. Since
the classical Encke method or the variation of parameters method are both
ideally suited for treating domains where two body fields dominate, in this
chapter, we will concentrate on the “essentially’”’ three body regime.

Trajectories which in a rotating coordinate system show up as figure 8 or
S-shaped curves, contain inflection points and in these regions straight line
approximations are of interest. Neither the classical variation of parameters
nor the conventional Encke method is designed to entertain these regions.

As a reference orbit the

v=nsin 0+ fcos 0 (83)

straight line is used, with I>1/8>>|1/a], a <0 corresponding to the actual
problem, i.e. the line will intersect the z-axis (fig. 1) between the origin and
mg with a small angle of positive inclination. Since the variable u is reserved
for the actual orbit, v is used for the reference orbit (compare with eqgs. (32)
and (33)). Just as the Encke method maintains the time as the common
independent variable for both the actual and the reference orbit, in the
present technique the independent angular variable will be considered common
to both orbits.

Substituting the reference orbit into eq. (68), one finds that (since v+ " = 0)
the governing equation for the reforence orbit becomes:

2nVaZ+ 2= (xs8inl + fcos 0)3g,* — [af cos 20+ §(a2— f2) sin 20]g,*. (84)
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The general solution is easily obtained by the method of characteristics:

n tan (0+arc tan 2B ) (86)

g*=¥(v+ P)— Py

2n |
(a2 + g2
where ¥ is an arbitrary function and

Vat+p2—v
2(Bsinf—acosb)’

P=Ya%+f In (86)

The general form of the ¢, and ¢; functions require now the determination
of &, and &,. According to egs. (76):

oot + Ve +
P1= _v2¢v=v(g Jov +Vl’)+ ; s (87)

p2= —vPy=1v(g*gs* + V).

This completes the problem, since g* is given by (85) and V by (44).
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