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SUMMARY 

The hydrodynamic interference between an underwater hull and a stern- 

mounted ducted propeller is predicted by theoretical analysis. The analysis 

assumes axially symmetric potential flow, and the hull wake vorticity is con¬ 

centrated into multiple vortex cylinders extending downstream from the boat- 

tail. The interference forces are predicted versus the following geometric 

parameters with the hull shape held fixed to represent TMB Model 4620: duct 

chord-to-diameter ratio, duct size, duct axial spacing from hull, axial loca¬ 

tion of propeller within duct, duct camberline shape, and number of vortex 

cylinders used to represent hull wake. Also, the effect of duct profile 

thickness upon the analytical results is estimated and shown to be small. 

The computed results show that cylindrical ducts are unsuitable for 

propulsion of the assumed hull shape because, at cruising speed, they are 

ineffective in reducing the propeller thrust, they have large leading-edge 

suction, and they produce large hull interference. However, when duct camber 

is added, the results also show that if all of the other geometric parameters 

are specified, a duct camberline can be designed so that the duct carries 

more thrust than the propeller without any leading-edge suction or hull 

interference. 
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INTERFERENCE BETWEEN A HULL AND A 
STERN-MOUNTED DUCTED PROPELLER 

1. INTRODUCTION 

A theoretical investigation is being conducted of the interference 

between an underwater hull and a stern-mounted ducted propeller. The work 

is being supported under the Bureau of Ships Fundamental Hydromechanics 

Research Program, administered by the David Taylor Model Basin. This report 

presents the results of the first year's investigation of this problem. 

The present analysis appears to be the first theoretical treatment of a 

hull combined with a ducted propeller, although similar analyses have been 

carried out for unducted propellers (e.g., Ref. 1). One of the possible 

benefits of the addition of a duct to a propeller is in the reduction of 

noise. For a given total thrust, a maximum duct thrust and minimum propeller 

thrust may reduce the radiated sound which is generated both by the rotating 

pressure field and hull-induced vibrations. In this study, the net forces 

on the hull, duct, and propeller are determined for various assumed configura¬ 

tions of the ducted propeller. The objective of the program is to determine 

the conditions under which much of the required thrust can be transferred 

from the propeller to the duct without causing large hull-duct interference 

effects or unreasonable design constraints on the ducted propeller. 

2. METHOD OF APPROACH 

The present study is restricted to steady axially symmetric flow with 

no net force on the combined hull and ducted propeller. The forces involved 

are the hull drag in the presence of the ducted propeller, the duct thrust 

caused by the propeller and affected by the hull with its wake, and the 

thrust on the propeller represented as an actuator disk situated in the hull 

wake. The condition of no flow through the hull surface is satisfied only 

approximately by an iterative procedure. The method of concentrated singu¬ 

larities is employed with the assumed singularity distribution consisting 

of four components shown in Figure 1: 

(1) A source-sink distribution along the hull centerline to represent 

the hull. 

(2) Multiple vortex cylinders trailing from the hull boattail to repre¬ 

sent the hull wake. 



(3) A single vortex cylinder extending downstream from the trailing 

edge of the ducted propeller to represent its slipstream. 

(4) A distribution of elementary vortex rings bound to the duct such 

that there is no flow through its surface or across its trailing edge. 

The assumptions and iterative procedure for evaluating the foregoing 

singularity distribution will be described in the next section. The hull 

shape was chosen to approximate TMB Model 4620 as shown in Figure 2(b). The 

initial computations are restricted to thin, cylindrical ducts with chord-to- 

diameter ratio of 1/2. The effects of duct camber and increased chord are 

incorporated into the analysis subsequently. The effect of duct thickness 

is not included in the main analysis because the investigation in Appendix D 

indicates that the effect is small. 

2.1 Analytical Assumptions 

The first step in the analysis is to specify the source-sink distribution 

used to represent the hull and the placement of the vorticity distributions 

which are used to represent the hull wake, the duct, and the propeller. This 

process will be described next for each of the singularity components. 

The Hull with Its Wake 

Representation of two different isolated hulls in potential flow by a 

point source followed by a line sink of constant strength is shown in Figure 2. 

The theory is described in Appendix A. This simple analytical approximation 

is good for the entire torpedo hull. Only the submarine hull will be used 

in the following analysis, however. For this hull the analytical representa¬ 

tion is good except near the ends. The shape of the hull nose has almost no 

effect upon the present analysis since the flow field is calculated onl^ near 

the ducted propeller. However, rounding off the aft 5 percent of the hull 

length (Fig. 2(b)) may have an appreciable effect upon the analytical results. 

Nevertheless, the extreme simplicity of the foregoing representation of the 

hull seems to justify the approximation, since the aft end of the hull is 

deeply submerged within the hull boundary layer which is also represented 

only approximately near the end of the hull by the assumed vortex cylinders. 

The drag coefficient of the hull alone is taken to be slightly smaller than 

the value measured for the TMB hull Model 4620 of Reference 1. 

If the vorticity which is shed from the hull into its boundary layer and 

wake were concentrated into a finite number of vortex sheets, these sheets 



would be surfaces of revolution as indicated in Sketch A, and the strength 

of each would vary over its length. 

Vortex sheets shed from hull 
approximated by dashed vortex cylinders 

Sketch A.- Distribution of vorticity shed from hull. 

The boundary layer over most of the hull is so thin that its effect on the 

external flow can be neglected. However, the boundary layer near the boattail 

and the hull wake may have a significant effect upon the flow over the duct. 

An attempt is made to account for the effect in the present analysis by approx 

mating the distribution of vorticity shed from the hull by a finite number of 

vortex cylinders as shown in Sketch A. These cylinders extend downstream from 

the hull boattail, and each one is of constant strength. The sizes and 

strengths of the cylinders are selected in Section 3.1 to give a wake velocity 

distribution far downstream which approximates that measured one hull diameter 

aft of TMB Model 4620. 

The hull wake cylinders are used only to account for the hull drag and 

the effect of the hull wake upon the flow over the duct and through the pro¬ 

peller. The flow induced by the cylinders through the hull surface is 

neglected. The cylinders could be extended upstream across the hull surface 

or moved downstream to set the flow tangent to the hull at a number of points 

equal to the number of cylinders. This technique was not carried out because 

of the high curvature of the streamlines near the leading edge of the cylin¬ 

ders and because of the relatively small effect of the cylinders upon the 

duct thrust as found by the present analysis. 

The present method of solution assumes potential flow. Therefore, when 

the duct lies within the hull wake, it appears to be a mathematical require¬ 

ment that the hull wake vorticity be concentrated into discrete vortex sheets 

so that the flow around the duct surface remains a potential flow. That is 

it does not seem possible to rely upon the present potential flow solution 



if, mathematically, the duct is submerged within a distributed field of vortic- 

ity. The accurate machine program in use at DTMB for prediction of the flow 

field over hulls and their boundary layers has not been employed in the present 

analysis since the hull wake is represented as a displacement thickness therein, 

and this representation is valid only outside the actual wake. 

As a test of the accuracy of the analytical representation of the hull 

and its wake, the radial velocity component v was computed by machine at 

three points near the analytical hull shape (Fig. 2(b)), but outside the bound¬ 

ary layer. A point source and line sink represented the hull, and a single 

vortex cylinder represented the hull wake (Fig. 4). The computed velocities 

are listed below where they are compared with more precise values computed at 

DTMB for the actual hull shape with its boundary-layer-displacement thickness 

included. It can be seen that the values are in agreement with 10 percent. 

& 
L 

£. 
L 

£ 
V 

(DTMB) 

JL . ïâ Xw 
V V V 

(hull) (hull wake) 

0.4 

.2 

.1 

0.120 

.100 

.060 

-0.0292 

.0499 

.0690 

-0.0321 -0.0325 0.0004 

- .0501 - .0520 .0019 

- .0618 - .0786 .0168 

The hull-wake cylinder contributes significantly only to the last computed 

value of v/V which is at the point nearest the end of the hull. Recomputa¬ 

tion with two and then with three vortex cylinders to represent the hull wake 

yields the following values for v/V, respectively, -0.0684 and -0.0667, which 

are satisfactorily close to the DTMB value of -0.0690. Thus, the present flow 

model appears to yield: (1) nearly the same flow pattern over the hull and 

its wake as the DTMB program; and (2) a potential flow representation of the 

flow within the wake so that the duct can be placed within it. 

The Propeller 

The propeller is represented as an actuator disk which extends across 

the duct and which is assumed to add a uniform axial velocity increment y 

to the slipstream without imparting swirl. The trailing vorticity shed by the 

actuator disk is approximated by a single vortex cylinder of constant diameter 

D and constant strength y extending downstream from the duct. The extension 

of this vortex cylinder upstream from the duct exit plane to the actuator disk 



constitutes part of the duct-bound vorticity. When a hull wake cylinder 

extends through the actuator disk, the disk loading or pressure jump is 

smaller inside the cylinder then outside. Although the actuator disk is 

placed in the duct inlet for convenience, the present solution is independent 

of the location of the disk within cylindrical ducts (Ref. 3). It is believed 

that the solution remains valid even when the disk is located forward of the 

aft end of the hull. In this case the central part of the actuator disk, 

which is removed by the hull, is in effect replaced by the pressure jump act¬ 

ing upon the hull surface aft of the disk. 

The Duct 

The duct is represented by a distribution of bound vorticity y which 

is specified such that there is no flow through the duct surface or across 

its trailing edge in the presence of the hull, wake, and propeller. Initially, 

the duct shape is restricted to a thin cylinder with a chord-to-diameter ratio' 

of 1/2. Duct camber, taper, and increased chord are introduced later. The 

effect of duct thickness is neglected based upon the evaluation in Appendix D. 

The reduction in size of the propeller with the addition of duct thickness 

causes a shift of thrust from the propeller to the duct. This indirect effect 

can be evaluated from the results in Section 4.3.3. 

With the foregoing assumptions, the problem consists of determining the 

vorticity distribution for the ducted propeller and the associated hull drag, 

duct thrust, and propeller thrust forces such that there is no flow through 

the hull and duct surfaces and there is no net force on the configuration. 

The forces are evaluated from velocities acting upon singularities (by a 

Lagally type of formulation) rather than from integration of surface pressure. 

2.2 Description of Iterative Procedure 

The presence of the ducted propeller causes a velocity through the hull. 

This velocity is eliminated by an iterative procedure. The conditions of no 

flow through the duct and force equilibrium are maintained during each step 

of this procedure. The steps are: 

(1) A solution for the isolated hull and its wake is obtained with a 

net drag force on the hull. The velocity induced normal to the hull surface 

by the wake cylinder, or cylinders, is neglected in this and the remaining 

steps . 

(2) A solution is obtained for the hull and its wake combined with a 

ducted propeller. The propeller disk loading is chosen so that there is no 
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net force on the configuration. The duct-bound vorticity is specified such 

that there is no flow across the duct surface or its trailing edge. The 

ducted propeller induces velocity across the hull surface which is neglected 

in this step. 

(3) An incremental source-sink distribution is added to the hull center- 

line to cancel the velocity induced by ducted propeller through the hull sur¬ 

face in Step (2). 

(4) An incremental bound and trailing vorticity distribution is added 

to the ducted propeller which cancels both the force on the configuration and 

the velocity across the duct surface and its trailing edge caused by Step (3). 

Steps (3) and (4) are repeated until the solution converges. 

The following interference forces are generated by the various components 

of the singularity distribution acting upon each other: 

(1) Increased hull drag, or a "thrust deduction," is caused by the ring 

elements of duct-bound vorticity acting upon the source-tink distribution for 

the hull shape. An equal increase in duct thrust is also generated and there 

is no net force on the configuration from hull-duct interference. This is 

because each elementary source and ring vortex induce equal but opposite forces 

on each other. 

(2) Increased hull drag is caused by the free vorticity in the ducted 

propeller slipstream acting upon the source-sink distribution. 

(3) Duct thrust is generated by the free vorticity in the propeller 

slipstream and hull wake acting upon the duct-bound vorticity. 

The strength of the free vortex cylinder trailing from the duct (and the 

corresponding propeller thrust) is determined such that the net thrust of the 

ducted propeller is equal to the net drag of the hull. 

The solution for the first iteration (through Step (2)) is carried out in 

Section 3.2. This solution is complete in the sense that all of the forces 

generated by mutual interference are included. However, the solution satisfies 

the actual hull boundary condition only approximately, because the hull shape 

corresponding to the point source and line sink is not exact and this shape 

is distorted by both the hull wake cylinders and the ducted propeller. The 

distortion of the hull shape by the ducted propeller is examined in Section 3.3 

where Step (3) of the interation procedure is carried out. 



3. ANALYSIS FOR THIN CYLINDRICAL DUCTS 

3.1 Specification of Configuration 

To begin the analysis, we shall specify the hull shape and the vortex 

cylinders which represent its wake using the nomenclature of Figure 1. 

The isolated hull shape of interest (TMB Model 4620, Ref. 1) can be 

represented in potential flow by the dividing streamline surrounding a point 

source and line sink of constant strength as shown in Appendix A. The sub¬ 

marine hull shape and propeller from Reference 1 are compared with the ana¬ 

lytical hull shape in Figures 2(b) and 3. The analytical shape is found by 

fairing Equations (A.l) and (A.2) as described in Appendix A and using the 

following assumed parameters defined in Figure 1: 

The length-to-radius ratio of the 

actual 

analytical 

93.97 
12.27 

., TP. 
12.27 

7.65 

5.72 

hulls are 

-L- a -180 . 
R 12.27 
in 

it. . 170 . 
R 12.27 m 

14.7 

13.8 

(1) 

(2) 

The analytical hull shape near the aft end is 

parabola for which 

compared in Figure 3 with a 

(3) 

& 
V (4) 

ia 
LB 

(5) 

The foregoing approximate Equations (3), (4), and (5) will be used in 

the present analysis to specify the shape of the hull boattail. Now we shall 



specify the strength and radii of the vortex cylinders which are to be used 

to represent the hull wake. 

Axial velocity profiles measured aft of the isolated hull in Reference 1 

are shown in Figure 4 together with the downstream profiles given by the vor¬ 

tex cylinders which will be used to represent the hull wake. Either one, two, 

or three vortex cylinders will be used, with the radii and strength indicated 

in Figure 4. The three-vortex cylinder configuration is also shown to scale 

in Figure 3. 

The vortex cylinders were chosen to approximate the measured profiles 

and to give an isolated hull drag coefficient of 

Cjj' - 0.050 (6) 

The measured drag coefficient corresponding with the measured velocity pro¬ 

files in Figure 4 was CH' ■ 0.057 for a Reynolds number, based on hull 

length, of Re « 2.4xl07, according to information supplied by DTMB. Since 

the hull drag was largely due to shear, the hull drag coefficient scales 

roughly with Re 1/^5, and the value assumed by Equation (6) corresponds to 

Re * 4.6X107. For a thin, cylindrical duct with c/D - 1/2 and for the hull 

and wake specified by Equations (3) through (6) and Figure 4, the geometric 

configuration of the hull and ducted propeller is determined by specification 

of two additional parameters defined in Figure 1. 

R 
Hull-to-duct radius ratio, ■ R ' 

’ R m 

Hull-to-duct spacing ratio, §■ - S' 

The radius of the standard open propeller in Reference 1 was Rp ■ R^2.63. 

The size and location of this propeller relative to the hull is indicated in 

Figure 3. Three different values of hull-to-duct radius ratio will be used 

in the following computations: 2, 2.63, and 4. The spacing ratio will be 

varied from 0 > S/R > 1. 

3.2 First Iteration - Neglecting Interference of Ducted Propeller on Hull 
Boundary Condition 

To solve for the vorticity distributions and forces for the components 

of a specified geometric configuration, we shall first determine expressions 

for the radial velocity induced by each configuration component at the duct 
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surface. Then we shall require that the duct-bound vorticity distribution 

cancel this radial velocity such that the boundary condition of no-flow 

througn the duct is satisfied. The form of the bound vorticity distribution 

will be specified such that there is no flow across the trailing edge of the 

duct in order to satisfy the Kutta condition. Finally, the propeller thrust 

will be specified such that the thrust of the ducted propeller equals the 

drag of the hull with interference. 

3.2.1 Duct boundary condition 

First we shall determine the radial velocity induced by the hull, repre¬ 

sented by a point source-line sink, at the duct surface. Then we shall deter¬ 

mine the radial velocity induced by the other configuration components. 

Hull 

The radial velocity induced at a point on the duct surface (xQ,R) by 
the point source at the hull nose is 

SL 
4tt 

(V +r2)' 
3/2 (7) 

with the nomenclature defined in Figure 1. The stream function for the line 

sink used to represent the hull boattail is (p. 458, Ref. 2) 

4TTLB (VRÏ + XBÎ - Vr2 * (XB - V*) 

Hence, the radial velocity induced by the line sink at a point on the duct 
(xß,R) is 

V B 
1 _JL_ 
R XB 

- Q 
4irRLB 

vVr4 + V 

LB ~ *B 

Vr2 ♦ <*B - V 
(8) 

Combining Equations (4), (7), and (8), gives the radial velocity at the duct 
due to the hull as 

(9) 
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For cases of practical interest (where R/R ¿ 1, and xQ/Rm ¿ 10) the first 

term, which represents vQ/V, is smaller than 0.00025. Hence, we can neglect 
it and write 

V 

where, from Figure 1, we have 

B - Lb + s + f + X. 
or 

XB ‘ H * s' 

We shall expand Equation 

+ ^ (1 - cos 6) - L¿ + s' + c' sin2 | 

(10) in a Fourier series as 

(10) 

00 

J" Fn cos n6 

o 
(12) 

Values of the Fourier coefficients Fn as machine computed for two specific 

geometric configurations are listed in Table I. 

Hull Wake 

The radial velocity component induced at a point on the duct surface by 

each of the vortex cylinders which represent the hull wake can be found from 

Equation (A.5), Reference 3, as 

where, for each vortex cylinder, 

Yw - tV 
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Xw"LW+S+f + Xn 

" ^ + S + c sin2 j 

Again, we shall expand Equation (13) in a Fourier series as 

V7 _Iw „ I A * cos n6 n 

such that all of the hull wake cylinders induce the velocity 

VJi 
V Z fAn* ) cos n6 

00 

Z An cos n0 (14) 

values of the Pouner coefficients An as .achine computed for two specific 

rr T Z“"3“0" are USted in TaMe ^ U is -ident fro. Table I 
the radial velocity induced inward along the duct chord by the hull is 

much greater than that induced outward by the hull wake cylinder. 

Actuator Disfc 

The radial velocity component induced at a point on the duct surface by 

Referenciadas"der ^ ^ ^ dUk Ca" be £oUnd ^-tion (2,, 

Zx z Bn cos n0 
(15) 

Th actuator dish is placed in the duct inlet for convenience since the duct 

thrust is independent of the disk location for a thin, cylindrical duct. The 

coefficients Bn are functions of only c/D and they are listed in Table II as 
they appear xn Table I of Reference 3. 

Dust 

The radial velocity component induced at a point on the duct surface by 

the duct-bound vorticity can be found fro. any of References 1 through 7 Z 

he chordwise distribution of duct-bound vorticity is expressed by a Glalert 
(or Birnbaum) series as * rc 
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(16) 

i 

then the induced velocity can be written as 

The Pk£ coefficients depend only upon c/D and are listed in Table II as 

they appear in Tables 2.1 through 2.4 of Reference 6 or Table I of Reference 3. 

For an isolated ducted actuator disk, composed of a thin, cylindrical duct 

and a uniformly loaded actuator disk across its inlet, the values of the first 

four Cn coefficients are listed in Table II as they appear in Table I of 

Reference 3. These values were found by setting v + v^ »0 to satisfy 

the duct boundary condition. D 

The problem now consists of determining the Cn coefficients in Equa¬ 

tion (16) such that the duct boundary condition is satisfied with interference, 

that is, 

(18) 

We can write the preceding equation as 

(19) 

with the parenthesized terms give, respectively, by Equations (12), (14) 

(15), and (17) as 

(20) 
o 

cos n0 
n (21) 

o 
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. 
y Y. Bn cos nô (22) 

k-o k-i V 
(23) 

Substitution of Equations (20) through (23) into (19), gives the following 

equations for the coefficients of the Fourier harmonics. For n - 0 

7 (Fo + V + Bo 
c 

+ -½ 

and for n > 0 

7 (Fn + A„> + B„ 

00 

-z 
i-O 

00 

• I 

ci 
2 Poi 

- 0 

> 

p 
2 n/ 

(24) 

Later we shall truncate Equations (24) for the duct boundary condition after 

i - 3 and after n - 3. Then we shall have a set of four equations for the 

C¿ coefficients and the slipstream vorticity y. To obtain the additional 

equation required for solution, we shall now consider the condition of thrust 
equilibrium. 

3.2.2 Thrust equilibrium 

we shall require that there be no net force on the complete geometric 

configuration so that with interference, the thrust on the ducted propeller 

is equal to the drag of the hull, or 

TD(P) + TD(H) + TD(W) + TP - FH + FH(P) * rH(D) + F. (25) 

Since the duct-hull interaction forces cancel (TD(H) - fh(d)) we can write 

the foregoing equation in coefficient form as 

:D(P) + CD(W) + CP * S ♦ «TMP) - [c¿ + C¿(p)] (26) 
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Next we shall derive expressions for the force coefficients in the foregoing 

expression. 

Duct Thrust 

For the assumed thin, cylindrical duct, the duct thrust force is due 

entirely to leading-edge suction, or the coefficient Co of the first singu- 

lar term in Equation (16). The thrust force can be expressed by analogy to 

a flat plate at angle of attack (Eq. (10), Ref. 3) as 

TD - V PcD(^Co,a <27) 

such that 

■ 2 IT £ 
D (28) 

For the isolated ducted propeller, the duct thrust is generated by the propel¬ 

ler alone so that Cq is a function of only Bn. However, the presence of 

the hull and its wake effects the duct thrust, and for the present case, C 

is a function of Fn, An, and Bn as given by Equation (24). 

Propeller Thrust 

Without the effect of the hull wake, the propeller thrust can be found 

simply by use of Bernoulli's equation ahead of and behind the uniformly loaded 

actuator disk as 

Tp - ApAp - Ap £ (V.2 - V2) “ Ap £ (y2 + 2Vy) (29) 

If we assume uniform disk loading (or uniform pressure jump) with the vortex 

cylinders representing the hull wake extending through the actuator disk, 

each wake cylinder will change strength at the actuator disk. To avoid this 

complication, and to better represent the actual radial distribution of pro¬ 

peller loading, we shall assume that the actuator disk adds a uniform velocity 

increment y to the slipstream which flows through it as indicated in Sketch B 

for one wake cylinder. 
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Sketch B.- Nomenclature for propeller thrust. 

The disk loading (or total pressure jump) is thus smaller in the central part 

of the disk than in the outer part. To evaluate the disk loading we shall 

neglect the change in radius of the wake cylinder with the addition of 

the actuator disk and with distance downstream of the disk. Then the disk 

loading can be found from the increased total pressure1 in the slipstream 

which is produced by the actuator disk. That is, if < R as shown, then 

the propeller thrust force is given by 

TP “ 2 [(V ‘ + - <V - V2] 

+ (r* - Rw2) £ [(V + y)2 - V2] (30) 

or 

where 

(31) 

Z (32) 

On the other hand if > R we find that Cp is given by Equation (31) but 

with 

This increased total pressure is equal to the static pressure jump across the 
actuator disk. 
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Z - 1 - f<V2 (33) 

By similar reasoning we find that for two and three wake cylinders and for 

various relative sizes of the actuator disk, the propeller thrust coefficient 

is given by Equation (31) with the values of Z given in Table III. 

Hull Drag 

The hull drag force coefficient is considered to be composed of three 
parts : 

(1) The frictional or shear drag coefficient C¿ which is assumed to 

equal the drag coefficient measured for the isolated hull. 

(2) The profile drag coefficient C¿(D) (or thrust deduction) due to 
the interference of the duct on the hull. 

(3) The profile drag coefficient ^ue to the interference of the 
propeller on the hull. 

The first drag coefficient is specified to equal 0.050 (see Section 3.1). 

The hull drag caused by duct interference, corresponding to is equal 

to the duct thrust caused by hull interference CD(Hj. The latter force will 

be computed as the change in duct thrust produced by putting F ■ 0 in Equa¬ 
tions (24). n 

An expression for the hull drag coefficient due to propeller interference 

CH(P) is developed in Appendix C as Equation (C.5). This drag is caused by 

the axial velocity distribution induced along the hull centerline by the vor¬ 

tex cylinder y shed from the trailing edge of the ducted propeller. The 

foregoing velocity distribution acts upon the point source and line sink which 

represent the isolated hull and which are not affected by interference in the 
first iteration. 

3.2.3 Governing equations and their solutions 

Truncation of the duct boundary condition (Eqs. (24) after /-3 and 

after n - 3) gives the following set of four equations for the four C, 

coefficients and for the strength of the slipstream vortex cylinder y. 
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) (34) 

y 

coefficients which are lined out in the foregoing equations 

are identically equal to zero (Table II). Substitution for the remaining 

coefficients from Table II for c/D ■ 1/2 and solution for the leading 

Fourier coefficient Co (from the first and third of Eqs. (34)) gives 

C 
o 

Substitution of Equations (28) and (31) into the thrust equilibrium 

Equation (26) gives 

(36) 

Substitution of Equation (35) for Co, Equation (6) for Cj,, Equation (C.5) 

^or ^fp)» an^ Table III for Z into Equation (36) gives a quadratic equa¬ 

tion to be solved for y. Since the hull drag due to duct interference 

(Cjj^jjj) bas not been included in Equation (36) the equal duct thrust due to 

hull interference must be excluded by letting F0 “ Fa " ® in Equations (35) 

as mentioned previously. The solution then gives y and the effective value 

(co)e without the effect of hull-duct interference. Using this value of y 

and the proper (non-zero) values of Fq and F2 in Equation (35), one can 

solve for the total value (C0)t. When inserted in Equation (38) the two 

values (C0)e and (C0)t give the "useful" and total duct thrust coefficients, 

respectively, or CD(p) ♦ CD(W) and CD(p) t CD(W) + C The difference 

(cD (H) " CH(D)^ is the hull“duct interaction force coefficient. 

3.2.4 Computed results 

The computed results for four assumed duct configurations are listed in 

Table IV. For all of these configurations the hull shape is specified by 

Equations (1) and (6) ar.d shown dashed in Figure 2(b). The duct is a thin 
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cylinder with a chord-to-diameter ratio c/D - 1/2. The hull-duct configura¬ 

tion is indicated in Figure 5 for Case 2. The number of vortex cylinders 

used to represent the hull wake is varied from one to three as indicated in 

Figure 4 and the case dash numbers in Table IV. 

The results obtained for one wake cylinder are as follows. In Cases 1-1, 

2-1, and 3-1 the duct size is increased, and the effectiveness of the duct in 

unloading the propeller, or the "useful" duct-to-propeller thrust ratio 

(CD(P) + CD(W)^CP decreases markedly. In Case 4 the intermediate-sized 

duct is moved forward over the hull and the effectiveness of the duct decreases, 

while the interference between the hull and duct ■ CD(H)* increases. 

This interference is very large for all of the cases computed for cylindrical 

ducts. 

In the previous cases for one vortex cylinder representing the hull wake, 

the strength of the cylinder was selected to be half the free-stream velocity. 

To investigate the sensitivity of the results to this choice, the strength is 

cut in half in Case 5 with the hull drag coefficient Cy held constant. 

Although there is a significant effect upon the results, the n^w wake cylin¬ 

der no longer gives a reasonable approximation to the hull wake profile in 

Figure 4. 

To obtain better approximations to the hull wake, the first four cases 

were recomputed with two and then with three vortex cylinders representing 

the wake. The results indicate that there is relatively little effect upon 

the force coefficients as the number of wake cylinders is increased from one 

to two and particularly from two to three. 

3.3 Second Iteration - Including Interference from Ducted Propeller on Hull 
Boundary Condition 

The foregoing results were obtained by neglecting the interference 

effect of the ducted propeller upon the hull boundary condition. This same 

approximation is discussed and used for an open (unducted) propeller in Ref¬ 

erence 1. Because of this approximation the shape of the hull boattail is 

distorted by the presence of the ducted propeller. In Appendix B a series 

of point sources is added to the line sink which represents the boattail. 

The source strengths are specified such that the flow is tangent to the hull, 

and, hence, the hull-boundary condition is satisfied, at the axial station of 

each point. The calculations were carried out for Case 4 of Table IV. It is 

found that the strength of the sources alternate in sign and a rather ragged 

distribution of strength is required. Furthermore, the strength distribution 



vanes markedly between three arbitrarily assumed sets of point spacings and 

locations. Nevertheless, the results in Appendix B indicate that the addition 

of the point sources changes the combined force on the hull and duct by less 

than 3.5 percent. Hence, the initial approximation of neglecting the distor¬ 

tion of the hull boattail by the ducted propeller is retained throughout the 

present analysis. It should be noted, however, that even though it cancels 

out of the present analysis, the hull-duct interaction force increased about 

4.7 percent because of the addition of the point sources. 

4. ANALYSIS FOR THIN CAMBERED DUCTS 

Here we shall include the effects of duct camber in the foregoing analy¬ 

sis for a thin, cylindrical duct. 

4.1 Governing Equations and Their Solution 

We shall place the duct-bound vorticity and satisfy the duct boundary 

condition on the "reference cylinder" of radius R, such that 

V 
H + V-, + V + V 

W Y i 

dr 

(37) 

Only the radial components of velocity induced by the hull, wake, propeller, 

and duct are included in the foregoing equation. The axial components are 

assumed negligible compared with the free-stream velocity V. This may be a 

poor approximation when the duct is very near the hull or deep within the 

hull wake. We shall assume that the duct shape includes small amounts of 

camber as indicated in Sketch B, such that 

dra 

d^* " Ro + Ri cos 6 
s 

+ R2 cos 26 + R3 COS 36 

“ R^ + R. cos 6 
o i 

+ Ra(2 cos2© - 1) 

+ Rg (4 cos3e - 3 cos Ô) 

Integration of Equation (38) gives the cambered duct shape as 

(38) 
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r - R 
_§_ 

c Ro(LL21“-â)* “i cos 6 cos3©) 

+ R 
3 ) 

Sketch C.- Nomenclature for cambered duct. 

If the actuator disk is in the duct inlet then the four components of induced 

radial velocity are given by Equations (20) through (23). Substitution of 

these expressions and Equation (38) into Equation (37) gives the following 

set cf equations for the first four Fourier coefficients Cn when Equation 

(23) is truncated after C3 as before. This set of equations is analogous 

to Equation (34) for a cylindrical duct. 

J (F + A ) + B + £ (4C -CP -CP ) - ^ R 
y O O O 2 O OOO 2 02 Y o 

y (Fr + \> * B, + Í (-ci + C0P10 + 

ÿ (Pj + a2) + b2 + ¿ (-Cfi + C„P„„ + C.P„) - ï- R. 
(39) 

O 20 2 22' Y 2 

V iFa + + + è' +CP+CP )-^ Y 3 3 3 2 3 1 31 3 33' Y Y R3 

The Fourier coefficients Cn can be determined by solving the first and 

third equations for CQ and C2, then solving the second and fourth equations 



or C1 and C3, and finally substituting for the coefficients from 

Table II. The same expressions (except for truncation differences) can be 

obtained more directly from Equations (22) and (24) of Reference 7. when 

c/D - 1/2, as2 

Co - -1.0796 €q + 0.0400 e2 

Ci " € + 1.0933 € + 0.0064 e„ - 0.0138 c 
w -1 s 3 

C2 - -0.0274 eo + 1.0179 e2 

C3 " +<î.0009 € - 0.0046 e. + 1.0062 e 
O X 3 

where 

(40) 

e 
n 2B + 2 (A + F 

n y ' n n (41) 

The duct-bound vorticity distribution <Vy) is now given by Equations 

(16) and (40) when the actuator disk is located in the inlet of the cambered 

duct. If the disk is put at any other axial station within the duct the total 

vorticity (yd + y) along the reference cylinder must remain fixed to main¬ 

tain the duct boundary and Kutta conditions. Hence, we add y to the duct- 

bound vorticity distribution (yD in Eq. (16)) upstream of the actuator disk 

location as it is moved back into the duct. 

For the subsequent analysis we shall put the actuator disk across the 

exit plane of the duct. This can be done by changing the sign of the B 

coefficients when n is odd as indicated in Table II. Then Equation (15) 

gives vy/V and Equations (16) and (40) give the duct-bound vorticity y/y 

for the actuator disk in the exit plane. 

The same duct-bound vorticity y^y could be obtained by the alternative 

procedure of using the previous Bn coefficients to solve for C in Equa¬ 

tion (40), but then adding unity (y/y) to the right side of Equation (16) 

for Yj/y, that is, adding 

1 + i 
7T z sin n6 

n 

or adding 4/Trn to the odd Cn coefficients. 

(42) 
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The elementary thrust force on each ring vortex element of the duct- 

bound vorticity is given by 

dTn * -P,,D (VH + vw + vy) I'd dxs (43) 

where v is a radial velocity induced at the ring element and dx is 
u s 

the circulation about the ring. The duct-bound vorticity distribution 

has already been determined (Eqs. (16) and (40)) and the radial velocity 

induced at the ring element by the hull, hull wake, and propeller is given 

by Equations (20), (21), and (22), as 

00 

VH + VW + \ ■ Z [(Pn + VV + ^Bn] cos n6 (44> 
1 

or as 

VH * VW + V7 . 1 y 4* I—, n cos nO 

where 

e* - 2B + 2 (A + F ) 
n n y n n £n + 2 y R* (45) 

Substitution of Equations (16) and (44) into Equation (43) and integration 

over the duct chord gives the total thrust force on the duct as 

V » 

TD(P) + TD(H) + TD(W) - -P10 J Z eî 
Q 

cos n6 ( CQ cot j 

o o 

+ ^ Cm sin m6 ) sin 6 d0 (46) 

or 

CD(P) + CD(H) + CD(W) 
-YT Sll •v [c (2C* + c*) + Ce* 

DV L ° O 1 1 o 

+ ^ (C2€j + C3e* + ...) 

- (C^* 1 cae; . ...)] (47) 
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As before we shall truncate after C3 and e*. and retain only the terms 

written in Equation (47). The hull-duct interaction coefficient C « c 

is given by Equation (47) when 2(V/y)Fn is substituted for ej. ^ D(H) 

The condition of thrust equilibrium is given by Equation (26) as 

'D(P) + C 
D(W) 

Y* 
+ -1— + 
V2 2 V z +V (48) 

when CH and Y can be obtained from Equations (6) and (C.5), Z is given 

111 ’ and the term CD(P) + CD(w) is given by équations (40), (41), 

, and (47), with Fn » 0. For a specified geometric configuration, the 

preceding equation is a quadratic equation for the single unknown y/V. The 

machine solution consistently gives one positive and one negative root and no 
ambiguity for y/V. 

Evaluation of the terms appearing in Equation (47) by use of machine 

computed values indicates that the first two harmonics of duct camber (R 

and Ri) cannot be used to increase significantly the "useful duct thrust" 

without also obtaining impractically large amounts of either hull-duct inter¬ 

ference or leading-edge suction. However, by including the higher harmonics 

(R2 and R3) one can obtain useful duct thrust with little interference and 

leading-edge suction. Although the interference force cancels from the pres¬ 

ent analysis, it is significant since it decreases the amount of useful duct 

thrust which can be obtained before the duct boundary layer separates. 

4.2 Computed Results 

The computational cases for cambered ducts are for the previous hull 

shape (Fig. 2(b)) and for thin ducts with the actuator disk extending across 

their exit planes. The size, location, and shape of the ducts are varied 

together with the number of vortex cylinders used to represent the hull wake. 

The computed results for each case are: the ratio of proyeller slip¬ 

stream vorticity to free-stream velocity y/V, the series coefficients for 

the duct-bound vorticity distribution (Cn in Eq. (16)), and finally the 

force coefficients for the various configuration components. The force coef¬ 

ficients are those appearing in Equation (26) which can be written as 

CP + CD(P) + CD(W) * CD(H) CH(D) + CH + CH(P) 
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This equation specifies that there is no net force on the configuration, or 

that the thrust on the propeller plus the thrust on the duct is equal to the 

drag of the hull. The duct thrust is composed of the three components gen¬ 

erated by the propeller, hull wake, and hull. The hull drag is that of the 

bare hull plus that generated by the duct and propeller. The terms CD(H) 

and CH^Dj cancel. For the purpose of comparison, the ratio of "useful 

duct thrust" to propeller thrust, [cD(p) + CD(W)]/Cp, will be shown for each 

case together with the total duct thrust coefficient, 

CDt " CD(P) + CD(W) * CD(H) 

and the duct thrust coefficient due to leading—edge suction 

CD " 27r § (C0 V ) (49) 
s 

The last coefficient is given by Equation (28) and it is equal to the total 

duct thrust for cylindrical ducts. For the cambered ducts CD is computed 

y neglecting the increased length and slope of the duct leading edge due to 

¿anbei.'. This is because the duct-bound vorticity is placed on the reference 

v-ylitHeir of radius R where the duct boundary condition is also satisfied. 

A series of short duct shapes, with c - R, was computed first, followed 

by •<. series of longer ducts, with c - D. For all of these ducts, Table VI 

>jts the assumed values which define the geometric configuration and the 

computed values which give the corresponding vorticity distribution for the 

ducted propeller. The duct configurations are shown plotted in Figures 5, 6, 

and 7, and the computed force coefficients are listed in Table VII. The 

results for the short ducts will be described first. 

4.2.1 Results for short ducts, c ■ R 

These cambered duct shapes are variations from the cylindrical duct 

shape computed previously as Case 2-2. The results of this case are shown 

as the first entry in Table VII, for comparison purposes. 

Cases 6. 7. and 8 

These cases show (Table VII) that duct camber can be used to decrease 

CD(H) and increase cd(p) simultaneously. However, the large amounts of 

duct camber assumed for these cases is beyond the range of practicality and 



and beyond the range of validity for the present analysis. Furthermore, the 

duct leading-edge suction is excessively large. 

Case 9 

This duct has less camber, hull interference, and leading-edge suction. 

The "useful" duct-to-propeHer thrust ratio is high and, hence, the perform¬ 

ance of this duct is much better than that of the cylindrical duct. 

Case 10 

The duct camber is reduced by half. The "useful" duct-to-propeller 

thrust ratio decreases by less than half. The hull interference reverses 

sign but remains snail. The duct leading-edge suction becomes very small. 

It will be shown in Section 4.3.3 that when the actuator disk is located in 

the duct throat the "useful thrust" of this duct increases appreciably. 

Cases 11 

These cases are for a duct shape similar to Case 9 but with less curva¬ 

ture near the exit plane. The "useful duct thrust" is less than for Case 9. 

The effect of changing the number of vortex cylinders which represent the 

hull wake is small, particularly between two and three cylinders. 

Case 12 

From Case 11-2 the duct is moved forward on the hull by one chord length. 

All of the efiocts are unfavorable. The hull-duct interference reverses sign 

and becomes very large. This result indicates that by traversing the duct 

axially the interference can be nulled out. 

Case 13 

The duct size is decreased from Case 11-2. The "useful duct thrust" 

increases somewhat, but the hull-duct interference and the duct leading-edge 

suction both increase much more. 

4.2.2 Results for long ducts, c ■ D 

The longer ducts are shown in Figures 6 and 7, and the computed force 

coefficients are listed in the last half of Table VII. The cambered duct 

shapes are variations from the cylindrical duct of Case 14. The size of the 

duct relative to the hull is held constant at R/R ■ 0.38. 
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Case 14 

The cylindrical duct has extremely large total thrust and leading-edge 

suction. Nearly all of this thrust is caused by hull-duct interference; how¬ 

ever, the "useful duct thrust" is small and negative (i.e., unuseful duct 
drag). 

Case 15 

The duct camber line is the same as for Cases 11 through 13 except that 

it has been "stretched" forward over the hull boattail. The duct performance 

is much improved over the cylindrical duct. 

Case 16 

The duct is moved aft by half its chord length. The "useful duct thrust" 

increases slightly, the leading-edge suction becomes small, and the hull-duct 

interaction force changes sign. Hence, this case indicates again that the 

interaction force can be nulled by traversing the duct. The results for 

Cases 15 and 16 for the longer ducts compare qualitatively with Cases 12 and 

11 for the shorter ducts, but the effectiveness of the longer ducts is 

slightly less. 

Case 17 

The duct shape and location are the same as for Case 15 except that the 

camber is increased by 6/5. The same effects occur for Cases 16 and 17. 

£ãsg 18 

The duct camber line is nearly the same as for the shorter duct of Case 9. 

The 'useful duct thrust" is slightly greater for the longer duct, but the 

leading-edge suction and hull-duct interference are several times larger so 

that the longer duct is less favorable. 

Cage 19 

The duct is bowed inward slightly from Case 18 as indicated in Figure 6. 

The main effect is that the interference forces on the duct from both the 

hull and its wake both change sign. Hence, both of these forces can be 

reduced nearly to zero simultaneously by bowing duct 18 inward about 1/3 as 

much as for Case 19. The duct leading-edge suction remains high compared 

with the shorted duct, however. 
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Çaggs 20. 21. 22. and 23 

The shape of the duct camber line is the same for these cases, but the 

amount of camber is increased as shown in Figure 7. The duct inlet is made 

slightly converging to decrease the leading-edge suction. For duct 21 both 

two and three vortex cylinders are used to represent the hull wake with very 

little difference in the results. The force coefficients for these cambered 

ducts and the uncambered duct are plotted in Figure 8. It can be seen that 

between Cases 21 and 23 all of the interférer. forces, , , 

and CD(W)» are small. Hence, the bare hull drag Cjj nearly equals 

CD + CD(P)* of Particular interest is the fact that the flow over the duct 

leading-edge also reverses as indicated in Figure 8 and by the sign of C 

in Table VI. Hence, the duct leading-edge suction is very small for both° 

Cases 21 and 23 and is nearly zero for an intermediate duct shape 22. 

4.2.3 Effect of putting the actuator disk at the duct throat 

The foregoing results for cylindrical ducts are independent of the axial 

location of the actuator disk within the duct if it is downstream of the hull. 

The results for the cambered ducts are for the actuator disk in the duct exit 

plane. All of the cambered duct shapes (Figs. 5, 6, and 7) have been selected 

so that there is some expansion near the aft end of the duct. This was done 

to permit an increaae in the "useful" duct-to-propel1er thrust ratio by plac¬ 

ing the actuator disk at the duct throat. 

If the actuator disk is moved forward from the duct exit plane, there is 

no change in the vorticity distribution and flow field which have been com¬ 

puted. However, the disk area is reduced slightly at the duct throat, and 

the pressure jump across the disk acts upon the expanding duct area downstream 

of the throat. The incremental thrust force on the annular area ir(Rz - R 2) 

acts upon the duct rather than the actuator disk when the diak is moved to 

the duct throat. The incremental thrust force is given by the annular area 

times the jump is total pressure across the annular part of the disk,3 or 

AT - T (r2 - R,2) f [(V - ÏM* + y)‘ - (v - (50) 

where y^* is the sum of the strength of the vortex cylinders in the hull 

wake with radius Rw > R. It is assumed that there are no wake cylinders 

This jump in total pressure is equal to the jump in static pressure since the 
fluid velocity is continuous across the disk. 
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crossing the duct surface between Rp and R. The corresponding incremental 

thrust coefficient is 

AC„ -£L_ . 

TTRaq 
1 - 

y * 
hi— 

V1) 
(51) 

For Case 9 we find from Figure 5 and Tables VI and VII 

I 
V 0.128, CD(P) + CD(W) . 0.161 . 0 7a 

Cp 0.207 U*/ö 

Thus, if the actuator disk is moved from the duct exit plane to the duct 

throat where Rp - 0.92R we find from Equation (51) that the incremental 

thrust coefficient which is subtracted from Cp and added to cD(p) is 

AQp - 0.042 

and the ratio of useful duct-to-propeller thrust becomes 

CP(P1-.* CP(W) . 0.161 + 0.042 . 0.203 . . 23 
Cp 0.207 - 0.042 0.165 

Hence, the ratio of useful duct thrust to propeller thrust increases from 

0.78 to 1.23 as the actuator disk is moved to the duct throat. 

Similarly, we find the values listed below for the cases indicated. 

Case I 
V 

y * hi— 
V R 

Eq. (51) 

CD(P) + CD(W) 

CP 

Disk at exit plane Disk at throat 

9 

10 

11-2 

21-2 

21-3 

22 

0.128 

.156 

.154 

.140 

.140 

.131 

0 

0 

0 

0 
0.1 

0 

0.92 

.96 

.93 

.94 

.94 

.93 

0.042 

.027 

.094 

.037 

.034 

.039 

0.78 

.46 

.47 

.62 

.62 

.74 

1.23 

.63 

.78 

.93 

.89 

1.13 
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With three vortex cylinders representing the hull wake in Case 21-3, the outer 

cylinder lies outside the duct exit plane. This has little effect upon the 

computed results as shown by comparison with Case 21-2. For Cases 21-2 and 

22 the effect of moving the actuator disk to the duct throat is shown in 

Figure 8. 

5. DISCUSSION OF RESULTS 

All of the computed results are for the analytical hull shape shown in 

Figure 2(b) which is assumed to have an isolated drag coefficient and wake 

velocity profile comparable to measured data for TMB Model 4620 in Reference 1. 

Although the assumed hull wake and drag correspond to fixed values of hull 

Reynolds number and speed, the analysis should be applicable over a limited 

speed range since the hull wake and drag are insensitive functions of Reynolds 

number. The vorticity in the hull wake is concentrated into multiple (one, 

two, or three) vortex cylinders extending downstream from the hull boattail. 

The propeller is approximated by an actuator disk which extends across the 

duct and which adds a uniform velocity increment to the flow through it. 

The size, location, and shape of the duct is varied. The effect of duct pro¬ 

file thickness upon the duct thrust is neglected based upon the results in 

Appendix D. The velocity induced by the ducted propeller through the analvti- 

cal hull shape is neglected based upon Reference 1 and Appendix B which indi¬ 

cate that there is relatively little effect upon the net force on the hull- 

duct combination. For the foregoing conditions the following results were 

obtained for three types of duct shapes: short cylindrical, short cambered, 

and long cambered. 

5.1 Short Cylindrical Ducts 

The results listed in Table IV indicate that: 

(1) The hull-duct interaction force, - CD(H), is large. In some 

cases it is as large as the isolated hull drag Cjj, and it is always larger 

than the duct thrust generated by the propeller CD^pj. 

(2) The hull drag caused by the propeller C^pj, is between 10 and 20 

percent of the isolated hull drag C^. 

(3) The hull wake causes a duct drag, which is as great as 40 

percent of the duct thrust generated by the propeller CD(p)• 

(4) The duct is effective in unloading the propeller only for the 

smallest ducted propeller (Case 1). For this case the total duct thrust 

I 
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CD(H) + CD(P) + CD(w)* is nearly equal to the propeller thrust Cp. However, 

most of the duct thrust is canceled by hull interaction so that the "useful 

duct thrust ^d(P) + ^DiW)’ on^y about 1/4 as large as the propeller 

thrust, Cp, even for the smallest duct. 

5.2 Short Cambered Ducts, c • R 

For short cambered ducts such as those shown in Figure 5, the results 

listed in the first half of Tables VI and VII indicate that: 

(1) By cambering the duct one can markedly increase the effectiveness 

of the duct in unloading the propeller and simultaneously markedly decrease 

both the leading-edge suction on the duct and the interference of the duct 

with the hull and its wake. This can best be seen by comparison of Cases 9 

and 11-2 with Case 2-2 for intermediate size ducts (and for small ducts by 

comparison of Case 13 with Case 1-2). 

(2) The cambered duct shapes have been chosen such that there is some 

expansion near the duct exit plane. By moving the actuator disk forward from 

the duct exit plane to the duct throat, the effectiveness of the duct increases 

significantly as shown in Section 4.3.3. For example, the ratio, of useful 

duct thrust-to-propeller thrust CD(p) + CD(W)/Cp increases from 0.08 to 

0.47 with the introduction of duct camber for Case 11-2 and then increases 

again to 0.78 with the placement of the actuator disk at the duct throat. 

(3) A duct camber line can be selected so that both the hull-duct inter¬ 

action force and the duct leading-edge suction are small to avoid separation 

of the flow from the hull and duct lip. However, for the camber-line shapes 

assumed herein, the flow can separate from the aft part of the duct (from 

either the inner or outer duct surface) when the duct thrust is large. 

Experimental data for ducted propellers have indicated that the propeller 

blades are effective in mixing the duct boundary layer and delaying flow 

separation from the inner duct surface. Thus, it appears desirable to obtain 

duct thrust from the aft part of the duct rather than from leading-edge suc¬ 

tion to avoid flow separation. The duct camber-line shapes assumed herein 

seem attractive from this point of view. 

(4) The choice of the best duct camber-line shape depends upon the size 

and location of the duct relative to the hull and the chord-to-diameter ratio 

of the duct. For example, ducts 11 and 13 have the same shape but different 

size. However, if each of these duct shapes were optimized (for minimum inter¬ 

ference and maximum effectiveness), the shapes would become different. 
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(5) There is little effect upon the final results of the number of vor¬ 

tex cylinders used to represent the hull wake (Cases 11). 

5.3 Long Cambered Ducts, c - D 

All of these ducts have the same size relative to the hull (R - 2.63R) 

The first series of long ducts have the same camber-line shapes as^the shorter 

ducts "stretched" over a longer chord length, as shown in Figure 6. The 

results for the equivalent long and short ducts are qualitatively similar but 

the performance of the short ducts is slightly more favorable. 

By small alteration of the duct camber-line and/or the hull-duct spacing 

the interference of the duct with the hull and hull woke can be reduced to 

zero simultaneously with little effect upon the duct effectiveness. However, 

the duct leading-edge suction remained relatively high for the long duct 

shapes shown in Figure 6. 

The results for the long cambered ducts in Figure 7 show that there is a 

duct shape (duct 22) for which the duct interference with the hull and its 

wake and the duct leading-edge suction are all nearly zero. The fact that 

the leading-edge suction can be reduced to zero may be significant in the 

consideration of the duct boundary layer. The effectiveness of this duct in 

unloading the propeller is relatively high, however. In fact, if the propel¬ 

ler is located in the duct throat the computed ratio of "useful" duct thrust- 

to-propeller thrust is CD(p) + CD(W)/Cp - 1.13. 

It is shown again (Case 21) that there is very little effect upon the 

final results of changing the number of vortex cylinders in the hull wake 
from 2 to 3. 

6. CONCLUSIONS 

Based upon the foregoing analytical results the following conclusions 
are drawn: 

(1) Cylindrically shaped ducts are not suitable for shrouding a propeller 

mounted at the stern of the assumed hull shape. At cruising speed such a duct 

is relatively ineffective in unloading the propeller but it causes a large 

interference drag force on the hull which is canceled by an equally large 

thrust force on the duct due to leading-edge suction. 

(2) By including a fairly large amount of duct camber, one can design 

the duct to have little interference with the hull and its wane and little 

leading-edge suction but large "useful thrust." For the assumed hull 
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(Fig. 2(b)) the shape of such a duct is indicated by duct 22 in Figure 7. If 

the propeller is placed in the throat of this duct the duct thrust can be 

greater than that of the propeller at cruising speed. For a more pointed 

hull boattail as indicated by the dashed Ixne in Figure 7^ somewhat less duct 

camber would probably be required. 

(3) The results indicate that considerable control over the pressure 

distribution on the hull boattail can be obtained by suitable cambering of 

the duct. The effect of this change in pressure distribution on the hull 

boundary layer is neglected in the present analysis. However, it may be 

possible to retard boundary-layer growth and separation from the boattail 

with a suitably designed duct. The same considerations apply to the duct 

boundary layer as well. 

(4) The main analytical approximations are neglecting duct profile 

thickness, neglecting the flow induced by the ducted propeller through the 

analytical hull surface, concentrating the vorticity in the hull wake into a 

few vortex cylinders, and satisfying the duct boundary condition at the ref¬ 

erence cylinder. These approximations seem to be justified for the purpose 

of the present first analysis to estimate forces on the hull duct and pro¬ 

peller with mutual interference. However, it seems possible to extend and 

improve the analysis in several respects as indicated in the following section. 

7. RECOMMENDATIONS FOR FUTURE WORK 

The following recommendations are made for extending and improving the 

present analysis: 

(1) To improve the analytical representation of an arbitrarily specified 

hull shape (e.g., TMB Model 4620) a source-sink distribution over the hull 

surface can be determined by modification of the accurate machine program 

which is in use at DTMB. With this machine program and the iterative pro¬ 

cedure described in Section 2.2, the condition of no flow through the spec¬ 

ified hull surface could be satisfied. 

(2) Analytical expressions for both the axial and radial velocity com¬ 

ponents induced at a general field point by a vortex cylinder are now avail¬ 

able (Ref. 9). With these expressions it appears practical to place the 

duct-bound vorticity and to satisfy the duct boundary condition at the cam¬ 

bered duct surface rather than at the reference cylinder. It also appears 

practical now to include the axial component of induced velocity in the bound¬ 

ary condition. Each of these modifications seems desirable for highly cam¬ 

bered ducts (such as duct 22 in Fig. 7). 
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(3) After the present analysis has been improved by the foregoing pro¬ 

cedure, the boundary layer on the duct could be computed by use of available 1 

machine programs, for example, Reference 10. It seems essential to include 

consideration of frictional drag and flow separation on the duct in any pro¬ 

cedure to optimize the duct design. For the boundary-layer computation the 

details of the duct pressure distribution as affected by the profile thickness 
of the duct will be needed. 3 

(4) The final step in the program would appear to be an experimental 

verification of the analytical results. An optimum duc¿ for propulsion of a 

specified underwater hull could be designed and tested. The performance of 

the system could be predicted for comparison with test data. 5 

6 

7 

8, 

9. 

10. 
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TABLE I 

COMPUTED FOURIER SERIES COEFFICIENTS FOR 
RADIAL VELOCITY INDUCED AT DUCT 

Case 
R 
_5! 
R R n 

For hull 
Fn 

(Eq. (12)) 

For hull wake 
An 

(Eq. (14)) 

L 4 1.. 270 

1 

0 

1 

2 

3 

4 

5 

-0.10532 

- .06229 

- .00821 

.00023 

.00029 

.00004 

0.006497 

.002675 

.000353 

.000038 

.000003 

- .000001 

3 2 .6 32 0 

1 

2 

3 

4 

5 

- .05243 

- .03112 

- .00410 

.00011 

.00015 

.00002 

.007192 

.004446 

.000865 

.000130 

.000017 

.000002 

Above results are for 

5 72 — 
* ¿ » D 

1 
2 » 

S 0 

and one wake cylinder with 

0.316, 1 
2 



TABLE II 

COMPUTED FUNCTIONS OF DUCT CHORD-TO-DIAMETER RATIO 

1 C* - £ 
2 C D 

1 
4 

1 
2 1 

- B <*> 
o 

- b2 
+ B — 3 

0.3531 

.3116 

.1617 

.1078 

0.2462 

.2951 

.1643 

.1080 

0.1771 

.2593 

.1643 

.1096 

p (b) 
oo 

POS 

PxO 

PX1 

P13 
P 

20 
P 22 

P 30 

- P3X 

P 33 

.02683 

.01343 

.05366 

.02987 

.00304 

.00608 

.00403 

-.U0005 

.00101 

.00148 

.0/281 

.03644 

.14561 

.08526 

.01252 

.02491 

.01655 

-.00016 

.00417 

.00609 

.16016 

.07907 

.32032 

.20609 

.04629 

.09186 

.06338 

.00402 

.01544 

.02592 

c «=> 
O 

- C1 
- C 

2 

- C3 

.7212 

V 

.5400 

.5563 

.3204 

.2151 

.3923 

.4823 

.3124 

.2158 

(a) The minus (plus) sign is for the actuator disk in the 
duct inlet (exit) plane. The even Bn coefficients 
are the same for both disk locations. 

(b) The coefficients Pw - 0 if i > 0 and k + 1 is 
odd. 

(c) The C„ coefficients are for the actuator disk in the 
duct inlet. 
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TABLE V 

COMPUTED VALUES FOR EFFECT 
HULL BOUNDARY CONDITION FOR OF DUCTED PROPELLER ON 

CASE 4-1 OF TABLE IV 

TRm2v» L¿ * 15, c¿ - 0.055, c¿ - 0.050, C' 
(D) m 0-050, C¿ . 0.096 

4 3t—2 1 0 

—|V 
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Figure 1,- Nomenclature for the hull and 
cylindrical ducted propeller. 
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r/
R,
 

Number of 
vortex 
cylinders 

z 

Radius 

VRm 

Strength 

f - ^ 
V 

1 (1) 0.316 0.50 
2 (1) .150 

(2) .354 
.25 
.25 

3 1(1) .150 
(2) .300 
(3) .405 

.25 

.15 

.10 

4 

2 

O 

°*2 0.4 0.6 0.8 

Y/V 

Figure 4.- Axial velocity profiles measured aft of 
TMB 4620 hull and analytical approximations from 
vortex cylinders. 
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O Computed point for actuator disk at duct exit plane 

X Computed point for actuator disk at duct throat 
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Camber 

Figure 8.- Comparison of force coefficients for long 
cambered ducts in Figure 7. 



APPENDIX A 

ANALYTICAL REPRESENTATION OF THE HULL 

Here we shall derive a technique for estimating the dividing streamline 

in the potential flow over a point source followed by a line sink of uniform 

strength. Then we shall compare such "hull shapes" with both torpedo hull 

and the submarine hull of interest for the present study. First we shall 

consider the point source and line sink individually, and then we shall com¬ 

bine them to form a closed dividing streamline. 

A.1 POINT SOURCE 

The dividing streamline for a point source in a uniform flow (P. 457, 

Ref. 2) is given by: 

JL 
R m 

1 
2 CSC & 

2 ( A. 1 ) 

where, as indicated in the Sketch A.l, 

R = r sin ¢, x»r cos ¢, ttR 2V « Q 
m 

Sketch A.l.- Dividing streamline for point source and uniform flow. 



A.2 LINE SINK 

The dividing streamline for a line sink of uniform strength Q and 

length a (p. 458, Ref. 2) can be shown to be given by: 

where 

1 - 

m m 

m 

4a£ 

1 - 
2Rr 

m 

1 - 

(A.2) 

-Qa - irR 2V 
m 

m 

and where the + sign is for 

VI Rm or x < 2 

The nomenclature and shape of the dividing streamline are shown in 

Sketch A.2 for R » 0.175a 
m 

Sketch A.2.- Dividing streamline for a line sink and free stream. 

At the leading edge of the sink the dividing streamline has approached the 

asymptote. That is, at x * a, 

1 - 
R_ 

JE 
8a 

if 
Rm « 

m 
(A.3) 
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over the line sink the dividing streamline can be approximated by the parabola 

associated with slender-body theory, that is, if 0 ^ x N a 

as shown dashed in the foregoing sketch for comparison. 

(A.4) 

A.3 POINT SOURCE LINE SINK 

It is evident from the preceding results that, if the point source link 

are combined to form a closed dividing streamline or hull shape, then the 

shapes of the hull nose and boattail are given approximately by Equations (A.l) 

and (A.2), independently. The accuracy of this approximation will be illu¬ 

strated for the extreme case when the point source is put at the leading edge 

of the line sink. In this case it can be shown (with the use of Ref. 2) that 

the dividing streamline is given exactly by the parametric expressions 

The streamline is plotted to scale in Sketch A.3 for R^a - 0.141. 
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Equations (A.l) and (A.4) are also shown for comparison. Thus, it is evident 

that, for reasonably slender hull shapes corresponding to a combined point 

source line sink in a uniform flow: 

(1) The entire dividing streamline can be estimated accurately by fairing 

the curves given by Equations (A.l) and (A.2) for the individual source and 
s inK . 

(2) Furthermore, the shape of the boattail is nearly parabolic as given 
by Equation (A.4). yiven 

By trial and error, the gap between the point source and line sink can 

be chosen such that the dividing streamline approximates the shape of typ-cal 

torpedo and submarine hulls, as shown in Figure 2, where the dashed hull 

shapes were found by fairing Equations (A.l, and (A.2) for the individual 

point source and line sink. For the submarine hull of interest (Fig 2(b)) 

the simple parabola, Equation (A.4), compares well with Equation (A.2) near’ 

the aft end of the hull as shown in Figure 3. 



APPENDIX B 

EFFECT OF THE DUCTED PROPELLER ON THE 
HULL BOUNDARY CONDITION 

Here we shall estimate the effect of the ducted propeller on the hull 

boundary condition. We shall do this by computing the velocity induced by 

t e ducted propeller at a finite number of points on the hull bcattail we 

Shall then add an equal number of point sources to the line sink which repr, 

sen s the boattarl, and require that the sinks cancel the velocity induced 

through the boattail surface by the ducted propeller. Finally, the incre¬ 

mental forces caused by the addition of the point sources will be determiner 

P•1 INDUCED VELOCITY 

To compute the velocity components induced by the ducted propeller at 

the boattail surface, we shall approximate the boattail with the parabola 

(tq. (3)) and we shall concentrate the duct-bound vorticity into a ring vor 

tex at the duct leading edge as indicated in Sketch B.l. 

y + V, 

Sketch B.l.- Nomenclature for induced velocity. 

The vortex cylinder shed by the actuator disk extends along the duct down¬ 

stream from its leading edge and contributes to the duct circulation by the 
virionr»f- 'v/#-. A nvu ~ —__ • _ i a- . J 
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+c/2 

(B. 1 ) 

Substitution of Equation (16) for 7D and integration gives 

r 
D 

(B.2) 

where the Fourier coefficients Co and are given by Equations (40) 

with Rn = 0 for a cylindrical duct. 

The radial velocity component induced by the vortex cylinder is given 

by Equation (A.5) of Reference 3 as 

where the argument for K and E is 

(B. 3 ) 

_ÍÍB_ 
(1 + r¿)2 + (S’ -! X')2 

and the nomenclature is shown in Sketch B.l. From Equation (3) 

(B.4) 

The prime denotes division by R. 

The radial velocity component induced by the vortex ring is given by 

Equation (64) of Reference 3 or Equation (27), page 307 of Reference 3, as 

(B. 5 ) 

k 
y 

k r* where 
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For the axial velocity components (uy> ur) induced by the vortex ring 

and vortex cylinder, the computed values listed in Tables 15 and 16 of Refer¬ 

ence 8 will be used.' 

For the assumed configuration corresponding to Case 4-1 in Table IV we 

have 

* 2-63> L¿ - 15, S- - - 1 , C- - ! 

V “ °*244* CQ » 1.436, ^ * -0.810, rD - 1.620 cy 

The induced velocity components computed by the foregoing procedure at the 

points indicated in Table V are listed in the first three columns of that 

table. The choice of the number and location of these points is arbitrary; 

however, it can be seen in Table V that the induced velocity is small beyond 

one duct diameter upstream of the duct (where xn 1 >2.5). In Table V, we 

have defined uDp = uY + ur, and up is the part of u which is induced 

by the portion of the vortex cylinder downstream of the duct. 

B.2 POINT SOURCES 

We shall use three different arrangements of point sources equally spaced 

along the centerline as indicated in Table V. The velocity components induced 

by the nfc source at the ith point on the hull boattail are 

u' 
q 

(R')2 q'(x* - x') 
-—DL—n xi; 

i>" 4 [(, - *;>= 4- (,)2] 
I3/2 

(B.6) 

V 1 
q 

(RJ2 q ' r ! 
-m n i 

i,n 4 [(XA - xi»2 + 

where the prime denotes division of the velocities by V and division of the 

source strengths by Q » ttR 2V. 
m 

To satisfy the hull boundary condition at the boattail and at the same 

axial stations as the point sources, we have at the ith point along the 

hull surface 

An analytical expression for u 
has subsequently become available (Ref. 9). 
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where the slope of the hull surface is, from Equation (B.4), 

(B. 7 ) 

(B.8) 

and the velocity components induced by the point sources are, from Equa¬ 

tion (B.6) , 

Substitution of Equations (B.8) and (B.9) and the values of uòp^ from 

Table V into Equation (B.7) gives a set of equations for the strengths of the 

sources q^. Solution of the equations by machine gives the source strengths 

given in Table V for the three sets of points chosen for Cases 4-1-A, B, C. 

It is evident that the distribution of strength for each set of points is 

ragged and the distribution varies drastically between the three sets. The 

net forces due to the three sets of point sources are more consistent, how¬ 

ever, as will be shown next. 

B.3 INCREMENTAL HULL DRAG 

The inci.emental hr ' drag force caused by the additirn of the point 

sources are 

or in coefficient form 

ADH ■ -P Z qnun 

AC' = r-* --2 ) q'u' 
H A q ^n n 

m 

(B.10) 
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kliere un is the axial velocity at the nth source due to the free stream, 

hull wake, duct, and propeller. Except for computational error the sum of the 

source strengths must equal zero for the dividing streamline representing the 

hull to be closed at Doth ends. The computed sum is small for each of the 

three cases, as shown in Table V. The corresponding incremental hull drag 

coefficient due to the free stream is, from Equation (B.10) 

^CH(V) -1¾ -0.0026 for Case 4-1-A 
- .0026 for Case 4-1-B 
- .0036 for Case 4-1-C 

Since this incremental drag is zero except for computational error, it will 

be neglected. The incremental drag due to the hull wake will be neglected 

because of the initial assumption that this drag is independent of the 

presence of the ducted propeller. The incremental hull drag caused by the 

ducted propeller is caused by the axial velocity uDp induced along the 

centerline by the vortex cylinder and vortex ring. Using Equation (26), 

page 306 of Reference 8, and Equation (C.2) we find 

u 
DP ut + ur 

1 
2 (l - —-X ' + S ‘ ^ 

\ V(x' + S')2 + 1/ 

[(x1 + S1)2 + lj 
-13/: (B. 11 ) 

Subst tution of Equation (B.ll) into (B.10) gives the incremental hull drag 

coefficient from the ducted propeller acting upon the point sources as 

ACH(DP) m ~2 Y. qn (UDp) (B. 12 

The incremental drag due to the duct AC¿(D) cancels with the duct thrust 

generated by the point sources. Hence AC¿(p) gives the incremental change 

m the net force on the hull-duct configuration cuased by the addition of the 

point sources. This force is generated by the "free" portion of the vortex 

cylinder which extends from the duct trailing edge. Thus we find that 

ACH<P) * ‘2 £ (“¿) (B.13 
v 'n 

where 
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x' + S' + c' 
n_ 

V(xA ♦s' - +1 
Equations (B.12) ani (B.13) are evaluated in Table V. It can be seen 

that the hull interference from the ducted propeller c¿(dp) anc* from the 

duct C' increase about 17 percent because of the addition of the point 

sources for all three computational cases. However, the net force on the 

hull-duct configuration Cp changes by which is less then a 3.5 

percent change for all three cases. Thus, the flow i iduced by the ducted 

propeller through the hull appears to have little effect upon the forces 

except for the hull-duct interaction which is independent of the other forces. 



APPENDIX C 

EFFECT OF THE DUCTED PROPELLER ON HULL DRAG 

Here we shall determine the induced hull drag (or thrust deduction) 

caused by interference with the ducted propeller. As described in Section 2.2 

the hull drag caused by the duct-bound vorticity is equal to the duct thrust 

caused by hull interference, and the latter is found directly from the present 

solution. The remainder of the interference is the hull drag, caused by the 

vorticity trailing from the duct. This drag is generated by the axial veloc¬ 

ity induced along the point source line sink which represents the hull in 

♦-he first iteration. That is, 

D 
H (P ) 

with the nomenclature of Sketch C.l. 

(C.l) 

Sketch C.l.- Nomenclature for hull drag. 

The axial velocity induced by the vortex cylinder y along the center 

line can be found by integration of the velocity induced by each elementary 

vortex ring of the cylinder. This gives 



C-2 

Y 2 ( vtuwtt) (C.2) 

where ' « I-/R. 

Substitution into Equation (C.l) gives 

S ' +c ' +L1 
D 

D = &L 
H(P) 2L' 

D 
S'+c' 

C1 - V#Tl)dÇ' - PO 2 11 * 
V^2 + 

(C.3) 

The first terns in the parentheses cancel, and substitution of Equation (4) 
for Q gives 

D , , = ïïR 2 ßYl 1 
H(p) "Km 2 V 

«i. 
S'+c'+L' 

B 

Vu¿)2 + 1 lb 

4' dS' 

S'+C 
V7FFTT (C.4) 

Integration gives the hull drag coefficient due to propeller interference as 

c. , -¡UPI , X 
n (P) Aq 

^ {v<¿2 * i+ 4 + c,)2 +1 - 

= I 

where - c* + S' + L¿ + L¿. 

When S' + c' « 1 we can use the approximation 

C -I 
H(P) V 

L¿ ^L¿ 

il 
, llÆUI S V « 

Lé + L¿) * 1 
B 

For the assumed hull shape we have (Eq. (1)) 

(C. 5) 

(C.6) 

P~ s 5.72> 
m Rm 

7.65 

Hence, for the assumed values S' + c' = 0 R'2 

Lq = 15*30 and from Equation (C.6) 
2, we have L¿ » 11.44, 
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Thus , 

c1 
H(P) 
cient 

\ « 1 

c • 
CH(P) 0.091 

the hull drag coefficient due to the vorticity trailing from the duct 

is not negligibly small compared with the isolated hull drag coeffi- 

CH = 0*050» unless the propeller is very lightly loadea such that 
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APPENDIX D 

EFFECT OF DUCT PROFILE THICKNESS 

Here we shall examine the assumption that the effect of duct profile 

ickness is negligibly small for the present analysis. The profile thick- 

theSduct chorr'TT ^ " diStrÍbUti°n °f ^"tary ring sources along 

the n ff qD s aS ShOUn in Refere"« ’• First we shall estimate 
net force on the entire configuration caused by the addition of the ring 

source istribution. This force is generated by the two components of free 

C ty that is, the slipstream and hull wake vortex cylinders acting 

upon the ring sources ^ along the duct chord. The interaction forces 

co teeb tqL and the VOrtiCity bOUnd t0 the hul1 duct cancel and do not 

cl d the net f0r°e °n the conFi9uration. since the duct profile is 
losed, the total strength of the ring source distribution must be aero- 

+c/a 

-c/2 

qn>xJ dx = 0 us s 

The duct thrust caused by the addition of thicknes 
S IS 

(D.l) 

(D.2) 

the'free vort“' T'd COmPOnent indUMd «« duct chordline by 
ree vortex cylinders comprising the wake and slipstream, or 

It is evident that TD(; is caused by only the variate of 
7W and y 

u along the 

Dt we shall assume that the duct thickness distri 
duct chord, to estimate Tp 

bution corresponds to that for a point sourcT Q at the leading edge of a 

constant line sink. Furthermore, we shall fit a parabola to three Imputed 

Indi::te°d beUlowa! ^ and midcb“d - -e duct as 



Leading Trailing 
edge edge 

We then find from Equation (D.2) that 

where the duct thickness at midchord is 

(D. 3 ) 

(D.4) 

For the part of CDt caused by the vortex cylinder y trailing from the 

duct, evaluation of from Table 15 of Reference 8, gives 

(CDt)Y " ^-590 'f V <D.5> 

The part of CDt caused by the vortex cylinders in the hull wake can 

also be estimated by use of Table 15 of Reference 8 to evaluate u 

For the geometric configuration of Case 4 in Table IV and for one/tw«^ or 

three vortex cylinders representing the hull wake as in Figure 4, we find 

the following values: 

Number of wake 
cylinders, z C 

P 

y 
V 

u 
i 
V V 

u 
_a 
V 

n (\X, 
(Eg. (D.3)) 

1 

2 

3 

0.379 

.379 

.380 

0.244 

.222 

.217 

0.045 

.015 

-.088 

0.022 

.010 

-.091 

0.035 

.014 

-.087 

0.063 

.031 

.017 
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Let us take the geometric configuration of Case 

ders and add duct thickness such that th - (l/10)c. 

going table and Eauation (D.5) that 

4-2 with two wake cylin- 

We find from the fore- 

(CDt^ + (CDt^ " 0*0°4 - 0.013 - -0.009 

Hence, fron, the initial discussion of this appendix, it can be seen that the 

ray orce on the entire configuration increases by an amount 0.009 Aq 

because of the addition of duct thickness. To put the configuration back in 

orce equilibrium, we should increase the thrust coefficient of the ducted 

propeller by the amount 0.009. li0„ever, this is a negligible increase (2 per¬ 

cent) since the thrust coefficients of the duct and propeller are 0.379 and 
U.45, respectively. 
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