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ABSTRACT

Based on the studies of S, ILie and E. Cartan in the theory
of coﬁtinuous groups of transformations, M. Mcshinsky has refor-
mulated the nuclear shell many-body problem in second-quantization
language. The methods due to J.P. Elliott for simplifying the
basis set of state functions by classification according to the
group SU(3) are recast into the above-mentioned reformulation.
The purpose is to make low-snergy nuclear calculations feasible
for nuclei with 4 aud more particles in the 2s-1d shell and thus
render the possibility of probing for SU(3) symmetries in these
nuclei. A hamiltonian model ccnsisting of pairing and quadrupole-
quadrupole terms is known to approximate respectively the short-
and long~-ranged correlations between nucleons given by an arbi-
trary, reasonably shaped two-nucleon central interaction potential.
The former model is generalized to include exchange effects at the
long range as well as spin-orblt coupling, and 1s studied in detail
from the viewpoint of its various group symmetries. It is then
employed to calculate the low-1ying levels of Fluorine-20 which

show reesonable accord with the empirical level-siheme,
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I. INTRODUCTION

Angular momentum techniques have proven extremely useful in
simplifying the treatment of numerous quantum-mechanical problems in
atomic, molecular, nuclear and solid state physles. These techniques,

irst developed in the early 1930's, involve such concepts as rotation
matrices, spherical harmonics, vector-coupling, recoupling by Racah
cofficlents, 9-3 coefficients transforming an L-S to a J-~J scheme,
irreducible tensor operators and state functions, etc. The validity

of such techniques rests of course on the rotational invariance of
many Physical situations. Group theoretically speaking, the hamiltonian
of a spherically symmetric problem commutes with the generators of the
group of rotations in a 3-dimensions, Rsz.

The fact that a large class of problems in addition possess
symmetry groups larger than R can be exploited by studying techniques
similar to angular momentum methods but generalized to definite groups
containing R, as a subgroup. Solving the Schrddinger equation of a
many-body problem, even approximately, i1s a formidatle if not impos-
sible task. The matrix mechanical approach censisting « 3sentially in
setting up and diagonallzing the hamiltonian matrix is more promising
and adaptable to the utilization of these higher symmetries as then
the original matrix is decomposed into smaller sub-matrices., Even
considering the capacity of modern electronic computors to diagonalize
large matrices, the labor involved 1in calculating the elements of the
sub-matrices 1s still1 monstrous due to the very large number of N-
particle states present. It thus becomes desirable to formulate the
problem in terms more easily adapted to computor languages so that the
machine can do more than merely diagonalize matrices,

Consider the asymmetric top hamiltonian

frzg-l- ._‘(3.;-3%’_ (1)
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where L, . Ly, L, are “he operator angular momentum components in a
system fixed in the body, and theJ's the three Cartesian moments of
inertia. Solving the problem for the allowable energies entails
constructicn of the matrix /I ﬂr ” in some adequate basis, e. g.,
the set M!l?of elgenfunctions of operators I1® and Is. Thus, since
L3Ew)= YD) |m)> ang LJM):’MM!M) while I? = I? + 1& + I2, our
hamilionian simplifies to

fr= (28N *(23,7 23, ) * (53, 2g)bs (2)
the first two terms being diagonal in the'.eﬁ) basis set; we notice

that ﬂr i1s guadratic in the non-diagonal operator I, . Our matrix

Hﬂf“ whose rows and columns are given by all the allowed values of

£ and M 1is ” <’fﬂ'lﬂrlfﬂ>”—

| 159 + 55,30t dwn 25 -S)awliiton]| @

where, since matrix elements between different z -values vanish, the
complete matrix 1is now decomposed into as many blocks of elements as
there are different E-values in the prablem: the rows and columns

within each block being labelled by , where -15”‘52 and £ designates

the whole block, Moreover, the complete solution of this exact

calculation of energies requires only knowledge of the matrix elements

3
<l1!l'“4. ‘2"1!7, (4)
But these are definitely obtainable in closed algebraic form by simple

angular momentum technigues based golely on the commutation relations

[L,) Lbz] = - Lab (and cyclically) (5)

The solution is well known, but no recurrance to its explicit form

is necessary -- only the simple relations (5) are needed to obtain

<ot Lo = 2 (TN Gy + L B S (6)




and thus solve (3) exactly.
In group theoretic language, the generators of infinitesimal
rotations around the 1, 2 and 3 axes are L,, Lz and L; -- called simply

the R; group generators. Commutation relations between them (5) form

a Lie algebra. The Operator 12 -- formed out of the group generators
as the sum of their squares, commutes with all three generators IL,,
L,, L, and its eigenvaluelwﬂﬂ) sufficing to characteriz: the R, trans-

formation properties ofllﬂ)-u-is the Casimir operator of R, whose

eigenvalue provides the classification label L. The rows of each
irreducible representation designated by‘l are specified by another label
M which proceeds from the R, (subgroup of R, ) Casimir operator L,.

The set of functions I£1€7is thus sald to transform irreducibly under

R; and explicitly also under its subgroup R;.

Moshinsky's group-theoretic interpretation of second-
guantization techniques applied to the many-body problem lead to
stralghtforward generalizations of these simple R, group results to
the case of physical problems involving larger symmetrles associated
with permutations, the harmonic oscillator common potential, r-
dimensional rotations and spin-isospin. The nuclear shell model
problem with a spherical (inert closed-shell) core of nucleons is
given by the N; extra~shell nucleonuhamiltonian

e S{Ti+ U.f + 2 Vi, (7)
-y g

where "E-.' Pg'/zm is the kinetic energy, U& a central or non-central
(or both) single-body interaction and-VE}a central two-body interaction,
In the Moshinsky formulation, a single-body interaction operator is
expressible as a linear combination, and a two-body interaction operator

as a bilinear combination, of the generators belonging to groups of



=ymmetries higher than Rs. But these generators form a known
comnutator Lie algebra. Therefore, in principle, closed expressions
for the matrix elements of any single- and two-body interaction
could be obtained.

In practice, however, another approach was found both
simpler and physically more meaningful: to consider the problem
of allowable energles associated with a mixture of palring and

gquadrupole-quadrupole interacticns as a model for central two-bndy

interaction, plus a spin-orbit singie-body interaction. Contrary
tc the concept of a potentlal, these model interaction operators
have 2 clear group-theoretic meaning in that they can be written
in terms of operators which commute with the generators of various
related groups and whose elgenvalues serve as irreducible representa-
tion labels., These operators are none other than the Casimir
operators of the group involved, Thus the irreducible basis sets
dlagonalizing separately the three interactions mentioned above
sould be constructed by elementary algebralc techniques based on
sinple notions from group theory. Having chosen one of the three
sets, the nondiagonal matrices of the other two interaction
cperators can be ceonstructed in this base,

We chose the guadrupole-quadrupole (resembling the long-

ranged part of a central two-body residual interaction) scheme for
thre. reasons: (1) 1t 1s invariant under the group U,, the

algebralc technlques of which have been studied extensively by




Elliott, Biedenharn, Moshinsky and others; (2) there is a close
resemblance between the Us or SU; scheme and the states of the
collective rotational nuclear model. There seems also to be some
connection between this interaction operator and guadrupolar
nuclear vibrations; and (3) classification of states by SUs
offers the possibility suggested by Ellidtt of restricting, as

a first approximation, the basis to the single SU, representa*ion
which lies lowest in energy.

These methods s :1d be extremely powerfu. to carry out,
within a feasible length of time, calculations on familiés of
nuclei with the aim of making sloi*al studies of thelr diverse
properties. The isotope Fluorine-20 is merely a "pilot nucleus”
for our work; the fact that 1t is odd-odd makes 1t a more
difficult shell rixdel problem as such, in spite of having only
four nucleons outside the doubly-magilc eC;e core, Little is
known emplirically about the low-lying spins of this nucleus
unambiguously, but our results on the whole are not inconsistent

with known experiments to date,

i



II., NUCLEAR MODELS & LOW-ENERGY NICLEAR STRUCTURE,

The nuclear shell model of Mayer & Jensen, with residual
Interactions between extra-closed-shell nucleons has been widely
appliedl’e)to account for such low-energy nuclear properties as
level energies, spins and parities, moments, electromagnetic and
8-decay transition rates and even binding energies. Its successes
have been encouraging but glaring fallures are evident in some
regpects, viz., large guadrupole moments are left unexplained,.

A second apprfoach to the problem has grown from evidence
of cooperative nucleonic behavior seen in the filssion process and
the partial success of the liquid-drop model which seems to be the
antithesis of shell structure. The liquid-drop and shell-model
viewpoints were combined by Bohr & Mottelson and the Copenhagen
school to propose a nuclear model allowing more generalized motion
within the nucleus by the introduction of collective vibrational
and rotational degrees of motion.

A third trend has been to return to the shell model but
with specific residual interaction models that simulate those collective
aspects to a certaln extent, 8o much the better if these model
resldual interaciicon possess group symmetries which can be
systematically exploited to reduce calculational labor,

1. Heavy Nuclel
la. Collective Behavior. In 1950 Rainwaterizo suggested

the possibility of nuclel between maglc proton and neutron numbers

of acquiring equilibrium non-spherical shapes to account for observed
large quadrupole moments and transition rates ---- as much as a
single nucleon outside a closed-~-shell core having the power to

polarize or deform the core by centrifugal forces. Bohr and

Motteison®* 6 proposed (1952-3) a unified description whereby



shell structure due to the particles was maintained alongside
collective structure consisting of permanent deformations resulting
in observed rotation-like spectra as well as vibrations in size and

shape., They put forward a total hamiltonlian

K= Hp+ Hs + Hut (8)

with particle=-1llke Hp , surface effects Hs arising from deviations
from perfect sphericity and an interaction Hut between particile

and surface effects. For a small number of extra-closed-shell
nucleons one had weak-coupling since departure from sphericity was
small enough that one could treat"LinMt in a perturbation method
with shell model particle states x as zero-order functions. For
many particles strong-coupling prevalled, that is, spheroidal shapes
occurred permitting a reasonable description in terms of well-known
rotating-top elgenfunctions 'ZZEt ; With perturbative effects Gue to
vibration, vibration-rotation and surface-particle couplings. The
Unified Model enjoyed great successz)in certalin definite regions of
the nuclide table, failing seriously in others malinly because of the
difficult intermediaste coupling sltuations.

8)

Nilsson

(1955), using the model of a single-particle in an
anisotropic harmoni~n osclllator common potential with axial symmetry
plus a single-body spin-orbit term and a term in 22 to simulate the
partial effect of a square-well, calculated for every nuclear
ocillator shell the singie-particle energy levels as functions of

a pééé@eter proportional directly to guadrupolar osclllator deforma-

tion and inversely to spin-orbit strength. Many applications of

this simple model have been made to odd-mass nuclei, where the even




number outside closed-shells are presumed to pair off according
to the shell model, leaving the one odd particle to deal with.

Numerous properties vere predicted approximatelyg’ 10)

in those
regions of strong or extremely weak deformation where the model is
expected to apply but again, falling for intermediate cases,

Both the Bohr-Mottelson and Nilsson models have succeeded
in explaining, within certain limits, the rotational band-like level
structure of many strongly deformed nuclei beyond A = /SO . These
bands are designated by a gquantum number K whizh rebresents the
projection on the nuclear symmetry axis of the total angular

momentum J composed of individual-particle j, and collective R

angular momenta, as shown in figure 1.




or

|

FiGuRe 1 FiGURE 2
For low en:rgies, rotations are about axes perpendicular to the
nuclear symmetry axia 3 so tkat the total individual-particle an-
gular momentum vector }" coincides with the 3-axis, fl becoming
equal to K, and one has the situation in Figure 2. The nuclear

wave funciion referred to this axis is then

xx"' XJ:.‘ V'T::g‘%_(‘)?l.z.x.a,"’/’(.z. , C))

the antisymmetrized oroduct of N individual-particle wave functions.
Perhaps with the intention of having a model capable of
covering a wider renge of cases than the rotational models discussed
above and the original Mayer-~Jensen shell model, & new approach
has become very popular since 1957. F11iott%™) Bohr and Mottelson
discussed the use of long-and short-range interactions approximat.d
respectively by a quadrupole-quedrupole (Q% ) and a pairingP force.
The Q"foree to be distinguished from a single-particle Q force of

% % Xo(ei; 504) (10)

the form
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used by Nilsson to deform the common oscillator well ---- it is a
two-body interaction betwecen extra-closed shell nucleons giving rise
to what Mottelson called the "aligned coupling scheme" whereby the
extra-shell nucleon orbits tend to align themselves along a given
axis fixed in the core thus acting, effectively, as if the core
itself were deformed into a (quadrupolar) ellipsoidal shape.

2)

Mottelson1 shows that;f? gives rise to binding energies depending
on N, while Q@ produces effects dependent on N® and therefore for
many particles outside the closed shells Q® 1s expected to predominate.

1b. Palring Effects. Bohr, Mottelson & Pinesl3) (1958)
emphasized that the large spacing (gap) between the ground and first
excited states of even-even nucleil as well as the mass difference
between even-even and odd A nuclel may be indicative of nucleonic
palring.

The first formal use of the f? plus Q@ model seems to be
due Belyaevlu) (1959) who reached very interesting conclusions
regarding the effect of pairing in heavy nuclei: 1) pairing
reduces the heretofore too-large predicted nuclear moments of
inertia by magnitudes in much better accord with experiment.
(riffin & Richl5) (1960p Nilsson & Priort®) (1960) verified this
admirably for 26 even-even rare earth nuclei with an average theory-
to-experiment difference of only 6%). 2) Near closed shells,
pairing gives rise to spherical equilibrium shapes while the Q®
interaction low-energy vibrational modes 1s responsible with
frequencies within observed trends. 3) The even-even nuclei gap

{18 explalined, as well as the increased level density above it. A

disadvantage of Belyaev's 2nd - quantization treatment of pairing 1is
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that the number of particles N is not constant so that results apply
to agverage properties in a given isotope region.

The Belyaev model was used by Kisslinger & Sorensean) (1960)
in an extensive application to single-closed-shell heavy nuclel, for
cases where i? predominates over Q°, and obtained generally encouraging
results of lavel energies, moments and transition rates. A recent work
by these authorsls) {1963) shows use of the same model with the
additional treatment of quadrupolar vibrations via introduction of
the phonon formalism. Reasonable agreement with empirical low-energy
systematics is obtained for numerous heavy nuclei outside well-

established regions of nuclear deformation.

2. Light Nuclei,.

Experimental work by Litherlandeta]lg) (1956) on Mg3*
strongly suggested the presence c¢f rotational (collective) structure
in the A=24,25 mass region of light nuclei. Subsequent experiments
corroborated this suggestion for other nuclel ir the 25-14 shell,
e.g., F*° and N2°.

The theoretical structure of F¥ presented a curious

situation: two apparently very different models yielded very

20). 21)

similar results The results obtained by Elliott & Flowers
(1955) with a central Yukawa interaction and spin-orbit force acting
on mixed shell model configurations and those of Paulgz) {(1957) using
the Nilsson model showed that, at least for this nucleus, the two

models could not be very distinct. This embarked Elliott on 2 series

11)'

of key researches leading to his classic 1958 papers He found

that col :ctive deformation with its associated rotational spectra

is obtainable by considering particles in a harmonic oscillator
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common potentlial and Interacting with a two-body force of angular
dependence P, (cos 8), 1.e., the Q® force, which is diagonal in an
SU, baslis of mixed-confligurational states ---- SU, refers to the
group of unimodular unitary transformations in three dimensions.
The SU, states referred to laboratory axes are characterized by
definite orbital angular momentum L and projection M, as well as
by an approximate guantum number K (appearing to be related to the
rotational band gquantum number K of Figure 2), the SU, irreducible
representation (%u) and orbital premutation symmetry Ef] . These
?‘ (I-ﬂﬂ}() KLM) are projected out of intrinsic functions

ﬂ[{] (1}0 K) referred to a nuclear axis. The x functions are
classified by the subgroup U, in addition to SU, and are
eigenfunctions of an anisotropic axially symmetric harmonic oscillator
potential. For N=2,3,4 particles in the 2s-1d unfilled shell he found
good overlaps between L-S coupled shell model wave functions and his
SU, basis set of states corresponding to the leading (lowest-energy)
representation of SU,.

For nuclel with a few particles in the 1l-p shell Kurath

& Picman23) (1959) found strong overlaps between wave functions con-
structed by the Elliott SU; technique applied to Nilsson intrinsic
states and shell model intermediate coupling (JJ and LS) wave

24) with a two-hody cential force in the

functions from calculations
limit of zero spin-orbit force. Similar results for nuclei at the
beginning of the 2s-1d shell were found by Redlich.25)

The Elliott SU, technique was applied extensively to
nuclei 1in the 1p shell ---- with the inclusion of spin-orbit
intevaction --~- by Koltungs) (1961) with results comparing favorably

with earlier intermediate coupling calculations by Kurath25) (1956).



These technigues were extended to the 2s-1d shell by Banerjee &
Levinson27) (1663). Calculations on Mg* (N=8 in 2s5-1d shell) were
carried out by Elliott & Harvey78) who found a small (1C to 20%)
mixing of other SU;, representations into the leading one for this
nucleus, Chacén & Moshinskyag) (1962) calculated the low-1ying
levels of Ne® wusing a competitive mixture of P and @® forzes and,
separately, under a gagussian central potential. A remarkable
resemblance between the two predicted level-schemes emerged, as

well as excellent agreement for the very lowest excited levels.

The Ne®° 22 transition lifetimes were calculated on this model by the
author and co-workers3o) (1963) showing the tendency of Q® to deform
states (decrease lifetimes) and P to produce more spherical states
(increase lifetimes).

The method to be used in our work will be within the
third approach mentioned in the beginning of this chapter. Thus,
our model will comprise P, Q@® and spin-ortit interactions whose
group symmetries shall be employed to advantage. There seems to
be no "a priori" reason why this interaction hamiltonian model
(involving a very small number of parameters) should be restricted

to certain regions of the table of nuclides.




CHAPTER
III.- THE MOSHINSKY GROUP THEORETICAL REFORMULATION OF THE NUCLEAR

SHELL MANY - BODY PROBLEM 1)

l, Creation and Annihilation Fermi Operators.

A single particle in a state { is defined by a crea-

tion operator acting on & vucuum state, namely
+
o
by 10

which corresponds to f(?). An annihilation operator is given sim=

¢
ply by the contravariant operator ID where

e -
b (0> = 0. (1)
They obey the Fermi anti-commutation relations

ﬁb:, b?'f - b;- be'+ loe' b; = geez
5 by by §= § BB (=0

(‘ 2a,b, c)

and hence, expanding the left-hand side of the second relation

+ +y+ +
5;; ("f:b(’ p T e be =0

gp b;: = - E;l B:

+|+
it becomes obvious that if e-(" P b( B( = O, i.e.,
the Pauli principle is satisfied: one and only one particle can be
in the state P +» Por particles in a common central potential the



state @ is given by the assembly

e —> vim,sT (14)

where ¥ is the principal quantum numter, .e the ordbital angilar
momentum, m the magnetic quantum number, ¢ tne spin projection
along an arbitrary axis and T the isotopic spin projection.

The allowed values of  thus label the dimensions of a
singie~particle total space composed of a coordinate (or orbital)
subspace (\)bm) and a spin-isospin subspace (6T ). The f-dimensig_
nal vector defining this space is b; o An equivalent assembly of

quantum numbers for the single-particle state could be
p ""Nt""ht (/5)

where } results from coupling Z with 7/}_ and 7"} is its projection.
This choice is more appropriate for j‘} coupling and here the
single-particle space is decomposed into "spin-orbital® (Vl]ﬂl’) and
*igotopic spin" sub-spaces.

2. State of u-noninteracting fermions.

A state of ) non-interacting fermions is usually given by
the normalised Slater determinant of single particle functions which
is totally anti-symmetric under particle exchange:

, (NOX YOREI O
@Efﬂ‘—‘.%(”)?.?’dg(iw{‘&)m'd&(u)s‘ﬁ-!n %(1) ‘%;(1)

'd;a(«) o Yw

()




where P ie & permutation of two variabies from the set 1,2,....,N.

Teking another function

§ = PhORe RO (D

‘
and considering the scalar product between é and @ one obtains

the well-known result

<6

O

]
5(’,'

/

-, 5(:{!

(&,6)=

e'o
&,

&
5(

r

i

60 b

éﬁ?z"'(’” (18)

< b ‘
XK .5&:

which is called a "generalized delta functic. -,

+
Now, since ’4{ corresponds to b&. 107 in second-quan-
1 '

tizaticn formulation it is natural to assume as the equivalent of
é the expression

060> = by by, - bpe 107 (19)

which from the anti-commutation relation (12b) is clearly anti-sym~-
metric under particle exchange and therefore also satisfies the ex-
clusion principle. The scalar product of (19) with another state

.F\,P-; ﬂ:> can easily be shown to give



! 1opt 1 4 +
G106 6> = <ol B B b7 by, be. Bpy 167
60, b
i} é;ﬁf;"'fh (:3(9

F-J
using the relations (12) and the fact that b | 07 =O, and this is
/
identical with the result (18) for (_5 ’ é. )e

3. Single-and TwovBody Operators as lLinear and Bilinear

Combinations of Group Generators.

Ar N-particle stete with interactions, specifiable by a
set of N-particle cuantum numbers A , can always be given as a

superposition of linearly independent states of N-noninteracting-

particles
A LB (21
P> B, .o e bt bt lo> )
ﬂ@;uﬁi
with arbitrary coefficients B:b"‘ tn e« These coefficients will

be determined by the operator set 8’ representing a complete set
commuting
of/observables required to charasterize the polynomial base (21)

exhaustively via the eigenvalue equations

OR -0 P . (22)

It is desireable therefore to cbtain general operators
+
which depend on the creation and annihilation operators bf and

4
b(’ + The most common 9f operators are symretric one-and two-body



scalar operators defined as
EW(V) and § Vir,) (23)
lﬁl‘l
where Y} stands for all the coordinates of the 188 particle and

rq ?.‘?;‘?t’ « Let us call W(ﬂ)EWi- and ‘V(YE}) s V;J.

and their matrix elements in the usual form are

<mIWE[E 2 = f'zlg:&)WZ#fza)i'cz
<l V> = ]ﬁf () #PQ) A z[fmzl{(;) d7; dg

Operators in the second-quantization formulation are usually

postulated as

e Sl bt @4)

’ll [
+ 1%
Vel > <l Valy > by, by LIb"  @s)
W
i

( being the complete set of quantum numbers needed to specify
the bt"' single -particle state, i.e., states of the type ﬂ of the

previous seotion). These postulates are considered valid if matrix



s T

elements in the second-quantization scheme are identical with the

corresponding onesin the usual Born-Heisenberg-Jordan scheme of

matrix mechanics. Calculating the elements of Wbetween non-in-
GO b | WGl > =
. 1 (1 ¥ : + |t . T 0
_ S < vy <ol - BB (g B be b Bpl®>
"
W
S Wiyl B B B (& bbb
W

|

having used the relations (12a) in the last step, so that

Bl tn | W r.f,---m =
) |ft 7]; rv(; l‘
quhﬁ{ 577] Stty-- 7{’.(’; 6o B

[
32) pp. 169-T4
which is indeed the usual result (see Condon & Shortley of matrix

mechanics for the matrix elements of a single-body operator between

(4
two Slater determinant states é and @ « Carrying ont a similar

calculation for /U’ one obtains

<6t O] WPlet 6> =



SO 585 (5 by, )b b B

m
LS <l Tal7> <of
P ;o
-5X 5+ 5n b¥hy +<§”5’ WS B B, 5

X g ID{, b("n (‘2'7)

b bf;b(: (5’7:57"# 57)‘, b?t-g

where the last step is arrived at by applying the anti-commutation

relations (12 a,b,c) to the expression
T+ 7)."){
G b, BB

such as to push the creation operators to the right and the annihi-
lation ones to the left. Koting in (27) that the terms

» o .

T &'ﬂi_g%' % _ 57' on . 57'7*
7 Oy, A S e 3 XA
S O B

|

and utilizing the scalar product formula (20) one arrives at the



final result that

<C,(z:ﬁ;(’8°1(:fzf~> =

) s ﬁﬁ. fn

:%Z%%;j<ﬁ%7&"%zl?57:>>{: 25;77'25%(; Cn
T g
: S A ) W "l

5”' mft’ ! 50576 +3.25

”

7'l° ﬁc _,_g}%?tf (] 23)

Ot 2l

whose properties are idenvical with those given in Condon &

Toll
Shortley,33) PP. fk ﬁg%rix elements ¢Z a two-body operator in the

usual formulation. Ia conclusion, therefore, one has the required
identities

-ty = (&, ZW ) 29
<t f~12)° t’(’, ) = (@) ZV;@ @@

cSJ-:



/
é and é being the Slater determinental states (16) and (17),
thus justifying postulates (24) snd (25)

Operators in the second-quantization form are used ex-
tensively in current theoretical physics. When states [£f, ... fy )
are given in terms of creation operators Eﬁ% as in (19), the
usually difficulty and tedious problem of caloculating matrix elem-
ents between superposed states of this type is reduced to the still
tedious but intrinsically simpler task of anti-commuting b+ ’ b("
operators. In effect, however, even this is avoided as quicker and
simpler techniques have been found for evaluating matrix elements.
It may also be mentioned in passing that the second-quantization
formulation is not necessarily restricted to the treatment of /V
fermions: a similar formulation can be derivei replacing the

relations (12 a,b,c) between fermi oneiators by commutation rela-

tions between boson operators for the treatment of such problems as
phonon excitations in the vibrational nuclear model. Finally, we
should anticipate the fact thati contrary to second-quantization
formulisms of the field-theory type, the total number of particles

(nucleons, here) is always conserved as physical situations in low-

energy nuclear thysiecs demand.

B b
Let us call the ¢reation-snnihilation pair P‘éD

)
by another name, for example

f{ _ + e{ A
C& " b (31)

I

where it is understood that this operator when acting on an arbitrary



state destiroys a single-particle state given by the quantum numbers

€f and creates one given by fi explicitly,
e{ !/ - = cer Poovae
C It > = [0l b B> o
=0 (a,f f{ ts mot prese-nt)

We can find the commutation relations between the (:? 's by using
the relations (12 a,b,c):

icr c¥1= (Y, be b e,
5 1 b L]+ [b, b b1 b
b [0 BlbE 5
+ 1 (B, 16t [Be,b J‘oelve
B Wb+ Ebe bg_g"kf'

]

- 21 s
2 B, b} Fb - be 'S, -2 b bbb

= b \:»?'5; - b L&

¢

= -1 ol g
et cf] = €5 - Cs e . (32)



As Moshinsky realized3J, this result is extremely important: the
~¢’ ¢

commutator of two (,( 's is expressible as c’her C( 's. Exactly
the same thing occurs with the angular momentum Operators, namely,

[Lg)L’}]-= ."L’é (and cyclically)
are the gmerators for infinitesimal transformations (rotations) of
the group R,. (A better insight into the reason for calling
Lz’Lu‘.’Lig the R, generators for infinitesimal rotations is given
in Appendix C ). Moshinsky's argument (see Appendix) cor}cludes that
relations (32) indicate that the set of operators 2 (:; f forms

the generators of a group of unitary transformations. The dimension

of this group is the dimension of the space wherin the transforma-
tions take place, i.e., the possible values of the quantum number
set €=v?m,r T . Let the orbital sub-space V['m be V-~-dimen~
sional, the spin-isospin sub-space is 4-dimensional since
¢ctl= 7;5’;,7;’7;)‘%"&)'7&”&. Thus the set of (4r)z operators ZCS’ f
form the generators of a 4r-dimensional unitary group ul" whose
Lie Algebra“) is given by (32).

Now, the single-budy operator ng of (24) is obviously the
linear combination of U.’,,,group generators

W= S<wle>Co (33)

66

with relatively simple coefficients as onls one-particle states are
involved. For the two-body operator of (25) we use (12 a,b,c) to

convert
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QREUTHHE
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e I

W

- 25 =

. + 1+ (,I: &1

g g{’. B" bﬁz - b(v Lf:— b é
. C e+ \|A

= - g(' (Se?' b ¢z )E
o1+ 16 e+ A

= b:l b PZ-ID 'J& bff é

6 ~6 (6 ~6
6‘ Cﬁ —J& Cﬁ

so that 2Tis the bilinear combination of Urgroup generators

di ==-—2<€.(’~JV le/el> {C ‘Cr 5€ Ce‘ .{ 39)

66
66

with coefficients depending only on  two-particle states.
A lerge class of problems involve one-and two-body operators

which are independent of spin and isospin. JConsidering this restric

tion, and since

P-_,v?'mt, Gz : i)sl.c

where }‘(i refers to the configuration (orbital) space quantum num-
bers of the i,f-—" particle and 6& to spin and isospin, the coeffi-

cients in (33) and (34) will be



WD = < Wlpst> = u WL >&

UITIEED = s s Vet i) >
= </‘:/h, .V::..//M,’/A;' >5S,S'Jsf&

because of the imposed independence of 'W: and V onS. Insert-
ing these expressions in (33) and (34) one gets

W = /%Q:IW./}«’? /:'l @s)

1 /¢ /a" 'a‘t /a{ /a;
'aoz 52(/‘%/‘:”/:;’/‘: t> {/a, éu s é‘, Gé)
el
where the new operators U are simply a contraction of the old
ones over spin-isospin indices, that is

4= S80S 47CE

SS’/ ss!’

o é;lu,f 26/:5 (////.—/,z,.../r) 37)
S

Writing in (32) }49 for @ and contracting over § we obtain the
commutator algebra




-

[, 5 ]= é‘ﬁ/" é‘iﬂOE“ | (3%)

whioh, by the argument upon (32) reveals that the r* operators

é’ are the generators of an !’ ~dimensional unitary group, Zér .
of unitary transformations within the orbital sub-space of r dimen~
sions.

From the analysis of this section, an analogy with the
asymmetric top and its allowable energies of the Introduction is
thus evident: the hamiltonian ﬂrin (1) is quadretic in ine R3
generators while here a nuclear hamiltonian £ with group symmetry
greater than R.)' composed of bothzlf and W' types of interactions,
is expressible as linear and bilinear combinations of th~ generators
of a larger group, in general, U!" « To evaluate the ﬂﬂrll patrix
of (3) in the N‘ﬂ> basis for an irreducible representation of
R57 Rz only the matrix elements (Fm',h“"ﬂ) were needed. In
our nuclear problem, to obtain thel% ﬁmatrix we would need the
matrix elements of the symmetry group generators. Although these
are known for a unitary group of arbitrary dimensionz 5) other
approaches will be necessary as solving the problem via the top
analogy imposes great difficulties.

Our approach will be to construct a (truncated) basis
which transforms irreducibly according to the various symme:iry
groups of a chosen portion of the model hamiltonian. To accomplish
this, one begins with the problem of classifying the pertinent
N-particle states with appropriate quantum numbers. However, a
brief sketch of the treatment of this problem in Rs will be most
useful .



4.~ Spherical Symmetry and the Rg Group.

Consider first how one obtains in group theoretic lan-
&n

guage a besis forAirreducible representetion of the group of

three-dimensional rotations R3 and the labelling of these states,

The generators of infinitesimal rotations around the x,y and 2z

axes are respectively L., L, and Lzy where
a %
- -2'
= (PP, = 2P = (‘3 o2 43)
1(.2 _ x 2
Ly~ xPly = 2B %P —:(*ax *3s) &)

Low GxBy= apy- gt = Hx 55 - 3 5%)

|

In spherical components one has the three generators

LJ+- = l;x'f LLw$
L‘o = b;
|

(40)

i

:'*Jx-i' L"?

which byg.," L_.v] = L.z (and eyclically) obey the Lie algebra

[Lobel= £y, Lo L= 2k, )

of which only L, is Lermitean since

(k)= Lz and ko= ke



Ly, L,, L3 being hermitean. Rotations are linear transformeations

and therefore the basis functions should b+ linearly independent
homogeneous polynomials in the spherical space-components %., X,

and ¥_ of fixed degree, say h, which are solutions of the Fuler

equation

#V Pk = h P, 43

These solutions however form a basis for a reducible representation.

To decompose this set into irreducible sub-sets a further restric-

tion on ¥ must be imposed, namely

L, P=mP 44)

using the hermitean operator L, which commutes with the previous
operator $°V so that it can be employed simultaneously with
-Y"“V tC further caracterize the polynomial by the integer

m. The weight of the polynomial P !s defined by m. Since L,
and L_ also commute with -Y."V the polynomials P'== L,P and

P*=1 P both satisfy (43). What weights do P' and P" have? Using
the relations (41 ) one has

[y b Pt hebe P
= L*P + m L;P

L:.P"" LoL‘fP

= (m+1) P!




L, P'= LL.P =k, L3P+ L-L.P
=-L. P +mlL.P

(m-1) P’

The operator L *,thus raises the weight of an irreducible basis P

by one unit and I_ lowers the weight by one unit. T-_,, and I_ are

therefore called the raising and lowering operators of the group RB’
while L,is the weigat operator.

Among the solutions of (43) there are some polynomials
of highest weight E given by the three equations

wp P=hF 49
L, P-2F %)

me ke =0 47)

Prom (45) we take the general form



o Ly
P(x+,x°,x') = Z C,(Pr X+ X,P %0 (°“'/5"r‘-‘—h), J
'b

in spherical compcnents which, like (40), are Xt =% t‘y, X, = 2,

Applying the restriction (46) with L° = x.,. 3/2x+ —}C- 3/2,(-
gives the relation P =°l’£ and (47) with /_,,rz._(x,a/axﬁx,a/bx.)

gives a recurrence relation between the remaining coefficients so

that 'H"")

AN S
f(‘X{-"xa,X-) = Ao x:Z( i ) X:—( ("-ZX{-x-)

okz0

a
with A, an arbitrary constant and ( 4,) the binomial coefficients
finelly yields the solution to (45,46,47) as

. h-t
B = A % &- 2827 @)

with h= e, 9'2"9'47 T é (460

But the term (fx,;"- 2%,%-) is simply Y%= x"fg‘-l-&" 8o that one

has
iy % bt (;,J,I-z,l’-qg...,D (s7)

which (apart from an invariant Y‘h- and a numerical constant) is

the iamiliar solid spherical harmonic of maximum projection

IPM ~ Y‘M qjll @A’)

Yoo = vy, O



To summarize, the three equations
wyp-hP,  LP-4F,  LFP=0

ensure solutions (51), or (52) which for the simplest case h-.t

(maximum representation) then f @g(ﬂ,f) is the maximum weight
polynomial of the basis for the irreducible representation labeled

by f . The full basis can be generated by successive application of

the lowering operator L_ , giving us the rows m of the represention

1 thusly:
I
" (53)
where the radical in front of the lowering operation (L_)e“m is

, 35) ¢ ,
for normalization / and m takes the ( 4{+| ) allowed values

—p smsd (5%)

which are unique for a given ,e-valuea,, i.e., the set of numbers m

labellihg the rows is multiplicity free. The polynomiel basis -P-hn

is clearly an eigenfunction of the commuting operators Lz and L, ,

1> Do = A04) B,

(55a,4)
L‘%P(m: 'mB’"\

36, 37, 38)
and the operator L is referred to as the (asimir operator / of R3

as 1) it is constructed from the R:3 generators by

L




L Ly tby the = 3?‘")’ Lylg (32479 (56)

2) it commutes with them, namely [Lj' /v;.]: O and 3) it suffices
to characvterize each irreducible representation ot R.s by the label
j, « The I‘& operator generates rotations around the Z-axis and is
thus the single generator of the group Rz of axial rotations.
Hence, the polynomial basis P"‘ is said to be explicitly reduced
with respect to the chaim of groups

R, o
K, > o 1 (57)

the 1 in the lower-right hand corner coming from the fact that axial

rotations here are about the 2Z-axis.
31
Exactly analogous techniques have been developed ) for
unitary group irreducible bases which are needed to construct wave

functions for problems with symmetries larger than rotational.

5.~ Supermultiplet Classification of States by Unitary Groups.

Permutstional Symmetry.

The group of unitary transformatiorns within the total

orbital-spin-isospin space of 4y dimensions is .U;r whose (4r )"
¢\t b@'
generators are C( =L'¢( ’ e designating the components, which
obey the Lie commutator algebra (32). Our transformations are
linear, so the polynomial basis must be a set of linearly independent
+

homogeneous polynomials P of degree N in the bf « The set more~




over corresponds to the oompl-tely entisymmetric representation

N
[1" o]l o U" . The scalar product betwsen two such poly-

(,D,) = <ol ETR l0> (s8)

where in P;',' all ‘6" are replaced by ‘of, and thus evaluation of

il

(58) depends only on the properties (12 a,b,c) and (11). The

creation and annihilation operators themselves transform as

Ur : - =62 4vr) &9
K- SUE

the ?f being eiemsnts of a unitary matrix. px
As already seen in (37), contraction of CP C

over the index s gives an operator set é’ f with Lze al-

gebra (38) and therefore constitute the generators of a group Z(r

of unitary transformations in the orbital space of vy dimensions,

W B
; (i (/u-:,z,...,r> (LO)

v ! W

2 ((LL'::. ' )* 'b/“.s
M

ioeo’

Moreover, we can form the 4L=16 operators



' 'y '’ Hs' /
Ye ;gr C/}; x ; Cis (3574239 (¢1)

by contraction over the index /u. , and see inmediately from (32),

contracted in the same manner, that

[cscsl= Cda - cl & @

S '

is a Lie algebra identical with (38) and (32) so that the operator
Z f form the gererators of a group I); of transformations

/*9' ; U
§<U> b’"s

The generators of 2"?‘ commute with those of T);, 3

U

[g):w, CsS'] - [% C/;“;g? 2 Ci:lj
§ ié"
Z[ Ci, Cis |



(%)

lsl— PJ 5
recalling that 5(, = 5 « Hence, the group
u—\f‘ of matrices // u 7’“ c l contains the product sub-group

/urxv; of matrice://&/“ U // and this contains separate

ly the sub=-groups Z(rwith /]#a‘ // and (J with //A'/“ US'//

In shorthand:

ur > L(/rX-U;. D) ur «— (orbital) (‘;§>
2

-[]4- <«—— (8pin-isospin)
(orbital-spin-isospin)
the names in parentheses referring to the single-particle transfor-

mation space.
Iet us now define the irreducible representations con-

U
nected with this chain of groups. The ¥ operators f and

4 operators CS are hermitean since



/M

€ = 2 bV =2 bub = &

a7t b+; bﬂs)fzzé;sé’m= f#
6= 2 s "W

A ; CS' ,
while é‘ (/#/A ) and s S#S’ ) have the hermiticity

properties
Grr=6r ; &)=Co.

In analogy with the R, hermitean operator L , one can define, as

3
in (44), in Z(r and simultaneously in U,, s the welght of the set

of homogeneous polynomials P of degree N by

6 L= % P (perze,m (6D
CsS P = P (s=1423¢) (ég)

since the operator sets commutc mutually, so that the weight of P
in ’u,. is the set of numbers D‘W; wr] , and in U; it is
Lw‘w;ws w‘] . From (67), the integer u}& is the degree of P in
5‘5 with respect to the 1ndex/u while, from (68), the integer
ws gives the degree with respect to 8. Example:

+ (+ [+ |+
&_5__'-' -P= é// 12 Y27 M3z Ogqz

has er weight [Wﬂ/z 1(/',] =[211 OOmg and Mweight



- 38 =

[w,w,w,w,] =[1301] . fThe sum of individuel degrees
Y 4
Suo= Do = N
M= $=1

is the total number of particles, which in turn is the eigenvalue

of the number operator

= Zrém"‘ é‘Css
W por P s (71)

(P-NP

A polynomial P of weight EW,V; Wr] in Zl/.- is of
! LA | [
higher weight than P of weight CWw, - 'Wr] in uw if in the

set of differences
[, W%, o, W W ] (72)

the first non-zero number is positive. Likewise, the same criterion
for higher and lower weights in I);_ applies.

Consider now the remaining operators of Z(r y 1ee,,
g,uMI 9“#/‘1) and of -U.;, y 1ee4y Css, (S¢$') + Take the two

polynomial classes P/ and P¥ as
’ Al
P.= 6,“ P wyt)
- gl




Using (11), (12 a,b,0) and (67), one can find their weights:
GrP'= G181 P =161 6 TP 6101 P
= f/’fwg.. é‘af = ()P’
W P- 6relP- I o8 GLIP 4 L
= “é,”'PM% éf"P.— (u-1) P’
G/ =p-0 P P byer) P

so th. © P' has weight [W W” "4,'“,Wr] and P*
weighs [W,, cooy Wast, e ,’)']Q; t, . ,'Wr J which are respectively
higher and lowe: than the weight [W W) ..., W ... W ... W; ]
of P, Thus in analogy to L, and L_ of R, f"‘ (/, Y  are

the raising and g M’ (,“ 7,) the lowering opera.tors of the group
ﬂy » In the same manner, one can see that C ($<s") and

SS' (.S‘P g) are the raising and lowering operators of U;
Thus




WESHT
OPERATIRS

i -

(/u,};’: h2,eey 1)

2
LOWERING

7
and a similar array for ?Css f of U; clearly show the three categories

of raising lowering and weignt operators present in unitary groups
which is the guneralization for these groups of the similar result
obtaired previously for R:3 .

Among the set of linearly independent polynomials P whi-h
satisfy equations (67) and (68) thus being characterized by both
[w, - - ] ana [WW, W, wW,] , there are some, say f y of

highest weight in both ’Z,Lv and .U; given by
/a’/‘,: “2/"-;')
A5 =/ ¢ 7 A
GAP-h P, 6 P=o (%) tra

ard simultaneously by

SN

[



/ 7 5,3’-"—'[,2,3)4. 6
CSSP‘ \.(s E , Css E:O ( scs’ ) (7441 )

the highest weight polynomial set f now being characterized by

[k.‘\;mhvl"{V,V,,V, V.f » which is the representation label of the
direct product grcup uer‘, + The set of equations (73) and (74)
for ’u,.ﬂL 1s enalogous to the set (46) and (47) for Ry : they
select the maximum weight functions _TP out of a larger set P,
Should one further insist on an analogy here of the Fuler equation
(45) treated in the discussion of Rs » We can cite

ScP- NI

which 1ike (45) gives the total degree of P .
We recall from (53) of our discussion of the rotation

group that the complete base B ’ corresponding 410 irreducible re-

presentation j of R, , where the row index m is given by -

..[S ms l » can be generated from the maximum weight and h= f
polynomial EN Kf of (51) by successive applications of the Ry
lowering generator L- .

In the case of 2(.-;( TJ; y 1t 18 possible also to genera-
te tke full basis =---- labeled by the appropriate rows to be
discussed further on ---- via application of operators which are
functior.3 of the lowering generators of this group. The representa
tion [hhy-- hr]"{&’. ViV V,f of Ur XUy is thus definitely

irreducible. Moreover, this irreducible representation is unique

(See Appendix B ~ )
The direct product group %,XU', conteins ?( - and U4




as subroups. The highest weight t<rm of an irreducible basis for
U, ona T, , 1abelled resp. sively by [Ah-hr] ana {V,V,r,v,f ,
obey restrictions analogous to (49) for the irreducible representa-
tions of R, . We recall that (49) foilowed simply from the fact
that ? was a homogeneoue polynomial in X, , X, and X.. 1In the

(GLP 6L F) =<0l PGl G Plo> (o)
= <ol P* 161 I Plo>
Lo P (6F-41)P Io>
= (w-m)EE =0

(75)
L h/ P4 "I/’ for (/(/4')'

viere in step 4 we used (73b), in 3 (73a) and in the last step the
fact ( P, ]P ) Z O . similar results are obtained from the

sl Gf
scalar product (Cs E 9 Cs ?) for S>S' Furthermore, from (71)

one obtains éh’ =$é"’s = ,V « In conclusion, we have the
4 2t
feollowing conditions:



h)"/");?/hb?/"'zf hrz'o (76)

hthet byt oo+ hy =

V.72 V. 2 Va 2 V¢ 2O
UQ': \,1,4,-\/;1-\/3+\4,=N (77)

which are precisely the requirene:.. s ~n the well-known Young diagrams

(or partitions, or patterns) giving the permutation symmetry of an
N-particle function.

The unique highest weight function of an arbitrary orbital

permutation symmetry and the correspo.ding (conjugate)spin-isospin

permutation symmetry caen be constructed at once. For instance, take

the 13 particle ordbital symmetry given by the partition

W, s ThhohJ=[432211] = (78)

’

[l

. +
where obviously 4+3+42+42+41+41 = 13. A polynomial function P ( b/“ )
with this Zly irreducible representation and of maximum weight in

7/(-Y‘ is simply



Ti.)(b*s) = gu gn gns l;,,

+ 79"
X B;l bﬁ ( 7/

o
X 041 42
+
X
51

+
by

which is clearly totally anti-symmetric with respect to interchange
of any pair of orbital-spin-isospin states. Note that the arrange-
ment of bl ‘s purposively follows the Young diagram (78). The degrees
h,u of f with respect to the components/u in Eg;s is h, = 4 80 that
four states with U = { are constructed; h, = 3 and three states with
/;. = 2 are constructed, and so forth. The second index of each b*
operator ---- denoting the spin-isospin state ~--- is placed in
numerical order in each row. (If two of these indices coincide the
whole expression vanishes as from (12b) any b+s b;fo, i.e., the
Pauli principle). Naturally therefore as 1€S&4 , there ere <
four blocks in any given row., By the same taken, there are X V"
(=number of single nucleon orbital states avaiiable) rows in the
whole expression.

M
Mental application of é‘ (/4 = 1,2,.0.46) gshows that
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indeed [h h; lw ‘04‘75 vJ=L4322] 1] . The effect of any
f“ (/.((/A ) is zero asin some column a factor b+ },g =0
would then occur, thus (78) is of maximum weight in Z(,..
Again, mental application of Cssl (8= 1,2,3,4) shows
that [V,\/,V,%] y the degrees of IP in 8=1,2,3,4, is
[Vuvzva\/&] = [(,424] y Which satisfy (77), and furthermc 2 is
the conjugate representation of L-"l ‘)z "‘5 "M l)glu]as

Chhhihihehe] = [432711] = [o#20 = Tuw k%l (50)

as can be seen by reflecting the diagram (78) about its principal
diagonal. (This was to be expected since the irreducible represen-
tation fhk;“"'\r]x{"-"tvavof of ’U.yx ‘qu is contained in the irredu-
cible representation [1" O‘W-NJ ofuv- ). Moreover, (79) satisfies
CSIE =0 , for $<S', since the effect of any of these Cs
would create pairs of the form b,us =0.

The state (79) is the analogue for the Z(rx Uq» group

f (51). Extremely powerful and§imple is the technicue of construct-
'E[“\; hy]X§V,V, V:V+§

ing any of maximum w@ight. Lowering operations
as in (53) for obtaining the complete bases E‘., irreducible under
RB > R, , with-f$Mm& 4 and of dimension ( 24+ )y also have

their analogue in unitary group theory.

The polynomial set ,P‘,m transforms irr educibly under R_5

according to the well-known "rotation matrices" )

Bnwgp=30 7, 643, @)

(4
The row of the irreducible representation 48 ) of dimension




(2?*” ) by ( 2€+] ) 1s given by m which, apart from being the

polynomial weight in Ra, is also the irreducible representation of
Rz which is contained in Rs as a subgroup, i.e., P‘ﬂ transforms
irreducibly under the chain of group transformations designated as

R, ©
RbD o 1/ (€2)

Similarly, the rows (and columns) that would specify the
full basis of a polynomial set PIM’"“ h']( g“ ) transforming
irreducibly under ,uy could come from sub-groups of er + Not any
chain of sub-groups, however, would provide a complete classification

of the polynomial set. For example, the chains

U U, U GxT U. >R, (83

43
among other physirally important cadas )are known as "non-simply
reducible" because for a given irreducidble representation of the

large group there may be repeated sub-gro:p irreducible representations

thus requiring additional labelssg) (quantum numbers, physicel or not)

to distinguish these multiplicities. However, the so-called "canonical

chain"39)




2 0 Ur-» © O 1 0
M,D((;" 1))[0 é;’ R N (84)

unequivocally specifies the rows of a er irreducible representation.

The "canonical chain® for the spin-isospin group t],; would

hence be

usly 1)oe t )5

and a8 thie is smaller than u,. in general, let us illustrate the

sub-group generators. The 42 generators of U; are
r > 4
C'iCt C \C,

U Cf = J-- -2 ""; ‘ (39




- 48 =

with Lie algebra [Css: C;:’ 'I": C;smé;‘? - CS" s ;‘::' namely
the commutator of any two generators never gives other than .U;
generators. The U; generetors can be chosen as the 32 operators
in the upper-left hand corner above the solid lines. They satisfy
the same Lie algebra as .U; y but with ¢,8'=1,2,3 =cw= &8 can be
quickly verified. The '(]2 generators C,"C:’ Cz.l, C,z' also obey
the same algebra, but with s,8'=1,2. Finally, C,’ is the sole gene-
: /

rator of U; and the commutatcr C;, C,'] = O also gives nothing
outside a . An illustrative diagram showing the group chain (85)

sl
in sofar as the 42 generators CS (s,8' 1,2,3,4) are concerned is:

U: G

Generalizing, u,. will from (84) have ( Y-I ) aub-groﬁ'ps
VL
fup (p=1,24..4o Y =1) each with pz generators é( (/a”u’: 112,...,?).

Moreover, the equations

g P=h, P L P=0 (37)

(/“""')z/"’lp) (/“‘/“,) (f:’lzl"'/ r-1)
define the irreducible representation label [h,, th ' hPF} of
the sub-group u rcu" o« ILikewise,




C:P-v, P C'P=0 (39)

(s212..,3) (§=12,%) (s<s')

define <the irreducible representation { V,, ,_2 V” f of the sub-
group U-a < Uq. .
Hence, the generic state forming & complete vasis for

irreducible representations of the groups in the chain

2o 0),...3('”;131) 81)

u‘r)urXQD U, o U, U 40
U)(O i) li o & (8b)

could be designated with a notation used by Gel'fand & Zetlinhg) as

[hhf]"g Vﬂ{

P ( = |hig Vg =



My hur-t et 'hr..r-. Vm Ve V>+ V44
e o Va Ve W (90)
hiy hae Vs Vs
h, Ve

with f(k =1,2,...," and§€f =1,2,3,4,

which, for the chain (89), is the analogue of (53) for the simple
chain (57). In the latter, one had the restriction that

-fSm s 2 . An analogous restriction holds in (89), for both
’u.- and TJ; chains: Let 7T,, be the symmetric (or permutation)
group of N objects. As T[,,)Tr“-, y the former having irreducible
representations (Young patterns) [ff,-.- f,] and the latter

rn‘lf; ‘fu ’} , then

75 2821 - 'fnn/'ﬁc?o (91)

(see Weyl, ref. 43 ). Because of the intimate relation betwsen
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! Ly
the m and dr groups 2 namely, that they possess the same
irreducible rerresentation labels, one deduces from (91) the follow-

ing ‘requalities for ur and its canonical chain subgroups:

hw7/ )'hr-c 4 hzr 7 )"zr-; Feee 2 hr-a r-i ,7/}),.,.7/ O

Myt 2 l"tW)/ SR br-zr-z.z' "’r-w-: 20

hﬂ. ;/ hu 2’ }7232«' 0

or, to use the same ar.sngement as in the generic state(90),

hh" Bzr I3v ) ! * ° hrr Z0
2 4 7 S\ v/ 7
"‘w—s hzv-o ) h =i e hM -1 e (CIZ)
X7 N 7 7
’ . s . ) Z 0
= Y 4
l"n. h.e 20
>
h,”
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For -U; and its sub-groups, the same reasoning in (91) gives the

requirements
Vie Vas Vas Vo4 20
XD g D N g
V,; vz;ﬂ V;; 20
S N 4 (9%)
‘4
iz Yo, 20
& 4

Thihy oo he 353 Ve V43

The polynomial F of highest
weight in both /ur and U4 must satisfy both (73)and (74). Fow,
the conditions (73b) and (74b), i.e.,

6L P=0 ), CIP=0 (s<s)

ensure that ]P is automatically of highest weight in all the
canonical chain subgroups of Wr and E__.
Concretely, if the representation U’kr} (k=1,2,.0.,r)

of ’MY is of highest weight, the sub=group representations

[hkfl (k€p=1,2,..,Y-1) take the maximum value compatible with

(92) and if the .U;. representation {\(;J (f=1,2,3,4) is of
highest weight, its sub~group representations z\-/fgf (£f<g=1,2,3)
acquire the maximm values allowed dy (93). This result will be very
significant in future developments, but for the moment we note that
in the explicit Gelfend-Zetlin notation the solution of (73) ane (74} (&)




iy

can consequently be symbolized in the simple form

Lhe har - hee 35 Ve Voo Vs, V«}
¥=k (494)

hn- l‘);y \’lgr the e hrv

V, v
hw L\zr hsr tee hr.w . & 24 V“ v’f
. . ’ J VM Vu V3’

h"‘ hl" V,q qu
hyy Vie

where the h's along any diesgonal parallel to the lowest one are
equal among themselves. The same holds for tHe v's.
Bquations (67) and (68) define the weighte in {f,. snd [
of a given polynomial state such &8 (90) ===~ weights being
nothing more than the eigenvaluea of g (/4-1,2,...,r) in the
case of ﬂ;.- and, of C (S=1,2,3,4) for ‘[]4 e From relations
(38) it is easy tc see thet the sum of cperators

M
i g = Wace, (of ul’ weight generators)
= by

conmutes with all the generators of th and its subgroups
%., ,7(,.,_ goesy Z{, » Thus the eigenvalue of this sum is the



same for arbitrary state (90) as for state (94) of maximun weight
M

in le « For the latter, the eigenvalues of é‘ S}!zl,2,...,p)

are simply h/p so that

é é‘;« has eigenvalue (h,' +Az, tooo t /lff)

Mt
g M;
for any dinension p. Henoe. / has eigenvalue

% = (h,/‘fhzr‘*”"f}?”)—( "h/u-c'f' "ly(-l teert 17 —lj,'.(-l>. @4‘&)

Ragel & v“-hinakyus) Y=7e rec-mtly comnstrucvss up2rators
I[:‘Y' polynomial in the lowering generators é ! (/t'\;k 8).4250040)

of a unitary group ﬂr for eny V' . These lowering operators I,k,.
decrease by one unit the I(ﬁ' representation lu' il /'”( r-y of the
subgroup ’N.‘r.. » keeping the representation of Z(r.p in meximum
weight., Now, an N-particle totally antisymmetric ur representaws
tion [1” 04"“} will contain several, say x, Z(r representations
of highest weight. (See examples in Appendix A ). Neglect for
the moment the spin-isoepin part of (94) ~=—-- which is irrelevent
for spin-isospin independent interactions and which is equivalent to
assuning aaximum spin and isospin projections M, =S, M‘.-T, for any
Sand T, in the calculation of matrix elements of & function only of
ccordinates. Successive application of Lkr (for k=1,2,.004, 7 =1)
on each of the x inmediately constructible states, like (79),




‘ hn- hzv v hkv v hrr
he P her ey

: ’

@s)

hi e
hye

will give the x sets of kets with all the representations of er;,
in maximum weight contained in the x original ZZy- representations
of the type LMy hyr * hre ] and which satisfy the inequalities
of the first two linesin (92). Next, by similar applications of

I[:rb, (for k=1,2,...,=2) one could generate all the states
associated with all '21';1 representation contained under each

ILr.‘ representation of maximum weight generated in the previous
step, and which satisfied the inequalities of the 2nd and 3rd rows
of (92). Continuing this process until one obtained all the
representations contain in the Quz representations, according now
to the inequalities of the last two rows of (92), the full set of
linearly independent polynomial functions transforming ir.2d4ucibdbly
with respect t¢ the canonical ZLr chain of subgroups (89a) would
be derived.

Removing now the restriction of spin-ieospin independence,

the complete basis with regard to the chain (89b) can also be
constructed, though with more physical operators}G)aa will be seen

later.

One would therefore have all the N-particle totally anti-




o83 o

N - N
symmetric states compatible with [ h O‘W ] but in a "canonical"
(or "mathematical®) chain beginning with ’ﬂr y 1ece,

' "wku-'" “"\“ h\r—u hzr-; s "lv—tr- n ;m, hu $ ’ { Yo V24 Voy V«f /5 S Ms ™ 'r> (QL)

where (5 stands for a pair of hermitean operator eigenvalues

needed go fully distinguish multiple occurances of (oT) contained in

the T,L, representation Sv..v,,v,, V«} = Ih.rh:r 000 hrr] + However,
this basis (still non-physical in the orbital part) could be trans-
formed to a scheme with definite total orbital angular momentum L
and projection M, with the aid of the matrix ||[*/| calculated in
the"cenonical chain" basis (898). The resulting complete set of
totally antisymumetric N-particle states after this transformation

would be:

| Gs3Y LM, 5 151 SMs TMr 2 @7)

- oo hyep oung Pattitio
{'ﬂ = D\w hav h ] (y J : 't\) (‘,8)

—

(335 [VieVas VouVaad = Chiyhur hre ]

provided the operator L'% were diagonal in the original basis (96),
and this can be chosen to be so. Here, r designates the set of
quantum nwobers required to distinguish multiple I-values contained
in a given [f] representation. The (physical) chain of groups
under which the complete set (97) transforms irreducibly is thus




( u\f‘ ) RB o’ R,_(or\oi.'\'a‘)

t f t

i£1 (V) L M.

uf‘ DurXU.} oY GH)

t
1 t ¢ 1 t
Fi@s T M My

where the quantum number lsbels of the ket (97) are given under-
neath the chain; those with arrows pointing to a specific group are
the labels for the irreducible representations of that group. The
subchain R'bj R?_ represents the special case cf spherical ard axial
symmetries discusaed in Section 4. The group 'U; of transformations
in spin-isospin space containa the subgroup U;XUZ of separate
unitary transformations in < -dimensional spinor and isospinox

spaces. EachSUz_ sub~-group, as is well-lmownw) s 1s homomorphic to

a group Rs(Spin or isospin) of rotations in the (apin or isospin)
rrace of three-dimensions spanned by the components

S"; 33,3% [ spim
or » Which in turn contains the subgroup or
2. : :
Te Ty Te I
£ '1,'8 2

of rotations around the (0?‘) axis. Exemple:



S Gspiw) & Ry (spim) 2 R, (apin) (100)

t t
S M

The label P comes from hermitean operators formed from
the generetors of the U* group which are tc completely characterisze
the rows in U4> Ug,K Ug_ « The label ')" stands for irreducible
represertation labels associated with subgroups contain2d betwaen

u., and R, and elso with hermitear operators which may be neces-
sary to completely canaracterigze the rows between two succeeding
subgroups of the chain.

The problem of deducing the irreducidble representations
of R contained in a given one of 74,- is a simple one. The same
is true of the irreducible representations of U X U contained in
e given Uq- representation. In the former, one obtuius the L-struc
ture of a given N-particle Young diagram and in the latter, the S
and T values -ontained in the conjugate N-particle ycung diagram are
derived. For a given L s the different terms

254, 2TH L

arising from a represente*.on {V.%V; ti are called "supernultiplets".
Jahxiu) discusses the » =nd 4 orbits iﬂb and ’uf y Tespectively) and
the (S,T)-structure for up to N=10 particles. For some illustrative
examples, scé Appendi: A,

The generic state (Y7) can be I-S coupled to total angular




momentum J by the usual Clebsch-Gordan coefficient 1o give states
los1ol 5 3365, My ; TMs > =

S LM M| TM> | G E M [F1pShs, i > (o1
MM

Now, the total number of lineariy independent anti-sym-
metiric ortibal-spin-isospin Ne-particle states is given by the simple

re>.lt from statistical theory

(4w) _ @l (102)

A @r-N)! N!

where 4Y is the number of single-particle states available. In the
nuclear 2s8-1d shell, for instance, ¥ = (kaﬂ ) = 4+ (2¢241) = 6
orbital states. The number of orbital-spin-isospin single-particle
states in this shell is 6X4 = 24. Then, for N = 1,2,3,4,5 particles

there are




F ot Tetally anti-
TN symmetnc N- particle states

1 24
2 276
3 2,024

4 10, 626

5 42, 504 | ete!

TasLe IL.5. 4

Obviously, one cannot hope to solve an K-body nuclear shell problem
——— eveﬁ with a model hamiltonian =<-= without making drastic re-

ductions on the number of states to be considered as pertinent. One
such criterion, first used by Wigne{yrh is based on the fact that

the attractivity of nuclear forces will favor the most symmetrical

orbital configurations as lowest in energy. (This being the exact
opposite of Hund's rule in atomic structure where forces are repul-

sive). PFor example, restricting 3-particle states in the 2s-1d shell

it




1l

Uu > ’uex U‘! w

s —

[l 2> [3lximd 224
> f2i]x§21y | 400

(103)

> [lx{ 3} 4.0
TorAL: 2,024 slates

to the symmetric [3] pariition of Z‘b would reduce the original
number of states 2,024 to only 224. The Us representation L/II]
is equivalent to [11 with (5,7) = (/, %) (See Appendix -A  so
thet 2T+l = 2, corresponding to M o= 1/2. PFor light nuclei
cnulonk effects are negligible so that one need only deal with half
the 224 states, leaving 112. Moreover, our hamiltonidn would certain
ly commute with j = -}:,+ § 80 that instead of dealing with

(3 +1) values of ¥; for a given J one could limit the caloulation
to M3 = J. The 112 states are thus reduced to 17 states. This is
still a large number resulting in still large matricas to be calou-
lated and even further restrictions will be warranted. For this we
turn to the simple hr.rmonic oscillator well as a model for the

nuclear common potential.
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6.~ Harmonic Oscillator Sypsmetry and the U; group.
6a, Single Particle.

High-energy electron scattering fron nucleiqe)indicate

that while the nuclear common potential of heavy nuclei resemble a

flat Yottom shape with tapering edges of the Saxon-Woods well, that

of light nuclei up to the Mg region resemble a harmonic oscillator

parabolic well shape. The harmonic oscillator is simple to deal

with analytically because of its group-symmetry properties.

us therefore assume a hamiltontian

H= é 'HZ“ + 2“ Htm“ + i V(‘?;)
t=i =i lkt:.(

'™

osc _ : L1 e
H = .;f;_v-\an- Fmwn

including any miscellaneous single-body interactions H?m'

Let

(104)

(05)

that

may arise, vigz. spin-orbdit coupling, as well as residual inter-
nucleon interactions 2 V( Y}r} « The allowed energies and angular
<

moments a single particie are known to be given by

HE @ = (+3rhw U
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12 U@ = A1) Vo P (106 8,4,)
Li.%%m (?‘) = m Mlm (‘?)

PTG g Y CY),
%mm= Tnetsd) e L7 L

and with Yz 2m+4£  being the principal quantum number, n the

L+% .\
radial quantum number in the Iaguerre polynomial L‘m( r ),

ﬁ and m the angular momentum and its projection. Since n is a
non-negative integer)

L=y V-3,/-4 ...,; . (107)

and in general several orbitals (given Y ) appear degenerate in a
given shell (specified by Y ). The energy difference between shells

is AW . The number of single-particle orbital states available
within a given shell is

r= S@t)= LEHXW (10g)

=0ni
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FIGURE III.6.1
Doublet-splittings for neutrons,



so that «Y neutrons or protons fill a given shell. Thus for

V =0, one has 2. For V= {, there are 6; for J =2, there are 12;
for J =3, 20, for ¥ =4, 30, etc. Hence, this model based solely on
the harmonic oscillator well predicts the following neutron (or

proton) numbers at each closure:

T2 20 [ 70 el —

But, the empirical "magic numbers" at which nuclei show special
stability in many regards are rather 2,8,(14),20,(28),50,82 and
126 ——-- numbers in perenthesis referring to less pronounced sta-
bilities. Thus only the first three fully-magic numbers 2,8 and 20
are predicted in the scheme (109). By introducing & atrong,
attractive spin-orbit term to the oscillator hamiltonian Goeppert=-
Mayerug) and independently Haxel, Jensen & Suessso) predicted the
magic and semi-magic numbers correctly, thanks to the ensuing
doublet splitting (See Figure III,6.1).

The single-particle oscillator hamiltonian (105) and
solutions /106) can, as is well-kmown, be formulated in terms of

creation and annihilation boson operators.

Taking m=b=w=4 , then

H™ = 5t
. (/10)
L35 (hb'e %2,

g:bﬁo

where Q4 =;é(g{iéy)’ X,”-i;fti: ;é—(ﬂ‘iiﬁ,), b= Pa (IN)
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are the apherifal components of vectors F and ?, the scalar
producte P°f ana T in (110) veing given with the usual
metric, namely
A
Fr= e SO X, = % g X
* (12)

b= B= 2R P - 2B

Furthermore, one defines the creation a; and annihilstion

operators as the linear combinations

O}z Lty-ify) amd  aP= FAPY

t5 =z (113)
or  Ay=ipRetifs)
and since :
Lp XY 1=0p% %] = T4y (5=1)
2 B 4 r4)
[fa,p*]= [%,%¥ =0
one obtains the relations
[a% atl =38
a1 = (1154, 4)

[a% a*]=[ag,a5:] = O




indeed the commutation relations for boson operators. Raising end

lowering of the indices is governmed by the metric in (112) so that
att= o A, , o=t (@¥)'- ai. w)

Suppressing the particle index { in (110), it follows from (112)
and (113) that

H*<Safa*+2 = Sct+ 2. W)
% 3

Similary, it can be scwn that

L’4 3 (FXF’)Q = 2 €$4'4_0 a+$ a4

Ql’”
i + ”
= %’2?“6—)3 é,algtl aq Iaaq
g o
g = 42'5_”() €g-g1gn Cyr Gig)

the 64#,9,. being the completely antisymmetrio tensor, Egqigr=1
if q, g,'qi' are cyclic in order 170 ’ 694:,:: ==1 if not cyelie
and 6”1447 = 0 if any two indices repeat. In the step previous
to the last in (118) the index q' was lowered according to rules
(116).

As early as 1940, it was noted51)that a harmonic oscillator
potential remained invariant under the transformations of the three-
dimensional unitary group U_:_, o In (117) and (118) we defined the

single-particle operators




¢ =aja¥ 49100 (n9)

which, upon using rslations (115a, b), can be seen to obey the

commutation relations

. , "W / / gl
[cd, ¢ ]= Cg dgn = Con I (20)

which ==-- by the same arguments associated with (32) ---- stand
2

.for the Lie commutator algebra of the 3=7gener,ators for infinite-

simal traneformations of the group 'U; . That this is the

gymmetry group of H
commutes with all the generators of U; y that is

°%¢  of (117) follows from the fact that H

[H™ '] = 2[6;‘,63"1
23@ C-‘;’Jf

= O.

Again, ae in (72) the set z Cﬁ,f of U genera.tors can be sub-

]

uivided into three classes: Llowering Cr Co , C: ; weight-
giving C, C;, C (in that order), and raising f" C; and
C,‘. Moreover, ]?t_,J being a subgroup of U3 y the generators of
the former ( L»,, with? = /,7,0) should be expressible as linear
combinations of those of L; and from (118) this is indeed the case.
Operators L’a and L; = L:o can be simultaneously diagonalized
along with H os¢ since

I S



[H 1] = [H?) Sethylg =0
[H*, k] =0 (22)

[¥ L.]=o

Now, an arbitrary single-particle harmornic osecillator state can be

written as

Wy

" . ¢k
@) @) @)
[T ] ]

(MM = 10> (23

in terms of the numbers 77$ of oscillator quanta along the three
spherical "directions" € = /,7,0. The state /5) is the
oscillator ground state (no excitation) and the radical provides
normalization. There being V7 =El (v+1 ) (V+2) different pssibi-
lities for the triplet ( 7, N M, ) where 7;+77,—"'77, =V always,
the vector (123) spans the r-dimensional orbital subspace of our
problem. From (115a) one notices that the effect of 0_3' acting
on any homogeneous polynomial P( a’; ) is equivelent to a partial

derivative:



ot Rag) = B%; Pal) (129

e8¢

The effect of H and Ao vpon [ %> is thus irmedinte:

. 3} @r )"l

H""l’n.ﬂr“?""'g O“-)'aa_, = m

(0>

= Qn,-vn-.— +M, + %)"n,’n; N>

= (v+2)Inmn (128)

(c| - c:'})l'n.mr My

|

by [MakMD

= ('Y\, - ’n;') |m, My N>

w

m | N> (12¢)

These results are identical with (106a,c) in the sense that the

energy and the angular momentum projection arc¢ diegonal. In the

present case, le is not diagonal &as it was in the old sets
h.(i‘.) which forms a basis for an irreducible representation

according to the chain of single-particle transformation grougs

-U;, 2 R-,, 2 Rz (127)

with representation labela V , £ ana m, respectively. Dealing

with this physical chain is more difficult at present than working




with the canonical (or mathematical) chain

U3 2 Uz 2 TJ; (I29)

for which the basis |[A M Nh> is most appropiate. Specifically,
the group, its weight-giving operators and the corresponding

repregentation labels are simply

U
(VA
U: ¢ —> (n,)

1A
‘_“C' Co —> ("M%

C;, C' —_ (M)

- e

and, in the Gel'fand notation, & general state forming the basis
transforming irreducidly according to (125) is

N, my M,
nm; m> = 'n 'n- (729)

6b, Many Partjcles.
,I
The operators C', defined in (119) are single-particle

operators. We are now interested in dealing with the N-particle

L
Eg Cy (0,

P2ing spin and isospin independent we can use formule (35) to cast

operator

(130) into second-gque. tization formulism:

!
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<f¢ E t C= 131
) = ‘<;“I L LM:> é;‘, ( )
recalling from (37) that
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