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ABSTRACT 

Based on the studies of S, Lie and £• Cartan in the theory 

of continuous groups of transformations, M« Mcshinsky has refor- 

mulated the nuclear shell many-body problem in second-quantization 

language. The methods due to J.P. Elliott for simplifying the 

basis set of state functions by classification according to the 

group SU(3) are recast into the above-mentioned reformulation. 

The purpose is to make low-energy nuclear calculations feasible 

for nuclei with 4 fluid more particles in the 28-ld shell and thus 

render the possibility of probing for SU(3) symmetries in these 

nuclei. A hamiltonian model consisting of pairing and quadrupole- 

quadrupole terms is known to approximate respectively the short- 

end long-ranged correlations between nucleons given by an arbi- 

trary, reasonably shaped two-nucleon central interaction potential. 

The former model is generalized to include exchange effects at the 

long range as well as spin-orbit coupling, and is studied in detail 

from the viewpoint of its various group symmetries. It is then 

employed to calculate the low-lying levels of Fluorine-20 which 

show reasonable accord with the empirical level-sciieme» 
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I.  imODOCTION 

Angular momentum techniques have proven extremely useful In 

simplifying the treatment of numerous quantum-mechanical problems in 

atomic, molecular, nuclear and solid state physics. These techniques, 

first developed in the early 1930*8, involve such concepts as rotation 

matrices, spherical harmonics, vector-coupling, recoupllng by Racah 

cofflclents, 9-j coefficients transforming an L-S to a j-j scheme. 

Irreducible tensor operators and state functions, etc. The validity 

of such techniques rests of course on the rotational invariance of 

many physical situations. Group theoretically speaking, the hamlltonlan 

of a spherically symmetric problem commutes with the generators of the 

group of rotations in a 3-dimensions, R3. 

The fact that a large class of problems in addition possess 

symmetry groups larger than R3 can be exploited by studying techniques 

similar to angular momentum methods but generalized to definite groups 

containing Rj as a subgroup. Solving the Schrödlnger equation of a 

many-body problem, even approximately, is a formidatle if not impos- 

sible task. The matrix mechanical approach consisting usentlally In 

setting up and diagonalizing the hamlltonlan matrix is more promising 

and adaptable to the utilization of these higher symmetries as then 

the original matrix is decomposed into smaller sub-matrices. Even 

considering the capacity of modern electronic computers to dlagonalize 

large matrices, the labor involved in calculating the elements of the 

sub-matrices Is still monstrous due to the very large number of N- 

partlcle states present. It thus becomes desirable to formulate the 

problem in terms more easily adapted to computor languages so that the 

machine can do more than merely dlagonalize matrices. 

Consider the asymmetric top hamlltonlan 
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where Lj , L3 , L3  are '„he operator angular momentum components In a 

system fixed in the body, and them's the three Cartesian moments of 

Inertia. Solving the problem for the allowable energies entails 

construction of the matrix /( ^Vf// in some adequate basis, e. g., 

the set [Id/of eigenfunctIons of operators L2 and 1^ . Thus, since 

L*ff«>AI+0|&*>and y£«>'m(l'm> whlie L
3 - I| + I| + I|, our 

hamll-onian simplifies to 

the first two terms being diagonal in thej^^ basis setj we notice 

that ^j. is quadratic in the non-diagonal operator Li . Our matrix 

JJ/CTK whose rows and columns are given by all the allowed values of 

< and tjf Is        i *. .  ii 

S+ lii-iM**** kii-r&'M^t     (3) 

where, since matrix elements between different C -values vanish, the 

complete matrix Is now decomposed Into as many blocks of elements as 

there are different £ -values in the problem: the rows and columns 

within each block being labelled by^j , where-i^W^£ and* designates 

the whole block. Moreover, the complete solution of this exact 

calculation of energies requires only knowledge of the matrix elements 

But these are definitely obtainable in closed algebraic form by simple 

angular momentum techniques based solely on the commutation relations 

ILijLz]* -il,*, (and cyclically)    (5) 

The solution is well known, but no recurrance to its explicit form 

is necessary — only the simple relations (5) are needed to obtain 

<MW«»> = ;< W*^ * iti&m^S^ (6) 
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and thus solve (3) exactly. 

In group theoretic language, the generators of Infinitesimal 

rotations around the 1, 2 and 3 axes are I^ , Lg and Lg -- called simply 

the R3 group generators. Commutation relations between them (5) form 

a Lie algebra. The  Operator La — formed out of the group generators 

as the sum of their squares, commutes with all three generators L^ , 

La ,  L3 and its eigenvalue i^+i) sufficing to characterize the R3 trans- 

formation properties of jilfy --  is the Casimir operator of Rg whose 

eigenvalue provides the classification label t  • The rows of each 

Irreducible representation designated by t  are specified by another label 

ft) which proceeds from the Ra (subgroup of R3) Casimir operator I^ . 

The set of functions i*m^ is thus said to transform Irreduclbly under 

Ra and explicitly also under Its subgroup 1^ . 

Moshinsky^ group-theoretic interpretation of second- 

quantization techniques applied to the many-body problem lead to 

straightforward generalizations of these simple Rg group results to 

the case of physical problems Involving larger symmetries associated 

with permutations, the harmonic oscillator common potential, r- 

dlmensional rotations and spin-isospin. The nuclear shell model 

problem with a spherical (inert closed-shell) core of nucleons is 

given by the M~ extra-shell nucleon hamlltonian 

where "f«« p^ /2tJt  Is the kinetic energy,"^ a central or non-central 

(or both) single-body interaction andyL a central two-body interaction. 

In the Moshlnsky formulation, a single-body interaction operator is 

expressible as a linear combination, and a two-body interaction operator 

as a bilinear combination, of the generators belonging to groups of 



r.ymmetrles higher than R©. But these generators form a known 

commutator Lie algebra. Therefore, In principle, closed expressions 

for the matrix elements of any single- and two-body interaction 

could be obtained. 

In practice, however, another approach was found both 

simpler and physically more meaningful; to consider the problem 

of allowable energies associated with a mixture of pairing and 

quadrupole«quadrupole Interactions as a model for central two-body 

Interaction, plus a spin-orbit single-body interaction. Contrary 

to the concept of a potential, these model Interaction operators 

have a clear group-theoretic meaning in that they can be written 

in terms of operators which commute with the generators of various 

related groups and whose eigenvalues serve as irreducible representa- 

tion labels. These operators are none other than the Casimir 

operators of the group Involved. Thus the irreducible basis sets 

dldgonallzlng separately the three Interactions mentioned above 

could be cons true tec» by elementary algebraic techniques based on 

simple notions from group theory. Having chosen one of the three 

sets, the nondiagonal matrices of the other two interaction 

operators can be constructed in this base. 

We chose the quadrupole-quadrupole (resembling the long- 

ranged part of a contra! two-body residual Interaction) scheme for 

thre^ reasons: (l) It is invariant under the group Ua, the 

algebraic techniques of which have been studied extensively by 



Elliott, Bledenharn, Moshinsky and others] (2) there Is a close 

resemblance between the U3 or SU3 scheme and the states of the 

collective rotational nuclear model. There seems also to be some 

connection between this Interaction operator and quadrupolar 

nuclear vibrationsj and (3) classification of states by SU3 

offers the possibility suggested by Elliott of restricting, as 

a first approximation, the basis to the single Sü3 representation 

which lies lowest In energy. 

These methods sh ild be extremely powerful to carry out, 

within a feasible length of time, calculations on families of 

nuclei with the aim of making floral studies of their diverse 

properties. The isotope Fluorlne-20 is merely a "pilot nucleus" 

for our work; the fact that It Is odd-odd makes it a more 

difficult shell model problem as such, in spite of having only 
la 

four nucleons outside the doubly-magic gOg core. Little Is 

known empirically about the low-lying spins of this nucleus 

unambiguously, but our results on the whole are not Inconsistent 

with known experiments to date. 
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II.  NUCLEAR MODELS & LOW-ENERGY NnCLEAR STRUCTURE, 

The nuclear shell model of Mayer & Jensen, with residual 

Interactions between extra-closed-shell nucleons has been widely 

applied^* ^/to account for such low-energy nuclear properties as 

level energies, spins and parities, moments, electromagnetic and 

g-decay transition rates and even binding energies. Its successes 

have been encouraging but glaring failures are evident in some 

respects, viz., large quadrupole moments are left unexplained, 

A second approach to the problem has grown from evidence 

of cooperative nucleonlc behavior seen in the fission process and 

the partial success of the liquid-drop model which seems to be the 

antithesis of shell structure. The liquid-drop and shell-model 

viewpoints were combined by Bohr & Mottelson and the Copenhagen 

school to propose a nuclear model allowing more generalized motion 

within the nucleus by the introduction of collective vlbrational 

and rotational degrees of motion. 

A third trend has been to return to the shell model but 

with specific residual Interaction models that simulate those collective 

aspects to a certain extent. So much the better if these model 

residual interaction possess group symmetries which can be 

systematically exploited to reduce calculational labor-, 

1.  Heavy Nuclei 

la. Collective Behavior.  In 1950 Ralnwater^T/ suggested 

the possibility of nuclei between magic proton and neutron numbers 

of acquiring equilibrium non-spherical shapes to account for observed 

large quadrupole moments and transition rates   as much as a 

single nucleon outside a closed-shell core having the power to 

polarize or deform the core by centrifugal forces. Bohr and 

Mottelson^  proposed (1952-3) a unified description whereby 
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shell structure due to the particles was maintained alongside 

collective structure consisting of permanent deformations resulting 

in observed rotation-like spectra as well as vibrations in size and 

shape. They put forward a total hamiltonian 

ft* Hpf Hs + UM (8) 

with particle-like jlf ,  surface effects rts arising from deviations 

from perfect sphericity and an interaction/yÄf between particle 

and surface effects. For a small number of extra-closed-shell 

nucleons one had weak-coupling since departure from sphericity was 

small enough that one could treat/ifnUi^   in a perturbation method 

with shell model particle states ^ as zero-order functions. For 

many particles strong-coupling prevailed, that is, spheroidal shapes 

occurred permitting a reasonable description in terms of well-known 

rotating-top eigenfunctIons •OT&, *  with perturbative effects dne to 

vibration, vibration-rotation and surface-particle couplings. The 

Unified Model enjoyed great success'/ in certain definite regions of 

the nucllde table, falling seriously In others mainly because of the 

difficult intermediate coupling situations. 

Nilsson (1955), using the model of a single-particle In an 

anlsotropic harmonic oscillator common potential with axial symmetry 

plus a single-body spin-orbit term and a term in Is  to simulate the 

partial effect of a square-well, calculated for every nuclear 

ocillator shell the single-particle energy levels as functions of 

a parameter proportional directly to quadrupolar oscillator deforma- 

tion and Inversely to spin-orbit strength. Many applications of 

this simple model have been made to odd-mass nuclei, where the even 
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number outside closed-shells are presumed to pair off according 

to the shell model, leaving the one odd particle to deal with. 

Numerous properties vrere predicted approximately^' ^ ' in those 

regions of strong or extremely weak deformation wh^re the model is 

expected to apply but again, failing for intermediate cases. 

Both the Bohr-MotteIson and Nllsson models have succeeded 

in explaining, within certain limits, the rotational band-like level 

structure of many strongly deformed nuclei beyond /4 s ISO .    These 

bands are designated by a quantum number /C which represents the 

projection on the nuclear symmetry axis of the total angular 

momentum J composed of individual-particle Ä   and collective Q 

angular momenta, as shown In figure 1. 
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3 (ymckdnt 

For low energies, rotations are about axes perpendicular to the 

nuclear symmetry axis 3 so that the total indiviciual-particle an- 

gular momentum vector 4 coincides with the 3-axi8, J2. becoming 

equal to K,  and one has the situation in Figure 2, fhe nuclear 

wave function referred to this axis is then 

1=1ILS i/srZ.^MA^'''AJU , ft) 

or the antisymmetrized product of K individual-particle wave functions. 

Perhaps with the intention of having a model capable of 

covering a wider range of oases than the rotational models discussed 

above and the original Mayer-Jensen shell model, a new approach 

has becoae very popular sinoe 1957. Elliott^11) Bohr and Mottelson 

discussed the use of long-and short-range interactions approximated 

respectively by a quadrupole-quadrupole (Q3, ) and a pairing? forct* 

The Q force to be distinguished from a single-particle Q force of 
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used by Nllsson to deform the common oscillator well   it is a 

two-body Interaction between extra-closed shell nucleons giving rise 

to what Mottelson called the "aligned coupling scheme" whereby the 

extra-shell nucleon orbits tend to align themselves along a given 

axis fixed in the core thus acting, effectively, as if the core 

Itself were deformed into a (quadrupolar) ellipsoidal shape. 

12) rt 
Mottelson   shows that J^ gives rise to binding energies depending 

on N, while Qa produces effects dependent on N3 and therefore for 

many particles outside the closed shells Qa is expected to predominate. 

lb. Pairlac: Effects. Bohr, Mottelson & Pines1^ (1958) 

emphasized that the large spacing (gap) between the ground and first 

excited states of even-even nuclei as well as the mass difference 

between even-even and odd A nuclei may be indicative of nucleonic 

pairing. 

The first formal use of the £  plus Qa model seems to be 

due Belyaev   (1959) who reached very interesting conclusions 

regarding the effect of pairing in heavy nuclei: l) pairing 

reduces the heretofore too-large predicted nuclear moments of 

inertia by magnitudes in much better accord with experiment. 

(Griffin & Rlch15^ (1960^ Nllsson & Prior ' (i960) verified this 

admirably for 26 even-even rare earth nuclei with an average theory- 

to-experiment difference of only 6^). 2) Near closed shells, 

pairing gives rise to spherical equilibrium shapes while the Q3 

Interaction low-energy vibratlonal modes is responsible with 

frequencies within observed trends.  3) The even-even nuclei gap 

is explained, as well as the increased level density above it. A 

disadvantage of Belyaev's 2nd - quantization treatment of pairing Is 
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that the number of particles M is not constant so that results apply 

to average properties in a given isotope region. 

The Belyaev model was used by Klssllnger & Sorensen '' (i960) 

In an extensive application to slngle-c]osed-shell heavy nuclei, for 

cases where 2  predominates over Qs, and obtained generally encouraging 

results of level energies, moments and transition rates. A recent work 

by these authors  ' (1963) shows use of the same model with the 

additional treatment of quadrupolar vibrations via introduction of 

the phonon formalism. Reasonable agreement with empirical low-energy 

systematics Is obtained for numerous heavy nuclei outside well- 

established regions of nuclear deformation. 

2.  Light Nuclei. 

Experimental work by Li the r land et al   (1956) on Mg84 

strongly suggested the presence of rotational (collective) structure 

in the Ä=24,25 mass region of light nuclei. Subsequent experiments 

corroborated this suggestion for other nuclei in the 2S-ld shell, 

e.g., Px9 and N|0 . 

The theoretical structure of P^ presented a curious 

situation; two apparently very different models yielded very 

on) 2l) 
similar results  '. The results obtained by Elliott & Flowers ' 

(1955) with a central Yukawa interaction and spin-orbit force acting 

22) 
on mixed shell model configurations and those of Paul   (1957) using 

the Nilsson model showed that, at least for this nucleus, the two 

models could not be very distinct. This embarked Elliott on a series 

of key researches leading to his classic 1958 papers  . He found 

that col: active deformation with its associated rotational spectra 

is obtainable by considering particles in a-harmonic oscillator 
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common potential and Interacting with a two-body force of angular 

dependence ?3   (cos 0), i.e., the Q
2 force, which is diagonal In an 

SUg basis of mixed-configuratlonal states  Sü3 refers to the 

group of unlmodular unitary transformations in three dimensions. 

The SÜ3 states referred to laboratory axes are characterized by 

definite orbital angular momentum L and projection M, as well as 

by an approximate quantum number K (appearing to be related to the 

rotational band quantum number K of Figure 2), the SU3 irreducible 

representation ( 2|t) and orbital premutatlon symmetry £f3 • These 

"IT (tf^CAll) KjLt^)  are projected out of intrinsic functions 

MCfl C^IM) K) referred to a nuclear axis. The /[ functions are 

classified by the subgroup üs in addition to Sü3 and are 

elgenfunctions of an anisotropic axlally symmetric harmonic oscillator 

potential. For N=2,3^ particles in the 2s-ld unfilled shell he found 

good overlaps between L-S coupled shell model wave functions and his 

SU3 basis set of states corresponding to the leading (lowest-energy) 

representation of Sü3. 

For nuclei w^th a few particles in the 1-p shell Kurath 

&  Pieman ■3/ (1959) found strong overlaps between wave functions con- 

structed by the Elliott SÜ3 technique applied to Nllsson intrinsic 

states and shell model intermediate coupling (jj and LS) wave 
oh.) 

functions from calculations ' with a two-body central force in the 

limit of zero spin-orbit force. Similar results for nuclei at the 

beginning of the 2s-ld shell were found by Redlich.2-5' 

The Elliott Sü3 technique was applied extensively to 

nuclei in the lp shell   with the inclusion of spin-orbit 

interaction   by Koltun ' (1961) with results comparing favorably 

with earlier intermediate coupling calculations by Kurath2-*' (1956). 



These techniques were extended to the 2s-ld shell by Banerjee & 

Levinson SJ  (1963). Calculations on Mg34 (N=8 in 2s-ld shell) were 

carried out by Elliott & Harvey7 ^ who found a small (10 to 20$) 

mixing of other SÜ3 representations into the leading one for this 

nucleus. Chacon & Moshinsky29' (1962) calculated the low-lying 

levels of Ne80 using a competitive mixture of P and Q3 forces and, 

separately, under a gausslan central potential. A remarkable 

resemblance between the two predicted level-schemes emerged, as 

well as excellent agraement for the very lowest excited levels. 

The Ne30 S2 transition lifetimes were calculated on this model by the 

author and co-workers30^ (1963) showing the tendency of Q8 to deform 

states (decrease lifetimes) and P to produce more spherical states 

(increase lifetimes). 

The method to be used in our work will be within the 

third approach mentioned in the beginning of this chapter. Thus, 

our model will comprise P, Q3 and spln-orfclt Interactions whose 

group symmetries shall be employed to advantage. There seems to 

be no "a priori" reason why this Interaction hamiltonlan model 

(involving a very small number of parameters) should be restricted 

to certain regions of the table of nuclides. 
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CHAPTER 

III.- TICS MOSHINSEY GROUP THE0R5TICAI. REFQlffJLAEQN OF THE NUCLEAR 

SHELL MANY - BODY PROBLM,?1^ 

1« Creation and Annihilation Fermi Operators. 

A »ingle particle la a state p is defined by a orea» 

tion operator acting on a vacuum statef namely 

which corresponds to ffW« An annihilation operator is given sim- 

ply by the contravariant operator b where 

bf lo> s a (II) 

They obey the Fermi anti-commutation relations 

(I2a>,c) 

and hence, expanding the left-hand side of the second relation 

jb;,b;.|=b;^ + b;t; -o 

it becomes obvious that if p • f' ^ OfOf ^ 0, i.e., 

the Pauli principle is satisfied! one and only one particle can be 

in the state P . For particles in a common central potential the 
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rfcate  f is glv«n by the assembly 

C^) 

where V^ is the principal quantum number, J{ the orbital angalar 

momentum, m the magnetic quantum number, <r tne spin projection 

along an arbitrary axis and %  the isotopic spin projection. 

The allowed values of p thus label the dimensions of a 

single-particle total space composed of a coordinate (or orbital) 

subspace ( Vf'Wl) and a spin-iaospin subspace (dT). The f-dimensio 

nal vector defining this space is □» • An equivalent assembly of 

quantum numbers for the single-particle state could be 

P^ty**.* OS) 

where •£ results from coupling £  with ^ and THi is its projection. 

This choice is more appropriate for tä  coupling and here the 

single-particle space is decomposed into "spin-orbital" (^«i*** ) and 

"isotopic spin" sub-spaces. 

2. State of K-noninteracting fermions. 

A state of ^ non-interacting fermions is usually given by 

the normalised Slater determinant of single particle functions which 

is totally anti-symmetric under particle exchange: 

i 
%(0%p — 

to ■ • • • %<*) 

(!'-) 
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where F Is a permutation of two variables from the eet lt2t....fH. 

Taking another function 

\'.falrf?%(<)%V ■■•%(*    07) 

and considering the scalar product between <|) and %f one obtains 

the -»ell-known result 

($: &= 

ot, 
P       c P 

Se,% ■• • Of, 

%  of»    ■■ 

o.' • • ■ ^fv. 

^ flft'-'ftl 

I 

Us) 

which is called a Hgeneralized delta ftmctic. . 

How, since ljLt  corresponds to /l»./*/ in second-quan- 

tization formulation it is natural to assume as the equivalent of 

(g   the expression 

which from the anti-commutation relation (12b) is clearly anti-sym- 

metric under particle exchange and therefore also satisfies the ex- 

clusion principle. The scalar product of (19) with another state 

(pp ... p ^ can easily be shown to give 
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«X- ß.'l fiß - ^> ö <of $•■■£'^^ ^'" ^/ö> 

/J 
^ 6ft.-ft 

using the relations (12) and the fact that O l0/~09  and this is 

identical with the result (18) for (/$ ,$>   ), 

3« Single-and gwo^Body Operator» as Linear and Bilinear 

Oombinations of Group Generators« 

An N-particle state with interactions, specifiahle by a 

set of N-particle qaantum numbers A * can always be given as a 

superposition of linearly independent states of K-noninteracting- 

particles 

f.fvf« 

with arbitrary coefficients B.-  *    • fhese coefficients will 
fiC» c«r U 

be determined by the operator set M  representing a complete set 
commuting 
of/observables required to characterize the polynomial base (21) 

exhaustively via the eigenvalue equations 

It is desireable therefore to obtain general operators 

which depend on the creation and annihilation operators Of and 

L/' O    .    The most coaimon of operators are symmetric one-and two-body 
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scalar operator« dtfined aa 

J ^) ana i; 7^) &) 
wh«re Vj stands for all the coordinates of the jJiÜ particle and 

Y^ *]%-% | . Let u« call "WCn)^ and VC^) ~ VI} 

and their matrix elements In the usual form are 

Operators is the second-quantization formulation are usually 

postulated as 

( %  being the complete set of quantum numbers needed to specify 

the f*     single-particle state, i.e., states of the typs  p^ of the 

previous section). These postulates are considered valid if matrix 
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elements in the second-quantization scheme are identical with the 

corresponding ones In the usual Bom-Heisenbapg-Jordan scheme of 

matrix mechanics. Calculating the elements of iv between non-in- 

teracting states we have 

7.7.' 

having used the relations (12a) in the last step, so that 

32) PP. 169-7^ 
which is indeed the usual result (see Condon 4 ShortleyO of matrix 

mechanics for the matrix elements of a single-body operator betwssn 

two Slater determinant states <g and 0 * Carrying ont a similar 

calculation for {J  one obtains 
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- i2<v.mt><* f'-^W ^^fcr-- ^ '0> 

1.'« 

-&^^^^^-^'^^ 

xix-^K» »7) 

where the last step is arrived at by applying the anti-commutation 

relations (12 a,htc) to the expression 

^ ^ 

such as to push the creation operators to the right and the annihi« 

lation ones to the left« Noting in (27) that the terms 

.' ~»t ml      «•/ Cf C%    rf r%      \01i     <>% 

i öii> d% 

'i 

and utilising the scalar product formula (20) one arrives at the 
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final result that 

<ti:-ti\fkA-0~ 
■•-'   t',i-fi 

~\htr-(*  +d1>°Jlfl-f* +d1'%f.-f'' 

whose proper+ies are identical with those given in Condon ft 
H2) PD 16Q-74 

Shortley, / ^^' tnrnatrix elements of a two-hody operator in the 

usual formulation» In conolusion, therefore, one has the required 

identities 
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m   and 0  being the Slater determinental states (16) and (17), 

thus justifying postulates (24) end (25) 

Operators In the second-quantization form are used ex- 

tensively in current theoretical physics. When states j^^»«« f^^ 

are given in terms of creation operators O*,   as in (19), the 

usually difficulty and tedious problem of calculating matrix elem- 

ents between superposed states of this type is reduced to the still 

tedious but intrinsically simpler task of anti-commuting b> , G 

operators. In effect, however, even this is avoided as quicker and 

simpler techniques have been found for evaluating matrix elements. 

It may also be mentioned in passing that the second-quantization 

formulation is not necessarily restricted to the treatment of n 

fermions: a similar formulation can be derived replacing the 

relations (12 a,b,c) between fermi opei-ators by commutation rela- 

tions between boson operators for the treatment of such problems as 

phonon excitations in the vibrational nuclear model. Finally, we 

should anticipate the fact that contrary to second-quantization 

formulisms of the field-theory type, the total number of particles 

(nucleons, here) is always conserved as physical situations In low- 

energy nuclear physics demand. 

Let us call the Creation-annihilation pair **    '~ '" 

by another name, for example 
^ 

<«14 tf' (»-) 
where it is understood that this operator when acting on an arbitrary 
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statt destroys a single-partiole state given by the quantum numbers 

f«  and creates one given by  fi, explicitly, 

We can find the commutation relations between the  Ca l8 ^y ^sing 

the relations (12 afbtc)s 

... p;; en - c/ sr - c; sr.    ^ 
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As Moshinsky realize«!^ this result is extremely importaat? the 

coaaautator of two £,« •s is expressible as c^her XJL    »S. Exactly 

th*j same thing occurs with the angular momentum operators t namelyy 

LL»X^^^i S l ^^      (and cyclically) 

are theginerators for infinitesimal transformations (rotations) of 

the group R^. (A better insight into the reason for calling 

Lg LtL L^  the R3 generators for infinitesimal rotations is given 

in Appendix C  )t Moshinsky
1 s argument (see Appendix) concludes that 

relations (32) Indicate that the set of operators £ C*   f forms 

the generators of a group of unitary transformations« The dimension 

of this group is the dimension of the space wherin the transforma- 

tions take placet l*e*, the possible values of the quantum number 

set %=>)hKtfO   .    Let the orbital sub-space ^tfri      be  r-dimen- 

sional, the spin-isosp.ln sub-spaoe is 4-dimensional since 

CZ'h^h'h^Uf'ka*    Thus the set of Urf" operators ^Cpf 

form  the generators of a 4r-dimensional unitary group TL«.y whose 

Lie Algebra ' is given by (32). 

How, the single-body operator w of (24) is obviously the 

linear combination of 'L^.group generators 

uf-^mi ?•'>€*        C33) 
e.e,' 

with relatively simple coefficients as onlj  one-particle states are 

involved. For the two-body operator u  of (25) we use (12 a,bfc) to 

convert 
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tj^tf-'W^ 

so that 0  i» the hilinear combination of (Lty*group generators 

f* i 2^Äf»ICC - <?' <'? öf) 

with coefficients depending only en  two-particle states. 

A large class of problems involve one-and two-body operators 

which are independent of spin and isospin» Oonsidering this restric 

tion, and since 

ft-^M,^ -/Mi 
where A^ refers to the configuration (orbital) space quantum num- 

bers of the t--3 particle and 5^ to spin and isospin, the coeffi- 

cients in (33) and (34) will be 
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s,' 
<f,nw;if,'>=</.91|^l^s;>»</«1W/A'>4 

<fM MO s<i*.s.,^M/'*!'fis*> 

beoauee of th« imposed independence of l^Y and V:*  on $ • Insert- 

ing these expressions in (33) and (34} one gets 

^^W/p'C' or) 

M J 

where the new operators  ^ are simply a contraction of the old 

ones over spin-isospin indices, that is 

£* = *L$s Ce = ^L as Qs 

^ (f/= 2C'S ^/-^.•v;   ör; ^ - <£_-/ 

Writing in (32) 149 f or p and contracting over $  we obtain the 

comnutator algebra 
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[&/. if] - tX- O?    w 
whicht by th« argument upon (32) reveals that the r operators 

[0^. are the generators of an K* -dimensional unitary group, CLy, t 

of unitary transformations within the orbital suh-spaoe of ^ dimen«- 

sions. 

From the analysis of this section» an analogy with the 

asymmetric top and its allowable energies of the Introduction is 

thus evident s the hamiltonian #ty-in (1) is quadratic in tne R- 

generators while here a nuclear hamiltonian 7\,  with group symmetry 

greater than IL, composed of both w and ^ types of interactions, 

is expressible as linear and bilinear combinations of tir generators 

of a larger group, in general, %J^ •    To evaluate thefljCfIImatrix 

of (3) in the /<*i/ basis for an irreducible representation of 

f?^? Kx  only the matrix elements ^{W/"j/fill/ were needed. In 

our nuclear problem, to obtain the^^;^matrix we would need the 

matrix elements of the sjtmmetry group generators* Although these 

are known for a unitary group of arbitrary dimension J-^ other 

approaches will be necessary as solving the problem via the top 

analogy imposes great difficulties. 

Our approach will be to construct a (truncated) basis 

which transforms irreducibly according to the various symmevry 

groups of a chosen portion of the model hamiltonian. To accomplish 

this, one begins with the problem of classifying the pertinent 

N-particle states with appropriate quantum numbers. However, a 

brief sketch of the treatment of this problem in R- will toe most 

useful« 
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4.- Spherical Symmetry and the R^ Srom;. 

Consider first how one obtains in group theoretic lan- 
an 

guage a basis for^irreducible representation of the group of 

three-dimensional rotations R and the labelling of these states. 

fhe generators of infinitesimal rotations around the x,y and z 

axes are respectively LÄf 1^ and L-t where 

In spherical components one has the three generators 

Lo  -   ^ (40) 

which hyLt*x,k-H] s i K«^ (and cyclically) obey the Lie algebra 

fU,U]= tit   ,   tLt,L->2U (4<) 
of which only Lö is hermitean since 
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L*, L«f Lj being hermltean. Rotations are linear transformations 

and therefore the basis functions should bt* linearly independent 

homogeneous polynomials in the spherical space-components Xrt Xt 

and ^__ of fixed degree, say h, whioh are solutions of the Euler 

equation 

Theae  solutions however form a basis for a reducible representation. 

To decompose this set into irreducible sub-sets a further restric- 

tion on P must be imposedt namely 

using the hermitean operator L9  which commutes with the previous 

operator » *'  so that it can be employed simultaneously with 

^•Y     to further caracterize the polynomial by the integer 

m. The weight of the polynomial P Is defined by au Since L+ 

and L_ also coaamute with Y*« V  the polynomials P « L#P and 

PM»L_P both satisfy (43). What weights do P' and P" have? Using 

the relations (41) one has 

L.F=L.UP= tU,Wf + UUF 
= UP + wUf 

= (w+1) P: 
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= (w - <) P." 

The  operator L^thue ralsga the weight of an irreducible basis P 

by one unit and I<_ lowers the weight by one unit. T
+ and L_ are 

therefore called the raising and lowering operators of the group H # 

while I^is the weight operator. 

Among the solutions of (43) there are some polynomials 

of highest weight JT   given by the three equations 

and 

Prom (45) we take the general form 

U IP = 0. (47) 
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in spherical components which, like (40), are %+ ^ % ~ ^ >  *♦*«*. 

Applying the restriction (46) with L0 ^ ^+ ^fai-  " X-^/9X- 

gives the relation f> s ^'ji    and (47) with l*f*-(}Ci.ffiXp+&tyfo-) 

gives a recurrence relation between the remaining coefficients so 

that *-4)  U /      U  N 

r^o • A. ^Z(!) ".^'^-^ 
with k0  an arbitrary ccmstant and ( *.) the binomial coefficients 

finally yields the solution to (45,46,47) as 

fh= A, X* ^-2X^      (4?) 

with        h-U-M-V",o ^    (41) 
But th« term (0Cj-2Xt)6.) is aimply y1» iffU^ + Z    so that one 

has . 

which (apart from an invariant f   and a numerical constant) is 

the familiar solid spherical harmonic of maximum projection 

fM - <*-' % m 
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To suBffiarlzt, the thrte equations 

fyf^F,     LP-iF,      uP=o 
ensure solutions (51), or (52) which for the simplest case h«|, 

(maxiaum representation) then Jfy  ^ ^LC^»/) i« the maximum weight 

polynomial of the basis for the irreducible representation labeled 

by Jt . The full basis can be generated by successive application of 

the lowering operator L_ , giving us the rows m of the represent!on 

vC thuslys 0 

'j.»)my.v   '    x (S3) 

where the radical in front of the lowering operation (!_)    is 

for normalization ' and m takes the ( %H[ )  allowed values 

which are unique for a given ^C-value-, i.e., the set of numbers m 

labeling the rows is multiplicity free. The polynomitl basis JJ,,, 

is clearly an eigenfunction of the commuting operators L  and L_ , 

lit ?im  ^ W 1/^ 

t 36, 37, 38) 
and the operator L is referred to as the Qasimir operator / of R^ 

as 1) it is constructed from the Rt generators by 
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L1- *        T f 

2) It coaautes with them, namely l^ L±j~0   and 3) it sufficea 

to characterize each irreducible representation ot  R  hy the label 

X *    The L  operator generates rotations around the F-axis and is 

thus the single generator of the group 1^ of axial rotations. 

Hence, the polynomial basis 1|^ is said to be explicitly reduced 

with respect to the chaim of groups 

(sr) 

the 1 in the lower-right hand corner coming from the fact that axial 

rotations here are about the 2-axis. 

Exactly analogous techniques have been developed ' for 

unitary group irreducible bases which are needed to construct wave 

functions for problems with symmetries larger than rotational. 

5.- Supermultiplet Classification of States by unitary Groupg. 

Permutational Symmetry. 

The group of unitary transformations within the total 

orbital-spin-isospin space of 4v* dimensions is v^ whose (4r) 

generators are C-f ^Ofb   , ^ designating the components, which 

obey the Lie commutator algebra (32). Our transformations are 

linear, so the polynomial basis must be a set of linearly independent 

homogeneous polynomials P of degree N in the k, • The set more- 
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over corresponds to the completely antisynuuetric representation 

fl 0   J   of |/4yi  • The scalar product betwsen two such poly- 

nomials Is defined as 

where in PT  all ty  are replaoed hy b, and thus evaluation of 

(58) depends only on the properties (12 afbfc) and (11). The 

creation and annihilation operators themselves transform as 

t; - 2. v; £ 
|T . f (e»^-v4«r)   (SI) 

f 

the \)ot  being elements of a unitary matrix. 

As already seen in (37), contraction of (L^ 5 ^^s 

over the index s gives an operator set   * feC J  with Lie al- 

gebra (38) and therefore constitute the generators of a group Zi>» 

of unitary transformations in the orbital space of f  dimensions, 

i.e., 

Moreover, we can form the 4 =16 operators 
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by contraction over the index ic , and see imnediately from (32), 

contracted in the same manner, that 

is a Lie algebra identical with (38) and (32) so that the operator 

set  /C$S'f form the generators of a group Uf of transformations 

(XY   commute with those of \J^  J The generators of (AY 

ja' 

7T*I 

- 2 lc$, c;i] 
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c ^-/s' rX rs      „ X* rß rS' 

iW- c;:j 
V 

= 0. G-f) 

recalling that Hence, the group ()f = a* " d/ ^s 
5^^  of matrices   IflLJf*, fl    contains the product sub-group 

tLrtlli       of matricea J/fy'4*, JJ* jl      and thls contains separate 

ly the sub-groups ^rwith    /^J! ^f//     and ££ with //^f ^f//# 

In shorthand: 

^ U 
(orbital) 

(spin-isospin) 
(tf) 

(orbital-spin-isospin) 

the naaies in parentheses referring to the single-particle transfor- 

mation space. 

Let us now define the irreducible representations con- 

and 
A 4A 

nected with this chain of groups. The t  operators  ^^ 

4 operators v^,  are hermitean since 
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(U) 

while 

properties 

L       ( *£/.'  ) and C5 {   S^S* )  have the hermiticity 

In analogy with the JR. hermitean operator L 0   one can define, as 

in (44), in 2** &n^  simultaneously in U4   1  *^e weight of the set 

of homogeneous polynomials P of de&ree N by 

since the operator sets commute mutually, so that the weight of P 

in %r  is the set of n^™^1*8 WK"-  ^r] , and in L^ it is 

rcUttktt). CA)41 • ^om (67), the integer ^1 is the degree of P in 

cLs with respect to the index u,    while, from (68), the integer 

O) gives the degree with respect to s. Scampie; 

H-S:   F =  y„ bj, 0ZZ bsz b+f 

has    ^r weight  1^%"%]= £2///00-£ ai;d   t^ weight 
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luJlU)iU>%U)^1 s 11301]  . The sum of individual dtgrees 

is the total number of particles, whioh in turn is the eigenvalue 

of the number operator 

(7/) 

i/rp=NP 

A polynomial P of weight fW,^ ••• 2^] in Jvr is of 

higher weight than p' of weight W^l • - • OVy] in ^i^, if in the 

set of differences 

l%-%',%'<, ■■,*,-Vr] (72) 

the first non-zero number is positive. Likewise, the same criterion 

for higher and lower weights in L/A. applies. 

Consider now the remaining operators of cAy  » i.e., 

£ *' (MWO      ^d of ^4 i i.e., Cf    (S*S0      ,    Take the two 

polynomial classes p' and P# as 

P'    P *'   P 
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i 

Thus 

using (11), (12 afb,o) and (67), one can find their weights: 

so th.  P1 has weight  f ^, '"tty^j "'>%''*>"',%]  and P» 

weighs t%,' "f
/W(*~lJ>",'ty'¥1, "fWrJ     which are respectively 

higher and lower than the weight f^K,^, '"j %,"•,'&?','•' ,Wr2 

of P. Thus in analogy to L + and L^ of R , P M> (M<M^     are 

the raising and ß ** (M>to*)    "t^* lowering operators of the group 

^^ • In the same manner, one can see that £.     {$<$')        and 

£5' {$>$') are the raising and lowering operators of Xi 
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mm RAISIN 

u 

141 
(/>,/* hh'"*^ 

(72) 

and a aimilar array fviiG^ r öf L«, clearly show the three categories 

of raising lowering and weight operators present in unitary groups 

which is the generalization for these groups of the similar result 

obtained previously for R • 

Among the set of linearly independent polynomials P whi^h 

satisfy equations (67) and (68) thus being characterized by both 

ptfo ■  ■ tSr]   and f^tt^Wj a)f ] , there are some, say JP , of 

highest weight in both ^ and \J^  given by 

7* 

and simultaneously by 



41 

c'p- * p. ci>-s r*r-i (^> 

the highest weight polynomial set * now being characterized hy 

r^iW" ^vi^i^^^^ij i which is the representation label of the 

direct product group 'UfAU^   . The set of equations (73) and (74) 

for (/trX Uj. is analogous to the set (4b) and (47) for R * : they 

select the maximum weight functions JL  out of a larger set P. 

Should one further Insist on an analogy here of the Buler equation 

(45) treated in thb discussion of R. , we can cite 

f   f 

which like (45) gives the total degree of JL • 

We recall from (53) of our discussion of the rotation 

group that the complete base /*-,» corresponding to irreducible re- 

presentation -c of R* , where the row index m is given by - 

-i^tn^ i    9  can b* generated from the maximum weight and h« ,£ 

polynomial JK ^ Xf   0' (51) ^y successive applications of the R. 

lowering generator L- • 

In the case of Urt  ^f  t it Is possible also to genera» 

te thR full basis —- labeled by the appropriate rows to be 

discussed further on   via application of operators which are 

functio:',3 of the lowering generators of this group. The represent«! 

tioa [hihi' hrl*lft,V*y/*l otlirtV*   is thus definitely 

irreducible» Moreover, this irreducible representation is unique 

(See Appendix ß - ). 

The direct product group H^XiL contains 7<f-  and  6^. 
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as aubroups. The highest weight t^rm of an irreducible basis for 

IXf  and X^, , labelled reap, iively by fti^" ArJ and ^^Kj^f ♦ 

obey restrictions analogous to (49) for the irreducible representa- 

tions of R3 . We recall that (49) followed simply from the fact 

that jP was a homogeneous polynomial in Kt r %0  and X,. in the 

present case, if one considers the non-negative scalar product 

(ait V'P' - <o1 P%'t/f/0>     ^ 

0    * 

= 4>if (£/■-£/)? I1» 

for {/*</')' 

CIS) 

T'iere in step Z  we used (73b), in 3 (73a) and in the last step the 

fast ^ iP ; IP ) ^ O . Similar results are obtained from the 

scalar product yC^Yf  Q IT ) for S^S'. Furthermore, from (71) 

one obtains ^ ly =^'4 —Ar    »In conclusion, we have the 

following conditionss 
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lAsr • 
m 

(77) 

which are precisely the requirexafu. 9 '»n the well-known Young diagrams 

(or partitions, or patterns) giving the permutation symmetry of an 

K-particle function. 

The unique highest weight function of an arbitrary orbital 

permutation symmetry and the corresponding (conjugate)spin-isospin 

permutation symmetry can be constructed at once, Por instance, take 

the 13 particle orbital symmetry given by the partition 

%'    rKhv-M = f«a^iil = (7«) 

where obviously 4+3+2-»-2+l+l = 13, A polynomial function JT ( \)a$   ) 

with this IXY  irreducible representation and of maximum weight in 

lAY   is simply 
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1Kb;,) -     bH b^ b,, h, 
x bz,  b« Ui 

W 
a.  ^n 

xU 54, t 41 
I* 

X 

which Is clearly totally anti-symmetric with respect to interchange 

of any pair of orbital-apin-isospin states. Note that the arrange- 

ment of b •s purposively follows the Young diagram (78). The degrees 

^K of -It with respect to the components u   in Uu$  is ^ »4 so that 

four states with M = f are constructed! h = 3 and three states with 

a «s 2 are constructed, and so forth. The second index of each b*" 

operator   denoting the spin-isospin state —— is placed in 

numerical order in each row. (If two of these indices coincide the 

whole expression vanishes as from (12b) any O^j bu$sO,  i.e., the 

Pauli principle). Naturally therefore as f^S^^ » there are ^ 

four blocks in any given row. By the same taken, there are ^T Y* 

(snumber of single nucleon orbital states available) rows in the 

whole expression. 

Mental application of fa       (Ji-  1,2,....6) shows that 
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indeed  Ph h»^ l^ tj nfcj * £ 4 3 2. 2. I I j  • The effect of any 

(S^  ( iA</*'  ) is zero aaln some column a factor &*$OM%   - 0 

would then occur, thus (76) Is of maximum weight in Ziy 

Again, mental application of  O5 (3= 1,?,3,4) shows 

that CVi^V^Vi] t the degrees of IP in S«l,2,3,4, is 

[V.Vt^V^ * [(»42.l3 » which satisfy (77), and furtherao e is 

the conjugate representation of L "«^x ^3 n^ »jyHyas 

a.UkWk] *lW.il = C^2|3 = r^^3^3      («0) 

as can he seen by reflecting the diagram (78) about its principal 

diagonal. (This was to be expected since the irreducible repmsen- 

tation rMv^rlM^^jV^J of V-Y ^ ^f  is contained in the irredu- 

cible representation £1 O  J ot\J^ )*    Moreover, (79) satisfies 

Cs JP^O  » for S<S' , since the effect of any of these Cs 

would create pairs of the form «9^$ OMS =0 , 

The state (79) is the analogue for the tir* U4    group 

of (51). Extremely powerful and^imple is the technique of construct- 

ing any j£ of maximum weight. Lowering operations 

as in (53) for obtaining the complete bases Jr*L, irreducible under 

R. ^ Ri    , with-^'W^^ and of dimension { Zt+\  ), also have 
9 

their analogue in unitary group theory. 

The polynomial set ji^. transforms irreducibly under R% 

according to the well-known "rotation matricesH ' 

p' ^^^=-5 ft®    P 
Ltift «,P) = 2.-OZ:      ?t«(W\ (?0 

W       '*"" 

The row of the irreducible representation j[j   '   of dimension 
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(«ZNl ) by ( *2/f/ ) is given by m which, apart from being the 

polynomial weight in R., ie also the irrediaoible representation of 

R. which is contained in R  as a subgroup, i.e», ß transforms 

irreducibly under the chain of group transformations designated as 

in) 

Similarly, the rows (and columns) that would specify the 

  ( D^j ) transforming 

irreducibly under Mv could come from sub-groups of Ur  • Not any 

chain of sub-groups, however, would provide a complete classification 

of the polynomial set. For example, the chains 

57^1) 
among other phys^oally important cases  are known as Mnon-simply 

reducible" because for a given irreducible representation of the 

large group there may be repeated sub-gro'ip irreducible representations 

39) 
thus requiring additional labels  (quantum numbers, physical or not) 

to distinguish these multiplicities. However, the so-called "canonical 

chain* ..39) 
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^Uo>. 0 
(«4) 

/ 

unequivocally speoifies the rws of a i*r   Irreducible repreeentation, 

The  "canonical chain" for the spin-isospin group XJ*   would 

hence be 

füt  o   o o' 
6   l  o o 
o o 1 o 
O o o 1 

(U) 

and as this is smaller than Hy   in general, let us illustrate the 

sub-group generators. The 4  generators of \L    are 

^    Kf  H 
Cj    C* ; C* 1 Ct 

^ C*     C4     Q \ C4 ^ 

(«() 
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M^ 
with Lie algebra LC$ , C$,  i " Q 0$» ~   ^S" 0%     ^ ' , namely 

the cosmutator of any two generators never gives other than "Üf 

generators, fhe \)^  generators can be chosen an the 3  operator«! 

in the upper-left hand oomer above the solid lines. They  satisfy 

the same Lie algebra as X/4 » ^ut with sf5
,«lf2l3   as can be 

quickly verified. The \JZ   generators C\ Cl  C* C?   also obey 

the same algebra, but with 8,5'=1,2. Finally, Q} is the sole gene- 

rator of to and the commutatcr i-^-v^ ^7 j » O also gives nothing 

outside C^ . An illustrative diagram showing the group chain (85) 

in sofar as the 4 generators C5 (S,«' 1,2,3»4) are concerned is: 

u-. m 

Generalizing, ^ will from (84) have ( ^-1 ) subgroups 

%f    (psl, 2,..., ^ -1) each with pz generators £* * (/,/= (/ 2y • v f\ 

Moreover, the equations 

define the irreducible representation label {"ij^ ^ ... ^-J  0f 

the sub-group 2Lc ^tr • Likewise, 
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CS
SP=^P a p- o m 

(S^A-vf)  (3s,-2/*)   fS««') 

define the irreducible repiesentation  z^lj" l^fff of  the sub- 

group U* ^ l/}. . 

Hence, the generic state forming a complete basis for 

irreducible representations of the groups in the chain 

^rt i) 
lL>Ur<TJ^ 

<°)'M{X (Wb) 

42) could be designated with a notation used by Gel'fand &.  Zetlin  as: 

f (bts) =   l^;^j> 
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Hir IHr ..h rr 

V» Kx-\ hr.,r-i 

Hu   Kit 

K 

* 
v.» vtt vit fto) 

withj^k   =1,2,...,f   andg^f   »1,2,3,4, 

which,for the chain (89), is the analogue of (53) for the simple 

chain (57)* In the latter, one had the restriction that 

-^$*W^*  . An analogous restriction holds in (89), for "both 

lAr   and XZf. chains: Let  //^ be the symmetric (or pencutation) 

group of N objects. As "jT^Mil-i  » th« former having irreducible 

representations (Young patterns) Dfi"^* • • "fn J and the latter 

■W^-f^-kV-^i-, ^ i ^ o        (9/) 
(see Weyl, ref. ^rb     ). Because of the intimate relation between 
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the ///» and ^Cy groups , namely, that thay possess the saiee 

Irreduoihle representation labels, one deduces from (91) the follow- 

ing Aneg-aalities for llf  and its canonical chain subgroups t 

•      ■ 

h^ z  hu ?s h2z^ o 

or, to use the same ariHngement as in the generic state(90), 

^        ^       ^          ^       ^ ^                           ^ 

^      ^       %         ^ -7/                             VW 
•        •        • •        #          ^ö 

Hiz Hit       ^^ 
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For I/4 and its sub-^oups, the same reasoning in (91) gives the 

requirements 

I4      vM    v,4    v;, 50 

f?3) 

Ihe .polynomial  Jj^ of hlgheet 

wtijfet In both Ur  and XZ( must satisfy both (73)and (74). Now, 

the conditions (731)) and (74h)) i.e., 

ensure that jj;  is automatically of highest weight in all the 

canonical chain suhgroups of Ur   and I/» « 

Concretely, if the representation Ln^yj  (kBlt2f,,,t|r) 

of lly is of highest weight, the sub-group representations 

tn^Bj  (k£psl,2t. .9V-1) take the maximum value compatible with 

(92) and if the "LU representation {Vc^l  (f*l»2t3,4) is of 

highest weight, its sub-group representations JVf«f  (f^g=l,2f3) 

acquire the madKm values allowed by (93)* This result will be very 

significant in future developments, but for the moment we note that 

in the explicit Gelfsnd-Zetlin notation the solution of (73) and (74) (£) 
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can consequently be symbolised in the siaple form 

fs T Ih^r'-hrrVh^y^V^}    « 

biv      ri-iY   n-br   • • • • •  hrr 

n\r      njr     hvr ••• H 

C^) 

•   • 

^     V»4  VS4 Vif 

> v)4  VM v3f 

hi». 

where the h's along any diagonal parallel to the lowest one are 

equal among themselves. The same holds for the Vs. 

Equations (67) and (68) define the weights in 2^*» a»4 Zi 

of a given polynomial state such as (90) -— weights being 

nothing more than the eigenvalues of (*„     (>i«lt2t.,.fr) in the 

case of (Ar  and, of ^5  (S»1,2,3|4) for \J^    ♦ Prom relations 

(38) it is easy tc see that the sum of operators 

% WdCt, (of ^f wei^it generators) 

conmutes with all the generators of (Xp   and its subgroups 

lAf*\   , »v^-t f • • • t U.)   . Thus the eigenvalue of this sum is the 
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same for arbitrary state (90) as for state (94) of maxlamn weight 

Tkf ,    lor  the latter, the eigenvalues of GIL     CM «lf2t •••,?) in (Atf  . f—  ■"■■- ^- —— ^-- -'——'--— -- J"- 

are simply hufi    so thpt 

Q has eigenvalue (A/*^AJA +"< + hff) 

for any dimension p. Hence   u^ has eigenvalue 

45) Hagel & y *hinsky-"l-fve rer-^tly construcis-i u|-erators 

jT.yi  polynomial in the lowering generators £       {J*'V*  ■lf2,..>>i) 

of a unitary group (Ar  for any K* , These lowering operators K^y. 

decrease by «me unit the Jt*" representation lö" il nUp-i    of the 

subgroup W-V-l , keeping the representation of Mr~i   in meximum 

weight. How, an H-partiole totally antisymmetric X^r representa* 

tion £f^ 0 r' J will contain several, say x, 26" representations 

of hi^iest weight. (See examples in Appendix A }• Heglect for 

the moment the spin-isospin part of (94)*-—~ which is irrelevant 

for spin-isospin independent interactions and which is equivalent to 

assuming maximum spin and isospin projections MS=S, M «T, for any 

S and f, in the calculation of matrix elements of a function only of 

coordinates. Successive application of jhy.  (for kslt2,...f 1^-1) 

on each of the x inmediately construetible states, like (79), 
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liiv kr * • • "icv • • • n 

m 

will give the x sets of kets with all the representations of .vCr«; 

In maximufli weight contained in the x original lif   representations 

of the type ih^ntr  * " n^if J and which satisfy the inequalities 

of the first two lines In (92). Next, by similar applications of 

if,w_t (for k«l,2,...,f-2) one could generate all the states 

associated with all iA-f-i  representation contained under eaoh 

{XY-\   representation of maximum weight generated in the previous 

step, and which satisfied the inequalities of the 2nd and 3rd rows 

of (92). Continuing this process until one obtained all the 

representations contain in the ^ representations, according now 

to the inequalities of the last two rows of (92), the full set of 

linearly independent polynomial functions transforming irxaducibly 

with respect to the canonical ^> chain of subgroups (89a) would 

be derived. 

Removing now the restriction of spin-isospin independence, 

the complete basis with regard to the chain (89b) can also be 
46) constructed, though with more physical operators, 'as will be seen 

later. 

One would therefore have all the N-particle totally anti- 
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symmetric states compatible with 11    U J    but in a "canonical•' 

(or "mathematical") chain beginning with   lb?  , i.e., 

|^•••^H|^W-^•'•^1»HrH/•4ul|«,l)llJ{H♦Vi4VMVWfASMsT/l1T>   W4) 

where    &   stands for a pair of hermitean operator eigenvalues 

needed to fully distinguish multiple occurances of (GT) contained in 

the   X/f representation   fVJf^V^i^J « I^jrHj*-••• hr»-]    .However, 

this basis (still non-physical in the orbital part) could be trans- 

formed to a scheme with definite total orbital angular moinentum L 

and projection UL   with the aid of the matrix  || |//j    calculated in 

the "canon Jcal chain'* basis (89a).    The resulting complete set of 

totally antiSymmetrie N-partlcle states after this transformation 

would be: 

'm £ IK, h», • • • hrrl   CY««»3 WWionV 

provided the operator La were diagonal in the original basis (96), 

and this can be chosen to be so. Here, jC  designates the set of 

quantum numbers required to distinguish multiple L-values contained 

in a given  ffJ representation. The (physical) chain of groups 

under which the complete set (97) transforms irreduoibly is thus 
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' 

t    t     t 

1        t 

W 

V t     f    t     t f 
llf (|5) S    T M, *IT 

where the quantum number l&bels of the ket (9?) are given under- 

neath the chain; those with arrows pointing to a specific group are 

the labels for the irreducible representations of that group« The 

subohain R^Ri represents the special ease cf spherical and axial 

symmetries discussecl in Section 4. The group XJf of transformations 

in apin-isospin space contains the subgroup X7a<w/j of separate 

unitary transformations in .2 -dimensional spinor and isospinor 

spaces. EachSU^ sub-group, as is well-known^, is homomorphic to 

a group R (spin or isospin) cf rotations in the (spin or isospin) 

space of three-dimensions spanned by the components 

of , which in turn contains the subgroup /\ f 
2\fcSftffifV 

SptH 
er 

of rotations around the (f) axis.    Example; 
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SU Csf^O ä* R^P'*) ^ ^t(4pi7,) (l00) 

f t 
S M» 

The label £ ccaaes from hermitean operators formed from 

the generetors of the Uf group which are tc completely öharaöterlse 

the rows in X^ ^ XJ^A XJ2  • ^e lahel 1 staads for irredacible 

representation labels associated with subgroups contained between 

(XY  
&n^ ^x   ^i also with hermitean operators which may be neces- 

sary to completely cneracterize the rows between two succeeding 

subgroups of the chain. 

The problem of deducing the irreducible representations 

of fi  contained in a given one of ii?  is a simple one. The same 

is true of the irreducible representations of T/^XlX contained in 

a gi^im X/4. representation. In the former, one obttüiis the L-struc 

ture of a given F-particle foung diagram and in the 1stter, the S 

and T values contained in the conjugate N-particle young diagram are 

derived. For a given L , the different terms 

arising from a represents* .on JVI^VJ^J are called ',supermultiplet8,,. 

Jahn ' discusses the p ?nd d orbits {T/L  and U? » respectively) and 

the (S^-structure for up to NalO particles. For some illvstrative 

examplesf see Appendir A» 

The generic state (97) can be L-S coupled to total angular 
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momentum J by tht usual Clebsoh-Gordan coefficient to give states 

<lSKHi,\jNij>\Of]tlK'}lilf>SKTMr^       (101) 

Now, the total number of linearly independent, anti-sym- 

me+jio ortibal-spin-isospin N-particle states is given  by the simple 

re?alt from statistisal theory 

W (,C2) 
(4r-l0! Ni 

where 4^ is the number of single-particle states available. Is.  the 

nuclear 2»-ld shell, for instance, Y » ^s  (2lLt l ) « i + (2e2+l) m  6 

orbital states. The number of orbital-spin-isospin single-i»rticle 

states in this shell is 6X4 * 24. Then, for H *  1,2,3,4,5 particles 

there are 
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—y"et -fafrjij   Ä^fi- 
^   1 s^wwf^c  H- particle  sUie i 

Z* 

an. 

2,02,4- 

to, t-zL 

42,S04- 

TABLB 3E. S. 1 

etb/ 

Obviously, one cannot hope to solve an N-body nuclear shell problem 

-— even with a model haailtonian -~- without making drastic le- 

duotions on the number of states to be considered as pertinent* One 
47) 

such criterion, first used by Wigner , is based on the fast that 

the attraotivity of nuclear forces will favor the most symmetrical 

orbital configurations as lowest in energy. (This being the exact 

opposite of Hund's rule in atomie structure where forces are repul- 

sive). Per example, restricting 3-partiole states in the 28-ld shell 
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Dili   ->     t33xiiiil        ^24 
(/03) 

Tor^ftt  4024 ^fafes 

to th« syametric £33  partition of H^ would reduc« the original 

ntuaber of states 2,024 to only 224. The X^ representation f/lll 

is equivalent to [Q with (Stf) « OI1&)  (See Appendix ^ ) so 

that 2T+1 ■ 2, corresponding to M « + 1/2« For light nuclei 

coulonil? effects are negligible so that one need only deal with half 

the 224 states, leaving 112. Moreover, our hamiltoniÄn would certain 

ly commute with J s [^ + S  so that Instead of dealing with 

( 2/5 +1) values of M^ for a given J one could limit the calculation 

to M » J. The 112 states are thus reduced to 17 states. This is 

still a large number resulting in still large matrices to be calcu- 

lated and even further restrictions will be warranted. For this we 

turn to the simple hf.rmonic oscillator well as a model for the 

nuclear common potential. 
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6,- Ifarm<»iio OgolllJttor Symmetry and th» \J\ group. 

6a. Single fartiole. 
48) 

High-energy electron scattering from nuclei  indicate 

that while the nuclear common potential of heavy nuclei resemble a 

flat bottom shape with tapering edges of the Saxon-Woods well, that 

of light nuclei up to the llg region resemble a harmonic oscillator 

parabolic well shape. The harmonic oscillator is simple to deal 

with analytically because of its group-symmetry properties. Let 

us therefore assume a hamiltontian 

H- i-Hr^iwr + i%    m 

2*** 

including any miscellaneous single-body interactions H.   that 

may arise, viz. spin-orbit coupling, as well as residual inter- 

nuoleon interactions ^ V ( ^fv^ • The allowed energies and angular 

momenta a single particle sure known to be given by 

Hrt^ ctD^tf*) 
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Tm' J*. rft%^ ^ Y«(ö^) t«- P« ^ c.«r' i. 

and with )/s ^^t -f- L      being the principal quantu» auabep, s -öl« 

radial quant^a number in "Qie laguerre polynomial    L»-,^*), 

X and m the angular momentum and its projection. Since n is a 

non-negative integer. 

i* H, >>-».>>'*.-,0   . 0*7) 

and in general several orbitale (given J, )  appear degenerate in a 

given shell (specified byV )• 3he energy difference between shells 

is niA   ,    The number of single-par tide orbital states available 

within a given shell is 

(loi) 
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Doublet-splittings for neutrons. 
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so that ä?   neutrons or protons fill a given shell. Thus for 

^ «0, one has 2. For ^ = /, there are 6? for V =2, there are 12? 

for i/ ^3, 20, for ^ =4, 30, etc. Hence, this model based solely on 

the harmonic oscillator well predicts the following neutron (or 

proton) numbers at each closure: 

(m) 

But, the empirical "magic numbers»' at *kiich nuclei show special 

stability in many regards are rather 2,8,(U),20,(28),50,82 and 

126  - numbers in parenthesis referring to less pronounced sta- 

bilities, fhus only the first three fully-magic numbers 2,8 and 20 

are predicted in the scheme (109). By introducing a strong, 

attractive spin-orbit tens to the oscillator hamiltonian Goeppert- 

Mayer^and independently Haxel, Jensen & Suess  predicted the 

magic and semi-magic numbers correctly, thanks to the ensuing 

doublet splitting (See Figure III.6.1). 

The single-particle oscillator hamiltonian (105) and 

solutions U06) can, as is well-toiown, be formulated in terms of 

creation and annihilation boson operaton. 

Taking W « ^ - £*) Ä -^    , then 

H d^  ^    X Cf t ?% 

-- iZihffH*\ 
(no) 

fs'/',o 

wher.jU,.;^^),   X.= 2 J |'t,= ? jfCP«1^), ft = ^    0") 
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f 
art the spherical ooaponents of vectors T  and 7* %  the scalar 

products f3'* and  »'^ in (110) helng given with the usual 

metric, namely 

Furthermore, one defines the creation Q.*  and annihilation 

operators as the linear combinations 

and since 

Qif) 

one obtains the relations 

?     ? (fJ54,/r) 
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indeed the comautatlon relations for boson operators* Raising and 

lowering of the indices is governed by the metric in (112) so that 

Suppressing the particle index i  in (110), it follows from (112) 

and (113) that 

Slmilary, it can be sown that 

I. = (rxp) = ^ £„.** Ö
+TÄ 

the Wft'a« being the completely antisymmetric tensor,  ^pf'$« * ^ 

if % %* %"  are cyclic in order /^  f 6AÄ
/t* - ""1 if not cyclic 

and   ^fM'f*   * 0 if any two indices repeat. In the step previous 

to the last in (116) the index q1 was lowered according to rules 

(116). 
51) 

As early as 1940, it was noted  that a harmonic oscillator 

potential remained invariant under the transfomations of the three- 

dimensional unitary group {J^  • In (117) and (118) we defined the 

single-particle operators 
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cf = ala*'   (w-i/,ö) Oil) 

which» upon using rslatjons (113a» b), can be seen to obey tht 

conmutat^on relations 

tcf, c*:] - cf # - c*: tr     ozo-) 

which —— by the same arguments associated with (32) stand 

for the Me coiamutator algebra of the 3 ^fgenerators for infinite- 

simal transformations of the group 1J1    • That this is the 

symmetry group of H*,ft of (117) follows from the fact that H 

commutes with all the generators of U$   ,  that is 

= o. 
Again, as in (72) the set  £ Cä ] of L^ generators can be sub- 

T 9 
uivided into three classes: lowering Cr  Co »  Cd j wei^bt- 

giving C/ , Cf, CO (ia "that order), and raising QJ  , (^-. and 

C; • Moreover, R, being a subgroup of J^ , the generators of 

the former ( L« with ^ • / *T,0)  should he expressible as linear 

combinations of those of u* and from (118) this is indeed the case. 

Operators AJ and L^  « kto  can be simultaneously diagonalized 

along with rt      einoe 
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L^', U ] = 0 (/2z) 

Now, an arbitrary single-particle harmonic osoillator state can be 

written as 

pi  Vr! %! 

in terms of the numb^-rs 71*   of oscillator quanta along the three 

spherical "directions» f- = / f/'t^. The state /£> is the 

oscillator ground state (no excitation) and the radical provides 

normalization. There being f * ~ ( \fH )  (Wf2 ) different pssibi- 

lities for the triplet ( ^ % 7?fl ) where Vj + VfW,  = ^ always, 

the vector (123) spans the r-dimensional orbital subspace of our 

problem. From (115a) one notices that the effect of Qr  acting 

on any homogeneous polynomial P( dt ) is equivalent to a partial 

derivative: 
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Th% effect of H***  and  A«« upcm     l%ffrff^ ia thus iieffiediat«: 

H-Mr^^fO,^.  .}   -^11 ^ f0> 

kK'TW-    (c;-Crr)l^T^> 

These results are identical with (106a,c) in the sense that the 

energy and the angular momentum projection are diagonal. In the 

present case, *J is not diagonal as it was in the old sets 

f|;^Cr ) which fojftas a basis for an irreducible representation 

according to the chain of single-particle transformation groups 

with representation labels V , * auid m, respectively. Dealing 

with this physical chain is more difficult at present than working 
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with th« canonical (or mathematical) chain 

VziViiVt Cni) 

for which the basis  I'^'WT^O IS most appropiate. Specificallyf 

the group, Its weight-giving operators and the corresponding 

representation labels are simply 

X;3:  6(.cJ,c: — (r.-»rV) 

V-.    C'.cf ►^.%) 

"U:    cl  »en,) 

and, in the ^I'fand notation, a general state forming the basis 

transforming irreduclbly according to (120) Is 

in VT ^\ 

6b, Mahy articles. 

The operators C^  defined in (119^ are single-particle 

operators. We are now Interested in dealing with the K-partlcle 

operator 

• ■ 

E^lng spin and isospin independent we can use formula (35) to cast 

(130) into second-quE. tization fcrmuliam: 
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recalling from (37) that 

&;• f & h" iic\:;)w 
are the group generators of #rf t^e group of transformations in 

orbital speoe, and where i* stood for the single-particle quantum 

nuiabors ^Jt/»W t to he replaced here by the new set % fy ^* 

Thus, 

The coefficients in this expansion are very easily found from 

definitions (119) and (124) whose effect on the normalized oscil- 

lator state (123) is seen to give the simple result (see Appendix 

0 Tor details)J 

*.*r 

These 9 operators, from (131) and relations (120), obey the cosmu- 

tation relations 

cc£c;> lyWPi/xt; 
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-pyi er i/-> *; )s;; -(sr1 ^'^ w 
(MS) 

which compose the Lie algebra of lA • For the particular case 

of the 28-ld shell 

1L~U^U3. 
0*9 

Expansion (134) of the g'aerators of the subgroup {^ in terms 

of those of the group ^can be explicitly given if we first 

take the convention of enumerating the 6 states 14 « (fyflr?1») 

in order of decreasing weights (in the sense of 72} and calling 

l^. '».^r^ 

dud 

a' -* ö.1 

1 !   Z O 0 
2 /   / 0 of— c.1 
3 / 0 l Z^0       •      _i 1 

i-1 oz 0 
c«^ d,' 

s __OJLJ_ c;-c(
3 r* O 0 2__ 

037; 

Therefore, we have the set of Sj-x   generators ICj^ f expressed as: 
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^  I1 A 
) 

i 

E 
I 

t 

1°» 

0-2.8) 

the N-partiol« intsractlonless oscillator haailtmlan 

(^0 



- 75  - 

can likewise bt obtained, from (35)» in second-quantization language 

as 

- (w+ %)y(r 031) 
yV being the number operator defined in (71). Similarly, the 

N-particle momentum operator in (118) 

2 M ä ^ 2^' ^-^^ ct^      o 4o) 
C*,  ^    i=i f|« 

now becomes 

oQ= 2C')V S-*r ^     ^■''r'0) f'4') 
so that explicitly, the spherical components 

are easily seen to obey the commutation relations 
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of the group Rft C U^   • 

In the many-particle case, the ^oup X^ with generators 

ICIl  ($,$'* 1,^6 —* lf2,3) obviously continues t© be the symmetry 

group of the harmonic oscillator as its hamiltonian (136) is a Lss 

group 4JI variant, namely, 

Hence, just as Lt   (in section 4) commuting with the H generators 

Li*   (%.*+, öt~ )  lead to its diagonality (55a) in a base Jf^ 

transforming irreducibly under B,, we here have that jfa      wil1 ^ 

diagonal in a base irreducible under 6/3 (See Appendix    ). As 

in (73 a,b) for the group 2Cr , the maximum weight polynomial 

belonging to the I/3 basis set is defined by 

where C*   and Ct (^f / are respectively the wei^it-giving and 

raising operators and the second index on the h's refers to TJ^ • 

The  raising operators (144b) of L/j are linear in zirp  raising 

operators according to (138). If ^^ is choosen with maximum weight 

in ^r&s  in prescription (79), it will thus also be of maximum 

weight in {J3 •    ^ie £M^i irreducible basis in i/j could be obtained 

using lowering operators of Jjy    (the jL/yO as was mentioned in the 

previous section for ^C • T'blilB would S^'ve ^B  basis in the 

^X^XL 2"(/j chain, later to be transformed to one in the physical 

chain v/3 ^ K^ 5 rc^. • 
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The aeoond-quantiz&tion version of the N-particle 

haailtonlan (104) «111 thus be 

with fflftoft  including both single-and two-body inteifcatlone to be 

dealt with later. 

Conclusion; in the 11*2 rC^^Aj section of the chain of 

groups (99) with respect to which our many-particle nuclear states 

are to transform irreducibly, one can insert the extra (oscillator) 

symmetry group so that 

t       t       1     t 
|rfi«((Ui«lnOwL   M^> 04SI,) 

will provide the additional classification quantum numbers 

( 6/3 ht$ h^i  )  of Uj needed to further distinguish multiple 

I, -values appearing under a given E-fJ  partition of «i» • labels 

«^ and U)  , not proceeding from any particular group, serve res- 

pectively to distinguish multiple ( hf^    Ozy n^)  values under a 

given  £7 J and multiple L -values under a given ( hf^  J)^^  0^ )» 

The basis state irred oible under (143) is thus designated ass 

PEKWlTHrwitl  H«««WlC. OiClttMK  «WadCUl    AKfAU 
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CHAPTER 
IV. MODEL RESIDUAL INr'-RAOTIOKS A»P THEIR GROUP SyMMETRIES. 

In the shell model one i« dealing with a hamlltonian of 

the type 

1 (147) 

where i, Xj. , L^ and jjl are the Wlgner, Majorana, Heisenberg 

and Bartlett exchange operators '  defined by 

and W,K,H and B indicate the magnitudee of those components in the 

exchange mixture ■ 

We shall assume that U( Vj ) Is a harmonic oscillator 

common potential 

and furthermore restrict ourselves to particles interacting within 

a single shell of this harmonic oscillators Under this assumption 
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the two-body interaction can be analyzed as a mixture of long- and 

short-range correlations with definite group theoretical properties. 

1, Long Range Central Interactiont The ^^ force. 

Let us take an arbitrary (say, Gaussian) from of the central 

potential function in (147): 

Y(%)- -Xz ^   bt=''2'-'N>       ('s') 

having variable well-depth Vo   and range A»parameters. In addition 

to short-ranged forces (^1 to 2 fermis) within the nucleus there 

are longer-ranged correlations ( 'v nuclear radius) responsible for 

collective behaviour of the rotational and vibrational types. * ?) 

Assuming a gaussian well, rather flat throughout most of the nuclear 

volume (large 0^ we can expand the exponential in (151) retaining 

only the first few termst namely 

where the relative distance t-^= JV^ ■*• Y^, " ^H*^f Oan be inserted 

above, and upon convenient rearrangements obtain 

V(*())-   V^ J-    QI     -r        ^     T       2a4 

3a* *■*      +  ^ +"t 
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tht energy epectnam is determined toy matrix e^aments of tbe type 

<&ili,*itf9hMl T^^) failfy-ffLfytoT  excitations within a 

single oscillator shell i/ • But, from (105) and (106) one deduces 

that the let* 2nd. and 5th. terms of (132) contribute only ar 

functions of )}*2l1+i  . fenas linear in ( vj» ß, ) 3rd. and 

6th. — give zero hecaur states J Ti^i^ ^  and \t^i tcl    have the 

same parity while ^>H have odd parity. The 4th. term  is separated 

in the particle coordinates and thus contributes not as an interaction 

hut as a correction to the common potential. Therefore, the only 

pertinent term remaining for large £Lis the 7tht 

This term is related to the harmonic oscillator symmetry group XJ3 

as we shall see. 

The creation £1* and annihilation d*  boson operators 

defined in (113) for harmonic oscillator states (123) transform like 

centravariant vector components, i.e., like a wave function of 

orbital angular momentum JL~i   , Let us vector-couple them together 

to form the k-rank, q-projeotion tensors 

since C^. S (Xy Q*     with $1$ Ä lfl)&    are the 9 single-particle 

generators of JJ   defined in (119) and which obey the Lie algebra 



i 
-  81 

(120). In linear combinations (154) only k«0,l,2 and q^-k.-k+l,... tk 

can occur so that there are 

linearly independent operators ^C« which can equivalently be 

considered the 9 generators of XJ*  • (*t can easily be seen that 

the oonaautators between these 9 operators also form a closed algebra.) 

In particular, 

where (156) follows from definitions (118), and (157) save a scaling 

constant is the single-particle oscillator hamiltonian of (117). 

Considering the 5 operators for £=2 we have from (113) giving the 

Qf CL      in terms of coordinates and momenta. 
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given ao solid spherical harmonics in coordinate and memontum 

spaces« The matrix element, between oscillator states of a given 

shelly of a mcaentua function is identical with that of the same 

function of coordinates —— thus 

W f%& 11'    ~u     ^ 

The mass quadrupole moment induced by a single particle is conven- 

53) tionally  taken as the expectation value of the operator 

(^S^-r^JfVO^M) (ISV 

so that the 5 XA opei^itors 

Q,.^UJ (■•) 

(HO) 

oaa  be thou^it of as representing generators of infinitesimal 

quadrupole distortions. A quadrupole-güadrupole interaction between 

the 0   and V   i«rticles is simply the scalar product 

Qu * Iv* Q*«)Q.^) li (K-O 
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From  (158) taken feparately for particles i  and ^f and the addition 

54) theorem for spherical harmonics, ' 

' 4ri
ly-T

lP2((!*o^) 

which is identical in form to (153) —~ the only significant 

portiua of a long-ranged central potential. 

The expressihility of (162) in terms of JJ.   generators is 

the crux of this whole section. The Casimir operator of R, defined 

in (56) as 

»as particulfurly useful in solving the asymmetric top problem 

discussed in the Introductions its eigenvalue was simply ^{^H  )t 
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dependent only on the irreducible representation label and irregard- 

less of its row. A contraction analogous to (163) yields 

G. s 2. cJ'a) cfcp     m-u ...VN)   (iio<h.) 
Then, 

Is the (second degree) Casimir operator of L/j which should and 

does coimute with all the aany-particle \L   operators ^.C% Cl)  . 

Employing the orthonormality relations between Olebsch-Gordan 

coefficients'^'one c€ui reverse expansions (154) so that 

and which is valid separately for i   and ;}, Using this expression, 

the Casimir operator (164b) will contain 

having recalled (156), (157) and (160). Finally 
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Ga= Qtf + i ^ ^i^ 
(iLU.ir) 

t ll* 

^£r" ^ ~ ^ ^'J " i h" • 

Cltarly, since the interaction operator ^ GJ,. is given solely 
TT U>  * in terms of the Casimir operators of [Jm    and fi- , and in terms of 

5 Hoi, t it will be diagonal in a basis for irreducible representa- 

tjons of the groups \Jh^ K^ « 

To cast the N-particle mass quadrupole moment operator 

JZ>  Cx&CO into second-quantization formulism we again use formula 

(35) to give the linear combination 

whose expectation value, for qso, between appropriate states is the 

quadrupole moment Induced by If particles. (More detail concerning 

quadrupole moments and transition rates are given in Appandix J  ), 

Result (166b) in the new many-particle formulism will be 
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where the aany-body Casimir operator QJ   ia ocaistructed as in (164) 

hut now in terms of the aany-hody ££ generators defined in (131)» 

Moreover, we shall hare 

t* H^-itf'^ On) 
in accordance with results (139)f (141) and (167). 

Our model long-range interaction (168) is diagonal under 

X/O K-a, as srgued ahove. To find its spectrun is a simple matter 

precisely because of its group symmetry, fhe eigenvalues of oL and 

'fit   are simply MLtl) and  yMf respectively, t. being the total 

orbital angular momentum of a given state. Now, ^J  commutes with 

all the X4 ««nerator»1 "^ lowering ones can be used successively 

to generate the full irreducible U^ basis starting from the function 

of maximum weight in \J^   defined in (144) as Jt^lu^Ji  • Hence, 

the eigenvalue g of gf  is independent of the row of the irreducible 

basis and it suffices to find g in the equation 



-  87  - 

Bat, «xpanding $   ont has 

where the effect of the last term, involving a raising operator on 

the right, vanishes because of (144b) and the second term upon use 

-, of relations (135) gives 

•'• }" ^''" +^ + z^,i~'>") f'752 

depending only on the U* representation (h,^ h^ h3j). This 

representation can alternatively be charaaterized by only two 

numbers (k,^) S (h^-h^, hu-h5j) since (172) gives 

\y{%  +■ n^ + r)^%   = y N « constant for a given problem. (The 

relation between (k^) and the labels (XM ) used by Elliott in his 

work1^ arc  A = k,-!^ and 1* * kj.) Htnce, the eigenvalue of ^ ie 
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E^-   |^^-2lel(k-l)-l LM)       074) 

manifesting a rotational band-like atruoture due to the L(L+1) term. 

States (l45o) are eigenfunctions of &£    : 

^2jCf3^Ütt)L/HL>= E^ICfl^W^LM^ {(77) 

2. Exchange Dependent On Spin and Isopin« The Group XkV 

We shall now include the effect of exchange forces of the 

Wigner, Mayorana, Bartlett and Heisenberg types for the iffticularly 

simple extreme of long range* It will be recalled from (147) that a 

central two-body Interaction with exchange can be taken as 

The operator of exchange between the tJ and 1— particles is Ij. 

(for interchange) and is defined as the linear combination within 

the parenthesis of (178a) of the operators 

Bartlett: f^ = ^(H ^) • ^ (i + 4^f) 
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In accordance with (148), s and t being the spin and iaoepin operators 

of a single particle with possible eigenvalues each of 1/2 and -1/2. 

Now, by formula (34) our two-body operator (178a) in 

second-quantization language will beoome 

4f- il«mM wi>lc;:cl:- s£cl:i 
where ft 5 (^k^l^i),^«^) . Since  llt> depends only on spin-isospin 

and  \A, only on the orbital part, then 

Assuming "y?^) r VJa. equal to say — }£ €.~ **/**•      to be of 

long range then we cam approximate 

y      ä — y^       (constant) 

so that <^(^(  Xt/yM//(i>   ^ - Vjfi^1     and ^^«^^ 
In this case '^Z = — X'       » 
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rV 
whert from (61) tht 4* operatorf w^ » which obey the L4 com- 

mutation relations (62), are the generator« of Uf— the group of 

tranefomations in spin-isoepin space* 

The problem of the complete classification of states of 

supermultiplet theory, i.e., according to the JJq,  chain given in 
46) 

(99), has been solved recently by Hoshinsky and Nagel.   To completely 

characterise the rows of the bases for the irreducible representations 
T T 55) i 

of X/w » teGBb  in hi*  Lecture Notes  proves that   ^-^ (n-1) 

commuting operators that are functions of the group generators are 

required. This, for [A    six such operators are needed. Explicit 

reduction of JJL   representations according to (99) provides four 

of the six needed: S*, T*, ^, 1L with eigenvalues S(S+1), T(T+1) 

M.  and Hr . (The other two, whose eigenvalues constitute the addition- 

al label A in the chain (99)f are derived by Moshinsky & Nagel in 

the paper referred to above.) The cited authors redefine the K 

group generators as the following more physical operators, totaling 

4*" in number, 
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(jiO^kctd) 

T. = i2 KWilC 

^.5 i 1 LN:. H. C;; 
<rzt%z «r« 

where ^=1,2,3 refer to cartesian component« and 

are the unit matrix and the well-known Pauli spin-matriwee whose 

rows and columns  are »lv--n by 0%'(T «1/2,-1/2, Similarly, A^, 

fj| (A =1,2,3) lefer to the unit and Pauli matrices in isospin with 

rows and columns given by ^,^ *l/2,-l/2. Among the commutation 

relations between the operators (1Ö0), the relations 

hold thus S^ (kal,2,3) and T^ (^«1,2,3) are the generators 

of St/(spin) and STz (isospin) which in turn are homomorphic to 
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R^ (spin) and K^ (Isopln), respectively. Now, a tensor operator 

tfJT   (eiailar to (154) for XJj) öan here be defined ae 

such that 

and whose scalar product 

On the other hand, from definition (Ibl) 

5 %r %, - 2.2^(M4<i«(^); c c«' 

" ^>    2 J^; J^» #-<i Or df Wj- Cg^p 

5^ <r#r 

- ^L ^ r^  r r^ 

= 4 a/u) ('«3; 
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where A f'Dl) i» ^h« (seconddegree) Casimir operator of -^ e 

Therefore, 

Gt(a) = ? /V SV TV f/Q* r/^o 
So much fcr the formal properties of the group £X , 

Tuiming our attention to the exchange operator »» of (179), and in 

view of definition (178a) for I«. , one concludes that 

j* w+M frt be*- H (pr ots) 
W,MfB and H being arbitrary constants as before; the script (y*4 

referring to the second-quantization formulation of the various 

exchange operators. For example, the isopin indypsndent Bartlett 

operator is now 

But from (178b), the coefficient 

so that from (I80a,b) the operator (f becomes simply 

if one recalls that, for example «v<r / uk l&'sl*  one-half the 
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( ^7 ^ )-element of the k— componeat Pauli spin matrix. In 

exactly the same manner, the spin-independent Heisenberg operator 

reduces to 

(pT'k/l-^^T- 
The M&jorsna 01 ^rator (178d) is more general than these; it can be 

written as 

Pr = - -L - Z..4 - t.-tt- 4(A'X%:b,:tl) 

Thus, using formula (179) one has 

w 
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where the scalar product of (lüOd) with Itself is used in evaluating 

the expression before the last and the last expressi m is simply 

having used her^ the previous (jL result (154). To deal with 

G|2,(2lir) instead of Ok{.U|J future developments will make 

this more convenient   one can derive a relation between these 

two Casimir operators which is very simply due to the fact that the 

I/f representations must be conjugate to those of CsCy  (see example 

in 60). Prom the last two steps in (183) and from (61) and (31) one 

can write 

SS' ss* ^ i 
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which by using antioosmutatlon relations (12) becomes 

GM* ($^-2$/'^ 

the latter being the /CrCasimir operator, ihus 

which is an eigenoperator of a basis set transforming irreducibly 

ording to the U^OU^Xo^i  s^^en* 0^  the chain in (99)f that ace 

is, when acting on the ketß 

where fatW+t* tKhv'-kr]   - f fj    of (97). The Casimir oper- 

ator (j UXt)is the operator f7   to be used in the section on 

pairing and whose eigenvalue is there derived to give (226). 

Combining the results just obtained for ft ü     and 

l   into (185) we arrive finally at the long-range exchange 

operator 

41= ^ fCß-N)/^) t ßSi - MT2 
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Finally, one has the algebraic eigenvalue equation 

O&i*) 

T» ^i(&-H)N(N-4)+e.S^i)-H TtrtO + i^^^'H 
T MS« 

rtiere I Is the contritution to the energy at long-range due to exchange. 

Conclusion: the simple eigenvalue X given above df-pends 

only on S and T for a given  £f 3 partition of N particles. One 

must multiply the diagonal ^2/   matrix elements of (177) in a base 

extended to include total spin S and isospin T quantum numbers. Thus 

<t-fWfe.bt)^LMüU+!/bSMsTMTM^2l«U^W«'LMt;Ef]^S*1jT«T> 

(1*1) 
< r^S*lsTMT|iUf>SMsTMT> 

is diagonal and accounts for the long-range part of a central inter- 

action with exchange. 

One final rpmark regarding different exchange zsixtures 

is in order; for this end we give several of the more popular ones 

in Table ISL2. 1# 
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Mixme  1 W ftA H 6   | 
Mmeu> -J3        .13 -.IL AL 

mm 
r—-— 

.So .SO 0 
0 1 

KüRftTH o .80 0 ,20 

SöPER 

.40 .40 0 I     .Zö 

.40 .50 
I   'l0 .20 

suf .70 .IS .1? 0 I 
Tfl 6LeiE( ,2.1 

Note:    W+MtH+ßs 1 

3- The Pairing Foroe, Short-Range Character. 

The general interaction operator J^   vty/)     is 

equivalent under second-quantization formulation to the operator 

(25): 

P.'I f.1 

^-iJE^Kjf.?^ t; 4 b,b; r/w 

fi ^ Iv^tHi; ^ ^) = Cv^i^; sO     (i = h t) 
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being the single-particle state labels referring to orbital quantum 

numbers  1^% arising within a single given shell \}    and spin- 

isoapin ciuantum numbers S^» As before, if Viz  s r (^j) is spin- 

isospin independent then 

<f.fzi V:J r/r,' > = ^^s,, ^lWlst | XJ 4Vs/f ^«i s;> 

holds. Furthermore, letting /\ be the resultant orbital angular 

momentum eigenvalue and ^f its projection, one has the couplpd or 

paired state 

the Clebsch-Gordan coefficients obeying the usxial orthonoraality 

relations 

<P,^^|AMX^>«itlA'Al'>= 4A. J««.. (Wb) 
^•m. 

Let us rewrite (18ö) such that particles ( and 2 are paired to give 

net angular momentum /\ . Obviously 

-Z^i^-K ^*ÄI<*/. v^^>^XC'C' 
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is equivalent to (188) with restriction (189). Using (190) and (191) 

there results 

the OAA* O/HH1 appearing because of spherical (and of course, alto 

axial) symmetry, i.e., L and J^g commute with  V12. . The 

coefficient matrix element, moreover, is independent of the row M= 

A >    A  -l;...;-/\   (see Appendix f        ) so that suppressing 

the redundant label M in that coefficient, one has that 

ir- £ 2.«^, Am «AxPax, ^ t, A) dik) 
where 

can be considered a "generalized pairing forced  it acts on 

a many-partiole state of the type (21) destroying a particle-pair 

in the orbitals -c,-^ and of total angular momentum ^ and then 

creates another pair in the orbitals ^ f2    having the same resultant A, 
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A pairing force with f\~ü   considered in the case of 

superconductivity^  directly predicts the experimental energy g»p 

between Fermi surface and conduction band. A similar interaction 

14) 
between nucle one was considered by Bohr, Mottelson & Pines  which 

among other things accounts for the well-defined large energy spacing 

between the ground and excited levels in even-even nuclei  * -H As 

early as 1943 Racah  calculated interaction matrix elements of a 

pairing force of this type in some complex atoms using the expression 

for a pair of "equivalent" electrons in an orbital state Ji ,    For 

non-equivalent ones (mixed orbitals JL*    ) this can be generalized 

to 

<nA I Tk I rK O - J&ttW^'SAO. 

Inserting this value for the coefficients in (191) one obtains 

Koshinsky's form cf the pairing operator 

**' Mt    H-    i »«WS, vl'-*% 

% s,St 

where use is msae of the well-known result that 

«MOO      ^ 

(P Tne operator (T clearly displays the required pairing property. A 



102  - 

more convenient form in terms of £4,?  group generators follows 

from antlcoamutation relations (12) and definitions (31) and (37)s 

km 

iT- 
P   M«l 
\ts t Mtn -em 

where |/|f is the pfirticle-niimber operator defined previously. 

3a.  Single-Orbital Pairing and the Group Ka.f4.i 

The special case of pairing between nucleons in a single 

orbital state X   is given by the operator   • 

which follows immediately from (192) if £^£   . The set of 

{*&*>'/     operators 
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S 

are the generators cf     l\2(ii    •    Tiie   f-o^'/'dimensional space 

is spanned by the   fclf+i)   vector components    hfrns       which under 

rotations in this space transform like the spherical harmonic 

components     J.fin (Q/j)   •    The scalar product 

must remain    invariant under   ^2.'+'j-dimensional rotations.    The 

apace metric     Q onW   is thus seen to be 

which also gives the rule for raising and lowering indices since, 

for instance 

•m* 

The       i^Zdi    generators,  in doubly-covariant form,  thus obey the 

Lie algebra 

Defining the antisymmetric operator set^ ' 
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one oaii see that these obey the oommutation relations 

which frosn Appendix t«   are seen to be the generators for infini- 

tesimal rotations in (^oCff)-dimensions, i.e., of the group /\2f+l   . 

Prom (197b) it follows that there are Ji(2<H) linearly  independent 

generators of this kind. The operator set  ^ Atfm'j   is contained 

in the set £ fc* J o* ^-iffl  » s0 *->**    ^Uli-H ^   Rli+i     as a 

subgroup. Using (196) we can express the set (197) more conveniently 

as 

the latter symmetry rule again confirming that one has ^(2ii1J 

independent generators. From (36) can be derived the relations 
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r A w A       7 _- 
lAm}  A^, J - {ZOO) 

equivalent to the algebra (198) hut  now in a form more convenient 

for as as will be seen presently. 

The contraction of WsZifl  generators 

r- ^ cc        (too 
is seen to be a   /<,2^ff invarian"t since 

ir, ej'] * o czcz) 
The equivalent contraction over Kz^fi  generators 

A* 

Is an  «Xil+i invariant as 

Thus, 1 and ^P satisfy the first two Racah conditions ^-'for 

Casimir operators (given on page 30 in relation to the group R-), 

Introducing a ntunb ring convention ^«/f-'/Wf i        (Jfln+eger) such 

that there is a one-to-one correspondenae between 'W *'ij <'f; *", -4 

and  it.  =1,2, ....,2^+1 we have, first of all, 

<§> = *2>- A * A..*, (zob) 



106 

where, from (73^)1 the effect of the last term when acting on a 

maximum weight state SL     1B aero. The equation 

will have an eigenvalue 0 (valid for any row of the ^^irreducible 

basis, since _P is a group invariant) that is evaluated identically 

as in (173-175) to t,ive the result: 

Regarding the group K2I41 t the )L   linr-erly independent (hertfitean) 

operators, which from (200) mutually commute, can be usfrd to define 

weight in Y<%ik\   *>y 

AT P- "^ P   {r*-<*^       (-zoo 

I  being a polynomial of weight \^»i/ • T*16 3et of operators 

5 A-» 1       is divisible as before into three clases 

of which class 2.    are the weight operators, let two new polynomials 

Y     and 1  be defined as 
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Thent 

W*  A   -Ml 

A: P' = IA^, A.;'"] p + AJ A J P 

+ AT A: P 

iksj-kSf-kC+isZ'+W 

■ihows that class 1 consists of raising generators and a similar 

analysis of |  proves class 3 to be the loVerirg generators. Hence, 

maximum weight polynomials J^ in   r^lfl  wil1 satisfy 

with maximum weight bein^- given by the set of ^numbers 

In a way identical with (75) one can deduce that 
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Finally, since 

where y is the Casimir eigenvaDue of KzHl    which, after a short 

deriviation along the lines arriving at (205), results explicitly 

in33) K r £=   i(r.f) 

A special case of (201) was used to great advantage in the 

oscillator symnetry group l/,  to determine the ^^ interaction 

eigenvalues. The single-orbital pairing force (193) can also be 

expressed as a linear combination of Casirair operators (second degree 

ones-and all further reference to Casiu.ir operators will entail only 

this type) since, em expanding (203) using definition (195) we have, 

putting ^s -nn-in't 1 , 

= ±2C'C + i^C*"£. 

which upon changa of some dximiny indices and signs becomes 
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*. i^c-c-üy^c 
^w '7*w 

from (201) and (193). Tnerefore, 

will be diagonal in a base transfomdng irreducibly under 

The resulting states c JI be classified, in addition by 

total orbital angular momentum L »i.e., with respect to R. whese 

generatois ^q are expressible as the linear combinations 

which, through (200) can be seen to satisfy the Lip algebra 

[cQ,cCfJ - J>H^.WJU     f^rshio)    (2/4) 

coinciding with (142b). Thus, single-orbital pairing is diagonal in 

a scheme irreducible according to the group chain 

%w3  i?z^ ^ Rs ^ Ri (217) 

where by R    is meant the  ^J   | |d jreprpsentation of diratnsiou (2/.-fA. 
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The oorrespending ktt state is denoted by 

1 Eh.h.-U.WCU.-A«) w'L/O (21?) 

wherei again, os and U)  are additional labels that may he needed to 

distinguish multiplicities, if they occur. 

3b. Mixed-orhital pairing and the Rgitlgroup. 

If the particles paired to total angular momentum /{ -O 

have available more than one orbital then >CT<.      in (192). In the 

chapter on harmonic oscillator symmetry we decided to classify our one- 

particle osoillator states by  i< * C^^r^o)  instead of f^/w), 

where the former are "partitions" along spherical 'tAoa€S 

(+,-to) of osoillator quanta V * fl, ftfr"^ . The single-particle 

orbital state (creation) operator iD^f^m transforms like the spherical 

harmonics   j/j/m (ö)^ which in turn have the phase convention 

* YZ m - f-f Y,.„ (w) 
of Condon & ShortleyT ' Thus, following this convention 

(a t  v* 
On the other hand, tho state   'Omt'nj%   \ 0?    , where /0)> is a 

vacumn (no-particle) state, should transform exactly like the oscilla- 

tor state Ni^T^d/^ of (123) given in terms of boson creations 

operators acting on a ground state jo/* Now* since 

(CX*-)* —fli-»      according to (116), then the aforementioned state 
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|'T),11T tltyh&B  the propety 

and since  p^^ -transform like |t),1lT^i^we have 

But in (192) are involved the operators 

and their respective annihilation counterparts. To the complete 

set ^ J^ta (  there corresponds the complete set 7 V^ 1^%{ —— 

there being in each case T*  ^(y4-j)(Vi2) component^ Likewise, to 

the set ji")     bp^^rthere corresponds the set V-) ' ' bn-lLf >• 

The same holds for annihilation operators. Thus with 71, 17j m9 

indices (192) becomes our (working) pairing operator for mixed- 

orbitals1 

I'M* 

The generators defined in (199) now become 

®tJ eneral formulas and tables for the 2s-id shell of the 
transformation coefficients from one scheme to the other have 

been published by Chacon and the author. ' 
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w% 

(220*, b) 

where the former (symmetry) relation shows that one has 1 r(r-l) 

linearly independent such operators. 

Let us adopt the shorthand notation 

there being y= 5. W ^O^v;+2-) possibilities for each M . It then 

becomes simpler to prove that 

LA;; A;;] = 

J; /\:- +(-)''"d,' /\ui ^c-j/d.   ' i^;<"- r <+H,,,^A/' * e)'f ^'i 
•/. ^i' 

having put 'Ms 71,+^r fWi'+^f , Prom the results of Appendix 

one deduces that, indeed, the 5 fV'H) independent operators /\u 

r 
are the generators of V- dimcnsicnal rotations namely, of the group «xy» 
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The Casimir operator of R^, is defined similarly to (203) 

for  K^ as 

Rrt   (J^^A/A/  (//^...r)  (223) 
where 

and keeping in mind that u stands for (Tlflflt^t)  . Expanding this 

in a manner exactly analogous with the steps leading to (213) one 

arrives at 

R.-.   ^-ir-v-iW       (m) 
where 

refer, respectively, to the Casimir operator of Rr and the (invariant) 

particle operator; {/ is now the mixed-orbital i«iring operator 

(219) which, being the linear combination of invariants 

(p= ir- $'itf:      (^-) 
is itself an invariant in the chain lir^Kr* 

The eigenvalue 9   of the operator J_    in a ^y  irreducible 

basis is, as in (205), 

T = J[[Lfk-2« + rH)J        Y-imx»*)   (224) 
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y1 now referring to the V -shell orbital degeneracy. The eigen- 

value jp of @  in an Ry, irreducible basis will be (212), i.e., 

!f 
j^ 
2 

/*. 
^ify**"2/*) (zz?) 

K-i^'O ^ T °M  ; <=kr    -for v etretL  (220 

The various shell orbital-degeneracies K* are given in Table 

y\      SHELL r 

0 1s 1 

1 1p 
3 

2, ^s-ia 

3 2p-1f /o 

4- 3s-2d-1g /5 

21 5 3p-2f-1h 

(o 4s-3cl-2a-^ |2g 

TABIE OST. 5b, 1 

For any shell, the mixed-orbital pairing forse has 

eigenvalue (1 y ~ {|> - 1 ^ ) . henoe 
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cw5 

taking care to follow the correct AT values involved in (226). 

Finally, as each Rr irreducible representation (A.Aa»" ^K)     will 

contain one or more R,. irreducible representations, namely L-values, 
9 

one can label the spectrum (229) by total orbital angular momentum 

values which however will be degenerate. The basis is irreducible 

under transformations of the chain 

Url   Rrl    Zl? R. (^ 

and is denoted by the set of kets 

where [f j « Ihi^i'" n»-]and  (^60 ) are distinguishing labels as 

in (218). 

The effect of an attractive pairing force between two 

particles in a single orbital -f will be to lower the level A ~ö 

from the degenerate group of levels A =0,1,2,...,2^ , thus 

producing a "gap", as can be seen from the Racah matrix element on 

page "ff which we have used in our second-quantization formulation 

of the operator (r   *    B11* m0re importantly, its resemblance with a 

short-range central interaction as well as its group invarianoe 

properties warrants its use as a model interaction. The latter 
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characteristics we have just seen. Its short-range character is 

well displayed in some calculations of wave function overlaps, energy- 

levels and quadrupole moments carried out parallelly hetween a 

gaussian central interaction and a "model" central interaction 

consisting of a variable mixture of (T and a£/ forces. The cases 

covered by MelKT^'were for 2,3 and 4 particles in the ^«S~ «* nuclear 

shell uaing %  partitions If]« W,DU W,DM], £'»] and £«3 • 

Energy level and quadrupole moment diagrams for both gaussian and 

model interactions show marked resemblances at intermediate ranges. 

In particular, overlaps calculated between wave functions of pure 

pairing against those of zero-range gaussian (which with proper 

normalization reduces to a Q-foroe)  are extremely good for the 

lowiying levels arising from the partitions  £f ] mentioned above. 

Good overlaps are also found in the comparison of pure ^/ and 

long range gaussian. 

One undesirable though not very serious feature of the 

pairing force is its inability to break degeneracies as well as an 

ordinary Q  -force. One can see this, eg., in the comparison for 

65) 
N=2. given by Biedenham. 

4a. A Word About Exchange at Short-Ranges. 

At short range, ideally a  3-force, the Kajorana 

exchange operator (176d) becomes the Wigner operator (si) and 

consequently  the Bartlett and Heisenberg operators U78b,c) 

coincide. 

Treat; ent of the Bartlett operator has proven difficult for 
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short ranges, we shall thus make the not unreasonable assumption 

that at short ranges the Wigner part predominates over the Bartlett 

such as to ju.H,:.fy neglecting the latter. Consequently, the effect 

of exchange at this extreme reduces to a constant factor to be 

ignored, as only energy diffe noes arising from the pairing force 

ma-tter. 

5. Model Central Interaotion Composed of v and Q^ 

Combining the interaotion operators discussed in the 

previous sections one could therefore adopt the model central inter- 

action (apart from an overall Intensity factor V0) 

5C(P+(f-X)J&i (ÖW1) (Jio) 

with the variable parameter x dctermtoing the percentage of ^involved 

in the mixture. 

To re-stress the group theoretic simplicity of the model 

interaction constiluents (/^and«^ we recall from (16Ö) and (225) 

that, apart from the invariant number operator ^jf  , 

O^  > Casimir operators of l/j, and N5 

(f* > Casimir operators of Hy, and ^r # 

Consequently, 

cxis   is diagonal in the scheme L/j 2 K^ 

(j-^  is diagonal in the scheme M.^-^ Kr, 

The first scheme can be extended to /(r-5 l/j-^/C3-^ A^ to include 

pcrmutational and axial symmetries; the second can be enlarged 

to lif^Kr^K^JRl.  to Include sphprical and axial symmetries. 

(These "enlargementsH of the group chains will allow us to reduce 
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the number of states to be dealt with in the calculation of matrix 

elements«) If one decides upon one of the two schemes, the operator 

corresponding to it will be diagonal with eigenvalues for which 

simple algebraic formulas hold, i.e., (176) or (229). The remaining 

operator is not diagonal of course,and its matrix elements in the 

chosen basis must be evaluated. For reasons already stated in the 

Introduction we will here choosethe [/^ -scheme. 

All interactions dealt with thus far are spin-independent. 

In the following section we introduce spin-orbit coupling and  shall 

consider the evaluation of its matrix elements in the L/3 scheme. 

6. The Spin-Orbit Force. 

We are interested in the matrix elements of the single-body 

spin-orbit operator for N-partlcles 

calculated in the X% scheme. In second-quantized language this 

operator becomes, by (24)j 

recalling that f* 0*^0 refer to orbital-spin-isopin single-particle 
jt^f1 irr 

quantum numbers and C* ar© the vLi^group generators. 

The transformation properties of T^t0    voider   Ü3 will 

be specified and fully exploited. Accordingly, instead of using a 

basis set irreducible under transformations according to the chain 

(99) with XJ\  inserted between X^^and K^ as in (145), we shall 
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use the segment 

/? %r 3 I/p U > u, 
(canonical)   (233) 

replacing the segment 

£(r :> 14 ^ Ki > fiU      (physical)   (234) 

in chain (99). The irreducible representations of LT^U^Ui 

are characterized by  (h,b tn^ n^ Ilia, n«, lln ) . On the 

other hand, the weight (^ W^ W3) in JJ.  is given by 

C = % ha hu / 

K  / 
(235) 

(3= 1^,0-»• 1,2, i) 

in accordance with definition (67) and numbering convention in £ 

of Section 6. By (94a) one has explicitly the eigenvalues of 

Oj  Ci and  (J  respectively as 

w =  in. 

(^0 HT»1 (hut l,^ - A., 

^=0.,btiu4+ ^3)-(h,^M. 
Now, from the many-particle angtilar momentum operators o^a K%'h\^) 

expressed in terms of \J  generators (jj relations (142a) 
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 wo see that  oSg  «^  ^/  ^ t     will therefore have 

an eigenvalue 

so that classification by XJ2 ^ ü| with (/ji^lli*, ))„) is equivalent 

to classification by JJ^ Rz   with (^ ^^ A|t) , Bt being the 

group of rotations about the^-aacis. For conven? nee, 1st us oall 

so that our general state would be given by the set of kets 

where  ^V^ has been si^ppressed as |vJÄ £f 1   makes it redundant. 

Writing the operator (?32) in more detail 

7<r = ^i</*nl tll/*'<r't'> CC7' 
JAfV 

%*        /*/**  <nr/ T 
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r'r 

where Q* designate the spherloal component indices (1^0)  and 

the imneceasary particle index is suppressed. Introducing expansion 

(118) for ^C-4*one gets 

where the set of operators  ^^t can be Interpreted as the 

generators of a subgroup XJ^X. IJ^Cspin) X XJ^(lsospin) of XJ^r 

and XJ± being the subgroup of i4.r discussed in Chapter 111,6, The 

set   / Cart  J    "om the above ««l^a'fcions, is hereby expressed 

as linear combinations of the \M^ generators CTiTrr  » namely 

c?£'-2<ric?i,'>c;x:      (zoo) 

If one now defines a tensor (traceles«i with respect to indices a a'- I T^o) 

i^'r ää-V 

T(c<; V) =-Z<-'Vl-'>[Cr- i (l-CX* J^ 
r 

*' 
then from (239) and the fact that  .Z^ C*") ^ * ^-a'-aa' ö^ 

vanishes we have simply that 
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labelling (2|W J 1^» on tensor ^J" refers to its transformation 

properties under^X^ and Kj^iaptn),  respectively, and will now be 

explained. This can be seen from the commutators between the \J^ 

generators L,*     and the operators (240), Prom (131), (240), (37) 

(32) and (120) they are found to be 

ty1 S§' 

[Cf% Cl^r J = C^   d*; ~ <£%** 0$ (243) 

since SnQfv) ,    Since (243) is similar to relations (135) comprising 

the Lie algebra of l/^ , operators ^-'a^r   transform under XL 

like the generators ^v*" . iut these in turn transfoi-m exactly 

like the single-particle generators Ca; * ^f ^■ or, as 

where □ represents a quanta from O-a    and Q a hole from ft/ , the 

(8) representing the outer product of two representations which is 
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calculated by Little weed's rules for unitary «roupa (see HaimenEfsh.- 

ref. 3<f-  , p. 249). Hence   [(L^ ' ^V^-^r J6^  J trans- 

fonas under JJ^   like (h, hthJ)=(210) since the trace/^"^?
0"^'] 

tranafoims like (h,h2h5)s(000). Theref ore »^[/(a^'* O ^ 

transforms irreduoibly underJ/lT like (k|k2)«(21) with indices a a* 

which determine the row of that representation. The coefficients 

in (241) can be written, by the Wigner-Eckhart theorem, as 

~<k 1 cr'^l k <r><*hl\ ^ II fA>    (244) 

the superscript 1 indicating /Oan   to be a tensor of rank 1 

(a vector) and of projection ^' ~ 1,^,0 B0  ***»"&, under  TX(spin), 

(241) transfoi^is irreducibly like a "ector with projection index ö" . 

Before proceeding to the evaluation of vi£c     in matrix 

from between states (238), we require an important result to be 

sketched below* 

Theorem. Recall first of all that any vector operator 

A« (^='/T>0) o^eyfi wi*11 S3 generators cXa    (^ *■ 0 T, o\ 

c ommutation relations [£0jXti] ~   t Xti    Ä^ IX,, J? ] ^-Z« 

similar to relations (142b) between J^A  themselves. Consequently, 

the JL%.  transform irreducibly uad«r S^ like the J^^  . The 

Wigner-Eckhart theorem thus tells us that ^LM'IXll L M^>  ^ 

A  <?Ltö'lcC ILM^  where the proportionality constant AL    is 
T 
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Independent of the row of 1%, namely^ j^d w. This oon-etant .1.8 
furthermore easy to evaluate aa for M^/M^ U    and 4 s^j we have 
^L
5
 ^<i-^/Xo/ ^ LJ> .  Ye^torially. we have added  L+ 1 

to sive L wbieh appears only toce. 
For the oase of \J^   , oonslder the operator set 

^7 Jf   ^hJch obeys the oomamtation relations 

so that Z^fy transforBsi like ^t f    specifically like 
(hiHallj) S(-ZIO) or,(hVt)a(2 j) under SU3. It is easily s 

te4$ 

seen that 
since 

th«i the t^aceless operators 

Z? *   B*-i(Tr2)S; f fe*0 

satisfy the same ecaEmutation relations C2fTSx    and transfonn 
like (21) of^t^» If one is . ^terested in the matrix elenents of 

zEf* ^ ^e  chain 17$ ^ Uz ^ C/f t between the same "JX 
representetion, that is, " 

(247) 

one must consider the fact that, by Littlewood1^ rulöc, the outer 
product 
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Oi.» u y ® (210) = • • • + o».» ii" i>4+ • ■ • 

involved In (247) givts, among other •«jpzr sen tat ions, the 
\ji\\ hty n$$j twice except when ^M^ hzy  or ^ti ^ ^/i* 

Thus, (247) is expandable as the matrix elements of two inde- 
pendent operator sets which must trentform under ££ like (2/p). 
We saw that the traceless genei-ators 

ö;'S a*-i(rrc)s* (■2H) 

form one su^h set.    The  craceless operator set independent from 
the above,   namelj'-,, 

also transforms like  (21) undeJ$lA as it is e- .. ly   shown that 

—. /-.    -. Zf ** ssiW 

~    KD*    ÖS    ^   kDz       6$   * 

(3SO) 

Hence, one can write  (247) as 

/ ta hu hn I      - A/ 

K / 
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A 
nwHikh ib n\$ 

hU' Q V 

the A and E coefficients being inäependent of the row of L^. 

These are evaluated by taking ^-f' ^d maximtua weight in 

both bras and kets, i.e., for 

hit = ni^ - hi*, 

from which considerations three Inhomogeneous linear equationb 

result, one of which is dependent as 

Tr(2)= Tr(C)= Tr(<g)3 O. 

It is sifflplerj the?efore, to evaluate    A and B via the 2 inde- 
pendent equations involving matrix elements of 

21'-1^2;-2I
a     W     Zt-2.1-2i-Z 3 

These results are generalieable to the li,f  group, 

should they be required for a given problem. 
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Returning to our specific problem, the matrix elements 

of (241) between states (238) with the same Dfl^C^J^O 
in bra and ket will be, in accordance with result (251), 

where the Wigner - Eckhart theorem has been used in the spin 
part to give on the right hand side 

the faotor  < i^H i'1' WL"? -(Hi+T)   =pS4   being 
incorporated into the coeffr'cients A^< s^d ß^'g   which depend 
neither on %% ^t (the row of IX }  nor on M^  (the row 

of Ut)  . ^t do depend on Hfl^U.^^) of Ur ^ U* • 

Coefficients  /l^'gand O^^s can now ^e  evaluated by 
constructing the two linearly independent inhosogeneous equations 
corresponding TO the matrix elements of the two differences 
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(as before:   ^'- ^0 ~* ^h^      between states of the 
earns  XJi rePresen*ation    C^'    -^ ^i) on ^oth bra and ket, of 
max. wt.  in   ^L   pXJ^DXfi &ni ^^ Pr03*  of sPin» naaeJy fort 

US4) 

;, f- M^'-Ms = s'-s. 
The calculation is simple and will be given in Chapter VIII 

for the case UUk^hy) *= r30(7/0) corres- 
ponding to the lowest levels of p20 in the J^L    scheme. 

From (242) end (252) the spin-orbit operator ^t^r 

for K particles will thus have matrix elements between states 

(258) of the same  ff J «L C^h^h^)   given by 

v a,, <ux 1,'?:, /H/ | ,2(-)*43».w, v^'/ fc-^Ai, M» Or 
X<S1/Hvf IS'M^ (2-.-S) 
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But, from (141) we have that the operator 

the trace term of (j/ »  Q^t — TKC?)^*"     contributing 

with zero as before^where of couree ^^ transforms like a vector 

(superscript 1). Calain^ the second operator on the right - 

hand side of (255) 

it is easily seen that it too transforms like a vector since the 

commutator 

Lo^i-, ^vsu "" JLS ^  ^t+-$*fi yC^u 
r 

is precisely the condition that ^1« be an irreducible Racah 

tensor under rC^^compare with Rose, Angular Momentum p#84, 

ref. ( 3? y«  One is thus left with the problem of evaluating 

matrix elements 

in the basis irreducible under L/i ^ ^2--^ \Ji • Tl3ie siiailarity 

transfonsation passing from this basis to the basis irreducible 

under "Ux ^ Ro Rz 
with resPective quantum labels (145 b) 
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and given by the kets 

(ae in tqns. 176 and 177) can be applied to both sid«s of (255). 

This transformation will be discussed in detail later. For the 

moment, if one imagined it applied to (255) the result would evidently 

? !• (2 57) 

+ ^ B^^ÜW'L'M: I ^. |(Mt)a)LM^Sf Air /^'> 

^^ having the same significance ai in chain (145). fhe 

matrix elements of o(.|* and  ^V-a* can now ^e reduced by 
the Wigner-Sokhart theorem in /?^ thusly; 

with the same Clebsch-Gordon coefficient as proportionality constant. 
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Furthermore, the redttoed matrix elements are; 

< L I L Ö / I' l> 

and, forjs^ , arbitrarily choosing  Al«.® A?c * *  one has 

V <Ui0lL'1> 

where the bracket symbols   s^ Co' L ( 4/^ ^7ty >/ ^i^ stand for 

the elements of the similarity transformation matrix that passes 

a basis from 17*, } K J> I7f   "fe  ^p ^J ^ ^ i.e., 

from the "canonical" to the "physical" chain. One therefore 

needs first to evaluate (for  M^J^f^l)    the matrix with elements 
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wher« by (2?6) jC§ * C/ " G^ * Q!/- Gz   and ^  defin- 
ition (249) 

so that matrix elements (259) can be found if one has the matrix 

elements of X^ generators C« ($A'S L^O-*  ^2/3) in the 
chain Us^X/i^'Ul  since, for instance, suppressing labels 

is a typical term. The elements ^l&ML I C*/^,^ Mt^ 
(for %^s Ho-* ^3^are listed in Appendix H. Using these 
resulta, after a brief calculation (259) becomesJ (see next 
page) 
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which despite its formidable aspect is quite sinple to evaluate 

fcr particular values of (*i*i) .The inequality conditions listed 

below are the equivalent of (92) for L^ 3 L£ ^ C^. 

Combining these results—except for the last one re- 

garding the vector j(^  '  which will be illustrated in appli^tion-- 

and coupling i,+ 5  to give J  in the bra and ket of Ti^A, 

by Olebsc] - Gordon coefficients, one obtains 

after a slight rearrangement of ^"Sf ^5 ^,'/S'^ ^      with the 

aid of Clebsch - Gordan coefficient synuretry rules. "l/UifL'S'tS^J*l) 

is the well-known Haoah coefficient which can be defined as a 

sum over four Clebsch -Gordan coefficients (c.f. fiose, page 110). 

Matrix elerent foiraula (263) can be considered a generalization 

of Facah's formula   for the same operator acting for N particles 
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all in the same orbital lev A 1. 

In oonclusioni evaluation of the spin - orbit interaction 

matrices in the ^"Ö* seiieffie is reduced to; 
1) evaluation of coefficients Af$ and Us**, 

2) evaluation of the quantities <&&) UllJ^lfakJO* 
forming a matrix of rows and columns given oyflJJS) 

with only the principal diagonal and the diagonals 

immediately above and below it differing from zero 
from the selection rule L~Ltlf   L asJv 
is a vector. 

3) Use of tabulated Racah coefficients'Jj/'ft/S* LS^J*/) 
Points (1) and (2) will be seen in detail in application (Chap, VIII). 

For particular oü| representations  (^| lr%) in 

which fetsO or      k,= kxi       the second term within the brackets 
of (263) vanishes  thus leaving the problem of evaluating spin- 
orbit effects an extremely si-nple one (e.g., f^wlf\\   H~Z 
in the ^.S-^A shell, jeiltA^kJ).      is such a case "*. 

Finally, the case M  different values of (ktk%) 
between bra ^nd ket of ^5,^---whloL is outside our present 

scope -•-- is a pr^'oiem involving actual use of 3Ut Wigner 
coupling coefficients and is being studied. 
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7.  The Complete Model Interaction. 

The full hsmtltonian in second-quantization form (l^^b) 

for N particles in an unfilled she1,! is now explicitly 

i-rc+i* 
(264 a, b, c) 

and since ^^  does not affect the relative spacing between levels 

It is thus neglected. Only ^^ is pertinent. Factoring outC^+Vfi?) 

one has 

i,- -wins ^ ^ ^ + ^*J 
where the sum of the three coefficients Is obviously unity. Letting 

0x+^)*1jF,      K^k^^f x^i*/6 

then 

and since a,6 and (l-a-3) must be positive or zero for x, y ana z 

positive or zero one obtains Dive or zero one ootains —_ - ^Q 

i 

^   A (265 a,b) 

Coefficient parameters a and ß will be varied in compliance with 

(G55 b) and parameter ^ determined by a least-mean-squares fit to 

t 
i 
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the empirical spectrum of the eigenvalues from the matrix 

|<r4W(^Wi;^S;JT| ^t(tS/^)|EfHaieM^SjJr>|( {266) 

having taken Mj s J and MT  = T because of invariance under 

rotations in the spin-orbital space and neglect of Coulomb effects. 
Each predicted level is labelled by v7^ f&nä.  öf 

course Tf , the parity, which Is positive for excitations wlthi 
the Zls~1cL shell. It Is expected that f^r f     the lowest levelo 
are of  / - /, the lowest 7-#2 levels being above p AklT. 

We know that the o^/ term In ^^ of (264 *-') is diagonal 
in tbe SI^ scheme stetes of (266). The matrix elements of ^ and 
^4^ must then be coicpu^ ed In this scheme, should It be chosen. 

For the spin-orbit matrix elements one only requires the aaxianm 

weight component of the T/ ^ 7t ^TXbase. ^be whole base is 
ft/Pß    * *      '   needed to evaluate //(/ ^rbut fortimately one only needs the 

diagonal elements for the case of rT^ These details will 
be discussed in application. 

Alternatively, one could in principal choose the 

"pairing scheme" associated with the ffl^oup f\r   under which 
/(P// diagonal but not /^fand /^C^jf. Thirdly, a ^-^ 

K - particle coupling scheme1' which dlagonalizes/f^A ll 
could be decided upon and under which the matri x elements 
of tvll and |&- Jfwould have to be calculated. 

All three coupling schemes will be discussed in the 

following chapter even though only thcSIi scheme will be 
adopted for our present calculaticns and these are relegated to 

Chapter IX. 
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V. POSSIBLE CLA^SIFICATKN SOHMSS FOR MANY - PARTICIE 
STATES IK AW OSC!ILIA?OR  oHELL«   IN PARTIGUIAR 

TIffi      £S~   i d ÖHEIL. 

!nit ^ (o^ö^ group) Soheme. 

The problem of finding the irreducible representa- 

tions of X/£  contained under a given one of Jjr    is simi- 
lar to the chein calculation Illustrated in Appendix A 

for the re-iuotion   ctr ^  fCj  (^*£) • Further details, 

as well as an extensive ttble for the  «2s " "* shell, are 
12) i 

foimrt in Elliott.      Finding the  A."values contained 

in a given (^ ki ki ^  representation of J/j  ti.e., the re- 

duction J/^P Ry    t  are easily gotten by simple inequalities 
derived rigorously by Bargmann & Moshinskyw ) 33^ tabulated 

elsewhere    'by the same authors for some particular cases. 

The inequalities involved are simply 

(at?) 

where ^ is a non-negative integer.   Using Elliott's and 

Bargroann - ü'oshinsky's tables ind inenualities (267) we give 

The  L-structure of a given (k,kt) representation further 
breaks down into olasses of levels, each class labelled by a 

number K&O   and which for quanta (kt^2l^)  is simply 

/C« i»'2^ while for quanta - holes (^ ^2kt\   It is 

^•t-fcj- 23. Elliot identifies this K  with the rotational - 
band quantum number  K of the collective model (Fixture 2). 
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^ableSr.JUt coverim- t\~i  1o 1? particles for the more 

symmetrical orbitnl partitions £-f3 'm^ ^-^e lower (ener.i?ywise) 

5^ representations (if, fcz), ?or H$Sr    alt   StJ repre- 
sentations present are given. 

Some observations regarding theoe results are in ordert 

1) The maximum number of allowed nucleons in the £$ ~(d> 

shell being 4rs -2^, only M£/2 are included in Table 

since any number above that can be treated as N&I2  "holes". 

Interaction matrix elements for  K  holes differ from those 

for N particles by simple phases. "'       2) Always L^ If 

which is obvious from (267).   3) Multiple L- values for a 

given (*|iu) occur only when  ^^2 in which case the ad- 

ditional label if)  in (177) must be used to distinguish them, 

Ifergmann & Moshinsky found     the operator corresoonding to 

this label.  4) For N€*$f  (*/**,) -values appear only once 
under a given £"f J. To distinguish multiplicities occurring 

elsewhere, eg.,  N W^ilt*) Ä 51^3(40)%      additioncl 

label o^ of (177) must be made available.  5) For further 

convenience, the eigenvalues 

of the Q^/ interaction, save for the term  £ LyL^i)^ 

are given in the last column. The ^"{X ^epreoentations are 

listed in order of increaglng energy reoallintt that  larger 

A ^^lle lo>ver in energy because ^^ is attractive. Thf base 

truncation suggested by Elliot consists in taking that (^i*fe) 

lying lowest in energy --nd limiting calculation to this repre- 

sentation. 6) Finally, some »ZS'ici  shell nuclides are written 
in parenthesis under that Of 3 partition whiih will presumably 

explain its lo..est states. Kore details arc given later on 
this point. 

The O 14 rePreseritation falling lowest in energy (having 
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maximum Casimir eigenvalue ^    iseem always jjo be given 

(^«o 

where [Hjii»^'«^».! S C-fl        refer to the Young parti- 

tion. These relations follow dlreetly from the  XX weight 

operators C, 9Cz  and O^    (with eigenvalues h^  /^ and ^y 

listed in {I38K The construction of polynomials'transforming 

irreducibly according to this SUx representation will be a 

simple matter if one uses the prescription of which (79) served 

as an example and will be illustrated in detail for p1^ and 
other nuclei. 

TAW-eltt (■&• 2s-1«( Shell) 



*   141 « 

4   1   W   1 ($o) ot*m 5-1^          1 
(Ne40) | l!>2)     1 \ o,Ci)t ^mf £A So% 

(44^ 0,2.,* 1 /^^J 
(2.6) 0,1 ^^ 

i^a (70 l^tSLJ 42V3 
(F^ U*) Ctz) o&tW-tSL 30% 

m i, z, &ft 4, r 22^ 
(40 62y%4 /4 5^ 
Cs*) /^/3 10*3. 
(20) 

^f2 4^ 
tzq CUl oßt^t^ 3^f3 
Ld^) C4^ otW /^H 

(40 hhM /^H 
{16) Ö.Z 4%        1 

s C4i3 M \>tWtSM%t<\ ^H       "1 
(Hc^) m ot^%m\^)%,%t 50%          | 

\ (n$ hh&nm&nj 31^        1 
(fcO hh%^^^ 3a H 
(«4) o&f^&VSt* 3öH 

\ 
(4^ 
C43) 

i    (30 
»/2./>.4 
I,2y3 

/fh         1 

10*% 
k (2£> c>,t Lv*      1 

(«25 mtmsMH 50^ 
i   (73) hi&rM&W 51H 
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2. fha Pairing C Ar group) Scheme. 

It wae shown In (17, 3. b.  ) that the mixed-orbital 

pairing operator Q* given  in (219) and (225) which ap- 

proximates the short-range character of our central two - body 

interaction---- la invariant in the   In  Z6^ J? /?r 
where as usual r is the  v*- shell orbital degeneracy 

f« j^tOCVK)» The spectrum of (P in a.  base transforming 

irreducibly according to 71?D Kr    i» given by (229 a) and 

is a function only of irreducible representations /^fj* 

IH, >!»••• h*]  and fA, A,. • ♦ • AK) of M-r  and RY 

respectiTely.  The number >C of labels required to specify 

an irreducible representation of R?  is given in terms of V 

by (228). Che can further label the states by orbital angular 

momentum  L and projection ML   by reducing R* explicitly 

according to ^>Aj as in chain (229 b) corresponding to kets 

(229c.)  Additional s^aunetries (Pauli exclusion, spin and isopin) 

can be incorporated into the base which transforms irreducibly 
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according to the chain 

ft        N f    1    t    t     t    t 

(2 70) 

K=i(^i> rM   ;     K»^v r even 

where 6^,6 a»4 ^  respectively designate eigenvalues of 

operators required to distinguish multiplicities in the re- 

ductions. Ur? Rr *    tli ^ TJa. X T^    and Rr2> R-^, 
whsn and if they are needed. (This chain of groups under which 

(/■'is diagonal should he compared with chains (99) and (Hr<0 

under which oo ^s diagonal. 

Calculations in this scheme would thus require the cons- 

truction of the set of totally anti-symmetric states 

ICflot'a^-AKW LSI, «t M, MT>. (27/) 

Q        The irreducible representations  (A >f* ' *' AK)    of 

*r    contained in a given one CfJ* [h, hi"' hr] of    21^ 
can be derived by a technique given by Jahn*1' (1950). The L- 

structure of each AT representation is in turn found by 

chain calculations of the type illustrated before. Elliot   ^ 

provides a table for the more symmetric Toung partitions in 

the 2s-1a. shell (Pst) for H€$   particles and we here 
reproduced that table with the pairing force eigenvalues (229 a). 
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accordins to the chain 

ft N t     t     f     t      f     t 
[1H0*^] til    oi'CWc**) ^'L S     T    MU    MS    MT 

(270) 

where 6^,6 and £*)  respectively designate eigenvalues of 
operators required to distinguish multiplicities in the re- 

ductions. Hr? Rr « ^i -* ^a. ^ ^4    and Rr -* RT» ' 
when and if they are needed.  (This chain of groups under which 
(P is diagonal should he compared withchains (99) and (WS"«.) 
under which ^ is diagonal. 

Calculations in this scheme would thus require the cons- 
truction of the set of totally anti-symmetric states 

\m<l'(*>K-l*)&i*' LS T, Al,, Mj MT>     (27/) 

Q   The irreducible representations  (A 4t • • • AK)    of 
^ contained in a given one Cf]^ Cn, n% '" hrj of    21^ 

can be derived by a technique given by Jahn*1' (1950). The L- 
structure of each Ar representation is in turn found by 
chain calculations of the type illustrated before. Elliot   ' 

provides a table for the more symmetric Young partitions in 

the 2.S-1dL shell (^=0 for  Af^^- particles and we here 
reproduced that table with the pairing force eigenvalues (229 a). 
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More pronounced degeneracy in the  /.-strüeture is 

present here than in the case   21^ D    TJ3 2   J\$ , 
Typical examplet The 3 particle partition C^O  contains 

L- 0,  I* 2* 3* ^ 5"      which in the <Qs       scheme 
is broken into three levels (see Table V.1.1 ) while only two 

levels result under the fi scheme (Table V. 2.1.). 

Multiple { A, ^x ^j ) of a given [-f ]   occur only 
for /V ^ 4 — the label 0^ is then needed. 

The problem of constructing pairing scheme states (271) 

is being studied by Ghacdn at the university of Mexico. 
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More pronounced degeneracy in the  Z.-structure is 

present here than in the case   2it 2    TJ^ ^   ^3 • 

Typical example; The 3 particle partition C^O  contains 

L= 0/ I* 2* 5* 4* 5"      w^ich in the  <S* scheme 
is broken into three levels (see Table V.1.1 ) while only two 

levels result under the (P scheme (Table V. 2,1.). 

Multiple ( Ai ^t ^ ) of a.  given [-f ]    occur only 
for /V ^ 6 — the label ^l1    is then needed. 

The problem of constructing pairing scheme state«» (271) 

is being studied by Chacon at the University of Mexico. 
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♦ • 

3. The J^Y 
lfany " article Coupling Scheme using 

Uhltary Groups« 

If the single-partiole quantum numbers  p were to be 
given as (VlfH^t')  of (15) instead of (V i jfl, G" t) 
of (14) or, with more explicit reference to the osaillator, by 
Cftl'J|f'rtef fXf)       as we have dane in our work, then our N - 
particle functions of the type (79) would be eigenfunctlons of 
the single - body spin - orbit operator for N particles 

4-1 

with eigenvalues given by 

What would be the chain of groups under which the corresponding 
set of eigenfunctlons transform irreducibly? 

The largest group of transformations is of course 
V4|f, f being the orbital degeneracy involved and 4 denoting 
the spin - isopin degeneracy. If the major oscillator shell 
contains but one sub-shell, i.e., a single f  value, then one 
may certainly consider the whole space as broken up into spin- 
orbital and isospin subspaces (of dimensions 2.4,+i 
and 2, respeOtively) leading to the chain 

This chain is easily generalized to the case of f< sub-shells 
within our given mayor shell by considering the "direct sum" 

of uni tary groups  ^ 2 i- ■#-/  Where * * £ 2/ ' • V < .* 
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U^^xU^ /4r ^ <*-%* 

M1 

I 
V   0 IXUP^XU   (273a) 
0 U V 

where our notation means the direct produot 

t^-U+l 

U   0 /^^ 

V 
^»♦i 

0 
1 \ 

a lM 1 

1 u V' 

•/ 

\ 

(27ib) 
1 

1 

and    K3 refers to rotations in the full spin - orbital sub- 
space,  i.e., in representation language^o 

n , ^ C 
(Wc) 

0 'Jb™. 
while V/j refers to isospinorial space. The told spin - orbital 

degeneracv, is simply 2^ where 

In the  ^S" 1 d shell there are 3 sub-shells, namely, 

dSfiiSlfi      and d$fz     (see Figure V.III.6.1) and the chain involved 
is thus: 
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v»- Tltl* u^ 
1 i 1 

wen [31 T 

'     0   \ ^    1 XUt 5 V ^ 

0   U, t 1 t 
1   1   1 T J T 

E}'} r|"3 rf j 

(274) 

in accordance with (273a» l^» c») the irreducible representation 

labels (quantum numbers)   of the various groups being given 
below them. Notice that, as desired, our totally antisymetric 

N - particle states would be of definite J and T, 

Consider a single particle in the £S -  1 a,     shell. 

The  wtjz. Young diagram T^l is simply TlJ and its dual repre- 

sentation in * ^0 la the corresponding diagram for X^ 

(isospin) required by the exclusion principle—--thus, 7"=^., 

The particle nan be in either of the three sub-shells d.SMi 

Si^  OV O-tyi,      so that there are three irreducible repre- 

sentations, each given by Cj*] ISM 13**]= ?^'^ J'*'{>
of the 

subgroup 

1X\, Q 

0       %, 

contained in the  ^$3 ~ t'3  representation of UL\% ) 

namely, 

1<U0J:> l-}^^ (27O 

^0,1^3^3 = ^ 
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he first, second and third numbers in the brackete refer to 

the Young diagrams, respectirely, of Cik   ^ and otf. 
The irreducible representations of R^ (J-structure) 

are shown  to the right of each bracket. 

Which are the irreducible representations of subgroup 

(275) contained in a representation I^J ^ Z i*   Qi&~WJ^ 

that is, totally euitispjaetric, of   'T/i 12.      ? ^t •J-2 single 
particle states ( V^i- 'Ytl*,    ^ referring to spin - orbital co- 
ordinates for the 2,S " i di    sbell can be labelled with A* 
by,say, 

M 

in t 

2. 

% 

Z 2. 2 

% 

%  fe. "fe -^ -% 

tiSA 
/?^L /?^ 

so that the generators of  /C^ are {a^*—  ^&£k C^*'*"^'2/*"''^O 
and obey conaautation relations like (35).' An K - particle 

basis irreducible under oif^ and also explicitly under sub- 

group (275) is the general polynomial 

ZA k* tx-- y^ iö> 
of degree N. In accordance with ( T5   )» to find the 

l^\ Y, yl'A  contained in If J - H* O*'*}      one 
must require the conditions on  P  that 
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l^s o  or   i. 

2)tJ/P^ 

so that JT Is of maximum weight in ^.-and in subgroup (275). 

A polynomial of arbitrary weight for, say N = 5, would be 

labelled by say 

{ \\0\uO, 10,  Olöö { N^r 

:>ut to be of maximum weight It would have to be desl^iated by 

I mooo, io} iooo{ 

in accordance with (1) above. Our polynomial would then have 

to contain the factors bf ^ h% t b3 ,1^ and b^ ;  In fact the 
polynomial is simply 

b, b21?3 h7 y* 

up  to a multiplicative constant for normalization. A similar 

analysis would give us the other| $*%"> ^'"i     for [S]- 

CMMIJ apart from the fll^l, if  already obtained. 
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For N^Z.  consider the £//Jpartition of ^IZ. 
which has the dual partition f/Tj * fzj of JJz. implying 

that  7» *     .    The possible representations of subgroups 
(275) involved here are then: 

DQ-? VWJfijtjOjllAllfanjOilo^i} And.  10,0,11]   (2^) 

each possessing a definite J - structure. To find the 

? ?'' 1"' H #7 contained in the  fj] «£23 , £|3 « £||J —^ 

Ts  O   case, we ta.:e the external product of TO with £13 

in TAiz  so that 

D3<Sri3 s 0(S>0 =    CO + ß 

according to Littlewood's rules. Taking all the possible 

external products of (276) among themselves we find that 

f^        0 

V     0       2c4 

and subtracting (278) from this, one is left with: 

m z> ttfipi {1,1,0} \o.ifii%iA)\ fohillo^i. 
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Now, tZjOjOl means 2 particles arranged symmetrically in the 
aSj±   sub-shell,  the possible    J - values are thus vj"- ^^S", 

Representation    (h l-Oj    means a configuration    (aS/yf CSfaY 
so that, J" being   it+fa  veotorially, we have    Js^^S, 
Rien  iOflßl   contains aircply    >J== /,   and so forti.    Tabulating 
these typical results for      £4j ss f^J    we have 

TABLE      V.3.1. 

%t ,TJt V   0  %j J D 

in 

j 

T*o i *, o, o\ /.3^ 2/ 

t'/O «5 2,S IZ 

^.^"i  / 3     | 

K",   If htA* 24      | 

^o. »,  if hi ^ 

^,o,z| !       /.3 !     /^ 

where the numbers in the last column refer to the dimensionality 
(c.f., Hammermesh, p. 387, ref.  34) of the representations in- 

volvea. The D's are given in each case in terms of the Young 
partition numbers of the unitary group involved (Weyl dimensio- 

nality formula) and are the analogne of ( 2 J-f I ) for an K^ 
representation given by J, Their use provides a good check on 

the  \€fr\   ^"^ *3"'j 's obtained from a given  £^3  • For 

examp] e, in the above Table: for  f 2/ ^ o | Z>    Js   \/  3, S* 
and for which D * 21, one must have (recalling definition (273b)) 

2 1 =2|. 
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Again, the grand total of 76 must result from 

Df%>2 WTODftO = Z^D - 7« 
aiiJ 

for the £^3^W representation of V-iz» 

To continue our chain calculation, the Ui»  represen- 
tation CHI] , with conjugate X^ representation fmj« 122*^1*%* 
contains the following }$$%",   %m{*A'of  subSro^P( 273): 

\m<>i   l",hoi Vho>il iifhM ihhi]   ihojtil 

{Q,n,\\        lOtitii]     and   f^^ii{# 
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By a process identical to the one for deriving the structure 
of t^l * C2-J  in the previous example we can find the structure 
of Cj3s Till  with T » 1/2    trou  the structure of 0(g) G - &*+ 
g  and of C'Hl above. 

The process is repeated for any desired number N of 

particles and results like Table^Wbulated for any wanted MJ 

representation. In particular, we shall give the complete 

table for the case of   p  (N = 4) whose lowest levels are 

given by T =1- where one has £43* SziQ    and £.^5 - VsQ 
which implies T,a=l. -Ve included the triplet of numbers (^^if^ 

givinr the distribution of N particles amonfe the 2$ ~ici 

shell aojordjng to the configuration {ds^p* (S//^1- (cld/z)^
3 

Also, the eigenvalues (272) corresponding to each such confi- 

-uration and normalized with respect to the single - particle 

oxygen - 17 spectrum (c.f., Preston, p. 184, ref. 53) 

am  £:lven in the last column, 

,0^.3.2. Un--tUll (T-i) F" 

\% u. 2i4 (%%**) J D 
Ne*n«uieD 
ei^sfittituies 
OF 6Q,(272) 

2i\ 0 0 4 00 lj2^4tS^4J /OS 0(Ä£V) 

in i 0 3 1 0 i^^tr 40 .til 
at 

n 

1 0 3  1 6 o.«*2*3Uf5f4iZ_ /40 .m 
2 0 2   20 /^.^^r 4S- 

1 /,74Z 

nt 0 3 or o./f^s^r^ So SOS       \ 

2\ 0 2>o / ö^^tS^V -2^0 s,ot 
n 1 2 / / ojfzfsfvsfi /Jo SMI 
z 1 2/»    |  ottfzf3*4tSf&fn /# S.9SI 
1 II Iti hh%+ ^f Q,SZZ    J 
1 z /2./ ojfi*£VS 7^ LUz 
1 1 u lit ojUli^fS- 7i II. Oil 

/ 1 z. lit    1 o,fiz**W(. /2ö 11-051 

//       0 " loz   1 0*/.2t3!^5^ fo /0. /L 
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11 0 I 20% t*z*5UnH7 /Sd HXIi, 

21 
Mfi—I /r 

2.4/3 
/.742 

'1 / 
Q 

1 2// o,lj2f3>t?SU 
21 
llo 

/.742 

2 0 fl 202 i>t*5*VSfL7 /26 /O.fc 
i 0 2/ /Ol 0JH*5U}SH /ZO i /Z.Z+ 

1 It / fzi 1AM 24 LBZZ 1 
0 11 / Obi lA f /Uf3 
0 n 2 ozz h* 10 //. fö2     ] 

1 i II in O.W&itS n €U, 

0 n n ozz 0.1 i 

0 z h £2t. te* IS 
0 f u 013 0.1JW* *o 

I 0 in 1*1* . M** z<h 

0 1 in 012, l,*- f 

0 0 \    zu oot  ! h^ 1 ^ JID^. Is/fr 

Conclusion; One would naturally only be interested 

in the first few lowest configurations (see Table"Sr,3.2.) 

to carry out calculations in the M i'i   N - particle coupling 

scheme" described here. Notice that even these lowest states 

are very degenerate in J, but it is presumably removed by the 

f nd <§? interactions. Construction of the lowest states of 

the basis irreducible under the chain of groups(274) has not 

b^en attempted as we have decided upon the^SK classification 

scheme for which the construction of states we turn to the 
following chapter. 
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VI. CONSTRUCTION OF MANY - PAR?IGLE ..AVE FUNCTIONS IN 
THE SV}  SCH5MS. 

Prom elementary angular momentum theory we recall that 

there are two barlo methods involved In the construction of an 

N - particle basis set of definite total angular momentum L 

out of single - particle functions of definite X • One is a 

lowering - (or step - ) operator technique and the other utilizes 

Olehsch - Gordon vector - covpling ne/ficients. Both will be 

illustrated briefly as a prelude to .heir generalization fcrSZ^, 

The lowering operator technique is essentifilly contained 

in ('■}),  from which one can easily see that 

"hp operator   I-  lovvors the value of index M in steps of one 

and la j'iven from (279) by 

so   that  if c.-.e possessed all the jfLi functions of maximum weight 

for a given f  -■ particle configuration (*/,*i, "* »"^fi) 

one could by (279) generate the full   (2 L-f/J-dimensional 

bases aocordlnr to the row indf-x M where ~ L £  M ^   L, 

In particular, for maximum Lf   namely, L ^ *i+j!zi' •- +J:M 

has simply ^ = tj^tyuL "'   ^«* 

(5] 

one x^o cn^j ^Lt - j^ ^<%i.-'    s***» where fTom 

>1) end (52)   '^Jj. « A6i   (xj^  (^ h   Z,    ,.,,»), 
tor von -  maxjutum L*values the ^ti 's could be obtained, 

e.g., by the j.üxjv«iiie, proceaure lor <: particles: 
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The weight operation 

gives that M m   1H,+1^  as  ^ * ^o ^ ^e • A maximum 

weight (i.e., M = L ) two-p€U7ticle function transforming 

irreducibly as L * iMt, iMt'U ' ", ^,'^z   is then 

the linear combination 

where   "»n s o??, ,  ^f^. « L - 'W.       ^6 coefficients 

A^, are easily found through the fact that 

:ets then the result 

and 

Cne pet 

l/m+t 

A/in      \ Q-L+m+OiL-L-m) 

allowing us to determine M^ up to a constart Ac       that is; 
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By (279) one could then generate all the ji^ functions for 

L*  4<,^4-/, .... l-h  and - ^ ^PM   C   L, 
In other words: the full basis for irreducible representations 

L    of the grout r\<$ , 

Alternatively, to buixd I    %./H j for N- particles one 

could vector couple the first two particles to definite -f^lf' by 

and couple this to particle 3 to give 

and so on, up to the /Y~ particle thus obtaining the 

complete set ^d^ for  each ft^  irreducible representation^.» 

(Note i      we disregard the problem of antisyametri^ation in our 
example.) 

Both techniques ----of lowering operators and Glebsch - 

Gordan coefficients ---- are relatively simple. Coefficients 

<'il-rt'?»l,'m, l<^y  which refer to the coupling of two ^3 

irreducible representations ^f, and <i  to .give a third one <, 
have been tabulated extensively. Using the three lowering 

generators of T/3 and the Wigner coefficients fcr lA 

wliich have also been tabulated to some extent, one can generalize 

for vA the above will - known methods. 

1. Lowering Operator Functions. 

Prom the introductory discussion of (IV,d) we recall that 

the irreducible representations of U$2   Uz  3 T/i   are charac- 

terized byffe,]^ ^<^ . r)  through the general bra 
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(kX) 

%,*»*,v /*s 
{&s)lO>   W 

tae  superscript on the polynomial P referring to the irredu- 

cible representation of STJj     , the subscript denoting the 
row indices of that representation. Prom (235) and (236) 

moreover, the weight of (280) is given by the three eigen- 

values of Cj', C*  AiU CJ 

C2g|) 

and the polynomial of maximum weight in ^XZ is designated by 

f?^ (\H*LOCiO€t 

-E ,(i.,M 
^J^jlöX^) 

and satisfying (144 atb), remembering that K, « ^13 ""Z?^ 
and fct«fci^-4j5« 

The operation in (53) yields an arbitrary \Jii^Cp S ^ iw 
from the maximum weight   \kiy =     'H   A (^)        in    R^t 

An arbitrary state (280) in JJ    can be generated 39) 

from (282) by 

C- wntz. (zii) 
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where OC^f '   fflUS't ^e polynomial in the 3 lowering 
generators of '[L   -  namely, 

AnalOÄOualy with (279). it is desirable to have lowering ope- 

rators which reduce the representation label of a given sub- 

group in steps of one, keeping the representation in maximum 

weight with regard to that subgroup. The rows of (,k, k^) 

being characterified by three indices (%^%, ^O »    there 

will be three such operators obtainable directly from (284) 

by imposing on it the appropriate restrictionsJ The first such 

operator  /*/_ is to lower by one the first index a of XJl 
maintaining maximum weight in \Jt    , i.e., 

(}?  P      =   P 

having suppressed the urmeeded (/r, i^)superscripts. 

Now, from (144) and (281) one can write 

a: tit?-(%-»&? 

where     £  S    J; € *    A.   » tiiat i8,  o:f max:ilsim weigbt in 
TT  , These three eqxiations can be rewritten as 
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1Ä fei P = O. Cc) 

Carrying out these simple commutations using (284) and the 
fact that from (135), e.g., 

Ec!;.(d;)rj--ir(c:0 
then equation (a) gives condition Y*3 I-o< and  (b) gives 

Ay a. oL      so that 

& = j; A, (OVDK)' 
with the requirement that it stay polynomial  V^^^V^comes 

^i= A. d^i-A.^dj. 

Equation (c) then eliminates! of the constants so that 

having used comroutation relations (135). Our second operator 
must lower the second index ^ - 

Exactly the same reasoning as before leads to conditions 
ols T-0  and P~t  on (264) leaving 
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The third operator IfcjJI is to lower the third index *? 

by one 

and one similarly obtains that *L~ bf\ ß   p
m T^O so 

(284) here becomes 

%M Ä ^ l ^a. • 

The operators (f^j;  ÜCjand (^nr are precisely the 

X/i^vaPT/i equivalent of the normalized operators JLr 
mentioned on page 43 in relation to the canonicaihain cJ^^Uf^i^ 
^,,*^ ULi.    They have been discussed thoroughly by N&gel & 

45) 
Moshinskjr, who BISL obtained the normalization constants 
for the general case of Z^p by im  elegant method relying 
only on the group and subgroup generator commutation rela- 
tions. The normalization constants here are /t, n^ and J\ 
and are given in the above reference allowing us to write 

in normalized foin. As before, the upper index on IÜ. 
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refers to the representation label of the subgroup; the 

lov/er Index designates the unitary group order iaunediately 

before that subgroup. 

In conclusion, the full base of the lowest - energy 

{J^  irreducible representation (*»*iJ within a given Young 

pattern C'f J can be generatea by operators Jjj. X-U and Jf t 
of (287) in the chain X^K > If.  The desired ffj symmetry 

function of inaxiinu;; weight is constructed by prescription 

(79). The (fe,i!lt) representation corresponding to it is given 

by (269) which is the one lying lowest in  energy and of 

maximum weight in X^»  O»6 then applies (287) to build the 

full base but with the X^ lowering generators  Cjr (tf'^ff"^ 

replaced by linear combinaticas (138) of CA^r   lowering gene- 

rators &L (/t*/4')   whi.;h acting on a Oufs       convert it 

into E   if. .      ^hus, making that replacement O: e has the 

normalised lowering operators 

t.- 

t- I—SrVpiy 
(K-wOCK-teiK 

{ei+nihüti)  {W*M 

^" wikmW^® 
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which "by definition accomplish the following! 

the row (^, ^»^ tt)    of (fe|I?*,) from (92) being subject to the 

conditions 

analogous to —jf^T/f^^       for K^^ "Z*     Jus1: as thB 

latter gives a diiaensionality of (j&f+fy     for the K^ 
irreducible representation <, one can deduce ^^   from (291) 

the dimensionality of a given (Aift) ofjü*, 

TO) 
this being a special case of the vyeyl formula    for ^(r, 

2. Alternative; oI/3»Vigner Coupling Coefficients. 

We recall from (237) that classification by the cano- 
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nical chain X/^JJ^^Ul  with a ^asis set 

was equivalent to classifying by [J^^U^nz  with tasis set 

« a HI      where Wt - ^•J'^I*^»  is the projection 
of the total orbital angular mowentiun along a given  2-axis. 

Taking the generators  Cj C^ C^i and ^» ot  Uz   i» ^^ 
three linear combinations 

if ^^ 

one can directly verify them to be the normalized generators of 

SUx    (hom'Oj-iorphic t6 ^.) since, upon using relations (135) 

ITTtl]=tTtl ;   nv,,T?l] = ?X 
irre- is a Lie algebra identical to (142b) of 1x3 . Thus, the i..„ 

ducible basis of o L/r-^ «ri 0BXi  fee characterized by the eigen- 
values of T and  "|^ , say  l(t+0 and T^ or by the kets 

\ixy  in analogy to the U**} of  1?^^ J?^ . 

One can immediately find that 
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T--t .-t-l, ..., --t 
so that our base can be designated by £* 

&*) 

ft.fc.) 

The outer product of two iri^ducible representations 

and ij^   *  of     fV^ gives the well known Clebsch - 
Jordan equation 

£(%&^ £a*v+ $**-»+... / £«-v 

where -f* means that the resulting irreducible representations are 

of the form      ,     _ „, ^ 

S%lb(U)~ 
0 

^ 
9,4-0 0 

The basis of a given irreducible representation £* *i+<i. 

For unitary groups, the outer product of two irreducible re- 

presentations labelled by Cf 3 and f-f'J is 
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where the resulting Cf 3 * W»!, £-fg,3, ».♦  are deterialned by 

Littlewood's rules (See Appendix A   ) and the basis transform- 

ing irreducibly according to a given resulting ff3 is in prin- 

ciple obtainable by generalized (Clebsch - Gordan, or ) Winner 

coefficients for the unitary group in question. 

In particular, for SÜ% one  has Cf'l^CktkijB.nä l'f J* 

(^ *t! /    wbose rows are respectively given by ^^t'        and 
an ntt  <£»   so that the full base corresponding to a given 

Cki ktS   res^itin« tromfa'kC)(£) (k,"k£)     shall be ^ 

pfkM = (2%) 

n(kX)   nCkX) 

in analogy   to  (295)for   K^.   The Wigner OU$ coupling coefficient 

factorizes into paxts referring to  5X7^>sS"Ük and S^L^Pa.» 

(AT) 

the latter factor being the ordinary    Olebsch Gordan coe- 

fficient widely tabulated» The first factor in (297), called 

the reduced Wigner oI3coeffiaient« was obtained by Moshinsky 

in closed algebraic form   ^'and extensive tables for them 

are bei 

Mexico. 

are being prepared by T. A. Brody  '■L' at the University of 

To construct a given N - particle basis transforming 

irreducibly under jJ^XX^TJi  one coul<i use (296) and (297) 
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to couple two particles, then a thi^d, and so on up to N 

ptrticles. The one - particle Young partition f{3 of ^C^, 
contains one and only on© OLA  irreducible representation 

(ktk^  -(y0), where r's  i(^^'X^+2),  (Tie dimensionality 
th. SX^ representation is, by (292),simply 17 

. t imensionality of £/3  of Zir   i3» ^y tlie weyl formula 
for ^^ also r. )  For the Zs~ld   shell K** t states, 

those given in (137) single-particle quantum numbers i* "> 
^1'^%,      Conditions (?91) tell us that, since 

then ^ 3 O    ana 

r,= 

o 

sorrespondence between 

will define the 6 states M-> ^4,. r; or A 
recalling that f* ^~£C$I+#1), The co 

set  (?}, yif yi§)    a^d set C^, ^. t^ is one - to - one and is 
given in TableIT.l.t . 

TABLE  VI.2.1 

M i z 3 4- r (* 

Wi% loo no 101 Ö20 Oil 002. 

%xt ZOI zoo /o& zol 10'k 000 

A, 4 4 ^ 1 *s K 



- 171 - 

In the last row of our table are ^iven the single-particle 
functions? Using prescriptions (79) for TO of  fct^ one 

gets 3p« t>,|  ;    which by (138) and (144) is of maximum 
weight in "{J.  no that 

%=   Oip s    &&(/*"*"> C^<,0 

the remaining states labeled from 2 to 6 in order of decreasing 
weight C'^i^r'W»/  will thus correspond respectively to C/kS}** 

(2Ji)(%OC4-jl)CS/0(C,0* (These could also be obtained by 
successive application of lowering operators (289) on maximum 
weight state (298) . )  As in Appendix A, we shall use 
the simplified notation 

K is a permutation of the indices  Sj Sj. * • • Sr v/nere  A- 5 s.s,. •'• s 
so that  A..',? J is antisymmetric with regards to 
spin - isos ,n indices S     and,since the   ca^  antl- 
commute, symmetric with respect to permutation of orbital 

indices U, In short, a rorm ^ A*^f        » ^y» 
transf f rms under 2lr   like Jf J« f3J ''/*     and under JT 
like ff J« f/ll3.    Thus of course, ^« «• |+s# 
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To couple two *2$~1c( shell particles ono has, by 
LittlewoocMs rules, inSt^ T 

(zö)G>C2o)- &c)i- czz) + C$0 

of which (40) and (22) are contained in 1^3 and (31)c£/i3 

(see fable V.l.i ). Representation (40) is the lowest - energy 

SÜß representation of both O and /r'*.  Should we then 

construct the base in (ktk^)=  (40) by the ffigner coefficient 

method (296), our states P.JL.     wc^ld be linear combinations 

of ^Qj,« Qu*   which terms would have to be regrouped to give 

terms of the type Qyu*  » that ia» of symmetry T-fJ* T'J 
under U.y ,     If the permutation symmetry is maintained 

throughout the whole construction however, great labor will be 

saved. Thus, to construct   R - -. it is preferable to use the 

lowering operator method beginning with 

'40, Z 

which is of m ximum weight in  t/5) Ut 2  ^f, The symmetry 

Of J* C2.3 shall then be maintained throughout as operations 

(289) affect only the lower indices of  A  without altering 

the form A* . 

Efficient construction of an N - particle TTj^X^}!^ 

base for a definite   (Ä?| ci) contained in a given /"-f J 

partition requires an adequate combination of both methods 

discussed above.  By expressing N - particle states in terms 

of determinants of the type (299) one avoids destroying the 

permutation symmetry of the desired partition C'/J, 

Consider the  N » 3 particle partition£JCJ ar Jf^i/J, 
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According to formula (269), the lowest - energy ^JJ^  repre- 
sentation contained here is (kik^)~ Ol Z).     To construct our 
8 particle base £aar  we Prooe6d s follows: 

1) Construct by prescription (79) the maximum weight 
polynomial for («i ««,) = (8c)» this being the lowest- 

energy3Z/3rePre3er)ta'ticn contained in Cf JÄ T^J. 
Applying lowering operators (289)» proceed to generate 

aa     This is simple since here 
ki^O,    Each of the Dtt^) ** 34» polynomials (see 
formula (29^) of the full base will be simple linear 

combinations of terms  A^,, ^Vwith "BP^etry £if3»ff J, 

2) Repeat the process for (Jfjlc,) W«0) which is the 
lowest - energy SXJ3 representation contained in 

Cf3* r33|i.e., construct the K
1^} — 28 polyno- 

mials p(^ . 

3) The lowest (fc,^ o-f Wa C433 is by (269) equal to 
(11,3) so that we then couple ranxi+i and 
f> Atf) — 3* *•• w 

e*a»t*    obtain-d in (1) and (2) by (296) %>:■  give 
us jp«C"'P, These will result as linear combinotions 

of &/,/*M &fWMl with 
obvious symmetry f^1x— r4Sj# 

/ 

_„ ...,,..._ ,-.J). Th..,. 

*t ^ maW   as desired. ^ 

4) Finally, couple  ß^^wjLth -&or# of 'rable   t0 

glvs  f? J    by method (296). ^hese are linear 
combinations of 

and of sym etry £f jV^-O^ 

Notice that penautational symi:.etry has been mainteined in each 

step. There will be UCXA) =  195 polynomials for (k, k^) 
= (11,2) but one need only construct those ^»*r with t* non- 
ne«:aiive as negative values of mtr

s 2-X       are unnecessary to 
calcuj-ate matrix elements of a cen+ral interation like pairing. 
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3. Eacplioit Conatruotlon of the ^ Base for Lowest 

In  p** one has 4 nucleons (1 proton and 3 neutrons) 
in the Zi~1d,  shell. Lowest levels are thus given by T«l, 

■The most symmetric Young partition of N = 4 with conjugate 
representation containing Tsf is, according to Appendix At 

Tfl » C3l3.    The lowest energy (k,kt.)  value contained 
in f3l3 froxa  fable 1.1.1 is (71). Contributions to the wave 
function proceeding from higher-energy ^4r,^t} values of 
will be neglected (Elliott hypothesis) in our calculations. 

The polynomial basis -ti*t ^ jP*'        is caaposfa 0f 
D(X/j.v70} s 63 polynomial components of which only 35 possess 
T non - negative. This set of 35 polynomials was constructed 

separately by both lowering - operator and the combined technique 
explained in the last sectiun. Identical results were obtained 

but the combined technique involved much less labor and time. 
Since the chain of representations  f3<3^C7l)  is desired, one 

starts by using lowering operators (289) on the maximum weight 
(kiki')  = (60) function of symmetry £sj % 

IP s -^S ~ ^n bn b^  Ä 4, ^M 1 

in accordance with (79) and definition (299). A set of DftS'TtO)) 
5= 28 nornallzed polynomials is generated, each of which is a, 
linear combinaticn of terms £V,^  • The longest polynomial of 
this set was, for example,   f'/ 

{Incidentally, this (w,«i) = (60) base corresponds to the lowest 

energy 3TL representation of p '). 
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Next, we add the 4th particle to our 3 - particle 

ß       using SU^ Winner coeffi-iente. The fourth particle 

is' ^ Cl?|let)  = (20) so that 

(LÖ)$(zd)« ($0) f (71) + (u) 

s correa- 
Z0 

where the first, second end third resulting (Ific») value 

pond to the lowest en^rvyoUa representations of Nc    . F 
040 

f  respectively (see Table V.l.l). We take the (71), and 

thus require theS"C^ reduced Wigner coefficients 

<ftoH'o; Cao) tfo) (71) $,%£> 

which are available in Brody's tablfsii'i' One also requires the 

ordinary Clebsch - Gordan coefficients 

<i't'-tv|tt>= (itx' ii t«Ufvwr> 

whinh are also tabulated in various sources. Then bj (296) and 

(297) the  F*0 lowest - energy XJ^Tlz^^z   ^ase is gotten by 
evaluating, for T-^Ö, 

^H-OJ^^CTO^^J^i*.' i%: x't"|^r%)t>X 
*!V v*' 



-  176  - 

x rvot. CA;^) %.„, (A;,)      O«.) 

where single-particle functions      ItfoZ* are "those of TablexT,^. /# 
The  35 polynomials   R I'r of t^öare linear comhinations of terms 

A A.,    (which have  symmetry   E^G ) •     let us abbrrviate 

I if      '31 

A^. A^.^   s    fr,/*/*/*) (30|) 

as the upper (spin - isospin) indices are identical to every term. 
The polynomial P 'resulting from (300) is however 

A» A125  1 A1 A,2S 

since (as is easily shown) Zi| tJan Ä ~3 A*» ^J in • Prescription 
(79) allows us, on the other handj to construct this polynomial 
immediately as it is of maximum weight in OK namely: 

which is moreover normallaed . Thus, in view of (302), we must 
multiply by 15/2 all polynomials resulting from (300) in order 
to obtain a normalized aet. Moreover, the number of terms 

A i  A i 2. 3> n(v} 
l±ft üku%MyU4     resulting in each J^*-  from (3CC} can be 

reduced by use of the following easily derived identities: 
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for 13-0 is given in ""able 
where ^S(^tt).u...^ 

T A B L 15  VI.3.1 

(303^ 

^.^t      |r*iiC7i^^TjctH3sSif/Wt-s,rscMTst>s ^r ^> 

ti-h   Q> 

tob  ® 

7i2   (3) 

511 ® 

toz   ® 

tfenO 

^[3(ViO + CM")] 

ii|l3(2^")+(4.ii0] 

-24«? 
[ 12(2,^0 + 7Cz(S#3») t 4(V2l) + ^^0 ^ 2^«)Mfi^")| 

j^^2Vl(5^2Ö-f H2(C>2n) t (C^iO +ft sr»)j 

402 ®    i€lzC^^+ 2(4>330 + UM] 
7,1   ®   ifeI?'^n,)fzr^'')+^4,/^ 
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® 
fll 

3ii <3) 

^!   m 

'40«     ® 

I" 2(3 M))  j- (MlQ   t g-^/Qj 

J^[<2(!>/432)t I^ft33£) t^C^O "f ^51) f f%6r;)f 2^0/5) 

201   ©likl^^)^- UMÖ 
no m 
Bio   (g) 

2tfg [ 2C*,ZZi)t 2(2,42/) -f- ^4/0j 

310     Q 

-^T Ü(s^li) - £ (^SZt) 12(4,332) - 2 (4432) + 2(4,^Z/) 

H(^£zjH5gfe43g +£(3^41) -MW^Q ^ 2(2,3-5-/)-^442)]! 

HO     ® 

400   Q 

^[C4,Ul) - ^.433)- 3 C3,443) t (4,440 f ft ( €^31) - ft(% ^) 

t3(^l) + (4^r/) 4 2(^S-33)_ 

4 [^443)-(3,44s)] 

^[V2(C,2Z2) f 3(5322)f 3(3/2^ +31(2(4432)f 31^4^2/) 

4-3^ (S,Sif) 4 3(^43/) 4- 3(3,54»)] 
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400     ® 

200    0 

fcl|   @ 

^[zC^^+dza^z)] 

7ö| @ 

i5g[iia (2^11) + 8(^111) ^3(1(5,2/0j 

^[sVi^^O + CC^;/)] 

S&f   (g) 

tl!   <g) 

4I-I- 0? 

£^|2(*.S3l)  ^ fB^/j) +2((>l5(0] 

^[4(2,333)1- fS(2,4^) + ^32/)-»- 3(44^)] 

+ 30fcl>^0 + 3(^4/1) + 2( 3^3|) 4 (^nOj 

ufe I ^^azO +1(2(^2//) -K^^/Oj 10%   ®    J- 

601 ® j ^21/1^332) 4- 216(3,(cZl)+ 4€^32/) + 2(^33/) ^ tf4 ^i/) 

301   ^TS ^01 2(6,333) + 5L5tUi)] 
4,£   ^ j iziiS I ^^^O - 4^3,222) 4 42112 a 32/) 4 ^(3,42/) 142^5*0 

4,i ®|^[3^(2>t32) -3\fiaUi) + tälWQi-WCWij-C€0M3) 

+ 2(\£(S-,f3/)4 3l£(3yrr/)j 
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2\i<3 

soi<S> 

^ [- twi) - mty + k b^_f 2( ^j -^»^tojl 
^[2ß^i7.2)+^za^UßO^D+s^J 

3i®tee(Ä+ efel^m^ +2(ts33)+KM0j 
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The base jl ä-. given In terms of LUi-/(»iUi^)13 convenient as 

any Interaction operator is expressible, from (35) and (36), in 

terms of operators fa     which replace 2^ Di Mu that Is 

$Vv«»AA>" (S"/>/'/*> (304) 
ßJ^CfaJtt/h/**)* O,   etc. 

To construct the base for any niunber of particles N In 

2s-ld shell with orbital symmetry Gfi and associated lowest-energy 

Sü3 representation (kj kg), one can proceed in the following 

systematic fashion. If one has the bases for ^1,2,3 and 4 

particles with Tf 3 (^ ka) = [i] {2Q\  [2](4O), [3](6O) and [43(80), 

respectively, any £-^J (iq ks ) for any N can then be built by 

appropriately combining these "elemental bases" with the aid of 

SUg Wlgner coupling coefficients in accord with equation (296). 

The ri](20) base (017 and F1?) is simply given in Table VI.2.1. Base 

[23(40) (Oieand P18) could easily be generated from ^ft*0) = b^ b*8 

(of orbital syirünetry [23) by the lowerlrg operator method (290). 

The [33(60) base (F19 and Ne19 ) can likewise be gotten from 

^pO») = b^ b^ b*3, of orbital symmetry [33 (See VI. 3). Finally, 

the base [43(80) (Ne30 ) follows JpH8^ = b^ b^ b^ b*4, with orbital 

symmetry [43. By formula (292) the respective dimensionalities 

are 6, 15, 28 and 40 but, as mentioned before, one may restrict 

oneself to components of the base having positive M  row-index 

values. A few schematic examples follow: 
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C4IC80)® 143001,2)-   ...   f-£443/3 02, 3)f-  C4^) 
C43ao)®f4jr8o)» ... t (?f ^j 02,4) + • • •   C^2*) 

f1X2o)^ £4430^4) «...+• 1440(12,$) + ...    ^ ^9 

WC4o)(g>C4430^4.)«  .., +C'HajOi,0+'..  (Mä2*) 

£OC2o)(D£44e]O0/)^   ...    -f-£442002,4)+ ...(4^ Sc29 

^c. • • •    tic. • ••  tti. - - - *   •   f 

Global studies using the S\J3     classification scheme can 

thus be carried out for several nuclei at a time, leaving as much 

as possible to the computer. 
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j CHAPTER 

VII.  PAIRIHG FORGE MATRICES*-y 
.5 

The many - orbital pairing force matrices in the 

physical (angular Diotentum) scheme >t^ 3 v/j J> K3-^ ^a 

for a single oX^representation (ifiilf^Sfor 11  particles in an 

oscillator shell are designated by 

where ^is the pairing force operator (219). Since(^was 

assumed a central spin - isospin - independent operator, then 

tX2(P3* tS»,(Pi~0  so that (Appendix P  ) it cannot con- 

nect different t," values in (305) and is moreover independent 

of the row Inbel Mc» 

In the canonical scheme /lrOt^t/2-Xfour matrices would 

be denoted by 

v/hose elements can be evaluated readily if states | J-fJ^vk^} 

^«^a. ^tX are constructed as shown in the previous Chapter 
since the effect of operator (219) on these states, as well as 

the resulting scalar products» is straightforward.  This will 

be illustrated shortly. 

In view of trensformation (l.l) of Appendix I, the 

passage from maV ...3s (306) to (305) would then involve the 

similarity trrnsformation 

|1$\= ll£llx|l(JVII?(l, M 
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the Kj and (/^ subscripts referring respectively to (305) 

and (306), and fl<i| standing for orthogonal transformation 

matrices of the type (X«9) 0^ Appendix I. 

If, however, tA)~U)  in (305) which is the case 

for the (K<*I.) = (71) of our present interest the matrix 

is diagonal and of dimension equal to as many I - values as 

are contained in ftit»/ Hence, in view of (307), the sum of 

the eigenvaluesof P, which are labeled by £, , is simply 

1 ' (30?) 

Tv |( <m *■ ÄW %^K.\ f f *u(k, k%%> Ky\\ 

so that only the diagonal elements of (306)  ?ed be caloulatea 

to* obtain the eigenvalues of (305) that will figure in the cal- 

culation of energy levels. Matrix (306) is explicitly reduced 

into suhmatricrs labeled by M^s Liwf, Liiu^"1> '•'.> ^ $0 
(where  Umax = kt ) and of dimensions equal to the multiplicity 

of each %. involved. Matrix (305), whicb is diagonal, can be ima- 

gined to be ordered into groups of diagonal elements labeled also 

by the Hjb,   Then, according to (308), the eigenvalues ^ of 

associated with a definite L     can readily be found through 

(30«}) 

We now turn to the evaluation of the diagonal elements 

of (306). Applying the numbering convention of Table W,«Z». 1 

foruf (^%%) to pairing operator (219), which is bilinear in 
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fAy   group generators Wu.     defined in (37), one obtains 

+
K'^ r cc* i:c+cß- Qii-a: 

- n -c:A C fC- /) + r i' &'- 0.    fr*) 
Recalling (304), the effect of this operator (f   on states of 

the type given in Table VI.3.1 is clear; one must be cai^eful 

to use the same numbering convention regarding /{ for both ope- 

rator (P and single - particle states X?/^ as i21 Table VI.2.1. 

For (ICiki) ■ (71), operator (310) must be applied to all 35 
polynomials given in Table VI.3.1 to get 

(PlCflaftW^M^ (Pf^fA),. A,^) lq> m 

for all 35 cases. A typical result of (311) for the polynomial 

with 3i3tt * ^'J  is» having used simplifying relations (303) 

and regrouping terms, 

(PM ^ kii ^^^ ,7(5'33/)- 1(z'6l{)-^ ' 7Utei)   , 

where as in notation (301), e.g., 
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(3,5*1) =   V  A 
lower indices referring to orbital and upper to spin - isospin 

quantum numbers. Multiplication of (311) on the left by 

will result in only a few different elemental scalar products 

of the typ. (A'    A;* %, A* AÄi)S O'/WM 
which are simple to evaluate with the aid of anticommutation 

relations (12) and defirition (299). Calculation of diagonal 

elements of (306) for (ff|fet)= (71) required only these 

(W*/<>/*//!,/l/>U>,)glven ^ the follOT'lnsli8t: 

$ .i 

(OL^bcl&,tk)-lz (a>ec/AAcc)=-4- 

m 

If in 

JfitMifaM   Kiffers from fhe *** fi, fix/A* JU* ,   in «^ 
ordert the elemental scalar product vanishes   because of (11). 
To finish our example for   %$%x ~  4f3/2.      wi+'b (l?f tt) 
= (71) and   tf] «C2>0,        ^   ^ being unneeded)! 

-4 n 

+ 3>1 k&lfaw) 1 
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= 5ii[-4,<M,7,3'2'?-2'7j S'lö-2 

Calculating the other 34 diagonal elements of (306) in a simi- 
lar way and then using (309), one obtains the following eigen- 
values    jp4    for Z.«/^..., 7 of (305): 

Fi^nvalues of ÜthatitilHMtiahiSL*^ 

S    |    t (m 
constituting five different levels ehe highest of which is 
degenerate in  /j « 5, 6, 7. 

In cases of certain (Afi^) values where ^Oi'in  (305), 
the trace technique (309) would not suffice to obtain all the 

-*£ eigenvalues as then matrix (305) is not entirely diagonal 

and would contain small submatrices along the diagonal for those 

L~  values which occur multiply under the given («fffw«  These 
submatrices would be of dimension equal to the number of U)fjL 

that occur i'or the given L      ^nd to obtain the corresponding 

eigenvalues ft^ df flv ///?.  the similarity transformation 

(307) would be applied explicitly upon |(rJiT for those iHc- 

labeled submatrices of | G^jjjf containing non-diagonal terms. 

The resulting )| (r/|^ are tiien diagonalized and the jß^i 
obtained,  A typical instance of this UD^U)'  situation is found 

in Table      for ^ with Gfl* C441, (k.k,) « (l^ 4) 

which contains up to three - fold multiplicity in the Lr 
structure, that is ^ OQ £. Q)'-j?CO* 

Result (314), after coupling each /,-value with the 
associated total spin S - values of each level to give total 

J  , will provide diagonal) matrices with elements 
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where the latter matrix element is identical with those of 

(305) as (f  is spin - isospjn independent. This slement 

moves outside the sum since it is independent of row labels 

/^t. /Hv  Mt,   /Ms    so that  by Clebsch - Gordan Coeffi- 
cient orthogonality 

^tflCkiWto'L; CfJ5T| (Pi Cf Jftt^wL; £|35T> 

being independent of row label Mj   .  Matrices (315) with 

rows labeled by L and S   shall form part of the total in- 

teracts on hami-i-tonian matrices whose eigenvalues are t^t  ener- 

gies of definite J and T values. 
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CHAPTER 

VIII. SPIN«ORBIT FORCI MATRICES FOR P80 . 

To permit evaluation of the spln-orblt Interaction matrix 

elements (263) in the SU3 scheme one must evaluate coefficients A5»s 

Bfti5 and the Umple matrix of elements ^k^Ol't'/lX I At*) CUL^. 

This will be illustrated here for F90 j extension to other nuclei will 

thai be quite straightforward. 

Coefficients fi^ and t^ being independent of U3 row 

indices ^(LYl and of U3 (spin) row index ^ , conditions (25^) may 

be imposed on the two linearly independent Inhomogeneous equations 

resulting from the application of (252) to both operators (253 a,b). 

typically, 

<m^^)i1htfli1-^;/6
,S's'r|^i:fc2!);.is..s)-lX^o.';is..olx 

* je« JiKkX) »>. •»». f ^ ^; /sss T> 

and similarly for (253 b)j the (hj ha ha) labeling of 03 is here 

suppressed for brevity DU the right hand side. The operator on the 

left is by definition (24l) 

irt   Jt^^^l (317) ^<*\ Vsl^"^ [C^- CittJ* 
rr't 
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and similarly for (253 bh and of course 

K'l^kV *\f<ilr'S'-S\i<r> 

by the Wlgner-Eckhart theorem. Moreover, from expansion (240) we 

have 

while 

(318) 

(319) 

<^c^> =<%* %\ c^h!^%> = ^ (320) 

from Appendix G. Combining these results carefully one arrives at 

operators (31?) expanded In terms of lU generators O^* (§,$* 

= 1,2,3,4) and (u, v*  = 1,2,**', 6 for r^). That is, f jr S'-S=l 

say, (317a) shall be i[ €% + C^ + C|^ Clt] ~ ^[Cf^ 

The ket states on the left of (316) being of maximum weight in üa 

may be designated briefly as 

the first Index referring to total Intrinsic spin, the second to 

projection of same. Now, operators Rkl of (18O d) related to 

cartesian components (k, 1 = 1,2,3) can be case in spherical 

component formt j^, = ^^JM^jH^p C?* 
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where the Pauli matrices now in spherical components are 

with rows and columns given by     ^*. <r - Ka > ~ 7i    and 

similarly for /»^. (^* h^jT)  with rows and columns given by 

T t' ~  H%   ' Hz '   The oPerator 2Rfo ls then 

in terms of U4 lowering generators belonging to the set (6l), It 

Is the lowering operator for total Intrinsic spin S, I.e., 

and moreover keeps the result in maximum projection. Likewise, 21^ 

would be the lowering operator for total isospln T. The case of P80 

Irvolves (^ ha hs) « (710) and from Table VI.3.1  for S = 1 is simply 

and consequently 

Evaluation of the left-hand members of equations (Slö*) now follows 

easily. On the right hand side we have, from {ikk  a), 

and similarly f or C! -Ö- Furthermore, by definition (249) and 

n im b) c- c- (c.'r- (CtTi- a- c. condition ,_. - -, m^.      ^m   _- % ^. ,    -   ,_, , . ^ ^0 
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and similarly for tl| - tfe» sc that 

and likewise for0| -Q^. Finally, for (hj h8 ha ) = (710) and 

S' = S = 1, say, equations (316) reduce to 

1 = (fe A,, + to BH) ^        i = (A(1 +2 B,.)4 

from which follow ^j and Bu numerically. The cases (s% S) = 

(1,0) and (0,1) then involve use of operator SR-j^ as Indicated before 

and the complete results are: 

TABLE VIII.1 

Notice that the- case S = S' = 0 does not appear as then matrix 

element (263) vanishes, since the factor ^31 ^S f * (S'Afs^ 

would be zero by violation of triangularity. This reflects the 

fact that spin-orbit Interaction is zero in first-order for singlet 

states. 

To compute reduced matrix elements ^(kikjtö'L li^lK*i*i)Utl.S' 

recall the second expression for it in (258) and algebraic formula 

(262). Transformation coefficients <^,^a>(lf|^iM^l)a)^^:> 

form the matrix dlagonalizing |[ ^fck^^^l^lffci^^iM^llf or 

JMJ.» 1 ?  t. €.  j for (ki kg) s (71) the former matrix is (1.9). 

Thus, one begins by constructing | ^fct)^^/j^^fftif») f i^W^ 
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^ 

for (ki kg) = {71) and M^ = l by formula (262) which shows that our 

matrix will have many zeros. In accordance with (258), the result 

is then transformed by similarity with matrix (I.9) to give 

l\^C7l)UilJC0 1(7/) IJ «/(| which has non-zero elements only along 

the principal diagonal and the ones contiguous to this above and 

below. This results from L» =.t+!f which implies 1^ = L, L+l. Each 

element is then divided by the appropriate <Mfö/l/f^ coefficient 

and the final result is: 

TAbLe*SK.z 

MAT*,* U(kkr)Ml\&)i(k.kt)u}Lyi ^UK7'i*>.a/( 

4 

4 

7 

5Vz 

ttfvF 

-M2/3 

2> 

Lt 
3\/ 

%5 
7 

3 V 3r 

tOl^t 
/S" 

-*Hrr 
Ik- 

farbor 
/2. 

_4S1S-*I307 
2>(* 

"M Hi7 
swn 

si   17« ^JF 
«♦^ 
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In conoluslon, formula (263) can now be used to construct 

the matrix of spln-orblt interaction «/p^for a given StJ3 representation, 

wherein tt)«ll) automatically, the results for P80 with (kj k3 ) = (7?) 

•e thus:   US it 

J=0 -3/4 

71 
M IS 

J^l 

t-S 10 II 

-M 
21 

'ty 

_l 
tä 

H 
-2, !/3 

(.5 ^^ 2.1 31 41      I 

0 ^ 7 4 "^51 

^ 
^1 O 

J=3 -J7M f\/^        1 
-11/12      f 

l-S 40 31 

Ä 

J-4 

4 1 

IS 

>^Vb 

5" I 

,71 J=5    i^ 
_"/, 

US 40 n Cf 71 

0 » 

^/7a Jtiaun C? i«.Tr 

J -L -M/^ 

- '77 
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IX. PREDICTED LOW-LYING LEVEL STRUCTURE OF F30. 

The Interaction model to be used was discussed in 

Chapter IV with special emphasis on their group theoretical 

symmetries. It should be kept In mind that prefers to orbital 

pairing as explained in IV, 3.> and 0. to orbital quadrupole- 

quadrupole   extension of the former to Include spin might 

provide a more realistic type of pairing but would introduce the 

symplectic group Sp6 instead of R8 and force us to use a ^^ 

coupling base. A linear combination of our yf'and CßT may be used 

as a model for central two-body residual forces between extra-closed- 

shell nucleons and evidence in support of this was cited at the end of 

IV.3. Regarding exchange effects, an exchange operator^ taking a 

simple form at long ranges as discussed in IV,2 is employed with 

the 0. portion of the model which approximates long range. Exchange 

at short ranges, i.e., in association with ^ is neglected under 

the assumption of predominance of the Wigner component (into which 

the Majorana collapses at zero range) over the Bartlett component 

(into which the Heisenberg collapses)   for a Rosenfeld mixture 

the relative intensities are 80 to 20^ respectively. To this is 

then added the sincle-body spin-orbit Interaction discussed in IV.6, 

Our total Interaction hamlltonian is stated by (264) or, parametrically 

more convenient, by (265) and is acting amongst the four extra-closed- 

shell nucleons only. The doubly magic a0^6 core Is presupposed 

spherical and inert though departure from this simple state of 

affairs is hopefully expected to be simulated at least approximately 

by the 1ong-ranged Cfl. interaction between extra-closed-shell particles. 
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The lowest levels of P30 will be given by M ^ = T = 1. 

From (A.4) the most antisymmetric spln-lsospln Young partition 

which by Wlgner '' is lowest in energy ls££| « j^Hj to which, for 

T = 1, are associated S^o and 1. The corresp nding orbital symmetry 

is then Cfl* C^Q whose lowest-energy SÜ3 irreducible representation 

by Table V.l.l/^ ^ ' = (71). This representation, to which our 

12) 
set of basis functions is restricted (Elliott hypothesis  ), 

contains L-values equal to 1, 2, 3> b, 3*  6 and 7. The resulting 

J-values are thus 0, I3, 2*, 3*,  44, 54, 6*, 73 and 8 so that our 

largest matrix for 'fiffä is 4 X 4, The base is designated by 

Mj« J **1 MT * T 

The (diagonal) matrices of C^ in this base are given by eigenvalues 

(176) for $ö and (l86) for exchange^!, in accordance with (187). The 

matrices for vf, which are also diagonal in the orbital angular momentum 

quantum number L,  are composed of pairing eigenvalues (314) In the 

manner of (315). Finally, the matrices of ^(L,. are given at the end 

of the previous chapter and their construction was discussed there. 

The matrices were fed into an IBM 1620 computer for 

diagonalizatlon by the Jacobl method, with parameters a and ß of 

(265) varied. 
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Scanty and rather ambiguous Information on the spins of 

low-lying P30 is known to date. The 0-decay'^' from its ground state 

to the second excited Neao level j" = 2+ suggests a J^ = 2+ spin for 

the F80 ground state. Considerations ' involving the Nilsson 

rotational model corroborate this assignment. The  ß-decay from 

the O30 ground state JTT=0+ to the 1.064 Mev level of Pao suggests 

8l) 82) 
a J"«!* spin '. Mazari and co-workers ' have studied the P19 

(d, py )Fao stripping reaction measuring gamma-ray energies for 15 

excited states as well as angular distributions of proton groups. 

Distorted-wave theory fits to the data permitted generally reliable 

neutron-capture angular momenta A^ assignments (see following 

Figure). The same reaction was studied by Chagnon 3' who measured 

( Vf'f   )-directional correlations 2' through four low-lying excited 

states. These results were interpreted by him via DWBA computations, 

thus providing him further restrictioni: on possible spin values for 

some of these levels. To the 0.66 level he assign; a ^=3*, but a 

2*  is not inconsistent, and suggests that separate measurement of 

the mixing ratio for this transition would suffice to determine the 

spin uniquely.  (Based on the stripping reduced width, Dasai ; 

previously obtained a j"^* for this level.) For the O.989 level 

the angular distribution correlation is Isotropie and this a 0+ 

assignment would not be inconsistent. Chagnon finds a 1+ for the 

1.064 level admissible, but was unable to discard 2*  or 3+. The 

1.312 level he finds decaying to the ground state with an intensity 

ratio of E2 / total >0.97 leaving little doubt of a JTT=2+. These 

results are summarized on the extreme left of the Figure, all levels 

have T=l and T=2 levels are expected to begin appearing in the 

neighborhood of as high as 6 Mev. 
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Variation of parameters a and ß by tenths (a+ß£l) In the 

computor dlagonalizstlon program results In a set of 66 predicted 

spectra. The non-degenerate ones fall Into three groups of level- 

order J»2, 3* 1* 0, 2,  l,'" and 2,1*3*0,2,l,*" and 2,1,0,3,2,1,*••. 

The first and second J«2 predict^a levels were associated with the 

empirical ground and 1.312 levels, respectively, and the second J=l 

predicted level related to the 1.064 empirical level. The remaining 

predicted levels. I.e., J-3*0 and first 1 were associated with 

remaining empirical levels in order of appearance and least-mean- 

squares (involving above J-levels only) calculated for the three 

groups. The over-all intensity parameter Vo was found from the 

least-mean-squares procedure. These results are displayed in the 

Figure to the right of the empirical spectrum. Parameters x, y, 

and z given by x=V0a, y-Vo3 and z = V0(l-a-ß) denote the relative 

intensities, respectively, of pairing (short-range), quadrupole- 

quadrupole (long-range) and spin-orbit interactions. 

In conclusion we may state the following. The spectrum 

in optimum agreement by least-mean-squares (a in Figure) predicts a 

J=3 for the first excited level, followed by a J=l and J»0 '^vels. 

The first J»U level is excessively depressed here. However, adding 

a slight amount more of pairing (moving from a to b) raises it 

considerably. Our most encouraging result is perhaps the reproduction 

of the gross characteristics of the empirical spectrum at low 

energies, i.e., at some point slightly away from (a) and toward (b) 

one obtains a "gap" above the ground state followed by a group of 5 

levels, followed in turn by another gap above which is another group 

of levels. For all fct, 0) parameter values allowed, the second J=2 
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^Int * -Volafi+ßifj + U-a-ß)^] 
IN LOWEST-ENERGY SU3 REPRESENTATION 

J » ROSENFELD EXCHANGE AT LONG-RANGF 
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appeared below tho  second J«l   In seeming discrepancy with 

experiment. A similar situation arose from chls model for the 

second J-2 level of P1B for a wide range of the parameters ' (with 

and without the restriction of the base to the lowest-energy SÜ3 

representation). More definite experimental Information on spins 

Is required, in particular for the first three excited states, to 

render a more complete test of these results. Explicit wave 

functions for the low-lying states of spectrum (a) will be available 

In a forthcoming paper. ' 
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X.  NUMMARY AND CONCLUSIONS. 

Moshlnsky's approach by group theoretical techniques to 

the nuclear shell many-body problem is presented in general form 

and illustrated with a calculation of the low-lying energy levels 

of Pluorlne-20. On comparison with experiment, encouraging results 

are found but more definitive conclusions regarding d3tailed agree- 

ment must await further empirical spin asrlgnments for this nucleus. 

Every 1c -energy nuclear level structure calculation Is 

beset by two basic difficulties requiring basic approximations of 

one sort or anothers  .inc'>rt1iintles with regard to the nuclear force 

and those regarding the number of nunleon configurations co be 

considered. 

The customary use of a reasonably shaped two-body residual 

interaction potential well is Justified only "a posteriori" on 

phenomenologlcal grounds but not on fundamental theory. Therefore, 

an equally phenomenologlcal model hamiltonlan consisting of a linear 

combination of orbital pairing, quadrupole-quadrupole (with exchange 

character) and single-body spin-orbit Interactions was employed. The 

first and second interactions respectfully approximate the short- 

and long-ranged correlations of the central two-nucleon residual 

Interaction. The advantages of this model lie in the fact that its 

various portions possess group symmetries of considerable convenience 

in the calculation of matrices. 

The enormous number of totally antisymmetric states 

arising from all possible particle configurations was limited to 

a smaller, more feasible number by making the following restrictive 

assumptions,  (l) Only configurations arising from a single mayor 
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oscillator shell (the 2s-lci shell) are considered so that only 

positive parity states will result.  (2) Assuming with Wlgner that 

the residual two-nucleon forces Inside the nucleus are attractive 

and to a large extent independent of the nucleon spins and charges, 

one may further restrict the number of states remaining in (l) to 

those corresponding to the most symmetric partition under permutation 

of the space variables, compatible with the total Isospin T of the 

lowest energy for the given nucleus.  (3) Accepting on a tentative 

basis the proposal of Elliott's that the lowest-energy Sü3 (group 

of unitary unlmodular transformations in 3 dimensions) representation 

contained in the partition chosen by (2) will to a reasonable degree 

determine the low-lying states for nuclei in the 2s-ld shell, one 

further delimits the number of states to be used in calculating the 

energy matrix. Whereas the first two restrictive assumptions are 

usual in shell model calculations, the third Is more group 

theoretical in character and is based on Elliott's work showing 

that Sü3 provides a link between the shell and collective models. 

For the simpler nuclear p-shell (lying Immediately below our 2s-ld 

shell) this group theoretic classification scheme by SÜ3 collapses 

into the ordinary LS coupling scheme. There is moreover no 

conclusive evidence that SU3 cannot serve usefully in dealing with 

more complex nuclear shells beyond the 2s-ld shell. 

The language adopted for operators as we31 as state- 

vectors is the second-quantization formalism Involving creation 

and annihilation operators for fermlons. Thus, a given problem 

becomes more transparent to possible group symmetries that may 

prevail in a given operator or which are to be "bullt-lnto" a 

given state-vector. Consequently, the computation of matrix 

elements is reduced to simple commutator algebra. 
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The construction of N-partlcle state-vectors possessing 

the specific quantum numbers demanded by £ given problem was thus 

approached group theoretically. These techniques rest on the studies 

of S. Lie and E. Cartan In the theory of continuous groups of trans- 

formations and are essentially generalizations of angular momentum 

theory to symmetries higher than rotational. They are discussed 

in as strict analogy as possible to the better-known concepts of 

angular momentum and its deduced consequences. 

For nuclei with a number of extra-closed-shell nucleons 

^ 4 the present methods are felt to be an improvement over 

conventional fractional parentage methods which then become 

particularly cumbersome. The results obtained thus far in this 

work with these methods are considered to justify further work 

along these lines for a larger number of nuclei. This program 

is being pursued at the University of Mexico where an exhaustive 

study of 2s-ld shell nuclei, their energies, moments, transition 

rates and other low-energy properties Is in progress. 
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APPENDIX A 

SÜPERMÜLTIPLBTS OP A GIV^ SYBflCEfRY PATTERN Ifl THE 2s-ld SHEIL. 

Derivation of the irreducible representation labels of 

H. contained in a given one of Un has been diseussed, among others, 

by Jahn '  who considers N particles in the p "hell (r*3) and in the 

d shell (r»5). In the 2s-Id shell r«6. A single particle within 

this shell has only one possible i&ung partition, namely, Cl]> O 

and since s means laO and d means 1^2, one has 

For two particles one can form the ggtsr product of two one-particle 

U,^ representations and according to Li„fclewood*s rul®^2, ■^'get 

D ® 0  -  CD + Q 

i.e., the symmetric £^3 and the antisymmetric £11J irreducible re- 

presentations of IXy  • Defining    Ä« * ^VISI    
end 

AS.H    it   H"    _ if   1 + 

which is obviously symmetric under interchange of orbital coordinates 

(the indices it )? two particles in the 2s-ld shell give rise the 

following orbital configurations with associated angular momenta and 
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wave functions in second-quantization /orm; 

(Sf 

L*0 

^00,00 

VJN< (s)fGA) ay 
L*2l 

s.sx 

^OOjUll 

S, 

; ^ ** 

<2ZiiwmJLMt> A. 

(A.0 

where J^.. « ^ ^ 771^      and as ^ refers always to the same 

shellt it is suppressed. 

In configuration (d) , the function is syanoetric for 

L«0f2,4 and antisymmetric for Lalt3* Hence, the total L-structures 

of the symmetric ( ^ ) and antisymmetric ( Q ) partitions arej 

(A.i) 

Now, the 3-particle antisymmetric partition is [111^ S Q   with 

wave function  Aj *M'   , where &:  » ^oH;   (Ul,2,3) and 

Tllf ■ 2,1,0,0^-2. since  <; =0,2. The total (positive) M values 

oan be formed in the following waysj 
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ati-z 

^1 

/V\ «    OOOO 
1111 

so that L«!*, 32 and thu«, in th« 28-ld shell 

Knowing the I-structure of ^'4 partitions f 0 , £2^3 , 

L^l and Em}, one may proceed to deduce the rest hy a chain 

calculationt 

will have an i-structure given by the vectorial sum of L's 

froa which, if we subtraet the  Q L-structure one obtains 

B3 >   L-0,1* 2* 3* 4^ S. 
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Continuingi 

has L-atructure 

CD ® Q -  ff1 «»■ QX3 

^ 4«- -»7 x* A* 0:2:4 -H 0,2 -o:i:^5;4T5> 

which leaves, after subtraction of the cP  L-structur«, 

Hw parti tiwi D^U has the same L-structurs as £11^ f f or t(t # 

Proceeding with the chain calculation sketched here one further 

deduces 

[fj 
1 

DU 

C43 

t,- structiMre 

i ^-z 1s, 2», 3s, 4^5 

^3) 

fo find the (S,f)-8tructure (or multiplet structure) of a 

;iven Young partition I7 J one must effect the reduction 
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the irrtduclble repreMBtatloas of vj^ being If 3 • A chain 

calculation similar to the previou« raduotion  K,kD R*  ia again 

usafuli one »tarts with the following primitive cases: 

Ehe [HIlJ representation of U4 ia equivalent• to fd] 

which contains (StT) = (0,0), Representation £1] of L^ , 

explicitly reduced into those of Uj. K X^ is 

the X symbol standing for the inner product. Thus 

aof xr+ :>CS,T)=(M). 
Bepresentations    £2}    and    £11]    of    W4 are formed by 

m 5  DüUCD B' ^^^ 

that is, the symmetric spin-isospin two-particle function is either 

spin symmetric   ss isospin antisymmetric or spin antisyumetric 

times isospin antisymmetric; the antisymmetric spin-isospin function 

is either spin symmetric times isospin antisymmetric or spin anti- 

sysmetric times isospin symmetric. The corresponding (S,f) structures 

are thus 

Tabulating, one has 
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Dxm ;BxB 0,0    to,ö) 

m^B ;g«in   too') (0,0 

Then, in X/^ one uses Littlewood»8 rules for external products to 

form 

whose (StT)-structure is found by vector addition of S and T 

separately, 

(0,0) 

Again, in   \J^ 

B®D=  i+P^   a + SP , 

«tno«     llll1«Ll3     • h" (S,I)-struoture 

c,'%(i.i)=a.i)^'l)Ci'i) 
which upon subtracting that of CO leaves 
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Subtracting this from the multiplet structure of 

one gets 

[2il t £3] above 

The calculation can be continued nad extensive tables 

prepared —— Jahn and h  jameraesh (refs, 3^    and 4l )  have rather 

complete ones.   we extract from those sources the table for N=4 

particles as it will concern us directly. 

NTC- ^ 

(0,0) CO^ (2,6) (bi) 

(o,0 (i,o^ (1,0 (U) (^0 

(0,0) aO C2,i) 

(A.^) 

If multiple (SfT) values occur for a given tfl ——does 

not happen for N^S the additional label  A in chain (99) 

is required. 46) 



- 211 - 

APPENDIX B. 

UNigiraNBJJS OF TOTALLY ANTISYMMETRIC f/ANY-FaRMlCN POLYFOiaAL OF 

filAXIKUM WRIGHT. 

A general many-partiole eigenpolynomial is given by (21), 

namely 

For a given set of values $,$,,••'S*  the corresponding term can be 

chosen to transform irreducibly according to the permutation group 

jljl as  thiH,,»'« hyj . Likewise, for a given set ^ jUt ••• UH 

one can choose*be corresponding result to transform irreducibly as 

D^t-Vj^l  of the same  j|H group. Due to Weyl's theorem/13^ 

a function transforming irreducibly under I'n as I^hx ♦•• htJ 

will also transform so under \Xt^      (where t is the dimensionality 

of the coordinate space), and the irreducible representations of the 

latter are characterized by the same label [n«Hi "• f^J • Therefore, 

the (maximum weight) representations Djikt*" nvi of 2^* ^^ 

{v.Vj.V^?  of D* , specified by (73) and (74), are irreducible. 

The Young pattern of  11^ for permutations in the total 

space of 4^ dimensions is £ 1 O   J  | this is also the 

irreducible representation of Vkyi • k&&  since 
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then ^»O^-H-j^ ^...^Ixiv.v^v^ 
0 ^^^^^^^^B^ 

where, as in example (80),   Ck^'- ^1 *  £V)VlV%>4] 

Simple examplee follow: 

N« 1 partloe! cn   ? tH^Cil 

H» 2 partiolee t««!  >     £i3 A Ell] 

^ 3 partioles CMll   ^   r.53 X tllll 

N« 4 partiolee £,,„3   ^   [43 x £111»] 

(a) 

(h) 

(c) 

(a) 

(e) 

(f) 

(g) 

H partiolee 

\>\<*Mt 
ismuM 

(h) 

In each case, the orbital and spin-isospin permutation symmetries 

must he such that a totally antisymmetric orbit-spin-isopln permu- 

tation pattern results. In (a), (b), (o) and (e) we have examples of 

"pure symmetrles,,, i.e., symmetric x antisymmetric = antisymmetric. 

In ail other examples "mixed symmetries" such as [2l] are involved. 



I 

- 213 - 

but the net result is allowed by the Pauli principle. 

We hare shown in (79) how to construct the function 

which is of fitaxiffluffl weight in the representation of the subgroup 

tif^ l/f contained in the £ 1 0   j representation of (Lir« . 

This polynomial is unique as otherwise it would imply that with 

a given representation ih,hi'"  h>*3 we caa associate besides the 

conjugate J V, VxV^y4 pother representations of {J^.   and still get 

the totally antisymmetric representation of U^r •    However, it 

is shown by layman that this is not porsible for representations 

of the permutation group jj^ which are closely connected with those 

of the unitary groups. 

Conclusion« Polynomial Jc as a solution of eqns. (73) 

and (74) is \mique» 
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APPENDIX C. 

ANGUIAR MOMENfUM COMPONENTS AS SENERATORS GP THE GROUP 5^. 

A real Infinitesimal orthogonal transformation of the 

oartesian components is simply 

%{- 2. Riv ^ ^'w); R= I+£ A 5 R ß= I     (c^ 

6 being an infinitesimal real number. Now 

R^Cr^eAXlteÄ)- I + e(A+Ä) =. i 

...   A»-A CC.2) 

shows that matrix A must be antisymmetric so that one can write 

€ A. - i ^k ek CC3) 

using the completely antisymmetric tensor Bijk      (see page 64). 

Now, a function P ( itj ) a P ( %, Xa.,^3 ) will transform to 

Fun- FOI* J-6^6***) 
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using the Taylor expansion in the last step. But the three cartesian 

angular momentum operators given explicitly in (39) can be written 

collectively as 

U ^ 2 £M ^ Th (c-g) 

so that (4) now reads 
9 

and an infinitesimal increment in F( ^ ) due to an arbitrary rotation 

of the axes is 

£Foo H F«-)- F^) = "; 4€kU F(X0- (C7) 

Conclusioni The angular momentum component operators 1^ (k-1,2,3) 

which obey the cyclic commutation relations [L, Lj.)* i. L^   can 

be considered as the generators of an infinitesimal transformation of 

the three-dimensional rotation group fi.. The relations [,L, Ljfl - t w-»» 

form a Lie algebra of the Lie group FL,. 
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APPBRDII D. 

DNIfAHY GROUP GENETtATQRS. 

In •imilar fashion, coniidtr an infinitetimal mitarv 

tran«formation acting in a t-diatnaional apace vector ( ^ Xt - •  , X   ). 

fhe vectop-ooaponente will trantfora as 

*j- IVy <t     (*.i*'.h-.t) (D.I) 

where by definition 

and 

€ hein« a real, infinitesiaal quantity and S+«S (hermitean) since 

An arbitrary function in this space P( X; ) S P( *l9*x;-,%)  will 

transform as 

F(*i)- F(«j+c€ 2S^x,) (D,s-) 
o 

and using Taylor»s theorem: 

F(*,') - Fc^ + c £ ^ (Si^ it 4 F6(|)) -f- • •.     (b. 6) 

To first order in € , the change in the function 

h Rtf) 5 RJC,') - FW - ce2(S^ Xj ^ Fcx.)       {b. f) 
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is aocomplished by t linearly iadtpandent operators 

where since S is an arbitrary beraitean matrix the t  operators 

^  —  ^ ^ Ä  s   ^ tM) 
could be taken as the generators for infinitesimal unitary trans- 

formations in the t-dimensional space, fheir coomutation relations, 

following from (D.Q)* are immediately seen to constitute the commutator 

algebra 

l^h ^'1 Ä    CÜ Sift ~ d't äif to ^) 
identical in structure to (32) since here the metric ^M« Oil ao 

that CJJ = C^. 
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APPENDIX E, 

ROTATIONAL GROUP GENERATORS. 

In the samt t-dimenaional space spanned by the vector 

( iCj %%  •••}T£t) consider the real orthogonal transforaations 

<= 2. Rii *)      (14'i.z..-,*) 

where by definition 

with the added condition that det | Ru,| = + 1  (rotations only, 

excluding reflections); moreover 

R=   1 + 6 A 

£ an infinitesimal real quantity and A« -A since 

Rß- (J^eAXi+eÄ)- X+eCA + Ä) - I. 

An arbitrary function in this space GOSO ""Gf (Äi ^a., *"/ ^t) 

will then transform like 

which on Taylor expansion becomes 

J 
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(T.  being the operatore (D.9) of Appendix D. Then 

where we have called the operators 

Aij =   i (^4 - Gji) 

the generators of infinitesimal rotations in t-dimeneions, of which 

there are ~; t(t-l) independent ones as the real antisymaetric 

matrix A has, for L<^  »  -r't (t-1) independent elements. In view 

of relations (10) of Appendix D  one derives the relations 

[A;,, Ai^l" i{hfk't * V^»'+ A^ he + At-i fy) 

which constitute the Lie  algebra of the generators of the group 

R. • The space metric here is again simply Q-* "^ Oiv • 
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AEPBWDIX ?. 

GROl^ IHVARIILHCE OP AW OPERATOR. 

A^aln, consider the t-diaen«lonal linear vtotor space 

spanned by ^e vectcr X« C^)l(^^,-, ^wMch transfo™ 
«nitarily ass 

^-^.u^x;. (EI) 

An «-bltrwy function F«i)- F(^^...,X#) of th. voter o<»p0n.nt. 
will transfer», let us say, as 

^FOc^POO. ti&tr*!. (F.i) 

Conoid« u op.r»torH for .hlohF(jCi) 1. an .lg.nf«notlon. that 
1», 

H R*0 - E F c«a C^B; 

Then, providing that 

one has that the tranafonaed faction FÖÖt8 SiS£ an eigenfunction 
of H • since 
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from which follow» tho fhtortm? the group of  t-dlmensloaal tmltary 

transformations \JL   IS tne ayttmetry group of the operator -El If 

Xi cOTmutes with operation (T^T • (Coaanon examples from both 

atoalc and nuclear physios tor Q*  are the permutation and ro- 

tation operations——in whloh cases the hamiltonian H is an 

invariant, respectively, of the permutation group /L a»d the 

rotation group fv^ • Alternatively, these are the symmetry 

groups of H.) 

Now, fpr a continuous group it is sufficient for it to 

be a symmetry group of H that C^/ i8 *&  Infinitesimal trans- 

formation cf that group namely, as in Appendix D, 

recalling that Oül« ao arbitrary henaitean matrix and fcjl^the 

t generators of infinitesimal transformations of the group [L   • 

Hence if (4) is fullfilled it follows that 

[H, ^1 = 0. 
Conclusion: A necessary and sufficient condition for the invarlance 

of an operator H under a group ü^ is that R commute with 

the group generators. 

Consider two different, complete, linearly independent 

sets of functions of X^ (t*^, • -/t), 

(Ft) c^r. ^-o^i 
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which are basis for two distinct irrtducibls representations 

labelled by j and j*, with rows by m and a*, respectively, of a 

group U+.  Since C^f is unitary the scalar product 

if) 
But, by definition of an irreducible basis, 

k 

the (JtjL^Cyty ^oi»« the irreducible representation j with rows 

and columns k9& and u refers to the elements of the group U.. 

likewise for ^K,«^)» ^©s« obey the well-known orthonoraality 

relation 

h being the number of elements in the group (which is irrelevant 

for our present purposes) and from (8) n. is the dimensionality 

of {V*   (u) .  Thus (P.10) becomes 

which upon summation over all the elements, h appearing as a factor 

on both sides, one obtains 

Remembering that, by stipulation, the operator H commutes with 

C^r we have 
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whtrtfroai clearly H H7h i8 *&■  irrtducible basis if uQ is 

such a cne, and thus the result (15) can be applied to give 

which is one of the most useful results of the theory of grcap 

representations» it states: 

Conclusion; An operator H having Ü. as a syisaetry 

group will have non-zero matrix elements only between states of 

a given irreducible representation J of U. and furthermore 

these elements are independent of the row m of that repre- 

sentation* 
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APPENDIX G. 

THE COEPFiaiEHTS ^Si^o  I C$ j y. HT \>, 

The coefficients appearing in the [J.   group generator 

expsmsion (  113  ) are easily found. The annihilation boson 

operator Qp   becomes a differential operator (  124  ). Then, 

in view of {  119  ) 

^i 
15^ referring to the ground state in our tri-dimensional harmonic 

oscillator. Differentiating and multiplying by (Xa  one gets 

c^> 

Thus 

Ti,i TIT! •».! 
Tl^i 

M 

¥, 

= ^yC^-^ + i1) . 
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'PPENDIJr H. 

MATRIX ELEMENTS OF \J\  GENERATORS; 

Calculation of the matrix elements of thft generatore of a 

unitary group (Ar in a base characterized hy the canonical chain 

IA.^3 ^tr-i^-Ocd^U, has been discussed by Gel'fand &  Zetlin^"' 
75) 45) 

Biedenham  and Moshinsky,     We here simply list the results 

for the  ^ U3 generators C«T in the chain XT* > X7L ^ "UJ t 

in a manner useful for calculations ( C-f, Section on Spin Orbit 

Force for notation). The labels (hj»!^ ) in the bras and kets, being 

redundaiiC, are suppressed. 
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<?,'f;*i'(c(
3i%^M> 

iK-tä.-kivfo.+Db,-%,+*i^ err 
iM+l 

<'V«fi'M'|C^U,^M> 

^1 2(J,4t.)(V^ ^^V« Ö«'«-l 

tnwldth.W} 

E^-|,fiXVH) %?,-' O^v d*i;*i+( 

+ 
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APPSHDII I. 

TRANSPORiaTION BETWBEH    l/^^ Uj. > X^    AND V^ zK^Ri  BASESfc 

Both tht basis sst    ICk.k^)^^^ ML*>     transforming 

irreducibly under  "CT^ VUi "> Ul   «n* the set   (Tfeika,) u)L Mt/* 

irreducible under "(J^^ R3 ^ Rz    constitute coaplete sets of 

nonaalizable wave functions in second-quantization foramlian.    Thus 

one may expand 

Ul<,l.,)u)LMt> = ^_<^l(i«.fcA)wb> \(kXh,*iH>    (1.1) 

where ^j^xC^fcjH)**) L^  denote (orthogonal) transformation 

coefficients. ; Caiculation of matrix elements in the canonical chain 

Uj^TJi Z> XJi      i« »impl«r than directly in XJ$ > l?^ !> Rx. as con- 

truction of the base in the former scheme is more direct, as was 

seen in Chapter VI. However, the latter chain is the physlcallj 

significant one as it provides the quantum number L. Coefficients 

(I,l) are thus needed. 

We know that 

X^OtoLM^ UUi)|(fefc>LMC> (1.2) 

but,  in general, 
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Equations (1), (2) and (3) combined give us 

It *w 

Multiplying both sides by    <^(ktkt)%f %£ Wu\     and smnming over 

%t'%%    »  supposing set   |Ck«fei)y4J Mt^>      t0 be normalized,  one 

gets 

= L(UtiX%V^'t'^)iob> 

and multiplying by the (transposed) coefficients ^'^(t^^t) ^//^/'^ 

and summing again over ^g"^' we obtain the result; 

%'% 

-  L(Lt02<^^^i^),,jL><'u>'L'a'l'*l')^'^ 

|SlMin|xll§(l=   L(LM)I 
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meaning that th» dtaired coefficients     «C^^ (fc, fc, M«.) £0 L»^> 

are nothing more than the eigenveotor oomponente of the matrix 

representation of operator   cL   in the base irredueihlt under 

To obtain them, we can construct the matrix 

lKCMO^M£Mfk.WMiM^>||   , diagonalize it by computer 

and obtain at the same time the associated eigenvectors.  The cons- 

truction is simplified since   J[^   by (   /^/   ) is expressible bili- 

nearly in terms of XA   group generators    (jJ^   whose matrix 

elements in the scheme   iJj^XJj.^^   are known  (Appendix H). 

We       know from (171) that 

if use is made of R^   commutation relations (l42b    ),  Suppressing 

labels  (k, k,^) we have 

sinoe   X» le dlaöonal in      Uj>XJj.3U|   by C*2*),   (236) and 

(237).    Now, sin« J^1"»   -£l 
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*■* + MUMc+O^;,, ^1^ (1.4) 

sine» < I JT, I > «re real and from ( M2«^ eT,- -((^^ Cj} • 

To evaluate (6) in general form one needa eeaentlally the alegebralc 

expreesione of matrix elementa 

which ar« Included in  the list of Appendix H. Carrying out the 

calculation one obtains the formula in the following page. Only one 

of the seven terms with double deltas will contribute to a given 

element of the matrix so that it is relatively simple to use. 

The matrixf ^(k^H ?X /JC'/M») $, ^ ^> II       i» 

formed in blocks or submatrices labeled by M^ and with rows and 

columns given by %,%i      where Mi refers to the positive projections 

of all the I values contained in the given (kJkz) representation 

of interest (See Table J^fJ ). Por (k,^) « (71), for instance, 

L • lf2,3f4f5t6f7 so that 

Our formula is: 
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where it is to be noted the the sum  of block diaensions equals the 

dimenaionality of   -U^M,. fcr W*-^0 (pagel74)t i.e^i 35. 

Our calculations will however only require one submatrix 

(see chapter VIII), that for M =1, e.g., which is 7 X 7 and is 

associated with all seven values L = 1,2,...,7. Using formula on 

pa^e 2*i one gets 

JWL 
%%* 

(o\ 

2| 

70 

So 

3o 

10 

61 

22 

4-1   fliJl 
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j 

S 

■; 

j 

which must fulfill the requii^enient 

r4<^)wMP\ ^uw /oi = 2 L(UO (1.8) 
the sum on the rifjht extending over all 1-values contained in 

(k ki). The ncrs.alized eigenvector components obtained by eomputor 

diagonalization of above matrix are: 

<^^(7i^t)u)L>( = 

o. istos? o.i*smo 

The label Cti is ignored as no multiple L-values appear- under 

(k.kj = (71) (bee TableX.1.1 )• 
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APPENDIX J. 

QUADRÜP0L2 EOMEHT AHD fRARSITIOH RATE OPERATORS W  SECONDr 

QUARTIZATIOH FORMULISM. 

Th« maae (masbnipole aomtnt of a given R-particie 

statt is def ntd as the expectation value of the operator 

Qc »   i(-32?- nl) to) 
i 

which is of the single-body type (23a). Being spin-isospin 

independent, (J.l) oast into second-quantization language by 

(35) becomes 

where ^«(TJ^r^deiiote quantum numliers of a single particle in 

a harmonic oscillator common potential and £ tfL fthe set of Zt? 

generators discussed before. Restriction of states to a 

single harmonic oscillator mayor shell means ^= ^ f l^f-t-H« * 

71,+ tit t%  and moreover that 

<^| 32*-r4!/^ = £<>! te-r^bft-t\/> 

because of definitions  (113) and  (117).    Prom {IZZ) we know 

that C|//»>sC?h,,lVtI,> zV^lXtif'tyor    ^= l;T,0 so that the 

desired matrix elements 
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0^' 2 ö/n,ii{ (5/nriiT' Sm,^ . 
The sasB quadrupole operator ooo ^ terms of OCfsu  g^ße^^atora 

is thus very simply 

är--i (t!< & 0 - k (& O + f C    fJ^) 
whose effect on states of the type A A u „ ,1*  clear from (304). 

Kie transition rate for ouadrupole de-exoitations 

will involve77 ^^ the operator Qt= 5. V;-^(^+iy)i which 
*       L 

here becomes 

Again, restriction to a single oscillator shell tf  implies 

and therefore our operator (J.4) is simply 

of the same type as a^d of (Jo)» 
20 The low-lying states, e.g., of P  are designated 

hy I E3'JC7|) JMT=J T= f^ which will be linear combinations 

öf terms ^^'^ of Uf, ^U^   «^«try IfJffc.y^ijf?!). 
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Eahancement of calculated quadrupole momtnts and 

transltlOT rates duo to collective core effects can be estim- 

ated by the addition to each nucleon of a certain fraction of 

the proton charge e (/vo»5e for 0 '). 
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