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Bodies of Revolution Preface

PREFACE

The preface appearing in Volume 1 of the Handbook of Super-
sonic Aerodynamics defines the Handbook's purpose and also traces the
sequence of events leading to its undertaking. In accordance with the
criteria established at that time, the subject matter of the Handbook
is selected on the basis of anticipated usefulness to all who are ac-
tively concerned with the design and performance of supersonic vehicles,
Essential to this subject matter are the properties of fluids in which
a vehicle operates or is tested and the flight characteristics of the
vehicle itself. Each section of the Handbook therefore presents appro-
priate theory and relevant data which are basic to supersonic aerody-
namics and which conform to the practical requirements imposed by the
criteria,

A conmplete list of Handbook sections and their status appears
on the facing page. The unpublished sections, now being prepared by
individual authors and the Handbook Staff, will be published separately
as they become available,

Volume 3, presented in three Handbook sections, is devoted to
the theoretical and experimental investigations of the flow fields sur-
rounding aerodynamic surfaces and bodies as well as their aerodynamic
characteristics, such as 1lift, drag, and moments. The material on two-
and three-dimensional airfoils is contained in Sections 6 and 7, both
of which were published previously, Section 8, "Bodies of Revolution,"
is presented herewith, It should be noted that vehicle components and
their characteristics are considered separately in Volume 3. The in-
teraction effects of these components are treated in Volume 4.

Section 8 was prepared by D, Adamson, E. A, Bonney, and
1. D, V. Faro, each of whom was a member of the Handbook Staff at the
time of writing. Specific subsections of the manuscript were reviewed
by L. L. Cronvich, H. H. Hart, H. Ginsberg, P. T. Pilon, L. E. Tisserand,
and E, T, Marley, all aerodynamicists at the Applied Physice Lapboratory.
Many of the excellent suggestions offered by these reviewers have been
incorporated in the final revision,

The subject matter appearing in the Handbook is selected and
reviewed by the Technical Reviewing Committee at the Applied Physics
Laboratory, headed by L. L, Cronvich., Constructive criticism or recom-
mendations relating to the inclusion of suitable material in the Hand-
book should be directed to:

Editor, Aerodynamics Handbook Project
Applied Physics Laboratory

The Johns Hopkins University

8621 Georgia Avenue

Silver Spring, Maryland

The Handbook is printed and distributed by the Bureau of Naval
Weapons, Department of the Navy. It is available for public sale (see
Title Page) and is also distributed without charge to an approved list
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of facilities and institutions actively engaged in national defense re-
search and development. Correspondence relating to the distribution of
the Handbook should be directed to:

Chief, Bureau of Naval Weapons
Department of iie Navy
Washington 25, D. C.

Improvements in the format, adopted for Section 18 and con-
sisting for the most part of a more concise running head and consecu-
tively numbered pages, are continued herein, It has been judged that
these changes enhance the usefulness of the sections and offset any
sacrifice to uniformity in the whole series,

The Handbook of Supersonic Aerodynamics is edited and pro-
duced by the Handbook Stuff, which includes Mrs., Doris McCeney, repro-
duction copy typist; Thonas Timer, Mathematical Assistant; and Anthony
Strank, Associate Editor,

Ione D. V. Faro, Editor
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Bodies of Revolution Symbols

SYMBOLS
a velocity of sound
A axial force
Ap planform area
c chord length
Cg local skin-friction coefficient
CxN local normal-force coefficient
C.P. center of pressure of all forces acting normal to the body
CA axial-force coefficient = A/qS
1 Cph total drag coefficient = D/qS
j CD cross-drag coefficient
c
)
CD wave-drag coefficient
w
4 cf mean skin-friction coefficient
1 Cf incompressible skin-friction coefficient
i
{ C,, 1lift coefficient = L/qS
N Cm pitching-moment coefficient
{ dC
) C pitching-moment slope coefficient = 2
4 ma do
k
1 Cm Magnus-moment slope coefficient
b pa
| Cy total normal-force coefficient = N/gqS
dCN
C normal-force slope coefficient = ——
Na da
P-p, A
C pressure coefficient = ———— or —
P 9, q
Pb'pw Apb
1 C base-pressure coefficient = or
Py 9y q
b
k Cy P Magnus-force coefficient
’
Cy Magnus-force slope coefficient
p
{ d diameter; maximum diameter
D drag
xxvii




Symbols NAVWEPS Report 1488 (Vvol. 3, Sec, 8)
G heat capacity
h heat-transfer coefficient
k thermal conductivity
K hypersonic similarity parameter, Md/{; also luz -14d/2
4 total length; skin thickness
la afterbody length
lN nose length
lt mean transition distance from nose
L reference length; 1lift
M Mach number
M, free-stream Mach number
Mc cross-flow Mach number
N force normal to body centerline
P pressure; body spin rate
2
q dynamic pressure = Q%— or % pM2
r radius; recovery factor
Re Reynolds number
Rec cross-flow Reynolds number
s distance along a curved surface
S reference area {generally taken at maximum diameter)
t time; thickness
T temperature
v volume
v velocity
w upwash velocity
X axial distance
x,r,8 cylindrical coordinates
X, 9,2 rectangular coordinates; x is generally taken 2long body axis
of symmetry
a angle of attack
: e o1
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Symbols

ratio of specific heats
boundary-layer thickness

error; eccentricity; slope of meridian contour

semi-vertex angle of cone; cowl angle through which flow is

turned; local slope of body surface; boattail angle
shock angle

kinematic viscosity

density

station around a body, in degrees

perturbation velocity potential

stream function

velocity potential

Subscripts
base
cross flow; cone
cylinder
center of gravity
center of pressure
incompressible; inlet
recovery
secant
tangent

wall conditions; wetted area
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Introduction 1.1

BCDIES OF REVOLUTION

1. Introduction

This section of the Handbook presents data on the aerodynamic
characteristics of bodies of revolution for an angle-of-attack range of
zero to almost ninety degrees throughout the supersonic and hypersonic
flight regimes,

Basic theories governing the pressure distributions on bodies
of revolution and in their surrounding flow fields are discussed and
evaluated. To provide a basis for the selection of theoretical methods
to be used in specific calculation the reliability and accuracy of these
theories are compared at different Mach and Reynolds numbers., Actual
step-by-step development is omitted except where it is essential to an
understanding of resultant expressions, 1In all cases, however, sources
containing full derivations are referenced.

To permit comparison or extension of the theoretical methods,
experimentally-derived data in many instances are also presented. For
those cases in which there is discrepancy between theory and experiment,
empirical formulae are given together with the limiting values of the
parameters within which the particular formula is valid.

Techniques for incorporating the effects of ckin friction and
heat transfer (treated fully in Sections 13 and 14 of the Handbook) are
also given.

No attempt has been made to extrapolate the data (gathered
from unclassified literature) beyond the range for which they were in-
itially obtained. In many areas, e.g., Magnus forces, too few refer-
ences were available to establish appropriate generalizations. In such
cases the material is merely presented and conclusions are left to the
reader,

1.1 Organization

Each of the six following Subsections are devoted to a parti-
cular characteristic of flow, i.e., pressure, normal force, drag, etc.,
with various body shapes serving as the parameters. Subsections 2 and
3 present the various theoretical methods available for the evaluation
of flow fields about bodies at low and high angles of attack, Subsec-
tion 4 discusses the external surface pressure distribution of basic
shapes, including solid and ducted bodies., Subsection 5 presents theory
and corresponding data on normal force, pitching moment, and drag due
to normal force for the same shapes, Subsection 6 deals with pressure
drag and skin friction, The last part, Subsec. 7, presents available
base drag information together with the effects of variations in the
parameters which affect the afterbody drag.

Within each subsection, particularly in the last four, the
development is introduced by a discussion of appropriate theories which
are then compared with each other and with representative experimental
data, Many references are made to appropriate literature on the develop-
ment and application of relevant theories as well as to experimental re-
sults which supplement tho: e presented herein.
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Flow Characteristics at Low Angles of Attack 2.1

2. Flow Characteristics at Low Angles of Attack

The solution of complete differential equations of flow is a
complex undertaking, even when the effects of viscosity and heat con-
duction are disregarded. By means of certain simplifying assumptions,
however, it is possible to obtain both first and second-order solutions
for slender bodies at small angles of attack. Solutions may also be
obtained by means of numerical and graphical integration, The method
of characteristics, generally accepted as the most accurate of the lat-
ter, is practicable only for the cases of two-dimensional and axially
symmetric flows, but even these cases require the expenditure of much
time for computations, Simplified techniques of flow evaluation will
therefore be treated, and the accuracy of the various methods of solu- T
tion will be evaluated by comparing their results with experimental [
data,

- .

2.1 Mathematical Formulation of Problem

S

A convenient method for studying the inviscid flow past a
body of revolution utilizes cylindrical coordinates (x, r, 0), wherein
the x-axis is aligned along the body axis and the origin is located at ‘
the nose of the body as shown below,

=

For the development of this method the following simplifying ]
assumptions are made, 1

1., The body is slender, i.e., the slope of the meridian contour 1
is nowhere greater than €, where € << 1 (this implies that the
body is either pointed or has a sharp 1lip);

2, The angle of attack is small;

3. The free-stream Mach number is moderately supersonic, l

Subject to these assumptions, the flow can be shown (e.g., see
Ref. 1) to be irrotational within the accuracy of the solutions being
sought. The velocity potential, @, associated with the flow field is
assumed to be made up of two parts: first, that associated with the
uniform flow field in the absence of the body; and second, a perturba-
tion velocity potential, &, induced by the presence of the body. Thus, *

Q(x,r,8) = U [(xcos a+ r sin a2 cos 8) + & (x,r,0)] (2-1)
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The perturbation potential, &

can be shown to satisfy the
following differential equation (Ref. 25.

-] ® % $
r, 00 _ 2 - w2dy -1 r ee)
qe F T T rz B dex T M .{ 2 (?xx et rz
2]
x|2 (& + @ si os 9 - iﬁ si sin 9) + & 2,524 i)
xCOSC! rsnac T in o X r ‘;Z—J

2

2 2
- +
+ Qxx (2§x cos o + Qx sin® a) + er (Qr sin a cos 6)

%00 _ %r\ (% e
+ (;2— - 17) (Tr - sin a sin 9) + 2§xr (§x + cos a)'(ﬁr + sin a cos 9)

®x0 %9 By
+ 2 —%— (Qx + cos a) (;T - sin a sin 9) +2—= (Qr + sin a cos 9)

i ) (2 e 4 cos 6)
X (17 - sin asin §) - 2 sin a T " sin @ sin 6 = sin 8 + ;2 cos B

(2-2)

The solution of Eq, 2-2 must satisfy the following upstream
and boundary conditions:

1. All flow perturbations vanish everywhere upstream of the
body, 1i.e.,

¢ (0,r,0) = Qx (0,r,8) =0 (2-3)
2. The flow is everywhere tangent to the body surface, i.e.,

Qr (x,R,8) + sin a cos § = %% [cos a + & (x,R,0)] (2-4)

where

R = R(x) defines the body surface.

Although the differential equation (Eq, 2-2) taken together
with the above boundary conditions can be shown to have a unique solu-
tion, its determination in any specific case presents considerable dif-
ficulty., In practice, therefore, approximate solutions must be accepted.

4
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Flow Characteristics at Low Angles of Attack 2.2

2.2 First-Order Theory

Because the body is slender and at a small angle of attack,
the perturbation potential, &, is small. A reasonable approximation
can then be obtained by discarding all second-order and higher-order

terms in Eq. 2-2, so that

3
e +-T+-0_p2s =0 (2-5)

For the special case of axially symmetric bodies, a solution in the
following form is sought,

¢ (x,r,A) = ¢ (x,1) cos a+ ¢ (x,r) sin o cos 6 (2-6)

vhere ¢° and ¢1are also solutions of Eq, 2-5 corresponding respectively
to the axial and cross~flow components of the perturbation velocity.

The axinl-flow potential, ¢O, may be obtained from

¢
borr * o5 = B Bopy = 0 (2-7)
and the cross-flow, ¢1, from
Pir _ %100 _ L2
Mer e T T TP 1 T O 26)

The tangential boundary condition given in Eq. 2-4 may also be separated
into conditions for the axial and cross-flow components, i,e.,

bor = (1 +9,) ' (2-9)
and
~ dR
b1r * 1= G P1x (2-10)
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A further restriction is introduced by assuming that the body is slendcr
enough to allow ¢ox and ¢1x -~ 0; hence the boundary conditions may be
replaced by

b, = B (2-11)
and
pip T 10 (2-12)
2.2.1 Evaluation of First-Order Potentials

The general solutions (Ref. 3) of Eqs. 2-7 and 2-8 which also
satisfy the free-strzam conditions are, for the axial case,

x-fr
=S o (&) d¢ -
p.(x,71) f s (2-13)
0 VQx -&°-8r

and, for the transverse dase,

1 f"ﬁr (x - &) gle)
By(x,7) = 22 x - L) gld) 4 2-14
Br 0 V(x _ E)z _ Bz rz. ( )

The functions f and g are determined from the boundary conditions, De-
tails of the methods required for the solution of these equations are
presented in Refs. 3 to 6.

2.2.2 Application to Open-Nosed Bodies

The methods just described can be applied to open-nosed bodies
provided that there is no ''spill-over" at the lip, i.e., when all of the
air in the free stream within the diameter of the inlet passes into the
bddy (see Ref. 7).

2.3 Linearized Theory

The first-order solutions discussed in the preceding subsection
are frequently, but incorrectly, referred to as linearized solutions,
Lighthill (Ref. 1), the first to consider the strictly linearized solu-
tions to the flow equations, has pointed out that the characteristic
surfaces assoclated with the first-order equations (which are conical
in form) remain aligned with the axis of the body as the body is moved

-
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to an angle of attack. On the other hand, those associated with the
linearized equations remain aligned with the free-stream direction.

The former is in better accord with the actual flow conditions in the
immediate neighborhood of the body, and it is this region which is
usually of interest. Thus, in the evaluation of pressure distributions,
the first-order solution would be expected to yield the greater accuracy.
This is confirmed by the first-order and lincarized approximations to
(dCN/da)d=0 for a coune of 10-deg semi-apex angle., These approximations

are compared with the values obtained by use of exact theory in Fig. 2-1
(derived from data in Ref. 2). Since, as demonstrated by this figure,
the linear theory gives such a poor approximation of the exact values,
it remains of academic interest only.

2.4 Van Dyke's Hybrid Theory

Though the use of the first-order approximation yields a solu-
tion of adequate accuracy in many applications, there are times when
higher accuracy is required. The possibility of deriving second-order
solutions by a process of iteration has been investigated by Van Dyke.
By means of the second-order solution obtained for axial flow the aero-
dynamic characteristics of cone flow are shown to be much nearer the
values obtained from the exact theory than those obtained by the first-
order solution. This is shown in Fig. 2-3, where the pressure coef-
ficients for two cones are determined by the three methods. Van Dyke
then derived the second-order cross-flow equations and found that solu-
tions were only possible for the simple case of conical flow, Re-exam-
ination of the usual approximations made in first-order theory led
Van Dyke to a refinement of these approximations and consequently to
much improved agreement with exact calculations. A comparison of
(dCN/da)a=0 obtained by these different methods is given in Fig., 2-2

for a 10-deg cone.

Encouraged by this improvement in first-order solutions,
Van Dyke proposed a ''hybrid" solution for the body at an angle of at-
tack. This theory combines the first-order cross flow with the second-
order axial flow. The result of one such calculation is also shown in
Fig. 2-2. The good agreement with the exact solution may be noted over
a wide range of Mach numbers. This method has the advantage that it may
be used for discontinuous contours,

The full development of these theories, as well as many more
examples, is given in Refs. 2 and 8. 1In Ref. 9 Van Dyke reduces the
second-order method for axial flow to a routine computation. He also
presents tables of basic functions and standard computing forms as well
as a sample calculation. The procedure is summarized so explicitly that
the computations may be carried out even though all the details of the
underlying theory have not been mastered.

2.5 Slender-Body Theories

The first-order approximations, which depend on the solution
of Volterra-type integral equations, cannot in general be obtained in
closed form, Realizing this, Von Karman (Ref. 10) suggested that the
asymptotic solutions of the equations for the case of very slender bodies
would yield results of sufficient accuracy to serve most needs. Such
asymptotic solutions to the first-order differential equations are termed
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"first-order slender-body approximations.'" Lighthill (Ref. 11),
Laitone (Ref., 12), and others have gone further and declared that the
replacement of Eq. 2-2 by Eq. 2-5 introduces errors of a magnitude com-
parable to the disparity which exists between the exact and asymptotic
solutions of the first-order equations. In other words, considering
the simplifications that have been introduced in settiag up the first-
order equations, the slender-body theory represents as accurate a solu-
tion as can be hoped for., However, even though this statement may be
true for a mathematically slender body, the actual practical type of
body cannot, as Van Dyke points out, generally be considered a slender
body and therefore may not validly be included in this comparison of
accuracies. To expand these conclusions, Van Dyke classifies super-
sonic-body flow problems as follows:

1. Slender bodies at moderate Mach numbers,

} € <<1}B‘0(1)
- Be << 1

2. Slender bodies at hypersonic Mach numbers.

e <<1
< —D }a=0(1/e)
Be = o(1)

3. Bodies of moderate fineness ratio at moderate Mach numbers,

0(1
( )}B = 0(1)
0(1)

€

—
Vo g

ft

where

maximum slope of meridian contour

B = 'lz -1

For a logically complete classification, bodies of moderate thickness
at hypersonic Mach numbers should also be included. However, since
this case involves detachment of the nose shock, it is not embraced by

the perturbation theory and is therefore excluded from consideration in
this subsection,

Slender-body theory, since it is based on the order estimates
of Class 1, is restricted in its application to problems falling within

this class. But cases of practical import frequently fall into Class 3,
and it is here that the first-order solutions represent a marked improve-

ment over the slender-body solutions,

\
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The preceding remarks are equally applicable to the higher-
order slender-body theories of Broderick (Ref. 13) and others since,
in all of these analyses, both € and B¢ are assumed to be small
quantities,

Although the slender-body approximation has been introduced
in the preceding discussion as the asymptotic solution to the first-
order differential equations, it can be shown that it is completely
equivalent to the supersonic counterpart of the slender-body cross-flow
theory developed by Munk in Ref. 14. The merit in Munk's presentation
is that it emphasizes the physical implications of the theory.

Despite its limitations, in those cases in which it is appli-
cable, slender-body theory possesses the distinctive virtue of being
easy to apply.

2.5.1 Munk's Slender-Body Theory

By assuming that the body is slender, the angle of attack
small, and the gradient of the velocity potential in the flow direction
negligible, Munk obtained the following expression for the normal force
coefficient,

Cy = (K2 - Kl) sin 2a (2-15)

where

K, and K, = virtual mass coefficient in longitudinal and

1 2 lateral motions

On the basis of a more detailed examination of the slender-
body hypothesis, Ward in Ref, 15 concluded that it is more exact to
assume that the resultant force is inclined at an angle a/2 to the
vertical in a downstream direction., Hence, in this instance, Eq. 2-15
becomes

Cy = (K2 - Kl) sin 2a cos a/2 (2-16)

Lamb (Ref. 16) gives an expression for deriving K, and K, for various
ellipsoids, The values of Kl’ K2, and K2 - K1 for ellipsoids of revo-

lution with various length-to-diameter ratios are tabulated on the fol-
lowing page., .

Although the coefficients are evaluated specifically for el-
lipsoids of revolution, they give a good approximation tc any axisymmet-
ric body with comparable fineness ratio., For slender bodies the value
of Ko = K, = 1 gives results of sufficient accuracy for most practical
purplses,
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Table 2-1

Virtual Mass Coefficients

£/d Kl K2 KZ = Kl
1.0 0.500 0.500 0
1.5 0.305 0.621 0.316
2.0 0.209 0.702 0.493
2.5 0.156 0.763 0.607
3.0 0.122 0.804 0.682
4.0 0.082 0.860 0.778
5.0 0.059 0.894 0.835
6.0 0.045 0.917 0.872
7.0 0.036 0.933 0.897
8.0 0.029 0.945 0.916
9.0 0.024 0.954 0.930
10.0 0.021 0.960 0.939

® 0.000 1.000 1.000

2.6 Method of Characteristics

By means of simplifying assumptions some solutions have been
found in special cases for the general differential equation of poten-
tial flow, Several methods of arriving at a solution of the general
equation have been devised, utilizing numerical integration or a com-
bination of numerical integration and graphical construction,

One of the most useful is the method of characteristics,
which has been applied to many basic types of flow field. The deter-
mination of the flow characteristics in the region between an attached
shock wave and the pointed axially-symmetric body which creates the
shock wave has been treated by Tollmein and Schafer in Ref. 17. A de-
tailed description of the step-by-step procedure as well as a fully
worked example which extends the calculations into the region of a
curved shock-wave (assuming isentropic flow between shocks) is given by
Croavich in Ref, 18, Although this wethod requires wmuch tedious work,
it has been used with success for determining the pressure distribution
over arbitrary nose shapes and for determining the contour of the inner
body of a ram~jet engine for a given compression ratio. In supersonic
diffuser studies the characteristics method has been used successfully
to find the additive drag (due to spill over) by analyzing the field
over the specified contour at Mach numbers below the design Mach number,

A procedure by which the method of characteristics may be used
to design axially symmetric supersonic nozzles is presented in Ref, 19,

By assuming a distribution pattern of the vorticity downstreau
of a shock wave, Ferri in Ref. 20 has extended the application of the
method of characteristics to supersonic rotational flow.

10
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The accuracy of a characteristics calculation is dependent
upon the fineness of the "mesh'" employed and the number of iterations
to which the calculations are taken., The optimum spacing of the ini-
tial points should be a function of the rate of change of the param-
eters in the flow field being investigated and of the desired accuracy
in the end results,

2,17 Conical Flow Solutions

Solutions of potential flow fields about conical bodies have
been found by several independent methods., The solutions are more
easily obtained for conical flow because the pressure, velocity, and
density are constant in irrotational flow over conical surfaces having
the same vertex as the conical body.

2.7.1 Taylor-Maccoll and Kopal Methods

Taylor and Maccoll (Ref, 21), using the equation for poten-
tial flow (Eq. 2-2), calculated the flow parameters along conical rays
from the vertex by means of a numerical integration which starts from
known flow along the cone surface and progresses through angular incre-
ments, At the same time they calculated the pressure change that would
occur across an oblique shock of the same inclination as each ray. The
point of agreement between the values of pressure ratio from each set
of calculations determined the location of the shock wave for the par-
ticular cone angle and surface velocity ratio chosen., The scope of these
calculations was very much extended under the direction of Kopal, Ref-
erence 22 presents tabulated data for the characteristics of the flow
fields about cones whose semi-vertex angle ranges from 5 deg to 50 deg
for Mach numbers up to infinity.

2.7.2 Tangent-Cone Method

The pressures on arbitrarily shaped bodies of revolution may
be estimated by means of the flow parameters for cones whose shapes
correspond to those of the body surface from point to point, 1In the
simplest application of this method the slope of the body is averaged
over segments of any desired length and the pressure is taken to be
that of the equivalent cune, This assumes a different total head pres-
sure for each segment, i.e,, a pressure loss due to the bow shock as-
sociated with the corresponding cone at the free-stream Mach number.
Thus the nose segment is the only one which has the pressure referred
to the correct stagnation pressure,

A second method of applying the cone-tangent method is to cor-
rect the local total head pressure for each segment by comparing the
assumed conical shock with the actual bow shock of the curved body.

The relative accuracy of the two methods is dependent on the
Mach number and the fineness ratio of the nose and the distance from
the vertex. This is shown in Fig. 2-4, where the pressure distribution
(taken from Ref, 31) for tangent-ogives of fineness ratios of 1,5, 2,
and 3 calculated by both methods at Mach numbers of 1.5, 2, 3, and 6
is compaied with that obtained by the method of characteristics.

All the necessary conical flow information for both methods of
application is given in Ref., 22.

11
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2.8 Shock-Expansion Method

The generalized shock-expansion method proposed by Eggers
and Savin (Refs. 23 and 24) is an extremely simple and versatile method
for determining the flow field about bodies in supersonic flow, This
method is somewhat limited in the range of Mach numbers and fineness
ratios which can be treated; however, the inherent simplicity of the
method merits special attention, It is assumed that the flow field in
the vicinity of the vertex of the ogive can be obtained from conical
flow theory., Therefore, the flow properties at the surface immediately
behind the bow shock wave are considered as known gquantities and pro-
vide initial conditions for the Prandtl-Meyer type flow which follows,
Thus, the flow field about an ogive-cylinder can be determined in two
steps:

1. The flow conditions at the vertex can be obtained from exist-
ing solutions for conical flow (e.g., Ref, 22);

2. The flow downstream of the vertex can be computed by means of
the Prandtl-Meyer equations or tables (e.g., Ref. 28 or 29).

Comparison of solutions obtained by the generalized shock-
expansion method with exact solutions indicates that the method yields
accurate pressure distributions over ogival noses only if the hyper-
sonic similarity parameter (Subsec, 2.10.3) is greater than approxi-
mately 1.2 or 1.3 (Ref. 25). A weakness of this method is that it can-
not take into account the known pressure drop at the shoulder (see
Fig. 4-1) of an ogive cylinder. If a cylindrical afterbody is long,
then the constant pressure predicted by the shock-expansion method will
yield moment and normal-force derivatives that are considerably in
error even though the hypersonic similarity parameter is much greater
than 1,2, The simplicity and accuracy of the method for the ogive por-
tinu of the body at large values of the hypersonic similarity parameter
make it extremely valuable and useful,

2.8.1 Second-Order Shock-Expansion Method

The generalized shock—-expansion method is so convenient and
simple that any attempt to extend its range of applicability is likely
to be worthwhile. Syvertson and Dennis (Ref, 26) offer a second-order
shock-expansion method which successfully extends the range of use-
fulness of the shock-expansion method to include values of the hyper-
sonic similarity parameter less than unity. It should be mentioned,
however, that the second-order shock-expansion method is tedious to
apply because the numerical computations are relatively complex.

2.8.2 Modified Second-Order Shock~Expansion Method for Use with
Ogives

An accurate and simple scheme for obtaining pressure distri-
butions and 1ift ancd moment curve slopes for ogival nose-cylinder com-
binations by simpiifying the second-order shock expansion method has
been developed by Fenter (Ref, 27). Assuming that the exponent in the
relation for the pressure over any segment of such a shape varies in-
versely with the hypersonic similarity parameter, the following rela-
tion for the pressure distribution may be obtained.

12

T At .

M




=

Flow Characteristics at Low Angles of Attack 2.9

T
=]
)

t
=i,
Py Py

= _Ccn

— = S
p(D

o]

where

s = distance along the weridian line from the origin of each
segment (see sketch below)

{.. = length of the nose section
hypersonic similarity parameter, Md/{

= body diameter

[ -
It

= length of body

= condition at the most forward point of a segment of the
equivalent tangent body (s = 0)

and subscripts

n specific segment of equivalent tangent body

d condition on the equivalent tangent cone

The values of p' and M' are found by means of a Prandtl-Meyer expansion
) deg (see tables in Ref. 28)

through (Gn - 6n+1

Point of Tangency for Segment 2

Actual Body Shape

b —x

Body Vertex

This method has been shown by experiment to give good results over a
wide range of the hypersonic similarity parameter and for Mach numbers
as low as 2. Its agreement with the method of characteristics for
various conditions of the similarity parameter, speuvific Mach number,
ang ggie length is given in Figs. 2-5 to 2-7 (derived from Refs. 25

an n

2.9 Relative Merits of the Various Methods

The selection of any one of the several methods (described
in preceding subsections) for evaluating the flow abcut bodies will be
determined primarily by the accuracy required and the time available
for calculations., Most of the methods are compared in Fig. 2-8 (from
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Ref. 31) which shows their general limitations and optimum areas of ap-
plication., In this figure, errors in pressure drag associated with
the application of these various theories have been plotted against

the similarity parameter, K or 1!75 (see Subsec. 2.,10.3). The "standard"
N

pressure drag, i.e., the zero error drag, is calculated by means of
characteristics., It may be seen that the second-order theory gives the
most accurate results for K < 1.2 and the conical-shock-expansion theory
is best for K > 1.2, Linearized theory is poor for K > 0.5.

The value of such a curve is limited because it is based on
integrated pressures rather than a pressure distribution. Instead of
being indicative of a close approximation to the actual pressure distri-
bution, the smallest drag error may possibly be due to compensating
errors, This may be exemplified by a comparison of the pressure and
drag curves for the tangent-cone method in Figs. 2-4 and 2-5.

The Fenter method (published more recently than Ref. 31 and
therefore not included in Fig. 2-8) has been shown to have a pressure
distribution very close to that obtained by the characteristics method
for values of K > 1.

The generalized shock expansion, the Newtonian flow, and the
tangent-cone methods are perhaps the simplest and quickest to use, but
they are more accurate in the hypersonic range than at lower supersonic
Mach numbers (see Subsec. 2.10). The Fenter method is rapid and only
slightly wmore involved than the above-mentioned methods and has the
added advantage of a larger range of usefulness {as low as M = 2),

2.10 Hypersonic Flow

The hypersonic regime may in general be considered as an ex-
tension of the supersonic continuum, and the theories developed for
supersonic flow should be valid for the hypersonic case as long as the
fluid retains the properties of an ideal gas with a constant value of
the ratio of the specific heats. Even in the case of an ideal gas
there are limiting values of the combination of flow properties and
model geometry within which the supersonic theories may be used. These,
discussed in Subsec., 2.10.3, are shown in Fig. 2-12., In the limit the
density becomes so low that the boundary layer is of the same order of
magnitude as the mean free path, and the gas may no longer be regarded
as a continuum but must be considered as made up of discrete particles.
The Newtonian impact theory provides the solution for most problems in

this regime, which is fully treated in Section 16 of this Handbook
(Ref. 170).

One of the first requirements then is to define (usually in
terms of temperature) the conditions under which the gas imperfections
may no longer be neglected. For the most common medium, air, the ther-
mal imperfections are no longer negligible at temperatures greater than
1200°R. Up to 5000°R, corrections for these imperfections may be ap-
plied to the isentropic flow equations to give results of adequate ac-
curacy for most purposes. Equations, graphs, and excellent tables for
this purpose are given in Ref. 29, At temperatures greater than 5000°R

the effects of oxygen dissociation make it necessary to re-formulate
the basic equations.,
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The definition of the hypersonic slender body given in Sub-
sec, 2.5 limits the value of B9 (or Pe) to the order of 1. By so doing
it confines the combinations of flow speed and shock-wave angle to
values which preclude excessive temperatures behind the bow shock wave,
Subsequent subsections present the actual values of the parameter f0,
for which the various supersonic theories may be extended into the hy-
personic regime,

Aerodynamic characteristics have been determined experimen-
tally at very high Mach numbers in wind tunnels which have limited
stagnation temperatures and which avoid dissociation effects by the
use of monatomic gases, Consequently, care should be used in applying
such data to similar bodies in free flight, where the minimum ambient
temperature is 390°R and the temperature behind the bow shock may
rapidly produce non-ideal gas conditions,

2.10.1 Hypersonic Boundary Layer

At high Mach numbers the shock waves and expansion fans sub-
tend shallow angles with the body surface, and the regions of flow dis-
turbance are limited to relatively thin layers, often termed the "hyper-
sonic shock layers,' The sketch below illustrates this for a slender
body in hypersonic flow,

Expansion

. Shock Layer
—e—— Boundary layer

Compression

At the vertex, region 1 of the sketch, the shock lies so close
to the surface that the boundary layer equations are no longer valid.
In region 2, although the shock and boundary layer interaction is still
very strong, the Prandtl boundary-layer equations give a reasonably ac-
curate description of the flow conditions, As the flow progresses along
the body the interaction becomes weaker. In this thin region of the
shock and boundary layers the normal components of the pressure and ve-
locity gradients are steep, Furthermore, since even for slender bodies
the shocks are strong, the entropy gradients are also significant,

In many respects the hypersonic shock layer resembles the con-
ventional type of viscous boundary layer. Lees (Ref. 43) found solu-
tions for the viscous flow over a flat plate and a wedge at hypersonic
velocities by applying approximations that were similar to those which
Prandtl introduced in his treatment of the viscous boundary layer., In
his work, Lees also includes skin-friction and heat-transfer calculations,

2.10.2 Method of Characteristics

The method of characteristics may be applied to hypersonic
flow since it represents an exact solution of the non~-viscous equations.
However, the rapid changes in flo* variables make a fine mesh imperative
and add to the labor of the calculations. Moreover, the entropy gra-
dients imply significant rotational flow which may not be neglected.
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Rossow in Ref. 25 has developed a method whereby the effects of rota-
tion may be superimposed on an irrotational solution, The effect of
i such an addition is shown in Figs. 2-10 and 2-11.

2.10.3 Hypersonic Similarity Rule

For slender bodies (where 0 is small) the shock wave angle, B,
is small and the quantity (8 - §) is also small, Under these assump-
tions and those of & perfect gas with constant y, the shock wave
equation

e sin g - 1= 251yl 532—%35393§ (2-18)

cos

may be reduced to

eﬂtn

sz : 1) 1 (2-19)

(mg)*

o +

Similarly, the Prandtl-Meyer relation for an expansion becomes

+ 221 (w6) (2-20)

It may be seen that both compression and expansion may be expressed
solely in terms of (M 8). This quantity, known as the hypersonic simi-
larity parameter and often designated by K, is expressed in several
slightly different forms, i.e,,

[ 7]

d
Mw9~Mw tan 8§ ~ M ]; (2-21)
The pressure coefficient may be expressed as

c P P PR
- - T 3
p q 5 y pw Mw

|'2+(r-1)u.,,’] }

N+ -

By the use of Eqs. 2-19 and 2-20, when ¥, and M are large, Eq. 2-22 re-
duces to

(2-22)

2 ( -1 )%;T ]
€, = ;;—2 1+ IL,—_ M, 0 -1 (2-23)
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i.e.,

c, = 6% £ (i, 6) (2-24)
or

Cf(‘f;)z £, (K) (2-25)

This hypersonic similarity rule was first enunciated by Tsien (Ref. 32)
and is based upon the equations of irrotational flow. Hayes (Ref. 33)
has shown that the rule is equally applicable to rotational flows,

Ehret, Rossow, and Stevens (Ref, 30) examined the applica-
bility of the rule to non-rotational flows, and Rossow in Ref. 25 did
the same for the rotational case. The usefulness of the rule for the
purpose of correlating pressure data at particular values of K is shown
in Figs. 2-9 to 2-11.

The range of M, QN/d, and K within which the hypersonic simi-

larity rule will predict pressure to within 5% of the exact value is
shown in Fig. 2-12 (taken from Ref. 30).

Van Dyke in Ref. 34 has shown that the hypersonic rule may be

extended into the supersonic regime by substituting § = "M - 1 for M

in the similarity parameter. The effect of this transformation is shown
in Fig. 2-13 where the pressures on three cones are reduced to a single
curve when the flow is supersonic,

2.10.4 Hypersonic Small-Disturbance Theory

Van Dyke in Ref, 35 has shown that by use of the similarity
parameter, hypersonic small-disturbance equations may be derived. How-
ever, their solution cannot be obtained without further simplification
and therefore their practicality is limited to providing pilot solutions
to new problems,

2,10,5 Shock-Expansion Method

As the domain of disturbance surrounding a slender body in
hypersonic flow becomes thinner, the flow perturbations assume a two-
dimensional character, Thus, if the flow at the vertex of a slender
body may be assumed conical, the ensuing flow on any streamline may be
approximated by means of Prandtl-Meyer expansions (tables of which are
presented in Refs. 28 and 29). The method for non-lifting bodies is
given by Eggers and Savin in Ref., 23. A comparison of the pressures
on ogival noses calculated by the shock-expansion method and by the
method of characteristics is given in Fig, 2-14 (taken frow Ref. 23)
for K = 0.5 to 2.0, As K increases, the agreement becomes very close,

Savin, in Ref, 24, extends the method to bodies at angles of
attack up to 15 deg. The method of calculation is fully detailed and
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substantiated by comparison with experimental data for ogives whose
RN/d is 3 and 5 at Mach numbers of 3 to 5. The agreement is good for

KzZ1 and o/0 £ 1/2

where

R
!

= angle of attack

(S
|

= semi-vertex angle

Beyond these values the agreement is only fair. The use of this method
is also discussed in Refs, 27 and 37.

Zienkiewicz and Bolton-Shaw (Refs. 38 and 39) extended the
range of applicability of this simple shock-expansion theory by the use
of an empirical factor with the Prandtl-Meyer relations, d

2.10.6 Newtonian Impact Theory

The Newtonian concept of' flow assumes that the shock wave J
lies on the body surface and that the component of momentum normal to
the surface is fully transferred to the body. This condition is at-
tained when M, = ®© and y ~ 1.

The pressure coefficient through an oblique shock is given by

'l

PP, O

P-~-P

" Tt (a0 ,
where ;
B = shock wave angle é
0 = angle through which the flow is turned 1
i.e., 8 = local slope of body surface

In hypersonic flow 8 ~ #, and hence Eq, 2-26 reduces to {

C. =2 sin"8 2 sin®

p 6 (2-27)

Ivey, Klunker, and Bowen in Ref. 40 have modified the Newtonian theory
to include the pressure relief due to centrifugal force when the meri-
dian line of the slender body is curved, e.g., in ogives and parabolic
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shapes. They give the pressure coefficient as

2
C = zf' 2 + ff" (2_28)

which may be reduced to

5, = 2812 + g0 (2-29)

since f'2 is small compared to 1, The body shape is defined by

r = f(x) and f' and f'' are the first and second derivatives with
respect to x. This method is only valid in the region of positive
pressures, which is roughly the portion forward of the maximum diam-
eter., The method is often applied successfully to the nose section
of blunt bodies as well as to slender bodies (see Subsec, 4.6).

From Fig. 2-8 it may be seen that the accuracy of the New-
tonian method is satisfactory for values of K > 2, The accuracy of
the method is discussed further in Subsec, 6.8 and illustrated in
Fig. 6-42 where two curves show, for a typical example, that the un-
modified Newtonian equations are closer to the exact solution than is
the case when the centrifugal forces are included (see also Ref. 41).
Eggers, Resnikoff, and Dennis in Ref, 42 calculated the effect of the
centrifugal forces on minimum drag bodies (see Subsec, 6.7). They
showed that the modified Newtonian theory gives slightly better pre-
dictions of pressure distribution than the simple impact theory for
those bodies which have blunter noses than tangent ogives.

2.10,6.1 Assumption of y = 1

The assumption of y = 1 in the Newtonian method may be justi-
fied because the pressure coefficient through both a compression shock
and an expansion fan is independent of y. This suggests that the sim-
plification may be applied throughout the hypersonic range, Van Dyke in
Ref. 100 compares the pressure coefficieni on several cones for a wide
range of similarity parameters and shows that when y = 1 the values are
about 3% less than those for the same cones when vy = 1.4,

The physical implications of using ¥ = 1 are beyond the scope
of this section of the Handbook, The assumption that all entropy and
temperature changes take place in the shock itself simplifies the mathe-
matical model and enables results to be predicted that are accurate
enough for design studies,

.

2.10.7 Tangent-Cone Approximation

The tangent-cone method described in Subsec. 2.7.2 may also
be used in the hypersonic regime, It may be seen in Fig, 2-8 that when
the total head pressure ratio is corrected for each segment the accuracy
remains good for increasing values of the hypersonic similarity parameter,
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2.10.8 Comparison of Methods for Hypersonic Flow

The pressure coefficient for a tangent ogive with ﬂN/d =3

at M = 6, i.e., for K = 2, has been calculated by several methods and
the results shown in Fig. 2-15 (taken from Ref. 31). It may be seen
that the tangent-cone method (with local total head pressure), the
Newtonian impact method, and the application of shock-expansion theory

all give a pressure distribution in very good agreement with the exact
(characteristics) solution,
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