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ABSTRACY

A model descriviag the istersal dymamics of a soasssociated ligquid %as been
constructed ftr wse in tie calculeatioe of cold-semtrus scatteriag croes
sectices amd free-redical recombinstion rstes {a ligquid ydrogemn. The rrovoeed
sode)] astumes that the specificstion of s given tempersture emd dexsity implies
& quiesceat stete i3 whick each molecule vidretes vwith remdom phese iz o

fleld set wp by the sum of the positioa probebility deasities of its neighbors,
the ceatral sites of wtich comprise s close-packed Jussi-lsttice. A compwter
progres hes beer written 0 calcuiste the comsistest vidratice frequency, the
molecular well deptk, the internal esergy, the extropy, and the Jree esergy

cf a liguid vith a given tempersture end density aad vitk imowe lemmard-Joves
parameters of tde istermvlecular isterectios. MAppilicstion of the program ic
the case of iiguid =ydrogen st points om the P-V-T surfece reagiag “rom 2°°

to 279 qloag the ssturstion line hss givem predictioss of thermdynemic
properties wtich are is good agreement with experimemtal data. It s tentstiwely
concloded tast the mode anticipetes the most significamt gesersl features

of motion 17 the liquid snéd agy be isglemeited {a calcuistiors o =ross
sections and recombiastioa retes vhich are depeadent oz the Setalls of tae
iaternal ynamics ard mcroscopic stracivre.
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1. IZTRODUCTICE

In the Zdesign of hydrojen-propelled, muclear-powered
rocket systems, two independent problems are encountered
which require a mathematical 3description of the dynamics
anc discridetion cf molecules in liguid hydrogen for their
solation., Firset, it :as beer shown (&ef. 1) that the sclecular
species procduced by the attenuation of neutrons and garma
rays in lijuid kydrogen =ay not irmmsdiately undergoc the exot .er-
ral reactions leading to a return to the .2 groond state.
The poterntial energy that is stored tesporarily im the formation
of radiation products such as H, nz’ and N,* (vibrationally
or rotaticnally excited solecales) may not appear as heat
for several seconds, even assumring that the mobility of such
products in the lijuicd is as high as in a gas 0f the same
density. Since a large fraction of the radiation energv
goes initially intc the formation of such species and since
“he most intensely irradiatel portion of the liquid propellarnt
is generally nearest the exit of the storage tank, it is
possible that the delay in equipartition will effectively
reduce the amount of heat production while the rocket is
under power.

“hen the lattice structure of liquid hydrogen is taken

into account, it may be found that the inhibition of mobility
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associated vith molecular ordering and cryogenic tesperature
results in a delay in the eguipartition of energy that is
roch ionger than secends. In the case of one particular

kind cf rotationally excited =olecule, namely, ortho-hydrogen,
the retcsn tc the para-hydrogen ground state is known o
regquire sonths., Tne evolutior of heat Ower a long period
presents a problen in space velicles that smst retain part

of the irradiated propellarmt for future operatioms.

A second probler requiring the use of a liquid-hydrogen
model is the production ¢f aydrocea-capture gamna rays dy
colé-neutron adsorption. Jwint to interference effects,
the neutror scatterino cross section of the free hydroocen
nolecule falls off crastically below 3.023 ev (Ref. 2).
Under the assurption that the cross sectior of molecules
in the lijuid is tae sare as for free rolecules, the cold-
neutron —ean free path in the liquil becomes corparable to
the fast-pectron penetration Zistance, and the provabiliity
0f leakage frcm tne propellant tark ray become creater than
the pronadility of neutron capture. This estaplishes the
importance of cold-neutron transpcrt, since hydrogen—-capture
jas=as are important from botn the heating anc the dose-rate
standpoints. It fcliows that the influence of liguid forces

on the cold-neutror scatterina cross section, an effect wnich



is sure to be significant but is at present of unknown nagnitude,
2as an inportant bearing on shield and pressure-vessel design.

The treatment of the two problems cited above rejuires
a rathenmatical description of both the neighbor distributions
for a typical molecule and the state of rnotion (or possible
states of rotion) of the molecule itself. Jith this inforrmation
the magnitude of the erergy barriers which inhibit the free
cmigration of radiation-incduced molecular species can be deterrined
and the effect of 1liguid binding forces and lattice structure
on the molecular cross section can be calculated.

The present report cdescribes a mocdel for the internal
dynarics and nicroscopic structure of a nonassociated liquid
which will lend itself to calculations of the types requirecd
in the consicderation of an irradiated hydrogen propellant.
Evidence for tae validity of the model is given in the fcrm
of a compariscn between predicted thermodynamic properties,
calculated with the aid of an I3M 7090 computer, and published
experirental resuvlts, Applications of the model to0 the problem
of cold-neutron scattering and recorbination rates are the

subiects of arother NARF rzport (Ref. 3).



2, THE PROPOSED LICUID 4ODEL

2.1 Descrigtion and Assumgtions

Any theory of the liquicd state with a claim to rigor
must be derived from a general statistical mechanics formuilation
and must be amenable to the inclusion of quantum mechanical
effects. In such a first-principle approach, exemplified
in the nonquantum-mechanical case by the wosrk of Kirkwood
(Ref. 4), the structure of the iiquid is determined from
the free interactions of many molecules and is not assumed
to be lccally similar to tnat of a corresponding solid.
However, the inteqrai equations which result are difficult
to solve without the introduction of mathematical approximations
that tend to offset the ricor of the physical foundation.
Hence, nonrigorous models based on a prior assumption of
a "quasi-crystalline® liquid structure continue to be used
because of their heuristic value in des. ibing the general
features of internai liquid motion and because of their adapta-
bility to the correlation of experimental data. It is a
model of this sort that is introduced here as a basis for
specialized types of calculations.

In the theory of Lennard-Jones and Devonshire (Refs., 5
and 6) each molecule in a liquid is assumed to move in the

intermolecular potential field that would be set up if its



nearest neighbors were <smeared uniformly over a spaerical
surface passing throuah their central lattice sites. Arn
extended forrm of the L-J-D mddel takes vacancies into account
by minimizing the Helmholtz free enercy. lowever, the ratios
of vacancies to rolecules predicted in this way are found

to be much smaller than those obtained from X-ray determinations
of the liquid structure (Refs. 7 and 3). It is inferred

that the latter model cannot be relied upon to rrovide a
liquié description adeguate for the calculations of quantities
which are dependent on the cetails of the internal Jynarics
and microscipic structure. The same conclusion is reached

in reqard to the currently exinent “"sigirificant structure”
theory (Ref. 9), which provides good thermodynamic results

but which relies on the use of an empirical Debye terperattre
and prescribes no method of determining the pctential eneray
of the quasi-lattice at points off the vapor-point line.

The object of the present effort is to acumtrate a tractable
liquicd nodel which is rmore or less in the spirit of the L-J-D
rnodel but which takes into account both neiqghbor displacerents
and quantur rechanical effects. As in the L-J-D r~odel, a
specific quasi-crystalline structure with local order extencinn
out to the third or fourth nearest neighbor is assuned.

However, in the method cffered here the motion of each molecule
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is deterxrined by the state of wmctiorn 0f its neichoor, so
that factors such as the chanre in "wlecular enviromment
wvith termperature variation at constant Jensity are taken
into =ccount.

The particulars cf the present rocdel will be fcrrulated

or. the basis cf the £cllowing set c¢f assurptions:

1. The liquil structure is Juasi-crystalline,
vith local crder of central sites exteadinj
for at least several molecular separations.

2. At constant terperature anc 3ensity, increases
in the vacancy fractica (hole concentraticn)
resait in a scale coxrression of the lattice
dirensionrs so that the fort of the site
distribution is rreserved with none of the
=olecules occupving off-site positions.

3. The irteractions are <2 tc central, isctroric,
tvo-=0lectle forces (tsus, the model is
limitec to “nonasscciated” lizuids).

4. Each mwlecule rmoves Juantu=-zechanically
about its own centrai site: ir the vicinity
of this site the ~olecule rcves "harronically®”
i1n discrete energy states characteristic
of a three-cdirensional narmonic oscillator,

5. Each molecule vibrates in a field set up by
a "wlecular clou2” cefinec dby the sc= cf
the position probability densities cf its
neighbors that are averaged over all r~oces
of vibration; tne "consistent®” freguency
thus defired is comon to all cf tae molecules,
as in the Linstein ~odel, but is, ir tais
case, deterx=ined unigquely by the cormon
neighbor envirorment.

6. The foregcing assurptions Jefine a guiescent
ligquid in which there is noc correlation



between the phases of vioration of neich-
boring rolecules.

7. The Juiescent systex thus Zefined is disturbed
by longitudinal acoustical wvaves with a
velocity deterzined by the “consistent®
frequency of vibration and vith wvavelengths
restricted to integral sultiples of twice
the lattice diwensions.
8. Jwing to absorption, o=ly those acoustical
waves are pcssible whoee inergies are less
than that required for the excitatiom of
“consistent” Tuanta levels in the quiescent
liquid; the “ground state® energies of all
such vaves taken torether are icemtified
with those of the stationary, comsistently
vibrating modes.
9. For ocnstant temperature and dersity, the
hole concentration tends toward a value
correspondin~ to the lowest Helrholtz free
energy; the hcle ccncentratioe is the oaly
sigrificant irdependent wvariable ia the
ainivization of the Heimholtz free energy.
Each of the above assumptions zan be supported by argqunents
based either on erpirical considersticns or on thermodynarical
verities. However, the ultirate argurent for such a construct
rests 1n its pragratic valility, i.e., its general utility
in the satisfactory predictiorn of e~pirical data. Hence,
the above assurptions will be incorporated into mathematical
staterents without individual analysis, and the results of
a subsequent applicatioa to the case of liquicd hyd-ogen will,

for the present, be taken as an indication of their ccllective

validity.




.4 Comnsistent rregTency a.3 dell Depth of the Juiescent
Liquid

According to Assurpticn 1, the neighbor sites of each
30lecnle iie o= concentric spherical surfaces (shells), wvith
the number of sites per shell Zeterrined by the type of guani-
lattice. Llet 35 and z, be the radius and nueber of neighdboring

th L nell.

molecules, respectively, correszondinc to the i
Let the density of the ligquic be > and let the hwle cczcentra-
tion, Jdefineld as the fractior c°f sites which are unoccupied,
be £. Then, according to Assurption 2, a; is proportional

to [5/(1-£)1"1/3

and z, is proportional to (1-I)., The reichbcr-
site distrioations out to the fourth neichbor siell have

been derived for four types of lattice structure and are

given in Table i. The neighbor-shell radii computel {rur

the table are in c= when ¥ is the rolecular rass in a=u ani

SA is Avoocadro's nuxber.

As a vatter of mathematical convenience, the approxirmation
is made (as in the L-J-D method) that the central neighbor
sites are "sreared" over the neighbor shell; thus the envircn-
<ent of each ~olecule is formed by a radially symmetric cloud
nade up of contributions from the stationar; wave functions
of various reighbor molecules whose central siies are sreared

over the shells to which they are attached. TFigqure 1 shows

tte geometry associatecd #.th a central site at 0 and a neigiavor



Table !

XZIGESOR-SITT DIZTRIRTTION POR FOUR TYTES OF LATTICE

Siaple Cubic
i p ! 2 3 4
z; 6(1-) 12(1-£) | 8(1-9) 6(1-¢)
P /3 -1/3
i . i (] ?
gal‘ [XA]l [T——f V5] al Vs) 11 2 al
i .
. i
Body-Centereé Cubic
i! 1 2 3 4 !
z, 8(1-¥%) 6(1-5) i2(1-¢) 24(1-%) |
33/2 .y 1/3 -1/3
iy 13 e /3a 2 /2. i |
4 E , 1-f 3 1 1% 3 %1 |
. |
Face-Centered Cubic (Close-Packecd Cubic
i 1 2 3 4
zi 12(1-¢) 6(1-£) 24(1-%) 12{1-%)
» 1/3 0 -1/3
ai Pi ?':] [-1-:?] 2 al Vg) ‘1 2 al
Yy |
L
Close-racked Hexg%onal
i 1 2 3 A
1
z, 12(1-£) 6(1-f) 2(1~£) 18{(1-£v |
N —
1/3 -1/2
LR /2
ai [ﬂ :A [T:-} 2 al 2 3 al 73 a,

» +l prastv e -
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shell of racdius .i' The asscciated positior prabadility
Censity at a listance r- fro- O is desigmated as zi(r').
Then ‘or a srall displacenment p° of the certral molecule,
the potential energy Joe ¢o molecules in a shell of thickness
th

ér- associatel with the i pneighbor shell is

4
2
.i(a‘.z')éx' = 1i(t')dt'[ v{s)2vr° sinede (2-1)
=0

s = /1"20; '2°22‘: ‘o088 {2-)

ané Jlerz vis) is the intermolecular imteraction. In most
cases of interest v(s) is excress-i'ie in ae Lennard-Jcaes

forw, viz.,

£ -
vir = - 1 ee 2 (2-2)
Carryiza cut tae integration, expandirg the result in terws
of 0, anc A scarding tcras of order higher thana’z (by
Assurptior. 4) gives
s.(c7,r’')ér” = hr’zz. {r7Yir~ [-—- r"—6+v t'-12]
i 1 c c
2\
- -14 ‘
4-[ Sy =° 5422\: r’ ] 2° } 12=49)
c c

Differentiation vith respect to »° gives the restori~qg force

per unit central molecule per unit displace~en: dus to the

11
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rolecules in the 2i¢fereatial shell between r- anéd ar-:

D.i(a '.t'.‘
K (r7)fr” = - s°
i 0

= ooy (rorerefn o2z o7 (z-5)

Finally, the “restoring coefficient” doe to all of the neighobors

around a central molecuie is

l‘ - Z];i(t')dt' (2-6)
i

All that is needed to evaluate the restoring coefficient,
and hence the freguency imposed on a central =—Ilectle by
its neigkbors in their owz guartum mechanicsl distributioas,
is an expressiza for zi(t‘). the radial demsity associated

th

wit: neithbors vhose ceatral sites lie oe the i cell,

This is obtained Dy integrating the density cortribdbatioas
froe 2.l neighbors with central sites smeared on the iw
shell st an arditrary point ir the vicinity cf the shell.
Such an integraticn regquires the xnovledoz of the position
probadbility density of neighbors about their centril sites,
whick in turn depends on the “restoring coefficieat® (or
classical freguaencyj of the neighbors. lLet oz(a) regresent
the position protability dexzsity, averajed over all modes

of vibration, of a neighdbor molecule at a distance 5 (Fig, 1}

12



from its cestral site. (; ¥w1ll nact de confused vith the
liguicé density, designateld by lae sanme symbol. An i sudscrizt
tc ; is indicated but is oritted for convenience.) 02(:) is
equltothemofcoattibutiml;; {5) corresponding to
energy state .‘:3_ weighted by the populatiom fractice of such
states. Solstiomn 0f the Schrodiager eguatio= with a taree-
diwnersional harmonic potemtial gives for the normalized vxre
fuancticn cf a state Characterized by the guantur nmbers i, ™,
ané a

1/2:232

o oZ) = SN H - -7
l'ﬂ!'n(x Y.2) o ‘(;x)!i‘(ay)!in(-:)e {2-7)

where separation iatc the Serwite olynonials sn has easily

been effected 3y tae use of Cartesian coordinates definel by

:2 = ‘2"2’:2 (2-86)
The parareter a 13 related to the stiffness coefficient :s
of the neighdbor moiecules >y

xs = 52‘2’/* (2-9)

where M is the molecalar mass and k is the 3oitzmann corstant:

the rormalization factors are given by

3
¥ = ( ) (2-19)
n $ '1/2211,"

13
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Foramhcnleinthe;aeaerqysuu
tepen = 1 (2-11)

and the nornalized position probability dersity is

1 2
2 S <TEnEa—. ] -
03 (s) 3. Z cn,:,n (2-12)
- L,m,o
teméne=3
vhere
q}. = (1/2) (3¢1) (§+2) (2-13)

is the degeneracy (cr number of terms in the surmatisr) ‘or

a three-cdinensiceal harnonic cscillator. Then, if F. is

D)
)
the fractiocn 9 moiecuies 1in the jt" enerjy state, the averase

position prodadility deasity is

| 3
20 - - Z vl (2-14)

where for a cterperature T

'Ei/“ -si/kr
!" = (-41)/342)e *~ /Z (i+l) (J+2)e (2-15)
3

P
The enerqy levels Ej are giver by

L -( % R j)ko (2-16)

14



vhere 9 1S unijuely related tc s by

- =/
OCh‘n‘Xk

The quantity 3 is related to the classical frecuency v by

hv
e X

If all of the rolecules vibrate with fregquency v, then ¢

pay be described as the characteristic (cr "Einstein®) ten-

perature of the syster. In teras of 9,

P‘ = (j#l)(j+2)e-]°/r };: (j+1)(j+2)e°j.lt

3
1 -3$68/% -‘,T
= 5’(j41)(j+2)e ) /-(1-e )
Let
w = e-ﬁﬂ
Then
r = j(1-- )3
yf8; = e
and
3 2 2 nz (ax)
- 3 4
;(c)---i-—e“’u-..)z.J\_‘ :
13/2 L‘ "1!
3 L,n,n
nn‘(cy) d, (az)
’ n n
2 nm! 2 nl

15

(2-17)
(2-18}
(2-19)
{(2-29)

(2-21)

(2-~22)



If m and n are fixed in the second summation so that t = j-m-n,

then
2 2
20, o3 2,2 1oey? § Fa_lo¥) Hy (a2)
o {(p) = e (1~w
3/2
M 2mml Znnl
- 2
. Z “j H ._m_n(GX)
j=m=-n
j=m+n 2 (j=m=n) |
2 -
- o’ -alp? 3 iy (ay) an(az) L4mén Hl:‘“‘)
372 ¢ (1=w) m n “ N
] 2 ml 2 nl t=0 2 ¢!
{2=23)
o3 3 nmz( y) H 2( z)
a a
“TEe Pla? ) e m x
' grB 2 ml 2 nl
[ 4

Z (5] ——— Hl o] (2-24)

Application of Mehler's formula on Hermite polynomials (Ref. 10)

gives

3 2 2

e (l-u)z(l'uz)'l/z

r.22 222
2 20 X w=23 X &
¥°{(p) = expl >
1=y

2
. }E: TN n (aY) H (az)
2 ml 2nnl

m,n

(Equation continued on next page)

16



2 2 -1/2
= ;jz edza ‘1-.)3‘1‘ exp[' ,20 x (.Z)
|
- . h (-Y)
’ j{: '31 r!
=0
3 2.2 -1/2
- ;/2 e-o ¢ (1-0)3(1"02. exp[h—:-:)hzixzwz,]
v
(cz)
W
n=o
“3 3 -3/2 3 2]
=373 (1-w) ll-u ) e exp[( )2u 9 l (2-25)

Thus, the gposition probability density of a neiqgabor molecule
with a classical frequency defined Dy a, averaged all modes

of vibraticns, is simply

2 2
=372 3 ¢
v2(o) = x / \, e ? (2-26)
where
1-
{1+: (2-27)

The radial density distribution around a central molecule

can now be calculated from Equation 2-26. Reference to Fiqure 1

ith

shows that the density due to the shell at a point P which

17



is located a distance r° fro—~ 3 is

2. -
gz (r’) = 2 f&.z (s(2,r)]} 2ta_2 sin 020
i i i

o

- %]r tiz [cie,r-)] sin 920 (2-20}
o
wvhere
'2 rd
> = /a: +r -Zait cos * 2-29)
3y settirc
t = 32
A2
[a;4r7]
1 [ 32 )0 a2,
z =l >z 2 e dt (2-30}
2 i 2a.r”
\ 1 A2
a,-r)

-3/2
1 v 2 2 2 2
mn ejes A -) - - -) -y’ -
3 zi( ZAit’) J exp[ Iain' ) ] exp[ !‘i r ‘ ] (2-31)
it can easily be showr that the first item in Equation 2-21

is negligible fcr all cases of interest. EHznce
z
. -3/2 i 2
zi(r } = v (;ﬁf‘;‘:) A exp [-xz‘ai-r‘) ] (2-32)
i
The comtination of Equation 2-5, Equation 2-32, and Equation 2-6
gives for the "stiffness coefficient®” of a central molecule
-8 ~-14
K z k .1+ a, k 2~33
R Z i[ g a(yx) %3 z‘y;)] ( )

1
19



where 172

: RV
k.‘v:) - -s.c‘,—z-?)vi’[ e du (2-35)
Lfvs)
- 2
o B, ‘,1.., cu (2-36)

xv;) - 22 ‘—2-’7-1’[
ri 2 ci Vel I .
[s)
and vhere u = \r”, L(‘i) is a suitably chosen lower linit
vhick sust be greater than zero oving to the error in the
neighbor vawe furctions, assus:d to be havmonic, at points
distant from the central neighbor sites.
The well depth of the central molecule, ¥, is calculated
in anzlcy to l‘, using Equation 2-4 with o° set equal to
zero. “fultiplying the result by Avogadro'’s number gives

the “nolar well depth,” waich turns out to be

s Z z; [ni-su.!vi) + '1-12“1('1,] (2-37)
1

wheze

® 2
“a{'i) =R (%) 115[ ude (Yi n) du (2-38)
< v

L{vg)
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1i -11 '!'i’“,z
)'1 u e du (2-39)

- i 1
“t('i} - -"Avc( —Iv
lei)
1

The inteqrals in Eguation 7-35, Egquation 2-36, Eguation 2-335,
and Equation 2-39 become infinite if Llyi, is chosen to be zero.
“his is 2ue to the fact that the neivthbcr wave functicns,

Wnich in keeping wita Assumption 4 are harmcenic near the
neivhi.or shell, are finite even at the site of the central
=0lecule. The actual neighbcr wave functicns, of course,

=i1st vanish at this poirnt. Ir practice, as long as Assurption 4
nolis, this effect creates nc Zifficulty. It is ‘ounc taat

-

all cf the sijynificant contributions to ka' xt, ua, and ur

come fror pcrtions cf the reichbor distributions which are
relatively close to the neighbor shell and far from the central
site. 1In all reaiistic cases the ccntributions decrease

rapidly with decreasing u(=\r"), with a large portion of

the space insilde tle neighbor shell contributing a neqligible
amount tc the irteqral, 2 winimum is eventually reacned

after which the contributicns increase drastically with decreasing
r°. Assumption 4 implies that the harmonic wave functions

are accurate down to values of r”° coresronding to negligible

contributions to the interrals. Herce, for the sake of definite-

ness, L‘v;) can be cefined as the largest cf the four values
>



of u corresponding to tne minima of the integrands in Equation 2-3S,

Equation 2-36, Equation 2-38, and Equation 2-39, The lower limit

is thus defined as

' = 1 - 2- -
L(yi' 2[71 /yi 26] (2-40)

The salient feature of the present model is the require-
ment that Assumption 5 be satisfied; that is, the frequency
at whict all the neighbors of a central molecule vibrate
must correspond to a density distribution which imposes that
same frequency on the central molecule. Let the "stiffness
coefficient” irmplicit in a frequency of neighbor vibration v
(uniquely related to a through Equation 2-17 and Equation 2-18)
be

X, = XY (2-40R)

Then the state of the quiescent liguid is completely defined

by a numerical deteimination of a such that

KN - KR (2-41)

The value of a for which this condition is satisfied may
be defined as the consistent-vibrations parameter, .. Once
o, has been determined by using trial values of a in the
evaluation cf Equations 2-33 and 2-40, the well dep:h can

be computed by use of 2-37., Expressions for the remaining

21
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guantities whiclh are required in the evaluation of thermodynaric
properties according to the present model are derived bdelow.

2.3 Internal Enerqy and Enttqu,of the Juiescent Liguid

in a syster of !l rolecules the total eneragy of vibration

(includiny the “zero-point®" energy) is

J

3=0

where Ej and Fj are given Ly Ecuation 2-16 and Eguation 2-19,

respectively. A series identity qgives for one mole of ligquid
v )
(K= A

E = RV(¢e,T) (2-43)

where R is the universal gas ccnstant anéd wnere
-1
1 8
v{s,T) = 38[~5 + {e /T—l) ] (2-44)

In the rresent mode, €is, of course, computed by substituting
the consistent g, a_ into Equation 2-17.

If the liguid were composed of ! stationary molecules
confined to their central lattice sites by wells of depth u,
the internal energy of the systerm wouid be (1/2) Nu. This
result follows fror the fact that the enerqgy which belongs
to each molecule uniquely is only : u, the remaining hailf

2

figquring into the potential energies of neighboring molecules.
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in other wnrdsg, vhen one adds ug “e zOotential eaerwy of
it systew, the interaction between each pair shoull be cosrted

caly once. Hence, the mnclar internal energy o¢ ine juiescent

G = -;- e ®V(2,T)) (2-45)

~
-

The eatropy of a iattice coaposel of K harmorically

bound molecules and n vacancies is given Dy
S =S ¢S (2-46)

wvhere Sc and St are the configurationai arnd thermal entrogies,
respectively. Accurcding to the Boltzzann postzlate these
are jiven by

Sc = X 1In sic (2-47)
and

=K tn"% (2-43)

9]

where Wc is the nuaber of distinguishable ways that the X
molecule may occupy to Nen lattice sites anc Ht is the number
of distinjuishable ways that the N molecules may populate

the permissible guantu~ levels in a systex of temperature T,

Thus, ﬁc is the number of ways that n identical pegs can

occupy N+n holes, namely,

y = N4n)! 12-49
e Ninl ! )
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for a “wle ccacentratice, ¢, Zefinel by

A
‘Ic—- -5"
£ o (2-52)

zse of the dorirant ter—s c’ Stirling's approxiration cives

72z the confizczation ert cf one =ole 0f lijuid
[ s 1
Sc 1l-(=( e A J {(2-51)

The goanta vhich Ceterrine the cunber of distinguishable
“energy arranjyenents,” "y e correspord to the total interrnal
energy iz excess o0f the crcunc-state enerjy. I otaer words,
?t canaot incivde perrmataticr invelvino depletions of the
Jround states. Fro~ Iguation 2-16, Eguation 2-43, and
E3uation 2-44 it is seen that the namber g of juanta which

contribute to the enervy in excess cf that cf the ground

states ~ust satisfy the relaticn
. -1
8
3 k & = (3%x2) (e /T-l' (2-52)
from which

/I =g =|eT-1 l-l (2-53)

where g has been introduced for sirplicity. The number cof
distinguishable ways that the 3 juanta can be distributed

among the 3N oscillators is the same as the number of dis-
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tincuishetle ways that 3 ildentical balls may e put in 3T
ozxXes with nO restrictior or the aurder 0% balls per box,

zaneiy,
wt = (I} 1/7{3%) 3! (2-54)

<ser, dy Stirling's approximation the thermal eatropy per

=cle 1is

St = 3R [(l4c)in(leg)~-g ta gG] (2-55)

~he ‘oregoinc eguat:ions Zefine the therrmoldynamic properties
of the proposec jtiescent liguid with a hole concentration f.
2.4 Acoustical Eflects

Accordine tc Assu=pticn 7, the juiescent systes is Zisturbed
by acoustical waves with a2 velocity deterrined by the “consistent”
frequency; of vibration and with wavelenjths restricta? to
intesral multiples of twice the lattice dimension. The average
tirme requirec for a molecule to comrunicate the approach
of a disturbance across the distance 2a, which separates its
nearest neighbor on opposite sides, is 1/v, where v is tne
consistent-vibration frequency. The propagation veiocity
in a consistently vibrating liquid (and in a region devoid

of holes) is thus taken to be
w = 2av = 2aké/h (2-56)
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vhere a is icdentical tc the nearest-neiachbcr separation a
and where ¢ 1s obtained L; substituting the consistent vibration
parameter, ..’ into 2-17.

The perrissible wave lenjths are given by
‘n = n(2aj (2-57)

where n = 1, 2, 3,.... The permissible acoustical frejuencies

are therefore given by
v, = "/"n = ke¢/hn (2-58)

€ince it is to be expected that the acoustical disturbances
do not extend over cormains whicn include vacancies in the
quasi-lattice, the number of waves of a given length should
decrease rapicdly with increasing hole concentration £. The
situation can be approximately represented by a simple cubic
iattice consisting of N sites of which fl are unoccupied.
The length of a linear column of molecules is N1/3a, which
neans that, in the absence of holes, the number of one-dimensional
waves of length An that can exist along the column is Nl/a/;n.
However, if each site has a probability f of being unoccupied,
the average number of one dimensional waves that can exist
along the column is only (l-f)anl/a/Zn. Considering that

2/3

there are N columne for each of three mutually orthogonal
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directions, the number 0of one-dimensional acoustical oscillators
of frequency v in one mole of liquid is (taking into account
the increase in the nurmber of sites per mole due to tae vacancy

fraction £}

M 1 a-n"
Nn 3 { (1-£) ] 20 (2-59)

Acccrding to Assumption 7, the acoustical contribution
to the internal energy is obtained by multiplying Nn by the
energy of a one-dirmensional oscillator of frequency vn averaaged
over states with energies less than k6 and not including
the ground state energy. Since the assured absorption of
waves of energy k€, or greater, merely changes the form of
the available kinetic energy, the level population of oscillators
of frequency vn should not be affected by the process of
truncation. Hence, the average energy, including the greund

state enerqgy, is

un = Z FnjEnj - Z FnjEnj 1l - Z Fnj (2-60)
j=0 J=J j=J

where Fnj is the fraction of oscillators of frequency o

which are in the jth level in an ordinary quantized distribution

characteristic of a temperature T, Enj is the energy of the

jth level, and J is the level corresponding to an excitation

ke, For a one-dirmensional nscillator,
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D e i ]

-3hv /k7T =hv T
F = e ﬂ/ (l-e n/k )

nj
and
E = -1- hv_ + jhy
nj 2 n n
The first summation in the numerator of Equation 2-60
is
-h T -3
F__E - 1 hv ‘l-e Vn/k ) e thn/kT
njnj 2 n
i=0 =0
~hv AT =hv /k'r
+‘1—e v/ ’hvn Z je "
i=0

hv T
= l hv_ + th/1e n/k -l)
2 n

The second summation in the numerator of Equation 2-60 can

be written
A P A e
nj nj 2 WnitT® e

j=J j=J
~hv T “jhv T
+ (1-e n/k )hv je n/k

n
j:J

The fnregoing expression may be simplified by writing
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(2-62)

(2-63)

(2-64)



-jhv =Jhv {4~ v
Ze) r/KTseJ q/k'rze jJ)hwr

3=3

j=3

_ e—.mv,/k'r Z" e-j‘hvn/k'r

and

-3h
z Je : v’/ﬂ =

j=J

3°=0
-1

e’thwT{ l-e"hv,w(’!')

-jhv T -
Z (j-J)ej “/k +JZejhv'/ﬂ

i=J j=J

e-'th“/(T Z j‘e-j‘:.h ‘/‘T
jo=0

. Je-th r/&'r Z. e-j’hv n/k'r

370

-thr/k'r e-h“r/‘('r "
e

bt 48 2

[

-1
. Je-th r/k'r(l_e-m r/k'r)

(2-65)

(2-66)

Combining Equation 2-64, Equation 2-65, and Equation 2-66 gives

r

‘l-‘
L Frifny =

1=J

o

2

-Jhv_/kT =-Jhv ATl hv /AT
hvne r/ +hvne w (e '\/‘_1) +J
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Co~bining Equation 2-63 anc tguation 2-67 gives fcor the numerator

of Equation 2-60

~
=
.
v
3
(S
]
m
=
.
t
=]
\d

\
-1

(1~e-th“/kT)(ehv“/kT-1)
-thn/kr

- Jhy e
n

)‘. hv
n

The summation in the denorinator ¢f Equation 2-60 is

5 e 5l

I=J j=J

g‘l-e—hv:/(T)e-thrf(T E-: e-j‘hv"ﬁ'r

j =0

m e-Jth/kT

and the denominator is

-
| -
—thr)/k'r
1 - ZLJ Fnj = l-e
i=J
From Equation z-68 and Fquation 2-70, it is found that
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-1
. ( th/k? ) e-thn/kT
v =3 hvn + hvn e -1 - Jh\’n g — T (2-71)

lve

Since the Jth level corresponds to the absorption of

an armount of energy k& Dy a "consistent® mode of vibration,
thn = k¢ (2-72)
angd
J = ko/hvn =n (2-73)

where use has been made of Equation 2-58, Thus,

1 ke 1l n
U = = hy + = - (2-74)
n 2 n n e‘/n-l e‘«l
where
¢ = 0/7

According to Assumption § the ground-state energy of the
oscillators in normal coordinate space is to be identified
collectively with the energy of the consistently vibrating
molecules. Hence, the average energy belonging uniquely

to an oscillatorxr of freguency v is

s .qk-—e- - ] -
w == [Fn nF, (2-76)
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where
-1

F - [o*/m )] (2-77)

The total acoustical energy per mole, UA' is obtained by

surming over all wavelengths:

. 6R j
v, - Nu - [;_-f-] H(F nFl) (2-78)
n= n=l
where
2n
n (2n)

A sort of configurational entropy is associated with
each set of oscillators of freguency Vo owing to the cne-
dimensional regions over which waves are excluded due to
the presence of vacancies. The number of intersections of
intervals over which waves could extend in the absence of
holes is (l-f)2n Nl/%/Zn. The average number of holes in
such an array is f51/3. Since the total range excluded by
holes may be between two wave-supporting regions, there is
effectively no liritr on the number of vacancies which zeparate
adjacent waves, Hence the number of distinct combinations

1/3

in a one~-dirensional array of N molecule is (in analogy

to Cquation 2-54)

1/3 1/3 173 1/3
ne =dX (-5 N (an)y I -0 r2n (2nf)} |

A,n 2n 2n 2n
(2-80)
32



Considering that the assignment of a given vacancy distribution

to each of 32/3

columns completely determines the vacancy
distributicn in the system of N sites, the total number of

distinct combinations is

¢ = N2/3 W
A,n A,n

and the asscciated configqurational entropy per nole of oscillatcrs

of all permissible frequencies turns out to be

5, = i Tf?) R Z [ ‘1+c;n)ml1+cn]-cnmcn] (2-81)

r=l
where

(1-%) 2n 2nh
n = 2nf = £

n

(2-82)

Since, due to reflection from holes or boundaries, a
given acoustical wave may propagate to any point in the liquid,
various waves of the same frequency are indistinguishable
from one another in the sense that there is no way of deter-
mining whether a wave corresponding to a given excited state
of oscillation is the same wave which was excited in a previous
condition or a different wave which has come to occupy the
position of the former one. Hence it is not meaningful to
speak of the distinguishable ways in which quanta of energy

may be dirtributed among the abstract oscillators in normal
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coordinate space that cefine a collection of waves of frequency
Ve The thermal entropy asscciated with such distributions

is therefore zero., BRowever, the entropy given by Ecuation 2-31
could be recarded as a kind of thermal entropy, since it
relates not just to the number of distingquishable hole dis-
tributions but tc the perrissible patterns of motion for
acoustical disturbances in the liquid.

The contributions to the total entropy denoted by LCquation 2-51,
Equation 2-55, and Equation 2-31 are the only ones to be
considered in a consistent application cf the present rodel.
2n ormission which should be ncted explicitly is the part
of the confiqurational entropy associated with long-range
disordering in the distribution of quasi-lattice sites.

It is to be hoped that, well away from the critical point
at least, this contribution is small. 1In the vicinity of
the critical point, any model based on the assumption of

a crystalline structure can be expected to fail (Ref. 11).

2.5 Hole Concentration and the Approach to Equilibrium

Accoraing to Assumption 9, the hole concentration, £,
is the only significant independent variable in the determina-
tion of the Helmholtz free enerqgy. Therefore, at constant
temperature and density, the liquid should approach equilibriur

by tendinn toward a value of f for which the Helmholtz free enerqy
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F = U-TS (2-813)

is ninimum, where U and S are, respectively, the total internal
energy and entropy due to the various contributions. The
equilibriua state of the liquid is thus determined by (1) regard-
ing each of a se* of trial values of f as an independent

variable {along with o and T) and determining the corresponding
congistent-vibration frequency defined by Equation 2-41; (2) evalu-
ating the associated values of U and S by adding U_ and U_ and

Q A

S, , and Sc' and SA' respectively; and (3) locating the value

tl
of f for which F is minimum. All of these operations can
best be performed numerically with the aid of a high-speed
computer,

2.6 Summary of Expressions for the gggilibtium State

The equilibrium state of a liquid according to the present

model is defined by an equilibrium vacancy fraction fe and
a consistent-vibration parameter uc(f.). Por any trial value

of ¢, uc(f) is the value of a that satisfies

K-K =0 (2-41)
N R
where
2 4
K, = h%¥/n (2-40A)
and
-8 -14
Kp = }: z4 ['1 kolvy) + 8 kr('i)] (2-33)

i
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where

1/2
-3
v, -( i;:_’) a2, (. = %) (2-34)
:
g - 2
: kyfvy) = -suc(-;?) 717[ R (2-35)
i)
and
- 2
-{vy,-u
kr(vi, - 22vc( ,—3-_-) vinf u"13e (Yl ) du (2-36)
w
1]

The molar well depth for the trial vacancy fraction £ is

7iven by substitutiny a = ac(f) into the relations

Vo= 2{: z, [ai-Gua(Yi) + ai-lzur(yi)] (2-37)

with
- 2
-|y.=-u (2-38)
ua(yl) = =N uc( _;.)YISJ[- u“Se (‘q ‘—) u 3
L]
and
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The lower limit in the integrations is taken to be

(i) = - AT ]

(2-40)

The nunber of neightors per shell, zi, and the neighbor shell

radius, a., for the ith shell are proportional to {i-f) and
(1-5) /3
of quasi~lattice structure in Table 1.

The internal energy for a trial value of f is

U= UQ + UA
where
U = 1 W + RV(6 T)]
o 2L T
with
-1
1l
v(e,T) -39[5-4» et-1) ]
and

0 = hzea/hk
and UA is given by

Un = [ (gfgi ] Z Hn(Fn'nFl)

n=1

with
2n 2
Hn = (l=f) /(Zn)

and

37
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(2-84)

(2-45)
(2-44)

(2-17)

(2-78)

(2-79)



sy

-1
F = {e‘/n—l)
n
The absolute entropy for a trial value of f is

S =S +S + 8
c t A

where
£
S = =R [tn(l-f) 4 m— znf]
c 1“,,
St = 3R [(1+q):n(1+g)-gzng]
with
¢ )-1
= -1 = F
et e 1
and where
S =( TE_ )R j{: (1+G )1n‘l+G }-G inG
A ~-f n nr o n
n=]l
with

G = 2nﬂn/é

The Helmholtz free energy for a trial value of f is
F=U-~-TS

The equilibrium state of the liquid is found by locating

a value of f such that

(2-77)

(2-85)

(2-51)

(2-55)

(2=53)

{(2-01)

(2-82)

(2-83)

(2-36)



If it is assumed that the present rodel provides accurate
values of U and S, then, for a given dernsity o and temperature

T, the pressure is obtainable from the relation

3F .
P =" 301/ (2-87)

T
Therefore, insofar as it is valid, the model offers a complete
solution to the problen of state with p and T as independent

variables,

[ )
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3. THE COMPUTCR PROGRAM

3.1 Procedure

A computer progra~ (designated T-74) has been written
in the FORTRAN lanquaqge for use on the IBM 7690 corputer.
Tne Operations indicated in Section 2.6 are executed on tne
basis cf giver terperature, density, and assured quasi-lattice
structure. Up to ten neighbor saelis mray be considered. For
each of three trial values of £, prcocvided as input, the procedure
cor.verges on a consistent-vibration parameter, ac(f), by arn
iterative process ecquivalent to Newton's method, waich begins
with the consideraticn of two trial values of a, also providec
as input. Subsequertly, the procedure converges on an ecuiii-
brium value ~f £ by re-use cf ‘evzon’s rethod to locate the
intercept of (3?/35)?'3. A linear cxpressica for the latter
g-antity at each value of £ considered 1s optained by usin~
the cerivative of the guacdratic fun~tion defined by the values
cf P at that value of € and at the two values considered i1rredi-
ately prior to it. 1In orcder tec ootain five~--iace accuracy
in e abcut six trial values of a ~ust bDe considerec for eacn
trial value of £, In order to obt.iin fcur-nlace accuracy in
fe, about 17 trial values of I must ze consiiered. (Fcr scre
reason, the number of itecaticns rezuirel in each case 1s rela-

tively irsensitive tc the estirates zrovided as input.} The



execution of all of the foreqoing operationsz for a given state
defined by T and » (in the cases consicdered thus far, at least)
rejuires about 3 minutes of computer time.

3.2 Input and Output

The input data for a single prohlem (corresponding to a
single state of the liquid) requires from 7 to 16 cards, depend-
ing on the number of neighbor shells considered. If n is the
number of neichbor shells, then the information contained on

the respective input cards is:

{1} Tvc acbreviations designating the type of
liguid and assured structure (used in the identi-
fication of input); the number of neighbor shnells,
n; the termperature; the density (used only to
specify what density is used in determination of
the shell radii for the perfect lattice); the
molecular mass in amu,

[2] The Lennaré-Jones coefficients ¥o anrd v
{(in units of 3% erjs » 16°% and X12 ergs x 15-8,
respectively).

{3 through 3+(n-1)] The radius and number 5f
molecul2s per shell for each neighbor shell of

a perfect lattice of the assumed type (from this
information the corresponding values in a iattice
with a hole corcentration f are comguted by
multiplication by the factors (1-f) /3 and {(1-£),
respectivelyr thus, p is implicit in the
“perfect-lattice” input).

o
(3+n] Tvo trial vilues <f a iril *},
[3+n+l] Three trial values of £,

[{3+n+2] The mesh spacing {tu} to be us2d in the
integrations and an optional) lower linmit of

[

e,
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each

integration which can be used in the case of distant
neighoor shells to reduce tne amount of machine

time required. The upper limit of integration

in all cases is automatically chosen to give equal
ranges of integration on either side cf the naxi-
mur of the integrand associated with kr('i)'

{34+n+3] An option nurber which perrits tne termi-
nation of the convergence process and wnich also
permits the inclusicn cr exclusion of acoustical
terms (the properties of the "guiescent™ liquid
are of some interest); two integers which specify
an uzper lirit to the nurwer cf trial values

of a and £ to be considered in a qiven problem;
two (fracticnal) numbers which define the con-
vergence criteria and hence the accuracy cf a
and fe‘

C

The output data include all of the input data 2nd, fer

trial v:lue of £, the followinn in the crler censicered:

1. The value of ¢ considered

2. The "crnsistent” values of y; for each neighbor
shell

3. The contribution to the “"consistent®™ stiffness
coefficient due to each neisnhbor shell

4. The contributicns tc the effective molar well
depth (designated as U_= 1/2 W) due to each
neighbor shell 9

5. The total effectiva molar well depth and stiff-
ness ccefficient

6. The consistent values of a, which i3 a and 9

7. The total internal energy, total entropy, In”

the llelmholtz free ener7y
\

1! 3F
3. The value of &= ;;, for tue value ol £ ron-

sidere?,

12



Each value of f corresponds to a single page of output;
in a normal execution the last page of output provides the

above data for the equilibrium state of the liquid.
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4, APTLICATION TO LIQUID UIVDROGEXN

4.1 Liguid Structure and Intermolecular Potential

At first qglance, the application of the cornsistent-vibrations
model to iiquid hydrogen miqht seem inauspicious due to the
fact that hydrogen iz diatomic. However, infrared spectroscopy
(Ref., 12) reveals that the rotaticn of the ~olecule in the
liquid (and even in the solid) is practically unhindered, and
analysis of virial-coefficient data on hydronen gas shcw that,
when both the para- and ortho-hycdrogen rodifications are taken
into account, the interactior betweer Hz rolecules is approxi-
mately satisfied by a Lennard-Jones potential (Ref. 13). Further-
more, in either modification the first-accessible excited
rotational level of the nolecule lies apprcximately 0.03 ev
above the 3jround state. Hence, even at terperatures as hiiga
as 30°*X, the fraction of nmolecules which are in the first
excited state of either rodification is cnly of the corder
exp(-.03/ T%vlo-s. Thus, contributions to the internal enercgy
due to 2xcitel rotational states may conscientiously be reglected.
The Lennard-Jones parameters which have been used in all
calculations tc date are those cited by Anapp and 3eenakker
(Ref. 13). Trese are (in the notation and units selected ‘or

the present application)

u, = 0.001237 iﬁlergs x 10’“) (4-1)
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and

ergs x 10'8) (4-2)

These parameters are obtained from the properties of hydrogen
gas and are not sufficiently accurate co justify a distinction
between the ortho- and para-hydrogen modifications (althouagh
the relative difference between the coefficients of the two
modifications can be specified, as is done in Reference 13).

The structure of the quasi-lattice in liquid hydrogen
is assumed to be cubic c.ose-packed. In all applications made
thus far, the first four neighbor shells have been considered.
The possibili‘y that the type of lattice structure corresponding
to the lowest Helmholtz free energy ray change from cubic close-
packed to some other form at the higher temperatures has yet
to be investigated.
4.2 Results and Comparison with §5ggtimnntulibu€;

The procedure has been applied to the case of liquid para-
hydrogen at points on the P-V-T surface ranging from 20°K
to 28°x along the saturation-point line. Typical results
are exemplified by the output for the state defined by
T = 20.260°X, o = 0,07077 gm/cm>, which is shown in Table 2.
The data refer to the equilibrium state of the liquid. 1Im
the case shown, the contribution of accustical terms was not

considered.
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Table 2

T-74 OUTPUT FOR THE STATE OF LINUID PARA-IYDROGEN
(T = 20,268°K, o =0,07077 qm/cm3)

i v KR(i)'(ergs/cmz) 1/720{1)*(j/om)
1 6.6439 322,049 -453.401
2 9,4029 -7.914 -38.372
3 11.5163 -6.622 -45.108
4 13.2978 ~1.042 -9.420

No. of a's considered = 6

(No. cf £'s considered) = 8

{Equilibrium) Hole Concentration (fe) = ¢,08717
Consistent o [a ] = 1.7392 &71

(Consistent) @ = 73,388°K

(Effective) tell Depth (1/2%) = -546.301 j/m

Internal Enerqgy (UC) of "uiescent Ligquid = -304.836 /o

Entropy (sc+st) of 7Tuiescent Liquid = 2,9284 j/cr-°K

Helmholtz Free Energy of Tuiescent Liquid = -364.189 /9

1y

1 |3
RT |3

'n

) =0,00668
D,T

th

*Contributions to KR and 1/2 W from the i~" neighbor

shell,




All of the prcoblems referred to herein were run before
the computer program had been modified to include the contri-
bution of UA to the internal energy or the contribution of SA
to the entropy. The subsequent evaluation of these Juantities
by hand has yielded values for the total energy and entropy
which, in terms cf the rmodel, are valid for the equilibrium
hole concentration found by the corputer programn but which
do not necessarily correspond to the vacancy fraction that

would have been determinel hacd UA and ¢, been included in the

A
minimizaticn of F. DMNevertheless, since the hand calculations
show that UA represent only about 20% of the absolute value

of U and that SA varies slowly with £, it is inferred that
the value cof the equilibrium vacancy fraction will not be greatly
disturbe? by the inclusion of such terms.

The most significant results of the corputer calculations
and the hand calculations of UA and SA are shown in Table 3.
It is to be noted that fe increases monotonically (and almost
linearly) as one moves toward the critical point (33°K). This
is just what would be expected, since all quasi-crystalline
ordering is supposed to vanish in the neighborhood of the critical
point. The gquantities € which vary only slightly, are of

immediate value, since they determine the liquid-lattice quantur

levels that may be excited by ccld~neutron scattering. The
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internal enerqgy and entropy of the quiescent liquid are seen
to depend rather strongly on the state. As remarked previously,
the acoustical contribution to the total entropy appears to
be insensitive tc the state, and hence to fe’

The applicability of the proposed model can presumably
be tested adequately by comparing the predicted values of the
total internal energy and entropy with empirical results.
Problems involving variations of the density at constant tem-
perature and vice versa have nct yet been run, so neither pre-
dictions of pressure nor of specific heat at constant volume
are yet available,

Figure 2 shows the predicted value of the total internal
energy (UQ + UA) compared with values published by !13S (Ref. 14).
Figure 3 shows the predicted entropy compared witl the empirical

results from the same reference.
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5. RESULTS AND CONCLUSIONS

The predicted internal energies and entropies lie within
6% of the empirical results at points _on the saturation line
below about 25° (Fig., 3). At points nearer the critical point,
the predicted results, especially those for the entropy, give
less satisfactory agreement. However, this is to be expected
since the'concept of a close-packed quasi-lattice tends to
lose its meaning when the equilibrium vacancy fractions approaches
20¢,

tthen it is considered that the agreement, in the case
of the internal enerqgy, at least, would almost certainly improve
if more than four neighbor shells were considered (judging
from the relative contributions to 1/2 W and KR), the rosults
obtained thus far constitute highly encouraging evidence fecr
the validity o% the proposed model. 7Tt is therefcre tentatively
concludec that the model anticipa.es the most significant general
fecatures of notion in tihe liquid and t:at the state-dcpencdent
nicroscopic data provided by the mocdel, such as 8 and the neigabor
wave functions determined by ¢ May he implermented in calcula-
tions of quantities such as cross sections and recomb.ination
rates which are dependent on the details of the internal dynamics

and microscopic structure,
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