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In the esiqn of hydoen-prolmlledo suclear-per.ed

rocket systems, tw independent probli are enontered

which require a zathenatical description of the dymmics

and disrxib'tion cf molecules in liquid g for their

solution. First, it has been show (aef. 1) that the molecular

species produced by the attenuation of neutrons and gq

rays in liquid hydrogen =y not ifmdiately undergo the exot~we"

ral reactions leading to a return to the M. ground state.

!he potential energy that is stored - rarily i the foxvation

of radiation products such as , and Ii (viatJ Ially

or rotationally escited molecules) may not appear as hat

for several seconds, even asscvrinq that the rmbilUty of such

products in the liquid is as high as in a gas of the sane

density. Since a large fraction of the radiation enerq

goes initially intc the formation of such species and sie

the most intensely irradiated portion of the liquid propellant

is generally nearest the exit of the storage tank, It is

possible that the delay in equipartition will effectively

reduce the amount of heat production while the rocket is

under ~poer.

h nen the lattice structure of liquid hydrogen is taken

into aczount, it may be found that the inhibition of mobility
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associated with solecular ordering and cryoge€ic terprature

results in a delay in the equipartition of &nerny that is

rc longer than seconds. In the case of one particular

kind ef rot.ationally excited molecule, namely, ortbo-hydrogen,

the retcm-n tc the para-hydrogen around state is known to

require ouths. The evolutio of beat owr a long period

prents a problen in space vehicles that mot retain part

of the irradiated propellant for future operations.

A second przm -quiring the use of a liqui&-hydrogen

l is the praluCtion cf h ofoe aptue gansa rays by

cold-ietro absorption. Swing to interference effects.

th neuto- scatterin cross section of the free hydroen

volecule falls off crastically below 0.023 ev (hf. 2).

under the assurltion that the cross section of nolecules

in the liquid is tze sane as for free volecules, the cold-

neutron -ean free path in the liquid becomes cxvparable to

the fast-neutron penetration distance, and the probability

of leakage frca tne propellant tank ray become Treater than

the prooability of neutron cazPture. This establishes the

inportance of cold-neutron transport, since hydrogen-capture

gas are important Iran both the heating and the dose-rate

standpoints. It foi-..s that t.e influence of liquid forces

on the cold-neutron scatterinm cross section, an effect wnich

2



is sure to be significant but is at present of unknown nagnitude,

.tas an inportant bearing on shield and pressure-vessel design.

The treatment of the two problems cited above requires

a mathenatical description of both the neighbor distributions

for a typical molecule and the state of notion (or possible

states of notion) of the molecule itself. "fith this information

the -magnitude of the energy barriers which inhibit the free

-igration of radiation-induced molecular species can be deterrined

and the effect of liquid binding forces and lattice structure

on the nolecular cross section can be calculated.

The present report describes a model for the internal

dynarics and microscopic structure of a nonassociated liquid

which will lend itself to calculations of the types required

in the consideration of an irradiated hydrogen propellant.

Evidence for tie validity of the rodel is given in the forn

of a comparison between predicted thermodynamic properties,

calculated with the aid of an IBM 7090 cortputer, and published

experimental results. Applications of the .odel to the problem

of cold-neutron scattering and recrbination rates are the

subjects of another NARF report (Ref. 3).

3
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2. THE PROPOSED LICUID 40DEL

2.1 Description ane Assumptions

Any theory of the liquid state with a claim to rigor

must be derived from a general statistical mechanics formulation

and must be amenable to the inclusion of quantum mechanical

effects. In such a first-principle approach, exemplified

in the nonquantum-mechanical case by the work of Kirkwood

(Ref. 4), the structure of the liquid is determined from

the free interactions of many molecules and is not assumed

to be locally similar to that of a corresponding solid.

However, the integrai equations which result are difficult

to solve without the introduction of mathematical approximations

that tend to offset the rigor of the physical foundation.

Hence, nonrigorous models based on a prior assumption of

a *quasi-crystalline" liquid structure continue to be used

because of their heuristic value in des. ibing the general

features of internal liquid motion and because of their adapta-

bility to the correlation of experimental data. It is a

model of this sort that is introduced here as a basis for

specialized types of calculations.

In the theory of Lennard-Jones and Devonshire (Refs. 5

and 6) each molecule in a liquid is assumed to move in the

intermolecular potential field that would be set up if its

4



nearest neighbors were sor-ared uniform-ly over a spnerical

surface passing throueyh their central lattice sites. An

extended for- of the L-J-D -del takes vacancies into account

by minimizing the Helmholtz free energy. 3owever, the ratios

of vacancies to rolecules predicted in this way are found

to be much smaller than those obtained from X-ray determinations

of the liquid structure (Refs. 7 and 8). It is inferred

that the latter model cannot be relied upon to provide a

liquid description adequate for the calculations of quantities

which are dependent on the details of the internal Cynarics

and r-icroscipic structure. The sane conclusion is reached

in regard to the currently exinent "sigi-ific3nt structure*

theory (Ref. 9), which provides good tner1'odynauic results

but which relies on the use of an empirical Debye ten perature

and prescribes no method of determining the potential eneray

of the quasi-lattice &t points off the vapor-paint line.

The object of the present effort is to adumbrate a tractable

liquid nodel which is more or less in the spirit of the L-J-D

model but which takes into account both neighbor disrlacerents

and quant- rechanical effects. As in the L-J-D .-odel, a

specific quasi-crystalline structure with local order extendiny

out to the third or fourth nearest neighbor is assured.

However, in the method offered here the motion of each rolecule



is deterrined by the state of uiction. of its reiahbtor, so

that factors such at the chan-!e in rolecular enviroI~ent

with tewperature variation at constant density are taken

into -account.

7he particulars of the present ,rcdel will be forn~ulate-_

or, the basis c f the f!.11lwing set cf ass==Ptions:

1. The liquil structure is quasi-crystalline,
vit-h local crder of central sites extendin;
for at least several no1ecular separations.

2.* At cohnstant terper ature and Sensi ty, increases
in the vacancy fractircn (hole concentration)
result in a scale c-m rea-sion of the lattice
dinensions so Viat t-he forn of the site
distributiona is preserved with none of the
-clecules occupving off-site positions.

3. The irteractiovns are !' tc central, isotroric,
two-2olecu.Ie forces (tus, the -?odel is
li--ited to 'nwnassociaSted l4iPids) .

4.* Each -.%oecule r-aes qrantr-rechlanically
about its own central site: ir the vicinity
of this site the =olecule rcves "har-.onically*
in discrete energy states characteristic
of a three-dirensional har-wenic oscillator.

5. Each --lecule vibrates in a field set up by
a an~lecular cloud' defined by the stc- of
the position probability densities of its
neig~hbors that are averaged over all -.odes
of vibration; tac 'consistent' frequaency
thus definaed is co--zon to all of tne ,iolecules,
as in the Einstein movdel, but is, in tiis
case, determined uniquely by the camnon
neigjhbor envirour-ent.

6. The foregoing assurptions define a quiescent
liquid in whichi there is no correlation

6



between the phases of vi~ration of inirb-
boring rolecules.

7. The quiescent system thus defined is disturbed
by longitudinal acoustical waves with a
velocity deterninsd by the sconsistantO
frequency of vibration and with wave lengths
restricted to integral multiples of twice
the lattice diiesim .s

I. Dwifg t-- absorption, O 7those acoustical

,aves are possible wbove cmergies are lessI
then that required for the excitation of
cansistent* T.antw Jevels in the quiescent

liquid; the 'ground state* energies of all
sa--h waves taken toe rare ieestif led
with t!hose of the stationary, consistently

vibrating vides.

9. For cnstant te'qerature and density, the
hole concentration tends toward a value
correspondin7 to the lowest Helrhbolt free
energy; the hole concentration is the only
signifricant independkent variable in the
mini--ization of the Se3,mioltza free enrgy.

Each of the above assucption-s izan be supported by argumnts

based either on e:Virical considerations or on thereodynamrIcal

verities. However, the ultirate argurent for such a construct

rests in its pragTnatic validity. i.e,, its general utility

in the satisfactory prediction of erpirical data. Hience,

the above assuz-tions will be in':orporated into mathematical

staterents without individual analysis, and the results of

a subsequent application to the case of liquid hydz-oqen will,

for the present, be taken as an indication of their collective

validity.

7



2.2 Conistst FL-erYc! a-;, -ell Rth of the Nuiescent
Liquid

According to Asswption 1, the neigbbor sites of each

nolecale lia - concentric spberical surfaces (shells), with

the wmwober of sites per shell deterrined by the type of quasi-

lattice. Let :i and zi be the radius and nuber of neighborin'j

,olecules. respectively. correspodinc to the ith sell.

Let the density of the liquid be a and let the hole cc---entra-

tion, ,efined as the fractior cf sites which are unoccupied,

be f. Then, according to Assurption 2, ai is proportional

to [a/(l-f)]1/3 and zi is proportional to (l-fD. The neiahbcr-

site distributions out to the fourth neighbor &-ell have

been derived for four types of lattice structure and are

given in Table I. The neighbor-shell radii conpute £r

the table are in c when .4 is the nolecular rass in am-u anJ

NA is Avoaadro's nmer.

As a matter of nathenatical convenience, the approximation

is made (as in the L-J-D netlhod) that the central neighbor

sites are "sreared" over the neiahbor shelly thus the environ-

,ent of each ,olecule is formed by a radially symmetric cloud

made up of contributions from the stationary wave functions

of various neighbor molecules whose central sites are sreared

over the shells to which they are attached. Figure 1 shows

the geometry associated w.th a central site at 0 and a neigaibcr

8
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Simple Cubic _

2 3I

i 6(1-f) 1 1rl I 12(1-f) 8(1-f) 6(1-f)

d 3 -1/3I
a I 2 a

Body CnteredCubic _____

j) I r 3 1
2 12(1-f24(1-f)

~i3/2]1/3 1/3I11a j2 al _____

Face-Centered Cubic (Close-Packed Cubic ______

1 121 3f 4
z. 12(1-f) . 6(1-f) 24(1-f) 412(1-f)

1 -1/3% I K2 2 aa 2a a

Close-racked Hexagonal

2 1 2 3

z. 12(1-f) 6 (1-f) 2(-f) 18(1-f%

A 1,i 1 1I
a L :A. .1- __a a

9



II

4L.

N4,4

4fto-4

00

54C-

10a



shell of radius a-. 7b!e associated pnwitac probbility

density at a distance r- fer 0 is desiqnate. as z (r.i

Then for a rall displaceet a- of the central o lecle.

the potential energy fte to molecules in a shell of thickness

dr- associated witli the ith neighbor sbell is

2
*.r-)e(ri z. (r v(s)2r' s' (-l

where

s - !r2u°2-2r-:acoss f2-21

sand -bere v(s) ia the intermolecular interactio. In mt

cases of interest v(s) is exress -e in u Laard-Jcrn

forv,. viz..

v(1% - r -4 r (2-3)

Carryi-J ou t )e inteqratiom, eMpndi g the result in tern

of a%, an #-- scarding tqzWS of order higher than a (by

Assumption 4) gives

*i {G"'*r')-rO = 4-r'2zi (r v[ -r--6+cr '-121

+[ 5ucr .y22vr'14] a.2 jt-4

Differentiation with respect ta a a gives the restorl-q force

per unit central molecule per unit displace--an dwo to the

11
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elecul s in the if fereatial shell bet r an d dr-:

S[ '"". 1i0_
iI 1 (rW) Ar ° -

I - r z (r.,dr.I5.cr 8 .22 crO 14] (*S5)

Fi lly. the "restoring coefficient" &e to all of the neighbors

arouad a central ,iecule is

K a M E fi W)dr" (2-6)
1

All that is eded to evaluate the restorim coefficient,

and beame the fteq.eaMCZ inposed on a central =-lecalie by

its aeighbors in their aw quantm schaicl distributions,

is an expressis for z. (r) , tbe radial density associated

witt neibors whose cetral sites lie or the ith cell.

This is obtained by integrating the denity coctrbuftioas

fz a1 neighbors vith central sites seared on the it

shell at an arbitrary point in the vicinity of the shell.

Such an inte-aticm requires the knowledre of the position

proability density of neighbors about their centril sites,

which in turn depends on the "restoring coefficient" (or

classical freqAency) of the neighbors. Let *2 (a) represent

vie position protability density., averaged over all nodes

of vibration, of a nei'hbor molecule at a distance a (Fig. ')

12



faou its oeutral sime. C; will not be cfused with the

liquid densitys designated by Lne am syF l. An i subscript

tc ; is indicated but is omitted for €onmviece.) a(;) is

equal to the ami of otribatios %(a) oorsxdian to

energy state Z weighted by the p3pulatim fra.-tion of suchJ

states. Solution of the Schr dinger equatiom wit a three-

dimiensionaa1 taronic potential gives for the normalized va-e

functum of a state cb--acterxized by the quantm nnbers t, r,

and n

V (Xy.z) - N' a (sx)z (SY)s (8z)e (2-7)

&,ran I n & n

ubere separation intc the Serrite olymials a has easily

been effected " tie am of Car.asi or-inates defined by

;2 W Z2+2+z2 (2-6)

The paraneter a is relate d to the stiffness coefficient I

of the neighbor nolec--les by

K 422/, (2--9)

uere N is te rolecmlar rass and k is the 3oltznann coe'tant;

the noralization factors are given by

)n /22n (2-1. 0)

13
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For a Uolcule in the th ery state

and the nozalized position probability desity is

2(s) I V2 (2-12)

941~

"here

- (1/2) (j*. 1 j2) (2-13)

is the -deracy (cr ntmber of te=s in the sa tion) for

a three-di nsioCal harnoic oscillator. Then, if F. is3

the fraction of solecules in the ] enerly state, the average

position probability density is

2 a Z Z U2  (2-i4)
q J.

where for a z-perature T

r = l'f*2)e - ( j+l)(J+2)e (2-15)

The energy levels E. are given by3

rj=.! 3 ke (2-16)
2

14



vhere 0 Ls uniquely related to a by

S ak (2-17)

,-he quantity I is related to the classical frequency v by

by
0 =-- (2-18'

k

If all of the molecules vibrate vith frequency v, then e

may be described as the characteristic (or "Einsteine) ten-

perature of the system. In tens of 9,

F ,- {j+lllJ+lle -JqP/ (j+lllJ+2le - j q/T

3
-(j+l)(J.2)e 1-e. (2-19)

Let
-e/T
e -9/• (2-20)

Then

j 3rv - ,,J (-.) 3(2-21)

and

2 22 2 3 2'4 X
e t~~r2/ 21(c1x

H2n2

Is 2Mn' (a Y) H(,3Z)
..... (2-22)

2 m! 2 n

15



If m and n are fixed in the second summation so that t a j-m--n,.

then

2 () 3 e-6 2pl( 3 Hm 2 1(y 1 Hn 2 ( z )

/2 2 2 M mi 2nnI

H (.) -- m-n ( e x l)
-- -

j,,,n+n 2 --- n (j-m-n)1

3 22 3 Hm2(Gy)Hn2 (z) m Ht2(ax)

3/2 2 (-.) 2 n . .. 2(

12-2.!)

- 3 e 2 20(2L-w) 3 .m+n (,my) Hn 2 (mz)

,3/2 2.. m ml 2n
m,n 2m1 2nn

2HtH (ax)

t i 02-24)

Application of Mehler's formula on Hermite polynomials (Ref. 10)

gives

2 3 2 2 1/2 2 2- 2

T v3/2 1 1w 2

Z H n. 2 (MY) H n 2 (Nz)

2 m m 2 n2%
m, n

(Equation continued on next page)

16



- .~3(1-l40z [i -!-)2. 2.s2]EV3/2 2 2nz

n

a 1t2 (ay)

M -l

- 3 _' 22 3 2 -2J e[ .)21 x2+y2l

- 2

fln (sz)

w3/2

a , 3l2I -3/2 2 0 21 (-5

Thus, the position probability density of a neigabor molecule

with a classical frequency defined by a, averaged all modes

of vibrations, is simply

2 -3/2 3 -2,P 2
/(0) e (2-26)

where

( (2-27)

The radial density distribution around a central milecule

can now be calculated from Equation 2-26. Reference to Figure 1

shows that the density due to the ith shell at a point P which

17



is located a distance r' frw- 0 is

*i- 2 [( ,r')l 2, 2 sin do

0

f- / si  [ {e~')]sin SdO 2

where

o =  +Ia °  r-2a r cos 9 (2-29)

By setting

-2 2a(r a i r ) 2

U - 3/2 1. i~1 exp ~2 a i+r _2] -exp [_%2ari21]} (2-31)

-zi 2a.r ~.

it can easily be shown that the first item in Equation 2-31

is negligible for all cases of interest. -ance

z(r) -3 4 exp - 2a-r" (2-32)

The combination of Equation 2-5, Equation 2-32, &nd Equation 2-6

gives for the 'stiffness coefficient* of a central molecule

K. i [ ( ) + a1 k( 2-33)

19



S a [ exP(-./T) a 
(2-34

S -so. 2 7.i U -7 (2-3S)

kz.-Y 22Vc ( 7L)]vi f a do (2-36)
L(i)

and where u - Ar. L(Ti) is a suitably choeen lower unit

which must be greater than zero oving to the erroz in the

neighbor vave fuactior s umwd to be hramiu c, at points

distant fr the central neighbor sites.

..m veil depth of the central molecule, ', is calculated

in ab&&luy to %, using Equation 2-4 vitho ° set equal to

zero. Itultiplying the result by Avoqadro's nm'ber gives

the *molar well depth,' which turns out to be

ML Z Ij [a j6 Ua(i) + a 1j12 U r(v)] (2-37)

U . YJC%5u- du (2-38)

L~ri)

19



anc

m ~2

Uni ~Vi#)v1U U 1 e -Ifdu (2-39)

The integrals in Equation 2-35, Equation 2-36, Equation 2-33,

and Equation 2-39 become infinite if L Yi_ is chosen ti be zero.

':his is due to the fact that the nei-.hbcr wave functions,

-i.nich in keeping with Assu'._ption 4 are harronic near the

nei7hor shell, are finite even at the site of the central

_olecule. The actual neighber wave functions, of course,

-ust vanish at this point. In practice, as long as Assumption 4

holds, this effect creates no difficulty. It is found tiat

all cf the significant contributions to ka  r Ua and u• • r

cor-e frc. pc=tions cf the neit-hbor distributions which are

relatively close to the neighbor shell and far from the central

site. In all realistic cases the ccntributions decrease

rapidly with decreasing u(=Xr'), with a large portion of

the space inside th.e neiaghbor shell contributing a negligible

a&ount to the integral. P r£nimrn is eventually reacned

after which the contributicns increase drastically with decreasing

r'. Assumption 4 implies chat the harnonic wave functions

are accurate down to values of r' coresponding to negligible

contributions to the interals. Hence, for the sake of definite-

ness, L( ,) can be definei as the largest cf the four values

29



of u corresponding to the minima of the integrands in Equation 2-35,

Equation 2-36, Equation 2-38, and Equation 2-39. The lower li.it

is thus defined as

L( ii =  [2 i /i226 (2-40)

The salient feature of the present model is the require-

.ent that Assumption 5 be satisfied; that is, the frequency

at whict all the neighbors of a central molecule vibrate

must correspond to a density distribution which imposes that

same frequency on the central molecule. Let the *stiffness

coefficient* irplicit in a frequency of neighbor vibration v

(uniquely related to a through Equation 2-17 and Equation 2-18)

be

K= h204 (2-40A)

Then the state of the quiescent liquid is completely defined

by a numerical determination of a such that

K N a KR (2-41)

The value of a for which this condition in satisfied may

be defined as the consistent-vibrations parameter, cc* Once

a has been determined by using trial values of a in the

evaluation of Equations 2-33 and 2-40, the well dep%1h can

be computed by use of 2-37. Expressions for the remaining
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quantities whic- are required in thne evaluation of ther-ocynxic

properties according to the present model are derived below.

2.3 Internal Enerqy and Entropy of the - "uiescet Liqd

In a system of 1 molecules the total energy of vibration

(includin the "zero-point' energy) is

E . IF E (2-42)

j=0 J J

where E and F are given by Equation 2-16 and Equation 2-19,

respectively. A series identity gives for ne rnole of liquid

A

E = Rv(e,T) (2-43)

where R is the universal gas ccnstant and where

V(8,T = 1 [j+(e/T- 1 ) (2-44)

In the present mode, Cis, of course, computed by substtuting

the consistent N, a c into Equation 2-17.

If the liquid were composed of 1 stationary molecules

confined to their central lattice sites by wells of depth u,

the internal energy of the system would be (1/2) Nu. This

result follows from the fact that the energy which belongs
I

to each molecule uniquely is only 1 u, the remaining half

figuring into the potential energies of neighboring molecules.
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in other v^.rds, when one add up "-e ;.tetial enr-y of

" syS*p, the interaction between each pamr sld be ceurtd

only once. Hence, the .nolar internal energy of te Vuescent

o- _[:. + Wv(,,:)) (2-45)
- 2

Tne entropy of a lattice conposed of ; %armonically

bound molecules and n vacancies is given by

S =S + S (2-46)c t

where S and S are the configurational and therna entropies,C t

respectively. .Ac-.rding to the Boltzman postulate these

are given by

S - k Mn (2-47)C C

and

t - k tn I't (2-43)

where W is the number of distinguishable ways that the N

molecule may occupy to N'n lattice sites and is the number

of distin7uishabie ways that the N molecules may populate

the perrissible quantur levels in a system of temperature T.

Thus, c is the nurnber of ways that n identical pegs canC

occupy N+n holes, namely,

.! - (N+n) ! (2-49)

c NInI
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For a %oIe CCeOCetrati=, f ,ef ine! bi

f =-- (2-5:)

=se of the 5ir_, ter-s cf Stirlingos a~ppr-ation _ires

!--r the cou! imuratiLoi ertropy of one wale of liuid

S - I --f Ln -

The quanta Which detern._ine the nunber of distinquishable

"mJerW arrange ents, -:t* correspocd to the total internal

enerqy in excess o. the vrc mc-state ene--W. In otber words,

t cannot inciade per.-tatio-- invlvin depletions of ce

ground states. ?wr tguatior. 2-16, Equation 2-43, and

Euation 2-44 it is seen that the nurber q o! juazlta which

contribute to the enerty in excess of that cf the ground

states ruist satisfy the relation

k t *:(3k) ( e9T-1I (2-52)

frou., which

/3N- g (e( /T- (2-53)

where g has been introduced for sirplicity. The number of

distinguishable ways that the g quanta can be distributed

anong the 31.: oscillators is the same as the number of dis-
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ti3uishable ways that : identical balls ray Oe pt in 3;:

zzies wit-h no restrictio.- on the nurber of balls per box,

=3::-) 3I/3 .) q 1 (2-54)
t

.ery by Stirling's aproxi.ation tie thern.al entropy ?er

Mcle is

- 3R [(l4c)tn(l4g)-g In 9] {2-55)
t

.he !oregoinS equations define the thermodyna-ic properties

of the proposed Miescent liquid with a hole concentration f.

2.4 Acoustical Effects

Accordin- to lss.otjion 7, t. e quiescent systt.s- is .isturbed

by acoustical waves with a velocity deterrined by the *consistent

frequency of vibration and with wavelengths restrictae to

inteiral multiples of twice t.he lattice dimension. The average

tire required for a molecule to corr.unicate the approach

of a disturbance across the distance 2a, which separates its

nearest neighbor on opposite sides, is I/v, where v is the

consistent-vibration frequency. The propagation velocity

in a consistently vibrating liquid (and in a region devoid

of holes) is thus taken to be

w = 2av - 2akO/'h (2-56)
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whrea is identical to the nearest-neighbor separation a1

and where I is obtained tg substituting the consistent vibration

parieter, sc P into 2-17.

The per-.issible wave len7ths are given by

nC2a) (2-57)
n

where n w 1, 2# 3,.... The permissible acoustical frequencies

are therefore given by

v r = w/X n = kO/hn (2-58)

Since it is to be expected that the acoustical disturbances

do not extend over docains which include vacancies in the

quasi-lattice, the number of waves of a given length should

decrease rapidly with increasing hole concentration f. The

situation can be approximately represented by a simple cubic

lattice consisting of N sites of which fl; are unoccupied.

The lenth of a linear column of molecules is N /3a, which

means that, in the absence of holes, the number of one-diMensional

waves of length X that can exist along the column is N l/ Y2n.n

However, if each site has a probability f of being unoccupied,

the average number of one dimensional waves that can exist

along the column is only (1-f) 2nN/ 2n. Considering that
N2/3

there are N columns for each of three mutually orthogonal
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directions, the nurber of one-dimensional acoustical oscillators

of frequency v in one mole of liquid is (taking into account

the increase in the number of sites per mole due to the vacancy

fraction f)

N -3 [N-P) 2n (2-59)

n I Cl-f) 2

According to Assumption 7, the acoustical contribution

to the internal energy is obtained by multiplying .n by then

energy of a one-dirensional oscillator of frequency v averaged
n

over states with energies less than kO and not including

the ground state energy. Since the assured absorption of

waves of energy ke, or greater, merely changes the form of

the available kinetic energy, the level population of oscillators

of frequency v should not be affected by t.he process ofn

truncation. Hence, the average energy, including the groind

state energy, is

Un  Z FnjEnj Z Fn jEnj E } j- Fnj (2-60)

jo j -a V j :,,

where F is the fraction of oscillators of frequency v
nj n

which are in the jth level in an ordinary quantized distribution

characteristic of a temperature T, rn. is the energy of the
th

j level, and J is the level corresponding to an excitation

ke. For a one-dirensional oscillator,
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4-.

Fnj - hvn/ k T-e -hyn/kT (2-61)

and

Eniinhv + +ihvn (2-62)_ 2 n n

The first summation in the numerator of rquation 2-60

is

FnJEj _ hv2 l-) e

j-G j-0

+1 (- -hvAT) I v i je-hr/kT

j-O

- hv + hv e (2-63)
2 n

The second summation in the numerator of Equation 2-60 can

be written

FnjEnj [lhvnZl-e e

jftj j-J

+ il-e hvrThv z j jhvVAT ](2-64)
j UJ

The foregoing expression nay be simplified by writing
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I e-jhvV/T =JJhvVAT e J-)IA

ie -Jv/kT I JihvrAT

-Jhv fiT 1-hv ,kTl
-e £9 1-e * (2-65)

arnd

j hv AT j hv fT hrk

jiJ jiJ juJ

e j 0

+ Je l v $ T z: elji/I CV

j '0

-e~1-e-hv Uk
+ Jeh/I((i e r4 (2-66)

Combining Equation 2-64, Equation 2-65, and Equation 2-66 gives

1 -Jhv 1/M -Jhvr/ T[ hv uAT. i)+j]}

L j F E- hv e +hv e eJ0(2-67)
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p

I

Co-bining rquation 2-63 and Equation 2-67 gives for the nw-erator

of Equation 2-60

njnj nj nj

- r1-k- . -J.. , "VA he" -l)
2h h" Il

-Jhv rA ]
- Jhv e (2-6S)

The sum-ation in the denorinator of Equation 2-60 is

-

j-J j-J

= i -hvAT Jhv ~AT zj jihVAT= -e "" ) e

-Jhv fT

e J(2-69)

and the denominator is

[ - L Fn] -e "hVrYAT (2-70)
j-J

From Equation 2-68 and Equation 2-70, it is found that
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hv - T

U hv * hV -) - -a+(h e 1TT) (2-71)nll 2 n ni JvT

Since the Jth level corresponds to the absorption of

an amount of energy ke by a "consistent" mode of vibration,

Jhv ke (2-72)
n

and

J -k/hv - n (2-73)

where use has been uade of Equation 2-58. Thus,

1 !L 1nu Zhv + -  (2-74)
2 n n e 4/n_

where

SSI/T

According to Assumption 8 the ground-state energy of the

oscillators in normal coordinate space is to be identified

collectively with the energy of the consistently vibrating

molecules. Hence, the average energy bslonging uniquely

to an oscillator of frequency v n is

UP ke [ Fn**nF] (2-76)
3n

31



where

F " '/n 1
-1  (2-77)

n

The total acoustical energy per mole, U is obtained by"A'

summing over all wavelengths:

U Z N Um[ RI I H (F -nF1 ) (2-78)

where

2n
- (1f) (2-79)

n (2n) 2

A sort of configurational entropy is associated with

each set of oscillators of frequency v , owing to the one-
n

dimensional regions over which waves are excluded due to

the presence of vacancies. The number of intersections of

intervals over which waves could extend in the absence of

2n 1/3/holes is (1-f) N /2n. The average number of holes in

1/3such an array is fC; . Since the total range excluded by

holes may be between two wave-supporting regions, there is

effectively no lirit on the number of vacancies which separate

adjacent waves. Hence the number of distinct combinations
1/3

in a one-dirensional array of N 3molecule is (in analogy

to Equation 2-54)

n (1f) 2 (2nf I '----I (1-f)J2n o -- (2nf) 0
A, n 2n 2 (2f 2n 2 n ~ 13 20

(2-)
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Considering that the assirvnment of a given vacancy distribution

to each of ,N2/ 3 columns completely determines the vacancy

distribution in the system of N sites, the total number of

distinct corbinations is

I I - h2/3 W.0
A,n A,n

and the associated configurational entropy per mole of oscillators

of all permissible frequencies turns out to be

Sj _f IRE~ [11+Gn)LnI l+Gn)-GntnG] (2-81)

where

2n 2n1 n
G -f) M " (2-82)
n 2nf f

Since, due to reflection from holes or boundaries, a

given acoustical wave may propagate to any point in the liquid,

various waves of the same frequency are indistinguishable

from one another in the sense that there is no way of deter-

mining whether a wave corresponding to a given excited state

of oscillation is the same wave which was excited in a previous

condition or a different wave which has come to occupy the

position of the former one. Hence it is not meaningful to

speak of the distinguishable ways in which quanta of energy

may be dirtributed among the abstract oscillators in normal
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coordinate space that define a collection of waves of frequency

V n I he thermal entropy associated with such distributions

is therefore zero. However, the entropy given by Equation 2-31

could be regarded as a kin% of thermal entropy, since it

relates not just to the nunber of distinguishable hole dis-

tributions but to the permissible patterns of motion for

acoustical disturbances in the liquid.

The contributions to the total entropy denoted by Equation 2-51,

Equation 2-55, and Equation 2-31 are the only ones to be

considered in a consistent application of the present rodel.

An ormission which should be noted explicitly is the part

of the configurational entropy associated with long-range

disordering in the distribution of quasi-lattice sites.

It is to be hoped that, well away from the critical point

at least, this contribution is small. In the vicinity of

the critical point, any model ba3ed on the assumption of

a crystalline structure can be expected to fail (Ref. 11).

2.5 Hole Concentration and the Approach to Equilibrium

Accoraing to Assumption 9, the hole concentration, f,

is the only significant independent variable in the determina-

tion of the Helmholtz free energy. Therefore, at constant

temperature and density, the liquid should approach equilibrium

by tending toward a value of f for which the Helmholtz free energy
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F - U-?S (2-83)

is ninimuit, where U and S are, respectively, the total internal

energy and entropy due to the various contributions. The

equilibrium state of the liquid is thus determined by (1) regard-

ing each of a set of trial values of f as an independent

variable (along with o and T) and determining the corresponding

consistent-vibration frequency defined by Equation 2-41; (2) evalu-

ating the associated values of U and S by adding U0 and UA and

St, and Sc, and SA , respectively; and (3) locating the value

of f for which F is minimum. All of these operations can

best be performed numerically with the aid of a high-speed

computer.

2.6 Summary of Expressions for the Equilibrium State

The equilibrium state of a liquid according to the present

model is defined by an equilibrium vacancy fraction f ande

a consistent-vibration parameter sc(fe). For any trial value

of f, a (f) is the value of a that satisfies
c

K -K - 0 (2-41)
T R

where

KN oh 2 A/M (2-40A)

and

K R - z1 lai- k i) + a,-14 kr(YiJ (2-33)
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where

'ii ~ip (2-34)

1/2

(.(Y
k( 2 Y ,u - e du (2-35)

and
- 2

k22v( d 3 l e )cu (2-36)

L (y

The r.olar well depth for the trial vacancy fraction f is

given by substitutin; a a c Mf into the relations

r 6 -121z , I~ 1 a iu'r) + a * u ('rjj (2-37)

i(i

with

Ua(i -1 Au( #)i ly 5 - i du (2-38)

and

- 2

u o etl vac(a)c y atioU du (2-39)
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The lower limit in the integrations is taken to be

L ( I ~[ Yi -/Y~2' (2-40)

The number of neighbors per shell, z,, and the neighbor shell
th

radius, a., for the i shell are proportional to (1-f) and

1/3
(1-f) , respectively, and are given for some specific types

of quasi-lattice structure in Table I.

The internal energy for a trial value of f is

U - U + U (2-84)S A

where

U W + RV ( 0 T )  (2-45)

with

V(2T) 3[ + (e-l)] (2-44)

and

0 = t2ak (2-17)

and U is given by
A

[ 6Re F_~ )(-8
UA (-f n n

nal

with
2n /2

I n m (1-f) 2n) (2-79)
n

and
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F I e¢/n-1 -

F- e'#-/)_(2-77)

The absolute entropy for a trial value of f is

S -S +S + S (2-85)
c t A

where

Sc "-R [tn(l-f) + f nf] (2-51)

St -3R [(1+gtncl+S)-gtng] (2-55)

with

(eo-l )l F1  (2-53)

and where

A J( 1-)G [llG n1+Gn)-G LnG] (2- )
A ~n-l I J in ]

with

G - 2nH4 (2-92)n n

The Helnholtz free energy for a trial value of f is

F - U - TS (2-83)

The equilibrium state of the liquid is found by locating

a value of f such that

( 0 (2-86)
p,T
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If it is assumed that the present rodel provides accurate

values of U and S, then, for a given density p and temperature

T, the pressure is obtainable from the relation

= " 1 0) (2-)

Therefore, insofar as it is valid, the model offers a coplete

solution to the problen of state with p and T as independent

variables.
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3. THE c01PUTErR PROGRAM

3.1 Procedure

A computer progra: (designated T-74) has been written

in the FORTRAn: language for use on the IDM 7090 corputer.

The operations indicated in Section 2.6 are executed on tne

basis of giver temperature, density, and assured quasi-lattice

structure. Up to ten neighbnr saells ray be considered. For

each of three trial values of f, provided as input, the procedure

converges on a consistent-vibration paraneter, a (f), by an

iterative process equivalent to Newton's method, which begins

with the consideration of two trial values of a, also provide-

as input. Subsequently, the procedure converges on an ecuiii-

ri value 3e f by re-use c' 'e.on's method to locate the

intercept of (OF/)f)T,. A linear expressicn for the latter

.-antity at each value of f considered is obtained by usin-

tho derivative of the quadratic fun-tion defined by the values

of F at that value of f and at the two values considered i'cdi-

ately prior to it, In order te ootain five--lace a-curacy

in ., , about six trial values of a rust be considered for eacn

trial value of f. In order to obt-in fcur-nlace accuracy i.

f about 11 trial values of ' must "e considered. (For sc.e
e

reason, the nu-ber of iteraticns requircd in each case is rela-

tively irsensitive to the estirates -ro-,ided as input.) The
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execution of all of the foregoing operations for a given state

defined by T and a (in the cases considered thus far, at least)

requires about 3 minutes of computer time.

3.2 Input and Output

The input data for a single proble (corresponding to a

single state of the liquid) requires frorm 7 to 16 cards, depend-

ing on the number of neighbor shells considered. If n is the

number of neigl.bor shells, then the information contained on

the respective input cards is:

[1 Twc 3obreviations designating the type of
liquid and assured structure (used in the identi-
fication of input): the number of neighbor shells,
n; the terperature; the density (used only to
specify what density is used in determination of
the shell radii for the perfect lattice)} the
molecular mass in amu.

[21 The Lennard-Jones coefficients vc ar v
(in units of .6 ergs x 10-8 and X12 ergs x
respectively) .

[3 through 3+(n-1)] The radius and number of
.roleculs per shell for each neighbor shell of
a perfect lattice of the assumed type (from this
information the corresponding values in a lattice
with a hole concentration f are computed by
multiplication by the factors (1-f) and (-f),
respectivel} thus, P is inplicit in the
Operfect-lattice" input).

(3+nJ !%do trial v:lues if a i-il

[3+n+l] Three trial values of f.

[3+n+21 The nesh spacing (Lu} to be used in the
integrations and an optional lcrer limit of

41



integration which can be used in the case of distant
neighoor shells to reduce the anount of nachine
time required. The upper limit of integration
in all cases is automatically chosen to give equal
ranges of integration on either side of tle naxi-
mum. of the integrand associated with kr(Yi) .

[3+n+31 An option nurber which perrits tne terni-

nation of the convergence process and which also
permits the inclusion or exclusion of acoustical
terms (the properties of the "quiescent' liquid
are of some interest); two inteqers which specify
an upper limit to tae num-er of trial values
of a and f to be considered in a given problen;
two (fractional) numbers which define the con-
vergence criteria an4 hence the accuracy of ac
and e"

The output data include all of the input data and, for

each trial vlue of f, the following in the order considered:

1. The value of f considered

2. The "crnsistent* values of Yi for each neighbor
shell

3. The contribution to the wconsistent" stiffness
coefficient due to each neie7hbor shell

4. The contributicns to the effective molar well
depth (designated as U = 1/2 "J) due to eacn
neighbor shell g

5. The total effective molar well depth and stiff-
ness coefficient

6. The consistent values of a, which i3 acP and 9

7. The total internal energy, total entro-y, in"

the e1iholtz free ener-y
I

1;Ft
9. The value ot - - for t~ie valle of f -on-

sidere,3
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Each value of f corresponds to a single page of output;

in a normal execution the last page of output provides the

above data for the equilibrium state of the liquid.
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4. A!rLICATION TO LIMUID I!YDROGErN

4.1 Liquid Structure and Intermolecular Potential

At first glance, the application of the consistent-vibrations

model to jiiuid hydrogen might seem inauspicious due to the

fact that hydrogen i diatomic. However, infrared spectroscopy

(Ref. 12) reveals that the rotaticn of the nolecule in the

liquid (and even in the solid) is practically unhindered, and

analysis of virial-coefficient data on hydrogen gas shcw that,

when both the para- and ortho-hydrogen rodifications are taken

into account, the interaction betweer H2 molecules is approYi-

"-ately satisfied by a Lennard-Jones potential (Ref. 13). Further-

more, in either modification the first-accessible excited

rotational level of the T1olecule lies approximately O.A3 ev

above the ground state. Hence, even at temperatures as high

as 30*X, the fraction of molecules which are in the first

excited state of either modification is only of the order

-5
exp(-.03/kT)-l0 . Thus, contributions to the internal energy

due to excited rotational states ray conscientiously be neglected.

The Lennard-Jones parameters which have been used in all

calculations to date are those cited b, Knapp and 3eenakker

(Ref. 13). These are (in the notation and units selected 'or

the present 3pplication)

96
uc = 0.001287 A (ergs x 101 (4-1)
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and

V - ..izJ^Alergs x 10-  (4-2)

These parameters are obtained f r- the properties of hydrogen

gas and are not sufficiently accurate to justlfy a distinction

between the ortho- and para-hydrogen modifications (although

the relative difference between the coefficients of the two

modifications can be specified, as is done in Reference 13).

The structure of the quasi-lattice in liquid hydrogen

is assumed to be cubic c'ose-packed. In all applications made

thus far, the first four neighbor shells have been considered.

The possibility that the type of lattice structure corresponding

to the lowest Helmholtz free energy ray change from cubic close-

packed to some other form at the higher temperatures has yet

to be investigated.

4.2 Results and Coparison with Experimental 'at,

The procedure has been applied to the case of liquid para-

hydrogen at points on the P-V-T surface ranging from 200K

to 28*K along the saturation-point line. Typical results

are exemplified by the output for the state defined by

T - 20.26C*X, p 0.070771 g,/cm 3 , which is shown in Table 2.

The data refer to the equilibrium state of the liquid. In

the case shown, the contribution of acastical terms was not

considered.
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Table 2

T-74 OUTPUT FOR THE STATE OF LIQUID PARA-HYDROGEN

(T- 20.268K, p -0.07077 rm/cm 3}

i 'i KR(i)* ergs/c2 l/ 2i(i) j/m)

1 6.6489 322.049 -453.401
2 9.4029 -7.914 -38.372
3 11.5163 --6.622 -45.108
4 13.2978 -1.042 -9.420

No. of a's considered - 6

(No. of f's cnsidered) - 8

(Equilibrium) Hole Concentration (f.) = 0.05717

Consistent a (3c) - 1.7392 1-1

(Consistent) 9 = 73.3880K

(Effective) ','ell Depth (1/2'-) = -546.301 j/gm

Internal Energy (U] of quiescent Liquid = -304.836 j/,r

ntropy -(c+#zt) of Tuiescent Liquid - 2.9284 j/gr-K

Helmholtz Free Energy of 'uiescent Liquid - -364.189 J/-'

1 (F) -0.00669RT f ,

*Contributions to KR and 1/2 W fron the ith neighbor
shell.



All of the problems referred to herein were run before

the computer program had been modified to include the contri-

bution of U to the internal energy or the contribution of SAAA

to the entropy. The subsequent evaluation of these quantities

by hand has yielded values for the total energy and entropy

which, in terms of the model, are valid for the equilibrium

hole concentration found by the cotnputer program but which

do not necessarily correspond to the vacancy fraction that

would have been deterrineL. ha U, and S been included in the

-ininizaticn of F. Nevertheless, since the hand calculations

show that UA represent only about 20% of the absolute value

of U and that 5A varies slowly with f, it is inferred that

the value of the equilibriumn vacancy fraction will not be greatly

disturbed by the inclusion of such terns.

The most significant results of the corputer calculations

and the hand calculations of UA and SA are shown in Table 3.

It is to be noted that fe increases monotonically (and almost

linearly) as one moves toward the critical point (33*K). This

is just what would be expected, since all quasi-crystalline

ordering is supposed to vanish in the neighborhood of the critical

point. The quantities e. which vary only slightly, are of

i.-.ediate value, since they determine the liquid-lattice quantur

levels that ray be excited by ccld-neutron scattering. The
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internal energy and entropy of the quiescent liquid are seen

to depend rather strongly on the state. As remarked previously,

the acoustical contribution to the total entropy appears to

be insensitive to the state, and hence to fe"

The applicability of the proposed model can presumably

be tested adequately by comparing the predicted values of the

total internal energy and entropy with empirical results.

Problems involving variations of the density at constant tem-

perature and vice versa have not yet been run, so neither pre-

dictions of pressure nor of specific heat at constant volume

are yet available.

Figure 2 shows the predicted value of the total internal

energy (Un + UA) compared with values published by MBS (Ref. 14).

Figure 3 shows the predicted entropy conpared witt the empirical

results from the sane reference.
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5. RESULTS AND CONCLUSIONS

The predicted internal energies and entropies lie within

6% of the empirical results at points on thexaturation line

below about 250 (Fig. 3). At points nearer the critical point,

the predicted results, especially those for the entropy, give

less satisfactory agreement. However, this is to be expected

since the concept of a close-packed quasi-lattice tends to

lose its meaning when the equilibrium vacancy fractions approaches

20%.

Men it is considered that the agreement, in the case

of the internal energy, at least, would almost certainly improve

if -more than four neighbor shells were considered (judging

fror. the relative contributions to 1/2 W and i ), the results

obtained thus far constitute highly encouraging evidence Ocr

the validity o! the proposed model. It is therefcre tentatively

conclude that the model anticipa,.ss the most significant general

features of motion in tie liquid and t'at the state-dependent

microscopic data provided by the model, such as 0 and the neighbor

wave functions determined by ao' may be implemented in calcula-

tions of quantities such as cross sections and recorbination

rates which are dependent on the details of the internal dynamics

and microscopic structure.
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