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OJI SDCPLI FnnTB CAPJCI'1!Y DAMS AND QUEUES 

1. ID~ction 

We are concerMCl vi th varioua prq.~iea ot tbe following two 

.,._l.a, which ariH in tbe tbeoey ot ~ and ot queue•. In tbe tirat 

e-.1• ve cc:mai"-r a daa ot tini te capacity b (a poai ti ve real 

m.t>v) !eel by inplta, vbere tbe ai&e ot Mch being a ran do a variable 

-~ 
ba~ a oqative exponential diatribution vi th --.n ~ , which occur 

1n a tU.-hc.aceneoua Poiaaon proceaa with ~ter Mo < A< •) . 
!be rea.H ot water ia continuoua at unit rate per unit tiM unle .. 

tbe daa ia 1111Pt7, and aey part ot an input which raiHa tbt total content 

b ~lowa and ia la.t. 

In tbe Hcon4 eJCAII)le ve aaaUM cue~ arrive at a counter 

Y1 th a ain&le aerver ill a ti.M-~enoua Poiaaon proceaa vi th parameter 

A ( 0 < A < •) . Cuata.era, who are aei'Yecl accordins to a t1rat-c~ 

tint-Hrvecl queue d1acipl1De, have indepe~ntly and i"-nticall.y d1a-

-1 tr1butecl oqative exponential aervice tillea v1 th --.n ~ 'l'btre 

ia "-ter.iniatic cuata.er t.patience, ao that it a cuato.er arrivea to 

t1D4 tbat he bu a wait uceeclina b before c~cing aervice, tben 

be Uput8 forever traa tbe ayatea vi thout bein& aerved. 

Bach ot tbe above two mdal.a bave been 41acuaaecl by a DUIIber ot 

vritera. Pbatartod[31 bu -.cia uae ot Val4'• i~tity to obtain tbe 

41atribution ot tbe tille to ~1rat t~~~Ptineaa (with and without overtlow 

bein& allowed) in the daa .:>dal; Veeaakul and Yeo [51 have obtained 

tbeae and tbe tt.e-dependent daa content 41atribution. In tbe caH 

ot tbe queue varioua aiailar re.W.ta tor waiting tt.e and queue ai&e 

have been obtained by Barrer [l), Finch [2 1, and 'l'a.dca [ 41 and otbera. 

----- ------------------------------------



It 1a the purpoae ot this note t o abow bar ~ ot tbeae quanti tie a 

can be obtained directly tra~ tbe appropriate Kolllosorov equation by 

tozsina and aolving aecond orcler ll.near differential equations vi tb 

constant coetticienta. 'l'hia givea a unitol'll -tbod tor finding tbeae 

and other aiailar quanti tie a. 

We tirat diacuaa tbe proba.. ot tbe dam IIOMl and tben tbe 

queuein& .adel; tbe tor.er 1a rather •~ler to dMl. vith, u there 

are twer ccwplicationa beyond the barrier b tban Uiat 1n tbe 

latter cue. 

2. Dlo.a 

We denote tbe daa c catent at tiM t b:y Z( t); w are intereatecl 

in the bebavior ot Z( t) u tt.e puaea. We 41acuaa HYV'&l qu.uat1 t1ea 

1n41 vicJtaally . 

2.1 Firat B!ftineaa Betore OYertlow 

We de tine the prob&b111 t:y ot tirat lllllptineaa b:y tiM t bet ore OYer-

tlow given the initial content b:y 

G( t 1 c) • Pr (Z(t) • 0 tor aa.. ~ ~ t ; 

0 < Z( v) < b I 0 < v < ~ I Z( 0) • c I 0 < c < b) 

and 

• 
¢(Q 1 c) • J e-QtG(t 1 c)dt RlQ)O. 

t-0 

Conaidering the tt.e interval [ 0 1 t + & ) tar & > 0 in taro 

pbuea [ 0 , & ) and [& 1 t + & ) w baft 
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a(t + e , c) • (1 - )&)G(t , c - &) 

b 
+ )& j G(t 

1 
u + t>)~;.&.{u-c)du + 0(5) 

~c 

which )'ie14a the backward KolJiogorov equation 

b 
~u· c) + ~<&· c) • M(t I c) + ~ J G(t , u)e;J.(C-•.l)du . (2.1) 

~c 

~ tr&Daf~ vi th re•pect to tiM ve find that 

-·(g 1 c) + (>. + Q)¢(Q 1 c) • ~c j b -(Q , u)e~4u (2.2) 

u.c 

wbere cl1tterentiation 18 vith re•pect to c • We now differentiate (2.2) 

vi th re•pect to c and obtain 

~ 11 
( Q 1 C ) + (). + Q • ~ ), 1 

( Q 1 C ) • ~ ( Q 1 C ) a 0 1 (2.3) 

which 18 a •econd order linear differential equation vi th con8tant coef-

ticienta. The boun4ary condi tiona are found by in8pection ot tbe proceee 

to be 

¢(Q , 0) • g·1 

~ I ( Q I 0) a 11JI ~ I ( Q 1 C) a • (). + Q )¢ ( Q 1 0) 
040 

b 
+ ~J ~(Q, u)e-u.udu. 

u.O 

Tbe ao1ution ot ( 2. 3) ia readily obtained by standard Mthocla 

and ia 

0 < c < b 

vbere ~, ~ •Y be tunc tiona ot Q but not ot c , and 
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~1,2 • - t (). + g - ll ) ± i((A + g - 1.1)2 + ltli\l}t 

• - f ( }. + g - ~ ) ± i{(). + g + t.L )2 
- 4~}· 

Uee ot the boundary conditione (2. 4) enable• ue t o clet ermine ~ and 

~ ; after ecae ~traighttorvard algebraic -.nipulati one we obtain 

( ~;L) ~l c (~1 ;L)b~c 
(~ 1 - ~)· - (~ - ~)e 

~ ( ' c ) • 

(2.6) 

(2. 7 ) 

which asree• with (3.1 ) ot [5 ] and with (2.6) ot [3]. 'l'be reeult (2.7) 

•Y be inverted to give G(t , c ) ; th11 ba1 been done in [5], and tbe 

reeult 11 in terae ot Be11el tunctiona . Siailarly all other reeulte in 

thia note tor tiM tranatorae ot content and vai tina tiM •Y be iDTerted. 

We note that the probabi lity G(• , c) tbat e~~ptineee occun betore 

overt low ia gi ven by 

M ;L(b-c)-).c -).)) 
G(• , c) • lia Qf6(Q , c) • ;Ab :~ • 

~ M -~ 

2.2 Firat B!Rtinee• Wben Overflow M!l Occur 

In tbe prev1oue problea tbe proce11 enMcl vben eitber tbe a. ..,tiecl 

or overt lowed; ve now contiDLle until e.pt1neaa oecun, reprcU.eaa ot 

vbetber there bu been overtlow or not . ~a alipt .o4it1cat1on ot 

the bour..1ary condi tiona 11 requirecl. We Mtine 

• G ( t , c ) • Pr (Z( 'T) • 0 tor •~ 'T ~ t ; 

Z(v ) ) 0 , 0 < v < 'T I Z(O) • c , 0 < c < b) 

ft J OD -Qt * ~ (Q , c ) • e G ( t , c)dt RlQ)O. 

t-0 

---



The backward Kol..llogorov equationa and the ditterential equationa 

are ot an identical tara to (2.1) - (2.,), 10 that the lo1ution i1 ot 

tbe tom ( 2. 5 ) ; balrever 1 the boundary condi tiona are now 

{j* -1 
J' (Q I 0) • Q 

•' *' * - (Q I 0) • l1a ~ (Q I C) • -(~ + Q)~(Q 1 0) 
o-.o 

+ >4lj ~-*(Q 1 u)e~d.u + ~·(Q 1 b)e~ 
u.O 

~ &a above we obtaiD 

, 

which &&reel with (5.1) ot [5) and with (2.10) ot [3). We note tbat 

l1a Q-~*(Q 1 c) • 1 1 10 that eventual emptine11 i1 certain. 
Q..O 

2. 3 The n.&ration ot a Wet Period 

A vet period il the tae traa the entrance ot an input into an 

empty daa to the next ..ant the dam &pin aptiel; we de tine 

G(t) • Pr(Z(T) • 0 tor 1a.e T ~ t ; 

Z(v) > 0 1 0 < v < T jinput at tiae zero) 

~(Q) • j •e-QtG(t)dt 

t.-0 
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Jb * * ;.&b ~(Q) • ~~c~ (Q , c)dc + ~ (Q , b)e 

c-o 

2.4 'lba Content 

We deti.De tbe daa content d1atr1but1on at tiM t &1 ftl1 tbe 

1n1 tial content b7 

."(x , t) • Pr(Z(t) ~ x I Z(O) • c , 0 ~ c ~b) 

•<x , Q) • J • •-ety(x , t)dt 

t.O 

0 0 ~(x , t) - if(x , t) • - )F(x , t) · 

lll.Q)O. 

+ ~ J xr(u , t).~(x-u) . .. · 

u.O 

r(x , t) • 1 

• 
1 (X 1 Q) - (). + Q ~(X 1 Q) 

• - ,.,..~ j x•(u , Q)J'I'ciLl - U(z- c) , 

u--0 

wbere U(x) 1a tbe unit atep function. D1tterent1at1DC with NQect 
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to x ve obtain 

•"(x, Q) - ().. + Q- ~~ · (x , Q) - ~~(x , Q) = - ~U(x- c) 

O(x(b,x 1 c, 

vi th tbe boundary condi tiona 

•(b , Q) • Q-
1

; ··(o, Q) • lia • •(x, Q) • ().. + Q~(o, Q) 
x..O 

•(c+ , Q) • •<e- , Q) ; ••(c+ , Q) • ••(e- , Q) - 1 . 

We determine a
1 

, a
2 

, b
1 

, b
2 

troa (2.13) and {2.14); atter acae 

&18ebraic -.n1pulationa ve obtain {c.t. (6.1) ot [5]) 
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-v (b-e) -v (b-e) } l 2 (v -O )e - (v -O)e l 2 

' v -O) (A+O-v )e 1 
+( V -O )( A+O-v )e 2 { -v c -v c} 

' 2 l l 2 

The stationary dam content distribution may be obtaiued directly 

tran the f orward Kolmogorov equation or aa the li.Jaj.t aa t 4 CID or the 

time-dependent distribution. It F(x) • t::, F(x , t) then 

F(x) = lim g;(x , 0) 
~ 

3. Queues 

- (IJ,-A)X 

r IJ. - }..e 

IJ.- Ae - {IJ.-A)b 

. L 1 

3.1 Firat Idleness of the Server 

It ve consider first idleneas ot the aerver without the vi rtual 

val ting time exceeding b then the problell ia identical to that ot 

tirat emptiness vitbout ove~ in the dam model We tbua reatrict 

ourselves t o the caae where the V&itins ti.Jie ay exceed b , but no 
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cuata.er wi ll accept a vai t greater taan b . 

We let Y( t ) be the virtual vai ting tiae at time t . We define 

H(t , c) = Pr {Y(t) • 0 t or acme T ~ t 

Y(v) > o, o < v < T jw(o) = c) 

J oo Qt. 
t (Q , c) • .- H(t , c)dt RlQ) O. 

t-0 

Tbe bac~ Kolmogor ov equation tor thia quantity ia 

a o ~(t . c) + ~(t , c) • 

~ - "IJI(t , c) 

1 
+ ~ J 00

G(t 

u.c 

0 

, u )e "11( u-c) du 

ao that by taking ~.ime tranatorma 

t'(Q , c) + Qt(Q , c) 

Hence 
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• 
11 

( Q I C ) + ( )_ + Q - ~) ~ I ( Q 1 C ) - ~Qt( Q 1 C ) a Q 

~·(Q, c)+ Qt'(Q, c ) .. 0 

vith ~he boundary conditiona 

t(Q , 0) • Q-1 
j ~(Q , b+) - ~(Q J b-) 

~·(Q , 0) • l1a t 1 (Q , c) • - (). + Q)t(Q , 0) 
0.0 

+ )4.1. j • t(Q , u)e ;.wdu . 

U•O 

0 < c < b 

c > b , 

'l'bia 1a very a11lil&r to tbe cue ot tint -.ptineaa in a daa vi th 

an utenaion to c > b ; ve obtain ill thia caae 

vbere ~1 , ~ are given by (2.6) • 

3.2 Duration or Buay Peri od 

A buay period l.aata trc. the point ot arrival ot a cuau-r at a 

idle ; ve define 

H(t) • Pr ( Y( ~) E 0 tor aa.e ~ ~ t ; 

Y(v ) ~ 0 , 0 < v < ~ I• cuau-r arrivea at tt. aero) 

t(Q) • j •e-QtH(t)dt 

t-0 

Rl. Q)O. 

It tolla~~a u.ediate.ly trc. tbe reaulta ot ( 3. 1) tbat 
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• 
t(Q) • j ~~ct(Q , c)dc 

c.O 

3.3 Tbe Waiting Time 

We define the time-dependent waiting time dietribution ae 

V(x 1 t) • Pr (Y(t) ~ x IY(O) = c, 0 ~ c ~ b} 

O(x, Q) • 1• e-~(x, t)dt 

t-0 

RlQ)O. 

Proceeding u t or the dam content diatribution ve obtain the 

following equationa : 

d d 
~(x , t) - ~W(x 1 t) • 

r- )W(x : t) 

+ ~J W{u 
1 
t)e~(x-u)du 

~o 

- ~(b , t)e~(x-b) 

+ ~J bW{u, t)e~{x-u)du 
~o 

-ll-
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O"(x,Q) - (}.+Q;.a.:¥l ' (x,Q) - JJ.'Il(x,Q) • ;.a.U(x-c) O(x(b , x., c 

x)b , 

vi th the boundary condi tiona 

O{c+, Q) • O(c-, Q) ; n •(c+, Q) • 0 1 (c-, Q) - 1 

O(b+, g > - n(b-, g > ; n I (b+, g) • n I (b-, g) 

n<•, Q). g-
1

; n~(o, Q). (}. + Q:¥l(o, Q) • 

Tbe aolution to (3.5) 1a 

n(x , Q) • , 

vbere c1 , c2 , ~ , ~ , r1 do not depend on x and v1 , 2 1a 

given by (2 .15). Together vi th ( 3. 6) ve obtain trc. ( 3. 7) that 
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{ v1x v2x} 
x (~+Q-v2 )e -(~+Q-v1 )e 

x [Q(vl-•2) {<•l~)(•+Q-v2)e-•2b-(•2~)(•+Q-vl)e-•lb}]-l o ~ x ~ c 

O(x,Q) • 

We note that W(O , t) and 1 - W(b , t) are reapectively the 

probability or a cuata.er, vho arrivea at time t , commence• aervice 

~diately and ia never aerved; ve have the tille trana!orma or theae 

quantitiea. 

M !or the dam IDOdel the atationary vai ti~ tille -.y be obtained 

directly !r011 the ! onrard KoJaosorov equation, or !rom the time-dependent 

aolution u 
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