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ABSTRACT

For periodic input u(t). a time roprosontation o(t) for the
¢lipper is obtained such that the output v (t) = < (t) u(t). The
Fouricr coefficients of v(U) are obtarncd in torms of the Fourior
cocfficients of both (1) and u(t). Fer light lipping, the Fourier
cocfficients of v(t) equal the Fouricr o fficionts of u(t) plus
4 small correction factor of the order 1t the por cont of time the
sipgnal exceeds ¢lipping limits.  An exact oxpression for the correc-
tion factor is obtained which wmay require numerical solutions.  Some

altgorithms for obtaining numerical solutions are discussed.
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I. TINTRODUCTION

A singlo side-band amplitude modutatcl signal has the desitabl
property of roquicing a transmission bondwidth no greater than that
of the moda? 5 or dnformation sigua..  nuwover | (he moduldatod
signal may contain signal peaks which wire not present in the moduta-
tion signal. These induced peaks can incrvase the ratio of peak to
average signal power, thereby imposing mere sovere demands of tincarity
on the transmitter,

In practice, single side-band amplitude modulated signals
vccasionally exceed the lnear range cither inadvertently or deliberately
if a <ertain amount of distortion can be tolerated.  To assess the
magnitude of this distertion, this paper considers an asymmetrical
clipping, where the modulated signal 1s unchanged between tevels

K and K, and c¢lipped at K

) 1 > 0, K, « 0. In gencral, since it is

2 1

desirable to transmit the modulated signal without excessive distor-
tion, the degree of clipping must be small.
Clipping as an cxample of nonlincar processing has been discussed

(1,2

extensively in the literature. Clipping reduces the peak factorn
of the modulated signal and increases the bandwidth of the signal.
The original modulated signal bandwidth must be restored by filtoring.

Previous analytic trceatment of the vlfuctsk') of the cltipper

considcred the action of the clipper in the form

y(t) = P(u(t))

where y(t) is the output and P is the nonlinear transformation on

the input signal u(t). The nonlincar transformation is approximated by



m
— K
Po()) - ) oy Tu(e)’
k=0
¢.g., a polynomial expansion of the input where m is chosen so a

sufficientl good approximation {s obtained. This leads to extremely
cumbersome computational requirements for even moderately small m.
) *
In this paper, u(t) is restricted to peri dic signals, and a

time representation c¢(t) for the clipper is obtained such that

y{t) = c(t)u(t)

The Fourier coefficients of y(t) are obtained in terms of the Fourier
coefticients of both ¢(t) and u(t). It {s shown that for light
clipoing, the Fourier coefficients of y(t) equal the Fourler coeffi-
cients of u(t) plus a small correction of the order of the per cent
of the time the signal u(t) exceeds the clipping limits. It is
believed that the computations required to obtain these corrections
are greatly simplified as compared to existing analytical techniques.
Very accurate estimates of the Fourler coefficients are obtainable

without requiring intractable high-order expansion.

*

The Fourier coefficients of the assumed periodic signal y(t)
can be approximations to the Fourier transform of u(t) {f u(t) is
not strictly periodic.



I11. TIME FUNCTION REPRESENTATION OF A CLIPPING FUNC1ION

Let u(t) be the input to a clipper and y(t) the output signal

It is assumed that u(t) is periodic with period T = f The clipper

characteristics are showm in Fig. 1.

K2
? u(t)

Fig.1—Ideal clipper characteristics

That 1is

y(t) = u(t), K, su(t) <K

1 2
- Kl’ when u(t) < Kl’ K1 < 0 (1)
- K2, when u(t) > kz, K2 > 0

Regions can be defined on the time axis R, such that



t € R, U(t)>K2

~~
[
~—

t € Rl U(t) < Kl

t ¢ Ro Ky < u(t) < K2

The clipper action can be characterized by the following time function

y(t) = u(t) - c(t) (3)
where
c(t) =1, te RO
Kl
c(t) = o)) Lt ¢ R1 (4)
c(t) = KZ/U(t) t e R,

It is scen that u(t) periodic with period T implies that c(t) is

also periodic with period T.



IIT. FOURIER SERIES REPRESENTATION

Assuming that u(t) has a Fourier sc¢ries reprosentation

+a
_ { rennt
u(t) = ¢ ¢! 0 (5)
n:-cc
where
™T

1 7 -inwgt

0 s — Y i a 2 .

< T JT u(t) « de, Lo /1T

Since ¢(t) is periodic with period T, a Fourier scries expansion
exists as 0 < ¢(t) < 1, and the Fourier sciies oxpansion of u(t)

has been assumed to exist. Then ¢ (t) may be written as

+
¢ (1) = a o Lmegt (6)

Av e¢valuation of the dm is presented lator in this section.

By £q. {3), the output y(t) is the product of two periodic
functions (vach of period T). The output is therefore periodic with
period T and has a Fourier scvries represontation of the form of

£qQ. (5). Then

y(t) = L, (7

where

'i. f'Jot

p % f y(t) e dt (8)
.
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The coefficients fp can be represented by the convolution of the

coefficients ¢ and d as follows
m m

~T 4@ 4+

1 r = -2y,
, ? , dn dm L_i(n+1‘n f)xot I (9)

me-cz mMw-co

~T
1 fuwnt
— R O - £ - ')
. j . g BOOE e 2 (10)
=
where
5 - ! -
1-1 3 i J
- e
6ij 0, 1+ # ] (11)
Therefore
+o +o
\ d ¥ ]
fg = > Cn 4-n - C['-m dm ( 2)
n= - me - m

The coefficients c are known, since the input function u(t) is
known. It now is required to evaluate the coefficients dm of the

clipping function c(t).

FOURIER SERIES EXPANSION OF CLIPPING FUNCTION

Using the inversion relationship shown in Eq. (5)

™T
1 -lmwnat
O = 0
¢ = J c(t) e dt (13)
T
1 {mwnt Kl {mupt [‘ K2 imy.t
- = TR0 de 4+ J Sl —5 o g
T j e u(t) e dt + ] U(t) e dt
teRO teR1 teR2
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Kz-u(t)

oou(t)

teR teR7

-img t

GENERAL PROPERTIES OF THE LIMITER FOURIER COEFFICIENTS

Let
K. - u(t)
1 1 -fmwt
- = _ 0
Il(m) T a (L) ¢ dt
LeR1
) K - U([)
1 2 -imynt
= — — 0
Lm=7 ] =© <
teR2
Note first that
K, - u(t)
f_} - -
0 i I g 1 § 1, 2
u(t)

so that

'Ij(m)l < L(RJ)/T

where L(Rj) = length of the regions Rj.
Thus, if the limiting of u(t) occurs over relatively few spikes
of narrow width, as chown ‘n Fig. 2, the change in the coefficients
f ) L(R,UR,)
‘m ml T '

(14)

(15)

(16)

(17)

(18)
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u(t) ts ta ' te[\/\

Y ts te

ts ta

Fig.2 —Typical signal u(t) versus t with occasional spikes

From Eq. (16)

do -] + 11(0) + 12(0) (19)
wher e
(b, - t,) + (t_. - t.)
. 2 1 8 7
I](O). N T (20)
(b, - t.)) + (¢, - t.)
| 4 3 6 )
12(0) T

Thus, I1 and 12 are small corrections to unity {f the sum of the

intervals « . T. Let this condition be termed light limiting.



Sim{larly

dm" I}(m)+12(m) m £ 0

d -1 for tight limiting

m

Thus, kq. (12) may be written as

4o

f =« + ¢ Il(f - n) + Iz(i - n)

! t i n

na-r

(1)

~~
(]
[£S]
~—

Equation (22) then shows that (I = ¢+ small correction term under

light limiting conditions.

CONVERGENCE OF CORRECTION SERIES

It will be shown that the coefficients dm

provided u’(t) {s bounded in R.UR, so that the summation in Eq.

172

would not require too many terms to obtain accurate corrections to

(W
Let
¥ = t
(v) 0, € RO
K. - u(t)
= L t ¢ R
u(t) ’ !
K2 - u(t) : )
u(t) ’ € 0
Then
T+~
1 -imunt
o & 0
dm T f Y(t) e
+r

A typical curve for Y(t) and {ts derivative is shown in ¥ig.

-0
fall off as (m ")

77)

<

3.

The essential consideration {s that Y'(t) is bounded in the interval



14

yit)
I S
% 1
0
-1
¥ (1) l :
| !
ty :t3 :
| | 1 {
| ' I !
[t ! |
| ! :
I
|

F ;.3 —Typical curve of ¢(f) and its time derivative ¢,'(f)
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-, ~+T7 and has jump discontinuities at the time points defining

time scepments in Rj' jo= 1, 2 Since

s
= t . <
QL) = —t:—(t%l b+ ¥, e R UR,

Therefore

1 - 'y (e) +1° -0

Then u/(t) bounded in RIUR2 implies Y/(t) bounddd in RIURT‘ Thus,
3)

using a standard thcnrom( on the order of the Fourier series, the
cocfficients dm < K/mZ where K 1s some number independent of m
Since the sccond and higher derfvatives of Y(t) are not bounded, a
faster convergence rate is not implied.

Fquation (14) is the main result of this paper. It is exact
and holds for a very general class of input signals, that {s, periodic
signals of period T, and an {deal asymmetric c¢lipper for arbitrary
clipping levels K1 > 0 and -Kl ~ 0. Equdtion (14) then determines
the complex Fourier coefficients of the output function y(t) without
having approximations introduced. However, I{n order to evaluate
dm of Eq. (14) numerically, {t is necessary to determine the valuce
of the two I{ntegrals by approximate methods which will, in turn,
introduce errors in dm and fl, The approximations can be made as
accurate as desired in theory by using sophisticated computational

methods to evaluate the integral. Practically, the accuracies will

be limited by the capacities of the computer.
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In the appendices, a number of approaches to computing the
integrals in Eq  (14) are discussed for twe different ctasses of
signal: Onc class is typical of radio practice in that the signat
is narrow band, 1. ¢ , its bandwidth s much less than any of its
components.  In this model it 1s conventent to describe the signal
in terms of an envelope function modutating a carrier function. The
second ctass of signals includes the general case of a wide-band
signal having no spectratl restraints The difference between the
two mathematicatiy is that the use of envelope tunctions s of
limited utility for a wide-band signat and so diffcerent computational
techniques are required. These are discussed in more detail in

Appendices B and C.
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Appendix A

NARROW SINGLE SI1DE-BAND TRANSMISSION

SIGNAL TYPES

Signals in physical systems are band-limi.cd. Certain classes of
signals arc defined with respect to significant spectral compounents.
A low-pass signal is one containing frequency components between zero
frequency and some upper limit fz. A band-pass signal is defined as
one whose significant frequencies lie between two frequencies fl and
fz, where fl may be arbitrarily small but not equal to zero. (A
band-pass signal has no dc component .)

The band center and bandwidth of a signal are, respectively

A broad-band signal is a band-pass signal which satisfies the condition
that W f2’ while for a narrow-band signal, W is much less than fd.

Base-band speech is classified as a broad-band signal.

The above signal definitions are presented in Fig. 4.

fq
|
I
Narrow-band i
f, f,
Broad -baond
f\ f2
e W _______-4
o Low - pass

f
max Frequency —————

Fig.4 —Band-limited signals
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Let s(t) be a narrow-band modulation signal In order to transmit
the moduldation signal containing the signal intelligence, {t is
necessdary to superimpose the signal s(t) on a carrier function h(t)
The purpose of the carrifcer function {s to transfer the intelligence
spectrum to da frequency reglion more suftable for propagation. The

(4)

resulting signal appears as the product

u(t) = h(t) m(s(t)) (a-1)

whete h(t) is a function representing the carrier and m is the
modulation function representing an operation on the modulation
signal s(t).

The development of the narrow-band signal u(t) may be traced
at carrier frequency v from an initial low- or band-pass modulating
signal s(t) by inspecting Fig. 5.

Let the information signal s(t) be periodic (period T

= 2ﬂ/LO)

and band-limited with bandwidth W, where W = Ny / Nu’ cquals the

0 0

difference between the greatcest (jzmé) and smallest (jlpé) positive
significant frequency components of s(t). The carrier function is

exp (i L t) which translates the spectrum of s(t) by W forming

tte signal v(t). In Fig. 5 both the positive and negative frequencies
are translated, forming a double side-band signal. Tt is possible

to pass v(t) through an ideal band-pass filter, for example, which
passes only the upper (lower) frequency components forming the single
side-band signal u(t) shown in Fig. 5-d. The signal u(t) is assumed

periodic; this {mplies that wc/mé = a/b where a and b are pesitive

{ntegers. Further, it is assumed that a >~ > b. If b = 1, then s(t)



|
(a) chl

L
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|

| |
'Q(JJQ '3(1)0 '2(.[)0 ~Wgo

1

1 { |

O wy 2wy 3wy Ywg

J W —-
Fourier coefficients of
periodic signol s{t)

(b)
SO MV We W —-
HormoniCc corrnier
exp (twet)
(c)
1€1]
0S8 |
ANNANNAA- 1 l % l 1
0 w wc--on' - W, wc+j<.uo'_>
(d)
€]
SSB
MAAY s l |
o wWw—* We We+ Wy —=

Fig.5—Magnitude of Fourier coefficients versus frequency for (a) modulation
signal; (b) carrier signal; {c) frequency translated signal, double
sidebands; and (d) frequency translated signal, single sideband
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periodic with period T fmplies u(t) periodic with period T 1f

0 0
b . 1, then s(t) periodic with period TO impiies u(t) periodic with
pertod T = bT  and L = 2~ /T.

In general, Lo and Lé are not commensurate and the signal u(t)
will not be periodic. Tt is clear the values of a and b can be
selected such that ¢C/¢6 - a/b! <« ¢ in this case for arbitrary small
e » 0 The Fourier coefficients then become arbitrarily close in

magnitude to the ordinates of the Fourier integral of u(t) for
corresponding frequencies. Resulting operations on the Fourler co-
efficlents can then be inter»sreted as operations on a sampled version
of the Fourier integral of u(t). 1In order to minimize the period
T.b, b should be selected as close to one as possible, thus reducing

0

the computations required to find the values of teRlURz. With this

understanding of the interpretation of noncommensurate ratios

’

0 and b £ 1, {t will be assumed that a and b have been selected

w /u
C
so that negligible error occurs in using the Fourler series representa-
tion as a sampled value of the Fouriler transform of u(t). Thus, with

no loss of generality:

a. the signal u(t) {s assumed periodic with period T = 2ﬂ/wo

b. lc | = lc | =0, n < a+ bj1

n>a+ bj2

Envelopes and Analytic Signals

The envelope of a time series has an intuitive meaning conjectured
from elementary studies of signal modulation. 1In Fig. 6, it is easily

"recognized" that the dotted lines are the envelope function.
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Amplitude

Fig.6 —Modulation signal s(t) superimposed on harmonic carrier

Thus, 1f the signal u(t) is represented by

u(t) = A(l + m cos xot) cos w t

where w represents the carrier frequency and w, a frequency such
C

0

that wo > > g, then the envelope function is Am cos wot.
However, for multichromatic signals, the intuitive concept of
envelope soon breaks down and an envelope becomes difficult to define.
Dugundji(s) generalized Rice's(6) formulation of the envelope of a
multichromatic waveform u(t) in a manner which has been found very

ugseful in modulation theory. His generalization will be used in this

paper.

Analytic Signal

Given a real valued function u(t) on - « t « += f{ts Hilbert(7)

transform d(t) i{s defined by



+cc
" 1 u(®)
a(t) = = ‘ - dF (A-6)
o :
where the principal value of the integral is always used All

functions considered here will be assumed to hdave Hilbert transforms.

It is ecasily verified that the Hilbert transform of

cos(wt + ¢) 1s sin(ut + 7)) (A-7)

r\+w
If U(f) = | u(t) exp (-2n i f t) dt is the Fourier transform of
v -

u(t), then the Fourier transform L(f) of u(t) is

L(f) = -1 U(f) sign [ (A-8)

where sign z = 1, z >0
=0, z =0 (A-9)

a -1, z < 0

Let u(t) be a real waveform;;the aralytic signal z(t) is defined

as the complex-value function
z(t) = u(t) + 1 a(t) (A-10)

The envelope of u(t) is the magnitude |[z(t)' of its pre-envelope.

Thus, if a signal u(t) is given by

--

u(t) -t dn cos (¢nt + :n) (A-11)

forming the pre-envelope of u(t) gives



z(t) = d“ Cos (mnt + ?n) + sin (Lnt + mn) (A-12)

n n

Before proceeding, the formulas for the envelope and pre-envelope

must be modified for periodic signals.

(8)

The Fourier serfes in complex form of s(x) is defined as

s(x) = ¢’ ¢ (A-13)

and the conjugate series obtained by replacing ¢ 'k by c{ - -1 c£ sign k

—

;(x) = -1 ) ci sign k e (ikx) (A-14)

for s(x), 0 ¢« x < 2n, x = uot.

The function ;(x) is equivalent to the Hilbert transform S(x)
which must be used for periodic functions.

The transform relationship may be expressed as

lim

A
s(x) = 0 - ;1 [oslov) - sCxev) g, (A-15)

N 2 tan bYv

or alternately

;(X) O -1 r E_Q‘ik’);_s.ﬁ.ﬂ dv (A-16)
"0

n

()

Dugund ji establishes the following lemma:



Let u(t) be a waveform having f{requency spectrum in the bands
fk S "SR fL + 'W.  Then the square of the envelope magnitude
{s frequency timited to £ W Dugundji remarks that "one may not
conclude that the envelope {tself is band-lHmited, {ndeed there seems
to be no physical rcason that it should be so.” The band-limited
property of the square magnitude of the envelope 1s the hasis for
the interest in the envelope function  z(e)!.

Clipping is performed on the signal u(t) of Eq. (A-1) before
transmission. The fine structure imposed on s(t) by the carrier
function h(t) (see Fig. 6) makes 1t much more difficult to compute
the regions R1 and R2 required to evaluate the integrals I1 and I?
of Fq. (14). Tt is easier to determine the regions Rj of the envelope
in Fig. 6 than of cach of the individual cycles of the fine structure.
Thus, by computing 'z(t)'z, a function of considerably less fine
structure can be considered.

The regions R1 and R2 may be determined for 'z (t) 2, as follows:
Let X = min fxg, Kfl

Then the region R ¢ z(t)I2 > X can be obtained by any one of a
numbet of methods. For example

a. Plot 'z(t)‘2 versus (t) and read from the {ntersections of

2 2
the curve z(t)!” with the line z7 = X.

2 2
b. Let z = x(t). Compute z at sufficiently close intervals
2
so that e¢very significant peak of z (s sampled.
1
From the sampling theorum v = W {t should be sufficient to

determine 22 uniquely at each point. However, {f, for example,

there is no concern with peaks of widths less than At, this may be



relaxed. In this cas , a sampling interval At/2 would be sufficient
to locate approximately the reglons of significant peaks.
Once the approximate location of (1' for example, {s obtained

bv finding values of L{, L; such that

x(L{) « X - x(t;) (A-17)

Then, interpolation formulas may be usced to obtain more accurate

values of Ll, v.g.
(t,) - x(t))
x(Ll) - X g , X Ll - x (Y
t.o= ¢ - -, — x(t,) = (A-18)
1 1 d_ ([I) dt 1 N -
dt A 1 1

can be solved fteratively.

The degree of accuracy of t. required is about one-fourth of a

1
cycle of the carrier frequency Lo The same comments on accuracy
are true for graphical solutions.
C If x(t) is of sufficiently simple analytic form, divide
x(t) into nonincreasing and nondecreasing sections. In
cach section note {f max x(t) < X. In the scctions satis-

fying the last reqQuirement, invert the function to deter-

mine the set
-1
tr e x (t) = X.

1f these operations can be performed analytically, then the required
accuracy is limited only by the computational effort required to

-1
compute x (t).
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d It the raxima of the envelopes can be determined
danalvtically, then considerable computation «ffort can
be waved by mothod (b) only in the vicinity of the maxima
exceoding X oand at the t = O to the time of the first
maxima, dand from the time of the last maxima to time T,

The above tochniques will then define the regions where the

1
envelope 2() exceeds X0 To define the regions where the trans-

mitted signal u(t) lies in the regions Rooand R, the following

1

procedure should be undertaken.

Considering the case of a single side-band amplitude modulated

(4)

signal, Fq. (A-1) can b written as
m(t) = s(t) + i s() (A-19)
2(t) = s(t) cos vt - ;(t) sin L(L
C
+ 1 _s(t) sin L+:(t) Cos L(Li (A-20)
L8

2 o Y
from which 2z(t) = s () + s (t) °, !L > 0
- .2 =2 Y L .
= s (1) + s (1) for periodic signals (A-21)

If the signal to be recovered is s(t) (s(t)), then the transmitted

signal is the real (imaginary) part of z(t). The real part of z(t)

can be written tor periodic signals as

u(t) = 'z(t)! sin rJ.‘[ - tan-] ELQ—‘ (A-22)
‘ s ()



The maxima of uft)  occur in the neighborhood of t where T is the
n n

solution of the equations
-1 = 2ntl)” ,
Lt - tan s(t)/s(t) =(J17) , n=20,1,2, ..., t « R UR

Eq. (A-23) cun be solved iteratively as follows

Qntl)- -1 . ;j—l))/;([éj-l)

(0) (2m4")
t = —_——
n 2
T lim . l(j)
n i n

Where the values of n are selected such that tﬁo) € R1 U RZ' If
z(t) | has been programmed for a computer, then values of s(t) and
;(t) are easily available for the fterative solution of Eq. (A-24).
For graphical computations, graphs of s(t) and ;(t) are reqQuired,
and EqQ. (A-24) can then be computed from graphical readings The
exact location of the Tn is not (ritical 1if there are¢ many peaks of
the fine structure of u(t) in a peak of the envelope 'z(t)! as shown

in Fig. /.

Having found the value ?n foi a specific spike in Rl' then

Atn - E— may be added to estimate the corresponding maxima point for
c
the adjacent carrier spike in R If the phase correction does not

vary rapidly over a number of carrier spikes, a small correction can

be used for subsequent tn as follows.

(A-23)

(A-24)
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- ~ - K
u(t) | T Tay ¢
‘»—-—- Envelope R1 P —

I
0 t T

r-——— ~ Envelope R, ————
l\ [T 7 K,
\ /

\ /

\U //
N 7/
/7
\\ y
N 7
-~ //

Fig.7 —Typical display of clipped peaks of transmitted signal for teR,and R,

showing fine structure of carrier function



Let t0 be the abcissa of the maxima point of the tirst carrior
n

peak it R, of Fig. 7 Then an initial estimate for

! the next

L
1

absicea, 1s given by

o)
[\l =1 :
ntt n .

(O) € R The

provided (n+1 l

fterative Eq  (A-24) may be used to refing

cstimates of ot
n+!

F VALUATING THE INTEGRALS Il AND 12

Assuming that the sequence of vatues fl}],’z(?n) boin Rl U R2
defining the posttion and values of the carrier peaks has been
obtained, Il(m) and T (m) may be cvaluated as tollows.

Assume that z(t) is essentially constant and c¢qual to z(?n)'
over a4 «vcle of the carrier frequency. For ?n € Rl’ tn can be expressed

in th: neighborbood of {(within one cycle of wc)

w0 = lz () cos (oo (€ 1) (A-25)

u(t) fz(t )] cos (" 4w (- t)). (A-26)
n C n

The solution to the v%pations

u(tn) = Kl (A-27)
- * 1 1 o~
is Ltn - tn = L_ Cos LK1/ l(tn)l J (A-28)



Lot
%
woe e (a-29)
Il(m) an be expressed a
St
1 - +',n L(ll)|(t\hL’-K1
1 () = = RCLINES : - C(imu 7)) dr (A- 30)
1 R It A(Ln) COs Lk"
no 1 n

If the Fourier coefficients dm of the ¢lipping function ¢ (t)

drop off rapidly as (m ), only values of o . & /u.o arc of concern.
: ‘ C

Therefore

, _ n ‘z(f'n) cos w T - K1
Il(m) = —:[: ’ v(-imu,otn) ' - dr (A-31)
T R “0 lz(?n) cos w_T

The integral in EqQ. (A-31) can be evalua:ed (Dwight, Tables of

Integrals, #442.10)

) (-1)]5 : l+sin v At
- =5 “{mut A-32
Ij(m) T e ( 1m0tn) &Ly * 2w log 1 - sin o At ( )
e "‘R Z(Fn) C ( n
€
n’
jel,2

For light limiting v At < < 1, then to first order In W Lt
n

Eq. (A-32) reduces to

3
13k
Ij(m)-:,l.—z ) eCtmgt) | ar P I i T (A-33)
?cR z(tn)l
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where l'(1 -0, K . 0
Equation (A-33) or (A-32) (ombinee with Fq  (14) gives th

coefficients d necessarv to determine the corrections of the {nput
m

Fourter coefficients



Appendix B

BROAD-BAND SIGNALS

In this appendrs the modulation sipnal S(t) s taken to be
broad band, sav of the order of the carrer freqguency (see Fig, ).
In this Case the envelope function does not provide any advantages
stice 1ts tine structure 1s as complicated ¢s the fine structure of
the transmitter sipnal u(t).  Further, becaose of the fine structure
of u(e), o digrtal computation of u(t) t determine the regions
(R Rl U R2 nav 1nvolve excessive calculations,

Thus, 1t 1s expedient to use analop computations to obtain the
coefticrents dm of the Timit time function ¢(t).  Then, the specifac
Fourier components of the output sipnal of interest can be computed,
using Eq. (1), In general, the analop computations are efficient
In determinaang the regions t R Rl & R2' When these regions have been

detennined, the inteprals T (m) can be detemined either by analog methods
]

or, if pgreat accuracy s required, by numerical methods; e, by
mputing u(t) in g fi1ne mesh in the region of the peaks of u(t) such that
t Rl U R, and performing the inteprations of li('w:) piven hy Eqs. (15)
and (lb) numerically.,

Figure 8 presents a completely analoy solucion for the Fourier
coeflticients rlm. The signal is gencrated at some arbitrary time t

taken to be zero. The signal 1s passed through two circuits. The
uUpper clircult compares u:([) with Kl' If (o) Kl‘ 4 pate pennits
the difference (u(t) - K,i) t - be transmitted as a voltage versus time,
Another gate permits the inversce of u(t) to pass on a separiale channel,

If the test fails, no voltage is transmitted in either channel. The tw.
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Comparison Oulpul

{ult) - K )

>k, A[ @),
uliy™! explimwgt)
1 No
Zero
1 ¥ Sampler mT
ol == ﬁb —(X penod

Comparison QOutput

— loth- K2)
ult) <K ———.{:
2
u(!,

No
L——» Zero

Fig.B—Analog solution for the Fourier coefficients dm of the limit function c (t)
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channe outputs are multiplicd and added to a similar channel

based on the test ut) K, . The tesalt of the addition 1s the

func t1on (t) shown 1o Fipg. 3. The y(t) channel as multiphied
St

by an anp.t channel e All times must be svachronized to

the same organ. The prodoct os aategrated and divided by the total
time from sero, The outpot of the integrator sampled at times T, 27,

3T, ... witl be .
n

This solution has the advantapes of speed and simplicity but s
limited 1n accuracy by the analop nature of the calculation,

A bybrid analop-digital technique 1, shown In Fig, 9. The
analog computer consists of two channels.  Ta the upper channel if
a(t) 'Kl, a4+ 1 is the output; if u(t) - Kl’ zero 1s the output, The
square pulse corresponding to t - RI 1s then fed into g derivative
circuit whose output is the positive spike for the leading edpe of
the pulse and a negative spike for the tail edge of the pulse., A
counter counts the mumber of cycles from time zero to the spikes and
the output is the set of time intervals ¢ R . The lower channel
opperates in a similar manner. These time intervals can be used as
the input to 4 digital program as previously described. This hybrid
technique has the advantage of using the best of both svstems The
analog solution for the interval (Li, Lj) € R1 U R2 is obtained much
morr quickly and easily than the digital solution for these intervals,
However, there is no loss of accuracy since the digital program can

interpolate for greater accuracy and perform the remaining numerical

integrations to a very high degree of precision,
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Comparison

ult) —e=

Yes +1 Qutput ‘

ult)>K, ———={ Differentiote ‘ o{ Counter

INo

= ()~

Time counts for
1€ R1

Comparison
Yes -1 1 Output

u(?)(KZ

—— Differentiate ] >~ Counter

Time counts for
! € 92

Fig.9 —Anclog solution for times teR, UR;



i

This technique may even bave advantapes in the narrow-band cdse

for determmintog the locations of £ and t , and then proceeding with
go n

the computatrons of kg. (A-31) o1 (A-33).

Lo will regquite some actual computing expoerience to detomine

for determaning the required

whiteh ol the methods s most sartable

Fourter coctficients ot the artons classe o of modatation sipnals,



Appendix (

SENSTITVITY OF THF VALUF OF INTEGRALS 1 (m) 10

1
i

It will be shown that af the cnvelope fanctron s

varying tounction b o tice o rolative T At
changing the carrtior troqgueney will hoave Dttt
st 1 cssentialiy oo onstant . This w1l he

that in the limit ' ¢ nstant onvelope, the

FL(G) are andependent of carrier broguency .

Define
uo(x)y = z(x) si1n nx
n
Let  72(x) =1
Definc
(un(.\') - Kl)
J = dx
n n (x)
eR
*5
where for convenience X = 'O[’ 0. x< 2r
and x € R1 is the set of points such that
>
u (x) = K, 0 <K, «
n 1 ]

ter frege

Te b teot

CARRTER FREQUENCY -

1
1 wly
Ny,
8
ae Ny ds

dJemonstrated by

integirals

]

Let n = 1, then x ¢ R, is defined by the set of points

1
- Al .o n
'x+2§X—-X4E
~ -1
where x = sin Kl

1

(0)

howing

and



+ X
K . (san x - KD
= — iy
h (s1n x)
-
Lot » = - o then Tt s casily shown that
] = - (\ (\) - F,)
: 0 — = d

.I] has the <amc form as ]]((,) (exaopt tor sign) with 'z(t) =1
Consider the value ot ]
n

(sin n x - K )
d_E dx

n 0 s1n n X

Tt {5 casilv shown that J  consists of n integrals of equal
n

va lue A tvplcal integral is, for oxample, integrated over the first
peak | e.g.
| N a
- = X X St = x
2n n = — n n

Therefore

I -
Thtn
J =n - J (sinn x - K.)
n . ]
1 - - dx
oo X sin n x
2n n
By substituting n x = n/2 - v, it is easily shown that
J =7



I

Thus., the integral J which i+ vquivalont o Il, i~ 1ndopendent
n

The parameter n o plavs the role of the carricr froquency and oy
constant onvelope  2(t) , the integrals 1 ](U) and T ,(0) will D
independent of the carrier froquency Fooslowly varving  2(t)

~dn bhe assumed that l1 and T will be dnsensftive to changes in

5
frequency which are large compared to the bandwideh of 2 ()

ol on

it

cdrrler
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