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ABSTRACT 

Fur   pi-riodit   input   u(l.).   a   liTu    r i pi i si nt all on  L (t)   foi    t lit 

clipptr   is  obtaint-d   such   tliat   llu1  output   \(t)   =   *(t)   u(l).      Th» 

Fourier   LOef f ic ii-nt s   oi   y(t)   are  obtaimd   in   Ltrms   ol   tin   Foui i t r 

coefficients  of   both   e (t )   and  u(t).      Fei    light   > lipping,   tin    Fournr 

coef f ici ents   of   y (t )   equa 1   the   Feurii i    ei t I f ii i eiil s   ol   u(t )   plus 

j   .s ma 1 1   correct ion   fac tor   of   the  or del    t i    tin    pi i    i "nt   of   t i m*    t he 

signal   exceeds   clipping   limits.      An  exact    expression   for   the   correc- 

tion   factor   is   obtained   which  may   roqulit    numerical   solutions.      Some 

algorithms   for   obtaining   numerical   solutions   are   discussed. 

Anv   views   expressed   in   this   papt'i   are   those   of   the   author. 
They   should   not   he    interpreted   as   reflect ing   the   views   of   The   RAM 
Corporation  or   the   official   opinion   or   policy   of   anv   of   its   govetn- 
tnental   or  private   research   sponsors.      Papers   are   repioi.iKei   bv   Th« 
RANL)   Corporation   as   a   courtesy   to  member.',   of   its   staff. 
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I.      INTRODUCTION 

A   singlt    siJi'-hand   ampl i C udi'  modulali  i   signal   has   tin    clfsirahli 

prciptrLy   of   riquiting  .1   transmission  bandwidth   no  grt-atfi   than   that 

"f   tin    mcidu1    ' '   0   nr   InformaLiüii   bito..u,,      nowi vii ,    tue   moUulatitl 

signal   may   contain  signal   peaks   which  wi 1 (    not   pn-stnt    in   tin   modula- 

lion   signal        These   induced   peaks   can   iiurcase   the   ratio   of   peak    to 

averagi    signal   power,   thereby   imposing more   sivtre   demands   of   linearit\ 

on   tin    t ransmi t t er . 

In   practice,   single    side-band   amplitude  modulated   signals 

occasionally   exceed   the   linear   range   either   inadvertently   or   dellberatel 

it   a   'ertain  amount   of   distortion  can  bt   tolerated.      To   assess   the 

magnitude   of   this  distortion,   this   papei   ^unsiders   an  asymmetrical 

clipping,   where   tin   modulated   signal   is   unchanged   between   levels 

K^   and   K     and   clipped   at   K     ■>   0,   K     <   0.      In   general,   since   it   is 

desirable   to   transmit   the  modulated   signal   without   excessive  distor- 

tion,    tin    degree   of   clipping   must   be   small 

Clipping  as   an  example  of   nonlineai   processing  has  been  discussed 

(1,2) 
extensively in the literature.   '    Clipping reduces the peak fattoi 

of the modulated signal and increases tlu bandwidth of the signal. 

The original modulated signal bandwidth must be restored bv fi hiring. 

(1) 
Previous analytic treatment of the effects  ' of the clipper 

considered the action of the clipper in tin form 

y(t) - P(u(t)) 

where    y(t)   is   the1   output   and   P   is   the   nonlinear   transformation  on 

the   input   signal   u(t).      The'   nonlinear   transformation   is   approximated   by 



m 
K P(u(t)) -  )  aJuCt)] 

k-0 

e.g., a polynomial expansion of the input where m is chosen so a 

sufficlentl  good approximation is obtained.  This leads to extremely 

cumbersome computational requirements for even moderately small m. 

In this paper, u(t) is restricted to ptri die signals,  and a 

time representation c(t) for the clipper is obtained such that 

y(t) » c(t)u(t) 

The Fourier coefficients of y(t) are obtained in terms of the Fourier 

coefficients of both c(t) and u(t).  It is shown that for light 

clipping, the Fourier coefficients of y(t) equal the Fourier coeffi- 

cients of u(t) plus a small correction of the order of the per cent 

of the time the signal u(t) exceeds the clipping limits.  It is 

believed that the computations required to obtain these corrections 

are gieatly simplified as compared to existing analytical techniques. 

Very accurate estimates of the Fourier coefficients are obtainable 

without requiring Intractable high-order expansion. 

* 
The Fourier coefficients of the assumed periodic signal y(t) 

can be approximations to the Fourier transform of u(t) if u(t) Is 
net strictly periodic. 



II.     TIMK  FUNCTION  REPRESENTATION OF  A CLIPPING   FUNCTION 

Lvl   u(t)   bi   thf   input   Lo  a  clipper   and  y(t)   tlu   iiutput   signal. 

It   Is   assunu'd   that   u(t)   is   periodic   wil\\   period   T  =   f   .      The  clipper 

characteristics   are   shown   in   Fig.    1. 

y(l) 

S                                               K 2 

|                                   / 

lKi|                        / 
U (I) 

That   is 

FIg.l—Ideal   clipper characteristics 

y(t)   -   u(t),       K1   ^ u(t) ^   K2 

K   , when  u(t)   ^  K K     < 0 (1) 

■K2' 
when  u(t)   ■> K   ,        K.,  >  0 

Regions   can  be   defined  on   the   time  axis   R     such   that 



t  €   R.     u(t)   > K, 

t   e   R.     u(t)   <■ K, (2) 

t  e   R()    K1  £ u(r)  -: K2 

Thi    clipper  action  can  b(    characterlzi-d  by   the   following  tim   function 

wlur c 

y(t)   -   u(t)   •   c(0 

c(t)   -  1,  t e R, 

c(t) ^^ry , t e R1 

c(0   >  K2/u(t)   t  e   R2 

(3) 

(A) 

It   Is   seen  that.   u(t)   periodic   with  period  T   implies   that   c(t)   is 

also   periodic   with   period   T. 



III.      FOURIER  SERIES  REPRESENTATION 

Assuming   that   u(t)   lias  a  Fourier   st-ries   repristntatIon 

+ •: 

u(0 c     t,lntJJ0 i nant 
(5) 

where 
•H-T 

T J 
u(t)   e-^Qt   dt> .   2n/T 

Since c(t) is periodic with period T, a Fourier series expansion 

exists as 0 s c(t) C 1, and the Fourier series expansion of u(t) 

has   been  assumed   to   exist.      Then  c(t)   may   be   written  as 

+00 

C(t)   =     "     d     ,^& 
m 

m=-oo 

(6) 

Ar evaluation of the d  i' presented latii in this section. 
m 

By Eq. (3), the output y(t) is the product of two periodic- 

functions (each of period T).  The output is therefore periodic with 

period T and has a Fourier series represtntatlon of the form of 

Eq, (5).  Then 

y(t) 

+ x 

£-■ 

f  e^O1 
(7) 

wlurc 

rfT 

I       T J 
y(t) e'lrJ"1 dt (8) 
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The coefficients f  can be represented by the convolution of the 
! 

coefficients   c     and   d     as   follows 
m ra 

—(-T     +»       +«' 

vlf d      d      e 
n     m 

l(n+m-i)(ju0t 

m"-» m"-» 

The   integral 

(9) 

il 
■H-T 

iuuuQt 
O.u' 

u -  0 ±   1,   ±  2,   . . . (10) 

wh e r e 

6^   -   1,   1 - j 

6^  -  0.   i / j (U) 

Therefore 

f,  - )    c d 
n     ;-n y c d 

}-m     tn 
(12) 

The  coefficients   c     are  known,   since   the   input   function  u(t)   is 
m 

known.      It   now  is   required   to   evaluate   the   coefficients   d     of   the 
m 

clipping   function  c(t). 

FOURIER  SERIES  EXPANSION OF  CLIPPING  FUNCTION 

Using  the  inversion  relationship  shown  in Eq.    (5) 

rfT 

d     - r: 
m 

i r 
T 

c(t)   e"1^   dt (13) 

j. 
T     J 

tcR 

r     e-^Qt   dt  + 
u(t) 

K. 
- inuint 

0 
teR 

—T^T  e w     dt   +      i      —TT   e u      dt 
J      u(t) 

t€R„ 1 
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d
m
=
m,o + ? 1    TöT"1, dt + T ^   -^rry-'     0 dt   ^ 

tcR1 tcR- 

m-0,   t    1,   i   2,   ... 

GENERAL  PROPF.RTIES  OF  THE  LIMTTF.R  FOURIER  COEFFICIENTS 

Lit 

teR, '1 

1      ,"       K.   -   u(t) 

h^ ' T   J     -^T)  '■      0   dL 

teRn 

(15) 

(16) 

Note   first   that 

K     -   u(t) 

^       u(t) '    ^        j   "   ^   2 (17> 

so   that 

lljdn)!   ^  LCR^/T (18) 

where L(R ) - length of the regions R 

Thus, if the limiting of u(t) occurs over relatively few spikes 

of narrow width, as shown in Fig. 2, the change in the coefficients 
/L(R UR )\ 

ic - f i - o(   ; 2  . 
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Fig.2—Typical   signal   u(f)  versus  t  with   occasional   spikes 

From  Kq.    (16) 

d0 -   1  +   IjCO)   +   I2(0) (19) 

wher e 

1,(0) 
(t2   -   t,)   +   (t8   -   t7) 

(20) 

i2(o)! •- 
(t4   "   t3)   +   (t6   -   t5) 

Thus,   I     and  I ^   ari'   small   corrections   to   unity   if  the   sum  of   the 

intervals  <-  .    T.      Let   this   condition  be   termed   light   limiting. 



13 

Similarly 

d     -     I , (m)   +   T    (m)        m   /  0 (Jl) 
rn 1 i 

m 

Thus,   hq      (12)   may   bi    written   ds 

-t-a- 

d •     1    for    light    limiting. 

ff  =  '  .  + ^g IjU   ■   n)  +  I20   -   n) (22) 

n»- r 

EquaLlon   (22)    llu'n   shows   that    f     ■   c     +   small   correction   term   under 

light    limiting  conditions. 

CONVERGENCE  OF  CORRECTION  SERIES 

. -> 
It will be shown that the coefficients  d   fall off as (m '") 

m 

provided u^t) is bounded in R UR  so that the summation in Eq. (22) 

would not require too many terms to obtain accurate corrections to 

V 
Let 

HO - 0, t e R0 

Kl - u(t) 

"^(o—• t € Ri 

K0 - u(t) 

Then 

—j-z , t € R 
u(t) 2 

T+T 

d  - i  [    f(t) e'^O1  m / o 
+ T 

A typical curve for f(t) and Its derivative is shown in Fig. 3. 

The essential consideration Is that Y'(t) Is bounded In the Interval 
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«/'(t) 

0 

^'(t) 

F   j.3 — Typical   curve  of ^(t)  and   its  time  derivative   M\) 
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' - ,   -H-T"
1
   and   has   jump  discontinuities   at    the   tinu'   points   defining 

time   Segments   in   R.,    )   =    1,2        Since 

The r i- f c^r' 

t'(t) 
(t) 

1  +   t'(t)\   t   e   R  UK0 

t   c   R, 

u(t) mm   r IK. ' ,   K0 1 z 
t    :   RjUR,, 

1    ■   lf(t)   +1      • 0 

Then u'Ct) bounded in R-UR^ Implies Y'(l) hound, d in R UR ,   Thus, 

(3) u-sing   a   standard   theorem on   the   order   of   the   Fourier   series,    the 

coefficients     d       <'  K/   2   where  K   is   some   number   independent   of   m. 
m m 

Sinci the second and higher derivatives of Y(t) are not bounded, a 

faster convergence rate is not implied. 

Equation (1^) Is the main result of this paper.  It is exact 

and holds for a very general class of input signals, that is, periodic 

signals of period T, and an ideal asymmetric clipper for arbitrary 

clipping levels K  . 0 and -K  s 0.  Equation (14) then determines 

the complex Fourier coefficients of the output function y(t) without 

having approximations introduced.  However, in order to evaluate 

d  of Eq. (1^) numerically, it is necessarv to determine the value 
m 

of the two integrals by approximate methods which will, in turn, 

introduc" errors in d  and f .  The approximations can be made as 
m £ 

accurate  as   desired   in   theory   by   using   sophisticated   computational 

methods   to   evaluate   the   integral.      Practically,   the   accuracies   will 

be   limited   by   the  capacities   of   the  computer. 
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In the append* ci-s , a number of approacht'S to computing tht 

integrals in Kq  (1^) d•"«^ tiiscussfd tor   two dlfft-rent (.lasses of 

signals   Om class is typical of radii' practice in that tin signal 

is narrow band, I. c , its bandwidth Is much liss than any of its 

components.  In this model it is convenient to describe t tu signal 

in terms of an envelope function modulating a carrier function   Tht 

second class of signals Includes the general case of a wide-band 

signal having no spectral restraints   The difference between the 

two mathematically is that the use of envelope functions '.s of 

limited utility for a wide-hand signal and so different computational 

techniques are required.  These are discussed in mce detail in 

Appendices B and C. 
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Appendix A 

NARROW SINGLE SIDE-BAWD TRANSMISSION 

SIGNAL TYPES 

Signals in physical systems are band-limi.cd.  Certain classes ol 

signals are defined with respect to significant spectral components. 

A luw-pass signal is one containing frequency components between zero 

frequency and some upper limit f .  A band-pass signal is defined as 

one whose significant frequencies lie between two frequencies fj and 

f , where f  may be arbitrarily s^a11 but not equal to zero.  (A 

band-pass signal has no dc component.) 

The band center and bandwidth of a signal are, respectively 

fl   +  f2 
fd=_L_l( w= f2 - f1 

A  broad-band   signal   is   a  band-pass   signal   which   satisfies   the   condition 

that   W  r„   f   ,   while   for   a   narrow-band   signal,   W  is   much   less   than   f^ 

Base-band   speech   Is   classified  as   a   broad-band   signal. 

The   above   signal   definitions   are   presented   in  Fig.   4. 

Narrow - bond 

fi   f
2 

Brood-bond 

 '-'-'' - - - ^  

w 

  Low-pass 

max Frequency 

Fig,4—Bond-limited  signals 
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Li-t s(t) hi' a narrow-band modulation signal   In order to transmit 

the   modulation signal containing thr signal i nt t" 1 1 i grm r , it is 

ncctssarv to supfrimposo the signal s(t) on a carrier function h(t) 

The purpose of the carrier function is to transfer the intelligence 

spectrum to a frequency region more suitable for propagation.  The 

(4) 
resulting   signal   appears   as   the   product 

u(t)   -   h(t)   m(s(t)) (A-l) 

where h(t) is a function representing the carrier and m is the 

modulation function representing an operation on the modulation 

signa1 s(t) . 

The development of the narrow-band signal u(t) may be traced 

at carrier frequency JU  from an initial low- or band-pass modulating 

signal s(t) by inspecting Fig. 5. 

Let the information signal s(t) be periodic (period T  = 2TT/a)') 

and band-limited with bandwidth W, where W ■ N^'  Nuu' equals the 

difference between the greatest (j JU') and smallest (j _L ) positive 

significant frequency components of s(t).  The carrier function is 

exp (i JU  t) which translates the spectrum of s(t) by JU , forming 
c c 

the signal v(t).  In Fig. 5 both the positive and negative frequencies 

are translated, forming a double side-band signal.  It is possible 

to pass v(t) through an ideal band-pass filter, for example, which 

passes only the upper (lower) frequency components forming the single 

side-band signal u(t) shown in Fig. 5-d.  The signal u(t) is assumed 

periodic; this Implies that oi /'hi  - a/b where a and b are positive 

integers.  Further, It is assumed that a > > b.  If b - 1, then s(t) 
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(a 

■4üJ, -3üJ,- 2cuf ■U)0 ^        UJO        2aj0      3a)0      4aj0 

) 

Fourier  coefficients   of 

periodic   signal   sU) 

OJ 

(b) 

Harmon i c    corner 

exp  (icücl ) 

A^- 
Cüc aj 

(c) 

DSB 

-AwvVWv- 
0    cu 

CUr OJ, CüC       tiJc + j aj0 

:d) 

SSB 

■^vw^vv— -X- 

0 OJ ÜJ( OJ c +  j CJo1 

Fig. 5 — Magnitude  of  Fourier  coefficients  versus  frequency   for   (a)   modulation 

signal;   (b)  carrier  signal;   (c)  frequency   translated  signal,   double 

sidebands;  and  (d)  frequency   translated  signal,   single  sideband 
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p.rlcuiU   with   ptriod   T     impllfs   u(t)   periodic   with   period   !_.      If 

b    •   I,   then   s(t)   periodic   with  period   T     implies   u(t)   periodic   with 

period   T  -   bT     and   x     ■   2"ll. 

In  general,   x     and  x'   are   not   commensurate  and   the   signal   u(t) 

will   not   be   periodic       It   is   clear   the  values  of  a  an'!   b   can  be 

selected   such   that     x   Au'   -   a/b!   <  e   in   this   case   for   arbitrary  small 
c  0      ' 

e . 0.  The Fourier coefficients then become arbitrarily close in 

magnitude to the ordinates of the Fourier integral of u(t) for 

corresponding frequencies.  Resulting operations on the Fourier co- 

efficients can then be interpreted as operations on a sampled version 

of the Fourier Integral of u(t).  In order to minimize the period 

T b, b should be selected as close to one as possible, thus reducing 

the computations required to find the values of teR.UR .  With this 

understanding of the Interpretation of noncommensurate ratios 

JU /(JL„ and b y 1, it will be assumed that a and b have been selected 
c  0 

so that negligible error occurs in using the Fourier series representa- 

tion as a sampled value of the Fourier transform of u(t).  Thus, with 

no loss of generality: 

a.  the signal u(t) is assumed periodic with period T ■ ZTT/OJ, 
0 

b.  Ic    -lc|-0,      n^-a + bj, 
-n     n 1 

n > a + bj 

Envelopes and Analytic Signale 

The envelope of a time series has an Intuitive meaning conjectured 

from elementary studies of signal modulation.  In Fig. 6, it is easily 

"recognized" that the dotted lines are the envelope function. 
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Amplitude 

Fig.6 — Modulation  signal   s(t)  superimposed  on  harmonic  carrier 

Thus,   if   the   signal   u(t)   Is   represented  by 

u(t)   •   A(l  +  m  cos  x-t)   cos  OJ   t 

where UJ  represents the carrier frequency and w     a frequency such 

that UJ  > > Ji , then the envelope function is Am cos a/nt. 

However, for tnul t i chromat i c signals, the intuitive concept of 

envelope soon breaks down and an envelope becomes difficult to define. 

Dugundji    generalized Rice's    formulation of the envelope of a 

multichromatic waveform u(t) in a manner which has been found very 

useful In modulation theory.  His generalization will be used in this 

paper. 

Analytic Signal 

Given a real valued function u(t) on -aD • t ^ -♦-% its Hilbert 

transform u(t) is defined by 

(7) 
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u(0 I  f      Hill 
t-f 

dc (A-6) 

wluri'   thf   principal   valut   of   llu    inttgral   is   .ilways   usi'd        All 

functions   considered  here  will   In   assunu-d   tu   have   Hilbcrt   transforms. 

It   is   easily   verified   that   the  Hubert   transform  of 

cos(a)t + cp) is sin(xit + ;) (A-7) 

-+C0 

If U(f) - I   u(t) exp (-2n i f t) dt is the Fourier transform of 
J 

- 00 

u(t), then the Fourier transform L(f) of u(t) is 

L(f) - -i U(f) sign f (A-8) 

wh e r e sign   z   =   1 , z  > 0 

- 0, z  -  0 

-   -1. z  < 0 

(A-9) 

Let u(t) be a r-?al waveform; ; the analytic signal z(t) is defined 

as the compl i'X-value function 

z(t) - u(t) + i u(t) (A-10) 

The envelope of u(t) is the magnitude' |z(t)  of Its pre-envelope. 

Thus, if a signal u(t) is given by 

u(t) - )  d  cos (JU t + ■;  ) 
n      n    n 

(A-11) 

forming the pre-envelope of u(t) gives 
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z(t) =   d  LCS (x t + -; ) + 1    sin (x t + '£ )     (A-U) 
r.       n     n n     n 

n n 

Boforc proceeding, Ihv   formulas for the envelope and pre-envelopt 

must hi modified for periodic signals 

The Fourier series    in complex form of s(x) is defined as 

S(x) - ]      c' elkX (A-13) 

and the conjugate series obtained by replacing c 'k by c ' ■ -1 c  sign k 
K K 

s(x) - -i ) c' ^ign k e(ikx) (A-14) 

for s (x) , 0 < x ♦'. 2n, x ■ u  t. 

The function s(x) is equivalent to the Hllbert transform s (x) 

which must be used for periodic functions 

The transform relationship may be expressed as 

/ \   llni   1 f s(x-»-v) - s(x-v) .    . 
s(x) ■ , „ - ~ ■~^:— ;—  dv          (A-15) v y   b-0   n „ L   2 tan l5V v ' 

h 

or alternately 

(X). ii r *&:*) - s(*-v) d> s(x) - — I  —^ * ^ *■  dv (A-16) 
TT V v 0 

(5) 
Dugundjl    establishes the following lemma: 
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Li't   u(t.)   be   a   wavfforra   tiavlng   fn-quency   spt'Ctrum   in   the   hands 

f     -    ■ W  ..If     •    f     +   l.W.      Thin   tlu    square   of   the   envelope   magnitude 
L c 

is   frequent v    limited   tn     f      •■   W,       Dugundji   remarks   that   "one  may   ndt 

tune lüde   that   t fu    envelope   Itself    is   band-limited,   indeed   there   seems 

to   be   no   physical   nason   that    it   should   be   so."     The   band-limited 

property   of   ttu    square  magnitudt    of   the   envelope   is   the   basis   for 

the   interest    in   the   envelope    function      z(t)l. 

Clipping   is   performed   on   the   signal   u(t)   of    F.q      (A-l)   before 

transmission.      The   fine   structure   imposed   on   s(t)   by   the   carrier 

function   h(t)    (see   Fig.    6)   makes   it   much  more   difficult   to   compute 

the   regions   R     and   Ro   required   to   evaluate   the   integrals   I      and   I 
1 *. 1 4. 

of Eq.  (14).  It Is easier to determine the regions R  of the envelope 

in Fig. b than of each of the individual cycles of the fine structure. 

2 
Thus, by computing Iz(t)1'", a function of considerably less fine 

structure can be considered. 

The regions R  and R  may be determined for  z(t) ", as follows: 

2   2 
Let X =■ min {K^,   K 1. 

2 
Then the region R e ,2(0 |  > X can be obtained by any one of a 

number of methods.  For example 

2 
a.  Plot  z(t)|"' versus (t) and read from the Intersections of 

i 2 2 
the curve  z(t)'  with the line z  - X 

b.  Let z  - x(t).  Compute z^ at sufficiently close intervals 

2 
so that every significant peak of z  is sampled. 

From the sampling theorum L"*   - —  it should be sufficient to 
2w 

2 
determine z  uniquely at each point.  However, if, for example, 

then is no concern with peaks of widths less than At, this may be 
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rt-laxed.      In   this   cas    ,   a   sampling   interval   ^t/2   wcuild   hv   sufficient 

tu   locati1   approximately   tin    regions   of   significant   peaks 

Once   the   approximate    location   of   t for   example,   is   obtained 

by   finding   values   ot    t '      t      such   that 

xCtp   -   X  -    x(tp (A-17) 

Then, interpolation formulas may be used to obtain more accural^ 

va lues of t   •' ■ g- 

1    1 

xUp - X 

f x(t;) 
dt    I 

d    . s -x(ti) - x(ti) 
_. x(tl) =  

ll - ll 

(A-18) 

can be solved iteratively. 

The degree of accuracy of I  required Is about one-fourth of a 

cycle of the carrier frequency JU   The same coanents on accuracy 

are true for graphical solutions. 

c   If x(t) is of sufficiently simple analytic form, divide 

x(t) into nonlncreasing and nondecreasing sections.  In 

each section nute if max x(t) ^ X.  In the sections satis- 

fying the last requirement, Invert the function to deter- 

mine the set 

11 i e x' (t) = X. 

If these operations can be performed analytically, then the required 

accuracy Is limited only by the computational effort required to 

-1/ v compute x  (t) . 



d       II    t !;i   i axinia   ol    I In    rnvc 1 opes   can   hi    del crmint ti 

ana Iv t ica 1 1 v ,    t hrn   i. mis i dit ah 1 r   i.dm put at I on   if fur t    can 

hi     .avrd   bv   nutluul   (h)   unls    in   tin    vicinity   ct    tht    maxima 

fxct'i-ding  X   and   at    tht    t   =   0   t .    tin    tinu   of   tin    first 

maxima,   and   from   tht    tinu1   ol    tin'    last   maxima   to   t imt1   T. 

Tin    abi'v.    ttchniquts   will    t h.-n   dtfini    t!i<    rt'gions   win re   tht" 

i 

I'livclopc   Z(L)   cxcii'ds   X'.      To  difim    tht    rt-glons   wheri'   tin    trans- 

mittid   signal   \i(l)    lies   in   tht    rt'gions   K     and   R,,   the   following 

prnci'dun    should   bt    un^iTtaken. 

t'onsldiTing   the   case   of   a   singli    side-band   amplitude   modulated 

(A) 
signal, Kq,    (A-l)   can   b(    written   as 

m (t )   =   s (t)   +   i    s (t ) (A-19) 

(t)   =     s (t)   cos   i   t   -   s(t)   sin  x   t 

+   i      s (t)   sin   j   t   +  s(t)   cos   A-   t (A-20) 

1 rom   whi t h      /(t ) 
2 -2        - V 

s    (t )   +   s   (t ) / , .       >   Ü 

= :s2(t) + s2 (t)^ for   periodic    signals    (A-21) 

If   tht    signal   to   be   recovered   is   s(t)    (s(t)),   then   the   transmitted 

signal   is   tin    real    (imaginary)   part   of   z(t)        The   real   part   of   z(t) 

can   bt    written   for   periodic   signals   as 

u(t)   -    lZ(0 sin     JL   t 
c 

tan 
-i ^tx 

s(t) 

(A-22) 
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Ihr   maxima   of      u(i)      incur   in   Lhi-   iifi ghbortuuxl   of   t      wluri-   t      is   tin 
n n 

solution of the equations 

u t - tan'1 s(t)/s(t)  =^^)".   n = 0, I, 2, . . ., "t  r K. I' K7    (A-2J) n 1 

Eq.    (A-2i)   can   be   solved   ittiativily   as   follows 

(-'n^l)-   . -1       ,   U-n,,-,    (j-I) 
, . v        -:! :—— +tan        s(t )/s(t 

Set t(j)   =   2- "- ^  (A-24) 
n i 

c 

(0)        (2rH-') 
'n       =  —  

T     =    Hm      ,(J) 

n |      n 

Where   the   values   of   n   are   selected   such   that   t '        g   R,   U   K _,        If 
n I 2 

^(t)!   has   been   programmed   for   a   computer,   then   values   of   s(t)   and 

s(t)   are   easily   available   for   the   iterative   solution   of   Kq.    (A-24). 

For   graphical   computations,   graphs   of   s(t)   and   s(t)   are   required, 

and   Eq      (A-24)   can   then   be   computed   from   graphical   readings        The 

exact    location  of   the  T     is   not   critical   if   there   are  many   peaks   of 
n 

the   fine   structure   of u(t)    in   a   peak   of   the   envelope   ^(t) |   as   shown 

in  Fig.    7, 

Having   found   the value  T     foi    a   specific   spike   in   R.,   then 

At     ■  — may   be   added to   estimate   the   corresponding  maxima   point   for 
n O) r o r 

c 

the adjacent carrier spike in R^   If the phase correction does not 

vary rapidly over a number of carrier spikes, a small correction can 

be used for subsequent t  as follows. 
n 



2H 

Envelope   R 

\ 
\ 
\ y. / 

/ 
/ 

L y 

K 

Fig.7 — Typical   display  of  clipped   peaks  of   transmitted  signal   for   t«rR|and  R2 

showing fine   structure   of   carrier  function 



Lit    t      be   tin    aluissa   of   ttu    maxim.i   point    D f   tin     tiist   larticr 
n 

nrak   in   R,   of   Fla      7        TIUTI   an   Initial   istlmatt    tot    t       ,,   th«    m xt 
1 n+1 

abs1cc a,   is   given  hv 

t ' =   t       +   -'-/L 
n +1 n i 

providicl   t       ,   e   R.        T'K    ilrrativf   l.q      (A-24)   mav   hi'   used   to   trfint 1 n+1 1 n      v / 

i s t 1 nui t f sot    t 
n+1 

FVALUATING  THI   INTEGRALS   I     AND  I 

Assuming   that   tin    scqufnci1   of   valut-s   [T   ,'z(t   )'l    in  R     U  R 
n     n        1    <: 

defining tin position and values of the larriei peaks has been 

obtained, I (m) and T (m) nay be evaluated as follows 

Assume that  z(t)  is essential Iv constant and equal to  z (T )' 
n 

over   a   tyclf   of   the   carritT    frequentv        For   t      e   R,,    t      Lan  be   expressed 
n 1 n 

in   th'   neighborhood   of    (within   one   cycle  of  a   ) 
c 

ii(t)   =   lz(tn)     LOS   (L^   (Tn   -   t)) (A-25) 

For   t      e   R, 
n 1 

u(t)   =    !,z(t    ) !    ros    ('■   + *   (t      -    t)) . (A-26) 
'   n en 

The   solution   to   the   equations T 
u(t*)   = Kj (A.27) 

Is ; t      -    t        =  —  cos'     I K./lz(t   ) 1 (A-28) 
Ln n J, Ll nj 
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Lt-t 

t     -     t     -   t 
n n n 

(A-J9) 

T    (m)    ^ .in   hi    i-xpi tsstii   a-. 

+ ,' t 

I , (m) 
- 1 

,n      / (t    ) '    LOS   i. 

('"Vn5 

n     1 
/" t l/ c 

II 

(ilTVL    -)     dT (A-   iU) 

It    tlu    Fourier   coef fie lent s   <J     oi    tlu   clipping   function   c(t) 

drop   off   rapidly   as   (m     ),   only   values   of   m 

Tht-r ef or v 

x   /UJ„   art'   of   c one orn. 
c     U 

;.t 

I!(m)   - y (■(-inxx   t   ) 
U   n 

,n    'z (T  )      cos   x   ' 
in c 

T^ eR. 
n      1 

z (^   ) '   cos   tx   T 
n c 

dt (A-31) 

The   integral   in   Eq.    (A-31)   can   be   evaluated   (Dvight,   Tables   of 

Integrals,   ^442.10) 

IjCm) 
-2 

L 
l  eR. 

n     J 
l-i,: 

e(-inxx0tn) 

(- 1) '   K,      , 1 + sin  x    At 

üt     + ^ -—   log — 
n y-  . 2x 1 

z(t   ) c 
n 

sin  x     At 
c       n 

(A- 52) 

For    light    limiting  x     At     <  ^   1,   then   to   first   order   in  x     At 

Eq.    (A-32)   reduces   to 

I    (m)   -  Y l'(-imh0lr? 
t   cR, 

At     | 1  + 
n 

(-1)J   K 

Z^ 

j-1,2 (A-33) 



31 

wtu re  K      . U,   K i   •    U 

Equation   (A- n)   (ir    (A- 1J)   L omblnfj   with   Fq      (l-'O   givt-s   tin 

coefficients   cJ     necessarv   to   drtcrmini    th<    corrections   of   tht   Input 
m 

Fourier coefficients. 
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Appt'iul i x   B 

BROAD-BAND   SIGNALS 

In    tills    appriul : ■    t hi'   modulatlv)!!    '- i ^,, n.l 1    ^ ( t j     is    t .ik en    to   be 

b ro,ni   haiul ,    sd\   of    t hr   ordft    of    i Iw   i.irrii'i    Ircjuciuy   (st'i-   Fiy,.   '*) . 

In   this   i ,i s i    t tu-   t-nvc 1 opt'    i i nu t i m   dors   no I    |) rov i di1   any   ad van I ages 

s i IK t    its   line   s t nu t urt"   is   as   i imip 1 i e .i t »MI   as   the   f int1   s t nu t u re   of 

t tu-   t ransm 111 f r   s igna 1   11(1;.      Fu r I he r ,   lu-t. .1 . ^ >■   of    t tie   fine   st rut I u re 

of   iK 1 j ,   ,i   it 1 y; 1 t a 1   eaniput at i<Jii  of   n^ t j   t     dote mi 1 ne   the   re^i on s 

t      ,]_   K     I    K     may   involve   excessive   c a 1 L u 1 a t i on s . 

Thus,    it    is   expedient    to   use   analog  (.omputat ions   to  obtain   the 

coe f f n. 1 en t s   d     of   t lie   limit    t 1 me   f IHR t ion   (- ( t j .      Then .   t lie   spec i f 11 
m 

Fouriet   comjjonents   of   the   output    signal   of   interest   can   be   computed, 

using   Eq.   (1*)-      In   general,    the   analog  computations   are   efficient 

in  determining   the   regions   t      ,-   K     1    R   ,     Wlien   these   regions  have   been 
I £ 

determined,    the   integia's   1    (m)   can   be   determined   either   by   analog   methods 
I 

or,    if   grea t   accuracy   is   required,   try   nume r i c a I   me t hods ;    i.e.,   bv 

1 ompu t i n^   o ( t j    in   .i   fine   mesh   in   the   reg i on   of    the   peaks   of   11(1)   such   that 

t      -    R     U   R     and   performing   the   integrations   of    1   (mj   given  by   Eqs .    ( 1 ^,) 

and   { lb)   nunier ica 1 ly . 

Figure   H   presents   a   completely   analog   solut ion   for   the   Fourier 

coefficients   d   .     The   signal    is   generated   at    some   arbitrary   lime   t, 
m 

taken   to   he   zero.      The   signal    is   passed   through   two   circuits.     The 

upper   circuit   compares   u, ( t j   with   K if   ■,( t j        K,,   a   ^ate  permits 

the   difference   (,u(t)    -   K.)    1      be   transmitted   as   a   voltage   versus   time. 
i 

Another   gate   permits   the   inverse   of   u(t)    to   pass   on   a   separate   channel. 

If   t tie   test    falls,   no   voltage   is   transmitted   in   either   channel.      The   tw 



33 

iudi) 

Comparison Output 

Yes 
u(t)>K 

rMu(t)-K ) 

No 
Zero 

Comparison Output 

Yes 
u(t)<K, 

Noi 
' *- Zero 

(ultl-K^ 

L—     u(t) 

Sampler 

penod 
T 

dmT 

Fig.8—Analog  solution   for   the   Fourier   coefficients  dm of   the   limit   function   c(t) 



L'h.imu'i   üutputs   are   multiplied   and   added   la   a   similar   channel 

based   on   t he   test    ii( t J K   .       The   [('.suit    of    the   add i t i on   is   the 

t inn t i on        ( t j    shown   in   F \ y .    i,      I'he   * ( t j   channel    i s  mn 11 ip 1 i ed 

bv   ,III    in(.t    thannel   e All    tones   must    he   synchronized   to 

the    same   o i , >■ i n .      The   prodiut    is    integrated   and   divided   In    the    total 

linn     from   /eto.       The   output    ol    the    i n t e >•, r a t i) i    sam[)led   at    times   T,    21, 

n,  ... win h,  .i i. 
m 

Th is so 1 111 i oi. has the advant a>;es of speed and s imp 1 l c i t y hut is 

limited in aci u rac y by the an.i 1 üJ_', na t u re of the calculation. 

A hybrid analox* d igi t a 1 techniqui- i ., shown in Fi}.;. '*.  The 

analog computer consists of two channels.  In the upper channel if 

u(t)  "K,, .i -t 1 is t fie output; if u(t) •_   K   zero is the output.  The 

square pulse corresponding to t - R  is then fed into a derivative 

circuit whose output is the positive spike for the leading edge of 

the pulse and a negative spike for the tail edge of the pulse.  A 

counter counts the number of cycles frenn time zero to the spikes and 

the output is the set of time intervals e R .  The lower channel 

opperates in a similar manner.  Ttiese time intervals can be used as 

the input to i digital program as previously described.  This hybrid 

technique has the advantage of using the best of both systems   Tht 

analog solution for the interval (t., t.) e R  U R  is obtained much 

more quickly and easily than the digital solution for these intorvals 

However, there is no loss of accuracy since  he digital program can 

interpolate for greater accuracy and perform the remaining numerical 

integrations to a very high degree of precision. 
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ü(t) 

Comparison 

u(t)>K1 

Yes 

- 0- 

i No 

Comp orison 

..11\*- u- 
Yes 

U\ 1 / ""2 

Output 1 
Differentiate Countc 

T 
Time counts for 

t ( R, 

Outpuf 
Differentiate Counter 

Time  counts for 
t € R, 

Fig.9—Analog   solution   for   times   t€R,UR2 



]h 

Tins   I •■(. hn i quf   may   even   havt1   diivaii t a^i'.s   in   I lit.'   na r row-band   cast' 

fui    >lf t c nn i iu n>'    the    IDC.I t i oiis   ol   f      arui      t    ,   and   then   proccrelin^   wiih 
:■ n 

tin-   i -"n JIII i .11 i .MIS   o i    hij.    ( A - t 1 ;   ü I    ( A- ) i ; . 

It will i r qi 11 i r some ji t i i.i 1 i iiinjm t i nv ixjif i i iTicc to dc t ( nn iru- 

wlu i li .'I tin nif l hod > is Mu i ■ I -, 11 i t .i I - 1 !■ f o I dr t r tTi i n I n^ tin I c <]ii 1 ri'<l 

Fou i i r i    i. oi  1 I i t i fii t -.   o\    I 1 .     . a i" loiss   i  1 as sc ■    n 1   modu 1 a t i on   signals. 
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Appi ml i x   ( 

SENSinVITV   OF    HU-   VAI.IT   ('K   INTF(,KAI.S   I    (m)   TO   CARRIER   PRF.QITWY 

It    will   \H    shi'wn   th.it    i 1    l hi    i nvi 1 ■ pi    f unc t i on   is   ,i   '. !   w I v 

v a r v i n ^   f i i i u t 111 n   - I    I i r-. i    i i 1 ,11 i •. i    11     tin    L . i r i i i ■ i    f i i ■ < j ■ 11 i u N    I    , 
i 

(.hanging   tin    t a i i 11 i    I r i 'j 111 ■ m \   will   11 • i v i     ! i t t 11    i t I i i. t   .is    !   n g  .is 

.- ( t i      i s   i sSfnl i a I 1 \   i ■ ns t ant .       Hi i s   u i ! !   be   ilfnn ins t i ,i 11 d   hy   shnwi ng 

t iia t    in   t !n    limit    !    i   i    ns t ant    mvc 1 i>[>t ,    the   integrals   1,(0)   and 
] 

1,(0)   art.'   i mil pi tuii ii'    . ;    t ,i t i i . i    I ifqiutu y ■ 

Dt t im 

M   (x)   =      z(x)      sinnx 
n 

I.rt        /(x)       =     1 

Defim 

xcR. 

(u   (x)   -   K.) 
n 1 

u   (x) 
n 

dx 

where   for   convenience        x   =   >    t ,        0 ^   x   «-   2' 

and   x   t   R      is   the   set   of   points   such   that 

u   (x)   =  K,,        0 < K,   <   1 
n 1 1 

Let n = 1, then x e R  is defined by the set of points 

x + -<:x<;x + - 

- 1 
where     x = s1n  K 

0 < x < - 



)R 

+    x 
(.sin   >:   -   K   ") 

( s i n   x 1 
dx 

I., t    x t ti, n   It    is   i dsl 1 v    slu'wn   t hat 

( ! . ■ s    (v )    -   K , ) 
1       i 0   __ dv 

J      lias    t IM       .im     turn    as   1,(0)    (i Xi i pt    li-r    sign)    with      ^(t)      ■    1 

Cons i di'r   tin    va 1 in    nl   ,1 

(sin   n   x   -   K    ) 

sin   n   x 
dx 

xeR 

It    is   tasilv   sluiwn   that   J     consists   (if   n   integrals   nl   equal 

valm A   tvpital    inttgral    is 

pt-al. ,   . . g. , 

'i    t xampl i-,   intcgratcci   ovit    tin    first 

1    - ■■ 1    . 
-   x   •    x  •    —-  + -   x 

I n        n        — n        n 

Tlur e for i- 

J     =   n 
n 

—  + -  x 
. n        n 

(sin   n   x   -   K   ) 

-   -   x si n   n   x 
dx 

n        n 

By   substituting  n   x  -  n/2   -   v,   it   is   easily   shown   that 

J     -   J. 
n 1 



Thus .    th.    in t rin ti 1   J      whi i. h   i <   i qui va 11 nt    1.1    I , ,    is   i mli in mlrnt    i'f    n 
n 1 

Tlii'   par ami t t r   n   play s   tit     r n 11    >  i    t tu    - .i i i i i r    t r cquciu \    and   1 cr 

Limstant    i-nvfloju'      .'(t )    ,    the   intigrals   1    (ü)   and   ],(")   will   b. 

i ndc pi ndi nt   oi    tin    i a r r i « r    f r i q'itiK v        F ■      s 1 cw 1 \   var \ i ng     ^ (t )      it 

-an   hi    as sumrd   that    1      and   I )   will   ht    i ns ms 1 t i vf   t d   L h.ingis   in   ^ ar r 1 < t 

freqvuncN   which   arc    largi'   icnparid   tu   t h<    bandwidth   of      /. (t ) 
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