REVISED
D1-82-0390

L

N

= BOEINGH:##H..
eoeY . OF . Lo/
HARD COPY $. ‘

MICROFICHE 3.

Further Statistical Problems of Tracking a Target
from an Observatory Satellite

Sam C. Saunders

Mathematics Research

April 1965

ARGHIVE GEPY



REVISED
DI-82-0390

FURTHER STATISTICAL PKOBLEMS OF TRACKING A TARGET

FROM AN OBSERVATORY SATELLITE

by

Sam C. Saunders

Mathematical Note No. 377
Mathematics Research Laboratory
BOEING SCIENTIFIC RESEARCH LABORATORIES

April 1965



SUMMARY

The purpose of this note is to study the statistical problems
of estimation and confidence for both the location and speed and
heading of a target following a linear course when tracked by radar

from an Observatory Satellite (0. S.).

Section I of this report specifies in detail the assumptions
upon which the analysis of the subsequent sections is based. The
main mathematical results are contained in Sections II and III.
The join' distribution of the estimates for target position is derived
in Section II and in Section III the maximum likelihood estimate of
targ t position is obtained and a proof given that it i{s normally

di -tributed.

Section IV contains a detailed comparison of the mathematical
models of this and the earlier report, and the important theorems and
formulas relating to each. Sections V and VI present special cases
in which the results can be expressed in a form which is simpler than

the general results of Sections Il and III.

The last two sections deal respectively with confidence regions
for target speed and heading and the possibilities for tracking a
target in a dense environment given certain information on the

distribution of target speeds and directions.

The notation used in this report is such that much of the detailed

analysis of the previous work Reference [2] applies directly with at



most a reinterpretation of the symbols involved. Those results
from the earlier report which do not apply directly to this model

are proved to hold for this case.



I. INTRODUCTION

This paper is a continuation of an earlier report, Reference (2],
in which the same problem for the location of a target was considered
under slightly different assumptions which we call Model 1. Both
reports make similar assumptions regarding the errors arising from
the surveillance of a target by an 0. S. The difference lies in the
statistical errors made in the determination of the 0. S. position

from the ground.

In the first model, the position of the 0. S. was determined
independently for each observation of the target. This would be the
case when the observations were made from different 0. S.'s or when
observations from a single O. S. were so spaced in time that

independent assessments of {ts position were available for each target

observation.

In the model presented here, a determination of the orbit of the
0. S. is made and its position at a given time estimated. Positions
at a later time in the same orbit are then calculated from this estimate.
This would apply to situations where several observations are made on
a single overflight and no new estimate of the O. S. position is made
between the first and last observation. Thus, successive estimates of
target position via 0. S, observations are independent in the previous

Model I while they are dependent in Model II presented here.



As in the first report on this subject, we need to specify
precisely the assumptions on which the analysis is based. These
are:

1° The O. S. moves at a known constant altitude linearly

over the plane with a known constant velocity.

2° The target moves in a straight line at a constant but

urknown velocity in the plane,

3° The estimated position coordinates of the 0. S. over

the plane as determined from the ground at a given
time are bivariate normal random variables with known
cevariance.

4° The estimated position coordinates of the target on

the plane as determined relative to the true position
of the 0. S. are bivariate normal random variables and
successive observations of such relative positions are
independent.

5° Time between successive observations can be measured

with sufficient accuracy so that errors of position due
to time inaccuracy are negligible.

6° The parameters of the covariance matrix of the observations

of target position relative to the true O. S, position can

be determined from bearing angle and range data.

Thus, it is clear that Model II is intended to supplement Model I

and not to replace it.



In general, much of rhe detailed analysis of specific cases
applies directly to both models since we have made a special effort
to utilize the same basic notations in both reports. Also, in
general we try to make the same notational conventions of Reference [2]

apply here. Some of these are:

(1) Summations will only be over the indices 1,j,k,%
and extend from 1 to n.
(11) Greek letters, upper and lower case, will in general
denote respectively random or non-random points in
the plane as vectors.
(i11) Upper case Roman letters with or without affixes such
as A,B,... will be matrices.
(iv) Random variables will be indicated by upper case letters
and by lower case letters with circumflexes.
(v) Numbered equations of the previous Model I in Reference

[2] when referred to will be prefixed by a I.

I1. OBSERVATIONS OF TARGET POSITION

On a single overflight, an O. S. may make several observations of
the position of a target and our first problem is to determine the
joint distribution of the observations of the target position using the
fact that the target position relative to the 0. S. is subject to
observational error as is the estimate of the 0. S. positions relative

to the ground. Thus, at a given time t1 we assume the O. S. is at



some position, say ¢ and the target at some position My with

i
respect to a given coordinate system. However, the position of the
target as observed by radar from the 0. S. is subject to chance error
and hencc, the radar estimate of the target position from the 0. S.
position is a random variable, say Ei. Now a radar measurement

from the ground at time tO of the 0, S. position Py ©n the given
coordinate system is also a random variable, call it A.

From assumptions 1° and 2°, we have that the 0. S. follows a

linear path in the plane, say,
ot ={ + et

as does the target

= qa + Rt.
ut g

Without loss of generality, we can select our coordinates so
that the first coordinate of ¢ 1is in the direction of 0. S. travel
and hence, the second coordinate of ¢ 1is zero. Moreover, by

assumption 1°, the first coordinate of ¢ 1is known.

Again, following the general mathematical assumptions 3° and 4°

and the notation of our previous model, we have that Ei, for
i=1,...,n, and A are bivariate normal. More specifically, Ei
is a normal variate with mean Wyo- o0y and known covariance matrix
-1 ~ -
Ci . That is, 2 is N(ui - P Cil) and thus has density given by
!
o exp =L(§ - ui + Oi)Li(q - ui + Oi) } £ eR .



Also, A has mean 0 and covariance matrix D-l, and thus

has density

exp { -&(1 - oO)D(R - po)+ )€ RZ.

Inf*®
2n
The data that we obtain from the O. S. yields the observations
ﬂi = Ei +A for i=1,...,n and we seek the joint density of
1 = (ﬂl,...,ﬂn), call it f. Now the joint density of
El,...,En,A) is

G Y
11_11%1— exp -*s(&i -yt oi)Ci(Ci -u t oi)+$ gn t'xP’ -%(A-DO)D(A-oo)ff

from which the density f may be found by using
ny = &i + )\, n= (nl,...,nn).

Thus,

ﬁ o, )
f(n) 'f e expi-%l(t;i - - My + c>i)Ci(€1 - - My + pi) *

1

2 +
AL e { (k= 5 )DL - oo)" ar

where the integration extends over the A-plane. If we denote

w = )\-oo. ci-n - u

{ +90, - p then

i i 0

£ (n) /ﬁ __|ci|'1|o|" ' f
n) = exp { “%{I(7,-w)C,(z,~w) + whw }}§ dw .
{=1 (2“)n+1 § i 171 ‘



Now i{n the exponent we have

4 + .1 t ¢
[+¢0]) = wDw + Z[wciw = ﬂiciw wlity + Cicicil

t 1 t t
= (D + ZCi)u - X(,iCi w - chici + Xcicici.

Since for any vector 1t and any matrix A we have

-

+ i
(b-1)A(W-T1) = wAw ~ rAw+ - mArdr + 1A1+,

if we let
(2.1) A =D+ IC 1= 5L C AL
y i L%
then
( ]'(-)A(-)+-TA++XC+
. ™ 1 W 1 1 C,i i(’1
and
n
1
o Iljc |’ * +
f(n) = exp { -%[-1A1 + I7,C,c,]
n 1171
(2m)

's
S AL -0 - 4G - 01
A

Writing ¢ = (cl,...,an), we now want to find a matrix E so

that

-+ 4

Lk, = Lcicici - 1A1 .,

Substituting (2.1) and expanding both sides, we have

. 4 _ . + _1 -+
% L.if,ijcj = 21 04 €0y gquiA cj(,j,



using the fact that both D and C, hence A, are symmetric.

Thus, we have

-ciA'lcj if i ¢ 3
(2.2) E1j = |
ci-ciA'lci if 1 =3,
from which one checks that Eij = E;i and hence that E s
symmetric, itself. Denoting VT M T 0y 0 PN then Ci =Nty

and ¢ = n - v, we have the fundamental

T'.EOREM 1: The distribution of the observations of target position

1= (ﬂl,...,ﬂn), obtained from the 0. S. is

1

L .

(2.3) f(n) = lEi‘; exp [-'2(n - V)E(n = v) ] neR
(21)

2n

where

n
L] lc,|
1

(2.4) |E| = Thus, we conclude that 9 |is

Al

distributed as N(U,E-l). That is, 9 1is normally distributed with

mean v and covariance matrix E

To complete the proof of Theorem 1, we should verify Relation (2.4).

From (2.2) we have



Now we may factor C1

subtract the first column from the 2n

el=T Ic,|

i=l

Multiplying the ith column by A

we get

from the

1 - LA

C

1th

1

C

i

column for each

0

.

i=1,..

.,n and

., last column to obtain

= |1 - ZA-lCiI.



To complete our check, we show that

-1 -1 -1 -1 D
|1 - za "¢yl = |A7A - 1A Cil-IA ||A-ZC1| H.

III. THE MAXIMUM LIKELIHOOD ESTIMATES AND THEIR DISTRIBUTION

Theorem 1 tells us that a single observation of O. S. position
from a bivariate normal distribution relative to the ground combined
with n observations of target position which are normally
distributed relative to the O. S. position vields a joint normal
distribution of observed target positions relative to the ground.
Our next problem is to find a best estimate of target course using
this normal distribution of error and the assumption that the target

is moving linearly at constant velocity.

Thus, we want to find the maximum likelihood estimate (m.l.e.)
of future target positions Hes call the estimate ﬁt. Now by the

known properties of the maximum likelihood estimates we know that

where 4 and 3 are the m.l.e. of a and £ and to complete the

picture we need to know the distribution of (d,é).

Now we see that

L, =My TPy + 0. = (a4 sto) + (B - C)ti'

0
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If we define

Y = a + cto. K = R - ¢

we have a model similar to that analysed previously and if we
obtain the maximum likelihood estimates of y and k , then

we can easily obtain the m.l.e. of a,B.

The likelihood function is

1.
L = Ln|E| - nLn(27) - }E(n1 - Ui)Eij(nj - Uj)
ij
-f-
Let F = Cigijcj with ci =Ny = Uy and let us for this argument
introduce the notation for the coordinates of
Y - (YI'YZ)' K = (KI'KZ)

then

i'K,E (Ei)?...(.ac_i)E("f‘

3Y, 1713\ 3y, Yy ij’3

k =1,2
ag , \t (3( )

3F i +

— = E + E,,C :

Bxk j 1j(a<k) aKk ij’j
Since

3 3 -y -

51 = N aY =y “reba) = 5

k Yk

oL 3(n, =y- «t,)

s N 1 o ¢ (s..,5..) t.s

3K K j1k’ 2k jk
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holds for all j = 1,...,n with Gij the Kronecker delta, we
obtain
oL 1
(3.1) ™ 212@15”6‘( + aksij j)
k =1,2
oL +
(3.2) axk z(tj 1Ei k + tiékEijcj)

Thus, we have from (3.1), by realizing that the second term

is a scalar and thus equal to its own transpose,

.1-
2(ci + cj)r:ijék =0 k =1,2,

or writing these two equations in matrix form

20, + cj)EiJ( 6 ) = (0,0).

&

But since (6;,62) = I, (3.1) reduces to

(3.3) 2+t IE . = (0,0).

371

Now from (3.2), following similar steps, we have

.L

:E(tjci +t cj)Elj K =0 k = 1,2

from which we obtain

(3.4) z(cjci & tigj)Eij = (0,0).



But we note

r + 7 = - - + - - =
- ' ”i Y ti ”j Y tj ni
r + = - - + = - K
tj'i ti{'j tjni y[j (titj tirj Ytl Kt t
= + I 2 - o .
Ljr“i ti’j Y(ti tj) Z ti[j

+n, - =
1j 2y v (li

Hence by substitution, we finally obtain from (3.1) the equation

(3.5) > (ng + JRLIT A i}J: B *w ?j (b +tE,

i}

and from (3.2)

(3.6) S (e +rn)E =Y 3 (t,

T joi N I O i

Writing these in matrix notation, we have

11 “12
(3-7) (f”’) = ('I’WZ)’
z21' 22
where
S - $
"‘ s
11 ij
t, + 1t
T -% -3y
. st 2 |
12 21 ij
:S" = t. ot}

+t,)E, + 2
PRy T2

1]

tiLjEij'



Now if we

which we write

detinition

then we ca

(3.8.1)

(3.8.2)

(3.8.3)

and in the

(3.8.4)

(3.8.95)

Now if we

(3.8.6)

def ine

F

i)

o _ ~0
E (hi

n see,

>3

11

2

12

in matrix form

F = (F )

i)

the matrix by

TR

2

E + E°
2

F with the obvious

)

E?
J

i

where

by rearranging some summations,

same manner

denote

-1
S



14

then (3.7) may be written (y,r) = ('l'“Z)S' or

(3.9.1) y = .1811 + 1,2621
(3.9.2) ’ 3 \.1812 + w'2g22
where, of course, 821 = 312. We now write from (3.8.4), (3.8.5)
St ., StF
] 114 ] J1i
| | = o) = '
(k19'2) (ﬂl.---.Yn) s‘ nl
v S
‘T Fnj' ‘r tanj

with n,U defined in the obvious manner. Since by Theorem 1,
. , -1 , , ,
* is N(v,E ) and linear transformations of normal variables

are again normal, it is clear that , = (y ) is bivariate

i

normal. To be precise, by P. 1Y of Reference [1], we have that
R | A

is N@(U,U E "U). Since ({,v) = ,S, we know by a similar

argument that (0,7 is N(OWUS,Q) where

(3.9.3) Q0 =su'tlus.

We will now prove that

(3.10) vUS = (v, ).

To do this, we make use of the identities which follow from
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LSyt So = e B Sy ipSy,y = 0

(3.10.01)

/.215” + ::22521 = (0, >21512 + ;:22522 = I,

The first component of the vector vUS is

:S(Y + ot )Pij TE ;E (v + vt )tj ijS21 =

VO S a8y )+ r (T8 + 5585 = v

The second component of the vector JUS s

S v+ wt)F S, (v 4ot e,
= i5°12 % FigPo2 =

) + (L S +1 0 S ) = .

A% 21512 ¥ “22%22

L e
11512 Y 12522

This proves (3.10). Now under the additional assumption that

(3.10.1) eor e -
we can show that
(3.10.2) Q=S.

If we write
| R 0
U = FT® =

nl ° " " “nn n
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wvhere
(3.10.3) TJ = (I,tjl) T = (Tl,...,Tn)
then

vty = TFE"LFTO

+
since F = F we have

4FETYF = (E + E9E N(E + E°)
= E+ E° + E° + E°E YE° = 2F.
W
Now
F t,F,
1] Jj i)
TFT® = ¥ - 57!
ij [iFiJ ithij
and the assertion follows since S = §

We have just obtained
THEOREM 2: The maximum likelihood estimates (&,R) defined

K+ ¢

by Gom Y-t R
where (y,<) are defined by (3.9.1), (3.9.2) and are N((a,8),Q)
with Q given in (3.9.3).

From this we have the immediate

COROLLARY 3: The maximum likelihood estimate of the true target

position “t at time t is
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which is distributed as N(UL'BL)

where

_ 2
(3.11) Bt = Q11 + t(Q12 + QZl) +t Q22.

We will now prove

THEOREM 3: The estinate ;L and its covariance matrix Bt are

invariant under locatio:n and scale change in time.

PROOF: Let t' = at + b be a linear transformation of time and
use primes affixed to matrices to denote that matrix computed at

the new times

2 2
12 Dlo= oo, Vo=l y B = ai . + 2abi,, + b i,
QRS L A SRR ] g = 4ty it 28biy ¥ by
Now
by = 4 + Bt = y + <t = ¢(t - tO)
where ¢ represents the velocity of the 0. S. per uni. «: luc.

is thus sufficient to show that y + vt 1is invariant. In our previous

notation

(Y,7) = nF1°S

where rF is independent of time. Hence

Spp Sy TSy Ty Sy,
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It is sufficient to show that fo. each § = 1,...,n

" T ST = o s g S + ‘
(3.13) Ijﬂ1 gll thZI + tiSIZ titjgzz

is invariant.

From the equations (3.10.01), (3.10.02), we have

1. -l
Sy2 ™ oy T ittt
-1 ¢
S12 ® ~t11h12522 So1 " 512
S. . = ?-1(1 LRI
11 = 125217
There follows by substitution from (3.1.2)
ol 2 i S T S |
Spp = a(lyy = Iy 1171p) = a5y,
hence
]
[ S ;
522 12 522. Likewise, we find
s
o 12 b N § _ b
812" "a T a Ba2r Sy ™o Sy 2 522
2
v _ ¢ _b b_
Spp =81y TRy S ¢ 2 S92°
Now we calculate
+ b T 1
Qi o _ D/ L =)
TIS'T = Sy - (5, + 5 + > Spp + (aty + D)5 S

1
+ (ati + b)(a S1 { + b) (at

b
1° ¥ Syp) * (at

that

21

]

b
- 77 S22
a

+ b)-13 s
a

)

22
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expanding and simplifying shows

Thus, we have shown that @ + vt is invariant under scale and

locat fon change in time.

To see that Bt is also invariant under the same transformation
of time we merely note that if we write TO = (I.tol) then by making

use of the notation of (3.10.3) and the fact that U = FT° we have

Bto - TOQTO (TOSI )F E F(IS!O)

but TOST is itself invariant by our previous argument.

IV, A COMPARISON OF MODELS T AND 11

We have procveded thus far without a direct comparison with
Model I. As in Section Il of Reference [2], we assume that at a

given time ti we hava the 0. S. at point Ci

0. S. direction
of travel at
known velocity

FIGURE 1
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obscerving, at bearing angle “l and range Ri' the target position

The observed position of the target is the random variable

.CII). By following the same

wi'
which by assumption is N(ui n

arpument used in Section Il of Reference [2], we have

2
O OX
Xy i¥i
(4.1) czl =
2
Q 2
ik Yy

where exactly as (1.2.3) we have

(4.2) ox = cov(xiy

Following (I.7.1.2) and (1.7.1.3) we have

2 2 7 2 I
(4.3) a = 0" cos v, + 3 sin t,
X, u, i v, i
i i i
2 2 2 2 2
(4.4) 0t = 0" sin"v, + 07 cosTy,.
. u i v, i
1 i i
Now at time ti’ o is the standard deviation of the range error
i

and o, is the standard deviation of the azimuth error and both
i
are known functions of the given operational range Ri' It is

clear that we also need the assumption 6° that the parameters of

C, can be determined by the bearing angle 6, and the range R

i i i’
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Now we also assume as in Model I tha: the matrix D is

diagonal and known, namely

2 9
2
p! -
0 02
w

The difference in the models is essentially in the different

densities of the set of observations n = (nl,....nn).

In Model I we have

2 k .
f(n) = ill-——;— exp{-Jazs UH._ ui)Ai(ni - uj) }
1

"
@]
+
c
-
o]
-
pbe

[}
[o—
o]

where A;l x ot

On the other hand, the density of n for Model Il is given in

Theorem i, Equation (1.10), which may be compared with that above.

V. SPECIAL CASE OF THE DISTRIBUTION OF RADAR ERRORS CONSTANT IN TIME

For this case, we assume that neither the orientation of the 0. S.'s
direction of travel nor its position relative to the target plays a role

in determining the covariance matrix of the observation; thus, we have



Now from (2.1) we have

A=D+ nC

and from (2.2)

= 4 P - :- =
Ejyo= 8,,C= CAC=Ey
Then Q = S and Pij = Eij
. , -1 2.,~1
i Ehij 3 (c-ncA”C) = nC - ncaC,
i3 i
Ly, =0, =2 tE =3 (tC-nt ca”lc) = nic - n'tea”lc
12y i { ’
‘.22=§titjhij Z(t c—cjc;\ c),
- = ) -
=2t (t.C - ntea ey = ace - (i eate,
; J
- -1
=2k =2 (n,C - nnCA- tey = nn(c - nca ©),
i i
Py =1
by = 2 itk zn (t,C - ntCA” tcy = nrec - nfEca c.
i)

By the invariance theorem, we can choose the time origin

so that t = 0. Hence, we hLave



23

. 2..-1
= nl - nCA O,

11
(5.0.8) 2] = ( = 212
N 2
92 nt C,
1 = ”111' " = ntn(
Now
~1 -1
. = )= - «
S11 = Frre Sp2 = U T Sy Sy ® b
, . 2. -1 2.-1
’5,0.9) B, = Sll + 75, = ) F oI,

and we see from the above

Y = Vlsll = »
5 . tn
v = S =PEE N
0)‘ 1]
2712 —
t

These two equations may be compared with equations (6.4.1) and

(6.4.2) of Reference [2] with t = O.

From (5.0.8) we have



2
. - = -1
(5.2) B, == (1+==)C" +D
t2
Thus, for this case we have easy formulas for the estimate ﬁt and
the covariance matrix Bt'
Of course, if we assume further that € 1is diagonal, since D
is, the calculation of Bt is immediate.

We remark that a comparison may also be made between the

two models by examining (5.2) above and (6.3) of Reference [2],
remembering that in Reference {2] A-1 = C_1 + D-l.

THE SPECIAL CASE OF SYMMETRIC OBSERVATIONS

VI.
observations symmetrically spaced

In this case we have the n
Using the invariance theorem, we can choose the origin so

in time.
that we have the relations

0

+
b Y bt
i = l‘ e & 0

ho 4+ ,
i n+l-i
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for the observation times and the bearing angles.

then

b1 c e,
-1 2
Letting Ai = Ici | = ac, - bi we can write
P N !
= ’ = ’ =
i Ai i Ai i A1

and in particular we have

From the above relations we see that

dy = doier
fi = fn—i+1’ i = 1,...,“,
“1 7 Tn-1+1”
so that
24, 0
C G )
0 2f

Now {f we set



Thus we see that the matrix

l)l = /.(,i

is diagonal as in A =1D + Dl' A matrix of the form

0 p
p2 0

we shall call contra-diagonal. Hence, the matrix

l)2 = 1.t1(,i

is contra-diagonal. Since

-1
E.,=4.C =-CA C.,
i} 1 i i j

we have

Since the inverse product and difference of diagonal matrices are

diagonal, we have that @ is diagonal. Now

11

-1
: A = .
i %‘1( 1j°i LiA cj)

4

. S | -1
;:i(ci t,C A ul) D, - DA D,
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And 222 is diagonal since the product of contra-diagonal

matrices is diagonal. Calculation from this point proceeds in

a straight-forward manner. Since we have

-1 -1

So1 = (T~ I3y 21529 o

by equations (3.10.01)

-1 -1
tEead Sp % ~InlaaSar S22 * “InlnSiae
we can obtain the structure of S. Since 221 is contra-diagonal

so is its inverse, and in particular if

-1
0 d 0 d
12 -1 21
):21 = ( ) , then 221 = ( - )
d21 0 d12 0
-1
Since 221 and 222 are diagonal, (821) is the difference of

two contra-diagonal matrices and hence is contra-diagonal. There-
fore, we conclude that 512 is contra-diagonal. Thus, we see by

(6.4) that S11 and 522 are both diagonal. This, of course, is

essentially what we have computed in Section 7 of Reference [1].

Note that in this case in general we do not have 221 symmetric,

as we had for Model I.

Thus, we see that all elements of S are zero except those on
the diagonal or contra-diagonal. This knowledge may be of help in the
computation of Q for in general for this case we do not have that

Q =S.
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VI, ESTIMATION AND CONFIDENCE FOR SPEED AND HEADING

The parameters with which one {s usually concerned when
tracking a moving ship target are the speed and heading, and in
this section we shall consider the accuracy with which they can
be estimated. In both Models I and Il we have obtained the

estimate, 0(t) = 1 + ist, which we now write in coordinate form

a(r) = (ﬁxl(t). rﬁz(t))-

This is an estimate of the target position by at any time t
when it follows a linear path in the plane. Now the true velocity

s of the ship is
2.1
s = Um0 + [my(0)]%)?
and the true heading h  is the angle

mz(l) - m2(0)
ml(l) - ml(O)

arctan

plus a constant depending upon the signs of the numerator and
denominator of the argument of the arctan function. A little more

detailed analysis shows that, since £ = (bl’bZ)’

s = v bi + b2

2’

and
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0 1f bl > 0, b2 > 0
b,
h - arctan S = n if b, <0
b 1
1
2n if b1 > 0, b2 < 0

where arctan is the principal value of the inverse tangent and

takes values on (-n/2,1/2).

These relationships are seen to be simply

(7. 1) bl = 5 cos h, b2 = s sin h.

Thus, by analogy we have the equations

~

(7.2) b, = V cos ¢, 62 =V sin ¢

defining the random variables V (for velocity) and ¢ for the
heading angle, which are estimates of the true speed s and the
true heading h. (Here we violate our convention to use Greek
letters for vectors in order to retain the more universal one that

Greek letters are angles.)

We were able to show that the estimators (4,8) are

N(a,#),Q) (Theorem 1 here and Theorem 2 of Ref. [2]}), where

is known. Now from known results for normal variates (p. 24 of

Reference [1])) it follows that £ {is N(B,sz).
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The joint density of ¢,V 1is found by making a transformation
to polar coordinates in the probability density of N(B,sz). This

is

(7°3) g(‘:"VIh,S) = ——V——g exp { —12(.055(,..} 0 <v <w
anszl 0 ¢ < o

where were we have

rr = (vcos ¢ - s cos h, v sin ¢ - s sin h).

This density can be used to study the distribution of velocity and
heading estimates that could arise under special circumstances such

as infrequent headings and high velocity.

One might desire separate confidence intervals on the heading
and on the velocity. However, if we proceed to find the marginal
densities of v and y from (7.3), we see that each density has

both parameters h and s.

Thus a confidence interval for the velocity could be constructed
only if we knew the true heading h. Likewise, a confidence interval
could be found for the true heading if we knew the true velocity.

The presence of the nuisance parameters prevents us from obtaining

confidence intervals separately when both parameters are unknown.

However, we can obtain a joint confidence region for (h,s),
which {s somewhat inefficient, as follows. From well-known results

on the Chi-square distribution of the quadratic form of normal variates,
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we have

(7.4) PR - 005,(B - &) <51 =1-p

where xg(p) was given in Equation (5.2) of Reference [2].
Now if one draws the ellipse centered at é, letting ¢ = (x,y)
here be an arbitrary point in the plane, we can specify the ellipse

as

"< dmn.

~ _1 -~
(7.5) W= {z: (¢ - B)sz(c - B)
This defines a 100(1-p) per cent confidence region for B8, that is,

P[RR € W] =1 - p.

Now let us construct the smallest area in polar coordinates which
is the Cartesian product of intervals and contains W. Let us call

it W,

FIGURE 2
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If ¢ = (x,y) ¢ Rz. we define mod(z) = / x2 + yz. and

arg(z) = arctan(y/x). Then we set

(7.5.1) ¢2 = sup arg(z), ¢1 = inf arg(z)
ceW zeW

(7.5.2) V2 = sup mod(Z), V1 = inf mod(Z)
CeW zeW

and define, in turn

(7.5.3) Wx = {(8,r) : ¢1 < @ < ¢2,V1< r < VZ}.

Now (r cos 8, r sin 6) e W implies (6,r)e W*. Thus
P[(h,s) € W¥] > P[(s cos h, s sin h) € W] = P[B ¢ W] = 1 - p.

The task to which we now address ourselves is the determination

of random variables (¢i,Vi), i=1,2.

The boundary of the elliptical region W given in (7.5) is

-~

5 & o) L
(7.6) (x - by y - bz)sz(x - bl. y = b2) = xz(p)-
If we write

S S
-1 11° 12
821 22

by symmetry S12 = Sp1° and if we use German letters to denote

the constants defined by
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s 8 S
T ba 12 . 22

a =

2 2 2
xz(p) xz(p) xz(p)

then we may write (7.6) as
-~ 2 5 - a2
(7.7) a(x = b )" + 2b(x - b, )(y -b,)) + ¢(y -b,)" =1,
1 1 2 2
We want to find the maximum and minimum of the functions

(7.7.1) f(x,y) = y/x, g(x,y) x2 + yz

subject to the restriction (7.7).

Although one could proceed by analytic geometry, or by the
method of Lagrange multipliers, they both lead tu the solution of
a quart ic equation. A simpler method seems to be the following.

Make a transformation of (7.7) to the variables (u,v) via

X = b1 + u cos GO - v sin 80

(75 7 2)

~

y = b2 + u sin OO + v cos 00

where

2b

tan 200 = c—_?

Thus, we want to extremize the function of (u,v) obtained by

substituting (7.7.2) into (7.7.1), subject to the restriction

a u2 + a v2 =1,
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where as in Equations (5.4.1), (5.4.2) of Reference [2] we have

a, = a cosze + bsin 260 + tsinze

1 0 0

= Q sinze -bsin 26_ + CC0329 B

25 0 0 0

Now if we let cos ¢ = V al u, sin ¢ = /7;; v and set

cos 90 sin eq
01 = " bi = —i i=1,2
i £ay

our problem becomes that of extremizing the functions

bl cos ¢ + az sin ¢ + b

(7.7.3) £(¢) = @ cos 6 -b,sin ¢+ b

—

and

(7.7.4) g(¢) = (@, cos ¢ - bz sin ¢ + 51)2 + (bl cos ¢ +a, sin ¢ + 52)2

2

for the range of values O < ¢ < 2n. This can be done by elementary

techniques of calculus. One can show in a straightforward manner that
f'(¢) = 0 if and only if

(7.8) a + Bl sin ¢ + 82 cos ¢ =0

where
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with capital letters those random variables which are functions

of the estimates.

Now let 00 be the unique random angle for which

sin 00 = 81/8, cos Oo = 82/8

where
s-/3§+5§.

Then (7.8) becomes simply, by using the trigonometric identity

for cosine of a sum,

cos(@0 -¢) = -al/B.

Letting © be the angle on (0,m) such that O = arc cos(-al/B)

we have, since cosine is an even function,

Q, =0¢_ -0, Q, =0 40

as the two solutions of (7.8). Thus, we have as the limits on the

true bearing angle as in (7.5.3), the angles

¢, = arctan f(Ql) 02 = arctan f(Qz).

1

This accomplishes the location of local extremum of f. Graphical
examination of the function on (0,2r) may be necessary to see if

these are the true extremum.
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Proceeding with the extremizing of g we see in a manner

exactly similar for f that
g'(¢) =0 if and only if

(7.9) a, sin 2¢ + a, cos 2¢ + C1 sin ¢ + C2 cos ¢ =0

1 2

where

2 2 b 2
2a1=--a1 -(12-0»l)1 —b2

=
"

a,b, - b0,

- -~

C1 = bl“l + bzbl

2 = b)b, - B0,

2]
]

and again upper case letters denote random variables. Unfortunately
the solutions of (7.9), call them Fl,Pz, must be found in general
by some numerical technique. However, this s easily accomplished by

a computer so that we proceed no further.

Having found the solutions Fi i =1,2 the limits on the

velocity which were sought can be written

v = ain( /50D, /RO

(7 9.1)
V, = max(/ g(rl . Vg(rz))-

In the special case that b = 0, (7.9) simplifies somewhat.
This circumstance occurs whenever the observations are drawn

symmetrically on each overflight, so that it is of practical interest.
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In this case 00 = (0, a1 = Qq, a2 = (
1 1
a = —, b, =0=9,, Qa, = —
1 /a 2 | 2 W
1 1
2al =3 °"7 a2 = ()
S = b a = -b ¢
bl bl/ /a 82 bz/ .
Thus, the eJquation (7.9) reduces to
b b
(7.10) 5(% - %0 sin 2 + =l sin o cos ¢ .
Va /<

If we further specialize and assume that a = ¢ , we see from

(7.10) that the equation we now must solve is merely
(7.11) tan ¢ = bz/b1

which has solutions

where V is the estimate of velocity defined in (7.2). From (7.7.4)

we see that A =¢ implies that the function we must extremize is merely

2

. z\2 .
ol €os ¢ . ¢ + [ 8ine . ¢
/a 1 /a 2

and we obtain formally from (7.9.1) the answer (which was obvious to

begin with)
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VZ‘V"’—I" Vlnv_L
/a /a

VIII. DETERMINATION OF A POSTERIORI DISTRIBUTION OF HEADING AND
VELOCITY

If the O. S. is making observations in an area which is dense
with targets, such as a shipping lane or a point of concentration
like the Straits of Gibralter, and the frequencies of all types of
ships and their velocities over a recent period of time are known
then we can make tabulations of the percentages of ships of various
types proceeding at different velocities in certain headings. This
characterization of the area we assume can be accomplished with an
a priori distribution of speed and heading. The a priori density
of speed fz(s) we take to be N(so,dz) with the mean speed So
known as is the standard deviation d. The a priori density of

heading f is
w

fo(h -w+2) -1 < h<-1m+w
fw(h) =
fo(h -w) -m+w<h<«<m,
where
-h2 h - m sgn h
(8.1) f_(h) = p,exp + - p,exp —'———8—-ﬂ<h<ﬂ,
0 1 2 2 2
201 202

with Pi» O for 1 = 1,2, and the angle w known. For

i‘
example, w 1is the angle the shipping lane makes with the direction

of travel with the 0. S.
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In order to visualize the behavior of the density, we present

a typical graph of (8.1):

FIGURE 3

In order for (8.1) to be a bona fide density, we must have
[
f _(h)dh = %.
0 0

By direct integration, this is equivalent to Py > 0 and

L = P19, 2m [0(:—1) - 15] + p202/_2_n[!§ -O(%)] .

Following the usual notation, ¢ denotes the cumulative distribution
- function of the standard N(O,1) variable which again violates our

own convention that Greek letters are vectors.

Note that the angle w can be chosen so as to vary the heading
of the greater percentage of ships away from or toward the directicn

of travel of the 0. S. Further, the constants p; can be chosen so
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as to make the greater percentage of ships heading easterly, say,

rather than westerly and of course either may be zero.

Thus, having obtained an observation of the random variable
(¢,V), call it (4,v), we than may obtain via Bayes' theorem
the a posteriori distribution of the heading and speed (h,s),

call it q, namely

g(0,v|h,s)E (h) £, (s)

(8.2) q(h,s|é,v) =

f/ a3 f(¢,v|h,s)fw(h)f2(s)dhds
0 O

This integration can, in general, only be carried out by machine

computation and, moreover, is subject to all the objections that

one can raise concerning the use of prior distributions. However,
in certain special cases the density (8.2) could then be used to
study the distribution of the true heading and the true speed, given

the observations, with meaningful interpretation of the results.
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