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I. INTRODUCTION

The effects of thermal radiation in compressible flow have
received considerable attention in recent years as & result of the
increasing flight speeds connected with space flight. Little work has
been done, however, in multi-dimensional flow problems with nonequilb-
rium heat transfer due to radiation. In fact, no solutions valid for
the complete range of absorption coefficient have been obtained for
such problems. The difficulty is due essertially to the fact that the
governing equations are of a complicated integro-differential form.

The present work represents an attempt to understand various
aspects of multi-dimensional radiating gas flow with no restriction as
to the magnitude of the absorption coefficient. Chapters II end III
provide background material that is needed for subsequent discussion.

In particular, Chapter II reviews briefly the fundamentals of radiation
transport. In this, emphasis is placed on the particle characteristics
of radiation. This approach enables us to discuss the problems of
radiation transport in a minner analogous to that used in kinetic theory
of gases and in neutron-transport theory.

The basic integro-differential equations of radiation gas-
dynamics are reviewed in Chapter III. For one-dimensional problems, the
integral term in the differential equations can be removed by the so-

called "exponential approximation" suggested by Vincenti and Baldwin (1962).




As a result, analytical solutions valid for the full range of absorption
coefficient are possible in the one-dimensional case. Since the expo-
nential approximation is related to the sphei‘ical-harmonic approximation
that we shall discuss at length in subsequent chapters, a brief treatment
of this approximation is included.

Although the exponential approximation does lead to analytical
solutions valid for the complete range of absorption coefficient in the
case of one-dimensional flow, this technique is not applicable to multi-
dimensional problems. We therefore look for other approximate methods
that can be used in multi-dimensional flow. One such method, known as
the moment method, has been discussed recently by Traugott (1963) and
by the present author (1964). With this approximation, the exact radia-
tion transport equation can be replaced by a set of its moment equations.
This set of approximate transport equations, together with the gas-
dynamic equations, constitute a determinate set of purely differential
equations valid for the complete range of absorption coefficient. 1In :
Section 4.1, the same approximate transport equations for a multi-
dimensional radiating gas are rederived as the first approximation in
a systematic spherical-harmonic method similar to that used in astro-
pPhysics and neutron-transport theory.

In the approximate treatment a question arises as to how the
boundary conditions on the radiation field are to be approximated in a
manner consistent with the spherical-harmonic approach. To handle this
question the so-called "Mark" and'Marshak" boundary conditions of neutron-
transport theory are applied to the present problem. As a result,

expressions for the approximate boundary condition consistent with the




spherical-harmonic method are given for a black surface in Section 4.2,
With the spherical-harmonic approximation, the governing equaticns and
the boundary conditions are in purely differential form. We therefore
refer to the present formulation as the "differential approximation”
to radiating gas flow.

The relation of the exponential approximation and the present
differential approximation is discussed in Section 4.3. It is shown
that the exponential approximation with suitable choice of constants
in .ne exponential function is completely equivalent to the differential
approximation when specialized to one-dimensional situations and employed
with the Mark boundary condition.

Even though the governing equations in the present formulation
are in purely differentisl form, they are nonlinear, and analy*tical
solution is still difficult. We therefore examine the corresponding
linearized equations in Chapter V. As a result, a single, linear, fifth-
order partial differential equation in terms of the velocity potential,

4 with coordinate system fixed in the undisturbed fluid, is obtained. The
corresponding equation for a coordinate system fixed in a body moving
with constant speed is found by means of a Galilean transformation.
These two equations play the same role as the acoustic equation and the
Prandtl-Glauert equation respectively in classical gasdynamics. Within
the framework of the linearized theory, an expression for the boundary
condition on the wall temperature is given. This expression shows that,
except in the limiting case of an opaque gas, a temperature jump exists

at the wall.




To illustrate the present formulation of radiating gas flow,
several simple examples are considered in Chapter VI. 1In particular,
the propagation of linearized one-dimensional waves, solved previously
with the exponential approximation, is reconsidered on the basis of the
differential approximation. It i1s shown that the results obtained from
the two methods of approximation are essentially equivalent. Finally,
with the desire to provide a simple analytical solution for multi-
dimensional radiating flow, the two-dimensional problem of flow over
a wavy wall is considered. So far as the author is aware, this is the
first solution obtained for a multi-dimensional problem with no restric-
tion on the magnitude of the absorption coefficient. The results sh w
that, in general, two systems of waves are present in the flow field,

& modified classical wave and e radiation-induced wave. The occurence
of pressure drag at subsonic speeds and the smoothing of the transition
from subsoni~ to supersonic speeds reflect the nonequilibrium character

of the radiating flow.

IT. FUNDAMENTALS OF RADIATION TRANSPORT

Most of the existing texts on thermal radiation vere written
by astrovhysicists (for example, Chandrasekhar (1950), Koarganoff (1952),
and Sobolev (1963)). The problems with which they deal are character-
ized by an absorbing, emitting, and scattering medium that is stationary,
time-independent, and infinit~> in extent. In problems of radiative

gasdynamics, aerodynamicists must often be concerned with time-dependent,



multi-dimensional situations in the presence of a radiating wall. 1In
this chapter, we will review briefly the fundamentals of radiation-
transport from the aerodynamicist's point of view. A useful discussion
on various aspects of radiation-transport from this point of view can
also be found in the works of Lighthill (1960), Vincenti and Baldwin

(1962), and Goulard (1962).

2.1. Photons.

It was suggested by Planck (1900) that the emission and
absorption of radiant energy by matter does not take place continuously,
but in finite quanta of energy. Einstein (1905) went a step further to
suggest that not only is the radiant energy emitted and absorbed in
quanta of energy but that it travels through space in such quanta with
the speed of light. The quanta of energy are commonly called photons.
It is understood now that photons have the dual characteristics of
both waves and particles. They show wave characteristics with regard
to propagation, and particle characteristics during the interaction
between radiation and matter. When the wave description is used,
radiation is characterized by a wave length A and a frequency v

connected by

VA = ¢ ’ (2.1)

vhere c¢ 1is the speed of light. When the particle description is
used, it is characterized by a momentum P and ar energy E connected

by
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where i 1s the unit vector in the direction in which the photon is

moving. The energy E 1in Bg. (2.2) is given by the expression

E = hv » (2'5)

where h 1is Planck's constant.

2.2. The Distribution Function and the Radiation Intensity.

Since photons have the characteristics of particles, we may,
as in the kinetic theory, use the distribution function to characterize
the radiation field. The distribution function fv is defined as the
number of photons "belonging to dv d1" (i.e., photons in the frequency
interval dv, moving within the element of solid angle & centered
about the unit vector ) per unit volume at time t.

Astrophysicists have found it convenient to use the radiation
intensity to characterize the radiation field. The radiation intensity
is defined as the amount of radiant energy carried by photons "belonging
to dv " that crosses a unit area per unit time. Consider an arbitrary
area element dA with its orientation designated by & unit vector n
normal to dA. (In the following, we shall follow the convention that
the orientation of the surface element of & body is designated by the
outward-drawn unit vector normal to dA.) During a time interval dt,

those photons '"belonging tc dv d" that cross dA at the beginning of

6



the time interval have travelled a distance cdt. The trajectory of
these photons has generated & cylinder with base d4A and slant height
cdt 1in the direction of . Thus the number of such photons crossing

dA during the time interval dt is

£ e Q- ndA dt . (2.4)

It follows that the amount of readiant energy carried by such photons

crossing dA during time interval d4dt is

hy £ ¢ Q- nadAadt . (2.5)

By definition, the radiation intensity Iv is obtained by dividing
expression (2.5) by the time interval dt and the area element per-

pendicular to (. Thus we have

I = r =hvef . (2.6)

From the definitions of the distribution function and the radiation
intensity, it follows that these quantities, in general, are functions
of frequency v (or energy E = hv), position r, direction ﬁ, and

time t. To recognize this explicitly, we can write

i)
"

fv(;) ﬁ) t) )
(2.7)

—
]

I(r, q,t)



2.3. HRadiant Energy Density, Space-Integrated Radiation Intensity,
Radiant Heat-Flux Vector, and Radiant Pressure Tensor.

The radiant energy density is defined as the radiant energy
per unit volume per unit frequency. It follows from the definition of
the distribution function that the specific radiant energy density of
photons moving in the direction of § 1is hv fv &). The radiant energy
density u, is therefore given by

v

W (#8)=] v f &, (2.8)
r v
v Q

where the suffix Q signifies that the integration is carried out
over the entire range of solid angle. With the help of BEgq. (2.6), Eq.

(2.8) can be expressed in terms of I, as

ol

ur (;‘, t) =

I Iv(f, Q, t) @ . (2.9)
v 9}

The space-integrated radiation intensity is defined by

I, (r, t) = é IV(E, Q, t) @ . (2.10)

It follows from Egs. (2.9) and (2.10) that the radiant energy density

and the space-integrated radiation intensity are related by

IOV(?, t)
ur (r, t) =
v

- (2.11)



We are now in a position to find the radiant heat-flux vector
and the radiant pressure tensor. To this end, let us suppose that
associated with each photon, there is some property g, the magnitude

of which depends on c¢. From expression (2.4), it follows that
g8f c Q - n dA at (2.12)

represents the amount of this property transported across dA during

the time interval dt by photons "belonging to dv d". Thus

gf cq-ndn , (2.13)

is the amount of g per unit frequency, carried by photons moving
within the solid angle d& about {}, per unit area per unit time.
The net flux of g across the surface element is obtained by integrating

this expression over all directions. Thus we have

where the vector

Yzfgrvcﬁdn ; (2.15)
0

is called the flux vector associated with the property g. This vector
has the physical significance that the component of the vector in the
direction n is the flux of the associated physical property across a

surface norml to n.



Consider firet the transfer of energy flux. If we let

g = hv, Eq. (2.15) becomes

L 1]
]
—
- 2
<
0
L ]
N

LA a =] Ivﬁ an = aV(I~, £), (2.16)
Q Q

where av is the radiant heat-flux vector. The component of this

vector in the direction parallel to the coordinate x, is

Iv(r, Q, t) & ={{ L, Iv(f', Q, t) a,

o]
~~
-
-
ct
A
[}
=
==
Mol
<
]
O
o ]
(SN
to]]

(2.17)

where ﬁi is the unit vector in the direction x, and £, 1is the

direction cosine of the unit vector ! with respect to X, For the
coordinate system in Fig. 1, we have & = sin 6 d6 4@, and
0 = zlnl + £2n2 + 15n3, where
£, =n, © Q = sin 6 sin g, L, =n, - Q =cos 6 ,
(2.18)

53 =ng - Q= sin 6 cos @ .

More generally, the compunent of q  in the direction of n 1is given
v g

by



Consider next the momentum flux associated with the transport

of photons. If we let g = P - EJ =(hv @ . ﬁJ)/c, then

ithVﬁ’ﬁfﬁmx

/ 3 5 fﬁ-ﬁJ Ivﬁcn . (2.20)
)

is the flux vector associated with the transport of the ﬁd-couponent
of momentum. Since pressure pViJ is defined as the net rate of

transfer of the ﬁj-component of momontum per unit area normal to the

unit vector ﬁi, we have

Olw?'

pvid(;’t)

]
ol

[f-n, 8 -0, I @=27221 & , (2.21)
v c

Q Q

vhich is a symmetric second-order tensor.

2.4, Splitting of the Space-Integrated Radiation Intensity and the
Radiant Heat Flux.

It is sometimes convenient to distinguish quantities associated
vith photons moving in certain directions by superscripts + and -.
Imagine a transparent plane with its orientation denoted by n. The
notations f: and I: are respectively the distribution function and
the radiation intensity associated with those photons moving in the
direction of the unit vector @ where £ ° n > 0. The space-integrated
radiation intensity and the radiant heat flux associated with these

photons are given respectively by

11



x; (r,t) = - ! 1:(;, i, t) @, (2.22)

d d-n>0
and
+ - - - +,- =
q, (r,t) = [ 4 .nI(rd,t) &, (2.23)
n d-n>0

where the suffix § * n > O signifies that the integration is extended
only over the hemisphere where Q - n > O.

Similarly, if f; and I; are respectively the distribution
function and the radiation intensity associated with photons moving in
the direction of the unit vector Q@ where { - n < 0, the space-inte-
grated radiation intensity and the radiant heat flux associated with

these photons are

I; (2, t) = | I;(F, qQ, t) & , (2.2k)
v d-n<0
and
q, (r, t) =- [ @ -nIf(r,q,t) &, (2.25)
o d.-n<o0

where the suffix (4 - n <9 signifies that the integration is extended

only over the hemisphere where { - © < 0. Note that I; ’ q: ’ I;
v n v
and q  given respectively by Egs. (2.22) through (2.25) are all
n

positive quantities.

12



It follows from Bgs. (2.10), (2.19), (2.22) through (2.25)

that

I, (F,t) = 1; (F, t) + I_ (F, t) , (2.26)
v v v

and

q, (F,t) =a) (F, t) - q (F, t) . (2.27)
n n n

2.5. Emission Coefficient, Absorption Coefficient, Scattering
Coefficient, and the Scattering Function.

Radiation interacts with matter through emission, absorption,
and scattering. The absorption of photons by a molecule raises its
rotational, vibrational, or electronic energy level. Conversely, by
emitting photons, a molecule lowers its energy level. The number of
photons "belonging to dv di" emitted in the volume 4V during time

dt 1is
ev
(R) dv &0 av at , (2.28)

where e, is the emission coefficient which is a function of position,

angular direction, frequency, and time.
It should be noted that photons do not collide with each other

and that they all move with the same speed, namely, the speed of light.

13



Therefore, in considering the collisions between photons and molecules,
wve may assume that the molecules are at rest. As a result of collisions,
photons may be absorbed or scattered. The decrease in photons "belonging
to dv " in volume dV during time dt, as a result of absorption

and scattering can be considered to be proportional to the path length

ds and the number of such photons in d4v. If a, and n, are the
absorption and scattering coefficients respectively, the quantities

a, fv(r, Q, t) dv a0 av ds (2.29)

and

n, rV(E, Q, t) dv & 4av as (2.30)

represent the decrease in such photons as a result of absorption and
scattering. Both a, and n, are functions of frequency, position,
and time. The reciprocal of the absorption coefficient is called the
mean free path of photons.

It follows from BEg. (2.30) that the number of photons
"belonging to dv &" in volume dV during time dt, scattering from

the direction ' to other directions is
nv(i,t) fv(§, Q', t) dv &' av ds . (2.31)

Of this number, a certain fraction xv(;, Q' 5Q, t) @ will emerge
from these collisions moving in directions that lie in the element of
solid angie d about Q. Here K, is called the scattering function.

Thus the expression

14



xv(f', -4, t) nv(i, t) rv(i-, d', t) dv ' av as &, (2.32)

represents the number of photons initially directed along §' which
are scattered into direction about {i while in the volume aV. The

integral of this expression, namely,

r{' xv(;, A'-q, t) qv(;‘, t) fv(i-, Q', t) dv an' AV ds A,

(2.33)

gives the total number of such contributions from all directions. The

scattering function is normalized such that

/, xv(i, Q'-Q, t) @ =1. (2.34)
Q

2.6. Radiation-Transport Eguation.

The equation of radiation transport is an equation of con-
servation of photons, or radiant energy. Let us consider a packet of
photons 'belonging to dv A" occupying an arbitrary volume element
dv at time t. After a time interval dt, the number of photons in
the packet will decrease on account of absorption by matter and
scattering out of the packet as the result of collisions; it will in-
crease on account of emission and scattering into the pgcket. The net

rate of increase of photons in the packet is

15



of
K3 [fv dv & dv] = [ SZX +cQ - grad f] dv & av. (2.35)

dt
From Bg. (2.28), the rate of increase of such photons in the packet

as the result of emission in d4v is

e
E% dv & 4V . (2.36)

It follows from BEq. (2.33) that the rate of increase of such photcns
in dV as a result of collisions which scatter photons from other

directions Q' to the direction Q 1is

n(rst) [ Kk (F, G 58, t) £ (F, 0", t) & @' &V ds d/at .
v '
Q
(2.37)

As given by Bgs. (2.29) and (2.30), the rate of decrease of such photons

as a result of absorption and scattering is
(@,+,) rv(i, Q, t) dv & av ds/at . (2.38)

From conservation requirements, collecting the results of Hgs. (2.35)

through By. (2.38), and using the relation ds = cdt, we have finally

st Q - grad f, (2.39)

Vv % &= A r O '
=5 - (av+nv) fc+en é' xv(r, Q' ->Q, t) fv(r, R', &) &'.

16



Bg. (2.39) 1is the radiation-transport equation in terms of the distritu-

tion function. For a purely scattering medium, this equation reduces

to a form similar to the Boltzmann equation in kinetic theory. The

only difference lies in the scattering term. 1In kinetic theory, the

integral term is nonlinear and is integrated with respect to velocity

space, whereas in the radiation-transport equation, the scattering

term is linear and is integrated with respect to soiid angle. This is

due to the fact that in the kinetic theory collision is between like

molecules with different speeds, whereas in radiation-transport theory,

collision is between photons with constant speed and molecules at

rest. With certain changes in notation, Bg. (2.39) is also the governing

equation for neutron transport with a constant-cross-section approximation.
In view of Eq. (2.6), Bg. (2.39) can be rewritten in terms

of radiation intensity as

oI

sz +Q - grad I, (2.40)

ol

=e - (a4 )I +1q ‘{' k,(F, @' 28, t) L(r, 4", t) @'.

The second term on the left-hand side of By. (2.40) can be written in

& number of different forms. For example, we can write

) arv ) BIV |
Q2 - grad IV = IJ = = div(Q IV)= gl (2.41)
J

where s 1is the distance in the direction of the unit vector 4.

17



2.7. Frequency-Integrated Quantities.

In the foregoing discussion, we have used the subscript v
to denote monochromatic quantities. To each monochromatic quantity
Qv’ we shall now associate a corresponding frequency-integrated quantity
Q defined by

Q= [ Qv av . (2.42)
0
Thus the expressions

Io(i,t) = [ I, @v = | I @ v = ] 1(x,3,t) @, (2.43%)
0 v o 0 Q

00
0 v

ol

o

[
S | I, & dv=2) 1(r,Q,t) &,
0 0 Q

(2.43b)

[ ] [ ]
qi(;,t) = | q, dv = [ [, 1 &@adv=]2 i(r, 2,t) &,
o 1 0 f Q

(2.43¢)

P (;,t) & f P dv 'f
1 0o “i1y 0

[]]
e N

é lilJ Iv & dv

==/12,2 I(r,Q, t) &, (2.43a)
g 14

ol

are respectively the frequency-integrated radiation intensity, radiant

energy density, radiant heat-flux and radiant pressure.

18



2.8. Complete Thermodynamic Equilibriumand Local Thermodynamdc

Euilibrium.

A system that is simultaneously in mechanical, thermal, and

chemical equilibrium is said to be in thermodynamic equilibrium. Thus
for a system to be in thermodynamic equilibrium, the temperature and
pressure must be uniform throughout the system and no net chemical
change can take place within the system. If the system is shielded
from external radiation, it then contains uniform density of photons
moving randomly in all directions, and the radiation field is homogenous
everywhere.

If we denote quantities in complete thermodynamic equilibrium

by superscript *, BEg. (2.40) gives, in view of Eq. (2.3k),

(2.h44)

Ql o
< <
"
—

It is shown in quantum theory that if the system is in complete thermo-
dynamic equilibriuvm, the equilibrium radiation intensity is given by
the Planck function

b/
I: _ 2hv 1 (2.45)

c exp(?x—;) -1

where K 1is the Boltzmann constant and T 1s the temperature of the
matter as well as of the radiation. It follows from BEgs. (2.44) and
(2.45) that the emissiou and absorption coefficients are related to

the Planck function as

19



e 3
ol o SR L . (2.46a)
a 2 hv

v c exp(Eﬁ) -1

In astrophysics, the function Bv is defined as

e 3
v 2hv 1
BV = a— - —— By 5 (2.h6b)
v c exp(KT) - 1L

For a radiation field in equilibrium, Egs. (2.9), (2.10),

(2.17) and (2.21) yield, with the aid of Egs. (2.18),

LnB 3
v ¢ exp(ET) -1
*
Iov = hnBV, (2.47b)
q, =0 , (2.47c)
1
by = (3B, 5, , (2.470)
1 =

where 51J is the Kronecker delta, and T 1is the temperature of the
gas. It follows from BEgs. (2.47a) and (2.47d) that for a radiation
field in equilibrium, the pressure tensor and the energy density are

related by

P =%u: biJ . (2.’48)



Eqs. (2.22) through (2.25) when specialized to radiative equilibrium

become
+ % -
Io = Io = 2n Bv ’ (2.4%)
v v
and
+% - %
Q" =q =B . (2.490)
n n

@ [ ]
B=dev=f2h" & Y- AP (2.508 )
v 2 hv n
0 0 ¢ exp(ﬁ) -1

where o !(2115 Kk/15h3c2) is the Stefan-Boltzmann constant. If we
integrate Eqs. (2.47) through (2.49) over the complete range of frequency,

we have, in view of Eq. (2.50m)

In
* Lot
u, ==, (2.500)
I; « hot" : (2.50¢)
Q: = Q » (2-%d)
*n 1 = ho'rh
pij xgur 61.] =—ch—61‘1 ’ (2.506)
I;’z I;'z -‘% : (2.50¢)
- N
¢ - - or (2.508)
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In the subsequent discussion, we shall define a black surface as the
surface whose I+, I;, and q; are given respectively by Eqs. (2.50a),
(2.50f), and (2.%0g).

The concept of local thermodynamic equilibrium is useful
vhen a system is out of equilibrium. We will speak of local thermo-
dynamic equilibrium if at every point of the matter in question a
definite temperature can be assigned. It should be noted that Egs. (2.46)
holds also whou locel thermodynamic equilibrium is assumed.

With the assumption of local thermodynamic equilibrium, Eq.

(2.40) becomes, with the aid of Eg. (2.46b),
i +0 - grad I (2.51)
c St v
= aVBV - (CIV'H]V) IV #* T]V f KV(;', Qr —-)f-!, t) Iv(;‘, f-)', t) &

Ql

2.9. Grey-Gas Approximation, Asymptotic Situationms.

For most engineering problems, the effects of scattering can
be neglected. In this case, the integro-differential equation (2.51)

reduces to the purely differential equation

1 BIV oI

S * BEZ = -av(Iv - Bv) . (2.%)

Integrating Eq. (2.52) with respect to the entire range of frequency,

we have
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%% +g:I & & é av(Iv - Bv) dv . (2.53)

The grey-gas approximation consists in replacing the absorp-
tion coeffdicient a, by & constant value a independent of frequency

v. With this simplification, By. (2.53) becomes

ol
010/

$+ - a(rn) (2.54)

vhere B 1is the integrated Planck function given by the expression
(2.50a). Owing to the very large mangitude of c, the unsteady term
in the radiation-transport equation is always much smaller than other
terms for aerodynamic applications and can therefore be neglected even
for time-dependent situatione. If the unsteady term is neglected,

Bg. (2.54) becomes

& - a(r-p) . (2.55)

It can be shown that the general solution to this equation is

I(s) = e-f a(s)ds f a(s') B(s') ef a(s) ds ds' + C e'f a(s) ds ,

(2.56)

where C 1is to be determined from the boundary conditions. If we

define the optical thickness as
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&
1=/ afs) ds , (2.57)
0

and let the boundary value of I at +1* be I(1*), Bg. (2.56) becomes

I(1) = f: B(t') exp{-(t-1')}dr' + I(t*) exp[-(r-*)] . (2.58)
T
Consider now the asymptotic expansion of Eq. (2.58). To

this end, we shall speek of an optically thin or thick gas if the
optical thickness given by Bg. (2.57) is much greater than or smaller
than unity. Let us define the dimensionless quantities & = s/f and
5 = a/ao, where [/ 1s a characteristic length of the problem and a,
is a reference value of a. Equation (2.57) in terms of these dimen-
sionless quantities becomes

s
vEa L[ ads . (2.59)
0

Since the dimensionless quantities are of order unity, the integral in
Eq. (2.59) is of order one. It follows from BEq. (2.59) that the
alternative definition of optically thin or thick gas depends whether
aol is much greater than or smaller than unity.

For an optically thin gas, the magnitude of the quantities
in square brackets in Bg. (2.58) is much less ‘han unity. We may
therefore expand the first exponential function in a power series in
terms of (t-t') For most engineering problems, the temperature of

the wall is low compared with that of the gas and the last term in
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Eq. (2.58) can therefore be neglected. If we retain only the first

term of the series, By. (2.58) then becomes

T

I=/ B(r)dr' . (2.60)
1,#
It follows that
I<<B . (2.61)

In view of Egs. (2.41) and (2.50a), the rediation-transport equation

(2.55) in this case can then be written as

t, g-xL -l (2.62)

That is, emission is a first-order effect in terms of the absorption
coefficient, whereas self-absorbing is of second order. Thus an optically
thin gas is non-absorbing. Equation (2.62) can be cbtained alternatively
by proceeding directly from the differential equation (2.55) as follows.

We first expand the radiation intensity in a power series in «a, namely,

[
I= 2 a" I(n). Substituting this series into Bg. (2.55), collecting
n=1

like powers of «a, and setting the coefficient of a equal to zero,
we then obtain an equation which is identical to Bg. (2.62).
If Bg. (2.62) is integrated over the entire range of solid

angle, we have, with the help of Bg. (2.43c)
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- haot™ 6
Bﬁ = oT ) (2. 3)

which is the thin-gas approximation.

For an optically thick gas, we assume that the function B(t')
in BEg. (2.58) may be expanded in & Taylor's series about ' = T.
Furthermore, the last term in Eq. (2.58) is taken to be small and the

lower limit of integration is replaced by -«. Thus Eg. (2.58) becomes

T

[ dr’ e (-1") [B(T) + (t'-1) dB(r) , (o) () ' ..']

dr 2 drg

I(t)

=00

2
B(1) - dB(7) , &7B(x) _ ... . (2.64)

dr d12

Alternatively, Bg. (2.64) can be obtained from the differential equation

(2.55) by first expanding the radiation intensity as
® n
)= § & 1™ . (2.6%)
n=0

Substituting this series into Eg. (2.%55), collecting like powers of aq,

and setting the coefficient of (l/a)n equal to zero, we have

19 .5
(0)
.. B .. 8 (2.650)
@ . ar't) ; a’s
i a2 ’



Substituting Bqs. (2.65b) into BEg. (2.65a), we obtain an equation

identical to Bg. (2.64).

If we retain the first three terms in Bg. (2.64), and sub-

stitute the resulting equation into Eq. (2.43¢c), we have

3
qi(r) = - _é%_% . (2.66)

The radiant heat-flux given by By. (2.66) is called the thick-gas (or
Rosseland) approximation. It is in & form similiar to that for heat

conduction with a variable thermal conductivity given by k = (160'1‘3/3(1).

2.10 Formal Solution of the One-Dimensional Radiation-Treasport Equatlon.

We shall now restrict ourselves to the most simple class of
problems in which the flow variables depend on only a single spatial
coordinate, say X, Let us consider a semi-infinite extent of gas on
one side of a planar solid surface perpendicular to the coordinate X,

and located at x2 = 0. If we define

X

n(x;) = (f) ° a(x,) ax, , (2.67a)

it follows that 1 and 1n are related by

(x,) - n(x,) .
.. X, x, A - (2.6d)
H Y

where [ = 12 E cos 6.
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¢ we assume that the surface is black and has a temperature

T,» the value of I' at the vall is given by Eq. (2.50a) as

| &

17 (0) = (2.68)

n
With the aid of relations (2.67) and (2.68), Eq. (2.58) can then be

written as

i

+ 'lu z (_t dn' a7,
I(n,u)=%(f) T(n)exx{- ““n)] gl n"exp[-%],

(2.6%a)
which is the radiation intensity directed away from the wall. Similarly,
if no wall exists at infinity, the radiation intensity directed toward

the wall as given by Bg. (2.58) is

I'(n, )= ;,q ) Th(n') exp [- ('1';'1)] _ (2.69b)
n

m

The space-:ntegrated radiation intensity and the radiant heat-
flux can be found by substituting Bgs. (2.59) into Egs. (2.43%a) and

(2.43c). This leads to

n o0
Io(q) = 2c£ Th(q') El(q-q') dn' + 20{' Th(q')El(n'-q) dn'+20 '1‘: Eg(f]),

(2.70)
and

|
a(n) =20 [ T'0) Bylnent) @' - 20 [ 1) B ay ey Byl
n

(2.71)
2f



-

vhere the function En(z) is defined by
1
B(2) = & 02 (2.12)
o

This function has the properties

E(2) = - E(-2) , (2.730)
a

E(2) = -5 E, (2), (2.730)

En(O) = ;}—l-, if ns2, 35,k ... (2.73¢)

En(ev) =0 (2.73d)

Bquations (2.70)and (2.71) are the solutions obtained by Goulard (1960)

for one-dimensional problems with a solid black boundary.

III. BASIC GAS-DYNAMIC EQUATIONS AND THE
EXPONENTIAL APPROXIMATION

In this chapter, we shall discuss the fundamental equations
of radiation gas-dynamics under the following assumptions:
1. The gas is in translational, vibrational, and chemical equilibrium.
That is, the effects of viscosity, thermal conductivity, vibration,

and dissociation are neglected.
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2. The gas is perfect.

3. The gas is in local thermodynamic equilibrium.

4. The contributions of radiation pressur- and radiation ernergy are
neglected.

5. The effects of scattering are neriigible.

6. The absorption coefficient is independent of frequency, i.e., the
grey-gas approximation can be applied.

Assumptions 1 end 2 are introduced to isolate the influence of radiation

for subsequent discussion. In reality, for the temperature range in

which the effects of radiation are important, the gas is nonperfect and

other nonequilibrium processes occur as well. Assumptions 3, 4, and

5 are approximately satisfied for most engineering applications (see

Lighthill (1960)). Assumption 6 is introduced to make the equations

tractable.

3.1 Basic Equations.

A radiating gas can be considered as a mixture of gas molecules
and photons. Since photons h&ve zero rest mass, however, the continuity
equation for the radiating gas is the same as in the classical case.

Thus, we have

du

+o3-,%=o, (3.1)

{15

where p 1is the mass density and u, (i =1, 2, 3) are the velocity

i
components. The derivative D/Dt = 3/3t + u 8/be is the substantial

derivative, where the repeated dumny subscripts denote the summation

convention.
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If radiaiion pressure, viscosity, and body force are neglected

the momentum equations are

Duy

———

t

ol

%f‘ -0 (121, 2, 5), (3.2)
1

wvhere p 1s the pressure of the gas.
The energy equation can be obtained by applying the first

law of thermodynamics to a fluid element of unit mass. This leads to

%,

5 =9 (3.3)

Dp,
bt oxy

Dh
e ot
where q'J is the component of the radiation heat-flux and h is the

specific enthapy.

For a gas in vibrational and chemical equilibrium, the thermal

and caloric equations of state for the assumed perfect gas are

P = DRT ’ (3-’4)
and
- ke 2
h = 1 o’ (3.5)

wvhere T 1s the temperature of the gas.

The radiation-transport equation for a non-scattering, grey

gas in local thermodynamic equilibrium is given by Eq. (2.54) as

L
ol oT
leg:-a(I-—); (3.6)

n
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wvhere the unsteady term has been neglected for the reason explained
in Section 2.9,
The radiation field is coupled with the flow field through

the integral

q,(r, t) =r{ I(r, 3, t) &, & . (3.7)

Equations (3.1) to (3.7) are the governing equations for a
perfect, inviscid, nonconducting, nonscattering, grey-gas in
local thermodynamic equilibirum. If we substitute Eg. (3.7) into
Bg. (3.3), it is apparent that the governing equations are of integro-
differential form. Exact analytical solutions are therefore difficult,
if not impossible, to obtain.

For a thin or thick gas, equations (3.6) and (3.7) are replaced
respectively by Egqs. (2.63) or (2.66). Either one of these equations
together with the gas-dynamic equations (3.1) through (3.5) constitute
& determinate set of purely differential equations. Thus in these
asymptotic situations, the integro-differential equations reduce to

purely differential form.

3.2. One-Dimensional Flow Problems and the Exponential Approximation.

For one-dimensional problems, the integral term in the
differential equations can be removed by the so called "exponential
approximation’. With this approximation, analytical solutions valid
for the full range of absorption coefficient are possible for one-

dimensional problems (see Vincenti and Baldwin (1962)). Since this
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scheme of approximation for the one-dimensional problem is related to
the spherical-harmonic approximation that we shall discuss in great
length in subsequent chapters, we shall discuss the exponential approx-
imation briefly here.

For one-dimensional problems, the special forms of the gas-
dynamic equations (3.1) through (3.5) are obvious and we need not write
them down explicitly here. If a black surface with temperature 'I“_ is

located at x., = 0, and if the solution of Eq. (3.6) for the one-dimen-

2
sional situation is substituted into Eq. (3.7), the resulting expression
for q 1is given by Bg. (2.71) as

"

a(n) = 20(!) ™ (n) E,(n-n') dn' - 20 [ ™(n') Ey(n'-n) dn'+°‘1‘: Eg(n) -
n

(3.8)

The exponential approximation consists in replacing the exponential
integral function E2(z) in By. (3.8) by a purely exponential function
of the form

R e-bz ’ (3.9)

B,(2) = 3
where b is a constant and cannot be uniquely determined. For example,
Vincenti and Baldwin (1962) take b = 1.562 vwhereas Wick (1964) takes
b = 3/2. As we shall see in Section 4.3, if we set b = ¥3 , the
exponential approximation is equivalent to the later spherical-harmonic
approximation when that approximation is specialized to one-dimensional

problems with a suitable choice of boundary conditions at the wall.
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With the exponential approximation given by BEq. (3.9), the

exact expression (3.8) can now be approximated by

2.1 <b(n-n'
2 % '

If Bg. (3.10) is differentiated twice and the undifferentiated equation
is used to remove the integral, it can be shown that q satisfies the

equation

%o

2 5 4T
-bq-160T =— = 0. . 1L
q ‘TR (3.11)

o7
e}

This equation together with the one-dimensional form of Egs. (3.1)

through (3.5) are then the governing equations for one-dimensional
radiating gas flow with the exponential approximation. Thus, as a

result of this approximation the exact one-dimensional integro-
differential equations are approximated by a set of differential equations
valid for the complete range of absorption coefficient. Unfortunately,
this scheme of approximation is not applicable to a multi-dimensional

radiating gas.
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IV APPROXIMATE RADIATION-TRANSPORT EQUATIONS

AND BOUNDARY CONDITIONS

In Section 2.6, we pointed out that there is a mathematical
anology between transport of neutrons and photons, and that Bg. (2.39)
can also be taken as governing equation for traneport of neutrons. Much
effort has been devoted by nuclear physicists to the approximate solution
of this integro-differential equation in connection with the design of
nuclear reactors. The most useful technique for this purpose is the so-
called "spherical-harmonic method". The underlying principle of this
method is to replace the exact integro-differential transport equation
by an infinite set of coupled equations of purely differential form.

In the flow of a radiating gas, if the scattering term is
negligible compared with other terms, the radiation-transport equation
itself is already in purely differential form. In spite of this, the
complete set of governing equations is still of integro-differential
form because the radiation heat flux in the energy equation and the
radiation intensity in the {ransport equation are related through an
integral (see Section 3.1). As we shall see, however by applying the
spherical-harmonic method to the radiation-transport equation, the first
approximation of the resultant equations together with the gasdynamic
equations constitute a determinate set of purely differential equations

valid for the complete range of absorption coefficient.
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4.1. Approximate Radiation-Transport Eguations.

We shall now obtain the approximate radiation-transport
equations for a grey gas in local thermodynamic equilibrium by means
of the spherical-harmonic method. This method was first developed by
Chandrasekhar (1544) for astrophysical radiative-transport problems
with plane geometry. It was later studied in greater detail in connec-
tion with neutron-transport problems by Mark (194k4), (1945), Marshak
(1945), Davison (1957), and Weinberg and Wigner (1958). The procedure
of the method is also similar to that used by Grad (1949) in kinetic
theory.

Integrating Eq. (2.51) with respect to the whole range of
frequency and assuming a, n, and kK are independent of frequency, we
have

l19I , -
o +{.grad I

4
adf -(at) T+ [ x(r, Q' >4Q, t) I(r, &', t) &'. (k.1)
Q'

Following the procedure used in the neutron-transport theory, we expand
the radiation intensity in a series of spherical harmonics as follows:

I(r, 4, t) = 5§ AjF, ) Y,@) , (4.2)

where the AT(?,t)% are functions to be found and the Y?(ﬁ)'s are
spherical harmonics (see Appendix A for a brief discussion of the spherical

harmonics). We assume also that the scattering function & is a function
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only of the angle between the directions I and {'. We call this
angle 90 and define cos 90 £ Wy = § - '. Since the scattering
function is a function of the single variable Mo a suitable series
representation can be given in terms of the Legendre polynomial Pz(“o)'

Thus we have

o
K(r, ' =0, t) = k(u, §') = J «, Pcos 8.) . (4.3)
£=0
We now substitute Eqs. (4.2) and (4.3) into Eq. (4.1). If the resultant
equation is multiplied by ?3(ﬁ), the complex conjugate of Yf(ﬁ), and
integrated over the entire range of solid angle, Eq. (4.1) becomes,
after application of the recurrence and orthogonality relations for

the spherical harmonics (see Appendix B for details),

m m+1l m+l
1 aAz [ (£+m+2) (t+m+1)]l/2 aAz+1 .3 aAt+1
c ot 2 2L0+3) ax3 X

£-1 L-1

6x3 %A Bxl

. [(-m) (4-n-1)]M2
2(22-1)

[ aAm+l aAm+l ]

& [(£-m+2) (£-m+1)]
2(22+43)

£+1 { 1+1

1/2 aAm-l aAm-l
[ Bx3 Bxl ]

[(t+m) (2+n-)]/2

m-1 m-1
N 1 o i Ay
2T20T) 3, =
- m
» [(omel) (“m*l)]l/z A , [(2+m) (t-m)ll/2 My
(21+3) 3%, 21-1) =
ot S
= iy - (@) Ay e Som %01 (b.4)



where 60m and 80! are the Kronecker delta. Equation (4.4) represents

an infinite set of differential equations for an infinite number of

unknown functions A?. This set is completely equivalent to the integro-

differential equation (L4.1).
We can obtain an N-th approximation to the foregoing set

(called the P -anproximation in neutron-transport theory) by truncating

N
the series (4.2) after the term £=N. It is known from neutron-transport
theory that an odd numbered approximation is more accurate than the
succeeding even-numbered approximation and that the first approximation,

the P,-approximation (often called the diffusion approximation), is

1

sufficiently accurate for most problems. For our purpose, therefore,

we limit ourselves for the present to the first approximation. For the

first approximation (N=1), Eq. (4.4) with A‘;‘ =0 for £>2 gives
0 i 1
£ =0 o laAo-v-é aAl+iaAl
BRI - R J A-"S T Y
=1 =0 0
s 2[3"1_1&1]“1_3‘“1
6 615 351 3 535
0 0 aaTh
= ’-mKo'qu - (G'H]) Ao + -k (b.5a)
=1 0 0
dA OA OA
L 1 0 0 b - -1
l=l)m='1:‘gat + z[axj+igl]=?'(lnAl-(a+n)Al ’
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Thus for the first approximation, if T, Ko, and Kl are known, we

have in BEgs. (4.5), four equations for the four unknowns Ag, Ail, AS, Ai.

The quantities Kq and «, are cbtained as follows from Fg. (k.3) by
utilization of the orthogonality property of the spherical harmonics

together with By. (2.34):

% Llf{ Klu, 64) Y@ @ 1‘%‘{ K(u,, @) @' =gz, (h.6a)
2 3 f “O K(“O’ Q') a’

K, == YO@') k(un, §') @' = & & e,

1 HQ. 1l (o] E; {{' K(Hoyﬁ') Q' 14_!;

(b.6b)

vhere . 1s the average cosine of scattering. In the cese of spherically
symmetric scattering, u = O, consequently, Ky = o.

Pquations (4.5) can be rewritten in terms of the space-
integrated radiation intensity and the radiation heat-flux as follows:
If we substitute the series (4.2) into Bgs. (2.4%) and (2.43c) and
utilize the orthogonality property of the spherical harmonics, it can

be ghown that
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I(F, t) = bx AS(F, t) (4.7a)
q,(r, t) = - 1.51¥?3 [Ail(f,t) + Ai(f, t)] , (k.70)
(%, t) = %} A?(E, %) , (4.7c)
q3(§, t) = nggi— [Ail(f,t) - Ai(?, t)] . (4.74)

In view of Eqs. (4.6a) and (4.7), Eq. (4.58) can be rewritten as

oI 3q
1o sedaalr - hot') (4.8a)
3

and with some algebraic manipulation, Bgs. (4.5b) through (4.5d4) can
be revwritten as

1 aqi an =
& w + 3;; = -3(a +n - ug) , (1=1,2,3). (4.8b)

Note that the scattering coefficient enters only on the right-hand

side of Eq. (4.8b). Thus the effect of scattering is equivalent to

a modification of the coefficient on the right-hand side of BEg. (4.5b).
If the unsteady term is neglected for the reason explained

in Section 2.9, the approximate radiation-transport equations (4.8) for

a uaun-scattering, grey gas in local thermodynamic equilibrium become



oq b
3\1 = -a(Io - bor’) , (4.9a)
J

and

oI

)

ax_ & = hqi) (1 = l) 2) 3) . (h'gb)
i
These equations can be rewritten in vector form as

v i=v-§--all, - hoT") (k.10m)
and

gred I =V I = -3aq (k.10b)

Equations (4.9) or Eqs. (4.10) are identical to the four approximate
radiation-transport equations previously cbtained by the author (1964)
by means of a moment method. If I 1s eliminated from Egs. (4.9) or
Eqs. (4.10), the resulting equations (except for sign conventions and
notation) are identical to the equations cited without proof by Traugott
(1963).

With the aid of Eq. (4.7) and Eq. (A.4) in Appendix A, the
radiation intensity in the expression (4.2) for the first approximation

can be written
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I(x]_! 12: 13, ¢, e, t)

= ﬁ% [Io(xl,xe,xi,t) + 3ql sin @ sin 6 + 5q2 cos 6 + 3q5 cos @ sin 9].
(4.11a)

The vector form of this equation, in view of Eq. (2.18), can be written

I(r, 2, t) = hl— [Io(i-, t) +3q - ﬁ] s (&.110)

b1

With the aid of Eq. (4.10b), this equation can also be rewritten as

I(r,d,t) = -,%; [Io(i-,t) -

Qi

i . gred Io] . (k.11¢)

As ve shall see in Section 4.2, either one of Hgs. (4.11) is required
for use in connection with the btoundary conditions.

It 18 of interest to note that BEqs. (4.9) reduce to the
usual thin- or thick-gas approximation when the mean free path of the
photons (1/a) 1s much larger or smaller than the characteristic
dimension £ of the problem. This can be shown by converting both
the dependent and independent variables in Bgs. (4.9) to dimensionless
quantities of order unity. It then becomes apparent that for af <<1
the absorption term in Bg. (4.9a) is of higher order than the rest of

the terms. Thus for af << 1, Fg. (4.9a) gives
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o i
321 = baoT' . (4.12)
J

On the other hand, if af >> 1, the order-of-magnitude estimate shows
that the term on the left in BEg. (4.9a) 1is negligible compared with

other terms., This leads to

I = 4oTW . (4.13)

With the aid of this result, Bg. (4.9b) then gives

> A
16gT~ JT
qi z - T &I . (holh)

Equations (4.12) and (4.14) are the well-known thin- and thick-gas
(Rosseland) approximations. They thus agree with what is obtained from
asymptotic expansion of the solution of the exact radiation-transport
equation as discussed in Section 2.9.

For problems involving only one spatial dimension, say X5
the corresponding Pl-approximtion for the radiation-transport equation
and the radiation intensity in this case are obtained by settipg 9
and a3 equal to zero in Egs. (4.9) and (4.11). These results can
also be obtained formally by returning to the exact radiation-transport
equation for one-dimensional problem and expanding the radiation inten-

sity in terms of lagendre polynomials. Since the spherical-harmonic

series with m = 0 reduces to a series in terms of Legendre polynomials,
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we can carry out the procedure alternatively by putting AT = 0 for

m% O in Bgs. (4.2) and (4.4). This leads to the series

I(x,u,t) = 2 Al(x)t) Pl(u) ’ (4.15)
£=0

where the upper index O on the right-hand side of Eq. (4.15) and the
subscript of x have been dropped. The infinite set of radiation-

transport equations for problems with plane geometry become

AA 3A

1 L, _(£+1) aAz+1 A £-1
¢ ot (22£+3) ox (22-1) ox
Nbnk, A L
. _(27»{_17& - (a+n) A, + oot s (4.16)

For the first approximation (Pl-npproximation), we set

A equal to zero in BEgs. (4.15) and (4.16). The resulting

2, A}, e o 9
equations can then be put in terms of the space-integrated intensity

and the radiation heat flux, which are given by Egs. (4.7a) and (4.7c)

as

I (x, t) = bx A (x, t) (4.17a)
and

a(x, t) = %ﬁAl(x, £)s (4.17)

where the subscript of q 1in Bg. (4.17b) has been dropped.
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In view of Bgs. (4.6) and (4.17), the Pl-lpproxintion of

Bgs. (4.15) and (4.16) are

I(x, u, t) = 1}—“ [I,(x,t) + 3u a(x,t)], (4.18)

and
%2.0 + Q8- o1 - ket (b.19m)
%g{ +§-)I;3 = =3(a+n-uq) Q@ . (b.190)

If the unsteady term and the effect of scattering are neglected, Egs.

(4.19) vecome
Q. o1 - ko) (1.20)
oI
5= = - (4.20b)
Bquations (4.20) are the one-dimensional case of Eqs. (4.9). Except

for sign convention and notation, these equations are identical to those
obtained by Traugott (1963) for the first approximation by means of a

moment method. The P,-approximation of Bg. (4.16), neglecting the

3
effect of scattering, is essentially the second approximation obtained

by Traugott (1963).
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L.2. Approximate Boundary Conditions.

If a surface is present in the flow field, the surface condition
and the distribution of wall temperature will effect the radiation and
flow fields. Suppose a black surface with outward-drawn unit normal
vector n 1s described by the equation F(r) = O. The radiation
intensity at the wall is therefore given by

oT:(f-,t) =
—_— for Q@ n>0, (&.21)

4+, - -

i (X‘, aQ, t) = 7(
where r 1is on the prescribed surface and T, 1s the local vall
temperature. When the temperature field is known, the exact solution

for I 1is uniquely determined by Eq. (4.1) subject to boundary condition
(k.21) If the spherical-harmonic method is applied, the integro-

differential equation (4.1) is now replaced by an infinite set of purely

m
L

corresponding infinite set of boundary conditions in terms of A

differential equations in terms of A, as given by Eq. (4.4). The

m

L can

be obtained by substituting Bq. (4.2) into Bg. (4.21).

The infinite number of conditions as given in Eq. (4.21) can-
not be exactly satisfied in an approximation of finite order. Thus for
the PN- approximation, ancther set of approximate conditions consistent
with the spherical-harmonic method will have to be found. This approx-
imate set of conditions is not uniquely defined. The most frequently
applied boundary conditions are those which were proposed by Mark (19h4k)
and Marshak (1947). Both of these boundary conditions were originally
proposed for neutron-transport problems with plane geometry. We shall

now consider the application of Mark's and Marshak's boundary conditions

to radiation-transport problems with plane geometry.

L6



In the special case of a one-dimensional problem with a black

wall located at x, = 0, the boundary condition (4.21) can be written

m
oTv(t)

', u, t) = for u>0 , (4.22)

vhere . ® cos §. Mark proposed that for the PN-lpproxL-tion this

condition is satisfied for certain discrete values of u that are
taken to be the roots of the Legendre polynomial PN+1(“1) = 0. Mark's

boundary condition in the P_-approximation is thus written

N

oT"’(t)

I+(0, Hy» t) = for Hy > 0 and given by P =0,

N+l (P!
(4.23)
+
where I on the left-hand side is to be represented by the truncated

series (4.15). We note that Eq. (4.23) tends to the exact boundary

condition (4.22) as N approaches infinity.

Marshak suggested alternatively that for the P“-approxintion,
the boundary condition (4.22) be approximated by
1 é ‘ 1 UT:
é I (0, w, t) Py, _,(u) du =(f) — () Py, (w) au
(1=1,2 5 (Ns1)),  (b.2h)
it b4 iy ey 2 /72 *

+
with I represented by the truncated series (4.15) .
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We now discuss the Pl-approximtion of Mark's and Marshak's
boundary conditions. For the Pl-approximatiun, the radiation intensity
for problems with plane geometry is given by Eq. (4.18). Substituting
this truncated series into the left-hand side of Fg. (4.23) and noting

/ 2
that the positive root of Pz(ui) =3, -1=0 1s 1/ VY3 , ve have

o1 ()

LL,( [10(0» t) + V3 q(O,t)] . ——,  (k.25)

n

vhich is Mark's boundary condition for the P,.approximation.

1

For the P -approximation, the left-hand side of Eq. (4.24)

1
represents the heat flux emitted from the wall. If we substitute Eg.
(4.18) into Bg. (4.24) and evaluate the integrals, we have

I (1,00, t) + 2000, t)] = oT}(t), (1.26)

which is Marshak's boundary condition for the P -approximation.

1
Equations (4.25) and (4.26) can be both written in the form

IO(O, 1) + M(O, t) = hOT:(t)) (’4.27)

where m = V3 for Mark's boundary condition and m = 2 for Marshak's
boundary condition.

It is evident from the foregoing discussion that in the first
approximation, Mark's boundary condition specifies the radiation intensity
to be satisfied at a specific value of 4, i.e., at u = 1/)/3 whereas

Marshak's boundary condition specifies the heat flux emitted from the wall.
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It has been found in neutron-transport theory that in a given approximation
the difference in results obtained by applying Mark's or Marshak's
boundary conditions is insignificantly small.

While the extension of Mark's boundary condition to multi-
dimensional problems is not apparent, the generalization of Marshak'e
boundary condition leads to further complications and ambiguities. For
a general treatement of this matter, the reader is referred to Imvison
(1957, p. 167). For our purpose, it is sufficient to quote without proof
the Pl-lpproximtion of the generalized Marshak's boundary condition.

To be specific, consider a plamar wall located at X, = 0.

The radiation intensity at the wall is then given by

oTh

I'(x,0, x5, 6,6, t) = == (x,x5,t).  (h.28)

The Pl-npproximtion of the Marshak-type boundary condition becomes
n/2  @=2x e n/2 @=2n OT: 0.«
6=0 @=0 =0 =0

In view of Bgs. (2.23) and (A-4a) in Appendix A, the left-hand side of Eq.
(4.29) represents the heat flux emitted from the wall. Substituting

Eq. (4.11a) into Eg. (4.29) and evaluating the integrals, we have

1 h
T [Io(xl, 0, X35 t) + 2q2(x1, 0, Xy, t)) = oTv(xl,xj,t).
(k.30)

This is the P,-approximation of the Marshak's boundary condition for

1
multi-dimensional problems. Comparing BEqs. (4.26) and (4.3%0), we

note that these equations are of the same form and that Bqg. (4.26)
k9



is a special case of Bg. (4.30). Bquation (4.30) provides a

suitable radiation boundary condition for the planar wall in a three-

dimensional flow field.

4.3. The Relation of the Exponential Approximation and the Spherical-
. Harmonic Approximation.

It is shown in this section that the exponential approximation

discussed in Section 3.2 is equivalent to the P, -approximation when

1
that approximation is specialized to one-dimensional problems and used
with Mark's boundary condition. We are concerned here specifically with
the one-dimensional problem posed in the previous section with boundary
condition given by Eq. (4.22). To begin, we note that if Io is
eliminated from Eqs. (4.20) the resulting equation is identical to

Eg. (3.11) with b = V3 . This, however, is not sufficient to prove
that the two schemes of approximation are equivalent, since the informa-
tion on boundary conditions is lost in the exponential approximation
vhen the integral equation is converted into differential equation.

In order to prove the equivalence, we first eliminate gq

from Eqs. (4.20) to obtain

2
dIo 4

—;T - 310 + 120T =0 . (4.31)
|

The general solution of this equation can be shown to de

n '
1,00 = 273/ (gr) e V3 (- 4 (4.72)

+2v% f. Tk(n') e-v3 (n-1') dn' +Cy e Vn + C, t‘-“/.g71 ’
|
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vhere Cl(t) and Ca(t) are to be determined from the boundary conditiors.
If I, dis finite at infinity, Ce(t) must vanish. Substitution of

Bg. (4.32) with Cz(t) =0 into By. (L.20b) yields

n .
q(n) = 2°£ Th(ﬂ') e'ﬁ (" 'l) dn'

o : C )
-20f Th(n') ey‘3 (n-n') dn' 4 wie g Vi . (4.33)
n
Imposing Mark's boundary condition (4.25) and utilizing Bgs. (4.32) end

(k.33), we find
c,(t) = 20,1‘10 s (b.34)
1 w %

Bquations (4.32) and (4.33) together with expression (4.34) provide s
solution for Io and q as obtained from the Pl-cpproxintion
specilized to the one-dimensional problem and utilizing Mark's boundary
condition. If we compare these results with the exact solution given
in Bgs. (2.70) and (2.71), it is evident that the Pl-upproximtion
with Mark's boundary condition is equivalent to putting Db = ﬂ and

hence
Ey(2) =" V2, (.35)

in the exact solution for the one-dimensional problem. It should be
emphazied that our conclusion is rather general and is independent of

the temperature distribution in the flow field.
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V. LINEARIZED THEORY

It vas shown in Section 4.1 that to a first approximation
the exact multi-dimensional transport equation can be replaced by four
differential equations in terms of the unknowns I % and q. The
approximate radiation-transport equations given by BEgs. (4.9) together
with the gasdynamic equations (3.1) through (3.5) constitute a deter-
minate set of purely differential equations valid for the camplete
range of absorption coefficient. Although the governing equations are
in differential form, they are nonlinear, and analytical solution is
therefore still difficult. In this chapter, we shall examine the

corresponding linearized equationms.

5.1. Acoustic Equations.

We are concerned here with the problem of weak disturbances
propagating into a uniform medium that is in radiation equilibrium. If
the coordinate system is fixed in the undisturbed fluid, the dependent
variables are given by u, = ui, P=Dp,+P', 0 =0p, +p',a=art,
el Ic'>’ q = qi etc., where the disturbance quantities are
denoted.by primes and the subscript = denotes the equilibrium reference
condition. Substituting these variables into the governing equations
(3.1) through (3.5) and (4.9), and proceeding with the linearization in

the usual fashion, we obtain

5e



s
P 4o gd-0, (5.1)

o, ;";t.i + 1 =0 (1=1, 2, 3), (5.2)
p_g'_t".-g;Lw;é.o, (5.3)
T.,%[%-%p'] , (5.4)
h.,ﬁ[%-%p-], (5.5)
a:; - - a (I - 160 T') , (5.68)
;i’ = - 3, q (1=1,2,3) . (5.60)

We now introduce a perturbation velocity potential @ such

that

u = %;Li amd e, . (5
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These expressions satisfy the momentum equations (5.2). The remaining
equations (5.1) through (5.6) can then be reduced to a single equation
in terms of @. To this end, we first differentiate Bg. (5.4) with

respect to t and make use of BEgs. (5.1) and (5.7) to obtain

R B 32 %] 1 (5.8)

ot

vhere "I‘ = ‘\/R'I'“ is the isothermal speed of sound. Eliminating h'

from Eqs. (5.3), (5.5) and making use of Eqs. (5.1), (5.7) and (5.6a),

ve have

P 2
71 [ $- a;j’—gx—J] - - o (1p - 1661, (5.9)

]
wvhere L = VyRT- is the 1isentropic speed of sound. If qJ is

eliminated from Eqs. (5.6), we obtain

B"( > 3a1+h8aa'r =0 . (5.10)

Finally, Bgs. (5.8), (5.9) and (5.10) are combined to give the following

single equation in terms of @:

3, 16, W, o Mg
+ h =0 » (5. 11)
dt dx, ox Bo ox, ax ot
Jd J e
2 2 2
) 2 d d
vhere HS = ate - QS BT%J » WT E 2 T B_T and
7Ro, 8
Bo = ?—)—-—3— . The dimensionless quantity Bo 1s called the
y-1 o'I‘“
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Boltzmann number.*

Equation (5.11) is a fifth-order linear partial differential
equation in @. With appropriate boundary conditions, § can be deter-
mined. The disturbed velocity and pressure fields can then be found
from Bqs. (5.7). The disturbed radiation field in terms of @ can be
found as follows: Eliminating I('> from (5.6b) and (5.9) and differen-

tiating the resulting equation with respect to t, we huve, in view

of . (5.8),

L e W 160m W, e
r = T + r [ 50 12

Differentiating By. (5.6a) with respect to t, wve have, in view of

Bqgs. (5.8) and (5.12),

31, 3 3 o 33ws 160T° azw,r
LN L R % LZ W &, (1w
3 (7-1) ‘R S - Dle B

With the aid of Bg. (5.11), this equation can also be written

' 3
oI 3 ¥ Py bws 160T o bws

O
3 = WL & a(r-1) 3t -~ R v TG-S

(5.13b)

As ve shall see, Egs. (5.12) and (5.13) are needed in formulating the

boundery condition at the wall.

*By using the exponential approximation applicable in the one-dimensional
case, Lick (1964) obtained an equation that corresponds to Eg. (5.11)
specialized to unsteady one-dimensional flow.



Equation (5.11) plays the same role here as does the wave
equation in classical acoustic theory. Since Bg. (5.11) is of higher
order than the classical equation, additional boundary conditions are
necessary. If a radiating wall exists in the flow field,A the surface
condition as well as the distribution of wall temperature will affect
the flow field.

To simplify the analysis, we assume that the wall is black.
5ince viscosity and heat conductivity are neglected, the temperature
of the wall is not necessarily equal to the temperature of the gas
immediately adjacent to the wall. Consider a planar black wall with
local temperature Tw located at X, = 0. The relation governing the
temperature Jump at the wall can be obtained by utilizing By. (k4.30)

as follows: Linearization of Eq. (4.30) leads first to the form
3 t 1
160T, T'(xl, Xy, t) = Io(xl, o, X5, t) + 2q2'(x1, o, X35 t). (5.14)

Differentiating this relation with respect to t and substituting

Bgs. (5.12) and (5.13b) into the resulting equation, we obtain finally

W

oT' 3
[ 3t (xl’ 15, t) - 3t (xl’ 0, x}) t)]

Al ey N = A Mg oW
" 1o yRg ot | 3o, Ox, 'S
(leo,xipt)
oW
2
> n(f) - (5.150)
® 2
(xl,o,xB,t)
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This equation shows clearly the temperature jump at the wll. For an

opaque gas (a, —+*), H. (5.1%) becomes

s (x,x5t) = §F (x5, 0, % ¥ 5 (5.1%)

Thus for an opaque gas no temperature jump exists at the wall.

In view of BEq. (5.8), BEg. (5.1%) can also be written as

St_' (xl’ x}) t)

32 M | Y e i
~Teo Mg St | 3o, Ox, S R| a_ox, T g
(xl,o,xyt) (xl,o,xyt)

This provides the radiative boundary condition at the wall.

5.2. Galilean Transformation; Steady Flow.

For problems involving a body moving with constant speed and
attitude in a medium at rest, it is convenient to introduce a coordinate
system fixed in the body. In such a coordinate system, the problem
transforms to one of steady flov about a ctationary body. If the body
is slender, a single equation in terms of @ can be obtained by returning
to the governing equations (3.1) through (3.5) and (k.9) and proceeding
with the linearization accordingly. The desired results can also be
obtained from the preceding section , however, by a Galilean trana-

formation. If the body is moving with constant speed U, in the



positive x,-direction, K. (5.11) after such a transformation becomes

3 2
- baLs < a ljz“ ] d ;T 2 3 gi T (5.16)
1 XJ XJ o IJ XJ Il

n

vhere L !(1M2)32 +a_2g+:x ) ~'(1-M§)—g 93§+3—2§,

S Bxl a;e bx Bx2 ax3

7R°¢o Uco /
— , Here M. = U /a
(7-1)0T2 seo T Sn

and ¥, = U./uT = Mg 1s the isothermal Mach number. With the
[ -} [ -] o0

N

and Bo = is the isentropic Mach number,

transformation, Eqs. (5.7), (5.8), (5.12) and (5.13b) become

u = %;L N (5.17a)

P'=-p, U, %’% ’ (5.170)
n . (5.17¢)
= » 5

32'1' 7m§s T

3/ o U 3L, 1600 U oL

e - 5 (5.174)
Xl M N X e Oy




aI' p. U oL
x w Un  Olg
6" ” 16""3 R Mo %
1601 U IR e
= L., + : . 5.17.
mE T g (-1

After the Galilean transformation, BEgs. (5.15a) and (5.15c) become

W oT'
[3,—1 (xy %) - G- (3, 0, x,)]
Bo U oL 2U d
“ 3 [L 2 s] . % Lip iy
g 2 ox, |“s " % x. g & "1y *
lé"-’“‘s.. 1 w 72 (x,,0,%5) ia.7ms. 2
(5.18a)
and
g e Byl = BoUé & [Ls '32_:%]
16 7ms~ 1 ® 72 (%,,0,%5)
U aLT
(Y 2
+ ?- [ - F. Bg] . (5.18b)
4 S. (xl,O,xj)

Bguation (5.16) plays the same role in radiating gas flow as
does the Prandtl-Glauert equation in classical compressible flow theory.
As we recall, for supersonic flow in classical theory, the structure of

the Prandtl-Glauert equation in two or three space corrdinates is similar to

9




that of the acoustic equation in one less space coordinate. The streamwise
coordinate in the Prandtl-Glauert equation is then "time-like." From

the works of Vincenti (1959), Moore and Gibson (1960), and Chu (1957),

such analogy also exists in flow with chemical and vibrational non-
equilibrium. The analogy does not hold, however, in the flow of e
radiating gas. This can be seen by writing Eq. (5.11) explicitly for

the two space coordinates x, and x3 and comparing the result with

BEg. (5.16) for the three space coordinates X5 X and X3 This leads

to a comparison of

and

2 2 2 16 2 2 2 oL

a[a o 9 +a]L+ -»[a - +6]L 2 s
om— =) h = 0 .

ax) 3 bxz ax§ R S ax§ 5 7w 3x

(5.19v)

The structure of these equations is not similar owing to the additional
terms with be/axi in Eqg. (5.19b). The reason that the analogy does
not exist in the radiating gas flow is that a signal in the radiation
field can propagate with the speed of light. Consequently, disturbances
will propagate in the negative direction in steady flow even against a
supersonic stream. On the other hand, in unsteady flow no signal can

propagate in the negative direction in time.
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VI. TILLUSTRATIVE EXAMPLES

To illustrate the application of the present formulation of
radiating gas flow, we shall consider several simple examples. In
particular, wve will reconsider the problem of one-dimensional wave
propagation, which has been solved previously on the basis of the
exponential approximation. To provide a simple example of & multi-
dimensional radiating gas flow with no restriction on absorption co-

efficient, we shall also consider the steady flow over a wavy wall.

6.1, Propagation of Linearized One-Dimensional Waves.

In this section, we shall consider small disturbances generated

by a planar wall perpendicular to the x-axis and translating normal to

itself.
Specializing Eq. (5.11) to the present problem, we have
A,  16m. a W M
IR b Bode JE e TR (6.1)
dt ax e ax

The boundary conditions imposed by the motion and temperature variatiou

of the wall are

u'(o, t) = gg (0, t) = given function of t, (6.2a)

T"’(t) = given function of t. (6.2p)
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The boundary condition at infinity is

@(=, t) = finite quantity. (6.3)

The boundary condition (6.2b) can be expressed in terms of
@ as follows: Since the approximate radiation boundary condition (4.26)
for one-dimensional problems is & special case of BEg. (4.30), we can

specialize Eqs. (5.1%) and (5.15¢c) for one-dimensional problems to

obtain

ar’ (t) 37
[ :t T ot (0, t)]

NP L . e

e = (0,t) " (0,t)
and
ar, (t) B 3f[m ¥ Lifm o
at = m_s ot "‘E.' ox s R X ox ~ T ’
(0,t) (o,t)

(6.4b)

wvhere m 1s introduced to allow for the application of Mark's boundary
condition applicable to one-dimensional situations as discussed in
Section 4.2. We shall now specialize the boundary conditions (6.2) to
the specific problems of harmonic and impulsive motion of a planar wall,

and proceed to obtain solutions for these problems.




Harmonic Motion of a Planar Wall. The problem of the propagation of

disturbances generated by harmonic oscillation of a planar wall was
considered by Vincenti and Baldwin (1962) with the exponential approx-
imation. We shall now reconsider the same problem on the basis of the
present differential approximation. In order to compare our results
with those of Vincenti and Baldwin, it is convenient at this point to

change to their variables. For thie purpose, we let

ba_a 16 b(y-1)o 'I'3
“x ® S w 160D
t* s Pr e KErmoa e s (69)

where o 1is the radian frequency of oscillation and b is the constant
used in the exponential approximation. Thus b = 1.562 in Vincenti

and Baldwin's work, while b = Y3 for the P -approximation as shown

1
in Section 4.3.
The boundary conditions (6.2) for harmonic motion can be

written

RT
0 (0,t) = g-f (0,t) = -.;‘S' Re[A %] (6.6a)

ar

a-t—" (t) = ® T_ Re[B Rl (6.6b)

where A and B are dimensionless complex constants assumed to be
gliven.

We assume the solution in the form
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RT,

B(E,t) = — Re[H(8) "]

’ (6.7)

where H(8) 1is a function to be determined. Since Eq. (6.7) is periodic
in t, substitution of this equation into BEq. (6.1) leads to a fourth-
order, constant-coefficient, linear ordinary differential equation for
H(8). The solution of this equation is of the form

¢
S (6.8)

c

L
H(8) = C, e
Jz.:l J
Substituting BEgs. (6.7) and (6.8) into Eq. (6.1), we obtain

82) (1+c§) - 1K67'1(7+c§) -0 . (6.9)

2
( J

CJ -
Since BEq. (6.9) is quadratic in ci, half of the roots wiil have a
positive real part. In view of the boundary conditicn (6.3), these

roots are inadmissible. If c¢, and ey are the two roots with pos-

3
itive real part, C5 and C, in H. (6.8) must be taken to be zero. With

these considerations and imposing boundary condition (6.6a), we find

21 e cJ =k . (6.10)

Applying boundary condition (6.4b) and utilizing Eqs. (6.6b) and (6.9),

we obtain
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2 c.m
D Mo e(L- s) (-6t ¢, = B (6.11)
=1 V3

If Mark's boundary condition is used, Eg. (6.1la) with m = Y3 becomes

f} y Ly + ci) l:‘s(ts+<:J)'1 C, =B . (6.11b)
3=1

Equations (6.9), (6.10), and (6.11b) are sufficient to determine all
the constants in the solution (6.7). As one would anticipate from the
analysis in Section 4.3, these equations are identical to BEgs. (60),
(61), and (62) in Vincenti and Baldwin's paper (1962). The solution

can therefore proceed as in that paper.

Impulsive motion of a planar wall. The solution for impulsive motion

of a planar wall has been obtained previously by Baldwin (1962) and by
Lick (1964), again using the exponential approximation. As a second
example,we shall reconsider here this problem on the basis of the differ-
ential approximation. The results will be compared with those of Lick.
It should be noted that, although Lick solved the same differential
equation (6.1), his boundary condition corresponding to Eg. (6.4b) is

in integral form.

Following Lick, we specialize boundary conditions (6.2) to

t <o, ur(0,t) = % 0,t) =0 , (6.128)

Tw'(t) =0, (6.12v)

65




t>0, u'(0,t) = %g (0,t) = B, (6.12¢)

T, (t) = 3 (6.124)
The initial conditions are
2
#(x,0) - &£ (x,0) - :—tg (x,0) = 0 . (6.13)
Let the Laplace transform of @ be
Bix, p) = [° P g(x,t) at . (6.14)

0

Applying the laplace transformation to Bg. (6.1) and imposing initial
conditions (6.13), we obtain a fourth-order, constant-coefficient,
linear ordinary differential equation for E The solution of this

equation is of the form

b 4

b 7J
$(x, p) = 3 Ay . (6.15)
J=1

Substituting Bg. (6.15) into the ordinary differential equation, we

obtain

2
16 y aa, 7
p(p2-a§ 7?) (73 - Baf) + Bos J (pz-ag 7?) = 0.




Bquation (6.16) is quadratic in 7?. Using the same argument as in
the preceding section, we retain only the roots with negative real part.
Let these two roots be denoted by 7L and 75 Solving the algebreic

equation (6.16), we find
8, 1 2 .2 3~ .1/2
7122-[—1—(b-hbp5) ] (6.17a)
]
where
3
61 =a (p +.1/7), a '1—631’— (y-1) a.o’rf = 176;3 a.7a,
(6.17v)
;2 ip(p2 +a§p +b§ ‘g)’ and b =ba

In the expressions (6.17b), b = 3/2 was used by Lick in his exponential
approximation whereas b = \/3 is for the present differential approx-
imation.

Imposing boundary condition (6.12) on (6.15), we obtain
2 A,j 7y ® B/ (6.18)

Applying the Laplace transform to boundary conditions (6.%) anc (6.13c),

and imposing these conditions on Eq. (6.15), we also obtain

2 7, (y,-ma)
2 2 2 ™
8= 3 A (p°-a )[J-g—-—-l ; (6.19a)
ng ) £ (r5-3a2) ]
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If Mark's boundary condition is used, Eq. (6.19a) with m = V3 becomes

2 2 2
2 A, (p - ag 7))
8--V3aq, O - J (6.19b)
Jsl 7J # V;a.
It follows from Eqs. (6.18) and (6.19b) that
Bc, - 8y,p
1 1
A2 - p(72 Cl =¥y 02) " 6.2}
2 22
Ay 75 5 p (6.21)
vhere
c, =, (0" - a2 »3)/ (7, + b)),
(6.22)

2 2 2

Equations (6.15) and (6.17) with expressions (6.20) through (6.22) are
equivalent to Eq. (3.2) with expressions (3.4) through (3.7) of Lick's
paper (1964). Thus Lick's integral boundary condition is identicel to
the differential boundary condition (6.4) with m = V3 1f b 1in his
exponential approximation 1s suitably chosen. Again, this conclusion

is to be anticipated from the analysis in Section 4.3.




6.2. Stead Flow Over a Wavy Wall.

To provide a simple analytical solution for multi-dimensional
radiating flow, we now consider the steady two-dimensionsl flow over a
wavy wall. So far as the author is aware, this is the first solution
obtained for a multi-dimensional problem with no restriction on the
magnitude of the absorption coefficient or temperature range.

We assume that the flow field is descridbed by a perturbation
on & uniform parallel flow with velocity U.. in the xl-direction.

Suppose that the avy wall is designated by

X, =esin2r— , (6.23)
where ¢ 1is the amplitude and [/ the wave length of the wall. To
simplify the analysis, the wall is assumed to be black and to be main-
tained at a temperature that is a small departure from that of the gas
at infinity. The governing equation for this case is given by Bg. (5.16)

specialized to two-dimensional flow as follows:

2 2 16 2 2 oL
a[a+a]L+ [a*a] 2?8

3x 5 5| s * %5 ) lp - Y =9
1 axl 312 axl 612 1

(6.24)
where
2 2 2 $
d P 2,9 4
L= (1L-M) + and =(1-M )38 .20
S sn axl gz LT MT“ all 812
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Within the framework of the linearized theory, the boundary

conditions at the wall are

X

ué(xl, 0) = %ﬁ— (xl,O) =U -;i(—i = 2ny_ % cos 2x 7l 3 (6.25)
2
dT; 2nT_ x,
F{ (Xl) = —‘—— D cos 2xn T » (6.26)

where 'I‘"l is the perturbation wall temperature and D specifies the
amplitude of the temperature variation on the wall. The fact D in
general be complex allows for a possible phase shift between the wall
and the variation of wall temperature. The factor 2nT_/f in Eg. (6.26)
is introduced to mke D dimensionless. At infinity, we require that

the disturbances are finite. Thus we have
¢(xl, w) = finite quantity . (6.27)
We now obtain the boundary condition (6.26) in terms of @.

Specializing Eq. (5.18b) to the two-dimensional case, we obtain the

perturbation wall tempe:s‘ure in terms of @ as

ar Bo U 3 dL
=t (% ) = 3 [L . gt g—s ]
dx, "1° 6 awymg X, L5 2o, ox (x. .0)
o i
U aLT
= 2
+ L - g— 6028)
2 [ T 3 ox. ] (
§ S,, = : (xl’o)

T0



Imposing the boundary condition (6.26) in Bg. (6.28), we have

2nT D X Bo U oL
_7:_cos2x-%= - 3% [LS--;?—Bgs]
16 a.rﬂé. 1 () (xl’ 0)
I.'.’- 2 aLT
R -~ [LT -5 52] (6.29)
Y - (leo)

The periodic nature of the boundary conditions suggests
that the solution is of the form

U £

§ - o Re[u(y) ¢'X] , (6.30)

where the factor U.l/2n is introduced to mmke H dimensionless. The
dimensionless independent variables x and y are related to the

origninal variables by

X == and ¥y === (6.31)

Substitution of Eq. (6.30) into Eq. (6.24) leads to a fourth-order,
constant-coefficient ordinary differential equation in H(y). The

solution is of the form

i
H(y) = 2 AJ e ’ (6.32)
J=1
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where the A,'s and c,'s are complex quantities. To find the cJ's,

J J
we substitute Bgs. (6.30) and (6.32) into Eq. (6.24) to obtain

8Bu , 2 2 2 2 3Bu®
(cJ - bT) (cJ-l) + i(cJ-bS) < ¢y - [ I;é- + 1] ) =0, (6.33)

nBo

where bs ] - Mé., bT E] - M,i. and Bu = a.l. The quantity Bu 1is
called the Bouguer number. Equation (6.33) is a fourth-order equation
for all finite, non-zero values of Bo and Bu. It remains fourth-
order when Bo = O, Bo »», and Bu = 0. When Bu approaches infinity,
however, Eq. (6.33) reduces to a second-order equation. The roots of

3 for the limiting cases of the parameters Bo, 3u and MS‘. are

as follows:

c

Bo = 0, ci:bT=1-N€“ and c?:l ’

Bo - =, ci =bg =1- Mga and c§ =1+ 3(Bu/2n)2,

Bu = 0, c? = bS =1 - Mg. and c§ =1, (6.34a)
Bu — =, ci:bs=l-M§” and ci-—»n,

=



It is also of interest to note that for 7y =1

(8Bu)2 3Bu Pt L8 (Bu)3
N o *Bo ’é Bo ‘Zn
c, =1 - M2 and ¢, = .
J S, J
( ) +1

In the general case, since Bg. (6.33) is a quadratic equation in ci,
half of the roots will have positive real part. In view of the boundary
condition (6.3), these roots are inadmissible. The roots with negative

real part can be found by solving Eq. (6.33) formally to obtain

2
8Bu 3Bu
-1(7)-5 (l+bT) + i(—l:[z * 31 bS’
(o = =
2(22 + 1)

ol

2
8Bu §Bu 8Bu 3Bu
_V T (1+bT)+i( +14b )} h(nBo [_nBo bTﬂbS(?n +1)]
+ .

SBu
nBo +1) J

2(==

(6.34b)

The A,'s in Eq. (6.32) can be found by imposing the boundary

J
conditions as follows: Substituting Bgs. (6.30) and (6.32) into boundary

condition (6.25), we have

2
§1 Ay e, =Sen . (6.35)

L,



Substituting Eqs. (6.30) and (6.32) into boundary condition (6.29) and

making use of Eq. (6.33), we also obtain

2 Bu
(e b)(2c - 3=
g‘; o o Es® . (6.36)
=1
J [c
3

. 3 -1]

To simplify the analysis we now assume D = O

(i.e., the wall temperature

is constant and is the same as that at infinity). Solving the simulta-

neous Bgs. (6.35) and (6.36) with D = O, we find

e T 1 ,
&, =
) (c5 = by) (2c2-3§‘$)[c§-<3§+1]
(6.37a)
A, ) .
2x (§) c,(c5 - by) (2, - 3 22 [f-(}%‘;stl)]
e by, = Dyt iy, = %[§'<3§2§+1>]
Ly
(6.30)
It is convenient to introduce the real and imaginary parts
of cJ such that cJ = —(5J + ikJ), where 5J and AJ are positive
quantities.

The velocity potential Bq. (6.30) as a function of x

1
and X, is then given by

Th



2

¢(xl, x2) = ;‘-’:—l- Re{ng AJ exp[ %‘- (cJ x, + ul).l}

2 -2a8 y
o (6.38)
1

[. cos 2:(( )-b s1n 2:(( )]

where ., and bJ are the real and imaginary parts of AJ/(Qne/l).

Equation (6.38) represents, in general, two systems of waves with differ-

ent amplitude, damping factor, and direction of propagation. Bach of
these waves, with amplitude AJ, decays exponentially with X, vith a

damping factor bJ and along straight lines with slope (measured from

the positive x2-coordimte) of

akte X . (6.39)

The variation of b and ., as functions of the parameters MS g
[ ]

A
3’ J
Bu, and (> will be examined in detail below. We shall see that the

A,-term differs only slightly from the classical solution, whereas the

1

A_-term has no counterpart in classical theory. Following Vincenti

2

and Baldwin (1962), we refer to the Al- and Aeoterms as the modified
classical wave and the radiation-induced wave, respectively.

The disturbed velocities are given by
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Bod g § W S e DGO
(6.40a)
and
;fﬁl;gg_ 2% 5 Ji o O R T o <#> ’
(6.40b)
where

SR ().

Within the framework of the linearized theory, the pressure coefficient

on the wall is

(cp)x=0==<-f%>x= - 5 2 ﬂsin&r(——%—)

2 2

(6.41)

Equations (6.40a) and (6.41) show that both the horizontal disturbed
velocity and the pressure distributionet the wall are out of phase with

the wall, while Eq. (6.40b) shows that the vertical disturbed velocity

is in phase.

The dreg coefficient per unit wave length of the wall can be

found from
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1

&, oz
e, =J (g) — d(—) (6.42)
¢ 9 P x,=0 ax, 7
This leads to
C, = 2“ 2 b, (6.43)
A 4

For the limiting cases of a transparent gas (Bu = 0), an
opaque gas

(Bu »®), or a completely cold gas

(Bo » =), Egs. (6.37)
give
A
B 1l 1
e - (6.k4ka)
2n(5) 1 o ’
and
A
": =0 (6.kkb)
2n(5)
Bquations (6.40), (6.41) and (6.43) give, for subsonic flow
u, "=
-ﬁl z xp[ x V1 ] sin 2n Tl- , (6.4%5a)
u, x x
3.2: - 2::-; exp[ -2n V1 - Mg- —;] cos 21 = , (6.4%)
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(c.) % e =———————— gin 2x par . (6.45¢)

C. « @ , (6.454)

and for supersonic flow

u. on(= x, - IMe -1x
F = -~ cos 21 278 = . (6.45e)
o 2
Msn S
v, € o |M§ e
7= = 2n§) cos 2x 71 ) (6.45¢)
bx (%) x,
(Cp) . = ——2——— cos 2x < (6.45g)
X. =
2 Mg - 1
€ e U“
2
My -1

Bquations (6.44, wid (6.45) are identical to Ackeret's classical
solution (1928) for flow over a wavy wall. For the limiting case of
an infinitely hot gas (Bo = 0), the results are the same as given by
Bqs. (6.44) and (6.45) but with the isentropic Mach number replaced by

the isothermal Mach number. For this problem we thus see that the
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radiation-induced wave disappears in the four limiting cases. In these
limiting cases, the decay of the disturbance velocities is zero for
supersonic flow. The drag coefficient and the clockwise rotation (®rom
the positive xe-coordinnte) of the lines along which the exponential
decay of the disturbance velocities takes place are both zero for sub-
sonic flow.

Figure 2 through Fig. 9 show the variation of bJ, 7\.1’ AJ
and C

d
Figure 2 shows the variation of 61 and )\1 over the range of Mach

as functions of the parameters M. , Bu, and Bo for 7 = 7/5.
oo

number MS, from O to 2.0 for specific values of Bu and Bo.

The solid lines are values of 61 and )\1 for the three limiting cases
of a completely cold gas, a transparent gas, and an opaque gas. These
are also corresponding to Ackeret's classical solution. For inter-
mediate values of Bu and Bo, the damping factor 61 is never zero
over any part of the Mach-number range. As the Mach number increases,

1 at first decreases slowly from the value of 1.0 at MS. = 0
(incompressible flow), decreases rapidly in the near-sonic region, and

5

then varies only slightly in the supersonic region. The value of )\1,
wvhich is & measure of the clockwise rotation of the lines along which
the exponential decay takes place, is zero for incompressible flow. Its
value is small in the subsonic region for all values of the Bouguer and
Boltzmann numbers. It begins to grow rapidly in the near-sonic region
and continues to grow in the supersonic region.

Figures 2a and 2b show the variation of 61 and >\1 versus

MS at discrete values of Bo for the thin- and thick-gas respectively.

a®
As the Boltzmann number increases, the curves of bl and )\1 shift to
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the right toward the classical curves. By comparing these two figures,
we note that a thin gas (Bu = 0.1) with Bo = 1.0 behaves essentially
like a completely cold gas; whereas a thick gas (Bu = 10.0) with the
same Boltzmann number behaves like an infinitely hot gas. This 1s so
because for a gas at moderate Boltzmann numbers, if the absorption
coefficient is small as in the thin-gas case, the effect of radiation

is relatively unimportant. On the other hand, if its absorption coeffi-
cient is large, the effect of radiation becomes important.

Figures 2c and 24 show the variation of &, eand xl versus

1

M at discrete values of Bu for a hot and cold gas respectively.

S
As Bu increases, the curves for bl and kl first move away from

the classical curve; with further increase in Bu, they eventually move
back toward the classical curves. In the limit of infinite Bouguer

number, they again coincide with the classical curves. By romparing

Figs. 2c and 2d, we note that for Bo = 0.1, except for the cases when

the Bouguer number is extremely small or large, the gas behaves essentially
like an infinitely hot gas (cf. Figs. 2a and 2b); whereas for Bo = 10.0,
the gas behaves like a ccripletely cold gas.

Figures 3a and 3b show the variation of &, and kl for the

1
complete range of Bouguer number for specific values of the Boltzmann
number and the Mach number. To emphasize the boundary-layer-like behavior
of the results, the horizontal scale for the Bouguer number from 10.0

to = has been arbitrarily chosen. Thus the results in this range of

the Bouguer number arequalitative in the horizontal direction while
remaining quantitative vertically. The boundary-layer-like behavior

becomes pronounced only for certain combinations of parameters, namely,
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for a hot gas with extremely small or large Bouguer number. For a fixed
pair of values of Mach and Boltzmann numbers, the values of bl and )‘L
are qualitatively symmetric with respect to Bouguer number.

Figures 3c and 34 show the variation of bl and )\1 for the
complete range of Bo for specific values of Bu and MS, . The
horizontal scale for Bu in the rarge of 10.0 to o 1is again arbi-
trarily chosen. For a fixed pair of values of MS_ and Bu, the values

of 8, and )‘l are asymmetric with respect to Boltzmann number. Again,

)§
the coundary-layer-like belavior is observed for small Boltzmann number
with either very small or very large Bouguer numbers.

Figure 4 shows the variation of 5, and )\2 over the Mach-
number range of 0O to 2.0 for specific values of Boltzmann number
and Bouguer number. We see that for the radiation-induced wave, both
62 and )\2 are practically independent of Mach number. For all finite,
non-zero values of Bo and Bu, the values of 62 and ke never
become zero. Thus the radiation-induced wave is always damped, and the
clockwise rotation of the lines along which the exponential decay takes
place is always non-zero for all Mach numbers.

Since the values of 8, and )\2 are practically independent

2
of Mach number, a plot of these quantities versus Bu at specific values
of Bo (or versus Bo at specific values of Bu) for a specific Mach

number will be qualitatively representative of all Mach numbers. Figures

“a and 5b are such plots for MS = 2.0. Figure ®a shows that as Bu

[ ]
varies from O to «, the damping factor 62 increases monotonically

from 1 to e« while )\2 increases monotonically from O to e,

Figure 5b shows that as Bo varies from O to e, the damping in~reases
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slowly and then increasss or decreases to & certain asymptotic value
depending on the value of Bu. At the same time, )\2 increases from
zero to a maximum and then decreases to zero. The variation of )\2
with respect to Bo 1s thus roughly symmetric.

The amplitudes of the modified classical wave and the radiation-
induced wave depend on the boundary ccnditions. Figure 6 shows the
veriation of the amplitudes of the two waves for the Mach-number range
from 0 to 2.0 for specific values of Bu and Bo. It is seen that
the modified classical wave predominates at all values of MS_’ Bu and
Bo. This 1is only true for this particular problem, and would not hold
for other situations (for example, for a flat wall with & periodic
temperature distribution). For the limiting cases of a transparent gas
(Bu » 0), an opaque ges (Bu —» ), and a completely cold gas (Bo — =), the
amplitude of the radiation-inducced wave becomes zero, and the amplitude
of the modified classical wave is identical to the classical solution
represented by the solid lines. It is seen that in the classical solution,

the amplitude becomes infinite at MS = 1. For tne limiting case of

an infinitely hotgas (Bo = 0), the amplitude of the radiation-induced
wave is again zero, and the amplitude of the modified classical wave
becomes infinite at MT = 1. For finite, non-zero values of Bo and
Bu, the amplitude of th: modified classical wave never becomes infinite.
For fixed values of Bu and Bo, with increasing Mach number the
anplitude of the modified classical wave increases slowly until the
near-sonic region is reached, where it rises sharply to a maximum value
and then declines. In the supersonic region, IAlI/(Eﬂe/l) decreases

slowly with increasing MS .
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Figures 7a and 7b are plots of |AJ|/(2ne/l) versus Bu for

specific values of Bo and M As Bu varies from O to e,

g

(%
|A, /(ene/2) for subsonic flow increeses from a certain value to a
maximum and then declines back to the original value. For supersonic
flow, IAll/(zne/t) decreases from a certain value to & minimum and
then increases back to the original value. The boundary-layer-like
behavior is again observed for a hot gas with extremely small or large
Bouguer number.

Figures 7c and 7d are plots of IAJI/(2ne/1) versus Bo at
discrete values of Bu for subsonic and supersonic flows respectively.
As Bo varies from O to =, the amplitude of the modified classical
wave decreases for subsonic flow and increases for supersonic flow.

The rate of decrease or increase is rapid for a gas with extremely
small or large Bouguer number.

Figure 8 shows that at all non-zero, finite, Bouguer, Boltzmann
and Mach numbers, the drag coefficient never becomes zero or infinite.
For subsonic flow, it is small for all values of Bu and Bo. In the
near-sonic region, it rises sharply to a maximum, and then declines
sharply into the supersonic region where it continues to decline slowly.

Figures 9a and 9b show the variation of the drag parameter
Cd/(2rrg/£)2 versus Bu at discrete values of Bo for subsonic and
supersonic flows respectively. Again the boundary-layer-like behavior
is observed for a hot gas with extremely small or large Bouguer number.

Figures 9c and 9d show the variation of Cd/(2ne/t)2 ac a

function of Bo at discrete values of Bu for subsonic and supersonic

flows respectively. With increasing Bo, this parameter increases from
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zero to a maximum and decreases back to zero for subsonic flow. For
supersonic flow, it increases monotonically from one non-zero value to
another. The rate of changes of the parameter is rapid for a hot gas

with extremely small or large Bouguer number.

VII. CONCLUDING REMARKS

The spherical-harmonic method has been used by nuclear physicilsts
extensively in connection with the design of nuclear reactors in the
past decade. It has been shown that the first approximation of the
spherical-harmonic method is highly accurate for such neutron-transport
problems.

The formulation of radiating gasdynamics with the spherical-
harmonic (differential) approximation appears promising. Although we
have no way, as yet, of assertaining the accuracy of the approximation
for multi-dimensional flow, the corresponding approximation in one-
dimensional problems is known to be extremely accurate. This is shown
by the works of Pearson (1964) and Ferziger (1965). For the problem
of the radiation-resisted shock wave, the exact numerical solution of
Pearson compared extremely well with the solution by Heaslet and Baldwin
(1963) on the basis of the exponential approximation, which in turn is
equivalent to the differential approximation. For the problem of
radiative transfer between parallel plates, Ferziger shows that the

differential approximation is extremely accurate as compared with an

8l



exact solution. Furthermore, the present formulation recovers the
correct thin- and thick-gas approximations in the appropriate asymptotic
situations. All of these facts indicate that this approach is at least
qualitatively correct.

The grey-gas approximation is obviously unrealistic from a
physical point of view. For the linearized theory, where temperatures
and other physical properties do not change appreciably, this assumption
may not, however, be critical.

From the mmthematical point of view, the assumption of non-
scattering is not essential to the differential approximation. Had we
taken into consideration the effect of scattering, the coefficient in
the linearized equations would be modified accordingly.

Since radiative transfer is an irreversible process, we expect
that the effects of radiative nonequilibrium might be similar in some
ways to those of chemical or vibrational nonequilibrium. The solution
for radiative flow over a wavy wall does, in fact, show the occurrence
of pressure drag at subsonic speeds and a smoothing of the transition
from subsonic to supersonic speeds. In these respects, the results are
indeed similar to the flow over a wavy wall with chemical or vibrational

nonequilibrium (Vincenti (1959)).
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APPENDIX A
RECURRENCE AND ORTHOGONALITY RELATIONS

FOR THE SPHERICAL HARMONICS

In this section, we shall cite without proof the well-known
formulas and relations of the spherical harmonics. For a detailed
discussion of spherical harmonics, the reader is referred to standard
texts on advanced mathematics (see for example, Sommerfeld (1964) or
Irving and Mullineaux (1959)).

The spherical harmonic Y?(ﬁ) is related to the associated
Legendre function P?(cos ) by

o) = @ 1™ ph(y) (a-1)
where the upper index m 1is positive, u = cos 6, and C? = [%%i%%%]1/2.

If the upper index is negative, it is related to the complex conjugate
Y, @) vy

@) = (U e ™ Pt L (1) @), (a-2)

It follows from (A-1) and (A-2) that

o iodided, LN L S SR S
2c, 2Cy F

(A-3a)
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and

@) - ¥@) Y@ - (-1)" ;R@
L . L 1 ) y Ag- = (sin 6)" sin mg £ P,(u) .
ac, 20? a”

(A-3b)

In view of Egs.(A-1), (A-2), and (A-3), the direction cosines given by

Eq. (2.18) are, in terms of the spherical harmonics,

L, = cos 6 = Y?(ﬁ) 4 (A-ka)
l,- sl = l,- Al =
Y7 (@) - Y7(Q) Y, (@) + Y,7(Q)
£, = sin 6 sin g = i ¥ A . — 7 A 3 (A-4b)
2 2
1.2 1 1,= ol a
YS(@) + @) Y, (@) - Y.(@)
L, = sin @ cos @ = 1 ! 1( ; - i " (A-ke)
? V2 V2

The addition theorem for spherical harmonics is

~
o
N
"

2
R Y,@) @) . (A-5)
) 2 ./

M=-

The orthogonal property and recurrence relations for the spherical

harmonics are as follows:

AR ACERNC R RrCRAGILEE - L

(A-6)
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bxe  ‘L+m)]

é Py () Pu) @ - 22+ (T-o)1 °2t' Omat (A-T)
(e+4m) P ~(u) + (£+1-m) P’p(u)
W P?(“) ’ t-1(2z+1) —, (A-8)
Pl (u) - PP(n)
£+1 2-1
Fylw) = == (Gi+1) sin 6 * (A-9)
1

[(£+42-m) (m-1-2) POy (w) + (4me1)(24m) P 2(u)].

m

)= (2£+1) sin 6

(A-10)

APPENDIX B

DETAILED DERIVATION OF EQUATION (L.k4)

The radiation-transport equation for a grey gas in quasi-

equilibrium is

193I , ~ aoTh
ER+Q'gndI=-(a+q)I-+ - +n{{' Ik . (B-1)
Following the procedure used in neutron-transport theory, we first

expand the radintion intensity in a series of spherical harmonics as

follows:
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I(r, 9, t) = 2} Z] A (r, t) Ym(n) - (B-2)
£=0 m=-1
where the A?(;,t)'s are functions to be found and the Y?(ﬁ)'s are
spherical harmonics. For reasons explained in Section 4.1, the scattering
function can be expanded in a series in terms of the Legendre polynomials

Pt(cos 60). Utilizing the addition theorem (A-5), we can therefore write

k(u, ') = 2 K, P,(w) = «x, P, -4a") = B SJ kK, Y,@) ¥,@").

£=0 £=0 4=0 m=-1
(B-3)
Substituting Eqe. (B-2) and (B-3) into Eq. (B-1), we have
h
19 -
(= +0 - V+a+ q)
¢ o 22% m=-£
- 2 o y ] - .
=) 3 I} Ay (F,t) Y,@) § % «, Y@ Y@
' 4=0 m=-14 2=0 m=-14
(B-4)

Using the orthogonality relation (A-6), we can simplify the integral

term in Eq. (B-4) to

@ ® L
A"(F,t) Y,@) / Y@ ¥5@G) &
n égolmzh r 23 Ky :gh P é, L P
=1 1 2 A3(E,0) k, Yo@) (spp) - (B-5)
£=0 m=-14
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With this result, Eq. (B-4) can be rearranged to yield

- £ K bn b
VIRACIRE R I RRCH R DY CRSRE ur A
(B-6)

To eliminate the spherical harmonics in Eq. (B-6), we multiply
Eq. (B-6) by Y?(ﬁ) and then integrate over the whole range of solid

angle. The first, third, fourth, and fifth terms in Eq. (B-6) immediately

yield
" K b N
1 L m ) m QoT
e 3t e A -y A - T %0s %om (B-7)
The second term in BEg. (B-6) needs more attention. We first
note that

- d d d
Q - V=2sin 6 sin ¢ + cos 6 + 8in 6 cos @ b
Bxl 5x2 3x3

(B-8)

If the second term in Eq. (B-6) is multiplied by Y?(ﬁ) and then
integrated over the whole range of solid angle, it becomes, after the

substitution of Eg. (B-8),

o0 2 ;
I Y f{f;(ﬁ) ¥,.@ (B-9)

m

[sin 6 sin @ 5%— + cos 6 Eg— + 8in 6 cos @ 5%4 ] A,
1 2 3



Consider now the first term in Bg. (B-9). With the aid of Egs. (A-1)

and (A-2J, and after replacing sin § by its exponentiaml form, we have

B

L

%

'
]
. &

-l s

x[f gin 6 ei(m°m'+‘wf”2(u) Pr;:(u) & + [ siné ei(m-m'-lbrrz(“)PrZ:(u)m] ,
Q 9}

(B-10)

Making use of Eq. (A-9) and then utilizing Eq. (A-7), we cbtain the first

term in Eq. (B-10) as

m-1 m-1
- 12n L(lﬂn)(l*m'l)]l/z aAl-l + 12n [(l-m+ﬂ(l-n+l)]1/2 aAh»l
(22-1)(2£+1)  Ox) @AY oy

Similarly, using Eq. (A-10) and Eq. (A-7), we cbtain the second term in

Eq. (B-10) as
m+l e
- 12n L(l-m)(l-xg-l)_]l'/z aAz'l + 12n Ul+m+2)(l+m+1)]l/2 aAlJfl
(22-1) (2£+1) ox, 3E+3) (21+1) -l

The remaining terms in BEg. (B-9) can be handled in a similar manner.

Collecting these results and those of Eq. (B-7), we obtain Eg. (4.4).
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Figure 1.

Coordinate Systen.
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