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SUMMARY

In what fcllows we wish to present a potpourri of problems
of some interest and difficulty arising in the fleld of nonlinear
circuit theory. Perhaps the only sensible way to catalogue
scientific problems 1s in terms of "solved or unsclved." Yet
this classification 1s itself a very subjective one, dependent
upon the times and the fashions. Recall the dictum of Poincaré
that the solutions of one generation are the problems of the
next.

In what follows, we have for the sake of convenience
attenpted to group categories of problemns under the headings

of "descriptive," "control," "stochastic," and so forth. Con-
venlent as sonme of tnis nomenclature 1s, it should be regarded
with a certain amount of suspicion. Most significant problems
blithely cut across these artificial boundaries within fields
of specialization, and within sclence 1itself.

In these days of rapidly and dramatically changing tech-
nology, 1t would be rather brash to attempt to predict the type
of mathematics that will be most urgently required even ten
years from now, 1t 18, however, falrly safe to look about and
note the requirements of the present and of five years back.
The difficulties that abound render a certain time lag inevit-—
able, and it may well be that new scientific developments may

render flelds obsolete and matnematical solutions for problems

withip those flelds unnecessary before they are even obtained.
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DIRECTIONS OF MATHEMATICAL RESEARCH
IN NONLINEAR CIRCUIT THEORY

Richard Bellman

INTRODUCTION

In what foliows we wish to present a potpourri of problems
of some interest and difficulty arising in the field of non-
linear circuit theory. Perhaps the only sensible way to
catalogue scientific problems is in terms ol "solved or
unsolved." Yet this classification is itself a very subjective
one, dependent upon the times and the fashions. Recall the
dictum of Polncare that the solutions of one generation are the
problems of the next.

In what follows, we have for the sake of convenience

attempted to group categories of problems under the headings

" " !

of "descriptive," "control," '"stochastic,'" and so forth.
Convenient as some of this nomenclature is, it should be re-
garded with a certain amount of suspicion. Most significant
problems blithely cut across these artificial boundaries
within flelds of speclalization, and within science itself,.

In these days of rapidly and dramatically changing tech-
nology, 1t would be rather brash to attempt to predict the
type of mathematics that will be most urgently requlred even
ten years {rom now, It is, however, fairly safe to look about
and ncte the requirements of the present and of five years

back. The difficulties that abound render a certain time lag

inevitable, and it may well be that new scientific developments
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may render fields obsolete and mathematical solutions for
problems within those fields unnecessary before they are even
obtained.

Ae have made no attempt to present all of the filelds of
mathematical research that stretch ahead so invitingly. Rathe:,
we have fastened our attention upon those that seem most
intriguing or most significant in our own eyes, and those in
which we have meandered to some extent or other.

Finally, we make no pretense of knowing how to tackle
most of the major problems we pose. If anything, we may
conclude that new aoproaches are vitally needed at the present
time to tackle the truly formidable problems we face. There
is, in consequence, an enormous opportunity for the original

mind to made fundamental contributions.
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DESCRIPTIVE PROCESLHES

l, Descriptive Processes

v#e shall consider two essentially d!fferent types of

processes. One we shall call descriptive and the other control.

In the first case, we shall cons'der a physical system whose

state 18 described by a functional equation of the form
dx
(1) i F(x), x(0) = ec.

Here x 1s an N-dimensional vector and F(x) 1is a functional
of x(t). The problem is then that of determining the behavior
of x(t) over all time. This field contains the classical
theory of differentlal equations, and, as we shall see, much
more.

Subsequently, we shall define what we mean by a control
process in more precise fashion. Meanwhlle, let us think of a
process of this nature as one in which we alter the structure
of the system in various ways in order to obtain a more
desirable behavior of the system over time,.

Within the category of descriptive processes, we shall

make further splittings into deterministic and stochastic,

linear and norllnear, and finally, low- and high-dimensional.

It 18 not hard to believe that we could devote a paper of
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this size and more to any one of these subdivisions. Conse-
quently, if we appear to skim and dart or to stroll in seven

league boots, we hope that the reader will forgive us.

2. Differential Equations

Let us begin with the traditional subject of differential
equations. let x be an N-dimensional vector determined by

the vector differential equation

(1) g% = g(x), x{0) = c.

The basic challenge 18 that of predicting the behavior of x(t)
as t 1increases. This is the classical descriptive process.

For some reasons which we shal) enter into belcw this 1s a
never—ending challenge which in all probabllity will never be
completely answered. However, for reasons which we shall also
describe below, it may be a challenge to which we may not wish
to respond.

In the following sections, we shall discuss linear and
nonlinear differential equations, analytic and computational

aspects, deterministic and stochastic versions, and, finally,

some aspects cf the curse of dimensionality.

3. Linear Differential Equations—Analytic Aspects

The benavior of the solution cf a differential equation 1is
quite readily determined when we possess some explicit repre-
sentation such as sinwt + ¢, or Jo(t), or even a contour

intecral such as



4
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In general, differential equations introduce new functions

which cannot be represented in terms of the familiar trans-

cendents of Whittacker and Watson.

As simple an equation as the second order linear

differential equation

(2) a'" + a{t)u = 0,

cannot be integrated in terms of quadratures and the usual

functions of mathematical physics when a(t) 1s a general

furction; c¢f. [1]. Purthermore, even 1f a{t) has a quite

simple form, there 13 nc guarantee that the solutions will

possess any simple structure. Thus

(3) u" + (a + b cos t)uso0,

the Mathleu equation, presents many
and essentially has a theory of its

It follows that new technigues
us to derive information concerning

directly from the properties of the

the equation

intricacies of analysis,
own.

must be devised to enable
the nature of the solution

coefficlients, without the

interventlion of explilclt anaiytic svlutions. An enormous

amount of effort ha3 been experded in thls activity, stimulated

by the classical Sturm-Liouville problems of mathematlical

physics, and by the newer Schrodinger equation; see [2], [3],

for many references.
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The study of linear systems is of particular importance in
conjunction with stability analysis, [2]. Leaving aside the
case of constant coefficlents, by no means a trivial case as we
shall see below, the next two most important types of linear
equations to consider are those with periodic coefficlents and
those with almost—perilodic coefficients.
Let us discuss these equctions quite briefly. Por the
case of periodic coefficlients, the result of PFloquet ylelds a
foothold which can occasionally be further exploited. Given

the equation

(4) I - Alt)x,

where A(t) 1s pericdic, say of period 1, the aforementioned

result asserts that every solution of (4) has the form

(5) x =e p(t),

where p(t, 1s a perlodic vector with pericd 1 and B 18 a
constant matrix. This 13 an existence theorem which of itself
furnishes no information as to the nature of B.

Any results beyond this are come by hard. Por an
extensive survey of results and technijues, see [U]. Let us
make one remark in this connection. Suppose that A(t, 418 not
only s8ingly-periodic in the real variable t, but doubly-
periodic as a function of the complex variable ¢t. 1In this
case, one can theoretically obtain an explicit representation
for x 1in terms of doubly—periocdic functions. This result of

Hermite, [>], has not been exploited. It seems reasonable to
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suppose that a good deal of information concerning the Mathieu
functionrns and related functions can be obtained using the fact
that the Jacoblian elliptic functions reduce to the usual sine
and coslne as the modulus apprcaches zero.

For the case of almost—periodic coefficients, the situa—
tion 1s very discouraging, despite tne determined endeavors of
a number of mathematicians. A little known paper by Shtokalo,
[6], contains some intcresting results which seem capable of
extenslion, but apart from this there are few leads. It would
seem that the class of almost—periodic functions i8 too wide a
class, and that one must restrict the coefficienta to some
class intermedliate between this and the tamer class of pericdic

functions.

4. Nonlinear Differential Eyuations

Whatever the difficulties are in the linear case, they
fade before the frightening aspects of nconlinearity. When
treating a linear equation, we enter the lists armed with the
fact that the manifold of sclutions 18 a linear space of finite
dimension, the dimension of the systen.. When dealing with non-
.inear eguations, we possess no such advantage. In the absence
of additivity, the superposition principle, the standard
methods of analysis become inoperative.

New technliques must be employed. One is the idea of a
regular sclutlon, a solution finite for ¢ > to. This very

simple and fruitful idea, introduced by Bursl,; and developed
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references ), enables us to study in great detail the behavior

of important classes of solutions of polynumial equations of

the form

(13 g(u,u',t; =0,
and

(2) u" = hi{u,u',tc).

In particular, equations of the Emden—Fowler type,
(3) u" + W%t = 0,

can be intensively analysed.

Another 1is the topclogical approach of Poincaré which we

shall discuss pdelow.

5. Nonlinear Differentlal Ejuations—{QOecmetric Aspects

To Poincare is due the elegant 1dea of using fundamental
torological properties of curves and vector fields te study the
properties oi sclutions ol nonilnear differential equaticns.

An exceiient expusition of these ldcas is given in [7].

Consider tne eguation
(1, u" = g{u,u'’,

and the graph of a sclution in the phase-plane, the (u,u' , -

plane.
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As pointea out by Puincaré, the particular solutions which
enable us to sift and sort the diverse kinds of solutions of
(1) are the periodic soluticns, which in the phase plane
represent closed curves. Assuming, as 18 true in the most
interesting cases, that solutions of (1 are uniqueiy specified
by values of u and u' at some time to, we see that the
graphs of solutfons in the phase plane cannot intersect each
other.

Upon thils simple fact hinges the success of the topologlical
analysis of the s8clutione of (1'. As sccn as we turn to the

studvy of fourth orde: aystems

THA
o4 )

(2) gt vy \j/)

= g{u,u’',u ,u

or to the study <f twc ccupled ejuaticns

(b) u\2 = g(u,u',v,v'),

121 .
= hiu,u',v,v'?',
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a more natural situation, the situation changes radically.

In four~dimensional phase space, solutions can loop,
intertwine and knot in the most intricate and abandoned
fashion. Such is the degree of complexity encountered in the
study of general curves and surfaces in four-dimensional space
that far from expecting topologlcai results in this area to
contribute to the study of the particular class of curves and
surfaces generated by differential equations, one should

expect the contributions to flow in the other direction.

6. Discussion

Little 1is known &out the behavior of solutions of systems
of the form of (6.3,, and the prospects are not encouraging for
the immediate future. Desplte intensive research over the last
twenty years, no breaktnroughs of any significance have been
made .

Sometime in the future, as has often happened in the past,
a theory started from a quite different origin may reach a
summit from which we shall be able to look down and percelive a
number of patns Lo peaks which are from our view buried 1in
ciouds. Mcre likely, we may never reach such a vantage point.
This lack of mathematical ability may affect our technological
development to the degree that other techniques based upon
different mathematical models will be developed. The problems
we have mentioned concerning linear and nonlinear differential
equations may ultimately be relegated to the mathematical limbo

that containg soc many problems of live interest in the elghteenth
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and nineteenth centuries.
If the present deadlock continues, we will be forced to
the reluctant conciuslon that the classical vein of
differential eguations 1s played out. Portunately, the modern
theory of control processes provides a natural continuation
with unlimited regions for research at the moment.
This is another example of the by now fairly widely
recognized fact that pure mathematics without the constant
stimulation and enlargement by the physical world faces the

dre¢r prospects of sterility and decadence.

L-_Nonlinear Differential Equations—Computational Aspects

The inadequacy of our analytic techniques in the face of
nonlinearity, and perhaps even the non—existence of such
techniques, compels us to focus the greater part of our
attentlion upon the computational soclution of differential
equations.

Here, we face‘the problems of feasibility, accuracy and
stability. The overall question 1s that of adapting an analytic
algorithm such as successive approximations to the task of
suprlying numerical answers to numerical questions.

An enormous amount of research, and mathematical experi-
mentaticn, 18 required in this area. It must be realized that
significant computational advances can only be consequences of
slgnificant analytic advances. The two go hand--in-hand, with
one acting as an incentive to the other.

Let us discuss briefly two of the new techniques developed



P-1802
9-23-59
1)2-

over the last few years. One 18 the concept of quasilineariza-

tion, (8], [9], ana the otner is tnat of 3sequential

computation, [q.

To indicate the basic idea of quasilinearization, let us
consider the problem of solving the two point boundary-value

problem
(1) u" + g(u) = 0,
u(O) = u(a) = 0.

Let us suppose that a 18 small enough so that there is &

unique solution, and that g(u) possesses a second derivative.

Let Ug be an initial approximation, and let the
sequence {un;, ue=1,2,..., be generated by means of the
/)
equation
o \ — ' -
(2) up + 8(uy )+ (uy —uy L)g'(u, ,) =0,

&n(O) = un(a) = 0,

It can be shown that with this method of successive approxima-

tions that the convergence is quadratic, 1l.e.,
62"

| = Of , rather than geometric, |u_ - u | = 0(8"),

fu, —u n n—1

n n--1

and, in sume cases, that it 1s also monotonlc. Por detalls,
see [9].

This method has also been applied successfully to different
typee of partial differential equationz; see [9], [11].

The concept of sequential computation is related to the

existing theory of computation in the very vame way that
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seyuential analysis compares to statistical theory prior to
wald. At the present time, when counsliering an equation such

ao
du
(3) I = &(uw), u(0) =e¢,

we general.iy use a discrete version such as

(4‘ 5 :g(uh)’ uo'c)

where u, = u(nld). 1if, over certain portions of the t—interval,

the function wu(t) exhibits too wiid a behavior, e.g.,

we decrease the grid size over this interval. This 1s usually
done in an a posteriorl tfashicn. By this we mean that first
we run through the solution with a grid size (, and then
begin to worry if we observe a behavior such as that shown
above.

What would be much more efficient would be to have a
computational technique which automatically adapts 1tself to
the behavior of the solution that 1is being computed. One way

of doing this would be to make [ dependent upon the slope and
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the curvature of the solution. 1In place of a recurrence

relation such as (4), we would have two relations such as

n+l n—1

- g(un), Uy = ¢,

Ay = h(u ,u )«

n—1"Yn-2

Por some further details, see [LJ].
This 1is merely one aspect of the general concept of
adaptive algorithms rather than fixed algorithms. The area is

almost completely unexplored.

8. Linear Differentia. Equations—Dimensionality Difficulties

Leaving for the moment the rocky region of nonlinearity,
let us discuss a major problem assoclated with linear

differential equations.
Suppose that we have reduced the problem with which we

are concerned to that of determining the solution of the linear

differential equation
(1) 3T = Ax, x(0) = ¢,

where A 18 a constant matrix. 1f the dimension of x 18
moderate, say ten or twenty, we c-n consider the solutioun to
be routine. If the dimension is large, say several hundred cr
a thousand, then we have dimensionality difliculties.

There are now several different techniques that we can
employ to replace a direct method of soclution based upon the

expliclit analytic representation.
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In the first place, we can examine the original problem
and see whether or not it can be reformulated in such a way as
to lend 1tself to a computaticnal solution in terms of vectors
of considerably lower dimension. In a number of cases, this
can be done, sse [17], 1, (4. Now that we are seriously
beginning to cunaider systems of quite high dimension, it 1s
essential that the mathematical models employed in the past
for systems of low dimension be systematically examined from
the standpoint of computational and analytic convenience. We
shall return to this matter below,
The basic idea is that of reducing a process of high
dimension by a sequence of processes of low dimension. This
18 the basic idea of dynamic programming, (9], and 18 the
essence of a new method due tc Kron, the method of “tearing,”
whicn seems to have very interesting possibilities; see Roth, [1€ .
Along similar lines are the relaxation methods of
Southwell, and the "flooding method" of Brldyreff, (7). Much
remains to be done to make these techniques generally applicable
and efficlent. One has the feeling that mathematiclans have
really understood the nature of the processes with which we deal
on the whole 80 clumsily, the analytic and computational algor—
ithms will consist of very simple operations, the proof of whose
¢fficacy willl depend upon guite sophisticated concepts. At the
present time, we largely depend upon very complex operations

resting upon very rudimaentary concepts.
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4. The Inverse Problem

So far we have assumed tnat the equaticn is given and that
it is required to determine the behavior of the sclution over
time. 1In many situaticns, the reverse is the case. Given the
behavior over time of a vector x(t,, 1t is required to deter-
mine the posslible equations which can produce this behavior.

This problem has been intensively 1lnvestigated in
connection with Sturm—Licuvilile equaticn3, (see [1§, 9 ) and
i3 closely connected with the "black box" groblem we shall

discuss subsequently.

10,  Time--lags und Hered . tary Effects

We mea2t =11 the forz2golng rroblems ind some additiconal
cnes if we take into account delay, time-ligs, retardatiouns,
and rereditary eff~cts {n gerer d.

The simplest ejuatlone arisirg ir thils way are the

differentlal<ciflerence @ uations, which have the fim

@\

dx ~
m /

(1‘ a-f-g(X(t;,X(t—Tl,,...,K(t—
The approzrizte inlvias condition ie new an interval condition
(2 x(t' =n(t), 0 ¢t S e

In many ce3e3, mcre compllicatzd eguatiuvn: z2re necessary

to describe the state of the system, equa*icne such as
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(3) Tt = slx(t), % (te x(s 1,0, L% (t,5)x(s)ds ).

- 0O -0
The must interesting (f these ure tne rern2wul equations

() x(t) = g(t) +, /" kit - 3 x(s,ds,
0

arising in the theory ¢f jueu=8, cuunters, ir the theory of
brancning processes, and in predicticn theory.

Por a Jlscussion of equations of tihls nature, csee FZ], [2@.

W stochastic Processes

It should be recognized initially that the formulation of
a physlical process {in deterministic or stochastic terms i8 a
matter of mathematical convenience rather than a consequence
o! the intrinsic structure of the process. Let us, however,
bypass the really deep proviems connected with the advantages
or dilsadvantages of one formulation or another, and instead
indicate .ome o: the many new and challeng!ng problems that
1rise once we have agreed to descr!be the behavior of a circuit
in terms of direrertial equations with stochastic elements.

Jye shall conslider only ord!nary ditfferential equations,
although the corresponding proolems ©r partial dlt{ferential
equations are of great 1mportance in other parts o! mathe-
maticai physics, e.g., turbuience theory.

Let us consider ftour particular proolems. It would be as
easy to present (orty provlems, since the fleld 18 practically

unexpiored. A certalin amount ¢! e!f!ort has been devoted to
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the study of the linear equation
(1) L(u) = r(v),

where _ 18 a determ!nistic operator and r(t) 18 a random
function. The resulits that are obtained and techniques that
are employed are rather stralghtforward, and thus not parti-
cularly chalienging. Far more interesting {8 ‘he situation
in which the operator {tself has a stochastic structure.
questions of this type arise in the consideration of circults
with unreliable eiements, or in the study o! circuits subject
to external iniluences of incompletely known type which affect
the structure of the circult. For an interesting discussion
of resuits obtalned to date for the case of linear difrerential
operators, see in, where many further retferences will be
found.

In order to {liustrite some of the difficulties in the
study of this problem, let us ccnsider perhaps the sigplest

version, that o a linear difference operator.

The equation we wish to sStudy !s
(2) x{n - 1) = Z(n,x(n),

where x(n) !s an N-dimensional vector and Z(n) 1s an N x N
random matrix. It {8 sufficlent to consider the simplest case
where the (n) are inuependent random matrices.

it 18 now d! !cult to obta'n analyt!c expressions tor the

morents o' the corponents o! x(n), using the technique or
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rrronecker products of matrices, see [Jﬂ, [?4, [2j, The fact

that Kronecker products ol matrices bypass the diff{licuities

~ndiced by noncommutativity of matrices has not been suf:l-
clentiy expiolted in the study o! linear stochastic systems
ct this nature,.

Furthermore, there 18 iittle dirficulty in extending these
results to the ca3e wher» the 2(n) are correiated in some
Markovian fashion, and in passing to ‘he ilimit and obtaining
corresponding resuits lor iinear Jdif!erential ejquations,
although no results of thls type haive veen published.

#hat 13 reaily difTicult 18 a more precise determination
o! the asymptotic uehavior. We expect the soluticns to
exhibit exponentlai pbehavior, and the moments that are obtained
fllustrate this., It tollows that 't is the moments of the
logartithm of the comronents that yleld more detalled {nforma-
tion. Fror examplie, we would like to be able to find the

asymptotic behavior of
(3) Exp(log x,(n))"

as n — . Here xl(n) {s the t'irst component of x(n).
Although some small steps Iin this direct!on have been taker,
see [EJ, no satisfactory methods or resuits exist at the
moment .,

For our second problem, let us turn to t“he comparisonda
discrete and continuous versions of stochastic processes.
Parentheticaiiy, let us observe that it 18 ¢cten felt that the

discrete version ot a process 18 an approximation introduced
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elither for computational purposes, as when we replace differ-
ential equations by difference equations, or [or conceptual
simplicity. Tt 1s worth emphas!zing the fact that the reverse
may well be true, and certalnly !s true in a number of control
processes. The actual process will often be discrete, but a
continuous process will be used sometimes for analytic conven-
ience, but more often by very force of tradltion. If one takes
into account the fact that the solution will ultimately be ob-
tained by means of a dlglital computer, then there may be a loss
of efficlency, and even error, introduced by conversion of a
discrete process into a cont'nuous process for the sake of
analysis, and then by reconversion to a discrete process for
the saxe of computation. The fact that the original discrete
process and the final dlscrete process may well be different
processes can often cause grief., On the other hand, thils may
be an advantage. We do not wish to make any rigld statement
concerning the adv!sability or lnadvisabllity of one procedure
or another. What we do wish to emphasize 1s that it is
essential to be aware of these matters, so that one can follow
the procedure which 18 most advantageous in any particular
process,

It is particularly important to be cognizant of these
facts at the present time since the digital computer has intro-
duced a flexib!llity 1nto formulation and solution of mathemati-
cal problems which was certainly not present even as recently

as ten years ago.
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‘ince we <now that the same physica. processi can be formu-
iated 1n many di{!ferent Uashlons, discrete or continuous,
deterministic or stochast!c, and so on, it 13 essent!ial that we
~now the re.at'ons between these d!:!:erent ‘ormulations. In
particuiar, Jt 18 essential that ditferent formuiations yleld
the same numbers, Ferhaps even more important would be a
«nowiedge o when tney do not, s8ince this would be a most
vaiuan.e clue concerning the true nature of the process.

ror the case o' determin!st!ic processes, a great deal 18
Known concern‘ng the relation vetween d!screte and continuous

versions. ror examp.e, glven the dlfferential equation
3 dx .

\“\ E-E S(X), X(O) - ¢,

and the discrete approximation

(5) Xo. ~ X, = oelx )y, xo - c,

wne e x_ - x(n.), quite simpia conditions {mposed upon g(x)
guarantee that x(na) — x(t) as A — ., na — t.
Tsgentlaliy, these are the same conditions that ensure «xist-
ence and uniqueness o! solution of (4), although many
ref'nements exist. *or speci!ic resu.ts and iurther reterences,
see i?}, [Z]

“or the case 0! stochastic processes, this problem seems
not to have veen studied at all. A question of some !nterest

‘s the !o.lowing: +hat 's the relat!on between the so.utlons

o! the Lwe egualtons
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(r ) x(t) = gx(t),r(t), x(c) - ¢,
and
() Xoo1 T Xy 5(xn,rn\a, Xt ey
(xn = x(na), .o r(na)), where r(t) 18 a random tunction

with a given distribution”? I r(t) {s uniformly bounded,
there 13 no dl:!™cu'ity 'n applying the usual methods. The
interesting case !'s that where r(t) 18 unbounded.

]

et us turn biack to the "black box" problem. Given a
linear operator, L, 8Such as a linear differential operator,
~ve can characterize !t {n simple tashion by examining the

gojuttons o the inhomogeneoud equaticn

(=) Wiy ek

a8 . ranges over a 8e’. of values, <~hat does one do for a
nonlinear d'tferent! .1 c¢nerator™ This '8 a problem which has
been studied to some extent, see [23, {2%.

‘s 1t true that non...ear operators are more appropriately
studled vy reans o: 8tochastic ‘orcing terms than by means o!

deterministic ones. %For examp.e, shouid one use the eyuat!on
(3 N(u) = r(e)

where r(t) s a random tunct!on ~ith an appropriate distri-

butlon, rather than an egjuation o/ the torm

(:" ) N(u; ""NL,

/
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or an equation with another type o! determ'nisatic tforcing term?
Closely reiated to this problem {is the final proolem we

wish to pnse. The ‘mportince o' the Gausstan distribution lies
in 'ts relat!ve {nvarfance under a linear transformation. By

this we mean that 'f x and y are both Gausstan, then

x «y 18 Gausslan. Another way o! looking at this 1s that the

Itnear transtortation
(11) T(x) = x + r

18 a particulariy simple one to study when r s Gaussian,
Viewed {n this way, the natural question to ask 13: +hat
class o!f distributions shouid be used when we study more

general nonlinear transformations of the fom

(12) T(x) - g(x,r)"

Furthermore, wnat type of limiting distributions should ve
expected when the transiormation 18 lterited repeatedly”

"hese juestions seem of great d!!i!ftcuity. It may well be
rnat “he way to approach themr (s to 4o some mathemat'cal experi-
mentat!ion with digltal computers, using particular types ot
simp.e *“rans:ormi- ‘ons and random variablies. work ot this type
has been carrted nurt hy “teln and Ulim at ‘08 Alamos, but not

putitshed a3 vet.
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CONTROL PROCESSES

1. Controi rrocesses

Let us now leave the reaim of descriptive processes and
turn to the s8tudy of control processes. There 1s little point
at the present time, in view ot the many different uses of
these words in many aiverse fleids, In attempting to make
precise what is meant by the term '"control process." Let us
simply and intuitively say that we wish to use it to describe
any physical process !n wh!ch the original behavior ot the
System 18 intluenced in some way in order to force it to
operate in a more des!rabie fashion.

A priori{, !t might be !magined Lhat the study of control
processes 18 more complex than that ot descriptive processes.
To some extent, this !s true. On the other hand, the addi-
tional information ‘urn!shed by the requlrement that we exert
control in a most ef*“iclent :'13hlon often ylelids a considerable
stmpl!ficat!on. It '3 generally the case that optimal pollicles
are simpler than obvious feasible policles, once the!r true
nature !3 understood.

It may very we.: te the case that our excursion 'nto this
more dlfficuit *1eid w!.l ultimately yleld the vantage polnts
required to re3oi.ve some o' the tru.y otdurate problems in the
theorv of descri;tive processes,

In any case, the theory ot! control processes 18 replete
~'th, fasclnat'ng, challenc!ng mathematical proolems o! the
utmost signltcance to contemporary soclety. what more can a

mathemat!clan as«”’
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2. Varlational Analys's

‘nce again beg'nning in a traditionai way, let us consider
the following anaiytic verslion of a {eediback control process.
Consider a physica. system - whose state at time t 18 desa-
cribved by the vector x{(t) which satisfies a differential

equation
dx \ ~
(l) at = g(x:.‘/’, x(‘v\ = C.

Here y = y(t) 1s the control vector which is to be chosen so

as to minim!ze the "unctional

(2) Ix,y) =,” " nix,y)ac(r).
¢

I* dG(t) - g(t)dt, we have a variatlonal problem of the usual
type. If G(t) '8 a step-tunction with a single Jjump at T,

we have the problem of mintalzing

(2) Jex gl =R R (T )G,

A terminal control probiem. In many case3, we have a comblina-

tion 2{ both lypes.

Jher, thess prouviems are a)proached oy the ciasslcal methods
o the caicuius ¢’ varfarions, the; lead to nonilnear
d! Tferenttal equat’ons of dimensfion double the dlimension of x,
wi th two-po!nrnt toundary cond!tions. These problems are analy-
ticaliy Intractable and reoculre a great deal of eftort and good
“fortune ‘I a re!fible numerfcal resultl !s deslired.

A new apj roiach to queattions ol this nature along the .ines
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of dynamic programming, MOI, 13, permits some advances to be

maje, However, for problems o!f even moderate dimension any
routine application of these techriques also runs 1nto acute
computational di ficulties.

de can cons'der the problem ot obtaining teasible algor-
{thms for the computational solution of realistlic teedback
control processes to be one of the challenging and important
fields of research in the immediate tuture. +hatever the
methods in use now, better ones are needed.

Ae shall have more to say on the subject below.

3. Constraints

To turn the screw a litt'le tighter, let us polnt out that
in many signiticant sttuvations, +~eo dc not have complete free-
dom in a cho'ce of y. The airTplest and moest natural type ot

constraint s one of the !¢
(1) |vyl €myy 1= 1,208, 0gET.

There 18 now considerable dit:tculty in applying varlationai
analysts, and even the most simply posed analyt!ic protlems
-y
possess obetacies in the path ot their solution; see LCJ <.
It would ne extremei.y valuable to have avallab.e the
complete solution to certain prototype protlems. For exampie,
consider the protlem of min'mizing the functional

(2) I0aw) =/ [xmx) - (y,09) a0(e)

over al. y where



Q.

= - Ax vy, x(C) - oc,

(3)

o)

and y 18 sut/ect to (i'. Jun Lh's piucien be comuplele.ly

resorved’

4. Bang-vang Control

A very Imporiant type oi problem that arises 13 many
areas 1s that ot torcing a 8ystem back to an eguillbrium
position in a minimum t!'me. A great dea. of etfort has been
devoted Lo the study o! linear systens, such as that of (3.3),
with constraints of the torm of (3.1), and the problem has
been fairliy well tamed; see [3@, _3{, where turther references
may be fcund.

For nonlinear systems of smali dimension, the functional
equation technique of dynamlc programming may be employed, see
{3&. For noniinear systems of moderate or high dimension, no
techniqies exist tor efther analytic or computational solution
al present,

Problems o this type are actuilly only particular cases
ot varifatlional problems 7 Imj . icitl navure. Thes3e are
characterized ty the property that the torm 0! the criterion
funct!on i{tsel! depends upon the polic, trhst 18 pursued.

For example, tn pliace of a fixed (unctional of the form

(1) Iy) =, 7 nlx,q)ax,
¢

we may env!sage one o! the torm
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(2) J(y) =‘,”T("'“ h(x,y)dt.
0
"Bang-cLang' control corresponds to h(x,y) = !, which means

that J(y) measures the duration of the process.

5. Successlive Approx!mation

The standard analytic technique for circumventing and
overconing the usua! ntractavle aspects of the equations of
ana.ysis is the method ot successive approximations. Although
th!s methcd has been appiled with perseverance and 3uccess to
the study of descriptive processes, for some reason or another
little has been done with 't In the study of control processes.

From the very nature of the ‘eedback control process, one
would suppose that successive approx!mations would be 1dealiy
suited <o the study o! these processes.

.t us then vase our method of successive approximations

around this fact. .tarting with some Initilal approximation to
@)

a policy, yo, and an approximation to the stiate vector, x ,

let us repiace J(y) by fts expansion around these funct!ons
xa and y”. in th's ~a,, reita‘'ning only terms up to and
‘nciuding the second de-ree, we obtaln a new functional which
{8 quadrattic ‘n x and y. “imliarly, let us expand the

)

funct'on g(x,y) around the point xo,yb, retaining only
cerm8 up to the tirst degree. [n this way the describing
ejuitions are Iilinearized.

Joiving this approximate var'ational probiem in analytic
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terms, we obtailn a new policy vector, yl, and a new state
vector xl. This process can now be continued. We now face
the usual problems concerning convergence, rate of convergence,
convergence to a relative instead of absolute extremum, and so
on.
There are a number of other ways in which the ccncept of
r

1 )
successive approximations can be applied; see [9], GOJ,[3ﬂ,

[Hﬂ. A quite different approach will be described below.

6. Approximation to Functions

Let us continue on this theme of dimensionality. We have
been forced to think of various types of approximations because
of the impossitility of dealing with functions of a large
number of dimensions in any direct fashion. DBecause of the
limited fast memory of present-day digital computers, and of
any that we can contemplate in the immediate future, we must
renounce any routine approach based upon the tabulation of
functions of say ten variables over the gridpoints of a ten-
dimensional region.

Instead, 1f we are dealing with smooth functions, we can
contemplate a more analytic description in terms of polynomials
or in terms of orthonormal expansions. These latter are
preferable since they usually possess superfor ccivergence
properties,

If we use an approximation of the form

N
(1) u(s,t) = . i-oam.nvm(s)vn(t)
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over the unit square, we require N(N + 1)/2 coefficients to
determine the function wu(s,t). If we tabulate the values of
the functlon at the gridpnints (ka,ZA), we require 1/A2
values., As we increase the dimension of the function u, the
number of gridpoints goes up exponentially, while the number
of coefficlents required to determine the function to the same
degree of accuracy by me2ans of an approximation of the form in
(1) goes up at a much siower rate--provided, of course, that
the function 18 smooth. In many important applications, this
will be the case.
It 1s important to note that this type of approximation
can be used not only In the study of control processes, but
in the study of descriptive processes as well. A brief
discussion of a particular control process treated in this

fashion will be found in [{ﬂ.

7. Stochastic Control

As soon as we turn to the subject of stochastic control
processes, we face the problem of treating varigtional
questions involving stochastic functionals and stochastic
differential equations.

The functional equation technique of dynamic programming,
Ekﬂ, :34, can be readily applied to treat these new types of
analytic problems. As a matter of fact, the treatment is
abstractly simllar to that of deterministic control progcesses.

There are, however, a large number of mathematical

questions in this field which have neither been precisely



15red nor preciseiy answereld., Generaily, we want a rigorous

formulation o the provien o mindniz'ng the “unct'onal

!
(1) (i) = mxp E(X.y.r)dtJ

where x and y Aare connected by means of a stochastic

dlrferentiai equation

e at
Here *“xp represents the expected va.ue taken with regard to

r
thie random e.ements.,

As usmiai, 1t wouid te worthwhlie to begin with to consider
the case o: guadrat!c tunctlionais subject to ilnear descriving
equat'o.s, s8ince, 18 mentioned above, these ca.. be used as the
point ot departure ior successive approximations.

It would a.so be uselul to treat the "bang-bang' control
probaen unier the agsumption that the describing equation 's

i inear,

r, x(0) - ¢,

P
L
C1Q
I
1
%
“.
+

ana we W' 3h Le w'ninl ce Lhe expectled Line to «el to the origin,



ADAPTIVE PROCESSES

l. Preliminaries

We have briefly discussed descriptive and control aspects
of deterministic and stochastic processes. In the main, the
mathematical questions that we have asked have been easy to
pose, but difficult to answer. This 1s rather typical of
classical analysis. In the next two parts of the paper, we
wish to depart from thé well-charted roads and follow some
brambly trails. Our aim is to discuss some parts of nonlinear
clrcuit analysis which give rise not oniy to questions which
are difficult to answer, but difficult even to ask. As a
matter of fact, to know what to ask and how to ask it 18 to be
far along the path to a solution.

Basically, we wish to consider classes of problems which
are not well-defined according to conventional tenets., One
way of formulating problems of this nature precisely is
furnished by the theory of games, ES], [3*, either single-stage
or multi-stage, (lﬂ. We shall utilize the multi-stage aspect
to provide another foirmulation. It must be emphasized that
there 1s no definitive way of handling these new types of
problems at the present time, and it 1s extremely unlikely
that there ever will be.

The processes we wish to discuss are those in which we
lack certaln essential information which was given to us in
our study of deterministic and stochastic processes. This

information can be obtalned, bit by bit, as the process un-
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folds. Not only must we make decislons on the basis of the
information we possess, but we must make decisions as to what
information we wish to possess. Processes of this nature, we
call "adaptive processes.”" Occasionally, the term "learning
process”" 1s employed.
In some of these processes, i1t may be senseless to speak

about "optimal policies,” but quite sensible to talk about

feasible or efficient policies; cf., for example, [37].

2. Unknown Distributions

Rather than continue in these vague, foreboding terms,
let us consider a stochastic control process governed by the

equation

(1) X,+1 = &(x.yo.r), x4 =c,

where { n} 1s a sequence of random variables with an unknown
distribution.

What do we mean by an optimal control policy in a situa-
tion like this? One way out 18 to employ the theory of games,
under the assumption that some malevalent influence is
choosing the unknown distribution. This is unduly pessimistic,
and, in any case, eliminates the possibility of our learning
about the distribution of T as the process continues.

The question that faces us now is that of formulating this
learning process in mathematical terms. We can proceed in

various ways:
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(2) (a) We can record the past history of the process,
{xk,rki, k =1,...,~ M, and use this data to

predict the distribution of r and so on,

o*

(b) We can use an a priori distribution for s
dG(r), and use a fixed rule to modify dG(r)
on the basis of observation of ro or x,.

(c) We can use an a priori distribution dG(r,a),
dependent on a finite set of parameters, {a},

and use a fixed rule to modify a on the

basis of observation of rq or x,,

and so on, and so on.

Not only do we face the task of Justifying a cholice of
one model or another, but granted any particular formulation,
we must endure formidable mathematical diffliculties in our
attempts to use these mathematical models to obtain numerical
answers to numerical! problems. In some cases, the functional
equation technique of dynamic programming can b; utilized; see
{14, [3@, t3ﬂ, [“4. For an interesting application to pre-

R

diction theory, see 41,

3. Turning the Screw Again

vhatever the difficulties raised by the foregoing, we can

compound them by supposing

(1) (a) that the form of g in (2.1) 18 not known.
(b) that neither the form of g nor the dimen-

sion of xn is known.
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(¢) that the criterion for determining an optimal
policy 1s not preclisely known.
(d) that the duration of the process is not

known.

The domain of the new theory of adaptive processes con-
sists of problems of this nature, and contains some other
troglodytes which we shall dig out below. Some of these
questions are discussed in [ld.

It seems reasonable to expect that these totally new
types of problems will require new methods and new concepts,.
One might surmlise that the emphasis will be more upon policies
and less upon functions, and more upon approximation in policy

space, than in manipulation with functions and functionals.
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THE CURSE OF DIMENSIONALITY

l. Introduction

Examining the various problems that we have skimmed over,
lamenting all the while, it is clear that the conceptual,
analytic and computational features become enormously more
complex whenever the dimension of the system S becomes large.
This is an example of the metaphysical axiom that a signifi-
cant aifference in gquantity constitutes a difference in
quality.

In this conciuding section, we wish to touch lightly upon
some new techniques that have been proposed in recent years to
treat various problems involving large numbers of state vari-
ables, vast accumulations of data, and lack of basic
information.

To our mind, this field is the most challenging of all
the new areas that have opened up over the last cen years.

It is well sulited for the young research scientist since it
requires new, original and daring ideas with no apparent pay-
off for erudition or experience. If anything, saturation with
old ideas 1s a handicap.

Finally, the fundamental nature of these problems makes

every contribution a contribution to a half a dozen flelds at

the same time.

2. Too Much Data

Much of our previous discussion has centered upon the

difficulties encountered in the study of processes which are
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incompletely described from the classical point of view. It
is important then to note that in treating processes of high

dimension, involving large quantities of data, complete infor-
mation 1s as much of a handicap as a scarcity of infcrmation.
As a matter of fact, the two problems are intimately related,

as we shall now explain.

In using information, we must take into account the
problems involved in gtoring it, in retrieving it when desired,
in using it in an efricient fashion, and, finaily, in reckon-
ing with the cost of using the information, and the time
involved. 1Ideally, the last two should be part of the question
of efficlent use.

It is clear that in many cases this means th;t we will
not have the time to examine all the data. Consequently, we
will be in the position of rejecting information, which means
that we are back in the situation of incomplete information.

The general problem of recognizing, evaluating and stor-
ing information is one of the major problems in current
science, and one of the major problems of our civilization.

It would be important to construct various mathematical modeils
which study the rejection of large quantities of information.
A combination of the theories of mathematical statistics and
differential equations may yield some useful results. We

shall discuss a particular model of this type below.

3. Analogy

What we have mentioned above opena up an interesting
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channel of investigation. This 18 the 1dea of proceeding by
analogy. To some, use of this idea is implicit in the studiles
of stochastic and adaptive systems which we have mentioned
above. Let us now attempt to examine the idea in more detail.

Faced with the prospect of utilizing a physical system S
of such complexity that we cannot employ the actual equations
describing the state of the system, or in ignorance of these
equations, we construct another system S', described by
fewer state variables and simpler equations, and use this
system as the basis of oul decisions.

It is, of course, necessary from time to time to check
the conclusions based upon S' with results obtained from
observation of S, and to make changes either in the conclu-
sions or in the structure of S' on the basis of this
comparison. It 1is well to point out that this comparison may
not be as easy to effect as might be expected a priori, since
the interpretation of the observation of S may itself depend
upon the artificial system £S' which we ' ive constructed.

It 1s very possible that the human brain operateg 1n some
fashion as that described above. The problem that we wish to
pose is: "How do we construct mathematical models of processes

carried out in this fashion?"

4. The Technigues of Box

It is appropriate in this context to mention the intere-
sting and effective methods proposed by Box and his colleagues,

[44. P3], Pﬂﬂ. One of the problems that he tackles is that of
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controlling 2 chemical engineering process where the preclse

chemical and physical interactions are not known.

5. The Tearing Technigue of Kron

Another new and promising technique 1s that put forth in
recent years by Kron, [145], l_llé], [ll‘r] He provides systematic
techniques for decomposing a complex system into a set of

systems of simpler type.

6. Sequential Search

Finally, let us mention the attempts in recent years to
tackle in some direct fashion the problem of determining the
maximum or minimum of a function of a large number of variables.
For the reasons which we have previously discussed it 1s clear-
ly impossible to accomplish this in any simple enumerative way.

For the case of functions of one variable, scme very ele-
gant results exist, see D&ﬂ, &Eﬂ, [50]. For functions of two or
more variables, optimal policlies seem quite difficult to obtain,
and 1t is reasonable to suppose that simple sub-optimal policies
would be as efficient in practice. However, even these seem

hard to find.

7. Routing and Switching

We have avoided 2l] discussion of the very interesting
combinatorial questlions that arise in the study of optimal
routing in communication and travel networks. The ?eader con-
cerned with these flelds may wish to refer to the expository

papers bll, &ﬁd, where many additional references can be found.
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