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SUMMARY 

In what followe we wish to present a potpourri of problems 

of some Interest and difficulty arising In the field of nonlinear 

circuit theory.  Perhaps the only sensible way to catalogue 

scientific problems Is In terms of "solved or unsolved." Yet 

this classification Is Itself a very subjective one, dependent 

upon the times and the fashions. Recall the dictum of Polncare 

that the solutions of one generation are the problems of the 

next. 

In what follows, we have for the sake of convenience 

attempted to group categories of problems under the headings 

of "descriptive," "control," "stochastic," and so forth. Con- 

venient as some of tnls nomenclature Is, It should be regarded 

with a certain amount of suspicion.  Most significant problems 

blithely cut across these artificial boundaries within fields 

of specialization, and within science Itself. 

In these days of rapidly and dramatically changing tech- 

nology. It would be rather brash to attempt to predict the type 

of mathematics that will be most urgently required even ten 

years from new.  it Is, however, fairly safe to look about and 

note the requirements of the present and of five years back. 

The difficulties that abound render a certain time lag Inevit- 

able, and It may well be that new scientific developments may 

render fields obsolete and matnematlcal solutions for problems 

within those fields unnecessary before they are even obtained. 
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DIRECTT0N3 OP MATHEMATICAL RESEARCH 
IN NONLINEAR CIRCUIT THEORY 

Richard Bellman 

INTRODUCTION 

In what   foliowa we wish to present a potpourri of problems 

or some Interest and difficulty arising In the  field of non- 

linear circuit  theory.     Perhaps the only sensible way to 

catalogue  scientific problems Is In terms of  "solved or 

unsolved."    Yet this classification Is Itself a very subjective 

one,  dependent upon the times and the fashions.     Recall the 

dictum of Polncare that the solutions of one generation are the 

problems of the next. 

In what   follows,  we have  for the sake of convenience 

attempted  to group categories of problems under the headings 

of  "descriptive,"  "control,"   "stochastic," and so  forth. 

Convenient as  some of this nomenclature Is,   It  should be re- 

garded with a certain amount of suspicion.    Most  significant 

problems blithely cut across  these artificial  boundaries 

within fields of specialization,  and within science  Itself. 

In these days of rapidly and dramatically  changing tech- 

nology,   it would be rather brash to attempt  to predict the 

type of mathematics that will  be most urgently required even 

ten years   from now.     It  is,  however,   fairly  safe  to  look about 

and ncte  the  requirements of the present and of  five years 

back.    The difficulties  that abound render a certain time lag 

Inevitable,   and It may well  be  that new scientific developments 
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may render  fields obsolete and mathematical  solutions  for 

problems within those  fields unnecessary before they are even 

obtained. 

We have made no attempt  to present all of the   fields of 

mathematical   research that  stretch ahead so Invitingly.    Rathei, 

we have  fastened our attention upon those that  seem most 

Intriguing or most significant  In our own eyes,   and those In 

which we have meandered to some extent or other. 

Finally,  we make no pretense of knowing how to tackle 

most of the major problems we pose.     If anything,  we may 

conclude that new approaches are vitally needed at  the present 

time to tackle the truly formidable problems we  face.    There 

18,  In consequence, an enormous opportunity  for the original 

mind to made  fundamental contributions. 
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DESCRIPTIVE PROCESJ^S 

I.     Descriptive  Prooeaaea 

We  shall consider two essentially different  types of 

processes.     One we shall   call  descriptive and the other control. 

In the   first case,  we  shall   consider a physical  system whose 

state  is described by a  functional equation of the form 

(1) iff . F(x),    x(0)  = c. 

Here    x    is an N-dimensional  vector and    F(x)     is a functional 

of    x(t).     The problem is then that of determining the behavior 

of    x(t)    over all  time.    This field contains the classical 

theory of differential  equations,  and,  as we  shall see,  much 

mo re. 

Subsequently,  we  shall  define what we mean by a control 

process  in more precise   fashion.    Meanwhile,   let us think of a 

process of this nature as one  in which we  alter the  structure 

of the  system  In various ways  In order to  obtain a more 

desirable  behavior of the  system over time. 

Within the category  of descriptive processes,  we shall 

make  further splittings   Into  deterministic  and  stochastic, 

linear and nonlinear,  and   finally,   low-  and high-dimensional. 

It   is not hard  to believe that we could  devote a paper of 
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thls size and more to any one of these subdlvlsiono. Conse- 

quently, If we appear to skin» and dart or to stroll In seven 

league boots,  we hope that  the  reader will forgive us. 

2.    Differential Equations 

Let  us begin with the  traditional subject of differential 

equations.    Let    x    be an N-dimensional vector determined by 

the vector differential equation 

(i) a^r - g(x),   x(o) - c. 

The basic challenge Is that of predicting the behavior of x(t) 

as t Increases. This is the classical descriptive process. 

For some reasons which we shal] enter Into below this la a 

never—ending challenge which in all probability will never be 

completely answered. However, for reasons which we shall also 

describe below. It may be a challenge to which we may not wish 

to respond. 

In the following sections, we shall discuss linear and 

nonlinear differential equations, analytic and computational 

aspects, deterministic and stochastic versions, and, finally, 

some aspects of the curse of dimensionality. 

j.  Linear Differential Equations—Analytic Aspects 

The benavior of the solution cf a differential equation is 

quite readily determined when we possess some explicit repre- 

sentation such at. sln^jt + $)     or J0(t},  or even a contour 

integral such as 
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(1) u(t:   «/'   ezt-z dz. 

In general, differential equations  Introduce new functions 

which cannot be represented In terras  of the familiar trans- 

cendents of Whlttacker and Watson. 

As simple an equation as the  second order linear 

differential equation 

(2) a" + a(t)u - 0, 

cannot  be Integrated  In terms of quadratures and the  usual 

functions of mathematical physics when    a(t)    Is a general 

funct'.on;  cf.   [1] .     Furthermore,  even  If    a(t)    has a quite 

simple  form,  there  Is no guarantee  that the solutions  will 

possess any simple  structure.    Thus  the equation 

(.5) u" -»■  (a + b cos  t)u ■ 0, 

the Mathleu equation,  presents many  Ititrlcacles of analysis, 

and essentially has  a theory of its own. 

It follows  that new techniques must be devised to enable 

us  to derive  information concerning the nature of the solution 

directly from the properties of the coefficients,  without  the 

intervention uf explicit  analytic   solutions.    An enormous 

amount of effort has  been expended  in  this  activity,   stimulated 

by  the  classical  Sturro-Liouville problems  of mathematical 

physics,  and by  the  newer Schrodinger equation;  see   [2],   |jj , 

for many  references . 
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The study of linear systems is of particular importance in 

conjunction with stability analysis,   [2] .    Leaving aside the 

case  of constant coefficients,  by no means a trivial case as we 

shall see bolow,  the next two most important types of linear 

equations  to consider are  those with periodic coefficients  and 

those with almost-periodic  coefficients. 

Let us discuss these equrtions quite briefly.    For the 

case of periodic coefficients,  the result of Ploquet yields a 

foothold which can occasionally be further exploited.    Given 

the  equation 

(*) ^-A(t)x, 

where A(t) is periodic, say of period 1, the aforementioned 

result asserts that every solution of (^t) has the form 

(5)      x-eBtp(t), 

where vitj    is a periodic vector with period 1 and B is a 

constant matrix. This is an existence theorem which of Itself 

furnishes no information as to the nature of B. 

Any results beyond this are come by hard. For an 

extensive survey of results and techniques, see P*] . Let us 

make one remark in this connection.  Suppose that A(t)  is not 

only singly-periodic in the real variable t,  but doubly- 

periodic as a function of the complex variable t.  In this 

case, one can theoretically obtain an explicit representation 

for x in terms of doubly—periodic functions. This result of 

Hermite, t>] , has not been exploited.  It seems reasonable to 
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suppose that  a good deal of information concerning tne Mathieu 

functions and related functions can be obtained using tne fact 

tnat tne Jacobian elliptic functions reduce to tne usual  sine 

and cosine as  the .-nodulus approaches zero. 

For the  case of almost-periodic coefficients,  the situa- 

tion is very discouraging, despite  tne determined endeavors of 

a number of mathematicians.    A  little known paper by Shtokalo, 

[6] , contains some interesting results which seem capable of 

extension, but apart from this there are few leads.     It would 

seem that the class of almost-periodic  functions  is  too wide a 

class, and that  one must restrict  the  coefficients to some 

class intermediate between this and the tamer class of periodic 

functions. 

U.     Nonlinear Differential Equations 

Whatever the difficulties  are  in  the linear case,  they 

fade before  the  frightening aspects of nonlinearity.    When 

treating a linear equation,  we  enter the lists armed with the 

fact that the manifold of solutions is a linear space of  finite 

dimension,  the dimension of the system.    When dealing with non- 

linear equations,  we possess no such advantage.     In  the absence 

of additivity,   the superposition principle,  the standard 

methods of analysis  become  inoperative. 

New techniques must be employed. One is the idea of a 

regular solution, a solution finite for t > t0. This very 

simple and  fruitful   idea,  introduced by Boral;  and developed 



P-1802 
^-23-59 

-6- 

by Llndelof, Hardy,  and Fowler  (see   [2j   for results and 

references),  enables us to  study  In great detail the behavior 

of  Important claaseß  of solutions of polynomial equations of 

the  form 

(1) g(u,u',t:   - 0, 

and 

(2) u"  - h[\xt\i' ,c). 

In particular,  equations of the  Bnden—Powler type, 

(3) u"  +  Ab  - 0, 

can be  Intensively  analysed. 

Another Is  the  topcloglcal  approach of Polncare which we 

shall discuss   oelow. 

3.     Nonlinear Differential  Equations—Qeometrlc  Aspects 

To  Polncare  is  due  the  elegant  Idea of using fundamental 

topologlcal  properties  of curves  and  vector  fields  to  study  the 

properties  of  solutions  of  nonxlnear   differential  equations. 

An exce^xent exposition of these iatas is given in [yj . 

Consider the  equation 

(1. u"  - «(u,u'), 

and the graph of a solution In the phase—plane, the  (UjU* ;— 

plane. 
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u'i 

-cr> u 

As polntea out oy Polncare, the particular solutions which 

enable us to sift and sort the diverse kinds of solutions of 

(1J are the periodic solutions, which in the phase plane 

represent closed curves. Assuming, as Is true In the most 

Interesting cases, that solutions of (1  are uniquely specified 

by values of u and u'  at some time  t0, we see that the 

graphs of solutions In th^ phase plane cannot Intersect each 

otner. 

Upon this simple fact hinges the success of the topologlcal 

analysis of th^ solutlone of fl-.  As sorp as we turn to the 

studv of fourth order ^ystema 

(2 U^  ; « g(U,u' ,\XKd' ,\JiKJ'  ], 

or to the study of twc coupled equations 

l^) u (2 g^u' ,\i ,v< ), 

v ^   » h ; u , u ' , v , v M , 
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a more natural situation, the situation changes radically. 

In four-dimensional phase space, solutions can loop, 

intertwine and knot in the most intricate and abandoned 

fashion.  Such is the degree of complexity encountered in the 

study of general curves and surfaces in four-dimensional space 

that far from expecting topologicax results in this area to 

contribute to the study of the particular class of curves and 

surfaces generated by differential equations, one should 

expect the contributions to flow in the other direction. 

6.  Discussion 

Little is known about  the behavior of solutions of systems 

of the form of (6.3/, and the prospects are not encouraging for 

the immediate future.  Despite intensive research over the last 

twenty years, no breakthroughs of any significance have been 

made. 

Sometime in the future, as has often happened in the past, 

a theory started from a quite different origin may reach a 

summit from which we shall be able to look down and perceive a 

number of paths to peaKa which are from our view buried in 

clouds.  Mere likely, we may never reach such a vantage point. 

This lack of mathematical ability may affect our technological 

development to the degree that other techniques based upon 

different mathematical models will be developed. The problems 

we have mentioned concerning linear and nonlinear differential 

equations may ultimately be relegated to the mathematical limbo 

that contains so many problems of live interest in the eighteenth 



P-lb02 
9-23-59 

-11- 

and nineteenth centuries. 

If the present deadlock continues,  we will be forced to 

the reluctant conclusion that  the classical  vein of 

differential  equations  Is played out.    Fortunately,  the modem 

theory of control processes provides  a natural continuation 

with unlimited regions for research at the moment. 

This  Is  another example of the  by now fairly widely 

recognized fact that pure mathematics without the constant 

stimulation  and enlargement by  the pnyslcal world faces  the 

drec'r prospects of sterility and decadence. 

7»    Nonlinear Differential Equations—Computational Aspects 

The Inadequacy of our analytic  techniques in the face of 

nonllnearlty,  and perhaps even  the non-existence of such 

techniques,  compels  us  to  focus the  greater part of our 

attention upon the  computational solution of differential 

equations. 

Here,  we  face  the problems of  feasibility,  accuracy and 

stability.    The overall  question  Is  that of adapting an analytic 

algorithm such as  successive approximations  to the task of 

supplying numerical  answers  to numerical  questions. 

An enormous  amount of  research,   and mathematical  experi- 

mentation,   is  required  In  this  area.     It must be  realized that 

significant  computational  advances  can only be consequences of 

significant  analytic  advances.    The  two go hand—ln-hand,  with 

one acting as  an  incentive  to  the other. 

Let us discuss  briefly two of the new techniques  developed 
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over the last few years.    One  la  the  concept of quasilineariza- 

tion ,   [8],   [9] ,   ana the otner Is  tnat of aequentlal 

computation,   (1C^ . 

To Indicate  the  basic  idea of quaslilncarlzatlon,   let us 

consider the problem of solving the two point  boundary—value 

problem 

(1) u" + g(u)  - 0. 

u(0}  - u(a)   - 0. 

Let us suppose that a Is small enough so that there Is a 

unique solution, and that g(u) possesses a second derivative. 

Let u0 be an initial approximation, and let the 

sequence fu >, u - 1,2,...,  be generated by means of the 
L n j 

equation 

(2) S; + S(»W > (un-*We'^n-l) -0' 

tn(0) - un{a) - 0. 

It can be shown that with tnla method of successive approxima- 

tions that the convergence Is quadratic, I.e., 

2n |u — un_. | - 0(6  ),  rather than geometric,  |u - urj_1 I ■ 0(6 ), 

and. In some cases, that It Is also monotonlc. For details, 

see  [9] . 

Thla method has also been applied successfully to different 

types of partial differential equatloiiJ ; see \ß] t   [ilj. 

The concept of sequential coraputatlop Is related to the 

existing theory of computation In the very i^ame way that 



P-1802 
9-23-59 

-13- 

se^uential anal/sie compares to statistical  theory prior to 

Wald.    At  the present  time,  when  consiierlrig an equation such 

do 

(3) 
du ̂ - g(u^    u(0)  - c, 

we generally use a discrete version such as 

u  , — u , 
/1, «       n-f l   n—1    /  , 

TK 

where    u    » uinZi).    if,  over certain portions of the t—interval, 

the  function    u(tj    exhibits too wild a behavior,  e.g.. 

u 

\ 

we decrease the grid size over this Interval. This is usually 

done in an a posteriori fashion.  By this we mean that first 

we run through the solution with a grid size A»  and then 

begin to worry if we observe a behavior such as that shown 

above. 

What would be much more efficient would be to have a 

computational technique which automatically adapts itself to 

the behavior of the solution that is being computed. One way 

of doing this would be to make L    dependent upon the slope and 
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relation such as (4), we would have two relations such as 

(5)     Vl~U^i.8(Uni, u   o, 
u n 

^n - h(un'urwl'un-2)- 

For some further details, see [l^ . 

TYiis is merely one aspect of the general concept of 

adaptive algorithms rather than fixed algorithms.  The area is 

almost completely unexplored. 

d.  Linear Differentia^ Equations—Dimensionality Difficulties 

Leaving for the moment the rocky region of nonlinearity, 

let us discuss a major problem associated with linear 

differential equations. 

Suppose that we have reduced   the problem with which we 

are concerned to that of determining the solution of the linear 

differential equation 

(1)      ^ - Ax,  x(0) - c, 

where A  is a constant matrix.  If the dimension of  x is 

moderate, say ten or twenty, we c^n consider the solution to 

be routine.  If the dimension is large, say several hundred or 

a thousand, then we have dimensionality difficulties. 

There are now several different techniques that we can 

employ to replace a direct method of solution based upon the 

explicit analytic representation. 
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In the first place, we can examine the original problem 

and see whether or not It can be reformulated In auch a way as 

to lend Itself to a computational solution In term* of vectors 

of considerably lower dimension.  In a number of cases, this 

can be done, see [12], [1.2, [i^\ .    Now that we are seriously 

beginning to consider systems of quite high dimension, it is 

essential that the mathematical models employed in the past 

for systems of low dimension be systematically examined from 

the standpoint of computational and analytic convenience.  We 

shall return to this matter below. 

The  basic idea is that of reducing a process of high 

dimension by a sequence of processes of low dimension.  This 

is the basic Idea of dynamic programming, (l3 , and is the 

essence of a new method due tc Kron, the method of "tearing/1 

whicn seems to have very interesting possibilitiesi see Roth, [li^ . 

Along similar lines are the relaxation methods of 

Southwell, and the "flooding method" of Boldyreff, Jfl .  Much 

remains to be done to make these techniques generally applicable 

and efficient. One has the feeling that mathematicians have 

really understood the nature of the processes with which we deal 

on the whole so clumsily, the analytic and computational algor- 

ithms will consist of very simple operations, the proof of whose 

efficacy will depend upon quite sophisticated concepts.  At the 

present time, we largely depend upon very complex operations 

resting upon very rudimentary concepts. 
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9. Ttie  Inverse  Problem 

So  far we have  assumed  tnat  the equation   Is  given and  that 

It  Is  reqjlred to determine  the  behavior of  the  oclutlon  over 

time.     In many situations,   the   reverse  is  the  case.    Given  the 

behavior over time of  a  vector     x(t;,     it  is  required to deter- 

mine  the possible equations  which can produce  this  behavior. 

This problem has  been  intensively  investigated  in 

connection with Sturm-Llouviile  equatlcna,   (see   [1^,   [191*   and 

is  closely connected with  the   ''black box"  problem we shall 

discuss  subsequently. 

10. Time-lags   and Htire^i : tary  Effects 

We meet   all   ^:e  foregoing problems   xna some   additional 

ones   If  we  take   Into  account  delay,   time—Idgs,   retardation^, 

and hereditär*:/  effects   In  genor*!. 

The   simplest  equations   arising  Ir   this   way   are  the 

dlffeivntiai-dirrerencf  equations,   which have   the   form 

(r ^ - gU(t;.x(t - ^ ,,...,K(t - rm;). 

The  appropriate  inltiai  condition  Is  n^w an   Interval  condition 

(2; x(t, - h(t;,   0 < t < rm • 

In  many   casea,  mure  complicated  e^uatl^nj   are  necessary 

to  describe   the  at.at'?  of   tne  syntem,   *:'qua*.icnB  such  as 
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(^)      3Y - g(x(t;, /?tk (t.a x(aM3...., /^k (t,six(8)da;i. 
-<£) —oc 

The mo3t Intereatlng cf those nv*'   tne  ^erj^wai equatiunb 

(^      x(t) » g(t) -»-./}t k(t-3 x{a 'da, 

arising In the theory cf queues, counters, in the theor^ of 

branching processes, and In prediction theory. 

FJV  a Jlscusylon of equations vf tills nature, cee [2^ , [21] 

11.  stochastic Processes 

It should be recognized Initially that the formulation of 

a physical process In deterministic or stochastic terms Is a 

matter of mathematical convenience rather- than a consequence 

or the intrinsic structure of the process.  Let us, however, 

bypass the really deep problems connected with the advantages 

or disadvantages of one formulation or another, and instead 

indicate .jme o: the many new and challenging problems that 

arise once we have agreed to describe the behavior or a circuit 

in terms of differential equations with stochastic elements. 

We shall consider only ordinary differential equations, 

although the corresponding proolems fcr partial differential 

equations are of great importance In other parts of mathe- 

matical physics, e.g., turbuience theory. 

Let us consider four particular proolems. It would be as 

easy to present forty proolems, since the field is practically 

unexplored.  A certain amount of effort has oecn devoted to 
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the   study  of the   linear equation 

(i) L(u)  -  r(t), 

where     L    Is a determlnl8tlc  operator and     r( t)     Is  a  random 

function.     The  results   that  are obtained  and  techniques  that 

are employed are  rather straightforward,   and  thus not parti- 

cularly  challenging.     Far more Interesting  is   -he situation 

In which  the operator Itself has a  stochastic  structure. 

Questions of this  type   arise  In the  consideration of circuits 

with  unreliable  elements,   or in the  study  of circuits  subject 

to  external   Influences  of  incompletely  known  type which affect 

the  structure of the circuit.     For an interesting discussion 

of  results obtained  to  date  for the case of  linear differential 

operators,   see  !?2j,  where  many   further  references will  be 

found. 

In order to Illustrate some of the difficulties in the 

study of this problem, let us consider perhaps the slgipleot 

version,   that  of a   linear difference operator. 

The  equation we wish  to  study   is 

(2) x(n   ,   1)   =   U(n;x(n), 

where     x(n)     Is  an  N-dlmenslonai   vector- and     ^(n)     is an    N   X-  N 

random matrix.     It   is  sufficient   to  consider  the  simplest  case 

where   the      "(nj     are  Inuependent   random matrices. 

It   Is not  dl '   '.cult   to  obtain  analytic   expressions   Cor  the 

moments  of  the components  of    x(n),     using  the  technique of 
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Kronecker products of matrices,   see  lyjj,   [^j»   [^^ •     The   fact 

that  Kronecker products of rr.atrlcea  bypass  ihe dlfflcuitles 

Vndlced  oy  noncomnutatlvlty  of matrices h^.s  not  been  aul fl- 

clently  exploited   in  the  study of   linear stochastic   systems 

of this nature. 

Furthermore,   there  Is   little  dliTlculty  In extending these 

results  to  the  caje  wher»»  the     -(n)     are correlated  in  some 

Markovlan  fashion,   and  In passing  to   the  limit  and obtaining 

corresponding results  for  Linear differential  equations, 

although  no  results  of this  type  have  been published. 

what   Is  reai ly   difficult   Is  a  more  precise determination 

of  the  asymptotic   behavior.     We expect  the  solutions  to 

exhibit  exponential   Dehavlor,  and   the moments  that  are  obtained 

Illustrate  this.      It   follows  that   It   is  the moments  of the 

lOHjarlthm of  the   comronents  that  yield  mort  detailed   informa- 

tion.     For example,   we would   like   to  be  able  to   find   the 

asymptotic  behavior of 

(3) Exp(log  x1(n))K 

as     n —♦ co .     Here     x,(n)     Is  the   first   component  of     x(n). 

Although   some  small   steps   in  this   direction have  been  taker, 

see   [2^J,   no  satisfactory  methods  or  results  exist  at   the 

moment. 

For our second  problem,   let   us   turn  to  the  oomparl son cf 

discrete  and  continuous  versions  of  stochastic  processes. 

Parenthetically,   let   us observe  that   it   is often  felt   that   the 

discrete  version  of a process  Is  an   approximation  Introduced 
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either for computational purposes, as when we replace di ffer-

ential ~quations by d1 f f e ren.:e ec1uattons, or for conceptual 

s1mpltcity . Tt l s worth ~mphastztng the fact hat the reverse 

may well be true, and ce r t atnly s t ru in a number of ~on rol 

processes. The actua l proces will often be discrete, but a 

continuous process w1l be used some trne s for analyt1c conven-

ience, but more o f ten by very force of t r ad tlon . I f one takes 

i nto account the fact that the solution wl 1 ultimately be ob­

tained by means o f a digi tal omputer 1 then there may be a loss 

of efficiency, anJ even e rro r , n troduced by conversion o f a 

discre te process into a oont nuous process for the sake o f 

analysi , and t h n by reconvers on to a di screte process for 

the sake of com ut at on . The fact that t he original discrete 

process and the n l d s c rete p ro e s s may well be di f ferent 

processes c n o te use g r ief . On th other hand, th i s may 

be an advan age . We do no wt sh t o make any rig d s ta tement 

con ern ng the ad · s bility or i nadvisability of one procedure 

or another. 'n'hat we do wi sh to emphasize i s that it is 

essential to be aware o these mat ters, so that one can follow 

the pro edure which s most dvantageous i n any part i cul ar 

process. 

It is part cularly 1 portan o be cogn zant of these 

facts a the present me since the digi tal computer has intro-

duced a f1 ex i ity nto o rmulatton and solution of mathemati-

cal pro l ema whi ch \~as certa i nly not p esent even as recently 

as en y ars ago. 
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;Mnce we  Know   that   i he  same  physical   process  cari  oe   t'ormu- 

^ated   In many  fli ITerent   fashions,   discrete  or contlnuoua, 

deterrnl nl stlc  or  stochaatlc,   and   so  on,   It   Is essential   that   we 

,<now   the   relations   between  these  dl'ierent   formulations.      In 

particular,   It   Is  essential  that  different   formuiatlons  yield 

the  same  numbers.      Perhaps even  more   Important  would  be  a 

knowledge  of when   tney   do  not,   slncp   this  would  be   a most 

valuable  clue  concerning  the  true  nature  of the  process. 

For the case of deterministic processes, a great deal Is 

known concerning the relation between discrete and continuous 

versions.     For exanple,   given  the  differential   equation 

(^ ^      g(x),     x(0)   ~  c, 

and   the  discrete   approximation 

(3) x     ,   -  x     =  g(x   ):,,     xr    -   c, w; n*i n       ^n*       0 * 

wne'e     x    =   x(n^),     quite  simple  conditions  Imposed  upon    g(x) 

guarantee  that     x(nA)  —♦ x(t)     as     \  —*     ,     nA —» t. 

Essentially,   these   art   the  same  conditions  that  ensure   '.xlat- 

ence  and uniqueness  of   solution or  {**),   although many 

refinements  exist.     "or  specific   results  and   further  reterences, 

see   l?\,   [26]. 

For the case J: stochastic processes, this problem seems 

not to have been studied at all. A question of some Interest 

Is the following: -.Tiat Is the relation between the solutions 

of  the   two  equations 
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(^) x'(i)   =  g(x(t ),r(l   \     x(r: ^ 

and 

(, ; x     ,  - x     "- g(x  ,r  Vi,     x v    ' n»1 n       ^n'n ' c. 

(x     =  x(nA/,   r     =   ^(rlA,|},     where     r(l)     Is  a  random  function 

with  a  given  distribution?     I!"    r( t)     la  unlfonnly  bounded, 

there   Is  no  difficulty   In  applying   the   usual  methods.     The 

Interesting case   la   that  where     r( t)     Is  unbounded. 

Let  us  turn  back   to   the  "black   box"   problem.     Given a 

linear operator,     L,     such as a   linear differential  operator, 

ve  can  characterize   It   in  simple   tashlon   by  examining  the 

Kolutions ""  the   Inhomo^eneoua  equation 

(d) _(ui      e1"'1 

as    '.>    ranges  over a  se'.   of   values.     .Vhat   does one  do   t'or a 

nonlinear different! »i.  operator"     This   Is  a problem which  has 

been  studied   to   some  extent,   see   [^j,   1^4 • 

!s   11  true  that  nonlinear operators  are more  appropriately 

studied  oy  means  o!"  stochastic   forcing  terms  than  by  means   of 

deterministic  ones.     For example,   Jhouid  one use  the equation 

O N(u)   ^   r(t) 

where     r(t>i     is a  random   function  with an  appropriate  distri- 

bution,   rather than  an equation of  the   form 
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or an equation with  another type o:' deterministic   1'orclng term? 

Closely   reiated  to  this  problem  Is  the   Mmi  prooiem we 

wish  to p^se.     The   Importance  o!'  the  Gaussian distribution  lies 

In   Its   relative   Invarlance  under a   linear transformation.     By 

this we  mean  that   If    x    and    y     are   both Gaussian,   then 

x   ♦  y     Is  Gaussian.     Another way  01   looking at  this  Is   that  the 

linear transformation 

(i 1) T (x)  = x  +-  r 

Is a particularly simple one to study when r is Gaussian. 

Viewed In this way, the natural question to ask Is:  //hat 

class of distributions should be used when we study more 

general nonlinear transformations of the form 

(12)     T(x) - g(xfr) 

Furthermore,   wnat   type of  limiting distributions  should  oe 

expected  when  the   transformation   Is   1 tented  repeatedly" 

"hese   questions  seem of  great   difficulty.      It   may   well   be 

that  the  way   to  approach  them  Is   to   do  some  mathematical   experi- 

mentation with digital  computers,   using particular types of 

simple   transformations anJ  ranJom  variables.     rvork  of   this type 

has been carried  out   My   ntein  and  Ulim at   JOS  Alamos,   but not 

put11 shod  as   yet. 
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CONTROL  PROCESSED ^.J 

1.     Control   Froceasea 

Let  us now   leave  the  realm of descriptive processes  and 

turn  to  the  study  of  control  processes.     There  Is   little  point 

at,   the present   time.   In  view ot"  the  many  dllTerent  uses  of 

these words  In  rriany  diverse   fields.   In  attempting  to  make 

precise what   Is  meant  by  the  term   "control  process."     Let  ua 

simply  and  Intuitively  say  that  we  wish  to use  it   to  describe 

any  physical  process   in which  the original  behavior ol"  the 

system la  influenced   In  some  way   in order to   force   It   to 

operate  in a  more  desirable   fashion. 

A priori,   It   mighL  be  Imagined   that   the  study  of  control 

processes   is  more  complex  than  that  of  descriptive  processes. 

To  some extent,   this   Is true.     On  the other hand,   the  addi- 

tional   information   fum'shed  by   the   requirement  that  we  exert 

control   In a most  efficient     ishlon orten yields  a  considerable 

s1mpl!ficat! un.      Tt   Is generally   the  case  that  optimal   policies 

are   simpler  than  obvious   feasible  policies,  once  their  true 

nature   Is   understood. 

It   may   very   we.;   be   the   case   that   our excursion   Into   this 

more  difficult   '"leid  w 1 .. i   ultimately  yield  the   vantage  points 

required  to   reaoive   some of  the   truiy   obdurate  problems   in  the 

theory of  descriptive   procesües. 

In any  case,   the   theory  of  control  processes  is   replete 

w'th   rasclnai". ng,   challenging mathematical  problems of  the 

«jtmost   significance   to  contemporary   society.     What  more   can a 

mathematician  asK" 
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2.     Variatlonal   Analysis 

Cnce  again beginning In  a  traditional  way,   let us consider 

the  following analytic  version  of a  feedback   control process. 

Consider a  physical   system     3    whose  atate  at   time     t     Is des- 

cribed  by   the   vector    x(t)     which  satisfies  a  differential 

equation 

(0 $ - g(x,y),     x(0)   = c. 

Here    y   =  y(t)     Is  the  control   vector which   is  to   be  chosen  so 

as  to  minimize   the   functional 

(?) J(x.y^  =/;T hU.y)dG(t). 
^C 

I'  dG(t) - g(t)dt,  we have a variatlonal problem of the usual 

cype.  If Q(t) \Q a  step-functIon with a single Jump at  Tf 

we have the problem o0 mlnlndzlng 

(i)      J(x,y) = h(x(T),y(T)). 

a  tern! na I   cont rol   problem.      In  many  ca8<»3,   w^?  have a combina- 

tion   of  both   types. 

.vhen   these problems  ar^  at-proached  oy   the  clasalcal  methods 

o;-  the  calcuiua  of variations,   they   lead  to  nonlinear 

difVrentlal   oquat'ons  of  dimension double   the  dimension of    x, 

with  two-point   boundary   conditions.     These  problems are analy- 

tically  Intractable and   require  a great  deal   of effort and good 

fortune   If a  reliable  numerical   nsult  Is  desired. 

A new  approach   to  questions of this  nature  along the   ^Ines 
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of dynamic   programndng,   '10 ,    13 ,   permlls  some  advances  to  be 

made.     However,   for problems  of even moderate  dimension any 

routine  application of these   techniques also   runs   Into acute 

computational  difficulties. 

We  can conelder the  problem of obtaining   feasible algor- 

ithms  for the computational   solution of realistic   feedback 

cortroi  processes  to  be one  of  the  challenging and  important 

fields  of   research  in  the  immediate   future.     Whatever the 

methods   in  use  now,   better ones  are needed. 

tie  shall   have more  to  say on  the  subject  below. 

3. Constraints 

To   turn  the  screw a   lltt'e   tighter,   Jet  us  point  out   that 

in many   significant   situations,   / *»  dc  not  have  complete   free- 

dom  in  a  choice  of    y.     The   slmpleat   and most  natural   type of 

constraint   is one of the   :'<-rr 

(0 I yr   ^ m,,     i   =   1,2,. ..,N,     0 ^  t  ^ T. 

There  Is  now considerable  difficulty   In  applying  varlatlor.al 

analysis,   and  even  the  most   simply  posed  analytic   problems 
f    .     r    - 

possess  obstaciea  In  the  ^ath  of  their solution;   sec   [10.,   .^j. 

It  would  tie  exiremeiy   valuable  to have  available  the 

complete  solution  to  certain  prototype problems.     For example, 

consider  the  prof lern of nln'mlzing  the functional 

(2) J(x,y)   */T  [(x,Hx)   -   (y,Cy)]dO(t) 
c0       i J 

over al i.     y     where 
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(i) ^f - ^ ^ y,    x(o) - c, 

arid     y      Is  subject   to   (i,1.      .'ai  Ihls   pi\jol«*n  be  compleLely 

reoo x ved" 

4.     Bang-oang Control 

A  very  important   type  oi   problem thiat  arises  Is  itany 

areas   Is   that of  '"orclng a  system back  to  an  equilibrium 

position   In a minimum  time.     A great   deax  of effort  has  been 

devoted   to  the  study  of  linear systems,   such  as  that  of  (3-3), 

with  constraints of  the   form of  (3-0»   and  the prob] em has 

been   fairly well  tamed;   see   [3Q,     3^,   where   further  references 

may   be   found. 

For  nonlinear systems  of small   dimension,   the  functional 

equation  technique  of  dynamic programming may  be employed,   see 

[3lj.     For nonlinear  systems  of moderate  or high dimension,   no 

techniques exist   for either analytic  or  computational   solution 

at  present. 

Problems of  this   type   ar^  actually   only   particular cases 

of  varlational  problems    if   Imj   Iclt  nature.     These  are 

characterized by  the  property  that   the   form or  the  criterion 

function   Itself depends  upon  the  policy   th"»t   is pursued. 

For example,   ^n  place  of a  fixed   functional  or  the   form 

(i ) J(y)   -l/
) '   h(x,y )dt, 

we  may   envisage  one  of   the   'orm 
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(2) J(y)  ./^^'^  h(x,y)dt 

"Bang-Ljng"  contpoi   corresponds  to    h(x,y)   =   I,     which means 

that     J(y)     measures  the  duration of  the  process. 

'j.     "uccesslve  Approximation 

The  standard analytic   technique   for circumventing and 

overcoming  the usual   Intractable  aspects of  the  equations  of 

anaiysla   Is   the method  of  successive  approximations.     Although 

this  method  has  been applied with perseverance  and  success  to 

the   study  of  descriptive  processes,   for  some   reason or another 

little  has  been done with   '. t   In  the  study  of control  processes. 

From  the  very  nature  of  the   feedback  control   process,   one 

would  suppose  that   successive  approximations  would be  Ideally 

suited   to   the   study   of   these  processes. 

Let   us   then base  our method of successive approximations 

around  this   fact.     . tartlng with  some  Initial  approximation  to 

0 0 a policy,     y",     and  an   approximation  to   the   state  vector,     x   , 

let   us   replace    J{y^     by   Its  expansion arovuid  these   functions 

x       and     y'.     In  this  waj,   retaining only   terms  up  to and 

Including  the  second  decree,   we  obtain a  new   functional  which 

Is quadratic   In    x     and    y.     llmliarly,   let   us  expand  the 
Q Q 

function    g(x,y)    around   the  point    x   ,y   ,     retaining only 

terms  up   to   the   first  degree.     in  this  way   the  describing 

^iuatlons  are   linearized. 

.'oivlng  this approximate   varlatlonal   problem  In analytic 
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1 t erms, we obt ain a new po li cy vector, y , and a new state 
1 vec t or x . This p rocess can now be continued. We now face 

t he usual prob l ems concerni ng convergence, rate of convergence, 

convergence t o a re l at ive i ns tead o f abso l ute extremum, and so 

on. 

Th~ re a re a numbe r o f other ways i n whi ch t he concept of 

success! ve approximations can be appli ed; see [9 ] , 10] , [32] , 

(15. A qui t e di ffe rent app roach wil l be descri bed be l ow. 

6. Approxima tion to Functions 

Let us cont i nue on t his theme o f dimensionality. We have 

been forced to thi nk o f various types of approximations because 

o f t he impossibility of dealing with functions of a large 

number of dimens i ons i n any direct fashi on. Because of the 

limited fast memory of present-day digi tal comput-ers, and of 

any that we can cont emp l a t e in the i mmediate future, we must 

renounce any routi ne approach based upon the tabulation o f 

functi ons o f say t en vari ables over the gridpoi nta o f a ten-

dimens ona l regi on. 

I nstead, 1 we a r e dea l ing wi th smooth func t ions, we can 

cont emplate a more anal ytic description in terms o f po l ynomials 

o r in t erms of orthonormal expansions. These l a tter are 

pre ferable s nee they u ~wtl ly o . H s u e r 1 · c r w ergence 

J'Op e rt i e e. 

If we use an approximation o f the form 

N 
( 1 ) u (s, t) o ~ a v (s)v ( t) 

m n-o m,n m n , 
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over the unit square, we require N(N + 1)/ 2 coef fi cients to 

determtne the function u(s,t ). If we tabulate the values of 

the ~w.c t lon a t t c; Gr dp">1nt-.s (k6, .f6 ), we require 1/62 

values. As we increase the dlmension of the function u, the 

number o f gridpoints goes up exponentially, while the number 

of coe ffi cients required to determine the function to the same 

degree of accuracy by m~ans of an approximation o f the form in 

(1 ) goes up at a much s 1ower rate--provided , of course, that 

the function i s smoo t h. In many i mportant applications, this 

will be the case. 

It is important to note that this type of approximation 

can be used not only ~n the study of control processes, but 

in the ~tudy of descriptive processes as well. A brief 

discussion o f a particular control process treated in this 

fashion wi ll be found i n[ ~ . 

1. Stochastic Control 

As soon as we turn to the subject of stochastic control 

proc e sses , we fa Je ~.. h pr h em o f trr>i'\ lng va ria tiona l 

quest i ons involving stochastic functionals and stochast i c 

di fferent i a l equat i ons. 

The functional equation technique of dy~c prograrnmdng, 

m], ~~], can be readi l y applied to treat these new types of 

ana lytic problems. Aa a mat er of fact, the treatment i s 

abs trac 1y aimllar to that of determ1n11t1o control prooeases. 

There are, however, a large number of naathemat1cal 

quest i on• 1n this field which have neither been precisely 
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i.sked nor precisely   answered.     Oenerally,  we wHJit a   rigorous 

formulation  o:'   Lh-j  ju'oüi^m o;'  mlntnislng  the   r'unci'onal 

'   .- 1 
(1) J(y)   - :-:xp ^' 1  e(x.y,r)dt 

where     x     arid     y     ire  nonnecled   by  means of a   stochastic 

di fferent lai   equal. 1 on 

Here     '■,,.xp     represents  the  expected  vaiue  taken with   regard  to 
r 

the   random  eiementa. 

As us^ai,   It   would  bf  worthwhile   to  begin with   to   consider 

the  case o:   quadratic   t'linctionais   subject  to   linear describing 

equations,   since,   as mentioned  above,   these ca.i  be   used  as  the 

point  ot  departure   ;'or successive   approxlavat lona. 

It would aiso  tie useful   to  treat   the   "bang-bang'   control 

problem unuer   the  aasiunptlon  that   ehe  describing equation  's 

i 1 near, 

ana  **'  wsh   It.    mini n!/e   mr   expected   t'. ;r,e   to   j;ei   to   the  origin. 
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We have briefly discussed descriptive and control aspects 

of deterministic and stochastic processes. In the main, the 

mathematical questions that we have asked have been easy to 

pose, but di f ficult to answer. This is rather typical of 

c l assical analysis. In the next two parts of the paper, we 

wi sh to depart from the well-charted roads and follow some 

brambly trai l s. Our a i m 1a to discuss some parts of nonlinear 

c i rcuit analysis whi ch g ve rise not onl y to questions which 

are di f ficult to answer, but di f icult even to ask. As a 

matter of fact, to know what to ask and how to ask it is to be 

far a l ong the pat h t o a solut i on. 

Basi cally, we wi sh to consider c l asses of problema which 

are not well-de f ined accordi ng to conventional tenets. One 

way o f fo rmu at ng prob l ems o f thi s nature precisely e 

fu rni shed by t he theo ry o f games, [3s], [36], either single-stage 

or mult i- s t age, l5J . e shal l utili ze the mult i -stage aspect 

to prov de ano t her fo~u lation. I t must be emphas zed that 

t here i s no de fi ni tive way o f handl ing these new types o f 

prob l ems at t he present time, and it is extreme l y unl i kely 

t ha t t he re eve r will be. 

The processes we wish to discuss are those in which we 

l ack certai n essent i al information whi ch was given to us in 

our study o f determini stic and stochastic processes. This 

i n fo rmation can be obtai ned, bi t by bit, as the process un-
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folds. Not only mus t we make dec isions on the basis o f the 

information we po ssess, · bu t we mus t make decisions as to what 

i n formation we wish to possess. Processes o f this nature, we 

call "adaptive processes. " ccasiona l y, the term "learning 

process" is empl oyed. 

In some of these processes, it may be senseless to speak 

about "optimal po licies, " but quite sensible to talk about 

feasible or efficient policies; cr., for example, (37 ). 

2. Unknown Distributions 

Rather t han continue n t hese vague, foreboding terms, 

let us consider a stochastic control process governed by the 

equation 

where {rn} is a sequence of random variables with an unknown 

distribution. 

~Vh t do we mean by an opt i mal control policy in a situa­

tion like this? One way out s t o employ the theory of games, 

under t he assumption that some malevalent influence is 

choosing the unknown distribution. This is unduly pessimistic, 

and, in any case, eliminates the possibility or our learning 

about the dis t rioution of rn as the process continues. 

The question that f aces us now ia that of formulating th11 

l earning process in mathematical terms. We can proceed' in 

various ways: 
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(2) (a) ~e can record the past history of the process, 

{xk,rk 1' k • 1, ... ,- M, and use this data ,o 

predict the distribution o f r
0

, and so on. 

(b) e can use an a priori distribution for r 0 , 

dG(r), and use a f ixed rule to modi f y dG(r) 

on the bas i s of observation of r 0 or x1 • 

(c ) We can use an a priori distribution dG(r,a), 

dependent on a f nite set of parameters, a j , 

and use a f xed rule to modify a on the 

basis of observation o f or 

and so on, and so on. 

Not only do we face t he task o f justifying a choice of 

one mode l or another, but granted any particular formulation, 

we must endure formidable mathematical difficulties in our 

at empts t o use these mathematical models to obtain numerical 

answers to numerica l prob l ems. In some cases, the functional 

equat i on t e hnique o f dynamic programming can be utilized; see 

r 10 , 38
1 

I ~3~ I [4~ . For an interesting appl ication to pre-
i l 

dic t ion theory, see .,41 • 

3. Turni ng the Screw Again 

1-/hatever the di ficul ties raised by the foregoing, we can 

compound them by supposing 

(1 ) (a) t hat the form of g in (2.1) la not known. 

(b) that neither the form of g nor the dlmen-

sion o f is known. 



(c) that the criterion for determining an optimal 

policy i s not precisely known. 

(d) that the durat i on of the process 1a not 

known. 

P- 1 . 2 
:/ - 23-:>9 

-35-

The domain o the new theory of adaptive processes con-

s1sts of prob l ems of th s nature, and contains some other 

t roglodytes wht h we shal l dig out be ow. Some of these 

questions are discussed in [1~. 
It seems reasonab_e to expect t hat these totally ne 

t ypes of problems will require new methods and new concepts. 

One might surm13e t hat t he emphasis will be more upon polici es 

and less upon unct ons , and ~ore upon approximation n po l icy 

space, t han in mani pulat i on with func t i ons and f unctionals. 



THE CURSE OF DIMENSIONALITY 

l. Introduction 

P-1802 
9-23-59 

-36-

Examining the various problems that we have skimmed over, 

lamenting al l t he whi l e, it i s c l ear t hat the conceptual, 

analy t ic and computationa features become enormously more 

complex whenever the di mensi on of the system S becomes large. 

This is an examp l e o f t he metaphysical axiom t hat a signifi-

cant a i f f erence i n quantity constitutes a dif ference in 

qua l i t y. 

In t his conc l udi ng section, we wish t o touch lightly upon 

some new techni ques that have baen proposed in recent years to 

treat various problema invol vi ng l arge numbers o f state vari­

ables, va s t accumulat i ons o f data, and lack o f basic 

information. 

To our mind, this f ie l d is the most challenging of all 

the new areas that have opened up over the last ten years. 

It is well suited for the young research scientist since it 

requi res new, origina l and daring ideas with no apparent pay-

o ff for erudi t i on or experience. I f anything, saturation with 

o l d i deas is a handi cap . 

Finally, the fundament a l nature o f t hese problema makes 

every contributi on a contribution to a half a dozen fields at 

t he same t i me. 

2. Too Much Dat a 

Much of our previou~ di acueeion has centered upon the 

di f fi cu l ties encountered in the study of processes which are 
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incomp l etely descri bed from the c ase i cal point of vi ew. It 

s important then to note that in treating processes of high 

dimension, involving large quantities of data, complete infor­

mation is as much o f a handicap as a scarcity of information. 

As a ma~ter o f fact, the two problema are intimately re l ated, 

as we shall now explain. 

I n using i n formation, we must take into account the 

problems involved in storing it, in retrieving it when desired, 

i n using it in an e fficien~ fashion, and, finally, in reckon-

i ng wi th the cost o f using the information, and the time 

i nvolved. Ideally, the last two should be part of the question 

o f e fficient use. 

It is clear that i n many cases thi s means that we will 

not have the time to examine all the data. Consequently, we 

will be in t he position o f rejecting information, ~nich means 

that we are back i n the situation o f incomplete information. 

The general problem of recognizing, evaluating and ator-

ing information is one o the major problema in current 

science, and one o f the major problema o f our civil zation. 

It woul d be important to construct various mathemat i cal mode l e 

whi ch s t udy the rejection o f large quantit i es of informat i on. 

A combinat i on o the t heories o f mathemati cal statistics and 

di fferential equat i ons may yield some useful results. We 

shal l discuss a particular model o f this type below. 

3. Ana l ogy 

What we have mentioned above opens up an interesting 
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channel of investigation. This is the idea of proceeding by 

analogy. To some, use o this idea is implicit in the studies 

of stochastic and adaptive systems which we have mentioned 

above. Let us now attempt to examine the idea in more detail . 

Faced with the prospect o f utilizing a physical system S 

of such complexity that we cannot employ the actual equations 

describi ng the state o f the system, or in ignorance of these 

equations, we construct another system s• , described by 

f ewer state variab l es and simpler equations, and use this 

system as the basis of our decisions. 

It is, of course1 necessary from time to time to check 

the conclusions based upon s• with results obtained f rom 

observation o f S, and to make changes either in the conclu­

sions or in the structure of s • on the basis of this 

comparison. It i s we ll to point out that this comparison may 

not be as easy to ef fect as might be expected a priori, since 

the interpretation of the observation of S may itself depend 

upon the art i icial system S 1 which we t t.ve constructed. 

It is very possi ble that the human brain operates in some 

fashion as that desc ribed above. The problem that we wish to 

pose is: "How do ,..,e construct mat hew.at i cal models of processes 

carried out in this fa shion?" 

4. The Techniques o f Box 

It is appropriate i n this context to mention the intere­

st ing and e ffective methods proposed by Box and his colleagues, 

[~~, [43), [44]. One of the problems that he tackles is that of 
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controll ing a chemical engineeri ng p roce ss where the prec i se 

chemical and phys1cal interact ions are not known. 

5. The Teari1!& Technique o f Kron 

Another new and promis i ng technique is that put forth 1 ~ 

recent yeare by Kron, [4~, ~46].. [4~. He provides systematic 

t echniques for decompo sing a comp l ex system into a set o f 

systema o f simp l er type. 

6. Sequen i a l Search 

Fi na lly , let us mention the att mpts in recent years to 

tac kl e in some di rect fashion the p rob l em o f de t ermini ng the 

maximum or minimum o r a function o f a l arge number of variab l es. 

F0r the reasons whi ch we have p reviously di sc ussed it is clear-

ly impossible to accompli sh thi s i n any simple enumerative way. 

For the case o f functions of one variable, some very e l e­

gant results exist, see [48], 49], [so]. For functions o f two or 

more variabl es, optimal polic i es s eem qui te difficu l t to obtai n, 

and it i s reasonab l e to suppose that s mple sub-optimal policies 

would be as e f f ic i ent in practice. However, even these seem 

hard to f i nd. 

7. Routing and Switching 

We have avoided al l discussion of t he very interesting 

combi natoria l quest i ons t hat arise i n the study of optimal 

routing in communi cation and tr&vel networks. The reader con-

cerned with these fi e l ds may wi sh to refer to the expository 

papers ~1], [52), where many add1 t1onal references can be found. 
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