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SUMMARY

i

This study examines the thebfs that a part of the human
physiological system can be simulated by a suitably constructed
mathematical model. The model employed derives from a clao; of
mathematical programming methods that were originally developed
for representing complex military and industrial activities and
have recently been used to represent 1nvol§ed chemical
equilibria.

‘ The motivation for this research is the long-range view
that a successful mathemaéical simulation of the human system
or of human subsystems would provide an important tool tor‘
biological 1nveat1gations.. A sufficiently complex mathematical
model—that is, a model that embodies sufficient chemical and
biological detall to represent a whole, functioning human system
or subsystem—could be used to explore biological hypotheses,
environmental stregs reactions, and interplay of dependent
subsystems, and could serve as a pedagogical tool or even as an
ald to medical diagnosis, .

Of course, the foregoing long-range view is an ultimqte
goal. PFor the moment, only the techniques, concepts, and
characteristics of such a mathenatical model are being explored.

This paper presents the results of a simulation of the
external respiratory function. 'Re|p1}ation, and the consequent

‘gas exchanges at the lung surfa es, involves many chemical

reactions and a transformation . f venous blood into arterial blood.

This activity was chosen as a te: st case to explore the feasibility

of constructing a mathematical » >del of a human subsystem,
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Basing their work on the known physiological and chemical
aspects of this subsystem, the authors have constructed a.
mathematical model that, when solved, ylelds values describing
the major phonomena of the subsystem. The values of some thirty
different molecular species as determined by the model are in
excellent agreement with observed values.

In the present form of the model, emﬁhaaio was placed on
the chemistry and thermodynamics of the subsystem rather than
on the physical dynamics, such as flow and mixing. These time--
" phased phenownena are expressed only implicitly at this stage.

In spite of these and other approxiaations, this exercise appears
to demonstrate that the mathematical art is now capable of
representing such systems having large and complex sets of
functionally interrelated variables, and that there is reason

to be optimistic about the possibilities of representing other

more complicated human subsystems and interconnecting them.
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FOREWORD

Traditionally, the Doctor of Medicine has been trained
first in the basic sciences of anatomy, biochemistry,
physiology, pathology, and pharmacology. Subsequently, in his
clinical years he has been trained to integrate and relate the
knowledge obtained in these basic sciences of medicine as tﬁey
apply to the individual patient. |

Since the turn of the century, the accumulation of
knowledge — not only in the clinical fields but also in the
basic sciences — has become so vast that there has neces-
sarily developed a fragmentation into many spgcialties and
subspecialties.

The human body may be considered in one aspect as per--
haps the most complax chemical factory ever devised. It is a
dynamic chemical factory in which there are no absolute
values. The recent introduction of isotope “technigues into
medicine has re—emphasized the dynamic state of the human
body. |

Recognizing the dangers inherent in oversimplification,
we might nevertheless say that in medicine we are dealing
functionally with highly comp: 2x systems of oxidation-reduction
reactions and with control mecnanisms affecting the varying
rates of these reac?ions. Of :he hundreds of parameters
measured in medicine, we are, .n fact, measuring indices of

rates of conversions at a givca time, The avallability of
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energy to control these rate: may be a criti:al factor in such
normal processes as growth and aging — and in the variations
from these normal pro:esses, which we may view as diseased
statecs or pathological conditions.

New approaches must be undertaken to assist in viewing
the human body as a whole. These approaches must be applicable
to the integration and evaluation of information and of a very
large number of parameters that have been accumulated but not
necessarily interrelated in the hundreds of speclal flelds 1in
which research has been undertaken in the study of the human
body.

It now appears feasible to use advanced techniques of

mathematical programming and computers as one means of gaining

greater insight into the over—all complexities of the functioning

of the human body in relation to its anatomical structure. The

present trial study has demonstrated the feasibility of this

approach as applied to oxygen utilization.

Crawford F. Sams, M.D., Research Physician,
Institute of Engineering Research
University of California
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I. THE QENERAL OBJECTIVE

The only way of real advance in biology lies in

taking as our starting point, not the separated

parts of an organism and its environment, but the

whole organism in its actual relaticn to environ—

ment, and defining the parts and activities in

this whnole in terms implying thelir existing re—

lationships to the other parts and activities. —

J. B. S. Haldane

Haldane's rormulation(l) of the prerequisite for
important advances in blology was made by that eminent British
biologist thirty-seven years ago. Until very recently, 1its
implementation had seemed well beyond the capabilities of
human accomplishment. This is not to imply that blologists,
physiologists, and medical researchers have failed to davelop
a knowledge of the micromechanisms of the reactions occurring
in the separated parts of organisms. On the contrary, these
scientists, working in many countries, have amassed a re-
markable amount of data relating to reactions occurring in
organisms and parts of organisms ranging from the single cell
to complicatead multifunctioning organs of the human system.
The problem of interrelating and synthesizing these multitudes
of dependent reactions into entire systems or even into sub—
systems representative of the osrganism has, howevei', remained
unsolved.

The diagnosticlan has res  rted to intuition in attempting
to synthesize in his mind the -<esults of tests of isolated

functions in terms of the subs stem of particular interest.



Physiologlists have had no suitable means for relating a new
understanding of the functioning of a part of an organism to
larger parts or to the system as a whole. Chemists developing
new drugs have been handicapped in obtaining an appreciation
of the possible cffects and side effects of these drugs in
vivo.

The coming nuclear and space age presents an especlally
difficult challenge to the blological sciences and to the
medical arts. The stresses that may be placed on organisms-by
the completely new and stringent environments assocliated with
these technologies are largely unknown. An understanding of
the effects of these environments on the whole organism,
especially on the human system, will be difficult and slow 1if
not impossible to obtain within the present state of the
biological arts and sciences. This is partly because of our
lack of knowledge of individual biological phenomena and
partly because of the present lack of a technique aliowlng
the integration of a very large number of environmental
effects, which may operate primarily through a part, on the
whole system. We shall not try to decide in advance which

lack 1s more important. Hocwever, mathematical techniques and

computing facilities are now becoming avallable for integrating

increasingly complicated se%s of components. It 1s felt that
these techniques should be jpushed to the biological or mathe—
matical 1imit — whichever ‘'omes first — in the hope of

constructing mathematical m dels for increasingly large



portions of the human system.

The idea of building mathematical models of blological
systems 18, of course, not new. Many investigators have
explored the possibilities in the past and the field is
attracting increasing attention at present. The names of
Lotka, Rashevsky, Henderson, Michaelis among others come to
mind as early investigators who proposed mathematical models
of biological systems or who ploneered in the quantification
of parts of such systems. Present interest in ‘e subject 1is

attested by the devaotion of two complete issues of Reviews of

Modern Physics (January and April 1959) to papers dealing with

the quantification of biological -—ocesses. Welnrauch and
Hetherington have recently reviewed the increasing activity 1n
the application of electronic computers to the study of

blological problems. (J.A.M.A. January 17, 1959 pp. 120-125.)

P-1811
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II. ON THE PEASISILITY OF A MATHEMATICAL
MODEL OF THE HUMAN SYSTENM

In considering the for:zsoing situation, the authorq
bellevad that the 4ifficult blolioglcal prolem cf relating the
pacrts to the wholz2, and the whele to tie =:nvironmment, night be
well served by employing some of the newer mathematical pro-
grzrming technigues that have been applied succeasfully in
reprecentiang other systeme of comparable complexity and number
~I' components. Thus, linear and nonlineay programalng mnadels
have been successfully constructed to schedule the activities
of vzst industrial 2nd military enterprisss,

The general approach 1z to view the collection »f orpgans
of the body — the heart, lungs, liver, skin, arterioes, velns,
:tce ~— 28 &n Interrelated 2nd interdependent physicel set of
cubsystems ca-h of which performs & wellad:fined function or
z.:tlvity such as the pumping activity of the heart, .Por a
p=rticuler oprgan, the level of a2ctivity must be consistent .
wlth certain‘lgpgzi from ot er organs and mst not exceed the
ziven capaclty of tne organ - for example, the pumping 2c=
tivity of the heart !¢ limit:d by its physical =sizc and the
£valladility of oxyzen to e .rt museles, and also by the
volume ¢f dlood zvzllable fr m the veins. The result of a
clven level of zctlvity 48 ¢ rtain outputs t- other organs.

If 1t wer: val'd to 2 me that = change in the :otivity :
level of an organ recalts ir a proportion:l changs in its ine

puts and outputc, tl:on the r :sultine mathematicz’ model wou d

- p-1811
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be of the pure linear—programming type. It 1s immediately
evident, however, that gross functions such as the respiratory
function or the liver functlion do not remotely satlufy the
condition of proportional inputs and outputs. Indeed, these
systems can function under an almost endless varlety of
complicated inputs producing a correspondingly complicated
variety of outputs. Nevertheless, 1f we broaden our definl-
tion of activity to in:clude the forming of various chemical
species within some gross functlon, then these more elementary
functions in most respects satisfy such an assumption of
proportionali%y, the well—known chemical iaw of combining
proportions. 1In other respects, these elementary functions
are quite different. Thus the amounts of various sabstancec
formed when vencus blood and air come in contact through the
alveolar surfaces of the lungs must also satisfy known laws
for chemical equilibria. In other cases, such as blood
circulation, basic relat:onships drawn from the sclence of
hydrodynam}cs play an important role.

Thus a human-sy.tem model, while pousesslng many
characteristi~s of those used successfully to program human
group activitie:, has othner characteristi~s that result in
a more complex structure. One aspect of the mathematlcal

system 1is clear. It nust involve many verlables, representing
levels of activity of cer-ain organs and rates of flow of

many substances, and thes ' must satlisfy 2 large number of



equations and inequalities expressing the limitations of
capacity and availability from other organs and sources.

It 18 the authors' belief that the successful development
of mathematical models capable of handling such a multitude of
variables, and especially the more recent mating of these
types of models with chemical thermodynamics, provide en-—
couragement that the complexities of physiology may be amenable
to mathematical representation and solution.

Developing a complete and {ntegrated human—system’
representation ic q-ite a large order. In the first place,
the size of medical libraries alone attests tc the large
voelume of speclal caces that such a model wou1§ be required in
come sense to Lnterpret. One might nevertheless argue that,
with luck and several years of e?tgpt by a large number of
qualified specialists, 1t miéﬁf'be possible to handle the task
1f 1t were not for one outstanding fact — the great gaps in
our knowledge of the human system. To cite one obvlious .
example, we know the brain plays a major role in the control
of the physical pro:esses of the bodf, but‘the axact func-—-
tional relationships that define the control can at best only
be hypothesized.

How then can one presume to bulld 2 mathematical model of
the whole human system? Tie only way of doing this 18, as 1in
=11 sclence, through the c mbined use of fact and hypothe:zis,
Thus, in arceas wher: the u.derlying mechanicm !5 unknowh, it

18 generally true that eitner X's or Y's hypothesis

P-1811
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can be used to fill the gap. Incorporation of a

hypothesis into the model may provide a useful way of testing
the hypothesis by comparing observations made under a varicty
. of conditions with those predicted by the model under simllar
conditions.

It is the opinion of the authors that a mathematical
model of the human system can be buillt largely on the func-—
tional relationships derived from basic physical and chiemical
laws. Such a model is not limited by the range of cmpirical
observational data. Rather, the mathematical system permits
the exploration of wide ranges of situations that may repre-—
sent extremes of environmental or pathological conditions.
Even 1f at first the results of such mathematical explourations
frequently do not correspond to reality, much useful knowl-
edge can be obtained in determining the rcasons for tie lack
of correspondence, .

The remainder of this paper describes the results of .
applying these tcchniques to the human respiratory system.
Other human subsystems should .10 be amenable to representa—
tion by the techniques describted. Possibly in ascending order
of difficulty, these might be the following:

Total metabolic syst'2m, inc.uding digestion,
nutrition, and excr tory functions.

Synthesis, storage, and conversion system, ln—
cluding functions o the liver, blood-forming
tissue, and muscles

Hormonal regulatory system.



Central and peripheral nervous system.
Mechano—sleletal response system.
It 1s quite possible, of course, that — as the research
results unfold — this ordering may be ‘hanged or different
groupings of components may prove more cxpedient.

It 1s not known whether the simultaneous operation of
models of several human subsystems in detail would be beyond
the capabilities of currently avallable computing machinery.
If each should turn out to be no bigger than the respiratory
model, there would be no problem. This, however, secms un—
likely. Nevertheless, because of some unique characteristics
of the chemical sy-tems represented, and their thermodynamics,
and the flexibility of the model, it appears to be possihle
to employ some tricks that may allow an'interesting number of
subsystems to be operated concurrently with present equipment.
Moreover, in many cases the additive qualities of the
chemistry can permit parts or all of 2 subsystem to be aggre—
gated, and yet allow the essential relationships with the
rest of the subsystem or with other subsystems to be main-—-
tained. This phenomenon is something like looking at the
human system with a microscope. A small fleld that 1is
being examined can be seen 1n great detail, whilg the rest of

the system, still operatin-, 1s involved only grossly.

P-1811
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III. A REVIEW OFP THE PHYSIOLOGY AND CHEMISTRY
OF THE EXTERNAL RESPIRATORY SYSTEM

To confirm the belief that complex physiological systems
can be represented b& mathematical programming techniques, the
authors selected one important subsystem of the human oréanlsm——
the external respirztory system—as an exercise.* This sub-
system includes the functions of breathing, the transfer of
gases to and from the blood, the complex oxygen and carbon-
dioxide transport in the arterial and venous hlood, the
reactions between blood plasma and red cells, the reactions
within the red cells, the transfer of oxygen and carbon dloxide
with the body tissues, and the flow of blood through heart
action. An important reason for selecting this subsystem for
mathematical study 1s that it has been extenslvely 1nvestlgéted

and a large amount of quantitative data are avallable for

validating a model.

Pigure 1 illustrates in a schematic fashion the gross
physiologi:al aspects of the external respiratory system in
man. The ultimate purpose of this system 1s to provide cxygen
from the atmosphere to cvidize carbonaceous food, thereby
generating heat and supplying energy for performing work, and
to return to the atmosphere the CO, (2nd some of the.water)

that 1s formed by the.ie reactions occurring in the cells of

*Mhe internal recp ratory system relates to the n-otabolle
processes occurring at -he cellular level. These proc sses
are not represented exyp lcitly in the.provent exerclse.
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body tissues. The excr.age of gases between the Ylooa ind tne
external atmospnere tales place 1in tne lungs Ly transter 2Cross
the extremely *thin walls of the capillaries and the pulmonary

alveoll.
The air passages to and from these exchange membranes

include the nasal cavities, the pharynx, larynx, trachea,
bronchi, and b}onchioles. The lung tissue proper contains

an immense number of irregularly shaped alr spaces, called
alveolar sacs. The terminal twigs of the bronchial tree open
into these alveolar sacs; sec Pig. 2. The number of pulmonary
alveoll in the lungs of man has been estimated at 7.° x 10 8.
The tremendous surface area presented by the alveoll for gas
exchange results in close—=to—equilibrium conditions between
arteriel blood and sac—gas composition except under transient
stress conditions.

The lungs play a passive role in inspiration and expira—
tion. Their change in volume during this cycle 1is brought
about through change in the capacity of the thoraclc cavity.
The change in capacity of this cavity is caused by the descent
and ascent of the diaphragm, and by the movement of the rib
cage.

Only about one-half liter, or one~tenth of the total air -
capacity of the lungs, 13 inspired and c¢xpired during ordinary
quiet breathing. This 1 called the tidal air. Even after
the most forceful expira‘’ion, from 1000 to 1500 cc of air

remains in the lungs. Th space enclosed by the bronchi,
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Fig.2—Diagrammatic refresentation of a respiratory unit (Ref. 2)
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bronchioles, trachea, larynx, pharynx, and nasal cavities 1s
called the dead-oir spac:. It has a capacity of about 150 cc.
The air in the ailr csacs 1s termed the alveolar alir. Various
teciiniques have been developed for measuring or eustimating the
composition of this sac air, which 1s in equilibrium with
arterial blood and which 1s different from tie cxternalf
atmosphere.

The foregoing characteristics of the lungs, especlally
the small tidal volume in respect to total -~apacity and in
respect to the large residual volume, permit the lungs to
accomplish the remarkable function cof damping out the large
fluctuations of sac—eir composition thuet otherwlse, during
the intermittent inspiration—-expiration cycle, would sublject
the flowing blood to large surges of oxygen (and alternately of
carbon dioxide). To & first approximation, this ldhg charac—
terlstic permits the breathing mechanisms to be reprecented
a3 2 large volume of uir of sac composition in equilibirium
with the blood,

Actually, the breathing mechznism and change: of alr
~omposition from atmosphare to lung sac are quite zomple: In
detail. The blood glves off carbon dioxide (and ususzlly
water) to the lung sacs and plc! 3 up oxygen. Thus, the alr
leaving the sacs is of a differen compocition from the in-—
coming air. On top of this chang , there are other factors

such as diffusion, nixing, the d- d—alr space, the alternate



inspiration—expiration cycle, and the blood-=flow rate that
all affect the composition of sac alir in relation to atmoa-
pheric air.

One's breathlng rate can be controlled voluntarily within
l1imits, but it 1s essentlially an involur tary act controlled
automatically by the rhythmical discharge of impulses from a
group of nerve cells in the medulla oblongata of the braln.
This respiration’center 1s influenced largely by changes of
carbon~dioxide concentration in the blood. Changes in oxygen
concentration can also influence.the breathing rate, but this
i3 thought to be an indirect in?luence through chemoreceptors
lying close to the heart. These chemoreceptors alsc appear
to be 1nt1uenccd ;1th1n llm%ts by hydrogen—ion and carbon-—
dioxide concentration, in additfon to affecting heart—-action
and blood—flow rates and iﬁdireztly influencing breathing.

The gaseous exchanges betwecen the blood and the tissues
are the reverse of those talsing place 1in the lungs. The
oxygen concentration 1s }pwer and the carbon-dioxide concen—
tration is higher !{n the_tissues than in arterial blood.
Therefore, in passing through théﬁsystemic caplillaries, the
blood glves up oxygen and absorbs carbon dioxide. The compo-—
sition of the blood recturning to the lungs varie:, depending
6n the part of the body it hac served. There 13 also some
admixture of arterial blood «'th the venous as 1t enters the

lungs. As a result, the blc d entering the lungs — which s

P-1811
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called mixed-venous blood — 1is higher in oxygan and lower in
carbon dioxide than the most degraded venous blood, such as
that coming from an extremity and sampled there.

The chemical phenomena of the external resplratory system
in which we are especially interested may be represented sche-
matically as in Pig. “. Here the system is considered nc
consisting of three coﬁpartments, corresponding to tte luny
sacs, the blood plasma, and the red blood cells. FPFollowing
first the path of oxygen from the lung sacs, we note that in—
asmuch as the concentration of oxygen dissolved in mixed-
venous plasma 1s lower than that dictated by the partlal
prescure of oxygen in the lung sacs, oxygen transfers from tle
sacs to plasma, increasing 1lts concent  :tion there and in red-
cell solution. This lncreased oxygen concentration causes
tne reduced hoemoglobin in the red cells to comblne with oxygen
until a new equilibrium 13 reached at the higher cxygen con—
centration. Hemoglobin accounts for the large percentage of
oxygen carried by the blood; however, as 18 2180 truc o’
carbon dioxide, 1ts solution in plasna and.red cells gserves
as the important pathway in and out of the blood.

Conversely to the case of oxygr:, the concentration of
carbon dioxide {3 higher in mixed—venous plasma than that dic-—
tated by the partial pressure of carjson dioxide in the lung
sacs, 80 carbon dioxide transfers fr m the plasma to the .sacs
until a new equilibrium 1s reached at a lower carbon-dloxide

concentration. But carbon dlioxide 1: stored by the blood in
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Fig. 3—Chemical aspects of the external respiratory system (Ref 3)
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both plasma and red cells largely as bicarbenate ion (aad in
assoclation with reduced hemoglobin in the carbamino form).

As the carbon-dioxide concentration is reduced, the bicarbonate-
ion concentration is also reduced., Thls reaction in the red
cells is catalyzed by the enzyme carbonic anhydrase. As the
ticarbonate concentration in the red cells decreases, an im-
portant reaction called the '"chloride shift" takes place
across the cell membrane; in this reaction, bicarbonate 1lon
from the plesma transfers to the red cells, and chloride 1on
from the red cells transfers to the plasma. The reverse of
this shift occurs at the tissues when carbon-dioxide concen—
tration increas;s in the blood. Here, bicarbonate icn formed
in the red cells shifts to the plasma and chlorldc ion shifts
to the red c~lls. This shift results in an increase in the
carbon—-dioxide carrying power of thec blood. The remarkable
fon—selective characteristics of the red—ell membrane and the
resulting Gibbs—Donnan equilibrium rmake this Important shif't
possible.

As mentioned, carbon dioxide is also carrlied by hemo—
globin. Thic hemoglobin—-linked carbon dioxide, wnile repre—
senting only a small part of the to'al rarried by the blood,
provides a significant part of the ‘:arbon dioxide transferrcd
from tissues to lung sacs.

The physioclogy and the chemist y of the c¢xternal respira-—

tory system are, of course, much mo: = complex 1In detall than



L ]
could possidbly be indicated in this brief description.

L]
This introduction, however, should provide the baclgrounc
necessary for an understanding of the mathematical represen—
tation of the more ilmportant features of this system.

®An excellent detalled description of the external res-
piratory system 1s contained in Ref. 4.

P-1811
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IV. A MATHEMATICAL MCDEL OF THE CHEMISTRY
OF THE EXTERNAL RESPIRATORY SYSTEM

DESCRIPTION OF THE MODEL

From the physiological data available and the working of
the respiratory system as outlined above in Sec. III, a
mathematical model was set up to represent the more important
of the known interrelated physiological functions and chemical
" reactions involved !n the human respiratory system. Actually,
two models were formulated. Model I uses a simplified concept
of the hemoglobin molecule, but otherwise is sufficiently
detalled for the present purpose. Model II, described in
Appendix D, is based on Linus Pauling's theory of the complex
hemoglobin molecular structure.

Figure 4, which 1s a schematic 1llustration of the
external respiratory system, demonstrates the relationship of
the inputs and outputs of the mathematical model to the actual
system. The a‘s and v's in the figure refer to the input
"elements" coming tc the lungs in unit time from mixed—venous
blood and from the air. The x's refer to the resulting
numerous molecular species in the arterlal blo;d and in the
air of the lung sacs as determine: by the solution of the
mathematical model. At the prese L stage, the cell outputs
are introduced into the model in 'a2rms of the composition of

the mixed-venous blood.
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Model I was constructed to provide an accounting of the
mass of all of the "elements" involved. The concentration of
each of the molecular specles (dissolved compounds, gases,
ions) was established in terms of its mole fraction. Since
the equilibrium constants for the many reactions were avall-—
able, 1t was possible to interrelate, within the gmodel, the
mutual effects of changes in concentration of any of the
species. Murther, from the equilibrium constants and mole
fractions, it was possible, on the assumption of ideal solu-
tion behavior in the dilute sclutions involved, to establish
the thermodynamics of the system within the model.

Some previous studies at FAND(S) provided = technlque for
the introduction of these energetics of the system into tne
computationzl model in an efficient manner. This nethod muies
use of the Gilbbs' chemical-potential concept with the
minimizatlion of total potertial energy of the systerm defining
equilibriuri, rather than use of the equilibirum conat:ntis and
thelr more conventionzl relation to free enerzy. The two
concepts are mathematically equivalent. In the {irst part of
Apperdlx A, the 1nterestec reader will find & rebiew of the
basic chemiczl and thermodynamic concepts emploved in the
present Jdevelooment.

The model constructed to represent this system 1s shnown in
Table 1. Briefly, the input ¢z .z of the model consist of
given quantities of tne "elemen s" of mixea-venous blocu and

air, shown on the lef't in the t ovle. The output data are tne
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evaluations of the quant.'.tie':.fJ reprzsenting the amounts of
vartous molecular species found in three compartments rep—
resenting lung-sac air, blood plasma, and red ~e'ls. The
numbers appearing in the various columns for the indlvidunl
molecular species char&étdrize the specles and are therefore
independent of their quantity. In greater d=tz!l, the mode!
consists of the following portions:

1. An "Input Scction" consisting of given amounts v,
of essential "elements" "1" of the blood corresponding tc
typical mixed—venous blood valuecs (measured in moles), plus
amounts a, of fresh air "elements™ "1," giving total inputs
b, = 2, + v,. (Por simple chemical reactions, the "z2loment:
could be defined as the atomic types composing the molecular
species. It was more convenient for the present application
to compose the various possible molzcular specles appoaring
in blood from z set of "elements" consisting of eltler atoms
or "groups of atoms in fi:ed proportions," such as H* or

OH.)
2. Compartment I, labei.- 1 "Air Out,” with zolumns

corresponding to differeant sp--i2s of lung—=tac gase: In
equilibrium with tie arterial plasma and red zells,

3. Compartment II, labe =d "Arterial Plasma," with
columi.s vorresponding to chem! al speciec appropriate to the
arterial plasma. When the moc 2l i: "solved," the corresponding
values are the equilibrium amc ints (in moles) of the species

in lung sacs, plasma, and red :ells.

a3
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L, Compartment III, lab-led "Red Cells," with czolumns
7orresponding to chemizal specles contalned in red cell:.. As
noted earlier, Mod:l I use® a simplified structure. A more
zomplete theory 1c contained in Model II; se» Appendix D,

The mathematical prcblem for Model I 1z tie fcllowing:

For glven values b, (1 ® 1, 2, ooy 12), anl Por the
detached coefficient values a, . given in Table 1, do—
termine equ‘librium amounts », (J = 1, Z, ..., 30), and

minimum frce 2nergy 2z definea by

Z = % Xy [c1+ln(xj/71)] + Ii xJ [cJ+2n(xj/YII)]

- I%I %y [é5+1n(xj/xxxx)] ;

where = denotes the sum over all species J in compart-
ment kk(k = T, 1%, op TiL) Sy 1s proportional to the

free energy per mole of the jth speciles, ik - i Xy is
the total moles in compartment kX, and ln means natural

logarithm, subject to the constraints

xJ 2 0 (J = 1, 2, cc0p 30)’

30
b, = Z ay 4%y (2 +1, 85.5... 3205

J=1

Thus, the computationzl proble - as~presehted in the model
1s to determine the amounts of each of the chemical species

present in the lung sacs, in arteri: 1 plasma, and in red cells

at equilibrium,
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In the past, the determination of equilibrium compo—
sitions of such large chemical systems invelved computation2l
problems that have bren tedious and time—consuming; they have
often been "solved" by assuming certain specles to be dominant
in the final solution.(e)(7) In recent yeurs, however,
severel conceptual and computational developments plus the
avallability of large electronic computing mzchines have mad:
it feasible to attempt the solution of such large—scale
problems repeatedly, and under any desired variation of the
basic inputs into the system.(%)

THE FREE-ENEROY FUNCTION

The method here used for solving the system is described
in detall in Ref., 5. It consists of the direct ndnimization of
the nonlinear free-energy function sutject to certain linear
constraints instead of the usuil nonlinear equilibirum :
equations that exprese the mass-action laws, Mathematically,
the free energy F(X) of & mixture of n crhemical species

relative to some standard state containing xJ moles of the J-th

species can be expressed as

n -—
(%) = J:_ x,P, , (1)

e —

where X » (xl, Xnp eeey xn) is the sétAof mole numbers,

’1'represents the free energy p » mole of the Jj=th species

’

at the given temperature and cor :entratica, x,/ x; theze are

defined by Bial
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4 :
F,=RT (c +1nl), (2)
i X

=t n

X w2 X, (2)
y
7°

cy ﬁ% +InP, (%)

P = prassure in atmospheres,

T = abcolute temperature Kelvin,

R = the gas constant,

»° .

P, = frec energy per mole cf the

e

J=th specle: in 1ts standard
state.

(Por specles in liquié state, the pressure term 1ln P defining
cJ is omitted for P's near atmospheric; znd for pure specles
in the solid state, both this term and the temm 1n(xJ/ X) ere
dropped.)
_ Where there are ceveral compartments instead of one, ss
in the model, 1t 15 ne -'ssary to modify the free—energy
=quation so that concentr:tion is defined seporately for each
compartment. The neces=szry change in P(Y) i sl'own in the
foregoing formulation of the mathematical probvlem for Model I,
Real gase: and solutlons deo not conform, over the :ntire
range of composition and of pressvre, tc the 1des) situation
described by these equations. To retain the advantages of
the simple form of the equztions, 1t has been expedient to
define a thermodynamic function ¢ :1led activity, aJ, which 1s

proportional to concentration in w0le fraction:



: x
TRAE .
The constant of proporticnelity, ¥y» called the activity

coefficient, approaches 1 as xJ/ X tend:c to 0. In this dis-

cussion, mole fraction xJ/ X 1s used instead of activity 2y
with the understanding that an approximation Lz thereby intro-
duced. The use of mole fraction instead of activity in the
present model with the very dilute so’utlons &nd low preoiure
involved does not appear tc introduvce serious =rror.

The free—energy function is thus defined, cnce the
numerical values of the °5 are determined for the varlous
species. In the case of complex mixtures of gaces, extensive
tables are availadle (s=2e, 2.g., Ref. &) containing the fr:e
anergy values !3/(RT) for a large number of chemlcal specles
and over a large temperature range. Unfortunately, these dnta
do not include the values for many of the chemical specles
present in physlological systems. There are, however, <qul-
librium constants availadble in tne literature for most of the
important reactions cccurring in the :xternal resplirator:
system.

Appendix A ém:scrides in d=tall the ~:nver;10n af the
equilibrium constants to the ¢, values «hown in Table 1.

v

Whenever possible, data wer2 drawn fror bacl: physiczl chemieal

tables rather-than physiological sources tc ensure thelr

applicability under various coriitions deviating from those

of normal individusls.

P-1811
o7



THE MASS—BALANCE AND CHARGE CONSTRAINTS

The determination of the equilibrium composition is
equivalent to finding the nonnegative set of values xJ that
minimizes P(X) as defined by (1) above subject tc several
sets of linear constraints. The first of these are tne mass—
bzlance constraints,

n
351 8y Xy = by £ '), 2, sves e (5)
where there are m different types of "elepents”; ay indicates
the number of units of element 1 in a molecular siécies J,
and b1 is the total number of elcment weights of element &
pres2ant in the original inputs. The values of the aij are the
entries in the column below each species in Table 1.
Chemically this is equivalent to stating that the mass of the
numerous chemical species must be in balance with those of
the inputs. Por example, the first mass-balance aquation can
be obtained from Table 1 by multiplying the unknowns xJ by
the corresponding entries in the "O?" row to yleld

In addition tc the mass-balance constraints of the mcdel,
there 1s one e2xpressed by the "charge" row, which indicates
the eonservation of electrical clarge. It s necessary to
introduce this into the nodel to account for the remarkable
ion=selective characteristics of <he membrane separating the

plasma and red c211s. The formu aticn of this set of

P-1811
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constreints inmplies the @Gibbs-Donnan equilibrium that occurs
with such ion-selective membranes; it also provides for the
so—called "chloride shitt" that occurs through this membrune.

This constraint may be formulated in the present conte -t as

I; Z, Xy = 0, (5)

where zJ. the constant appearing in the charge row, 1s the
net number of positive or negative charges present per unit
of the charged species. The summation extends over all

species in Compartment II.

In the operations of the model so far, the assumption has

been made that there is no net charge difference fn the input
venous blood, and the charged input "elements" were carefully
balanced in accordance with this assumption. If, as is shown
in Table 1, one of the compartments with ions contains the
constraint that all charges in the compartment sum toc zero,
and if the input charges sum tc zero, it 1s easy to show that
the mass=balance =2quations imply the =lectrical neutrality of
the other two compartments. Since the first compartment con-
tains only electrically neutral <pecies, (€) implies that all
compartments are electrically neutral., Besides providing for
the pepresentation of the (Gibbs-Donnan equilibrium acrcss the
cell membrane and the resulting c iloride shift, the charge
equation could be used as a means for forcing other compo—
sitional changes between ~ompartrw--nte when the charge

difference is not :z2ro.

P-1811



Some Jjudgment =2ntercd into the cholce of the appropriate
input "element:" und prcesible product specles present in
blcod. As for the 'atter, those wer: selectea to ylold = falr
representaition of tle inmportant ~hemical phenomena that have
been observaed 1n the extern:! respiratory syv.tem. Experience
l.aza shown that the moc¢l {l1lustrated in Table 1 1s obout the
smallest matrix in teris of rows, columns, and compartments
required to repreient thez: mora2 important phenomenu.

There ar¢ alco many possible cholces of "elements”" to be
ured to form the molec.lar specles. The one s:lected herc
happens to be minimum in nuwnber (notlce that thefe are the
game nuwnber of vectorally dependent :olumns as ther are
regtricting equations). The selection wus also made 5o th-t
ther~ was a physical 'nterpretztion, in terms of nonover—
lapping groups of atoms, thet permitted obvious simple whele-

nunber conblnations to form t! - various speriec,

P-1811
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V. SOLUTIONS ON THE DIGITAL COMPUTER
AND -
SIMULATION ON THE ANALOG COMFUTER

DIGITIL-COMPUT<P SOTUTIONS

7o solve actuz2l numerical cuses, the general one-
compartment (one-phase) chemical-equilit riur code develored
at RAND for the method described 1n lef. 5 was extended to
cover the multicompartment case. The method is 1terztlve anu
starts with an arbitrary cpmposition of chemical species
satisfying the mass-bzlanre constraints. Iy mezuns of the
assumed chemical composition, 2z quadratic fit 1s made ¢to
the free—energy function, which is then minimized. This
produces a new chemical composition that also satiafles the
constraints but has a lower free energy. The process 1s then
iterated. The method 18 extremely efficlent and for tinis
reason hac come into wide use for solving chemical—equilibrium
problems.

Model I (which hac 11 mass—balance =quations and “0O
chemical specles) can be computed on the IBM /04 to four sig-—
nificant figures in approximately one minute with less than |
20 1terations. The cost of computing the output compocition
for a given set of inputs from venous blood and alr -omposi-—
tion 1s about $7.00. The currentl - used digital code is
capable of handling systems consis*ing of 10 times tne number
of equations and variables, Howev'r, systems of such slze may

require a pronhibitive number of it. ratlons before an accurate
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solution can be achleved. On the other hand, systems of two
to three times the present size are belleved to be 2conomli-—
cally feasible. So far as the suthors know, the solution
rarried out to validate the model (sec Sec. VI) represents
the large=t simultaneous, multiphase chemical system ever
soived for equlllbrium,

Por Model I, the code used only “,000 of the 22,000 word:s
of high—speed memory space available (including space for
about 4,000 words for the code instructlions and for ebout
1,000 words for the problem data, namely, the input values bi’
the energy constants °J' ete). In addition, the machine
has magnetic—tape and drum memories. Thus it is feasible to
~onsider having several human—subsystem models within the
mzchine at the same time; these can be cyclically solved so
a. to feed input information to each other. PFor example, a
respiratory model at the tissue level could interact
with the present external respiratory model. (A simple blood-
flow simulation would be needed to interconnect the two sub—-
systems.) This two—subsystem model should give a fairly
~omplete simulation of the full respiratory function of the
human body. One immedizte application might be to ¢che study
of body reactio.c when breathing ‘'n confined atmosphercs

such as are envisioned for space t:avel,
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ANALOG-COMPUTER SIMULATION

In addition to cbtaining accurate numerical values using
a digital -omputer, the authors explored the idea of simulating
the respiratory fun-:tion (so far, juct the ‘hemi:al—2nuillbrium
part) on the electronic circults of an analog computer. For
this purpoce, the RAND analog computer (TRAC) was used. Thic
15 a differential analyzer originally made by the Reever
Instrument Company, but with many modifications. The various
elements of the machine integrators (which are potentiometers)
were interconnected by means of a wired plug board that con—
stitutes the Model I "program" for the machine to execute. A
serles of dials can be turned to vary the inputs to the de-
sired amounts, and the circuits of the machine can be scanned
to read the value: of any desired output specles.

Computer solutions of Model I were undertaken with two
go2ls in mind. The first wa: the obvious ne-ec. ity of having
fast accurate checks on the mathematical model; the ~e:ond wa.
the desirability of obtaining, in physi-al hardware, a simu-—
lation the time-d:pendent system. Although these two goalc
are not ..dependcunt, tne digltal computer, with high accuracy
and reasonably fast .olution time, wac uced to :ompute ti.c
equilibrium conditions and to che> the mathemat!ce? model.
The analog computer, with less ace racy, Lut much fazster 3o0lu—
tion time, can be used eventually, 1t is belleved, to clnulate
the dynamic aspects of tne model. The initial effort to this

end was accomplished in th2 fcllow ng way.



The analog computer, ac 1ts name implies, is singularly
well designed for the simulation of complex time—dependent
cystems. With the advent of mathemati:cal progratming methods,
1t became possible to simulate complex systems for which the
basic problem can be stated in terms of the extremlization ét
a given vector — for example, the chemical—equilibrium
problem of Model I as stated above. By means of the methods
of mathematical programming, an exact model of the equations
for Model I wau constructed on the ana.og machine. An im-
portant characteristic of this simulation 1s that the entire
system 1is 1nterconnected.and hence interdependent in Just the
way the hypotheses of the physiological system are interde—
pendent. 7This means that a change in level of concentration
or activity of any chemical species or component 1is
immediately reflected throughout the system.

All the important parameters of the system were made
available on the machine for manual or automatic adjustrent.
Once the model had been constructed on the machlne, the input
or nown parameters were adjusted by means of potentiometers.
The machine quickly computed the equllibrium values for the
outputs of the chemical model. Tt t 1s, the model on the
machine, with circulating currents, came to an equilibrium in
which the current level and voltage were constant, a
simulation of the chemical system. The outputs, or equilibrium
values, could then be reazdi on voltr :ters or appropriite output

devices and the comparison miade to he physiolozical

P-1811
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hypothesis. For example, the effect on the amount of watcr
in the red blood cells was studled by varyling the.amount of
salt in the plasma. Thls was done by continuously changing
the setting of the Na* an2 c1” input dials. Similarly the
effect of acidity on oxyzen pickup was studied by varyiny
the H' input, etc. It is quite possible that such a 3imu-
lator with more subsystems would be an excellent training
device to give a medical student at the controls a feel for
the effect of this or that change on the functioning of the

hum'n system.

To make such a system time—dependent in the most

elementary way, the input parameters (potentiometers) — which,
for example, set the CO2 concentration in the lung alveolar
sacs — wWere made to vary in a sinusoidal fashion with a
frequency comparable to the breathing rate. The ¢ntire system
oscillated according to the interdecpcndent relations at tre
same rate. These oscillations may not correspond to nature,
of course, because a more complete representation may require,
for example, the simulation of the time lag encountered acros.
physiological boundaries, the interconnection of =imilar ;imu—
lations of other organs, and a simulation of the respiratory
function at cellular level. |

The simul=tion of Model I requ red appro imately 'O
computing amplifiers and O potenti meters. The small analog
computer at The RAND Corporation ca be made to simuliate a

system about twlce th- size of th- ;r-.,ent Moarl I — o.g.,
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the full respiratory function. PFor larger systems, there are
machines avallable outside RAND. It 1¢ alr-o possible that,
as subsystems become fully valldated, speclal-purpose analog
‘omputer: ~ould be bullt for the so.e purpose of simulating

the particular subsystems.

»
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VI. VALIDATION OF MODEL I

Where pos;ible, the respiratory mode! '.sed equllibrium
constants derived from physi:al -hemlcal data rather than
those derived from laboratory mea.;urements on the blologl:a.
medium itself. The rationale for this :hol:e 1. that datu of
the cecond type may reflect the presence of other substances
and reactions and may be valid only for the normal or measured
conditions. un the other hand, the ucse of basl: data cf the
first type ~hould allow explorations with the model of con-
ditions that are far from normal 1n respect to temperature,
pressure, blood and air composition, etc., because the more
basic equilibrium constant: can be e«pressed functlionally in
terms of these -onditions. The 1mportant first question to be
asked 1s how well a model constructed in this manner -onforms
to the actual physiologl-al phenomena.

To validate the model, the probiem chocen was to find the
equilibrium amounts of each of the specles for the inputs
chown in Table 2 for an average resting adult male (at

~%¢). Thi: was accomplished by minimlzing the

atmosphere and
sum of the individual partial-molal free—energy function: for
the species, subje't to the linear constralnts for the ~on-
servation of mass and of ~harge, using the electrohlc computer
code described in Sec. V. Table % 11lrts the cal:u'ated value

(9)

from the model and the observed valuec reported for average
resting individuals. It can be seen that the ~2orrecpondence

of the calculated and obrerved values is qulite cloue.



I

NPUM'S

ey

FOv THT

Table 2

"ESPIRATION SYSTENM MODkLl

P-1811
38

[ From Atr (moles
per 0,031 noles

—

- il
i from Mixed-venous
~lood (moles per

".lement" alr) liter) ' Total
C. la, = 0,472 x 1077 vy = 5,63 x 1077 b, = 1.731728 x 1077
. el 1 1
._’ = o)) g
e, a, = 0.27 x 107 v, = 2,27 x 107 b, = L.270707 x 10
¥, Gy = PHN17T X100 vy = 43T X 107" b, = 7.L550 x 107"
v'+ 3 = P = 3 A
g a, =0 vy, €.7 b 70
] ; = | - } ,r o4 ‘—77’ { -~ e - (0 )
o) .15 0 v5 4 1¢ 'bE A LT
5 ag = 0 v, = 0.0 b, = 0.C°1%
NA T ., = 0 (v, = C,08032 by = 0,0£0%2
v jag = 0 ve = 0.050 ib = 0.050
| A
| —'%‘ __Z‘
1 g = Q Vo = 1.0G x 1077 b = 2,00 x 107
| & . = = - & ~ = A .
8 ‘-.b a = = (@] -2 = C. _2
e EEg 0 Vi1 1.1¢ x 10 b11 1.16 x 10 f
p &Y Vi = © byp = O

Charge z'a1

‘"ese datz have been taven fror -efl. ¢; trey rerresent
averaces far resting
“The symbol "l denotes 1/~ reduce? hemorlobir mo.ecule,

mol. wt. 1:,800; cymbols Er 13 30!

protelin

6o plasns ana

-, 3

3 -~ "
hAC\.J

adult males.

represent miscellincous

e
cecllc, respectivel:.,
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Some intercsting features of this equilibrium model may
be observed by followlng some of the reactions and solutlons
in Tables 1, 2,and *. Por example, it is important to ob-—
serve the respiration quotient (RQ), the moles of CO, out
divided by the moles of 0, in. The moles of CO, out may be
obtained by subtracting the a, value for CO, input (Table 2)
from 0,0326879 times the x2/ X value for o, output (Compartment
I, Table 3). If = similar subtraction is.carried out for O,,

the results give

RQ = 0:00177876 _ 4 o¢
0.0020674

a value well with!n the range for resting individuals.
Similarly, the per cent of hemoglobin saturation, as de-

termined by the model, 18 the reasonable-appearing value

29 . B 4.
X28 + ?9 m

Incsmuch as the carbamino reaction involving the
combination of hemoglobin and 002 was not represented in
Model I, it Was necessary to compensate for this lack of
a 002 sink in arterizl blood by reducing the total venous 002
input by & comparzble amount. Consequently the v, input value
indicated 1s 1 ° id‘f mole: le3s than the average true value
for total CO, ir venous blood to compensate, for the lack of
~arbaminc reprc: nt:tion. Even though the carbaminc reaction
involves a sma’’ part (2pproximately ?’per cent) of the Co,

~arried by the l'oocd, it zcccunts for & much h! sher portion
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(approximately 30 per cent) of the CO, transferrcd by the
blood during the respiratory cycle. A model of the next
degree of sophisti:ztion must therefore account for this 1in-
portant.feaction.' The representation of the amounts of the
other gaseous constituents in Compartment I — namely, N? and
520 — appears to be nicely in line with the inputs and with
reported values.

In the cases of columns x., X

Go X7e X170 %180 X190 which

show the amounts of 0,, CO,, and N, dissolved In plasma and
red cellc, respectively, it will be noted that there are
some rather wide variations between the values cal-culated
by the machine and the observed value:s. This 1s most
apparent for O, and N, dissolved in red cells. There 1s

a possibility that the model recults may be more nearly
correct than che obrerved values in thece casec. Su:h very
small quantities of dig:olved gase:s are diffi:ult to de-
termine in the laboratory. Then, too, it 1c pos-ible that
small amounts of hemoglobin remained in the analyti :al
Asa-ples, which combined with oxygen and thereby made the
solubility appear to be greater than it is in the :omplete
absence of hemoglobin. Although the number of moles of these
dissolved gases is different for plesms 2nd ved cell:, their
mole fractions are idcnfical in both zompartment: in the

machine solution., This is so for all speci:: appearing = c pt

®*Por zn 2o llent description of the phrsic oglical role
of carbamino czemjounds in blood, sec Ref. 7, pp. E7=88. .



for those charged species thet are Ilnfluenced by the Glbbs-—
Donnan equilibrium. It should be ncted that the solubility
coefficients uggd in the model are for water, not for plasma
and red cells.

It 18 also interesting to note that the model creates

water in the three compartments frorm the inputs HY and OH™
operating through the reaction

HY + OH™ 2 H,0.
The amount of water formecd 1s influenced slightly by the
appropriate demands and suppliles of H* and OH™ by the com—
peting reactlons.

The greatecst difficulties in connection with the valida-
ticn of the model arose in connection with the representation
of acidity and concentrations of H' and OH™, columns Xgs X3
X50* and X519 in plasma and red cclla. Acidity of blood
samples 18 usuzlly determinec by the use of a pY meter and 2
zlzss oi 8imllar elestrode. It is commen tc ser the ex—

pz'ession
H= <1, PH or H = -]o¢ +
P s "‘"J"LC‘ Lo g S ¢ = J»O]C, aH

How2ver, 1in recent years conclusive argurents have bran pre-—
sented, based on both thecreticsal and practical elactrolytic-—
cell consgiderations, that pH values are not measures of
hydrogen—ion concentrution or activity. Rather, pH determina-
tions are a rellable measure of the "a~1dity"” of the unknown

;olution 1n relation to an 2mpiricael standard <olution having

P-1811
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the same general characteristics, including temperzture.
Conventional pH measurements are of use primarily for control
and gross comparison purposes, but are not suitable for
thermodynamic calculations or mass-action law use. There are
not even really satisfactory methods for apprc-imating [H')
or [OH”] from pH values or vice versa.

The problem this presents in the validation of the.
operation of th: model is tc determinc 1f the model 2=lcu—
lates [H"] and [OH] accurately when the only laboratory
measure of these concentrutions for comparison are pH veluers
for plasma and red cells. One approximation suggested in the

11terature(1°) 1s that
pH measured I apH = -1084¢ 14 I ¢

when [H'] 1s determined from

x, = L1 [or]
[n0] .

where & !is established by other means, such 2s conauctlvity
measurements. It will be noted that if the reported pH
values for plasma and red cells are tuien equal to =l0g,, (x4,
and -log,q [OH"] 1s determined by subtraction from log K,
(which 1s —13.5¢ at 37°C), then the resulting concentration
product does not equzl K ; this indlcutes thzt, in blood,

PH measured ¢ -10g,9 [H‘] .

However, if onc assume:s that the acld-bare reccticns finzlly

involve only the wzter 201 %ained 'n the pliome zna redecell



matarial, and if one rccuces the given pH values (and
cal:ulated [OH"] vzlues) to correspond to those for which .
wzter only 1s present, then the values so obtained for real
lood satisfy the ceveral mass—action relationships quite
nicely and compare well with the values calculated oy the
mod=1l and listed in Table 2. This correction was applied to
the values of [ﬂ"] and [OH"] 1isted as observed 'values in

Teble 2 and as approxlinated from the reported pH measuremento,

The treatment of specles X110 Y150 X2z and X200 scdium
icn and proteins in plasma and potassium lon and protelins 1-
red cells, 1s described in Appendix B. Specles Xy and x,.,
-HCOE in plasma and in red cells, 1s, of course, a2 crucisl ilon

in the blocd both for CO, transport and for butfering. It is

created by the model in Compartments II aﬁd III by the reaction

cO, + OH™ & HCOS

in the face of the demands and supplies of thes= inputs from
competing reactions. DRBicarbonate ion is said to hydrolyze

(see p. 219 of Ref. 11):
HCOT + H,0 g® H,CO. + OH ;
and 1t can ionizs furtier:
HCOS & cof + H'.
The combination of these two reactions giges

2Hco + H,0 3= H,CC. + COT + B+ 00,

>
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Species x,,, xli' Xp5e Xpp = nemely H,CO, and CO? in plasme
and red cells — with thelr appropriate thermodynamic func—
tions, were introduced in the model to explore thelr eff._cts
on concentrations of nco;, K', and OH". The effects of HCO?
hydrolysis and second—stage ilonization on [uco;J and acldity
appear to be minor.

The concentrations of specilec H2005 and coz are not re-'
ported in the literature. These specles were reteined in
the model tc 1llustrate the possibilitles of using the med. 1
for explorations of this sort. 1In addition, it has been
noted that the model 1s extremcly and correctly sensitive and
responsive to changes in the inputs or in the environment

(e.g., temperature and pressure).
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VII, POTENTIALITIZS AND LIMITATIONS OF MOJEL I

The authors hasten to admit that the model described 1is
deficient in many respects, for it represents but a first
attempt to determine the feasibility of progromming a
complicated physiological system in this manner. Because the
interest of this particular study is centered on the equili-
brium phenomena of the system's chemical aspects rather thin on
the physical flow, mixing, etc., several expedlents have been -
used to avoid incorporatir- a representation of the physical
and transient aspects of the entire external respiratory
.ystem in the model. For example, the mechanism of breathing
with 1ts complex intermittent flow, mixing, and diffusion
effects has been avolded for this initial study in several
different ways:

1. Bymn Ing the set of input "elementsSN 31y ey 85,
representative of a large excess volume of alr having the
observed composition of the gases of the pulmonary alveoll of
a normal resting male at sea level. The assumetion introduced
by this procedure is that the concentration of gases 1in the
alveoll of resting individuals does not change significantly
during the breathing cycle.

2. By relating the required incremental input of "fresh"
air of atmospheric composition to the increments of gaseous
"elements" needed to convert a unit volume of mixed-venous

blood to arterial blood. Tie "fresh air" inputs, a,, ..., g,



P-1811
49

per liter of blood may be estimated on this basis when this
information 18 not provided by the source data.

3. By programming the computer to sample the concentra-
tions of 02 and CO2 in either the arterial tloed or sac air
compartments and calculate by a series of iterations the
amounts of "fresh" air of given composition required to malce
these lung or blood values correspond to previously established
standards.

All three of these techniques have been used and are
satisfactory within their limftations. Method (2) above was
used in obtaining the values shown in Tables 2 and 3., These
devices avoid the necessity, at this early stage, of combining
a physical model of breathing with the present chemical model,
which may require the introduction of a number of concepts in
addition to those needed for the chemical model.

Another assumption implicit in the model i1s that the
arterial blood leaving the lungs comes to equilibrium, through
the alveolar and capillary walls, with the gases in the alveoll.
As noted earlier, realization of this equilibrium situation
appears to be closely approximated by resting individuals.
Hence, for the one—cycle case used to validate the model |
(approximately 0.55 liter of arterial plasma plus approxirztely
0.45 liter of arterial red cells in equilibrium with each other

and with approximately 0.023 moles of alveolar gases, all

*
One mathematical repr=sentation of the treathing
mechanism can be found in 2f, 12.
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subject to the mass—balance constraint provided by the "elements"
of one liter of mixed—venQus blood plus 0.031 moles of alveolar
gases), the assumptiorn is made that equilibrium is reached
between the solutions within the red cells and the plasma. A
coﬁpariaon of the results obtained from the model witl those
obtained from laboratory data on blood samples shows that this
assumption does not appear to introduce any serious error for
resting individuals.

The multistaged ionization of hemoglobin and the other
protein-like blood substances 1s not represented, and the
important carbamino reaction is ohly implicitly represented,
in Model I. 1In Appendix D, an expanded system (Model II) is
shown, demonstrating how these factors may be incorporated.

At the present stage, the model is one of instantaneous
reaction, with time not explicitly introduced as an independent
variable. This means, of course, that the present representa-
tion can deal only with features of the respiratory system
that are qapable of treatment by reversible thermodynamics;
however, this limitation still allows many matters of
importance and interest to be explored. In general, if the
number of relatively slow chemical reactions entering the model
is not large, it may be possible to develop a dynamic model by

introducing some simple delays in the electrical analog of the

-
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current model. "

It will also be necessary to develop and introduce the
feed-back loops by which changes in C02 concentration, and
possibly hydrogen-ion concentration, influence the ventilatioﬁ
rate and the rate 6t blood flow through actions on the
cardiovascular system. Consideration must also be gilven to
the boundary conditions essential for the continued functioning
of thé subsystem. One important 1limit i1s the maximum osmotic
load tolerated by cells. Fortunately, the model is nicely
suited to the incorporation of this limit.

In spite of these difficulties, it should be possible,
through the use of models of thie type, to demonstrate the
detalled interactions of the human respiratory system as the
external environment changes and as the inputs from related
subsystems change (e.g., in metabolism). Changes in total
respiratory gas pressure or relative mixtures will be re?lected
in the model by the appropriate changes in oxyhemoglobin
concentration, alkall reserve, blood-flow rate, breathing rate,
plasma composition, etc. Because the energetics are an

integral part of the model, changes in work load, temperature,

-~
In highly dynamic situations, such as when the respira-
tory system 1s stressed by exercise, there is good reason to
believe that the controlling reactions will be those involving
membrane transfers. There are three such transfers in the
external respiratory system, involving (1) the alveolar tissue

 4n the lungs, (2) the red—cell membrane, and (32) the tody-—ell

membrane. The introduction of the appropriate kinetic equations
for any or all of these three barriers may suffice to explain
all the chemical time effects. The remiulning reactions occur as
homogeneous reactions in dilute solution or in the gas phase anc
are thus generally very fast compared to membrane-diffusion

processes.
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and pressure imposed on the human system should be reflected
by the appropriate and detalled response within the modeled
respiratory system. Changes in fields, either gravitational,
electromagnetic, or electrostatic, can also be introduced
through the thermodynamics. Abnormal changes in any of the
constituents of the respiratory system, as brought about by
pathological conditions or by unusual environments, should
elicit the appropriate response in the other constituents,
including the energetic aspects. Thus an external respiratory
submodel after further development should nrove most useful
for diagnosis and for predicting the possible effects of
unusual stresses on the reepiratory system without enduangering '

human 1ife.
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APpaacix A 3
A REVIEW OF CERTAIN CHMEMICAL THERMODYNAMIC CONCEPTS

Por the benefit of readers who are not familiar with
chemistry, we shall review some of the basi: :on:epts used
in our study, especially the relation of the mas--action
law to minimum free energy. Suppose a compartment contaln:
various species such as H,0, OH, H', CO,, HCOS, when
CO2 1s dissolved in the colution. The amounts of
these various constituents depend on tiic total amounts of
water and carbon dioxide originally "dumped" into the compart—

ment, but thelr relative concontratlons to each othier saticfy

certaln conditions that are independent of the input emounts.

In general, the concentrations (or activities) of tic pecles

at equilibrium have the property that, indepencent of the in-
put quantities, one or more ratios cof products of concentra-
tion among them have fixed valuea. Tnes: nonllnear conditlons

grz called mass—action relationships.

Por example, 1f ws let X dcnote the tctel number of

molecules in th~ mixture, so thit

TR0t fowm ftm t oot Mo

whaere

*

% m th- numher of =lonle~d wateor noleanlaqn,
1,0
Aou— ™ the aumb:ir of fwms of O, w¢tr,,

and deflne



P-1811
54

X,
1,0

X oo
OH ot

— ’
X

s
‘o9

Noyw =

to be the concentraticns ¢f thece aspecies in the mlsxture, then

the mass-action law states that

g0
2 - K
é’on‘) Q’n*)
where K1 has a fixed velue (at constant temperature and

pressure), called the equilibrium constant for the r=zction

HY + ON” & HL0.
Even 1f no 602 werce prec-nt,or 1f a salt were added t- the
mixture, this same r2lationship would hold vesplte the fec
that the individuul concentration: ferming the 2oove raticc
could be changing drastlenlly. Another mass-a~tion reletion-
ship that heclds among tie concentrations, indep-ndent of the

armounts of inputs, s

Ha) (o)
DIC R

where K. 18 the cquilidbriws coestant for the rcaction

0o, + H.C 2 40O + gt

i . ot R e

il NG T
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The conventional method for determining the 2quilibriwm
composition 1s to find the valucs of the five un'nowns xJ that
satisfy five equations — two of which are noniinear and ure

the two mass—action conditions given above, while the¢ remain-

ing three are linecar and express the mzss bdalance in relation

tc the originel inputs, for example,

XHQO + XOH— + xﬁco; = input CY ,
x + X4+ = inpvt H+
H20 H ' .

xco? + cho: = input COQ.

-

As noted earlier in this research memorandum, we have found
it more convenient to bypass the mass—action relationcshipes-by
finding the equilibrium composition through direct mininm!za-—
tion of the free—energy function, subject only tc the muaise
balance conditions.

In general, for & chemical resction represented by
)

L SR AT ALY IR S <M Pi + A; P; + . . ., (7N

the corresponding mass-actlion relationship is

' '
"\ A "\
N,> il @ T e
K"'<w ?> — (f)
Qﬁ)kl @2:k9'°'
' '

are thz reactant speclesn; tio P, 2re tha product

whor: the P
)

'
specles, the N, and N, are tro corresponding numbers of moles

]

of 2ach spesles, K 1 the rquillbriung: constant, ané the



t
W, &nd N, are thv concentratione of th: sonutlituents P, and

|
1
1
]

F,. We may ol 0 ctabe th: naca—action law in loz=eoithurle form
by teliineg logeitinn of both sidan; thus,

L ' !
':!1 K = [\, ln fH + k 1'1 Ng + oao]

(2)

..[x N4+ A In N, 4 ] )

P-1811
56

It 1s Lmportont to ncte that o 2temicel—renction cquutlion,

denected by (7),1c sinply & relation among the column vectors

P, of lnput eclements =y 4 @ssociaten Witk cach specile Pj'
Thue 1f we let

-

P,= (2, . Bogs cee a. 1),
we have, corresponding to (7),

A ?1+xﬁ $q+ooo -l1'§1'+k2'$2'+ oo o (10)

1 2 "k i
Thls 1s easily wecen from an example. Suppose H+ and OH are
2onsidered input "elements" forming specles H+, OH™, andé

il5C.

We form the tableuu

o oeciar |
, (%) * A%

glupal + =

£ rent H OH H,C
5t ) 0 ]
o C 3 ]

R RS I (S

where the zntry ¢, , 'n row 1 and column } ls the gquantity cf

J
It rlesy that

the input ~2lement 1 found in €he speclec J. is

th- 2hemt:cl rec-~tion

at o+ ox 2 W0
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is simply a statement about the corresponding column vectors
in the tableau, namely
! o"| 1
+ -
< 0 1] |1
We shall now show that the mess-—action law holds for the -

valuass of xJ that minimize

P(X) = = x,P,, (11)
1l

where in particular Py is given by
- X
P, = RT (¢, + 1n ). (12a)
J J X
As noted earlier, this expression for F] is essentially an

approximation for dilute solutions and ideal gases of tne :nore

general expression (12b). It will be assuned unless otherwise

stated that

FJ = RT (cJ + 1ln aJ) . (12p)

"

where each 24, the "activity,"” 1is some function of the con—

-
-y

‘centration xJ/ f; that is to say, aJ (and hence "J' the free

enerzy per mole of the j-th constituent) remains unchanged if

all quantities xJ are increased proportionally. ve now

establish the following purely mathematical theorem:

Theorem: If for every J, FJ = Fj(xj/ X) is a function

of xJ/ X only, then

%%-FJ. §y=1,2, ..., n. (13)
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Because of (13), FJ is commonly calleé the partial molar

free enerpy of the J=th canctituent. To prove this relation,

note first that the free energy P{X) 1s a homogeneous function

of degree one in the variables (xl, Xnp voes xn), and for any

homogeneous functions of degre: one it is generally true that

P(X) = 2 X %’— . (14)

This relationship (14) is known as Euler's theofem for homo--
geneous forms of the first degree. In words, it says that
total free energy can be determined as gaF/be 1s the
contribution of the j-th constituent per mole.

The foregoing theorem is easy to prove; we shall establish
1t, as follows: From (12b), the assumed homogeneity of degree

zero for FJ for all t, we have

tp(xl, x2, seey X = '(txl. tX2. LI I txn) [

n)
Hence, taking the partial derivative of both sides with re-—

spect to t, we obtaln

n bF(txl, txy, oees txn)

Plx.; %X., co5,; % ) B Xi s
( 1 29 *n 1 b(txj) J

Setting t = 1 ylelds (14).
To establish (12), we now =ssume that P(X) is ziven by

(11), where 51

with respect to Xy This ylelds

’

= FJ(x,/ X), and take the partisl derivative of ()
o

e e e o

e

e g e



ap - Y'j‘ &k ’ v )
éx’ PJ + k-lx}, &— 5 Al ) —9 eee, '3, (. )

where we have r:placed b@"k/bxj oy d’sk./b? since 0x/dx, = 1.

W2 now show that the summation torm vanlsizs. Multiplying

both sides by xJ and summing on J vlelds, by relations (1)

and (11),
. n oF
Ow (¥, + %, + ...+ x )( z X, ﬁ=5) :
il 2 N\ a1 Yoo
Since
n
Xj>0, and ?,Xj>0,
. b J-l

tre second factor of the product must vanish and (17) follows
from (15).

Having established that F -cﬁﬂ/bxj, let us turn to tne

J
main problem of minirmizing th2 frez-epnergy functlon PF(X)

subj>ct te mass-balance constraints,

oJ

n
01(X) = Zlalj X, it bi - 0’ 'L - 1. ?’ o e o) LN (13)

(X

We now raview the Lagrange m2thod for ~inl lzing &8 ;jencral
fun-tion P(X) subject to 1 reneral constraints, ¢, () =0,
and later speclalize the functions ¢,. The [irst step 1o tc

assign unknown multipliers w, t- the functions ¢, (X) and scos

the unconstrained minimus of the functlion

G(x) = P(X) - wy 6;(X) = 7.6.(X) «.. =7 ¢ (X). (17)

P-1811
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It for some cnolce of Tyes the jolnt I = x° where the min!mum
of G(X) occurs happens to satisfy the constraints ¢1(X°) = 0,
theg this unconstrained minlmum polnt 2 for 3(X) is vhe corn—
stralned mintimum polint for F{X). T5 see tnis, note that
win 3(X) = G(x°) - F(x°) ,

and that for all other X that satisfy ¢1(x) = ) we have
(x) > A(Xx°) tecause

F(X) = 3(X) > =in 3(X) = #(x°) .
When F(X) possesscs qpartlal derivatives, and assumes its nini-
muri at some interlor point of the domaln of definition, it cau
be shown that such multipiliers always exist. Ve now speclailze

QI(X) to te linear a2s ziven by (16). In this case, we may

rewrite G(X) ty collecting all terms with common xJ, obtaining

3(X) = F(X) - z(wFJ) G+, (15)

T = (wl, Toy eoes vm)

is a row vector,

B :(aij’ 8s4s eees amJ)

o

s
[y
(¢
[
c
C

1s the column vector of coefficlents assoclated iith ¢
J defined earlier, aud

b = (Ll, Dy wees om)
15 the colunn vector vl conzgtants. The ccerticlient or xJ is

the constant vPJ and Jdep.2nds on the chelce 2f 7. At an un—

)
PN

L

constrained mininun of 5(X), X satis

o [<F Y . A
x, 3

rer any choicez2 of 7. Aleo for an river cnemicen! reaction
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(7) we may multiply the corresponding vector relatlon (10)

by w, obtaining
A (F)) + A (FE,) + oo = A(TP) + M(7FL) 4 .l (10)

which holds for any choice of w. Tnus substituting
OF/be'- rfj, we have

M %E; + N %Ez +om §§§ + xé gsg % .in, (20a)

which holds for the X that mlnimizes G(X) for any cholc: of

7. Since P has a speclal form (11) that satisfies OF/dx, = 53'

we also have, for any such X,

2,
<

If we further set

R

then upon substitution, rearranging of terms, and dropping of

= RT (cT + In aj),

the common factor RT, we get the relationship

1 ! L !
()\:f:1 + Ac, + cee) = (k]c] + Acs 4 2 )

~
[=

( Co)

' ! !
= (M 1n a, + k; In @y 4 «ee) =~ (A Ina; + Ay ina. 4+ ...)

— -

for all X that minimlze @(X) for any zholce of w. In prr—
ticular, for that 7 that ylelds ¥ = ) gatlefylng the muss
balances Oi(x) = C and thereby minimnlcineg the free -nergy
P(X), this sare relationship must hold. But thic holds svon
1f we start outtwith a different set of bi values cince the

expression 18 independent of b,. If w Mne In K to b
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In K = (Aje; + hsen oon) = (Ajey + hae, oul),  (21)

then (20c) establiches the mass-—action law in logarithmic
form and in terms of sctivitlies. If the activities are glven
by'aJ - xJ/ X, then this is the same as the mass—achion law

stated earlier in equation (9). If

aJ-'yJ XJ/.)?,

where Yy 1s some constant, this also ylelds the mass—action

law stated earlier with an adjusted value rof lﬂ‘K; In this

manner, the cJ values from the free-energy function can be

used to define the equilibrium constants. The converse 1is

shown below,

DETERMINING ¢y VALUES FROM EQUILIBRIUM CONSTANTS

As was noted in the text, the equilibrium constants for
many common reactions are tabulated in physical chemical tables.
We wish to discuss how to adjust the cJ values ;o that
the equilibrium constants are directly applicable to the model;

to be precise, we note that for those x that satisfy the mass

balances, the expression for F(X) may be replaced by

n _ X m
P(X) = = Xy (cJ +lnd) - < iy by (22)
Jml : X 1wl
where the k, are constants and the EJ bear a direct relation-
ship to the ecquilibrium constants. The numbers ki were
selected so that when multiplied by the i1-th mass-balance

1mtion and the m equations summed and subtractec from P(X),



m of the new ccefficients of the x,'s, denoted EJ. would

J
vanish. In place of the original function F(X), the function
n x :
a(X) = = x (5, + 1n =) (22)
J’l J J X

was minimized subject to the mass-balance constraints. Since

the two functions differ by a constant,

m
Z k,b, ,
1=l i1

the value of X = X° that minimizes P(X) also minimizoes G(X).
Any m of the EJ can be made to vanish by suitably
choosaing the ki values, provided that the square erray of ~o—
efficients Iaijl associated with thesc J 1s nonsingular, L.o.,
protided that their determinant ¢ 0.
For Model I, the EJ values assoclated .with specles t

and OH™ in Compartment II were made among others to vanish,

E+. —-0.

H od
Now the equilibrium ~onstant for water does not depend on

whether wc use ¢, or ¢, values for it: definition in (21),

5|
its value being the same since it must yleld the same

right-hand member of (20c). Hence, for Compartment II specles,

0" °H,0 T %W T Con™ T °H,0 -

[

In K
Ha

In other words, the value of ¢, = Cy o “n be directly

- 2
obtained from the cquilibriur constant or water. In Appendix
C, the entire set of n — m remaining 6' v:lues 1s evaluated

in this manner from equilibrium conctzy;

-1811
P &3
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No attempt was made in the construction cf Mcdel I teo

o

determine the absolute ¢, values as dzfined in terms of i,

J

values. All c, values shown are the relative ¢, values as

-y y B
obtained from equilibrium constants.




Appendix B
CONSTRUCTION OF THE MODEL — INPUTS

The theoretical background given in Appendix A makes
possible a more detailed description of the construction and
operation of the model shown in Table 1. The first block on
the left, labeled "Inputs,” contains the "elements" from which
the molecular species in the three compartments — "Air Out,"
"Arteriel Plasma," and "Red Cells" — are constructed. These
input "elements" have the values in moles, bys .oy byy, that
are present per unit of time in mixed-venous blood,* plus the
values in moles of fresh—alr gases, 81y ooy 85’ entering the
lung sacs per unit of time. PFor the validation of the model,

one liter of average mixed-venous blood was used as an input,

L X}

plus ~ 0,031 moles of degraded "fresh" a‘r,
Inputs bl' b2' b)' 81, 85, 8, are obvicus. The 1input
"elements”" in rows 4 and 5, HY and OH™, provide a convenlent

way to form water in the several compartments and Serve as a

L

A troublesome data problem arose in attempting to
validate the model. Even among normal individuals, the varia-
bility of blood composition 1s great, and in addition it is
necessary for validation to have laboratory data for venous
and arterial blood on a completely comparable basis,
Fortunately for our purpose, the U.S. Alr Force has prepared
compilations of biological data in this form. The data for
inputs and for comparison with outputs were obtained from
Refs. 9 and 13,

.'As explained elsewhere, the alr inputs may also be

obtained by using a large amount of air of lung-sac composition
or by programming the computer to search for the proper amount
of "fresh" air to meet tlood or lung criteria.



mass source and sink for the reactions involving H* and OH ,

for example,

co, + OH = HCO; . ¢

1s not one of the input "elements,"

——

>
although it is an important constituent of blood. The model

It will be noted that HCO

creates this species, however, through the reaction given
above. To provide for this nco; formation in terms of mass

and charge, the input values of HY and OH™ are set different

by the amount of HCO3
The 002 input b2, which 1s also involved in production of

that is present in mixed-venous blood.

Hco;, is the total 062, including that present in combined
form. It 13 not directly involved, of course, in the charge
balance. The mass—difference effects in terms of H' and OH™
caused by the slight basicity of the blood is so small,
approximately 1 x 10’10 moles, that it does not require
separate mass accounting at this stage.

"Elements" Na' and K+, in rows 7 and 8, are introduced
at present essentially as fixed values in plasma and red
cells, respectively, inasmuch as entries for these species
occur only and separately in these two compertments, and arg
not allowed to migrate in the model. In real 1life, of course,
there is some X' in plasma and Nat in red cells. There are
also other cations in both compartmonté, as established by
the selective screening action of the red-cell membrane. If

and when the data may be available, this ion-secreening

P-1811
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mechanism of the membrane can be incorporated in the model as
a series of chemica) equations with their accompanying thermo—
dynamic tﬁnctions. At the present stage, however, all catlons
(except H') in plasma and red cells are stated in terms of
equivalent Nat and K+, respectively.

The "element" in row 9, designated by the shorthand HBl ,
represents the total hemoglobin present in red cells. It is
introduced at this utage as moles of one—fourth‘hemoglobin
molecule, molecular welght approximately 16,500 (one 02,
one Fe per unit).(g) The present model does not allow for
the hydrogen ionization of hemoglobin. The aggregating

14) provide a method for in-

techniques suggested by Alberty(
corporating the multistaged ionization of hemoglobin into the
model with the addition of a modest number of columns.
Unfortunately, the data provided for the several 1ionization
constants are for horse hemoglobin at 25°C. If similar data
for the ionization of human hemoglobin become:s available, it
can be incorporated with possibly some improvement in the
representation of "acidity." In Model II (see Appendir D),
we have followed an approach suggec: y Pauling(lg) with
regard to the ionization of the hemoglobin molecule.

The "elements" in rows 10 and 11, protein in plasma and
in red cells (other than hemoglobin), are inserted in the
model at this stage in terms of moles of average molecular

weight (equivalent moles) to represent the wide range of

molecular species of protein that actually occur in the blood.

P-1811



At a later stage, and when the data permit, these protein
species may be introduced separately and their ionization may
be represented in the same fashion as suggested for the case'
of hemoglobin.

As mentioned, row 12 contains the charge equation, which
represents the conservation of charge and accounts for the
Gibbs-Donnan equilibrium across the red—cell membrane. At
present we have taken bl2 = 0, which dictates electrical
neutrality among the several compartments. Any charge dif-
ference that may occur, as between red cells and plasma, can
be accounted for and its influence on reiative composition
represented by the introduction of the appropriate molal
charge-difference value of b12. Charge differences of the
order of -16.8 millivolts between red cells and plasma are
reported.(13) Charge difference:s of this magnitude could have
a measurable and possibly physiologically significant effect
on the composition of plasma and red cells. Exploration of
this phenomenon by means of the model remains for the future.

With b,, = 0, the chloride shift® occurs, so that

[Cl-]:glasma _ [c27] red cells
= g ’
[HCO;] placma [Hco;l red cells

*It can be shown that this same relation holds if we
allow the net charge b12 in Compartment II to be variable and

assume that the energy required to maintain this charge can
be expressed by adding a new term to the free-energy function.

p-1811
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Appendi- C
DETERMINATION OF FREE-ENERGY VALUES

So far, we have described the operation of the model in

terms of the several compartments, the thermodynamlcs involved,

the inputs, and the mass and charge conservation :constraints.
We shall now discuss the numerous chemical reactions invoived,
how they are represented in the model, and how the mass—action
or partial-molald free—energy constraint operates (with the
others) to yleld an equilibrium solution. The mass-a:tion
equations describe the formation of tlie molecular specles of
olumns Xyv o 0 oy XBO in the three compartments, I: Air Out.
II: Artertal Plasma, and III: Red Cells, and relate similar
species occurring in more than one compartment.

Por example, the entry 1 in column 12, row 4, Compartment
II, the entry 1 in the same column, row 5, and the entry 1o

in the bottom row together express the chemical equation,
HY + O & H,0 ,
in the mass-a:tion fomm,

(#]gy [OH)yp
[H,0] 1y

c

in ‘12 ’

where

and K' 1s the ionization constant for water (on the mole—

fraction scale) at 579, It was shown previously that
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69



P-1811
70

instead of the teparate relations

ECljplasma - (€17 red ce1s

and

[HCO;]plasma = [HCO;] red cells ’

which would hold if the charge equation were removed.

The input values of Vis o o o 5 Vios Byy o o .o, 8y,

-

and bl’ s o o b12’ for which the equilibrium-solution values

Y1s e e 0 X3g were obtained, are listed in Table 2 in the

text.

g
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constants like Cy2 derived from equilibrium constants may be
used in the model with the same results as if the individual
F°/(RT) valuec for each species were obtained from tables and
used.

In a manne; similar to that described for the water re—
actions in Appendir A, the other reactions involved are
entered in the model. Por the same tpeciec oc:urring in both
Compartments II and III, the assumption ir made that their

original energy coefficlients 3y (not necessarily 6, values)

are the same in both compartments. This results, for evample,

in

(0,)1r = [02d g1
The other reactions and their cJ values are glven in Table 4,
In this table, the speclec are shown 1n square brackets, [ ],
indicating concentration in mole fraction. The cy valuec were
calculated from tlie K values shown in Table 5, all converted
to the mole-fraction scale.

It 13 important, in applying these data to the model,
that the K values from the literature all be converted to the
same scale (1.e., molar, molal, or mole fraction). Most K
values are reported on the molal scale, some on the molar;
and in some caées, unfortunately, the scale 1s not indicated.
All K values were converted to the mole—fraction scale for
use in the model. It is also important that the K values are

those for the temperature of interest (-10.18 Kelvin in the
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REACTIONS AND PREE ENERGY VALUES® POR MODEL I, 27°C
Column Mass Action cJ = 1In X
(1) n [0.];; / (0] | -10.£9
or II1
(2) In [€O,);p / [cogjI | =Tl
or III i
(3) | In [NQ]II / [NQ]I ) ! -11,40
or III |
(12)(24) In [#%]4p [o87]py / [H0] 4 0.2
] or III or IIXI or III !
; +
(1’) ! 1n [H ]II [o“-]II / [HQOJI
| or III or IIl
(= ¢y, + 1n [H;0]4; / [Hy0]4 ~26
. or IIX .
(13)(25) = 1n [c0,)yy [OHT)yy / [nco;]II 21,20
: or II1 or III or III
(29) | 1n [0,)yqy [WBIT]yyy " (HB203] 4y
;- ¢y + 1n [0,]; [HBY]yyy / (#B103] £14 ! -16.23
(14)(26) 1n [co;_,JII [HchII / [necoj]n 0
or III or IIIl or III '
(15)(27) In [c0)yy [0y / [c03)yy [H1yg | G.er

or IIT or III or III or III J

8All cJ va'ves shown are the adjusted EJ values referred

to in Appendix A.

YTMhe valueg of ¢, = 0 for columns (-),-(’), (=), (8),

(3), (10), (1), (1%)

(23), (28), (20).

,» (17), (13), (129), (=20), (1), (22),



Table §
EQUILIBRIUM CONSTANTS®

Column Equilibrium Constant
(1) K = 0.0232°
(2) K » 0.5672°
(3) K = 0.0127°
(12) (24)| 1og,q K = -13.55°
)
(4) log,, K = log,q K, + 108,, [HEOJII / Rl
or IIf
. G
log o [H,0]yp / [Hy0]p = 1.21596
. or IIl
(12)(25) log,q K = 10g,q K, — 108,q K, ;
H CO,
108, 4 K, = 6.09f
H,CO,
(29) 1og, o K = ~7.04868
(14)(26)| log, o K = 700"
(15)(27)| logyq K = log, [COE\]II [oxr’]n / [HCOE,:] II(K’&H co ),
e?v3
1
log K = -10.25
10 "2
H,CO,

aAll K values on the molar or molal scale were ‘:onverted to
the mole fraction scale for calculating c's.

bRef.

cRef.
dRef.

®Ref.

rRet‘.

ERer.
hRef.

1He!‘.

3, p. 54.
16, p. 1092.
17, p. 152.
16, p. 1465,
9, p. 272.
3, p. 64,

z, p. 80.

16, p.

1198,
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model so far), or are converted to the value for K:10.18 ir
the necessary thermodynamic data permit. At a later stage,
the appropriate thermodynamic functions can be introduced into
the model, relating free energy to temperature and pressure,
and perhaps to electrical and gravitational filelds and to

surface effects.



Arrendix T

MODEL II — RESPTRATORY VODEL JITH AERIGLA™IN STHRUCTURE

Mention was made in Sec. VII of certain defilciencies {n our

Model I of the respiratory function. ¢ tnose relating to the
cheristry of the tlood, the most lmportant are the rerresenta-—
tion of heroglobin, including the carbsmino reizction, anc the
multistaged lonization of prcotein and protein—!ike sutstances
in the plasra and red ceclls.” An expansed ‘odel I[I, shown in
Taple €, was constructed to deronstrate one of several w.ys In
which the representation of these phenonena rn.izht be lLirproved.

In this nodel, two—stagecd lonization of rrotelns is ic—
counted for in both plasma and red cells. The representation
of this type of phenomenon could be expanded to any degree of
detail desired. In 2ddition to proteins, it might.incluje A
wide range of 1individual molecular specles such as arino 2cil-s;
and 1t might include other reactlons than {onlzation — c¢.p.,
esterification.

In Model II, the more detailed structuring of nemog.cdlin
and 1ts reactlons 1is represente: by a2 3eparate corpartment IV,
as 1f a separate phase were ‘nvolved. There aire <distinct #d-
vantagzs to this fomr of representation for such cornplex
structures anc reactions whenever it can ce asswrned that re—

actions ~ith different parts of the nolecule are Jperatlic

*

A numoer S0 hyjothuzzes =xist in the llterature; we htve
cnosen these Jue to Adatr (), Pauilig, ‘14), e “oughton ',
among, Jthers, for 1. lustrativae purpsses za v. In cases aner
there are corpeting hy; otheses, alternative ~2::1¢ couln ¢
up and used to gee vnlen test rredicts the corroex &8 ParE
LAY en

IS
wtt e

P-1811
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independently.® Pormal compartmentalization is not
essential — by a somewhat different arrangement, hemoglobin
and 1ts reactlions could be incorporated in Compartment II1I,
Red Cells. Columns *4—3%7 and 39-44 were designated as specles
of hemoglobin, and as portions of its molecule, to corrcspond
with Adair's hypothesis(j) of four levels of oxidation of the
nemoglobin molecule and with Linus Pauling's square-heme-
3tructure hypothesis and techniques for accountlng for the
variable affinity of oxygen with changes in ovwygen concentra——
tion and with changes 1in pH.(IS) |
Columns 38, 3b, and 34 account for the CO,—carbamino 1ink—
ing with hemoglobin and its relation with oxygen and hydrozen-—
fon concentration. The mechanisms,;uggestedAby Roughton
(pp. 8688 of Ref. 4) have been followed in this representation.
These more detailed reactions of hemoglobin as repre-—
sented in compartment IV may be described briefly as follows:
The six possible molecular arrangements of hemoglobin accord-
ing to Pauling are here designated as "B", 02"8”, Ou"Bg"(a),
Ou"Be"(b). 06"33"' and °8"Bk" (columns 39-4“).: Por those
molecular arrangements (columns 41, 43, “4) wher: the square

oxygen-linked heme groupe interact nonsymetrically, the frece

*Without such o devi-ec, 1t would be neotssary to set up
separate columns to represcent perhaps a million distinct
variants of the hemoglobin molecule copresponding to the
different ways its more than 100 group and partc czan ion'ce,
or bond with con or 02
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energy is decreased algebraically by a factor, RT ln a, for
each unbalanced side, where a 18 an empirical value determiﬂed
from experimental evidence. Inasmuch as AP s - RT 1n X',
where K' 13 the free—energy change accompanying the addition
of oxygen to heme, the "c¢" values for the model may be ob-
tained from the logarithms of the separate and appropriate a
factors for each of the molecular arrangements.

an analogous manner, Pauling suggests that the effccts
of 228 in hydrogen-ion concentration on hemoglobin may be
cffgcted by an empirical correction to the K' value. In this
case, empirical factors RT 1n B and a so—called acid—strength
constant, RT 1ln A, are used to account for the difference in
hydrogen—-ion dissoclation of oxygenated and unoxygenated
hemoglobin. These correction factors are determined from
experimental evidence. The precise mechanism for doing this
is discussed below.

In terms of Model II, columns 34 and 35, "A™" and H"A",
reprecent the groups of tne hemoglobin mole~ule that can
lonize and that are not affected by oxygen bonding. There
are ny of these hydrogen-bonding groups. The energy constant
per group 1s assumed to be Pauling's 1ln A. Columns >C and
57, "C”" and H"C", represent an additional eight ionizing
groups of the hemoglobin molecule near to and affectcd by
oxygen bonding ("oxylabile"). Two acid groups interacting
with each heme werc postuleted by Pauvling to obtain satis-—

factory agreement between the model and experimental resulis.



A{._.

Each "oxylabile" group 1is assumed also to have the energy
constant 1n A when no oxygen is attached on the heme and

in A - 1n B when oxygen 1s present. PFollowing Houghton, we
allow one 002 to attach to one of two oxylabile groups 1f ..0
O2 is present.

Prom the empirically determined values to; K', a, A, and
£ from Pauling, it is therefore possible to calculate the
values Caly = Cuy for use in Compartment IV of Model II. The
mass balance of all the hemoglobin—aasoclated specles of
Compartment IV is related to total hemoglobin in Compartment
IIX, Red Cells, through column 37 of Red Cells and through
the 02, 002, and H* coefficient entries of the hemoglobin-
associated Input "Elements.”

Model II has not been validated; until this is done 1t
cannot be certain that K', a, A, and B values have been
correctly interpreted in the model. Por example, thc energy
constants c'j of Model II are on a per-group basis, wheresas
Pauling's A and B values may apply to the computation of a

pair of groups.
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Appendix E
SIMULATING THE RESPIRATORY FUNCTION ON AN ANALOG COMPUTER

THE USES OF THE COMPUTERS

Computer solutions of the lung model have been undertaken
with two goais in mind. The first is the obvious necescsity
to make sensitive checks on the mathematical model. A
physiological model is necessarily founded on many parameters
and a number of hypotheses, both explicit and implicit. The
abllity to make fast, deliberate tests of these underlying
assumptions has aided materially in the validation of this
first model.

The second goal is to obtain, in physical hardware, a
simulation of the time-dependent system. Such a simulation
should present the complex interplay of component chemical
reactions; but it should do more. It should be amenable to
the analysis of individual reactions as well as the whole;
it should, of course, compute the equilibrium conditions; and
1t should have sufficient capacity and spe.d to enable an
analysis of the transient change from one equilibrium state
to another. Such a change in equilibrium conditions will
ozcur, for example, when the lungs are suddenly exposed to pure
oxygen instead of the normai air mixture.

Almost any physiological model that approaches reality
will be sufficiently complex to otfuscate one's mental image

of the system. But the analog—computer system has the
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advantage that it may be bullt up a plece at a time to any
desired complexity. Hence, the goals mentioned above scem
perfectly feasible, although certain limitations, such as com—
puter size, are apparent. Despite the fact that the two goals
overlap, it was decided to attain them on different computers.

The digital computer, with high ac:uracy but relatlvely long

solution time, 13 used to ompute the equilibrium :onditions
of the system and hence to test the underlying hypothesis of

the model. The analog computer, with lower accuracy but much

shorter solution time, can be used to search through a range
of parameter: or ‘:an eventually be used, we belleve, to simu-
late the dynami- aspects of the model. Por the precsent, it
is a valu;ble tool for tracing the effects of continuously
varying inputs to the system. Por example, the analog can be
used in compler experimental situatlions for estimating equi-
librium constants by regarding these constants as paéameterf
to be varied continuously cn the machine untlil a good fit is

found between observations and predictions.

CONTINUOUS OPTIMIZATION AND THE ANALOG COMPUTER

The proble— of -ontinuous optimization, as compared to
the static, one--time, optimization of Appendix D, 15 to com-
pute and display the transient phenomena of a complex system
as it changes under the influence of a time—dependent
parameter. The central postulate is Hamilton's principle,

the principie of least action from classical mechanics.
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The system 1s defined as in the text. The free—energy
function P(X) 1s to be minimized subject to mass-balance and
charge constraints. Using the Lagranglan, we write, for k = I,

1T, III, ,
nm . n

X m
a(X,w) = P(X) - = ri¢1 = 2 x, (c,+ln :i) = 3 ti0i(x), (24)
im] Jm=l J J xk i=]

: n
where ¢1(x) - leaiij — b,. At equilibrium, we require
-

LN

a n o _ % =0 f h
bm, °J 4+ 1ln ik 1_1515'1 or eac ;:

* (25)
%g: - ¢, (X) = 0 for each.i,

where the T, are the Lagrangian multipliers.

A unique solution, or equilibrium condition, obtains on
the computer when a set of mole numbers X and a vector v
identically satisfy the equations (25). .

If the physical system represented by Model I 1s well
behaved, 1t will exhibit at a solution certain stability
properties, and the system will remain stationary until a
parameter of the system 1s redefined, e.g., the quantity of
a reactant. At such a time, transient phenomena are exhibited
until a new equilibrium obtains. PFor most parameters of the
system, small changes of the parameter reflect small changes
in the solution; that 1s, the solution is a continuous func—

tion of the parameters of variatio.. Thus, if a parameter 1is
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a slowly changing function of time, the colution moves in a

‘trajectory that continuously minimizes P(X). Thus (25) always

holds, although G = G(X,n,t).

THE TECHNIQUE OF THE ANALOG SOLUTION

A~curate continuous simulation of a :chemi 'al complex

may be accompllshed on an analog computer by means,
ecsentially, of the method of cteepest descent. The ana.og
13 decirable because of the characteristically short soluti~n
time avallable, particularly in the high-galin mode of ‘:ompu-
tation. The general method is shown in a previous paper,

n(18) union

"Continuous Programming Methods on the Analog,
contains a bibliography. Some modifications have ensued,
however, whi:h represent a departure from previous pro-
gramming methods; some details will accordingly e shown 1in
this Appendix.

The essential Justification for the method employed come:s
from the studles of convergence question:s In the litera-—
ture.(lg)(eo) T. Kose, in a 1956 paper, considered the
convergence of a solution of the mathematlical programming
problem as solved on an analog computer. To use
his result, it is necessary to postulate the existence and
uniqueness of a solution, considerations which are taken up
for more general programming problem3 elsewhere 1in the

literature of mathematical programming. With theuse

hypotheses, we have the following result.



Theorem. If G(X,¥) is a strictly concave, di ‘“erentiable

function of X as well as a strictly convex and difi._rentiable

function of ¥ for x, 2 0, then all solutions of the system of
of differential equations,

-—af = B = B x
1 LA b'i LI ¢1( )
0 if x, = 0and B¢ 0,
- — Ox
6){'- J
Y otherwise ,
:
0 ity =0and & 50,
6 -} 6'1
L7 \
1l otherwise,
\

a = a positive time constant,

necessarily converge to a unique saddle point.

It can be shown that the conditions of the theorem are
satisfied by the function G. The constant a is arbitrary and
we wish to make 1t very small so that the solution may be
obtained in a short time. Of course, various practical con—
siderations obtain on the analog computer, because the com—
puter 1s a physical device with characteristics (e.g.,
frequency limitations) of its own,and these characteristics
supervene on the theoretical mathematical statement. With
these considerations in mind, we may proceed to program the

problem.
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1t is required to maintain the relations (25) 1denti-ally,
Independent of a new time variable t. To this end, the rela-
tions (25) are programmed on amplifierc in the high-gain mode,
the outputs of whi-h are the vectors X and ». In order to
explain this mode, we start with the basi: operational unit
of the computer, the high-gain amplifier, represented by the

symbol

e, Qu/\ —> €0 = — Ll(el + 82) (26)

where p 1s the "gain" of the amplifier and 1s usually of the

order of 10(. Note the sign change and the addition. Sin-e
the output varliable, ey 1s 1imited, for practt-:al ele:troni-
reasons, to + 100 units, the sum of the Inputs 1s bounded by
+ 10‘“ units; l.e., the sum of the 1nputs must be very near

zero, and we regard thls device .s a rectrl:tion on the in-

puts.
In order to control the sum of the ilnputs, the amplifier

is normally used with a "negative feedback" loop. The deslign
of this loop defines the mathematical operatlion of the unlt.
Thus, Just as an example, it _s possible to take the
(positive) square rooct of an input, e,, by inserting a

"multiplier" in the fcedback:
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[ Je—
L]

e

A sign change occurs in the multiplier. A heuristi: explana-

—> ey = —X (27)

e, = +X

tion of the operation may be had by regarding the ampl!fler
a an integrator. The output, i.e., the integral, wiil Dbe
cteady when the cum of the inputs, 1.e., the derivative, 1i-
cero. Thus, ﬁ(-te +x2) is a differential operator for eqos
the whole gystem 1s a function of time, and as t gets large

5 +x2) goes to zero. This system 15 stable since if e,

A (=x
1s gilven a positive increment, ec takes a negative increment
and --x2 de:reace: bringing the sum of the inputs again to
vero. The whole operation should be regarded, now, as
determining eq° If the gain 1is sufficlently high, say 106,
the accuracy is very good cince small errors in ey cause
very significant errors in the czero sum of the inputs and
in the right direction to correct eqe

An important thing to note i1:c that eq Was arbitrarily
defined; it has no necessary relation to ey But once 1t 1s
defined, eg = f(ei), 1t is necessary to construct the inverse
fur © Lon generator, e, = f—l(eo). for the feedback loop.
Als0 the feedback loop may itseif be ‘mplicitly deflned.

Using such self-regulating locp., we may ln:trument

the compler cqullibrium problem, and the computer wil!
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automatically seek the equilibrium values, 1.e., valuecs for
whic:h each of the interconnected loops 1c satisfled. Such a
solution requires a few milliseconds. Thus, we instrume:nt

the mass-balance equations,

n

Z a x, — b = 0
J'] iJ ] 1 !
and name the outputs LFE
208X
J 13
L
b, W > 1 (28)

The first of equations (2) are instrumented and the outputs

named +xJ:

~2484 47y

¢ -1n %, (k Sy (29)
\/

N 2

"

Inx, | e——
J

Note that it 13 necessary to generate 1ln xJ.

Since the outputs of (28) and (29) are in the inputs of (29)
and (28), respectively, 1t 15 sufficlent to multiply by the
appropriate coefficients and interconnect; each 13 the feed-
back for the other. The parameters b1 and cj are avallable
as constants or as functions of time.

As an example of the above discussion, the N, (nitrogen)

distribution lends itself well since it is interconne-ted



with the other :specles only through ik’ which we may consider
constant for the present.
With reference to Mode! I, the following diagram was

‘onstructed:

.
4 ®
+X

+cs+1n(x,/ §1)<> > &

53

_ "HHMH‘V +x., +(xa4x 4x )
+1n(x7/ xII)
// -b3 73 (30)
T,

- +X
+1n( x19/ iIII)<> 19 )

The generators for 1n xJ are not shown. The constants ey and

“19 satisfy

c7 = c19 = 0,

for the reasons given in the text; v} automatically takes the
proper sign; c, + ln(x}/ YI) 1s a constant since the concentra-—
tion of N2 in alveolar sac air is a postulated constant and

c, 1s the tabulated colublllity constant for N2. This closed
loop immediately computes the equilibrium xJ and 73. At
equlilibrium, the ~um of the inputs to each amplifier is zervo, .

a2 required of amplifiers in the high—galn mode, and hence

equation (25) 15 satisfied. Equations X 2 O may be lnvoked,
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as required, by meanc of a llmiter urcund the xJ ampiifier:.
Actually X > 0,and the limiters function only during the

turn—-on phase. of the computer. Plnally,

X, ¥ X
¥y omCy o4 ln == = 1n 71— o = ,
X1 "I ‘111
or (31)
[x.]
In — = c, = in X ,

(]

where the cquare brackets mean 'concentration" and the mas:-—
action law :onstant 15 satisfied.
' Computation of the 1n xJ 15 not a straightforward pro-
cedure. It 1s done here by a linear approximatlon, but
obviously more sophisticated techniquec ~ould be used. Al o,
it {5 scometimes necensary to attenuate a naturai high-—-
frequency phenomenon that occurs in high-galn lcops. Very
small capacitors may be used without affecting the computa-
tion.

The basic system require:s just n 4+ m amplifiers; but
because of scale-—factor problems, trace eclements must be
computed from the mass—action constants using multiplieirs as

in White, et al.,(S) or by some other means.

THE CONTINUOUS ANALOG SOLUTION

The simplest continuous so'ution for the equllibrium

problem, when @ = G(v,w,t), can be i1llustrated by means of

the example given above.
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b, = bz(t)/ A + B sin wt. (32)

If w i3 a moderate tvequenpy — 8ay, the breathing

rate — then the computation ra‘e of the machine {3 ‘o high
that for any t the instantaneous equilibrium -~onditions will
obtain. The function Q will then oscillate with angular
frequency w, a continuous function of bz(t); Experiments of
this sort have been performed.

Of course, each of the parameters ic availlabie for manual
invectigation of 1ts effect on the system. However, the more
interecting casec aricse when one attempts to define the delay
functions, diffusion equations, temperature dependencies, and
such complexities as may actually occur. As an example, '
there 1s the question of the equilibrium trajectory when the
pressure 1s gradually reduced and then the atmosphere 1is
suddenly switched to pure oxygen. Such a complex question has
not been 1nvest}gated but seems perfectly feasible of solution.

Methods for continuous optimization of a complex system

have had a relatively short history in the literature. 1In
general, this problem is related to the synthesils of optimal
control systems or, better, the optimal synthesis of optimal
control systems. In such a problem, a complex system under—
going transformation is automatically to be optimized with
respect to a quality of the output. Ordinarily, then, a
feedback link is required to alter onc or more inputs, and a

criterion 13 required to measure the performance of the system
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with respect to a (an optimal) standard. In particular, see
Ref. 21, ‘~ /

The present problem is somewhat simpler than the complete
control system, but involves more complex aspects as the
physiological model increases 1in size. PFor the pr=2:cnt, we
continuously (in time) compute the equtlibrium value:s of a
complex chemical system as the 1nputs vary at random. .Later
on, the inputs will be outputs computcd from other physlo-
logical subsystems, and the whcle will be optimized acccrdling

to viable criteria.
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