
oo 
L-^ \-^* 

v/ 

< 

U 

_wr—i üT 

HAH1) COPY 
tolurtüriGHE 

$. 

-1c- r D ^ * .7 .   .   i / Li ' 

/ i 

DDC   _ 

JÜH22 1965   I 

)»A   B 

7r>n n -i ^    r   -   -,  . 

r ■    ' 

IDfBfffjfp^^nfM^ ^^rfirDiw? /? TO/n)nnnp/7n= ^.-^r^w? 



Best 
Available 

Copy 

a " , 



[I 

CLEARINGHOUSE FOR FEDERAL SCIENTIFIC AND TECHNICAL INFORMATION, CFSTI 
INPUTSECTION4IO.il 

LIMITATIONS IN REPRODUCTION QUALITY OF TECHNICAL ABSTRACT BULLETIN 
DOCUMENTS. DEFENSE DOCUMENTATION CENTER (DDC) 

/ID  / /£  3 JO^ 

JSr   I.        AVAILABLE ONLY FOR REFERENCE USE AT DDC FIELD SERVICES. 
COPY IS NOT AVAILABLE FOR PUBLIC SALE. 

□   2.        AVAILABLE COPY MLL NOT PERMIT FULLY LEGIBLE REPRODUCTION. 
REPRODUCTION WILL BE MADE IF REQUESTED BY USERS OF DDC. 

□ A. COPY IS AVAILABLE FOR PUBLIC SALE. 

□ B. COPY IS NOT AVAILABLE FOR PUBLIC SALE. 

□   3.        LIMITED NUMBER OF COPIES CONTAINING COLOR OTHER THAN BLACK 
AND WHITE ARE AVAILABLE UNTIL STOCK IS EXHAUSTED. REPRODUCTIONS 
WILL BE MADE IN BLACK AND WHITE ONLY. 

TSL-12I-2/S5 GATE PROCESSED: -2 ^L*^ /^ _<" 

PROCESSOR: r &   ^<W 



\ 

A MATHEMATICAL TODEL OP THE HUMAN 
EXTERNAL RESPIRATORY SYSTEM 

George B. Dantzlg and Taneo C. DeHaven 
Irwin Cooper     Selmer >'. Jnhn. on 
Edward C. DeLand  Hersehe1 E. Kanter 

Mathematics Division 
The  RAND Corporation 

Crawford F, Sams, M.D. 
University of California 

P-1811 

September 28,  1959 J 

Xppoved for OTS reteasi 

T d t-     k A N L1    C (J i it o ■ ij '    or      •      S o n I a     Von •      (   n I i ♦ -i i -i i n 

The   views   expressed   in   this   paper   A'>    not  netes.tniy   itc.e   of   'he   Corpcration 



SUMMARY 

This study examines the the'sts that a part oT the human 

physiological system can be simulated by a suitably constructed 

mathematical model. The model employed derives from a class of 

mathematical programming methods that were originally developed 

for representing complex military and industrial activities and 

have recently been used to represent involved chemical 

equilibria. 

The motivation for this research is the long-range view 

that a successful mathematical simulation of the human system 

or of human subsystems would provide an important tool for 

biological investigations. A sufficiently complex mathematical 

model—that is, a model that embodies sufficient chemical and 

biological detail to represent a whole, functioning human system 

or subsystem—could be used to explore biological hypotheses, 

environmental stress reactions, and interplay of dependent 

subsystems, and could serve as a pedagogical tool or even as an 

aid to medical diagnosis. 

Of course, the foregoing long-range view is an ultimate 

goal. For the moment, only the techniques, concepts, and 

characteristics of such a mathenatical model are being explored. 

This paper presents the results of a simulation of the 

external respiratory function. Respiration, and the consequent 

gas exchanges at the lung surfa es, involves many chemical 

reactions and a transformation « f venous blood into arterial blood. 

This activity was chosen as a tt tt case to explore the feasibility 

of constructing a mathematical » ddel of a human subsystem. 
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Basing their work on the known physiological and chemical 

aspects of this subsystem, the authors have constructed a. 

mathematical model that, when solved, yields values describing 

the major phenomena of the subsystem. The values of some thirty 

different molecular species as determined by the model are in 

excellent agreement with observed values. 

In the present form of the model, emphasis was placed on 

the chemistry and thermodynamics of the subsystem rather than 

on the physical dynamics, such as flow and mixing. These time- 

phased phenoiaena are expressed only implicitly at this stage. 

In spite of these and other approximations, this exercise appears 

to demonstrate that the mathematical art is now capable of 

representing such systems having large and complex sets of 

functionally interrelated variables, and that there is reason 

to be optimistic about the possibilities of representing other 

more complicated human subsystems and interconnecting them. 
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FOREWORD 

Traditionally, the Doctor of Medicine has been trained 

first in the basic sciences of anatomy, biochemistry, 

physiology, pathology, and pharmacology.    Subsequently, in his 

clinical years he has been trained to integrate and relate the 

knowledge obtained in these basic sciences of medicine as they 
■ 

apply to the individual patient. 

Since the turn of the century,  the accumulation of 

knowledge — not only in the clinical fields but also in the 

basic sciences — has become so vast that there has neces- 

sarily developed a fragmentation into many specialties and 

subspecialties. 

The human body may be considered in one aspect as per- 

haps the most complex chemical factory ever devised.    It is a 

dynamic  chemical factory in which there are no absolute 

values.    The recent introduction of isotope'techniques into 

medicine has re—emphasized the dynamic state of the human 

body. 

Recognizing the dangers Inherent in oversimplification, 

we might nevertheless say that in medicine we are dealing 

functionally with highly comp: »x systems of oxidation-reduction 

reactions and with control mec lanisms affecting the varying 

rates of these reactions.     Of   :he hundreds of parameters 

measured in medicine, we are,   .n fact, measuring indices of 

rates of conversions at a give i time.    The availability of 

■ 

.• 
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energy to control the^e rate may be a critical factor In such 

normal processes a3 growth and aging — and in the variations 

from these normal prooesses, which we may view as diseased 

states or pathological conditions. 

New approa^hej must be undertaken to assist In viewing 

the human body as a whole. These approaches must be applicable 

to the integration and evaluation of information and of a very 

large number of parameters that have been accumulated but not 

necessarily interrelated in the hundreds of special fields in 

which research has been undertaken in the study of the human 

body. 

It now appears feasible to use advanced techniques of 

mathematical programming and computers as one means of gaining 

greater insight into the over-all complexities of the functioning 

of the human body in relation to its anatomical structure. The 

present trial study has demonstrated the feasibility of this 

approach as applied to oxygen utilization. 

Crawford F. Sams, N.D., Research Physician, 
Institute of Engineering Research 
University of California 

■- 
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I.     THE OEHERAL OBJECTIVE 

■;^^ 

i 

The only way of real advance In biology lies In 
taking as our starting point# not the separated 
parts of an organism and its environment, but the 
whole organism in its actual relation to environ— 
Bent, and defining the parts and activities in 
this whole in terms implying their existing re- 
lationships to the other parts and activities. — 
J. B. S. Haldane 

Kaldane's foxmilatlon^ ' of the prerequisite for 

important advances in biology was made by that eminent British 

biologist thirty-seven years ago.  Until very recently, its 

implementation had seemed well beyond the capabilities of 

human accomplishment. This Is not to imply that biologists, 

physiologists, and medical researchers have failed to develop 

a knowledge of the micronechanisms of the reactions occurring 

in the separated parts of organisms. On the contrary, these 

scientists, working in many countries, have amassed a re- 

markable amount of data relating to reactions occurring in 

organisms and parts of organisms ranging from the single cell 

to compllcateri aniltifunctioning organs of the human system. 

The problem of interrelating and synthesising these multitudes 

of dependent reactions into entire systems or even into sub- 

systems representative of the organism hau, however, remained 

unsolved. 

The diagnostician has res »rted to Intuition in attempting 

to synthesize in his mind the »esults of testa of isolated 

functions in terms of the subs stem of particular interest. 
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Physiologists have had no  suitable means  for relating a new 

understanding of the functioning of a part of an organism to 

larger parts or to the system as a whole.    Chemists developing 

new drugs have been handicapped In obtaining an appreciation 

of the possible effects  and side effects  of  these drugs In 

vivo. 

The coming nuclear and space age presents an especially 

difficult challenge to the biological sciences and to the 

medical arts.    The stresses  that may be placed on organisms by 

the  completely new and stringent environments associated with 

these technologies are  largely unknown.    An understanding of 

the effects of these environments on the whole organism, 

especially on the human system, will be difficult and slow If 

not Impossible to obtain within the present state of the 

biological arts and sciences.    This is partly because of our 

lack of knowledge of individual biological phenomena and 

partly because of the present lack of a technique allowing 

the  integration of a very large number of environmental 

effects, which may operate primarily through a part, on the 

whole system.    We shall not  try to decide in advance which 

lack is more important.     Htwever, mathematical techniques and 

computing facilities are nc*f becoming available for integrating 

Increasingly complicated se^s of components.     It is felt that 

these techniques should be   .-nashed to the biological or mathe- 

matical  limit — whichever    omes first — in the hope of 

constructing mathematical m dels for increasingly large 
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portions of the human syatem. 

The idea of building mathematical models o£  biological 

systems  ia, of course, not new.    Many investigators have 

explored the posnibilities in the past and the field is 

attracting increasing attention at present.    The names of 

Lotka, Rashevsky, Henderson,  Michaelis among others come to 

mind as early investigators who proposed mathematical models 

of biological systems or who pioneered in the quantification 

of parts of such systems.    Present interest in * \e subject is 

attested by the devotion of two complete issues of Reviews of 

Modem Physics   (January and April 1959)  to papers dealing with 

the quantification of biological  -rocesses.    Weinrauch and 

Hetherington have recently reviewed the increasing activity in 

the application of electronic computers to the study of 

biological problems.    (J.A.N.A. January 17,  19^9 Pp.  120-123.) 



II. O:l THr.. PEASIBILI'l'Y OP A IIATHDIA'l'ICAL 

MODEL OP THE HUMAN SYSTPJI 
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be of the pure linear—programming type. It In Immediately 

evident, however, that gross functions such as the respiratory 

function or the liver function do not remotely satisfy the 

condition of proportional Inputs and outputs.  Indeed, these 

systems can function undor an almost endless variety of 

complicated Inputs producing a correspondingly compll"ated 

variety of outputs. Nevertheless, If we broaden our defini- 

tion of activity to Include the forming of various chemical 

species within some gross function, then these more elementary 

functions In most respects satisfy such an assumption of 

proportionality, the well-known chemical law of combining 

proportions. In other respects, these elementary functions 

are quite different. Thus the amounts of various substances 

formed when venous blood and air come In contact through the 

alveolar surfaces of the lungs must also satisfy known laws 

for chemical equilibria.  In other cases, such as blood 

circulation, basic relationships drawn from the science of 

hydrodynamics play an Important role. 

Thus a human—system model, while possessIng many 

characteristics of those used successfully to program human 

group actlvitie; , ha^ other characteristics that result in 

a more complex structure.  One aspect of the mathematical 

system is clear.  It r.ust Involve many variabler., representing 

levels of activity of certain organs and rates of flow of 

many substances, and thes • must satisfy a large number of 
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equations and inequalities expressing the limitations of 

capacity and availability from other organs and sources. 

It is the authors1 belief that the successful development 

of mathematical models capable of handling such a multitude of 

variables, and especially the more recent mating of these 

types of models with chemical thermodynamicsf provide en- 

couragement that the complexities of physiology may be amenable 

to mathematical representation and solution. 

Developing a complete and Integrated human—ays ten 

representation ir q'Ite a large order.  In the first place, 

the size of nedloal libraries al me attests to the large 

volume of special cases that such a model would bo required In 

r.ome sense to Interpret.  One might nevertheless argue that, 

with luck and several years of effort by a large number of 

qualified specialists. It might be possible to handle the task 

If It were not for one outstanding fact — the great gaps In 

our knowledge of the human system.  To cite one obvious 

example, we know the brain plays a major role In the control 

of the physical pro .'osser, of the body, but the exact func- 

tional relatlcnshlp.'j that define the control can at best only 

be hypothesized. 

How then can oae presume to build P. mathematical model of 

the whole human syr.tem? Tie only way of doing this Is, aü In 

-ill science, through the c «mblned use of fact and hypothesis. 

Thus, In area;? wher > the u iderlying mechanicm Is unknown. It 

is generally true that eitner X's or Y's hypothesis 

■ i 
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can be used to fill the gap.    Incorporation of a 

hypothesis Into the model may provide a useful way of testing 

the hypothesis by comparing observations made under a  variety 

of conditions with those predicted by the model under similar 

conditions. 

It Is the opinion of the authors  that a mathematical 

model of the human system can be built largely on the func- 

tional relationships derived from basic physical and chemical 

laws.     Such a model  Is not limited by the range of empirical 

observational data.    Rather,  the mathematical aystern permits 

the exploration of wide ranges of situations that may repre- 

sent extremes of environmental or pathological condition«. 

Even if at first the results of such mathematical explorations 

frequently do not correspond to reality, much useful knowl- 

edge can be obtained In determining the reasons for the lack 

of correspondence. 

The remainder of this paper describes  the results of 

applying these  technlqueo  to the human  respiratory system^ 

Other human subsystems should    Iso be amenable to representa- 

tion by the techniques described.     Possibly in ascending order 

of difficulty,   these might be  the following: 

Total metabolic  sys1^m,   Inc aiding digestion, 
nutrition,  and excr- tory functions. 

Synthesis,  storage,   and conversion system,  in- 
cluding functions o    the  liver,  blood—forming 
tissue,  and muscles 

Hormonal  regulatory   lystem. 
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Central and peripheral nervous system. 

Hechano-ekeletal response system. 

It Is quite possible, of course, that — as the research 

results unfold — this ordering may be hanged or different 

groupings of components may prove more expedient. 

It Is not known whether the simultaneous operation of 

models of several human subsystems In detail would be beyond 

the capabilities of currently available computing machinery. 

If each should turn out to be no bigger than the respiratory 

model, there would be no problem. This, however, seems un- 

likely. Nevertheless, because of some unique characteristics 

of the chemical syrtems represented, and their thermodynamics, 

and the flexibility of the model. It appears to be possible 

to employ some tricks that may allow an interesting number of 

subsystems to be operated concurrently with present equipment. 

Moreover, in many cases the additive qualities of the 

chemistry can permit parts or all of a subsystem to be aggre- 

gated, and yet allow the essential relationships with the 

rest of the subsystem or with other subsystems to be main- 

tained.  This phenomenon is something like looking at the 

human system with a microscope. A small field that is 

being examined can be seen in great detail, while the rest of 

the system, still operating, is involved only grossly. 
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III.     A REVIEW OF THB PHYSIOLOQY AND CHEMISTRY 
OF THE EXTERNAL RESPIRATORY SYSTEM 

To confirm the belief that complex physiological aysterns 

can be represented by mathematical programming techniques, the 

authors selected one important subsystem of the human organism— 

the external respiratory system—as an exercise.»    This sub- 

system includes the functions of breathing,  the  transfer of 

gaset to and from the blood,  the complex oxygen and carbon- 

dioxide transport in the arterial and venous blood,  the 

reactions between blood plasma and red cells, the reactions 

within the red cells, the transfer of oxygen and carbon dioxide 

with the body tissues, and the flow of blood through heart 

action.    An important reason for selecting this subsystem for 

mathematical study is that it has been extensively  investigated 

and a large amount of quantitative data are available for 

validating a model. 

Figure  1  illustrates  in a  schematic  fashion  the gro^s 

physiological   aspects of the external  respiratory  system in 

man.    The ultimate purpose of  this  system is  to provide  oxygen 

from the atmo^pher«'  to oxidize  carbonaceous  food,   thereby 

generating heat and supplying energy for performing work,  and 

to return to  the  atmosphere  the  CO^,  (and  some of  the water) 

that is  formed by these  reactions  occurring in the  ce1is of 

#The  Internal  resp  ratory system rel-itec   to  the metabolic 
processes occurring at   -he cellular level.     These  proc  sses 
are not represented ex^   Icitly in  the.present exercise. 



. 

P-18I1 
10 

Nasal cavity 

Lüng 

Rib cage 

Pulmonary artery 
(venous blood) 

Capillary beds « 

Systemic circulation, 
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arterial 

Fig. I — Gross physiological aspects of the human 
respiratory  sy .tem ( schematic ) 
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body tissues.    The exchange  of gases between  the blood and tne 

external  atmospnere ta^es place  In the  lungs  by  transfer across 

the extremaly  ^hln walls of  the capillaries  and  the pulmonary 

alveoli. 

The air passages to and from these exchange membranes 

Include the nasal cavities, the pharynx, larynx, trachea, 
0 

bronchi,  and bronchioles.     The lung tissue proper contains 

an ixamenae number of Irregularly shaped air spaces,  called 

alveolar sacs.    The terminal twigs of the bronchial tree open 

Into these alveolar sacs;  see Fig.  2.    The number of pulmonary 
D 

alveoli In the lungs of man has been estimated at 7.r x 10 . 

The tremendous surface area presented by the alveoli for gas 

exchange results In close—to—equilibrium conditions between 

arterial blood and sac-gas composition except under transient 

stress conditions. 

Ttoe lungs play a passive role In inspiration and expira- 

tion.  Their change In volume during this cycle is brought 

about through change in the capacity of the thoracic cavity. 

The change In capacity of this cavity is caused by the descent 

and ascent of the dlaphra^n, and by the movement of the rib 

cage. 

Only about one-half liter, or one—tenth of the total air 

capacity of the luncs, li Inspired and expired during ordinary 

quiet breathing. This 1  called the tidal air.  Even after 

the most forceful expire* Ion, from 1000 to 1^00 cc of air 

remains In the lungs,  Th space enclosed by the bronchi. 
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Respiratory bronchioles 

Alveolar sacs 

Terminal bronchioles 

-—Alveolar ducts 

t 

Pulmonary alveoli 

Fig. 2 — Diagrammatic representation of a respiratory unit (Ref 2) 
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bronchioles,  tracnea,  larynx,  pharynx, and nasal  cavities Is 

called the dead-olr spac?.     It has a capacity of about 1^0 cc. 

The air In the air sacs is  termed the alveolar air.     Various 

techniques have been developed  for measuring or estimating the 

composition of this sac air, which Is In equllibriun with 

arterial  blood and which  is different from the external 

atmosphere. 

The  foregoing characteristics of the  lungs,  especially 

the small  tidal  volume in respect to total   capacity and In 

respect to the  large residual volume, permit  the  lungs  to 

accomplish the remarkable  function of damping out the  large 

fluctuations  of sac-elr composition that otherwise,  during 

the intermittent  Inspiration-expiration cycle,  would subject 

the  flowing blood  to large  surges  of oxygen  (and alternately of 

carbon dioxide).     To a  first approximation,   this  lung charac- 

teristic  permits  tie breathing mechanisms  to be  represented 

as a  large volume of air of sac   composition  in equillbrium 

with  the  blood. 

Actually,  the breathing mechanism and  change-  of air 

composition from atmosphere  to  lung  sac are  qultt-   comple::  in 

detail.     The  blood gives   off carbon dioxide   (and  usually 

water)   to  the  lung sacs     and pic", i  up oxygen.     Thus,   the air 

leaving  the sacs   is of a dlfferen*   composition from  the in- 

coming air.     On top of  this   chang  ,   there are  other  factors 

such as diffusion, nixing,   the de d-air spice,   the  alternate 

P-1811 
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inspiration—expiration cycle,  and the  blood—flow rate that 

all  affect  the composition of sac air In relation to atmos- 

pheric air. 

One's breathing rate  can be controlled  voluntarily within 

limits,  but It Is  essentially an Involu* tary act controlled 

automatically by  the  rhythmical discharge  of Impulses  from a 

group of nerve cells  In the medulla  oblongata of the brain. 

This  respiration center la  Influenced  largely by changes  of 

oarbon-dloxlde concentration In the blood.     Changes  In oxygen 

concentration can also influence the  breathing rate,  but  this 

Is  thought  to be an  Indirect  Influence  through chemoreceptors 

lying close to the heart.    These chemoreceptors alsc appear 

to be Influenced within limits by hydrogen—ion and carbon— 

dioxide concentration,  In addition to affecting heart-ectlon 

and blood—flow rates  and  Indirectly Influencing breathing. 

The gaseous  exchanges between the blood and the  tlssuer 

are  the  reverse  of those  ta'/lng place   In  the  lungs.     The 

oxygen concentration  Is  lower and the  carbon-dioxide concen- 

tration  Is  higher  ?n  the .tlssuer.  than  In arterial  blood. 

Therefore,  In passing throurh th^syrtemlc  capillaries,   the 

blood gives up oxygen and absorbs  carbon dioxide.    The  compo- 

sition of the blood  roturnlrxg to the  lungs  varle:, depending 

on the part  of  the body   it  has served.    There  is also some 

admixture  of arterial  blood   *lth the  venous a^   it enters   th? 

lungs.     As  a  result,   tVie  b2f  >d entering  the   lungs — which  is 
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called mixed—venous blood — Is higher In oxygan and lower In 

carbon dioxide than the most degraded venous blood, such as 

that coming from an extremity and sampled there. 

The chemical phenomena of the external respiratory system 

in which we are especially Interested may be represented sche- 

matically as In Fig. ?.  Here the system Is considered is 

conoiatlng of three compartments, corresponding to the lung 

sacs, the blood plasma, and the red blood cells.  Following 

first the path  of oxygen from the lung sacs, we note that In- 

asmuch as the concentration of oxygen dissolved in mixed- 

venous plasma Is lower than that dictated by the partiol 

presrure of oxygen in the lung sacc, oxygen transfers from the 

sacs to plasma, increasing its concent' ition there and in red- 

cell solution.  This increased oxygen concentration causes 

the reduced hemoglobin in tne red cells to combine with oxygen 

until a new equilibrium Is reached at the higher oxygen con- 

centration.  Hemoglobin accounts for the large percentage of 

oxygen carried by the blood; however, as is also true o;' 

carbon dioxide, its solution in plasma and red cells serves 

as the Important pathway In and out of the blood. 

Conversely to the case of oxygen, the concentration of 

carbon dioxide Is higher in mixed—vt nous plasma than that dic- 

tated by the partial pressure of canon dioxide in the lung 

sacs, so carbon dioxide transfers fr m the plasma to the sacs 

until n new equilibrium Is reached at a lower carbon-dioxide 

concentration.  But carbon dioxide Li   stored by the blood in 

/ 
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Fig. 3 — Chemical aspects of the (Eternal respiratory system (Ref 3) 
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both plasma and red cell:i largely as bicarbonate ion (a.id In 

association with reduced hemoglobin In the carbamlno form). 

As the carbon-dloxide concentration la reduced, the bicarbonate— 

Ion concentration is also reduced. This reaction in the red 

cells Is catalyzed by the enzyme carbonic anhydrase.  As the 

bicarbonate concentration in the red cells decreases, an im- 

portant reaction called the "chloride shift" takes place 

across the cell membrane; in this reaction, bicarbonate ion 

from the plasma transfers to the red cells, and chloride Ion 

from the red cells transfers to the plasma. The reverse of 

this shift occurs at the tissues when carbon—dloxld'-, concen— 

tratlon Increases in the blood. Here, bicarbonate ion formed 

in the red cells shifts to the plasma and chloride ion shifts 

to the red c^lls. This shift results in an Increase in the 

carbon—dioxide carrying power of the blood. The remarkable 

ion—selective characteristics of the red—cell membrane and the 

resulting Qlbbs-Donnan equilibrium make this important shift 

possible. 

As mentioned, carbon dioxide is also carried by hemo- 

globin.  This hemoglobin—linked carbon dioxide, while repre- 

senting only a small part of the to'.al carried by the blood, 

provides a significant part of the -arbon dioxide transferred 

from tissues to lung sacs. 

The phyr-iclogy and the chemist y of the t-xtornal respira- 

tory system are, of course, much mo: *» complex in detail than 
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could possibly be  indicated  In thl?  brief description. 

This  introduction,  however,  should provide  the b^okground 

necessary for an understanding of the mathematical reprvsen— 

tation of the more  important features of this system. 

An excellent detailed description of the external  res- 
piratory system la  contained in Ref.  ^. 



IV. 

DESCRIPTION 0~ TH E MOD~L 

From the physiologica l da t a · va ilable and the ~orl<ing of 

the respiratory system a s outlined above in Sec. III, 

mathematical model was set up to represent the more important 

of the known interrelated physiological functions and chemic ' l 

reactions involved ! n the human respiratory eystem. Actua lly, 

two models were formulated. Model I uses a simplified cone pt 

or the hemoglobin molecule, but otherwise is sufficiently 

detailed for ~he present purpose. Model II, described in 

Appendix D, is based on Linus Pauling's theory of t he compl ~ x 

hemoglobin molecular structure. 

Figure 4, which is a schematic 1llustration of the 

external respiratory sy~ tea, demonstrates the r e lationship ot 

the inputs and outputs or the .athemati al model to t he actual 

~ ystea. the a s and v•s in the r1gure refer to the input 

"elements" coatn.g t o the lungs in unit time trom mi x d-venous 

blood and tram the air. The x•s refer to the r esulting 
• nu.erous mole cular species in t he arteria l blood and in t he 

air ot the lung ~ac s as determine·! by the solution ot the. 

mathematical model. At the prese t s tage, the cel l outputs 

are introduced into the mode l in · arms or the compos ition ot 

the mi xed-venous bl ood. 

P-1811 
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Fig  4 — The relationship of the inputs and outputs of 

Model I to the respiratory system 
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Mociel ·I wa:: constructed to provide an accounting ot the 

mass ot all or the "elements" involved. The concentration of 

each ot the molecular apecies (dissolved compounds, gases, 

iona) was established in terms o! its mole traction. Since 

the equilibrium constants tor the many reactions were avail­

able, it was possible to interrelate, within the ~odel, the 

mutual ettects ot changes in concentration or any or the 

species. further, troa the equilibrium constants and mole 

tractions, it was possible, on the assumption or ideal solu­

tion behavior 1n the dilute solutions involved, to estab_ish 

the thermodynamics of the system within the model. 

Some previous stud1e3 a t ~.AN D ( 5) p::--ovided :· t -:! htJ!que for 

the introduction or these energetics of the systt:rn 1n t o t .. .., 

computation 1 mode 1 in. an ·err!cient manner. This me ti1 o d t ::: ~-:e s 

use o!" the Gibbs' c~em1ca l-potent1al conce. t \IT1th h_ 

m1nim1za tion of tota l pote t 1 1 energy of the sy ter.~ cfin1ng 

equ1libr1ur.:, r a ther t n· r; use o ~ the equ1libirurn cons t ant s , n 

their more convention 1 rel: tion to free enerey. 1h t wo 

concepts are matherr t! c ll ' equivalen~. In thE: f irs t p~rt of 

Apper:di · ·, tie inte r·es a ea · er will find a ce vi e-: of t he 

basic chemi --1 n the:-mo ynan :ic concepts er.ploJ e<i 1n the 

p~esent e elopment. 

The model constructed to represent this systerr. is s hown 1n 

':able 1. Briefly, the input 1 ~ .o of the model consist o!' 

given q·~ant1 ties of t he "e lerr.en fi" of mixea-venous bloo D.nd 

a ir, s l O"Nn on the left. in the t ole. The .output ·a t a a r e t h 

' P-1811 
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evaluations or tl1e quant .!. tie : .:"J rcpr? s t.! nt 

YBr~s moleoule.r spe'!1e ~: to 1nd !r~ three . rr.p;.1rtment .. rep­

resenting lung-eac air, _ ~lood pl ~rna, ~nd r ed - ~ 1 ls. ~1~ 

numbers appearing in the var1. ous col umns f or t :. ~ nd l v.' du: 1. 
•• 

r.toleeular species ch ~ r£;,t~ize the species a nd a re t .' -•rr·fort! 

independent ot their quantity. In greater d . t e:.il . t 1~ mod . . 

consists ot the tollowi ng portions: 

-1. An "Input Sl;;'c t1on" cons1 t -tng of given amo"J.'1t:- v. 

or essential "elements" "i" ot the blood corre .:.> ponding t c 

t ypical .Uxed-venou · blood va lu ·s (measured ln moles). p h.t s 

amounts ai ot fresh alr •elements• "t,• glvlng total inputs 

b1 • a1 + vi. (for simple chemical rea c tions , the " e l ·~m~nt ~ · '' 

could be det1ned a s the a tomi c types compos ing the 11.ole~u1 ~ r 

species. It was more convenient tor th pre 3ent ppli ~ a. t ton 

to compo:;e the var~ .ous possible mol ·~ cular spec 1ea app ... a ring 

in blood from a set of "elements" (! Onsis~ing Of ei t i e r a tom .. 

or "group ... or atoms in fi ·:ed pr~rtions •" u ch a s H+ or 

OJI.) 

2. Compartrnen t I, ls:tbe J ... j ''Air Out," w .t h ~olum __ · 

corres pondine: t r_· d ff rent s p·· --1.. s or ~ . ng~a ga ::-· _:. 1 :-~ 

equilibrium with t .e arterial plasma and red c~ ls . 

3. Ca.partaent II, labe: eel "Arterial Plas•," w1 th 

colua-..~ "'orrespondlns to '"heaj !al species appropriate to the 

arterial plas•. When the IIOC ~1 l z "solvecl," the correGpon41ng 

values are the equlllbrlUII -c tnts (ln IIOles) ot the ';pecies 

ln luna sacs, pla~, and red !ells . 
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4. Comp·~ rtment III, lab .l ed "Red Cel s ," with colwnn!'l 

pc:c 1 ~ : ; c ontai ned n r ed c , 1 
~ ~'- .... . 

not •d earlier, Mode l I _us ~ a s1l!1p l1f1ed s true ture . A mo!"e 

~ ornplete the ory 1~ onta1ned 1n Mod- 1 II; S A~ AppPndi x D. 

'l'he mathemat1 ca prob l em for Mod o2 l I i s t :.-· f _ lo,~l n.g : 

Por given va lue.., b 1 (i ~ 1, 2 , ••• , 12), and r ol' t~-.~ 

detached coeffi c ient values a1 1 given in 'Tab ~ e 1, d ~­

term!ne equ ... 11brimn amounts -'' .J ( J • , 2 , ••• , 30), a ~d 

minimum free energy z de fined by 

z • i x _1 (c .1 +l n(xJ~I)] + xi xj [cj+1 n(x _1;~II)] 
+ Iii x J (c J+ .n( xJ/~III)] ' 

where ~ denotes the sum over all apee1ea J 1n eompart-
k 

ment k (k % I, I~, or III), eJ 1s p~port1onal to the 

free energy per mole or the Jth species, ik • t xJ 1s 

the total moles in compartment k, and ln means natural 

logarithm, subject to the constraints 

XJ) 0 (j • l, 2, •••• 30), 

30 
bi • L a1JxJ (1 • 1, 2, ••• , 12). 

J~::l 

Thus, the computational proble · as· presented in the model 

is to determine the amounts of each or the chemical species 

present in the lung sacs, in arter1: 1 plasma, and 1n red cells 
• 

at equilibrium. 

~ . 
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In the peat, the determ1nation or equi .brlwn eompo-
. 
sitlona ot such large che~cal systems involved computationa l 

probl..a thllt have b -en tedious and tirne-consurnlng; they hn ve 

often been "aolved" bJ. asau.ing certa in spe c t ~~ to b 3 domin nt 

1n the t1nel solution.(6)(7 ) In recent yeur s , howove r, 

several conceptual and computational ciev l opnent s plus the 

availability ot large e lectronic computing· m~t chines 1ave mad ~~ 

it teaa1b1~ to attempt the solution of such l arge-ti c~le 

probl .. s repeatedly, and under any desired variation or the 

basic lnputs into the sy~tem.( ,) 

'ftiE nD-DIRH nHCf'lOH 

The .. thod here used tor aolv1ng the ayatem 1a deacr1bed 

in detail in Ref. 5. I t consi s ts of thP di rec t m!nim1za t1on or 

the nonlinear rree-.nergy runct1on autJect to ce r tain linear 

constraints instead of t he uel!a l nonlinea r· ~qu111b1rwn 

equat1ona that ex~reas the mas -action laws. Mathema tically, 

the tree energy F( X) of' a mixture or n cnem1cal species 

relative to aome standard atate containing xJ moles of the J-th 

apec1ea can be expreaaed aa 

n 
.f(X) • xjPJ , 

j•" 
( 1 ) 

. . 
where X • (:-<1, x2, ••• , ·n) i s 111e sd·t of mol e nWTibe r s , 

1.1 repre sents the f1-ee ene rgy p. ~ mole or t ~ e 1-th s~ c i ::; 

at the g1ven tem~ra tt1 re and 

def!ned by 

ot !E:ntre t 
. . 
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• 

' ( ,, • ftT (a + ln ~) I 
.J X 

n - z X • xj • 
1 

-o 

cj 
'J ln P • RT + I 

p • pr~.., ure in a tmoapherea • 

T • a'b clute t .mperfl t":.~ re 1Celv1!11 

R -t he gas cons t ant , 

po • fre~ ~ n rgy per mole of t h2 
J-th speJie ··· in its standard 
state. 

(2) 

( 3) 

(Por species in liquid s t a te, t he pres sure t rm ln P defining 

cj is omitted tor P'~ nea r atmospheric; a nd tor pure spec ie 

in the solid s tate , both this term and the term ln( xj/ x) ~ l""l' 

dropped.) 

Whe r e there are , ev·_. r a l ompartments tn :s tend ot one, ns 

i n the model, 1 t i s ne ·· . . ~ry t o rr.odity the rr~~nercy 

~quat1on s o t ha t oncentr:1 t1on 1 '> dE- f ined · •~P<' rately for each 

~ompartment. The ne e~ · c. ey change i n P( ~) h ; · . . own i n t he 

for~golng tonm.ila tion or the mHt hem:'lt!. cal JJrobl~m t ot' Model I. 

Real gase '' a; :_, ('\1 t~o 1s do not ~ onforrn, over t tt: :nt1re 

· · nge of c ompo~ 1 t ! o a n "r pre ·s1 re, t . ~he !de .! :;! tu~ t~. on 

described by these equations. To retain the advantagea ot 

the almple rorm or the equations , it has been expedient to 

define a thermodynamic function < .lled activitz, aJ• which ia 

proportional to concentration 1n 10le traction: 

P-1811 
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'ltle conatant ot ~roport1 onallty, ~1 • alled th activit~ 

coett1c~. ·~~roaches 1 as xj/ x t e nd ~ to o. In t 1L; dL,-

cusa1on. aole traction x
3
; x is used 1ns te~d of a tivity a 1, .. 

with the understanding that an approximati on l s there by :l.nt1•o-

dueed. The use or mole rra vtlon t n~t . dora t fv ty in t he 

present model With the ve r y dilu t . ~. o } .1 ~!on e nd 1ow p.,..V1 .; u·(~ 

involved does not appea r to introd •ce .er1 0u ::- rror. 

!he rre~nergy tunctlon is thus defined. o nce t .!~ 
• 

numerical values ot the ej are dete rmined f or t he va r1 ous 

species. In the case of complex m~xture~ of ga se ~ , e xt ~n ivc 

tables are av~1lable (s~e, e .g , , Ref. 8) cont atning t he r~ ~ e 

~ner~ values ~/(RT) t or a large number of cr.emt cal '"per.:1e f> 

and over a large t emperature range . Unfor tuna t ely , t hes <i :1 t e. 

do not include the value~ ror mnn~r or t he ; hemic ~ 1 ;::~ pe ·~le s 

present ln physic. ogical systems. ~ere are, h weve r- , ~qu t -

11br1UJil con3tant ,:: a vailabl e in t ne 11 t r a t ure ror mo s t of t h, 

important rea~ t1ons occurring i n t he .? xt _rna re G~1ra tot·~ 

s ystem. 

' A~pendi x A d ~ s .; r!be s in d ,:- t . 1 l t t. e ·.: aver·"' ion c.f t he 

oqu111br1um con t a nt s t ~ t r e "~ v lue ~ ~r'''J ( ) fl1 i n Tab1 e i . 

Whenever noss1ble. data wer . d~awn .. ~(). bA i : ph~· · · :t .... : c hemica ~ 
-- ~ ---~ ~ ------ --·~-- -- - - -. -- ·---- -··- -- - - -

-
tables rather•than phys1olog1eal sources tc ensure the ir 

app11cab111ty under various qor.11 t t on s dev1at1ng fr·om those 

or nor.a1 1nd1v1duals. 
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THE IIASS-BALANCE AND CHARGE CONSTRAINTS 

The determination of the equilibrium composition 1~ 

equivalent to finding the nonnee;ative set C't values xj thnt 

minimize~ P(X) as defined by (1) above subJect t o sev .ral 

sets or linear constraints. the t1rst or th~se are t he ma~s-

ba ance constraints, 

n 
~ a1J xJ • b1 J•l 

(i • 1, 2, ••• , m), ( 5) 

where there are m different tJPes or "ele~ents"; aiJ indicates 

• the nuaber ot units ot element i in a molecular species j, 

and bi is the total number or element weights ot ~lement 1 

pres~nt in the original inputs. the values ot the a 1J are the 

entries in the colu.n below each species ln table 1. 

ChellicallJ this is equ1 valent to stating that the Mas or the 

numerous chemical species muat be ln balance with those or 

the inputs. for example, the tlrat .. sa-balance equation ~an 

be obtained trom 'fable 1 by multipl)'ing the unknowns x
3 

by 

the corre~pond1ng entrtes in the "0?" row to yield 

- .· 

In addition to the mas&-baJance constraints ot the model, 

there is one exp~~essed by the "charge'' row, wl1ich indicates 

the conservation or electrical c~arse. It ls necessary to 

introduce t his into the n:odel to ~ccount for t! e reanarkable 

ion-eelective char~cter1stJcs ot ~he membr~ne fteparat1ng the 

plasma and red c~lls. the rormu· ~tion of this set of 
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conat~lnts implies the Bibbs-Donnan equilibrium t l at o~curs 

With auoh lon-eelective membranes ; it al so provide s t or the 

so-called "chloride shitt" that occurs through this membrane . 

this eonatralnt maJ be formulated in the present conte .t as 

Ii z j xj • 0, 

where z
3

, the constant appearins ln th ·harge row, ! fJ the 

net nuaber ot poaltlve or necatlve chars•• preaent per unlt 

ot tbe oha~ed apeclea. The aumaatlon extenda over all 

species ln Oapertment II. 

In the operations of the model so far, the assumption hD. 

been •de that there is no net charge dit"terence !n the input. 

·venous blood, and the charged input "elements" were ~arefull~ 

balanced ln accordance with this assumption. It, as i s shown 

ln 'fable 1, one ot the cmpartments with ions contains the 

constraint that all charges in the compartment sum to zero , 

and lt the input charges sum to zero, it is easy to show that 

the · mas&-balance equations imply the Jectr1ca1 neutrality or 

the other two ccmpartments. Since the first c ompartm~ nt con­

tains onl)' electrico.lly neutNl pecios, (6 ) implies that a J. l 

caapartments are e lectr1 ally neu tral. Besides providine t or 

the representation of the Oibbs~ '>nnen equilibrium ac ross th· 

cell -brane and the resulting c lor1de shift, the charee 

equation could be used aa a meanf tor forcing other compo-

s! t1onal chaQ£es between r! ompartm· ·nte "h~ n th~ c~rge 

dltterence is not z ~ro. 

P·1811 
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Some Judgment enterod  Into the  choice of the appropriate 

Lnput  "elements"   and posolble product  'ipecif?"  present   In 

blcod.    An for th?   latter,   these wer-  selectea  to yield &   f.^ir 

r^presentutlon of  the  Important  chemical  phenomena   that have 

been observed  In  the extern< 1   renplratory  syr.tem.     Experience 

).aa  shown that  the r.io'"^]   Illustrated  In Tabl^  1  Is  .-»bout the 

smallest matrix  in  ter.is of rows,   columns,  and compartments 

required  to  represent  the:;-.' more  Important phenomena. 

There aro  alro many possible   choices  of  "elements"   to be 

ueed  to  forra  the  molecv.lar  species.     The  one  selected  here 

happen?  to be minimum  In number   (notice  that  there  are  the 

nhwe number of vectorslly     idependent  columns as ther-   are 

restricting equations)«     The  selection wan also mad^   so  th~t 

ther^ was a physical   Interpretation,  in terms of nonover— 

lapping GrouPc   c? atoms,  that permitted  obvious  simple whole- 

number coi.blnations  to forr t) •  various species. 



V.  SOLUTIONS ON THS DIGITAL COMPUTER 

AND 

SIMULATION ON THE ANALOO COMPUTE» 

/ 
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To solve  actual  n'omerlcal  cases,   the  general  one- 

corr.partment  (one-phase)  chemlcal-«qulllbrlur   :ode  Jevelopt; c. 

at  R.Mv'ü for the method described  In  aef.   5 was extendeJ  to 

cover the multlcompartment case.     The method  Is  Iterative ani 

starts with an arbitrary  composition  of chemical species 

satisfying the mars-balan'e  constraints.     P.y means of  the 

assumed chemical  composition,  a quadratic  fit  Is made   to 

the free-energy function, which is  then minimized.     This 

produces a new chemical composition that also satlafiea  the 

constraints but has a lowor free energy.     The process  Is  then 

iterated.    The method Is extremely efficient and for tills 

reason has come into wide use for solving chemical—equilibrium 

problems. 

Model I   (which hni;   11  mass—balnnce equations  and   50 

chemical  specie.)   can be  computed  on  the  IBM VO^   to  four  jig— 

alflcant figures  in approximately one minute with less  than 

20 Iterations.     The  cost of computing  the  output compojitlori 

for a given ^et  of inputs  from venous  blood and air   ;onposi— 

tion is  about $r.00.     The  currentl     used digital   code  is 

capable of handling systems  consls*lng of 10 timeii  tue number 

of equations and  variables.    Howev r,  systems  of such size may 

require a prohibitive  number of it» rationr  before  an accurate 
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solution can be achieved.     On the other hand,  systema of two 

to three  tlrrieü   th^  present  size  are  believed  to be  economi- 

cally feasible.     So far as  the  authors know,  the  solution 

carried out  to validate the model   (se-j  Sec,  VI)   represents 

the largest  slnultaneous, multiphase chemical  ayttem ever 

solved  for equilibrium. 

For Model  I,  the code used  only r,000 of the  52,000 wordu 

of high—speed memory space available  (including space for 

about 4,000 words  for the code  instructions and  for about 

1,000 word«  for the problem data,  namely,  the input values b-, 

the energy constants c.,  etc).     In addition,  the machine 

has magnetic—tape and drum memories.    Thus it is  feasible to 

consider having several human—subsystem models within the 

machine at the  same time;  these  can be cyclically solved so 

a.   to feed  Input Infomatlon to ea^h other.    For example, a 

respiratory model at the tissue  level  could Interact 

with the present external  respiratory model.     (A  simple blood- 

flow simulation wou^d be needed to interconnect the two sub- 

systems.)     This  two-eubsystem model  should give a fairly 

complete  simulation of the full  respiratory function of the 

human body.     One immediate application might be  to the study 

pf   body   reactio'.s when breathing  'a confined atmospheres 

such as are  envisioned for space travel. 
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ANALO(M;OWPüTER SIMULATION 

In addition to obtaining accurate numerical   values using 

a digital   jomputer,  the authors explored the Idea  of jlmulatlng 

the respiratory fun tion  (so far,   Juct the   -hemi :a:—^ lullibrlum 

part)  on the electronic  circuits  of an analog computer.     Per 

thlr   purpo.-e,   the RAND analog computer (TOAC)  wab  used.    Thlü 

Is a differential analyzer originally made by the  Reeves 

Instrument Company,  but with many modlfloatlonB.     The varloup 

elements of the machine  Integrators   (which are potentiometers) 

were Interconnected by means of a wired plug ooard  that con- 

stitutes  thtj Model  I  "program"   for  the machine  Vo  execute.     A 

series  of dials  can be turned to  vary the Inputs  to  the de- 

sired amounts, .and the circuits of the machine can be scanned 

to read the value.i  of any desired  output species. 

Computer solutions of Model   I were undertaken with  two 

goals  In mind.     The  first was   the  obvious  ne^ec. ity  of having; 

fast accurate   checks  on the mathematical model ;   the    e ond wa.- 

the desirability  of obtaining.   In  physical   hirdware,  a  simu- 

lation the   tlme-ci spendent  system.     Although these   two goal^ 

are noi   . .idependeut,   trie digital   computer,  with high accuracy 

and reasonably fast  solution time,  wa^ used to    orapute the 

equilibrium conditions end to  chec     the mathematical   model. 

Tie analog computer,  w!th  less  ace   racy,  >>ut much  fester solu- 

tion time,   can  be  u.sed  eventually,   it  is  belleveci,   to  .'inulate 

the dynamic  aspects  of the model.     Ttiu  Initial  effort to this 

end was accomplished  in th?  follow  rig way. 
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The analog computer,  as  Its name  Implie;,  Is singularly 

well designed for the  Plmulot^.on of complex time-dependent 

rystems.     With the  advent  of mathematical  prograJhmlng methods. 

It became possible  to simulate complex ;;ysteinr>  for which the 

basic problem can be stated In terms  of the  extremlzatlon of 

a given vector — for exaaple,  the chemical-equilibrium 

problem of Model  I GS  stated above.    By means  of the methods 

of mathematical prograimnlng,  an exact model  of the equations 

for Model I wa-  constructed on the analog machine.    An Im- 

portant  characteristic  of this  simulation Is   that the entire 

system Is Interconnected and hence Interdependent In Just the 

way the hypotheses of the physiological system are interde- 

pendent.    This means  that a change In level  of concentration 

or activity of any chemical species or component Is 

Immediately reflected  throughout the  system. 

All  the Important parameters of the System were made 

available on the machine  for manual or automatic adjustment. 

Once  thf» model had been  constructed on the  machine,  the input 

or Vmown parameters were  adjusted by means  of potentiometers. 

The machine quickly computed the equilibrium values for the 

outputs of the chemical model.    T)   t  Is,   the  model on the 

machine,  with circulating  currents,   came  to an equilibrium in 

which  the  current  level  and voltage   were  constant, a 

simulation of  the  chemical  system,     "he  outputs,  or equilibrium, 

values,   could then be  reai on  voltr ?ters or appropriate output 

devices  and the  compsrlson made  to    he  physiological 
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hypothesis.     For example,   the effect on  the  amount of water 

In the  red blood cells ^as  studied by varylnc  the  imount of 

salt In  the  plasma.    This was  done by continuously changing 

the  setting of the Na+ and  Cl~ input dials.     Similarly the 

effect  of  acidity on oxygen  pickup was  studied  by varying 

the IT  input, etc.     It is  quit« possible  that  such a simu- 

lator with more subsystems would be an excellent training 

device  to give a medical  student at  the  controls  a  feel   for 

the effect of this  or tha.t  change on the  functioning of the 

hum.' n system. 

To make such a  system  time-dependent  in   the most 

elementary way,  the input parameters   (potentiometer^)  — which, 

for example,  set the COp concentration In the   lung alveolar 

sacs — were made to vary in a sinusoidal  fashion with a 

frequency  comparable to the  breathing rate.     Ttie entire system 

oscillated according to the  interdependent relations at tko 

.:ame rate.     These oscillations may not correspond   to nature, 

of course,  because a more  complete  representation may require, 

for example,  the simulation  of the time  lag encountered acros. 

physiological boundaries,   the  interconnection  of similar sinru— 

lations  of other organs,  and a simulation of  the respiratory 

function at  cellular level. 

The  simulation of Model  I requ  red appro  imately    0 

computing ampllfier:> and    0 potentl meters.     The  small  analog 

computer at The RAKD Corporation   3a     be mad=;   to  simulate a 

system about twice  th^  size   of th -   i resent Model  I — e.g.. 
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the  full  respiratory  function.    Per  larger system?,   there are 

machine:; available  outride RAND.     It  !;•   a 1. o possible  that, 

ar;   .uibsyr.temr  become   fully  validated,   spe-lal-purpoje analog 

omputerr   ^ould be  built for the  sole  purpoae of .simulating 

the particular subsystems. 
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VI.  VALIDATION OF MODEL I 

0 

Where possible,  the  respiratory model   -^ed  equilibrium 

constants  derived  from physical    -homlcal  data   rather than 

those derived  from   laboratory mea .urementa  on  the  biological 

medium Itself.     Tlie  rationale  for  this   jhoi je  It;   that data  of 

the  second  type may reflect  the  presence  of  othor substances 

and reactions  and may be  valid only for the  normal  or measured 

conditions.     On  the  othor hand,   the  use of  basl^  data  of the 

first  type    hould a] low explorations  with  the model   of  con- 

ditions   that are  far from normal   in respect   to  temperature, 

pressure,   blood and air oompojltlon,  etc.,   because   the more 

basic  equilibrium constants   can be e<pre: sed  functionally in 

terms  of  these   :ondltlons.     The  important  first  question to be 

asked  is  how well a model   constructed in this manner  conforms 

to the actual  physlolo^l-al  phenomena. 

To  validate  the model,   the  problem chosen was   to  find  the 

equilibrium amounts  of each  of  the  species   for  the   inputs 

■hown In Table  2  for an average  resting adult male   (at 

atmosphere and C).     Thl.;  was  accomplished  by minimizing the 

sum of  *;he   individual  psrtlal-mola 1   free-energy  function:-  for 

the  species,  sub.Je  t to  the   linear  constraints   for  the   con- 

servation  of mas.)  and of   charge,   using the  electron!'-  computer 

code described  In  Sec.   V.     Tabie  3   lifts   the   calcu ated value 
(9) from the model  and  the  observed  values  reported^   ;   for average 

resting  Individuals.     It  can be  seen  that  the  correspondence 

of the  calculated and ob-erved  values  is  quite  close. 
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Table 

INPUTS  r'O''  TH^   PHSPIPATION  SYSTEM KODHL r>L'T a 

Prom Air ( moles From Mixej-venouc 
per 0.0^1 moles 1 -loo. (moles per 

"element" I  air) liter) Total 

c,. 
1 

al " 6.4,-7? x 1C"5 v1 = •".83 x lO-"5 b1 .-t 1. • y^z  x 10~? 

:cv ao - 9.?7 x ic-^ v0 " 2.27 x 10~Oib. 3 2.2709?° x 10' 
2 ? c 

* *• ri5 = 
?.4i;l^ x 10" '" v3 - 

1 

4.37 x 10~"'b7) = 2.US5A6 x 10~: 

•;■*■ 

^ - 
C Vi, «» 4 46.7       b: •-• " ^:.7o 

C}r a. = 
5 

0 v5'- 46.71973   |bc 31 4, .71973 

:i~ a6 * c vf - 0.031H    ibA - 0.C:14 

N.+ 0 v7 - C.08092 ^T 
■ 0.0&092 

r* ;ie " c C.O5O b - S 0.050 

HT^-b a9 a Q 
5* 

. .09 x lO"-5 bc ■ 9.09 x 10~' 

P 
aio - 0 v10 " C.80 x 10 

3 b10 3 :.c0 x 10^ 

H^" an - 0 Vll ' 1.19 x 10 
? 

hi ■ 1.19 x lO""2 

Charge z a12 - . 0 V^ " 
0 b12 

Bi 0 

5r;hese  data  have  been  taken  frorr   -ef.   9;   they  rorresent 
averaaea  for resting  adult  miles. 

The syrr.bol Tll denotes  1 '*  reduced hemoglobin molecule, 
mol.   wt.   1^,500;  symbols  r     ma  I     represent  miscellaneous 
pro-ein   '.i.  plasma  and   re i  blccJ   cell:,   respectively. 
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Some interc:! sting feature of this equiJ 1brium model 111ay 

be observed by following some ot the reactions and solutions 

in Tables 1, 2,and ) . Por example, it is important to ob-

· erve the respirat!on ~uot~en~ (RQ), the moles ot co2 out 

divided by the moles or 02 in. the mole3 ot C02 out 118)' be 

obtained by subtracting the a 2 value tor C02 input (table 2) 

from 0.0,26879 times the x2/ i value tor co2 output (Coapartment 

I, Table 3). If a similar subtraction 1s.carr1ed out tor 02 , 

the results give 

RQ • 0.00177876 • 0.86, 
0.002067-

a value well within the range tor rest1na 1nd1vidual3. 

Similarly, the per cent ot heaoslobin saturation, aa de­

termined by the model, ia the reaaonable-appear!ng v.alu~ 

100 x29 
x28 + .,:29 • 

0.878 • 96 6 0.00909 • • 

Incsmu -h as the carb~no reaetion· tnvolving the 

combination of hemoglobin and co2 waa not represented 1n 

Model I, tt faa neceaaar.r to co.penaate tor thla laok ot 

a 002 sink in arterial blood by reducina the total venous C02 

P-1811 
42 

input by c> compar8.ble amount. Consequently the v2 input value , 

indicAted is 1 • 10-: mole .. l-:: n~ than the avera.se t_.ue value 

for total C02 1r venous blood to ea.pensate . tor the lack ot 

:" rbamirio reprc:: ·nt £1 tion. Even though the carb.::ualno reaction 

involve~ a srn;.~ ~ part (appr-c.Y.1m1i tely :~ per cent) ot the C02 
_arried br t he 1 ood, 1 t a. .counts tor a much h! ~!wr portion 



(approximately 30 per cent) of the C02 tra~sterr~d by the 

blood during the r espiratory cycle. A mod~l ot the next 

degree ot sophistl .!e tion must thererore a ccount for this im­

portant .reaction.• The representation or t t e amount s or the 

other gaseous constituents in Compartment I -- namely, N and 

~0- appears to be nicely in line with the inputs and wlth 

reported values . 

In the ea:.;es ot coluans Xr,• x6• x7 , x17, x 18• x 19, which 

ahow the aaounts of' o2. co2. and H2 dissolved In plaSMa and 

red cell~, respecttve l J, ft will be noted that there are 

s~ rather_ wide variations between the value~ ·::al ::u l ated 

by the •ch1.ne and the observed Yaluen. thi s is ao::;t 

apparent tor 02 and • 2 dissolved ln red cells. there is 

a posalblli·tJ that the lloclel ref;ults ay be aore nearly 

~orrect than the ob~erved values ln these case ~ . su ~ h very 

s .. ll quantltles ot dis~olved .. ses are ditti ~ult to de­

tel'lline ln the laboratory. then, too. 1 t is pos :-1ble that 

s•ll UIOUntc ot he1101lob1n reuined in the analyti ··al 

sa.ples. which caabined wlth OXJ~en and thereby made the 

solubllltJ appear to be greater than it is in the ~oaplete 

absence ot he80globin. Although the number ot moles of these 

dissolved gases 1s ditf'erent tor pl;;: smn t-nd t-ed ':al l ·· , the i-:.• 

mole tractions are id<.:n tica1 in both .:: ompartment~: in the 

machine uolution. 'l'ht~ i s . o f'or ~ 11 .speci.= :--: appearing e;.:_ ·pt 

••or an e··::, : :ent des~r1pt1on ot the ph~·s t. c. ogi ~ct 1 rol l~ 
ot ~arbamino ~J3Unds in bloocl. ,~ee R~t. : , pp. 87~8. 
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for those charged species that are influenced by the Qibbs- 

Donruin equilibrium. It should be noted that the solubility 

coefficients used In the model are for water, not for plasma 

and red cells. 

It is also Interesting to note that the model creates 

water in the three compartments fror, the Input? H and OH"* 

operating through the reaction 

H*" + 0H~ ^> 1^0 . 

The amount of water formed  is  Influenced slightly by the 

appropriate demands and  supplies  of H    and 0H~ by the  com- 

peting reactions. 

The greatest difficulties  in connection with the  valida- 

tion of the model arose in  connection with the representation 

of acidity and concentrations of H    and 0H~,   columns  Xn,  x^, 

x00,  and  x«,,   in plasma and  red  cell3.    Acidity of blooa 

samples  is usually  determined  by  the use  of  a  pH meter and  a 

^l??s  oA   oimllar electrode.     It  Is  common  tc   «?ee  the  ex- 

pression 

pH = -lr'>LC   L
H4

J   
or PH = -loC]0 

a
H+   • 

However,   In recent years  conclusive  arguments   have  b^-en pre- 

sented,   based  on  both theoretical  and practical  electrolytic- 

cell   consideratlonr,  that  pH values  are not measures   of 

hydrogen—ion  concentration  or activity.     Rather,  pH determins- 

tlcns  ar»?  a  reliable measure  of  the  "e^ldity"   of  the unknown 

solution in relation to .m empirical  standard   "olutlon hv-ivlng 



the aa.e general charactertst1as, including tern~rature. 

Conftat1onal pH measuremttnts are or us~ primarily ror con t rol 

and arose :omparison purposes, but are not ~uitable for 

the~od~c calculations or mass-action law use. There are 

not even really satistectory methods tor appr~ ~imating [Hi] 

or [Oit"] tro. pH values or vice versa. 

!he problem this presents in the validation or the 

operation ot th · mode l 1s to determine 1f the mode] (: ~ -- u­

latea [H+:J and [oJt1 accurately when t i1 ~ only laboratory 

measure ot these conoentrut1ons for Gcr.nparison ctr"e pH ve ue ~ 

tor plasma and red cells. One approximation sugee~ted in the • 
11terature(lO) is that 

pH ••aured ±A pH • - ... og1 0 [H1 , 

when [H"'] is determined from 

where 1\, is entablished by other means, such 2s cona ' cttv t y 

measurements. It w111 be noted that it the reported pH 

values tor plaaaa ond red cells are t eKen equa l to -log10 (H+], 

and -los10 [or] is determined by subtraction ~rom log ~ 

(which ls -13. ::-: o t y ,·0 c), then th~ r P. sul ting concentr•at1o11 

procluct does not equal Jt,i this 1nd1ctlte: th&t, in b·.:. ood, 

pH measured ~ -logJO [H-f] • 

However. lt one assume !~ t r.a t the acici-bcJ.~ · rer c t!.ons tim? l l y 

involve only the wate!' '!Ot ';atned ' n th · pl<: .:::;n-!c: _na red~~n 
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r,JB t ~rial, a nd if one redu ~e s the given pH va lue J (and 

cal~ulated [oflr] velues) to ~ orresrond to tho3e tor whi ~ h 

water only is pres e~t, then the values so obtained for r~3 l 

bl ood satisfy the s e ve ral mass-action relationships quite 

ni cely and compare well with the values cal cul a ted by t he 

mod e l and lis t~d in Table 2. This correction wa s appli~d to 

t he values or [H"] and (ol("'j listed as obs~rv -d ·val ue . i n 

Table 2 and as appro ximated from t he r e ported pH mea:>urer~t? .~t r· . 

The treat!ftent or .>pec1-c ::t x11 , ~ 1 5, x2;:.• and x) O' sodiu:r. 

ion and proteins in pla ::Jma and potassium ion and prot .~ lns t ·. 

red cells, is desc ri bed 1n Appendix 8. Species x1:: and x2 . ,• 

· HCO; in plasma and tn red cells, ls, or course, a crucial ion 
../ 

in t he blood both for co2 transport and tor buttering. It i s 

created bJ tale model 1n Ce~~parta•t• II and III bf the reaotlan 

in the f"ace Ot the demand~ and SUpplieS Of" thes~ inputR front 

competing reactions. g1csrbonate ion is said to hydrol yze 

(seep. 219 ot Ret. 11): 

a nd it can 1on1z~ t"urt t-c rz 

The combination or these two ~e~ct1ons gives . 
• 
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Species x14 , x1 ~. x26, x27 -- namely H2co? and co; in plasma 

and Nd cells -with their appropriate th~rmodynaml. fun~­

t1ona, were introduced tn the model to explo~e their eff . cts 

on concentrations ot HC03• H+, and 0~. The effects of HCO: 

hydrolysis and aecond-etage ionization on (HC03] a~d acidit y 

appear to be minor. 

the concentrations or specie H2C03 and co: are not r e- · 

ported in the literature. 'l'hese s pec ie "' we re r _t c> i ned in 

the model to illustrate the poss tb1l l t1es of U.3lng t he .od . l 

tor explorations or this sort. Ih addttl on, it has benn 

noted that the mode l is extremely and correctly s ens1 ti v (~ d 

responsive to changes in the inputs or in the environment 

(e.g., temperature and preS'sure). 

,-
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VII.  P0TSNTIALITI2S AND LIMITATIONS OF MODEL I 

The authors hasten to admit that the model described Is 

deficient In many respects, for It represents but a first 

attempt to determine the feasibility of progrcmmlng a 

complicated physiological system In this manner.  Because the 

Interest of this particular study Is centered on the equili- 

brium phenomena of the system's chemical aspects rather than on 

the physical flow, mixing, etc., several expedients have been 

used to avoid Incorporatlr- a representation of the physical 

and transient aspects of the entire external respiratory 

..ystem In the model.  For example, the mechanism of breathing 

with its complex Intenrlttent flow, mixing, and diffusion 

effects has been avoided for this Initial study In several 

different ways: 

1. By m  Ing the set of Input "elements/1 a-, ..., ag., 

representative of a large excess volume of air having the 

observed composition of the gases of the pulmonary alveoli of 

a normal resting male at sea level.  The assumption Introduced 

by this procedure Is that the concentration of gases In the 

alveoli of resting Individuals does not change significantly 

during the breathing cycle. 

2. By relating the required incremental input of "fresh*' 

air of atmospheric composition to the Increments of caseous 

"elementB" needed to convert a unit volume of mixed-venous 

blood to arterial blood.  The "fresh air" Inputs, a,, ..., a , 
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per liter of blood may be estimated on this basis when this 

information is not provided by the source data. 

3. By programming the computer to sample the concentra- 

tions of 0« and CO« in either the arterial blood or sac air 

compartments and calculate by a series of iterations the 

amounts of "fresh" air of given composition required to make 

these lung or blood values correspond to previously established 

standards. 

All three of these techniques have been used and are 

satisfactory within their limftations. Method (?) above was 

used in obtaining the values shown in Tables 2 and 3* These 

devices avoid the necessity, at this early stage, of combining 

a physical model of breathing with the present chemical model, 

which may require the introduction of a number of concepts In 
« 

addition to those needed for the chemical model. 

Another assumption implicit in the model is that the 

arterial blood leaving the lungs comes to equilibrium, through 

the alveolar and capillary walls, with the gases in the alveoli. 

As noted earlier, realization of this equilibrium situation 

appears to be closely approximated by resting individuals. 

Hence, for the one-cycle case used to validate the model 

(approximately 0.55 liter of arterial plasma plus approximately 

0.45 liter of arterial red cells in equilibrium with each other 

and with approximately 0.033 moles of alveolar gases, all 

One mathematical representation of the breathing? 
mechanism can be four.d In . ?f. 12. 
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subject to the mass-balance constraint provided by the "elements" 

of one liter of mixed-venous blood plus 0.031 moles of alveolar 

gases), the assumption Is made that equilibrium Is reached 

between the solutions within the red cells and the plasma. A 

comparison of the results obtained from the model wlt\.  those 

obtained from laboratory data on blood samples shows that this 

assumption does not appear to Introduce any serious error for 

resting Individuals. 

The multlstaged lonlzatlon of hemoglobin and the other 

proteln-llke blood substances Is not represented, and the 

Important carbamlno reaction Is only Implicitly represented. 

In Model I. In Appendix D, an expanded system (Model II) Is 

shown, demonstrating how these factors may be Incorporated. 

At the present stage, the model Is one of Instantaneous 

reaction, with time not explicitly Introduced as an Independent 

variable. This means, of course, that the present representa- 

tion can deal only with features of the respiratory system 

that are capable of treatment by reversible thermodynamics; 

however, this limitation still allows many matters of 

Importance and Interest to be explored.  In general. If the 

number of relatively slow chemical reactions entering the model 

Is not large, It may be possible to develop a dynamic model by 

Introducing some simple delays In the electrical analog of the 

• 
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current model. 

It will also bo necessary to develop and Introduce the 

feed-back loops by which changes In CO« concentration, and 

possibly hydrogen-Ion concentration. Influence the ventilation 

rate and the rate of blood flow through actions on the 

cardiovascular system. Consideration must also be given to 

the boundary conditions essential for the continued functioning 

of the subsystem. One Important limit Is the maximum osmotic 

load tolerated by cells. Fortunately, the model Is nicely 

suited to the Incorporation of this limit. 

In spite of these difficulties. It should be possible, 

through the use of models of this type, to demonstrate the 

detailed interactions of the human respiratory system as the 

external environment changes and as the Inputs from related 

subsystems change (e.g.. In metabolism). Changes In total 

respiratory gas pressure or relative mixtures will be reflected 

In the model by the appropriate changes in oxyhemo^lobln 

concentration, alkali reserve, blood-flow rate, breathing rate, 

plasma composition, etc. Because the energetics are an 

Integral part of the model, changes In work load, temperature, 

In highly dynamic situations, such as when the respira- 
tory system Is stressed by exercise, there Is good reason to 
believe that the controlling reactions will be those involving 
membrane transfers. There are three such transfers in the 
external respiratory system. Involving (1) the alveolar tissue 
In the lungs, (2) the red-cell membrane, and (3) the toay-ctll 
membrane.  The Introduction of the appropriate kinetic equations 
for any or all of these three b&rriers may suffice to explain 
all the chemical time effects. The remnlning reactions occur as 
homogeneous reactions in dilute solution or in the gas phase and 
are thus generally very fast compareJ to .rembrane-diffusion 
processes. 
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and pressure Imposed on the hun.an system should be reflected 

by the appropriate and detailed response within the modeled 

respiratory system.  Changes In fields, either gravitational, 

electromagnetic, or electrostatic, can also be Introduced 

through the thermodynamics. Abnormal changes In any of the 

constituents of the respiratory system, as brought about by 

pathological conditions or by unusual environments, should 

elicit the appropriate response In the other constituents. 

Including the energetic aspects. Thus an external respiratory 

submodel affer further development should prove most useful 

for diagnosis and for predicting the possible effects of 

unusual stresses on the respiratory system without endangering 

human life. 
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Appendix A . 

A RBVIBW OF CERTAIN CHEMICAL THERMODYNAMIC CONCEPTS 

For the benefit of readers who are not familiar with 

chemistry, we shall review some of the basl •   !on:eptr used 

in our study, especially the relation of the mac -action 

law to minimum free energy.    Suppose a  compartment  :ontalnr 

various species  r.uch as HpO,  GIT",  H^,  C02,  HC07» when 

CO-   Is dlsnolved In the rolutlon.    The amounts of 

these various constituents depend on the  total amounts of 

water and carbon dioxide originally "dumped"  Into the ^ompart- 

ment,  but  tl'.&lr relative conc.ntratlons  to each other gatlgf^ 

certain sondltJon;:  that are independ.mt of the input amounts. 

In general,  the concentrations   (or activities)  cf the    peeler 

at equilibrium have  the property that,   Indepencient  of the In- 

put quantities,  one or more ratios of products of concentra- 

tion among then have flv,-d  values.    Tho^i  nonlinear conditions 

arü  called mass-action relationships. 

For example,  if we  let x denote the  tcttl nur.ber of 

molecules in the mixture,  so th; t 

" * >:hVO + :
'CH   

+ 'v. + :co   + V
:TCO.7 ' 

where 

X-. - ■■ th - number of -in—lonl'^''d wat^r iT.oleculern, 

*oir ■ ^•, * nur:lN r of : mä of* 0T ' '*''' 

«nd define 
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N 
XH20 

HoO 

N OfT 
X0H~ -   ,   et-.. 

to be the concentratlcns cf these  species In thß mixture«  then 

the mass-action law states that 

N Ho0 
K.   , 

where K,  has a  fixvd value  (at constant temperature and 

pressure),  called the equiMbrium constant for the ruction 

r + OK ̂   -r* HoO . 

Even if no CO« were present,or if a salt were added  t    the 

mixture,  this  sajne relationship would hold o^spitc  the  feet 

that the individual  concentration"   fovmlne t'.e <'oovu  r?:.tioj 

could be chan^inij drastically«    Another mais-a^i-lon relation- 

ship that holde amon^ the concentrations« indep ndent of the 

amounts of inputs.  Is 

where K„ is  the   equilibrium constant for the r.'action 

co^ + H. c ^r Hco, + fir. 
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The conventional method for deterr.inlng the  iqullibrliun 

composition Is to find the values of tbe  five ijn':novncJ   x. that 

satisfy five equations — two of which are nonlinear and are 

the two maas-ectlon conditions given above, while the  remain- 

ing three are linear and exprens the msos balance In relation 

to the original  inputs,  for example, 

%o + "OH" + xHcor - ^F'1« CH • 

XH20 + XH+ 

XC0o ■*" XHC07 

- inpjt r, 

Input C0o . 

As noted earlier In this research memorandum, we have  fcuno 

It more convenient to bypass the mass-action relationships by 

finding the equillbriuin composition through direct mlnimizia— 

tlon of tne free-energy functioni subject only tc the mays- 

balance conditions. 

In general,   for a chemical re&ctlon represented by 

x, ?, ♦ Xg p^ + . . . ^r x^ p^ + Xg pj + . . .,   (7) 

the  corresponding maos-ectlon relationship is 

K ■ 
^,JX1   (til)*- 

(B) 

whjro the P. am  the  reoctant »peclen;  t:..  P, ^re th.^  product 
J 

i 
species,  the X.  gnd X. är<- th     corresponding number:;   of mole? 

of -»aeh  ->p:cle:.,  K i    the   jqulübrlai   constant, one   the 
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(9) 

N. rrjd H^ ar-   t!'     ^oncenti^.tloric   :f th    3onöt.4.tuentc  P. .-nd 

P..    We may al'ro jtnte  t1-"  na^^-Ä^tlon law In lo^r-rlthrlc  for. 

by tr'',:i^z logr 'It/iM-.  of both sides;   thua, 

r    i t i i -i 
n K •  U.   In M-,   + X    In M2 -f  ... 

- [x  In N-   + X.    n Wo +  ...1   . 

It Is   Lmportcnt to note  that r.  ^l anicf.'l—reaction equation, 

rionoted by  (T)*ls  ulnply & rc-lr.tlon aniong tho  column vertorr, 

P^ cf inpjt elewente  i, . associated with each specie    P., 

Thus  If --re let 
■ 

we have,  correijpondlnc  to  {7)$ 

^1 P1 + x? P2 -♦•...- X1»P1»+ X^'P^ + ....    (10) 

Tlii.s  ife easily bdan fron an example.    Suppose  H    and Oif" art 

considered Input "elements11 fominr speoiea H ,  OH"", and II^C. 

We form the  table&u 

Input 
S1 i-frent 

OH" 

Species 
K1 

OH 

0 

HoC 

^    I ^ 
wh^re the  :3iitry e^ ,  In row 1   .inci coluam j  is  the  qatntlty of 

the Input element  I f^uad in the  3p.:icie5   J.     It  13  oler.-r trvit 

the  chemical  re.'-tion 

'd* + OH'     > H^C 
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is simply a statement about the corresponding coliurn vectors 

in the tableau, namely 

UJ 
We  shall  now show that the neos-äctiora law holds for the 

values of x.  that ralnimiie 

F(X) 
n 
2 x.F. , 

J-l ys (ii) 

where in particular P. is given by 
J 

F. - RT (o4 + In J-) . 
}      J     x 

(12a) 

As noted earlier, this expression for P. is essentially an 

approximation for dilute solutions and ideal gases of the ore 

general expression (12b).  It will be assumed unless otherwise 

stated that 

P. = RT (c. + In a.) , (12b) 

where each a., the 'activity," is some function of tne con- 

centration x-/ x; that is to say, a. (and hence P., the free 

energy per mole of the J—th constituent) remains unchanged If 

all quantities x. are increased proportionally,  ^e now 

establish the following purely mathetriatical theorem: 

Theorem:  If for every J, P^ 

of x./ x only, then 

P.(x./ x) is a function 

dP 
^7 

F y j iy  ^|  ■ e » |  n* (13) 
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Because of  (lj5), F,  is  comrr-only called  the partial molar 

free energy of the  J—th cgn^tituent.    To prove  this relation, 

note first that the free enerey P(X)  Is a homogeneous function 

of degree one in the variables  (x,#  x0,   ...,   x ), and for any 

homogeneous functions of degree one It is generally time that 

F(X) =    2 x, Ä- . (14) 
J-l   J   ^KJ 

This relationship (14) is known as Euler's  theorem for homo- 

geneous  forms of the first degree.    In words,   it says that 

total free energy can be determined as if 3P/dx. is the 

contribution of the J-th constituent per mole. 

The foregoing theorem is easy to prove;  we shall establish 

it, as follows:    From (12b),  the assumed homogeneity of degree 

zero for F. for all t, we have 
J   

tF(x^i  Xg,  •••»   *n) E F(tx^,  tx^»   •••# ^Xn' * 

Hence,   taking the partial derivative of both sides with re- 

spect to t, we obta'n 

n ^(tx,,  tx2,   ...,  tx ) 
F(xlf x ,  ...,  x ) ■ 2 x   . 

1      ^ n 1 d<txJ) 
J. 

Setting  t - 1 yields  (14). 

To  establish  (1?),  we  now assume  that F(X)  Is slven by 

(11),  where P. ■ F.(x4/ x),  and talce  the partial derivative   of  F(X) 

with respect tc x..     This   yield*» 
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where we have  replaced  ^./^x.  tyS?k/&  since d*/^ ^  1. 

W?  now show that the   sununatlon  tewn  vcalsiiea.     Multiply ins 

both aides by  :<. and  summing on  .1 yields,  by relation?   (1:') 

and  (11), 

-(xx + .2+...+ xn)(jiXk^). 

Since 

n 
x. > 0, and    .T x. > 0 , J 1«1  •■' 

the second factor of the product must vanish and (1;) follow? 

from (15). 

Having establl:5ned that P1 "^/^x.,  let us  turn to  the 

main problem of mlnlrizlnj]; the  free—energy fun?U.on P(X) 

subject to mass-balance  ormstrslnts, 

n 
0.(X)  •    I a. .  x,  - b.  - 0 , 1 - 1,  ?,.,.,  m.      (IS) 

We now review the Lczmnz* method for r.lnl-iizlng a r.«neral 

function P(X) subject to p genera! constraints, $} (X) • 0, 

and  later specialise the functions $, .    Tl:e  first  step lr  tc 
it 

assign unknown multipliers ir,   to  the  functions (JL (X)  and  seek 

the unconstrained minimum of the  function 

G(X)   - P(X)   -   w1 ^(X)  - Tr^(X)   ...  - r i:(X) .  (17) 



P-1811 
60 

Q 
If for so;:.e  choice  3f v,,   th^ | olnt  X * X    whe-e the ^.inlmun 

Df 3(X)   occurs happens  to satisfy the constr-'ilnts  l-fX )  = 0, 

0 /    \ then this unconstrained minimum point X.    for  }fX)   is  the con- 

strained minimum point for ^(X).     To see tnis,  note  that 

rnln  1(X)   - G(X0)   •   F(X0)   , 

azid that  for all   other X that satisfy ^(X)   ■=  0 we have 

?(X)  ^ ?(X0)  because 

p(x) - J(X) ^ mm a(x) ■ H'Cx0) . 

When F(X)  possesses partial   derivatives,   and  assumes   its mini- 

mum at some  interior jiulnt  of the domain of definition,   it can 

be shown that such multipliers always exist.     v'e now  specialize 

i).(X)  to  te  linear as ?lven by  (l6).    In this  case,  we may 

rewrite ^(X)   by collecting all  terms with common x.,   obtaining 

3(X)   -  P(X)  - ?:(TrP   )   x    -  irb  , (18) 

where 

is a row vector, 

PJ   '^ij'   a2J'   *••'   atrJ^ 

is the column vector of coefficients associated   rlth species 

J defined earlier,  aac 

b - {cl,   D,;,   ...,   bm) 

is the co'.umn vector oi   constants.     The coefficient  of x.  is 

the  conatint  v?.  and  depends  on  the   choice   :f   r.     At   in un- 

constrained minimum  of J(X),  X satisfies 

sr; - (,Fi - ' 
for any choice of V.  Also for an-' 'Aver,  chemical reaction 
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(7) we may multiply the corredpondlnß vector relation  (10) 

by v, obtalnlnc 

X1{TP1)  + X2(irP2) + ... - X^TTP') + XoV?^) + ....    (1?) 

which holds for any choice of ir.  Thus substituting 

ÖP/dx." TP., we have 

(20a) 

which holds for the X that minimizes a(x) for any choice of 

T. Since F  haa a special fonn (11) that satisfies ÖF/dx,  ■ F , 

we also have, for any such X, 

Xl ^1 "^ X2 *2 "*" ••* " Xl ^1 + ^2^2  + ••• •  (?0b) 

If we further set 

Pj - RT (cj + In aj) , 

then upon subutltution,  rearranging of termd,  and dropping of 

the  common fnctor RT,  we get  the  relationship 

1   1 1   1 
(X.c.   + X0c^ +   ...)  -  (X?c,   -f X0:^  +  ...) 

(:c0 
■  (X,   In ttp «f X?  In a^ -f  ...)   -  (X,   In a,  + X^   in a, +  ...) 

for all  X that minimize Q(X)  for iny  choice of ir.    In par- 

ticular,  for thrJt r that yields  X ■ Xc satisfying the mass 

balances (L(x) ■ C and thereby minimizing the  fr^e energy 

P(X),  this  sane r^lationohip must hold.    But  this holds   »ven 

if we start out'with a different  Ret  of b.   volues  cine.'  the 

•ixpres^lon  la  Independent  of b, .     If m       Tine   In K to be 
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it   it 
In K = (>,c. ■»• X0c^ ...) - (X.c^ +  >^c0 .. *) #   (21) 

then (?0c) establishes the mass-action law In locarlthir.lc 

form and In terms of activities. If the activities are glvon 

by a. ■ x./ x, then this is the same as the mass-action law 

stated earlier in equation (9).  If 

aj ■ r» V *' 
where 7* is some constant, this also yields the mass-action 

law stated earlier with an adjusted value for In K« In this 

manner, the c. values from the free-energy function can be 

used to define the equilibrium constants. The converse is 

shown below. 

DETERMININQ c, VALUES FROM EQUILIBRIUM CONSTANTS 

As was noted in the text, the equilibrium constants for 

many common reactions are tabulated in physical chemical tables. 

We wish to discuss how to adjust the c. values so that 

the equilibrium constants are directly applicable to the model;• 

to be precise, we note that for those x that satisfy the mass 

balances, the expression for P(x) may be replaced by 

P(X) . Z  x  (c  + in 4) '  v *!»>! . (22) 
J-l J   J i-1 1 1 

where the k,   are constants and the c,  bear a direct relation— 

uhlp to the t-qulllbrluni constants.    The numbers k.  wero 

selected  so that when multiplied  by the  1—th m^ri-'i—balance 

iition and  the m equation?  ^^oiameo anJ  eubtra^tec from F(X), 
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m of the new coefficients of the  x  's, denoted c.,  would 

vanish.    In place of the original function P(X),  the function 

0(X) -   Z x,(c4  * In -J-) (2;) Z x Jo. 4 in -J-) 
J-l J    J x 

was Bilnlmlzed subject to the mass—balance constraint;.. Since 

the two functions differ by a constant, 

in 
1 k.h.   , 

1-1 1 1 

the value of X «'x0 that minimizes P(x) also ralnlmlzoa 0(x). 

Any m of the c". can be made to vanish by suitably 

choosing the k. values, provided that the square err;iy of co- 

efficients |a. .| aünoclated with thvio  j Is nonslngular, i.e., 

provided that their determinant / 0. 

For Model I, the c. values associated with species H 

and 0H~ In Compartrnent II were made among others tc vanish, 

V " ?0H- " 0 * 

Now the equilibrium constant for witer does not depend on 

whether Wt use ct or c- values for its definition in (21), 

its value btlng the same since It must yield the same 

right—hand member of (20c).  Hen^'e, for Compartment II Jpecles, 

ln KH20 " 
CH^0 " CH"'' " C0H~ " cHo0 ' 

In other words, the value of c,,, « cu ^ :an bo directly 

obtained from the equlllbrlur constant rr water.  In Appendix 

C, the entire set of n — m remaining c. vluen is evaluated 

In tMs manner fron, equilibrium cop.nt.?-)- .. 



P-1811 
64 

No attempt was made In the confltruetion cf Model   I t<-. 

determine the absolute c. values as defined In terror, of P^ 

values.    All c.  values  shown are the relative c. values as 

obtained from equilibrium constants. 
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Appendix B 

CONSTRUCTION OF THE MODEL — INPUTS 

The theoretical background given in Appendix A make: 

possible a more detailed description of the construction and 

operation of the model shown in Table 1. The first block on 

the left, labeled "Inputs," contains the "elements" from which 

the molecular species in the three compartments — "Air Out," 

"Arterial Plasma," and "Red Cells" — are constructed. These 

input "elements" have the values in moles, b1, ..., b11, that 

are present per unit of time in mixed-venous blood,* plus the 

values in moles of fresh-air gases, a,, ..., a,., entering the 

lung sacs per unit of time. For the validation of the model, 

one liter of average mixed—venous blood was used as an input, 

plus ^/0.031 moles of degraded "fresh" air. 

Inputs b., bp, b,, a*, a2, a,, are obvious. The input 

"elements" in rows U and 5, H and 0H~, provide a convenient 

way to form water in the several compartrrents and serve as a 

A troublesome data problem arose in attemptlnc to 
validate the model.  Even among normal individuals, the varia- 
bility of blood composition is great, and in addition it is 
necessary for validation to have laboratory data for venous 
and arterial blood on a completely comparable basis. 
Fortunately for our purpose, the U.S. Air Force has prepared 
compilations of biological data in this form.  The data for 
inputs and for comparison with outputs were obtained from 
Refs. 9 and 13. 

• • 
As explained elsewhere, the air inputs may also be 

obtained by using a large amount of air of lung-sac composition 
or by programming the computer to search for the proper amount 
of "fresh air to meet blood or lung criteria. 
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macs source and sink for the reactions involving H and OK", 

for example, 

C02 + OH" ^ HCO~ . 

It will be noted that HCO" Is not one of the Input "elements," 

although it is an important constituent of blood. The model 

creates this species, however, through the reaction given 

above. To provide for this HCOT formation in terms of mass 

and charge, the input values of H**" and OH" are set different 

by the amount of HCO" that is present in mixed-venou blood. 

The COp input b«, which jLs also involved in production of 

HC07, is the total CO^, including that present in combined 

fonn. It is not directly involved, of course, in the charge 

balance. The mass-difference effects in terms of H+ and 0H~ 

caused by the slight basicity of the blood is so small, 

approximately 1 x 10"  moles, that It does not require 

separate mass accounting at this stage. 

"Elements" Ha'*' and K+, in rows 7 and 8, are introduced 

at present essentially as fixed values in plasma and red 

cells, respectively, inasmuch as entries for these species 

occur only and separately in these two compartments, and are 

not allowed to migrate in the model. In real life, of course, 

there is some K+ in plasma and Na+ in red cells. There are 

also other cations in both compartments, as established by 

the selective screening action of the red-cell membrane. If 

and when the data may be available, this ion-ecreening 
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mechanism of the membrane can be incorporated In the model as 

a series of chemical equations with their accompanying thermo- 

dynamlc functions. At the present stage# however, all cations 

(except H ) in plasma and red cells are stated in terms of 

equivalent Ma+ and K**", respectively. 

The "element" In row 9, designated by the shorthand HBl", 

represents the total hemoglobin present In red cells. It Is 

Introduced at this ;.tage as moles of one—fourth hemoglobin 

molecule, molecular weight approximately 16,300 (one O2» 
. Iq) 

one Fe per unlt).w/  The present model does not allow for 

the hydrogen lonlzatlon of hemoglobin. The aggregating 

Ilk) 
techniques suggested by Alberty*  ' provide a method for In- 

corporating the multlstaged lonlzatlon of hemoglobin Into the 

model with the addition of a modest number of columns. 

Unfortunately, the data provided for the several lonlzatlon 

constants are for horse hemoglobin at 250C. If similar data 

for the lonlzatlon of human hemoglobin become;- aval]ab:e, It 

can be Incorporated with possibly some Improvement In the 

representation of "acidity." In Model II (see Appendl/ D), 

we have followed an approach sugger    y Pau]lngv >/ with 

regard to the lonlzatlon of the hemoglobin molecule. 

The "elements" in rows 10 and 11, protein in plasma and 

in red cells (other than hemoglobin), are inserted in the 

model at this stage in terms of moles of average molecular 

weight (equivalent moles) to represent the wide range of 

molecular species of protein that actually orcur in the b^od. 
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At a later stage, and when the data permit, these protein 

species may be Introduced separately and their Ionisation may 

be represented In the same fashion as suggested for the carse 

of hemoglobin. 

As mentioned, row 12 contains the charge equation, which 

represents the conservation of charge and accounts for the 

Oibbs-Donnan equilibrium across the red-cell membrane. At 

present we have taken b,2 = 0, which dictates electrical 

neutrality among the several compartments. Any charge dif- 

ference that may occur, as between red cells and plasma, can 

be accounted for and Its Influence on relative composition 

represented by the Introduction of the appropriate molal 

charge-difference value of b12. Charge differences of the 

order of -16.8 millivolts between red cells and plasma are 

reported.^ ^' Charge differences of this magnitude could have 

a measurable and possibly physiologically significant effect 

on the composition of plasma and red cells. Exploration of 

this phenomenon by means of the model remains for the future. 

With b,« = 0, the chloride shift* occurs, so that 

LC1"^plasma    _    LC1 Jred cells 

^plasma    "    Ö^red cells ' 

*It can be shown that this same relation holds if we 
allow the net charge b,^ In Compartment II to be variable and 

assume that the energy required to maintain this charge can 
be expressed by adding a new term to the free-energy function. 
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Appendl:' C 

DETERMINATION OP FREE-ENERGY VALUES 

So far, we have described the operation of the model In 

tenns of the several compartmentr, the thermodynaral^G Involved, 

the Inputs, and the mans and charge conservation oonntralnta. 

We shall now dlscuos the numerous cheml:al reactions Involved, 

how they are represented In the model, and how the mass-action 

or partlal-molai free-energy constraint operates (with the 

others) to yield an equilibrium solution. The mass-e;tlon 

equations describe the formation of the molecular species of 

.olu«ns x,, . . . , x,0 in the three compartments, I: Air Out; 

II: Arterial Plasma, and III: Red Cells, and relate similar 

species occurring in more than one compartment. 

For example, the entry 1 in column 12, row 4, Compartment 

II, the entry 1 in the same column, row 3# and the entry Cy 

in the bottom row together express the chemical equation, 

H+ + OH" ^ H20 , 

in the mass-action form, 

[*% [PIT] II I"" Jn 
[HoOl 

In   « c10   , 

where 

c,2  *  1^ 

and K^ is the ionizatlon constant for water (on the mole- 

fraction scale) at >V0C.  It was shown previously that 

P-1811 
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Instead of the separate relations 

f01^ plasma " tC;LTred eella   ' 

and 

[HC0pplaama        « tHC0>Ired cells  ' 

which would hold If the charge equation were removed 

The Input valuer* of v,,   .   .   .   , rl2 a H#   •   •   •   » a^$ 

and b,. •   •   • , b^p*  for whloh the equilibrium-solution values 

^2 * • • • » 

text. 

x,0 were obtained, are listed in Table 2 in the 
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constants like G12 derived from equilibrium constants may be 

used in the model with the same results av If the Individual 

F0/(RT)  valuer  for each species were obtained from tabler and 

used. 
» 

In a manner similar to that described for the water re- 

actions In Appendix A,  the other reactions involved are 

entered In the model.    For the same  ppecles occurring in both 

Compartments II and III,  the assumption IF made that their 

original  eu^rgy coefficients c.   (not necessarily c^  values) 

are the same in both compartments.     This results,  for example, 

in 

[02] n - ^m- 

The other reactions and their c. value;- are given in Table 4. 

In this table, the species are shown in cquare brackets, [ ], 

Indicating concentration in mole fraction. The c. values were 

calculated from the K values shown in Table 5, all converted 

to the mole-fraction scale. 

It Is Important, in applying these data to the model, 

that the K values from the literature all be converted to the 

same scale (i.e., molar, molal, or mole fraction).  Most K 

values are reported on the molal scale, some on the molar; 

and In some cases, unfortunately, the scale is not indicated. 

All K values were converted to the mole—fraction scale for 

use in the model.  It Is also Important that the K values are 

those for the temperature of interest (.10.18 Kelvin in the 
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Column Masa  Action 0j - 1. K 

(i) 

(2) 

m [o2]n / [o2]1 
or 111 

In  [COgljj / [COjj 
or III 

-10.69 

-7. •••9 

(?) 

(12)(24) 

(^) 

(1?)(25) 

(29) 

(110(26) 

(15)(27) 

In  [Ngljj /  [Njjj 
or III 

In   [H^JJ   [OlDn / [HoOljj 
or III or III        or III 

In  lH¥]ll  [OiriXX / [^Olj 
or III or III 

- c12 + In [«20] JJ / [HgOlj 
or III 

m [cojjj [oiHn / [Hcopjj 
or III    or III or III 

In  [OJJJJJ   [HBlTjjj / [HBlOjJjjj 

- c1 + In   [O^j   [HBlTjjj / [HBIO^JJJ 

In  [CO^JJ   [HgOljj / [HgCO^jj 
or III    or III or III 

In  [CO^JJ   [OlTljj / [CO^ljj   [Hf^jj 
or III    or III        or III    or III 

-i1,4o 

-;o.2-- 

-'6.^ 

-a. 2o 

-16.23 

0 

6.2: 

LL 
9A11  o*  values  sviOwn are  the  ad.lunted c.  values  referred 

to In Appendix A. 
bThe valued of c. - 0 for columns   (  ),   ('),   ("),   (8), 

(9),   (10),   (11),   (IS),   (17),   (18),   (19),   (20),   (rO,   (22), 
(23),   (28),   (50). 
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Table  5 

EQUILIBRIUM CONSTANTS a 

Column Equilibrlam Constant 

(1) 
(2) 

(3) 
(12)(24) 

CO 

(15)(25) 

(29) 

(1^(26) 

(13)(27) 

f 
.b 

K - 0.0232' 

K - 0.5672c 

K - 0.01271 

log10 K - -13.53d 

iog10 K - iog10 i^ + iog10 ln2d}ll / lH2"
n 

or III 
log10  ln20]ll / lK26]1 - 1.21)96e 

or III 
log10 K - log10 1^ - log10 K1 

H CO 

loßlO Kl ̂ CO, 
6.09' 

log10 K - -7.0486g 

log10 K - 700h 

log10 K - log10  [CO^JJ   [OlTln /  [HCO^j^Kg 

1 
»2C05 

), 

log10 K2 

«2C05 
-10.25' 

aAll K values  on the molar or molal  scale were   ;onverted  to 
the mole  fraction scale for calculating c'n. 

bHef.   3, p.   5*. 

cRef.  16, p.  1092. 

clRef.  17,  p.   152. 

eRef.  16,  p.   1465. 

fRef.  9,  p.   272. 

gRef.   3# p.  64. 

hRef.   3, p.  80. 
1r(ef.   16,  p.   1199. 
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model  so far),  or are converted to the value for K^10 .g If 

the necessary thermodynamlc data permit.    At a  lat^r stage, 

the appropriate thermodynamlc functions  can be Introduced  Into 

the model,relating free energy to temperature and pressure, 

and perhaps  to electrical and gravitational  fields and to 

surface effects. 
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Ajpendlx I 

MODEL  II —  ".iSPIKA^OHY  vODEL  -/ITH   rtE.'OOLi ^IN  SThUCTL'nh: 

Mention was made  In Sec.  VII of certain  deficiencies In  our 

N'odel   I   of the  respiratory  function.       :'  those  relating,  to  the 

cherlstry  of the  Llood,   the most  Irrportar.t  are  the representa- 

tion  of hemoglobin.   Including  the  carbamlno  reaction,   anc  the 

rnultistaged   lonlzatlon  jf protein and protein—I ike substances 

In the plasma and  red  cells.'    An expanded  Model   II,  shown  In 

Table  6,   was  constructed  to denonstratf  one   of  several   ways   In 
• 

which  the  representation  of these phenomena  might  be  improved. 

In this model,  two—staged  lonlzatlon  of proteins  is ac- 

counted  for in both plasma  and  red  cells.     The  representation 

of this   type  of phenomenon  could  be  expanded  to any degree   of 

detail   desired.     In addition  to proteins,   it rrlght include  a 

wide  rarige  of individual molecular species  such as arrino acids; 

and  it might   include  other reactions  than  lonlzatlon — e.g., 

esterlficptlon. 

In Nodel   II,   the more  detailed  structuring  of hemoglooin 

and   its  reactions   is  repreaentei  by  a  separate  compartment   IV, 

as  if a  separate phase  were  Involved.     Phere   ire   ilstluct  ad- 

vantages  to this  form  of  representation  for  such  complex 

structures  and  reactions  whenever  it  can  be  'assumed  that  re- 

actions   .vlth  different  parts   of the molecule   are   jperatin« 

A  numoer  JV hyjothttses   exist  in  the  literature;   ^e hnve 
chosen  these  due  tu  AJalr  ('),   Pauline  (l-)*    i;*a   -ou^hton     '), 
amonp;   others,   for  Ulustratlvj  purposes   on'y.      In  cases  where 
there  are   competing hyj ^theses,   alternative  ~.ZZJIü  couli   c.v   ^et 
up  and  used   t;.   cee   vnlcn   test  predicts   the   COT lex   -^served 
pheno-'.enr . 
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independently.*    Formal compartnentallzatlon Is not 

essential — by a somewhat different arrangement, hemoglobin 

and Its reactions could be Incorporated In Compartment III, 

Red Cells.    Columns j^-57 and J9-M were designated aa specie.- 

of hemoglobin, and as portions of its molecule,  to correspond 

with Adalr's  hypothesis^    of four levels  of oxidation of the 

hemoglobin molecule and with Linus Pauling's   :qaare-home- 

structure hypothesis and  techniquea  for accemting for the 

variable affinity of oxygen with changes  in oxygen concentrc-^^ 

tion and with changes in pH.^  ^' 

Columns 38,  jfo, and Jk account for the COp-carbamino link- 

ing with hemoglobin and  its relation with oxygen and hydrogen- 

ion concentration.     The mechanisms suggested by rtoughton 

(pp.  86-88 of Ref.  )\)  have been followed  In this representation. 

These nor« detailed reactions of hemoglobin as repre- 

sented In compartment IV may be described briefly as follows: 

The six possible molecular arrangements of hemoglobin accord- 

ing to Pauling are here designated as  "B"#  CX/B", 04
MB "(a), 

0u
MB2

M(b), 06
,,E,", and Og1^"  (columns  >9-j*1*).    For those 

molecular arrangements   (columns k\, ^5i   '♦M wher^ the square 

oxygen—linked heme groups Interact nonaymetrically,  the free 

Without such 0 device, it would be nedbssary to cet up 
separate columns  to represent perhaps a million distinct 
variants of the hemoglobin molecule cofrespondlni.'  to the 
different ways  its more  than 100 croups and part:   can ionise, 
or bond with CO,- or 0^. , 
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energy is decreased algebraically by a factor, RT In a#  for 

each unbalanced aide, where a Is an empirical value determined 

from experimental evidence.    Inasmuch as AP • - RT in K  , 

whore K    Is  the free-energy change accompanying the addition 

of oxygen to heme,  the  "c"  values  for tho model may be ob- 

tained from the  logarithms of the separate and appropriate a 

factors for each of the molecular arrangements. 

an analogous manner,  Paul5.ng suggests  that the effects 

of .^es in hydrogen-ion concentration on hemoglobin may be 

affected by an empirical correction to the K    value.     In this 

case, empirical  factors RT In ß and a so—called acid—strength 

constant, RT In A,  are used to account for the difference in 

hydrogen-ion dissociation of oxygenated and unoxygenated 

hemoglobin.    Tliese correction factors are determined from 

experimental evidence.    The precise mechanism for doing this 

is discussed below. 

In terms of Model II,  columns   *>** and 55,  "A"" and H'A", 

represent the groups of the hemoelobin mole-ule that can 

Ionise and that are not affected by oxygen bonding.,     liiere 

are n,  of these hydrogen-bonding groups.    The energy  constant 

per group is assumed to be Pauling's  In A.    Columns  :G and 

'f>7,  "C~" and H"C",  represent an additional eight ionizing 

groups of the  hemoglobin molecule near to and affected by 

oxygen bonding  ("oxylablle").    Two acid groups  interacting 

with each heme were postulated by Pauling to obtain satio- 

factory agreement between the model and experimental results. 
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Each "oxylablle" group Is assumed also to have the energy 

constant In A when no oxygen is attached on the heme and 

in A — In 0 when oxygen Is present.     Following houghton,  we 

allow one COp to attach to one of two oxylablle groups  If ..o 

Op is present. 

Prom the empirically determined  values for K  ,  a,   Af and 

ß from Pauling,  it is therefore possible to calculate  the 

values c,h  - Cj^  for use in Compartment IV of Model II.     The 

■ass balance of all  the hemoglobin-associated species  of 

Compartment IV is related to total hemoglobin in Compartment 

III, Red Cells,  through column 53 of Red Cells and through 

the 0«, CO«, and H'*' coefficient entries  of the hemoglobin- 

associated Input  "21ement8.n 

Model II has not been validated;  until this is done It 
i 

cannot be certain that K ,  a. A, and 0 values liave been 

correctly Interpreted in the model.     For example,  the  energy 

constants c. of Model II are on a per-group basis, whereas 

Pauling's A and 0 values may apply to the computation of a 

pair of groups. 
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Appendix E 

SIMÜLATINO  THE RESPIRATORY FUNCTION ON AN ANALOG COMPUTER 

THE USES OF THE COMPUTERS 

Computer nolutlons of the  lung model have been undertaken 

with two goa  3 In mind.    The first lo the obvious necessity 

to make rensltlve checks on the mathematical model.    A 

physiological model is necessarily founded on many parameters 

and a number of hypotheses,  both explicit and implicit.    The 

ability to make fast, deliberate tests of these underlying 

assumptions  has aided materially In the validation of this 

first model. 

The second goal is to obtain, in physical hardware, a 

simulation of the time-dependent system.    Such a simulation 

should present the complex interplay of component chemical 

reactions;  but it should do more.    It should be amenable to 

the analysis of individual reactions as well as  the whole; 

It should,  of course,  compute the equilibrium conditions; and 

It should have sufficient capacity and spe d to enable an 

analysis of the transient change from one equilibrium state 

to another.     Such a change in equilibrium conditions will 

occur,  for example, when the  lungs are suddenly exposed to pure 

oxygen instead of the normal air mixture. 

Almost any physiological model that approaches reality 

will be sufficiently complex to obfuscate one's mental image 

of the system.    But the analog—computer system has the 
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advantage that it may be built up a piece at a  time to any 

desired complexity.    Hence,  the goals mentioned above seem 

perfectly feasible, although certain limitations,   such as" com- 

puter size,  are apparent.    Despite the fact that  the  two goals 

overlap.  It war. decided to attain them on different  computers. 

The digital   computer, with high acura:y but relatively  long 

solution time,   is used to   compute  the equilibrium   :ondltion.'. 

of the system and hence to te^t the underlying hypothesis of 

the model.     The analog computer,  with lower accuracy but mu-h 

shorter solution time,  can be used to search through a  range 

of parameters  or    an eventually be used, we believe,  to simu- 

late  the dynami • aspects of the model.    For the present,  it 

is a valuable  tool for tracing the effects of continuously 

varying  Inputs   to the system.     For example,   the analog can be 

used  In complex experimental  situations  for estimating equi- 

librium constants by regarding  these  constants as  parameter- 

to be varied  continuously en the machine until a good fit is 

found between observations and predictions. 

CONTINUOUS OPTIMIZATION AND THE ANALOG COMPUTER 

The problem of continuous  optimization, as   compared to 

the static,  one—time,  optimization of Appendix D,   is  to com- 

pute and display the transient phenomena of a complex system 

as it changes  under the Influence  of a time-dependent 

parameter.     The central postulate  is  Hamilton's principle, 

the principle of least action from classical mechanics. 
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The system Is defined as In the text.     The free-energy 

function P(x)  Is  to be minimized subject to mass-balance and 

charge  constraints.    Using the Lagranglan,  we write,  for k  »  I, 

II,   III, 

0(X,T)  - P(X)  -    Z T,*    -    2 x    (c.+ln J-)  ~   1 rj.{x),     (24) 
m •       n x, m 

J 

n 
where ^.(x) - Z a. .x - b-. At equilibrium, we require 

2L- . c. + In ^ - £ a. .r. • 0 for each J, 
dx,   J     x.   i.i 1J 1 

J 

|1- ■ ^ (X) - 0 for each 1 
^1   1 

(25) 

where the T^ are the Lagranglan multipliers. 

A unique solution, or equilibrium condition, obtains on 

the computer when a set of mole numbers X and a vector v 

Identically satisfy the equations (25). 

If the physical system represented by Model I la well 

behaved. It will exhibit at a solution certain stability 

properties, and the system will remain stationary until a 

parameter of the system Is redefined, e.g., the quantity of 

a reactant. At such a time, transient phenomena are exhibited 

until a new equilibrium obtains. For most parameters of the 

system, small changes of the parameter reflect small changes 

In the solution; that Is, the solution Is a continuous func- 

tion of the parameters of varlatlo i. Thus, If a parameter Is 
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a slowly changing function of time, the solution moveö In a 

trajectory that continuously mlrumlzes F(x). Thus (2 5) always 

holds, although 0 - 0(X,ir,t). 

THE TBCHNIQÜE OF THE ANALOG SOLUTION 

Accurate continuous simulation of a :heml al oompiex 

may be accomplished on an analog :omputer by means, 

essentially, of the method of steepest descent.  The analog 

Is desirable because of the characteristically short solution 

time available, particularly In the high-gain mode of ompi- 

tatlon. The  general method Is shown in a previous paper, 

"Continuous Programming Methods on the Analog,"v  ' which 

contains a bibliography. Some modifications have ensued, 

however, whl^h represent a departure from previous pro- 

gramalng methods; some details will accordingly "be shown In 

this Appendix. 

The essential Justification for the method employed monies 

from the studies of convergence question;. In the litera- 

ture,* ^'*' T. Kose, In a 1956 paper, considered the 

convergence of a solution of the mathematical programming 

problem as solved on an analog computer. To use 

his result. It Is necessary to postulate the existence and 

uniqueness of a solution, considerations whl^h are taken up 

for more general programnlng problems elsewhere In the 

literature of mathematical programming. With these 

hypotheses, we have the following result. 



Theorem.    If 0(X,T) is  a strictly concavef dl   >rentlable 

function of X aa well as a strictly convex and difi^rentiable 

function of T for x. > 0,  then all üolutions of the system of 

of differential equations. 

^*i"5'1^;-6»1*i(x) • 

) if x. - 0 and |2- < 0 , 
—    J    ox, 

6... - / ) 
K3 

Vi otherwise , 

a « a positive tine constant, 

necessarily converge to a unique saddle point. 

It can be shown that the conditions of the theorem are 

riatlafied by the function 0.    The constant a is arbitrary and 

we wish to make it very small so that the solution may be 

obtained in a short time.    Of course,  various practical con- 

siderations obtain on the analog computer,  because the com- 

puter is a physical device with characteristics  (e.g., 

frequency limitations)   of its  own, and these  characteristics 

supervene on the theoretical mathematical  statement.    With 

these  considerations  in mind, we may proceed to program the 

problem. 
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otherwise , 

if T.  •= 0 and ^3- > 0 , j 
~    1   ^i 
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It Is  required to maintain the relations (2s) Identically, 

Independent of a  new time  variable  t.    To this  end,  the rela- 

tions  (25) are programmed on ampllflerr  In the high-gain mode, 

the outputs of which are  the  vejtorr   X and ir.     In order to 

explain  this mode,  we  start with  the  baal:  operational  unit 

of the computer,   the high—gain amplifier,  represented  by the 

symbol 

el 

e? 
-> e0 - - n(e1  + e2)       (26) 

where p. Is the "gain" of the amplifier and Is usually of the 

order of 10 . Note the sign change and the addition. Sin e 

the output variable, e0. Is limited, for practical ele ;tronl 

reasons, to + 100 units, the .^ura of the Inputr, is bounded by 

i 10 units; i.e., the rum of the Inputs must be very near 

zero, and we regard this device > s a rectri ttion on the in- 

puts. 

In order to control the sum of the inputs, the amplifier 

is nonnally used with a "negative feedback" loop.  The design 

of this loop defines the mathematical operation of the unit. 

Thus, just as an example, it .s possible to take the 

(positive) square root of an input, e., by inserting a 

"multiplier" in the feedback: 
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2 •x 

^ 2' e,   - +x 

■> e0 . -x (27) 

A sign change occurc  In the multiplier.     A heurlotl? explana- 

tion of the operation may be had by regarding the amplifier 

a    an Integrator.     The output.   I.e.,   the integral, will be 

steady when  the sum of the Inputs,  I.e.,  the derivative,  1- 

:ero.    Thus,  A(-X    +x )  Is a differential operator for eQ, 

the whole aystern is a function of time,  and as  t gets  large 

•(-x    +x'')  goes to zero.     This  system Is  stable  since if e. 

is  given a positive increment,  ec  takes a negative increment 
2 

and -x    de-reaser  bringing the sum of the inputs again to 

xero.    The whole operation should be regarded,  now, as 

determining e0.    If the gain is sufficiently high,  say 10  , 

the accuracy la very good since small errors  in e0 cause 

very significant errors in the zero sum of the  inputs and 

in the right direction to correct CQ. 

An important thing to note is  that e0 was  arbitrarily 

defined;   it has no necessary relation to e-.     But onoe it  is 

defined,  e0 =» f^),   it is necessary to construct the inverse 

fui     ion generator,  e.  » f_ (e0).  for the feedback loop. 

Also  the  feedback   loop may itself be  Implicitly defined. 

Uaing such self-regulating loop-,  we may  In trument 

the   ^ornpie"  equlilbrium problem, and  the    omputer will 
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automatically r^eek the equilibrium valuer..  I.e.,  values  for 

whl jh each of  the Interconnected loop::  Irs  aatl^fled.     Such a 

solution requires a  few milliseconds.     Thus,  we  Instrumeut 

the mass—balance equations, 

n 
S a.   x    - b.   - 0 , 

J-]   1J  J 1 

and name  the  outputs ir. : 

ZJaiJXJ 

-b -. "l (23) 

The  first of equations   (2)  are instrumented and  the output. 

named ♦x,: 

-Z.a iai^i 

c ,—In x. (29) 

Note  that It is necessary to generate  In  x.. 

Since the outputs  of (28) and  (29) are  In  the  Inputs  of  (29) 

and (28), respectively.   It la sufficient to multiply by the 

appropriate  coefficients and Interconnect;  each Is  the feed- 

back  for the other.    The parameters b.   and c. are available 

as  constants  or as  functions  of time. 

As an example of the above discussion,   the ir   (nitrogen) 

distribution  lends Itself well  since It  Is  interconnected 
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with the other ;;pecieLj  only through  x. ,  which we may consider 

constant  for the present. 

With reference to Model   I,  the  following diagram wa : 

'onstructed: 

5 

+c5^ln(x^/ xj/     ^> 

+ln(x7/ xTT) r mii 

TT, 

•Hn(x19/  XJJJ) 

+X- 

■♦■X, 

+x 
19 

+(x.7+xy+x;L9) 

-b. i> -♦   IT. (50) 

The generators  for In x    are not shown.     The  constants  c7 and 

C,Q satisfy 

c7 * c19 " 0 ' 

for the reasons given In the text;  v, automatically takes  the 

proper sign;  c, <f ln(xy/ x_)  is a  constant since the concentra- 

tion of Np in alveolar sac air is a postulated  constant and 

c^  is  the  tabulated rolublllty constant for Np.    This  clDsed 

loop  immediately  jomputes   the equilibrium x,  and ir,.     At 

equilibrium,  the  rum of the inputs  to each amplifier la  zero, 

a?  required of amplifiers  in the high-gain mode, and hence 

equation (25) i"  satisfied.     Equations  x.  ^ 0 may be invoked,- 
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as  required,  by mearu-  of a   ILmiter around the  x. amplifier: 

Actually  x. > 0,and the  llmltera  function only during the 

turn-on phase of the computer.    Finally, 

x, x7 xlg 
ir, ■ c, + In »^ ■ In mJ— = In = 

5 > x- v»- x 
» 

I II III 

or (31) 

[xj 
In —^- « c . ■ In K , 

[x7] J 

where  the  rquare brackets aean  "concentration" and the mas:-- 

action law   constant is satisfied. 

Computation of the  In  x.  Is not a  ctralghtforward pro- 

cedure.     It Is done here by a  linear approximation,  bat 

obviously more  sophisticated  technique^   ^ouM  be used.     AJ   o, 

it  Is  sometimes necessary to attenuate a natural  high- 

frequency phenomenon that occurs  in high-gain  loopr.     Very 

small  capacitors may be used without affecting the computa- 

tion. 

The  basic system require.'   Just n 4- m amplifiers;  but 

because of s^ale-factor problems,  trace elements must be 

computed from the mass-action   constants using multipliers as 

in White,  et al.# or by some other means. 

THE CONTINUOUS ANALOG SOLUTION 

The simplest continuous so'utlon for the equilibrium 

problem, when 0 ■ Q{xfw$t),  can be illustrated by mean:-, of 

the example given above. 
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Let 

b,  » b7(t)  * A -f B sin wt. (32) 

If w is a moderate frequency — say,  the breathing 

rat«? — then the  computation ra'.e of the machine  Is   :o high 

that for any  t the instantaneous  equilibrium   conditions  will 

obtain,    "nie  function Q will then oscillate with angular 

frequency w,  a continuous function of b,(t).    Experiments of 

this sort have been performed. 

Of course, each of the parameter?   Is available for manual 

investigation of Its  effect on the sy: tern.    However,  the more 

Interertlng case?  arise when one attempts  to define  the delay 

functions, diffusion equations,   temperature dependencies,  and 

such complexities as may actually occur.    As an example, 

there Is  the  question of the equilibrium trajectory when the 

pressure is gradually reduced and then the atmosphere Is 

suddenly switched to pure oxygen.    Such a complex question has 

not been investigated but seems perfectly feasible of solution. 

Methods  for continuous optimization of a complex system 

have had a relatively short history in the literature.    In 

general,  this problem is related to the synthesis of optimal 

control  systems or,   better,  the optimal synthesis  of optimal 

control systems.     In such a problem,  a  complex system under- 

going transformation is automatically to be optimised with 

respect to a quality of the output.    Ordinarily,   then,  a 

feedback  link is  required to alter one or more inputs,  and a 

criterion is  required to measure the performance of the system 
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with respect  to a   (an optimal)   standard.     In particular,  see 

Ref.  21.     . ' 

The present problem is somewhat simpler than the complete 

control system, but involves more complex aspects as the 

physiological model increases in size.  For the present, we 

continuously (in time) compute the equilibrium valuer of a 

complex chemical system as the inputs vary at random.  Later 

on, the inputs will be outputs comput.-d from other physio- 

logical subsystems, and the whole will be optimized ajocrding 

to viable criteria. 

i 
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