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Over the Jn~t ten years, resear~h 1n the field or dynamic 

programming has assumed m ny different forma. Som~ t~~es, the 

erapha:s1s has been U!' n 011e t1ons of r rmulation in anal:Tt1 c 

terma and concepts, sometimes upon the problema ot existence 

and un1queneaa ot solutions ot the runet1onal equat1one derived 

traa the under171ng proceases, occasionallJ upon the actual 

analytic atructure or the solut1one or theGe equations, some­

tlmea upon the computational aapecta; and sometimes upon the 

applicat1ona--to cor trol processes, to traJector1ea or various 

tJPes, to operations research, t c aathemat1oal economics. 

Inev1tabl7, the reault or th1a quaa1-ergo41c behavior haa 

been to s.snore a number ot ai&ftit1cant problema, anct to treat 

a nl.lllMI" ot othere 1n cavalier taah1on. In thla expoa1t1on, 

we v1ah to tocus attention upon a nuaber ot 1ntereet1ng, 

d1tt1cult, and a1gn1t1oant questions 1n analJ81B Wh1oh ar1ae 

naturally out ot the tunctlonal equation teohnlque ot d7n•1c 

prog....Una. Our aim la to ahow that th1s theor, conatltutea 

a natural extension ot clasa1eal 1nvest1gat1ona and that the 

correapon41ng proble~• are natural generalizations or problema 

ot claaa1cal analye1a. 
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DYNAMIC PROGRAMMING AND CLASSICAL ANALYSIS 

Richard Bellman 

1.    Introduction 

Over the  last ten years,  research In the field of dynamic 

progranmlng has assumed many different forms.    Sometimes,  the 

emphasis has been upon  questions of formulation in analytic 

terms and concepts,   [1,2];  Bometimes upon the problems of 

existence  and uniqueness of solutions of the functional 

equations  derived from the underlying processes,   [2,5i^]; 

occasionally upor: the actual analytic structure of the solu- 

tions of these equations,   13,6,7,8,9]J  sometimes upon the 

computational  aspects,   [lO,ll];  and sometimes upon the appli- 

cations;  to control processes,   [2,12,13];  to trajectories of 

various  types,   [13,11*] ;  to operations research,   [15,16,17];  to 

mathematical economics,   [18,19]. 

Inevitably,   the result of this   quasi—ergodic behavior has 

been to  Ignore  a number of significant problems,  and to treat 

a number of others in caviller fashion.    In thii exposition, we 

wish to focus  attention upor a number of  interesting, difficult, 

and significant  questions  in analysis which arise naturally out 

of the functi-nai equation technique of dynamic programming. 

Our aim is to show that this theory constitutes a natural 

extension of clasalcal  Investigations and that the  correspond- 

ing problems are natural generalizations of problem» of 

classical analysis. 

As always  in studying new areas, there  is the hope that 
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light thrown in  lhl.3  »I'.v.ln  territory wm  be  vvfit'ctsd back 

upon still hidden parts     P l'i.-« clam»*:*! domain. 

We shall restrict our attention here to deterministic 

processes,  reserving for other times any discussion of more 

complex and arcane processes arising fiom the study of 

stochastic and adaptive processes,   [2] .    These new areas of 

analysis where many different sub-dIsclplines such as algebra, 

topology, differential equations and probability theory merge 

and lose their separate  identity In '•11-embracing problems 

offer bountiful and boundless regions for research.    The reader 

familiar with the concepts and problems discussed here can 

readily construct for himself corresponding questions Involving 

uncertainty. 

T>/r<nr..\c : ro^r^nm-'n^ -V3  a mathematical theory of multistage 

decls4 .r proc^ssofl,    Tq'isJtlon^  oT tM.   th^oi^- tray  bo   f'unJ   .^n 

[l]  ani   [?J .    T^    t ri..ble:rM i os-id  bel-.w vlll  he  very much n.re 

neinir.^ful  wl'-: lr  the ccrtex*; oT   ^ynsjnlc ^rcir/unmin^.    Th» 

rerder whc   v!s!~.«*;>,   iow^v.?r,  may   1 ^r , re  nl'   liiertions  of mott— 

vatic»)   3ii(i refnrf.l   t)«1 ^rcblem?  'rhat   fotlow a?  ccnv.dr'-'jTvi? pulled 

out  cr   '^c   bl-j ? . 

j.    The Calculus  of Variations 

Perhaps  the most Interesting and  Important example of a 

multistage   leclslon process of continuous type  Is  the calculus 

of variations.     Consider the scalar varlatlonal problem of 

maximizing the  Integral 
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(1) J(y} v/T F(x.y}dt, 

over all  functions    y,    where    x    and    y    are  related by rneano 

of  t,h^ rll rfpT"»nti oT   »^'j.itlon 

(2) 
dx ̂ - 0(x,y),     x(0)   -> c 

Introducing the function 

{V f(c,T^  - Ma-  Jiy], 

we obtain  fron the principle  of optimalIty,   [ij ,   th? nonlinear 

p^r^la]  dl ffer^ntl?.}  ^initlon 

(^ 
jf ^f ^ - Max   LF(c,v) + 0(c,v)|i. 

with tae Inilia^ condition 

(3; f(C,0;     «    0. 

See   [l,2] . 

We  öhaii  UBU   iwia  equation aa a pivot for some of tne 

subsequent proDiems »ve  sna*i preoent. 

4.     Sxiptence and  Uni^uenoas 

The equation in   »>.4i   is derived in a formal fashion, 

much as  the  Buier equation la  customarily obtained.    The first 

problem we  pose  is  that of finding conditions  upor the 

functiona    P(x,y)    and    Q(x,yj    which ensure  the existence and 

uniqueness of a solution oT tue Uuc^nventional nonlinear partial 
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differential equation of  {}A). 

One way to approach this problem Is to employ the results 

of the classical calculus of variations.    These enable us to 

establish the existence of a solution of the original varlatlon- 

al problem,  under certain rather rigid conditions upon    F(x,y) 

and    a(x,y). 

This is not a particularly satisfactory procedure for a 

number of reasons.    In the first piace, we would like to use 

Equation   (5«^)  to resolve the original varlational problem. 

Secondly,  we want to use analogues of  (3>^) to study varlational 

problems which partially or wholly escape the classical theory. 

This will be the substance of the following section. 

3.    Constraints 

A question of much analytic  intereat,  and one which in any 

case  is rudely thrust upon us by a great number of feedback 

control and trajectory processes,   Is that of solving the 

varlational problem of  (^.1)  and   {},2) under the additional 

constraint 

(1) |y(t)|  < k,    0 ^ t < T. 

It is certainly surprising that a simple condition of this 

nature should so effectively stymie the usual approach, but 

nonetheless, true. For a detailed discussion, see [2,20]. 

As a result of the presence of the foregoing restriction, 

the equation of {}A)  is replaced by the equation 
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{2J &' Mx<k [?(c'v^0(c'v)^l- 

One mlj^ht sannise  that  the preaence of the constraint would 

simplify  the  investigation of existence  and  uniqueness of 

solution,  as  it certainly does  the computational solution of 

equations of this nature.    However, equations of the foregoing 

type have not  been rigorously Investigated as yet. 

6.    Discrete Version—I 

A standard route  to  the goal of existence of a solution of 

a functional equation  involving derivatives  is by way of 

difference equations.    This approach is of the utmost 

importance in connection with the numerical solution of these 

equation:. . 

Let us then in place of  {)A) write the recurrence relation 

{v    f(c,T+A) - f(c,T-A)  , wax  ry(0<v)  ^ q(CiV)(f(c^lT) -- fjc^l 
2A v     L «0 J 

where c and T assume respectively values of the form + kS, 

£&. As ^ —*> 0, 6—^0,  this relation formally approaches 

that of {}A}. 

The problem now is that of determining the connection be- 

tween the solution of (1) and the possible solution of (3.^), 

first under the assumption that (3.4) has a solution and 

secondly in the hope of using the solution of (1) to establish 

the existence of a solution of (3.4). 

Closely associated with questions of this nature is the 
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question of numerical stability of a computational algorithm 

such as   (1).    Finally,     let  ua note  that  this   is only one of a 

large  set of poscible discrote approximations  to  (3.4}• 

7.    Discrete Version—II 

To obtain a discrete  version of a different type,  we use 

an idea of some importance as far as approximation techniques 

are concerned.    In place of approximating to the exact equation 

describing the process,  we can employ the exact equation for an 

approximating process. 

Hence,  in place of  the  continuous decision process 

described by the equations of  (4,1)  and   (U.2),  1'jt us consider 

the problem of determining the sequence     jy. i     which 

minimizes  the function 

N-l 
(1) JK(y) -   J F(x ,y   JA, N k-0       k    K 

where    xu    and    y.     are  related by means of the equation 

Here    x.   - x(kA ,    yk  - y(kA),    and    NA- T. 

Setting 

O) fN(c) - Min JN(y), 
y 

we obtain the recurrence relation 

(4)      fN(c) - Nax [F(C,V)^ > f^^c 4 0(c,v)A)J, 
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with 

(5) f0(c)  - »tex P(c,v)A. 
J v 

Recurrence  relations of this  nature have been quite 

succeosfnl  In the obtaining of computational solutlona;  see 

[10,1^21] . 

Observe that  as   A   —♦ 0,    the  equation In   (4]  formally 

reduces to that of  (^.^}.    Yet,  unlike   (6.1),  It Involves only 

jne small quantity   A,    and no ratio of small quantities  such 

as    A/6.    This  Is  a most Important  point In connection with 

numerical stability. 

A small amount of >fcrk has beA*n done on the subject of the 

ronverjonce of the solution of  CO   to the solution of   (5.1*); 

see  [22,1,23,243.    Much remains to be done. 

8.    An Application 

We have mentioned above  the possibility of applying ideas 

and techniques developed  In the new field of multistage 

decision processes to classical equations.    Let us give an 

example of this. 

Consider the partial differential equation 

(1 ) ut - uux,     u(x,0) - g(x), 

an equation vrhich possosces a shock discontinuity. In place of 

the usual finite dlffsrence scheme, a la (6.1), let us borrow 

the approach of (T.1*^ and use the relation 
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(2) u(x,t ■♦• Al  - u(u -f u(x,t)A,tj, 

as  an approximation to  (1). 

Excellent rtaulta have been obtained,  even  In the 

Inraedlate neighborhood of  the  shock,  using this  algorithm;  see 

[253 •     No work has been done,   however,  on  the  question of tne 

convergence  of the solution of   (2)  to the  solution of   (1)  as 

A—*0,     for this equation or for more general  equations.    For 

another application of this  idea,  see   [26] . 

9.     Approximation  in Policy Space 

Another attack on the basic problem of establlsning 

existence and uniqueness  of solutions of the equation  In   (4.7. 

or   (ü.2)  is  by means of  the method of successive approximations 

In place of the usual  approach,   let us  Invoke  the technique of 

approximation In policy space;   see   [1,2] . 

We  begin by guessing an  initial policy,     v0 - v0(c,T), 

and using this    policy to determine a return  function 

f0 - f0(c,T),    by means  of the   linear partial  differential 

equation 

(1) jf- - ?{clyQl   >  0(c.v0^,     f0(c,0;   - 0. 

Having determined    f0(c,T),     let us determine the function 

v.     by   the  condition  that   It maximize  the   function 

(2) P(C,V)    >   Q{c,W)y^    . 
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Using this new poiAcy—function, let ue determine the new return 

function    f.     by  way of the  linear partial differential equation 

Continuing In  this  fashion,  we obtain a sequence of functions 

If. j    and     ^vul'     In view of the manner In which    v.     is  deter- 

mined,  It  Is clear that 

Prom this, we would expect to find that f0(c,T) < f1(c,TN for 

T > 0, and this Is actually the case. Generally, the merit of 

this  approximation method  Is  that  It yields monotonlc  behavior, 

(3) ro(c'T)  ^ fi^'T>  <  •*•  < fn(ü'T) ^  ,,,• 

The  important problem Is  to determine conditions  under 

which this sequence converges to a solution of   {}A)t   and,  of 

courao,  to  investigate  th'* application of this  technique  to 

mose general equations.    Some preliminary results  for a much 

simpler problem may be  found in   [l] ,  Chapter 11. 

10.     Foaltlve Operators 

A crucial  result   in the  fcregoing procedure  is the  con- 

clusion    f.   > f0    for    T > 0    as a consequence of the  equality 

—jit 2? 

(i; --^ - FCcv, )   ♦ 0(c,v, j^l. -pr   r^'vi^ T ^'^v^ 
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and the  inequality 

(2j ^ < ficv^  >  Qlcvjjj^ 
3fo      ,, .      ., ^0 

granted common initial conditlona at    T • 0. 

Questions of this nature are part of the theory of positive 

operators.    Oiven a  relation    Au 2 0»    where    A    is an operator, 

we  wish to detennln»»   ^h<-»n  tnla  implloa    u  > 0.    Thi.i  type  of 

investigation  w.u   Initiated by  Caplygln,   [2?];  see   [28,29,^0] 

for  farther results   and  references .     Again  much remairja   to be 

done   in   this  field. 

11.     Quasllinearization 

Let us now indie it-0  arother application of new ^echnl^J04» 

developed in the theory of dynamic programming to classical 

analysis.    We have  Just  seen,  in S9,  that  equationa of the 

special  form of   (3.^  can  be approached along a route which  is 

not open to the equations  of classical  analysis.     In  view of 

the raonotonicity of  approximation   1  v.»ry  "alunble  analytic   and 

computational  aid,   it may  be worth devoting some effort  t    the 

question of converting an equation  of  cunventlonal type   into 

one  of  the form of   {)A ]. 

What  wti  are  doin«   Is   tranaforming  an  equatlorj  arising  fron 

a descriptive proceaa  into one which arises  from a variational 

process.    This,  of cour3e,  la  a familiar  idea in analysis and 

one  of  great,   (.-ower and  versatility.    The  way  In whlcn we  do   it 

is,  however,  new. 

To give a simple example of the  technique which can  be 
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used,  consider the  Rlccatl equation 

2 
(1) u'   • u    + &{t],    u(0)  • c. 

Write 

(2; u2 - Max   (2uv - v2), 

so that   (1}   assumes  the  form 

(3) u'   - Max   puv - v2  ^ a(t)| ,     u(0)  - c. 

Consider the  related  linear equation 

(4; IP   - 2Uv - v2 ■► a(t),     U(C)   - c, 

whose solution we write in the form 

(5) U - T(v.t). 

We suspect that 

(6) u - Max U - Max T(v,t), 
V       v 

a fact which  is  a  consequence of  the  posltlvlty of  the  operator 

d/dt - 2v,     in  the  sense of ^10.    Since we can obtain  an 

explicit  representation for    T(v,t)     in terms of intsgral 

equations,   (b)   furnishes an interesting representation  for the 

solution  of   (1 ) . 

Generally,   if    f(u,t)    is convex as a function of    u    for 

0 < t < t0,    we can write 



(7) f(u,t)   - Max   ^{v.lj  >  (u - vjfv(v,t)]. 

P-l 304 

1? 

and  If    f(u,t)    ia concave,  we  can write 

(8) f(u,t)  - Kin   [flv.t)  4  (u - v)f  (v.t) 

These repreaentatlons enable ua to  treat differential equations 

of  the fonfl 

(9) u'   - f^u,t), 

and,  more generally,   to tranafonn functional equatlona of  the 

form 

(10) Au  - f(u,t ), 

where    A    la  an operator.  Into  quaalllnear equations of  the 

form 

HU Au  - Max 
v 

|V(v,t)   4    (U   -   V)fv(v,t)j 

Having obtained  this form,  we  can employ approximation in 

policy space,   and  proceed as  above.     Thla  representation   also 

haa   important  computational   idvantagea.     For a more  detailed 

discussion,  with  many  example?,   see   [28,20]. 

12.     Seml-Qroup Theory 

The modem  theory of semi-groups of transformations,   C-Jl}» 

deals with functional  eiuatlons of  the  form 
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(1) yf " Au' 

where    A    Is  a  linear operator.     A particular equation of thla 

type  la  the  linear partial differential equation of   (9.1).    The 

functional equations  asaociated  with dynamic progranmlng pro— 

ceaaea of continuous  type have  the form 

du [2] $■ »  Max   [A(v)u f  b(v)]. 

In view of tne fact that (2) contains (1), we can expect 

a diffusion of knowledge In both directions.  In the first place, 

in view of the quaslllnearlty of (2), we may expect that a large 

part of semi-group theory can be applied to the question of the 

existence of solutions of (2).  In this way we would hope to 

obtain far stronger results in the calculus of variations than 

those currently available.  In particular, we would aspire to a 

more complete theory for varlatlonal problems with constraints. 

Secondly, we may expect to utilize the results of the 

linear theory, and some of the results and techniques of 

dynamic programing, to obtain a theory of nonlinear equations 

whlcn can be written in the furrr. of (2). 

Ij.  Multldimenalonal Varlatlonal Problems 

Consider tne problem of maximizing the Integral 

(11      J(u^ - /'f(u,ux,uy)dA, 

where the  Integration Is over the  interior of a two—dimensional 
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region    R,    and  the value of    u    Is prescribed on the  boundary 

B    of    R, 

(2) u  - g(P).    P *   B. 

In a procedure completely analogous to the one—dlmenllonal case, 

we may Introduce the functional 

0) f(g(P);R) - Max J(u). 
u 

Considering a sequence of shrinking regions,   It   la not 

difficult  to obtain a functional equation for    f(g(P);R).    The 

derivatives  that  occur will now be  functional derivatives,  cf. 

[52,3X1. 
Although this technique has  been ased to obtain  the 

Hadamard varlatlonal formula for the Green's  function of a 

region,   and other results,   [3), V»,53,56] ,  no work has  been don« 

on the existence  and uniqueness of solutions  of equations of 

this nature. 

An  Interesting side problem associated with varlatlonal 

questions of this  nature  Is  that of detemlnlng the  functional 

form of    f(g(P);R).    Even for the  classical problem  Involving 

the Dlrlchlet  functional, 

(4) J(u)   -,/;(u^ ♦ u^)dA, J(u)   -^ 

deep and subtle  analysis  Is required;  see Osbom,   Q57] , where 

further references may be  found. 
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14.     Stability  and Asymptotic  Behavior 

Aa  Boon as the fundamental questions of existence and 

uniqueness of solution have been disposed of,  we can  turn  to 

the deeper and more  interesting problems of  the analytic 

structure of the ßoiutior).    In particular,   we would like  to 

examine   the stability i.ropärties of the  solution and its 

asymptotic behavior as     t  —► oo .    A small  amount of work has 

been done  in this direction,  but no systematic theory has been 

constructed;  see   li7,38,^9]. 

A   "heory of this  nature can be based upon an extension of 

the present theory of positive operators;   see   [40,41,42]. 

Vj .     Implicit Variational  Problems 

So  far we have considered variational processes of fixed 

auration.    it  is  ;f intarest to consider prccesses  in which 

the  upper- limit    T    depends upon the  policy used,  and those  of 

still more general nature .    Those  are examples of implicit 

variational problems. 

One  of the most  important examples  of this type of problem 

is  furnished by  "bang-ban^" control.    Suppose  that we have  a 

system    S    ruled by a  vector differential  equation 

(1) ^ - g(*,y),     x(0]  - c, 

where the components of y are subject to the restrictions 

U;  (*/  l/^-H < ^i»  1 - 1.2,...,N, 

or 
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(b)     y1(t)  - l V     1 -  1,2,...,N. 

We  wish  to  choose    y    In  such a way aa  to ralnimlze the  time 

required  to   force  trie  ayatem  from the  Initial  Jtate    c     to 

nother state,  say    0. 

For the  linear case, 

{}) ^ . Ax ^ y,     )t(0)   - c, 

a s^^-  deal  hns b-'v-n done  ualnj & variety  :>r  techn! ^u^a;   see 

[45/44,4^1   for further r^roronces. 

10.     Further Directions 

It  is  easy to pose a number of additional  questions  of 

interest  If we admit two  person processes,  multistage games; 

cf.   [^,^6],   and If we  introduce stochastic  and  adaptive pro- 

cesses   in  general;   [1,2,^9,47]. 

The  range of investigation  is now so broad,  and so 

different   in many wv/s  from the classical  tableau,  that  we 

feel   it  better to present   113 cuss Ions  of  this  natur«  in 

separate  publications. 
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