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SUMMARY

Over the Jast ten years, research in the fleld of dynamic
programming has assumed many different forms. Soma2times, the
emphasis has been upon aquestions of formulation in analytic
terms and concepts, sometimes upon the problems of existence
and uniqueness of solutions of the functional equations derived
from the underlying processes, occasionally upon the actual
analytic structure of the solutions of these equations, some-
times upon the computational aspects; and sometimes upon the
applications—to coirtrcl processes, to trajectories of various
types, to operations research, tc mathematical economics.

Inevitably, the result of this quasi-ergodic behavior has
been tc ignore a number cf significant problems, and to treat
a number of others in cavalier fashion. 1In this exposition,
we wish to focus attention upon a number of interesting,
difficult, and significant questions in analysis which arise
naturally cut of the functional equation technique of dynamic
programming. Our aim is to show that this theory constitutes
a natural extension of classical investigations and that the
corresponding problems are natural generalizations of problems

of classical analysis.
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1. Introduction

Over the last ten years, research in the fleld of dynamic
programming has assumed many different forms. Sometimes, the
emphasis has been upon juestions of formulation in anaiytic
terms and concepts, [1,2]; sometimes upon the problems of
existence and uniqueness of solutions of the functional
eguations derived from the underlying processes, [2,3,4];
sccasionally upor the actual analytic structure of the solu—
tions of these equations, [5,6,7,8,9]; sometines upon the
computational aspects, [10,11]; and sometimes upon the appli-
cations; tc control processes, [2,12,13]; to trejectories of
various types, [13,14]; to operations research, [15,16,17]; to
mathematical economics, [18,13].

Inevitably, the resu.t of thils juasi-ergodic behavior has
been to iznore a number of siznificant problems, and to tieat
a number c¢f cthers in cava.iler fashicn. 1In this exposition, we
wish to focus attention upor a number of interesting, difficult,
and significant guesticrs in analysis which arise naturally out
of the functicnal 23uation technigue of dynamic programming.
Our aim i3 to chow that this theory constitutes a natural
extension of classica. inveatizationa and that the correspond-
ing problems are natural generalizations of problems of
classical analysis.

As always in studying new areas, there is the hope that
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light thrown Ir this viv_in tercitory wili be efiected back
upon still hidden parts .f t'.: classt-31 domain.

We shall restrict our attention here to deterministic
processes, reserving for other times any discussion of more
complex and arcane processes arising f.om the study of
stochastic and adaptive processes, [2]. These new areas of
analysis where many different sub—disciplines such as algebra,
topology, differential equations and probability theory merge
and lose thelir separate identity in ~ll-embracing problems
offer bountiful and boundless regions for research. The reader
familiar with the concepts and problems discussed here can
readily construct for himself corresponding questions involving

uncertainty.

.o Muitistoce Declsjon Procesu-s

Dmarte ;vo.vanning 13 o mathematical theory of multistage
decis’'.r processen, Topeisitiona of tril trhaory rrar be found In

&

(i] and [2]. T r‘lewn ;os:d below wlll b2 very much no e
rmeinirful wit ir the ccrtext ol Iynamic programming. The
rerder whe wishen, lowzver, may 1.or re al’l (iectlons of mobtl—

vaticn snd rezaprd tre oeblems *hat (ollow a7 conv-drime pulled

~ut o€ Lrhe bl

3. The Calculus of Variations

Perhaps the most interesting and important example of a
multistage lecision process of continuous type 1s the calculus
of variations. Consider the scalar variational problem of

maxiinizing the integral
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(1) J(y) -(47 P(x,y)dt,

over all functions y, where x and y are related by means

of tha differantinl anyation

d
(2) a{"o(xtY)n X(O) = C.
Introducing the function

(3) C(c,T) = Mav Ty},
b/

we nhtain from She princinle of ontimalisy, [1], th2 nonlinear

partial diffepsntial acmatiign

(4) 3-{. - ng [F(c,v) + Q(c,v)g-é-],
with the initla. conditton

(57 f{c,0, = 05

See [1,2].
We shall usc tads equation a3 a plvot for some of tne

subsequent prooiens we sna.i present.

4. Rxistence and Uniyuenuss

The egquation in 3.4 1s derived in a formal fashion,
much as the Euler equation 15 customarily obtained. The first
problem we pose 18 that of flnding conditlions upcr the
functions P(x,y' and G{x,y) which ensure the existenc< and

uniqueness of a solution ol tue ducenventional nonlinear partial
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differential equation of (3.4).

One way to approach this problem is to employ the results
of the classical calculus of variations. These enable us to
establish the existence of a solution of the original variation—
al problem, under certain rather rigid conditions upon PF(x,y)
and G(x,y).

This is not a particularly satisfactory procecure for a
number of reasons. In the first piace, we would like to use
Equation (3.4) to resolve the original variational problem.
Secondly, we want to use analogues of (3.4) to study variational
problems which partially or wholly escape the classical theory.

This will be the substance of the following section.

5. Constraints

A question of much analytic interest, and one which in any
case is rudely thrust upon us by a great number of feedback
control and trajectory processes, 18 that of solving the
variational problem of (5.1) and (3.2) under the additional

constraint
(1) ly(t)]l <k, 0t T,

It 1s certainly surprising that a simple condition of this
nature should so effectively stymie the sual approach, but
nonetheless, true. Por a detalled discussion, see [2,20].

As a result of the presence of the foregoing restriction,

the equation of (3.4) is replaced by the equation
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(2 %; - lcTzk [ﬁ(c,v) + 0(c,v)§£].

One might surmise that the presence of the constraint would
simplify the investigation of existence and unlyueness of
solution, as it certainly does the computatlional solution of
equations of this nature. However, equations of the foregoing

type have not bpeen rigorouslyinvestigated as yet.

6. Discrete Version—I

A standard route to the goal of existence of a solution of
a functional equation involving derivatives 1is uy way of
difference equations. This apprcach is of the utmost
importance in connection with the numerical solution of these
2quat ient .

Let us then in place of (3.4) write the recurrence relation

(1) £Le,T+p) = £(e,T=b) _ o, [F(c,v) . o(c,v)(’i“slnzg r(c-é,'r))]'
20 v
where ¢ and T assume respectively values of the form + kb,
/b. As A — 0, & — 0, this relation formally approaches
that of (3.4).
The problem now is that of determmining the connection be-
tween the solution of (1) and the possible solution of (3.4),
first under the assumption that (5.%) has a solution and
secondly in the hope of using the solution of (1) to establish
the existence of a solution of (3.4).

Closely associated with questions of this nature 1is the
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question of numerical stabllity of a computaticnal algorithm
such as (1), Pinally, let us note that this is only one of a

large set of possible discrete approximations to (3.4).

7. Discrete Version—II

To obtain a discrete version of a different type, we use
an idea of some importance as far as approximation techniques
are concerned. In place of approximating to the exact equation
describing the process, we can employ the exact equation for un
approximating process.

Hence, in place of the continuous decision process
described by the equations of (4.1) and (4.2), l2t us consider
the problem of determining the sequence {yk{ which
minimizes the function |

N-1

1 J L F ’ w.)A’
(1) N kZO (x,0¥y,

where x, and y, are related by means of the equation

(2) Xyl ~

k+1 xk - G:‘(K'L'K>A' x i d C’ "( - 0'1,2'5030

O

Here X, = x{kh', e = y(kfA), and NOA = T,
Satting

we obtain the recurrence relation

(4) rN(c) = Msx [P(c,v)A + ru_l(c + O(c,v)A‘],
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with

(5) fo(c) - st F(c,v ).

Recurrence relaticns of this nature have been quite
successful in the obtaining of computaticnal solutions; see
[10,14,21].

Observe that as A& — 0, the eguation in (4) formally
reduces to that of {3.4)., Yet, unlike (5.1), it involves only
vne small quantity A, and no ratio of small quantities such
as 4/6. This is a2 most important point in connection with
numeri~al stability.

A small amount cof wcrk has be+n done on the subject of the
convenzence of the solution of (%) to the solution of (3.4);

see [22,1,23,24]. Much remains to e done.

8. An Application

We have mentioned above the possibility of applying ideas
and techniques developed in the new field of multiscage
decision processes to classical equations. Let us give an
example of thils.

Connider the partial differential egjuation

1) u, = un, ulx,0) = g(x),

N

an equation which pussesces a shock discontinuity. 1In place of
the usual finite diffa2rence scheme, a la (6.1), let us borrow

the approach of (7.4) and use the relation
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(2) u(x,t + &) = u(u + u(x,t)d,t),

as an approximation to (1.

Excellent results have been obtained, even in the
immediate nelighborhood of the shock, using this algorithm; see
[25]. No work has been done, however, on the Qquestion of tne
convergence of the solutlon of (2) to the solutlon of (1) as
A — 0, for this equation or for more general equations. Por

another application of this idea, see [26].

9. Approximation in Pollicy Space

Another attack on the btasic problem of establisning
existence and uniqueness of solutions ¢f the equation in (4.7,
or (L.2) 18 by means of the method of successive approximations.
In place of the usual approach, let us invoke the technijue of

aprroximation in policy space; see [1,2].

We begin by guessing an initlal policy, v, = vo(c,T),

and using this policy to determine a return function

ro - fo(c,T), by means of the linear partial differential
equation
of af
\ O A
(1) 3r - P(c,vo, + G(c,vo,sgg, fo(c,o; = 0.
Having determined fo(c,T\, let us determine the function
vy by the condition that 1t maximize the function

dfo
(2) Plc,v) + G(c")SE— :
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Using this new pollcy—-function, let us determine the new return

function f by way of the linear partial differential equation

1
arl 5f1
(j/ 'ST- = F(crvl) +o(cnvl);'C_-) rl(cto\ = 0.

Continuing in this fashion, we obtain a sequence of functions

{(f,] and (v In view of the manner in which v, 1is deter—
. )

k!
mined, it i3 clear that

ot | I
(4/' ;-T—- = F(C,VO) + G(C,Vo\g'c— »
9fo

& F(c,vl) + G(c,vl)ga— .

Prom this, we would expect to find that fo(c,T) < fl(c,T‘ for
T > 0, and this is actually the case. Generally, the merit of

this approximation method is that it yields monotonic behavior,

Iy

P
Ui
~

O(c,‘r) < fl(c,T, Lo 8 (e, T) & vee

The important problem is to determine conditions under
which this sequence converges to a sclution of (3.4), and, of
course, to investigate th~ application of this technique to
mo.'e general equations. Some preliminary results for a much

simpler problem may be found in [1], Cha;ter 11.

10. FPousitive Qperctors

A crucial result in the fcregoling procedure is the con-

clusion f. > fo for T > O as a consequunce of the equality

]
;rl )rl
(1/ x = p(C,VI/ + o(civl);c_‘)
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and the inequality

Dfo ‘Qfo
(2) ;’T _<_ F(C,Vl) + G((’,V1 );-0-.'

granted common initial conditions at T =« O,

Questions of this nature are part of the theory of positive
operators. QGiven a relation Au > O, where A 18 an o;erator,
we wish to detennlne w#hagn tnls implles u > 0. Thls type of
investigation was initlated by Caplygin, [27]; see [28,29,30]

for further results and references. Agaln much remalns tu be

done in this [lleld.

11. Quasilinearization

Let us now indicat~ erother applicaticn of n2w techni uea
developed in the thecory of dynamic programming to classical
analysis. We have Jjust seen, in §9, that equations of the
special form of (5.4) can be approached along a route which is
not open to the equations of classical analysis. 1In view of
the monotonicity of approximation, 1 very wvainable analytic and
computaticnal aid, it may be worth devoting some effort t the
question of convertinz an e uation O conventiunai type into
one of the form of (5.4,.

What we are doing s transforming an eguation arising fronm

a descriptive process into one which arises from a variational

process. This, of courde, 18 a famillar 1dea in analysis and
one of great power and versatillity. The wWway in which we do it
is, however, new,

To give a simple example of the technique which can be
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used, conslder the Riccati ejuation

2

(1) u' = u° + a(t,, u(0) =«c.
Write
(2) u® = Max (2uv - v2\,

v

so that (1) assumes the form

(3) u' = Max [2uv - v2 + a(t?], u(0) = c.
\

Consider the related linear equation

(4 U' e 2Uv - v2 + a(t), U(C) =ec,

whose solution we write in the form
(5) U'T(Vnt)'
We suspect that

(%) u = Mix U « Max T(v,t),
v v

a fact which 18 a consegquence of the positivity of the operator
d/dt — 2v, 1in the sense of §10. Since we can obtain an
explicit representation for T(v,t) 4in terms of integral
equaticns, (6) furnishes an interesting representation for the
solution of (1).

OQenerally, if f(u,t) 1is convex as a function of u for

Ottt we can write

o)
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(7) f(u,t) = M f(v,t, - v)f (v,t)],
(u,t) 3X[(V;+(u v)f, (v )}

and if f(u,t) 4is concave, we can write

(8) f(u,t) = Min [f(v,t) + (u - v)rv(v,t)J.
v
These representations enable us to treat differential equations

of the form

(9) u' = f(u,°),

and, more generally, to transform functlional equations of the

form
(10) Au = f(u,t),

where A 18 an operator, into quasilinear equations of the

form
-
(11) Au = Max [f(v,t) + (u - v‘.t‘v(v,t)J.
v
Having obtained thie form, we can employ approximation 1in
policy space, and proceed as above. Thia representation also

has important computational advantages. Por a more detalled

discussion, with many examples, see [285,29].

12. Semi—Qroup Theory

The modern theory of semi-groups of transformations, [31],

deals with functicnal ejuations of the form
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-~

(1) ;% “ Au,
where A 1s a llnear operator. A particular equation of this
type is the linear partial differential equation of (9.1). The
functional egquatiun3 assoclated with dynamic programming pro—
cesses of continuous type have the form
du

(2) 5E ° st [A(v)u + b(v)].

In view of tne fact that (2) contains (1), we can expect
a diffusion of knowledge in both directions. In the first place,
in view of the quasilinearity of (2), we may expect that a large
part of sem'—croup thecry cun be applied to the question of the
existence .f soluticns of (2). 1In this way we would hope to
obtain far stronger results in the calculus of variations than
those currently available. In particular, we would aspire to a
more complete theory for variaticnal problems with constraints.

Secondly, we may expect to utilize the results of the
linear theory, and some of the results and techniques of
dynamic programming, tc obtain a thecry of nonlinear equations

whicn oan be written in the form of (2).

13. Multidimensional Variational Pmblems

Consider tne problem of maximizing the integral.

(1) J{u) -Ué7f(u,u‘,u YAA,
: Yy

where the intecration 18 over the interior of a two—dimensional
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region R, and the value of u 1s prescribed on the boundary

B of R,
(2) u=g(P), P« B.

In a procedure completely analogous to the one—dimensional case,
we may introduce tha functional
(3) f(g(P);R) = Max J(u).

u

Considering a sequence of shrinking rezions, it 13 not
difficult to obtain a functional equation for f(g(P);R). The
derivatives that occur will now be functional derivatives, cf.
[32,33].

Although this technigue has been used to obtain the
Hadamard variational formula for the QGreen's function of a
region, and cother results, [33,34,35,36], no work has been done
on the e.istence and uniqueness of soluticns of egjuations c¢f
this nature.

An interesting slde problem associated with variational
questions of this nature 18 that of determining the functional
form of f(g(P);R). Bven for the classical problem involving

the Dirichlet functiunal,

(%) J(u) -({Hui + ug)aA,

deep and subtle analysis 1s required; see Osborn, [37], where

further references may be found.
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4, Stabllity and Asymptotic Behavicr

As soon as the fundamental questions of existence and
uniqueness of solution have been disposed of, we can turn to
the deeper and more interesting problems of the analytic
structure of the 8olutiun. 1ln particular, we would like to
examine the stablilty propacrties of the solution and its
asymptotic behavior as t — ®. A small amount of work has
been done in this direction, but no aystematic theory has been
constructed; see '17,38,39].

A “hecry of this nature can be based upon an extension of

the present theory of positive operators; see [40,41,42].

1. Implicit Varlational Problems

S¢ far we have cconsidered varlational processes cf fixed
auration. It ilg -f intarest to ccnsider processes in which
the upper limit T dJdepends upon the pollicy used, and those of
still moic genceral nature. Thoesc arce examples of lmplicit

varlational problems.

Or.e of the most important exanpyles ¢f this type of problem
1s furnished by "bang-bang' control. Suppcse that we have a

syatem S ruled by a vector differcntial equation

(1) g%'g(x;Y)n X(O) =C,

where the componernts of y are subject to the restrictions

~

) wa, Gyl Skg, 1= 1,2,000,N,

or
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(b) y1(t) -:Kii i - 1'2'000'N.

We wish to choose y 1n such a way a8 to minimize the time
required to force tne system from the iInitial state ¢ to
‘nother state, say O.

FPor the linear case,

(3) R =4y, x(0) =c,

a great de.l has boen aunme u3ding = varlaty of technlju~s; gsae

[9),54.“5] for farther raforences,

1o. Purther Directions

It i3 easy to pose a number of additional questions of
interest if we admit two person processes, muitistage games;
ef. [4,40], and If we introduce stochastic and adaptive pro—
cesses 1in general; [1,2,33,47].

The range of investigation 1s now 80 broad, and so
different 1n many wuys from the classlcal tableau, that we
feel 1t better to pres:rt 1i3cussions of this nature In

separate publications.
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