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SUMMARY

The probler investigated is the resclvability, in the presence of nolse,
of pcint scurces which are sepurated in azlmuth by less than the width of
the maln lobe of the gain pattern.

The predability of correctly resolving two sources ig derived for a
particular class cf Jdecision methods as a tunction of the strengths of the
sources, thelr engular sepearution and noise level. Numerical results are
presented for a case which corresponds nore accurately to optical or infra-

red devices than to redar.
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I. INTRODUCTION

The question of resolvability of point targets, or point sources, arises
in redar, infrared, and optical applications.

First let us distinguish the problem of resolution from that of accuracy.
The accuracy probler is concerned with the errors in determining the position

(1,2)

of an isolated source. It is, for example, well known that the error
in determining angular position of a radar target ray be much less than the
width of the main lobe of the antenna beam.

The word "resolution' covers several related concepts. In photography
or radar ground mapping, resolution has to do with the quality in some cense
o' the picture, or with the ability to pick out certain features of the
plcture. On the other hand, the type of resolution with which we shall
here be concerned is the folloving: suppose the recelved signal is known
to be due to a relatively small number of point sources; resolution consists
in deciding exactly how r.any sources are actually there. We will also linmit
the discussion to angular resolution; resolution in range or range rate will
not be considered.

A widely used rule or thumb is that point sources are resolvable 1if
they are separated by (roughly) at least the width of the main lobe of the
gain pattern. (By gain pattern is meant, in radar applications, the antenna
fgein pattern; in infrared or optical applications, the intensity pattern of
the image of & poini source.) While this is a useful rule of thumb, it
falls to answer many important questions. This can be illustrated by the
fact that, in the absence of all noise, and if the gain pattern were per-
fectly known, it would in many cases be possible to make error-free decisions

as to the number of sources regardless of their relative positions or etrengths.
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A resolvability crlterion should therefore involve the probabilities
of making correct decisions as tc the number of sources present, and the
manner in which these probabilities depend on the noise level, on the strengths
and positions of the sources, and on fhe gain pattern.

Ideally, the criterion should reflect the intrinsic dependence of re-
solvability on these factors, where by "intrinsic" is meant the (in some
sense ) irreducible dependence, apart from the particular decision method
employed. However, due to difficulties in arriving at a satisfactory trea.-
ment of "intrinsic" resolvability, the approach to be used here is based on
analysis of the performance of a particular class of decision methods.

It is clear that the resolution problem as defined ebove is a problem
of statistical hypothesi: testing. However, the problem of finding an
optinum test cannot be answered by the Neyman-Pearson likelihood ratio test,
since, if the problem is not to be simplified out of existence, the positions
and strengths of the sources must be regarded as not known a priori, Thus,
the problem is one of testing composite hypotheses against composite alter-
natives, leading to all the well-known difficulties of defining optimum

tests in situations of this type.
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II. A CLASS OF RESOLUTION DECISION METHODS

It will be assumed that we are dealing with a detection device scanning
in azimuth. The received signal is asswied to be due to at most two point
sources. It will be asswied that the output of the detection device is
saumpled at a series of angular positions X i=1, -+, K, resulting in the
presentation to a declsion-making device of a series of magnitudes Vi i=1,

+, K. (If we are dealing with a pulsed radar, this sampling occurs auto-
matically; otherwise, such a sampling may always be defined to be part of
the decision procedures which are to be considered. )

It will be supposed that, when two sources are present, one can repre-

sent Vi by

v, =y P(x, - Tl) * G, F(xi - 12) +n,. (1)

Here al and . are equivalent to the strength of sources located at angular

2

F(x ) represents the gain pattern; and n, is the noise

positions T, and 7 0

1 Y

component of v,. The single-source case may be obtained by putting either

i

1= Ty (Not all physical situations can be represented

by Eq. 1; more will be said about this ?elow.)

a = 0, 02 =0 or

The following assumptions will bLe nade regarding F and D, :
(a) F is a known function. Thus, attention is focussed on tre limitations
on resolvabiiity due to nolse; that due to imperfect knowledse of the gain
pattern is ignored.
(b) The gain pattern F is assumed to be a non-negative, even iunction.

(c) The range of observations v i=1, .-+, K, the gain pattern F, the

i)

possible source positions 1 and the density of observations are such that,

to gocd approximavion
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L
K K
j; F(x, - 1) = E F(x,) = B, ull 1 (2)
{=1 I =1
K
\ - )
g F(xl - T 1“"(><i - 12) o(Tl - Tz) o(t2 Tl) (3)
f a1l

(d) The noise components n, have known means n. (Lence, the means are inde-

a @

1, ). Thus, it is no loss of

rendent of the unknown parameterc al’ Usy Tyy 15

¢generality to assume that
N = 0, all i ()
1 d

It will not, however, be assumed that the higher order moments of n, are

necessarily independent of « T

;
2

10 “r T
(¢) The noises n, and n, are statistically indepenient for i 0.
These assuptions, incidentally, simplify wmary cf the matheratical ex-

presisions but are not really essential to the basic approach.

Now, define

1
Vl = E f Vi (5)
i=1
K
AN
v’) = -L Z___J Vv _ (6)
< 6] O i"l i

Observe that, if n, = 0, all i, then

— 1

Ve V5.V, = a, |1« ——= (7)
1 L 20121_ @)
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A reasonable decision method would therefore be to announce two sources
or one source accordaing to whether V is greater or less than a pre-assigned

threshold. Observe that, if n, = O, all i, then V is zero ir, and only if,

i

either al =0, a =0, or 1, = 1

2 1 2

It turns out, however, that this decision method must be modified in
most cases of interest, for the following reason: if ny £ 0, then (denoting

expected values by bars)

K
—— ——— pk'{ - ’[n) N ~
V12 = V2 ™ 31102 1l - 1 - “ + % - 1 __,n;d (8)
p(0) ] B> p(0) iml

In some interesting cases, the quantities ni2 depend on o and Qa,.

Also, the higher rnioments of V as defined by Ej. (7) may depend on al and ae,

even if the statistics of n, do not.
The class of cecision methods to be gnalyzed can be defined as rollows:
announcement of two sources or one source according to whether V is greater

to or less than a pre-assigned threshold, where V is some function of Vl and

V.. The specific forn of' V will depend on the manner in which the mouents

[a

of n, depend on al, ag, ¥ snd 1., in the particular case under consideration.
c

i

It is clear that all necessary information about the performence of
this class of decision procedures can be deduced from the joint probability

density of V. and Vg‘

1



III. THE JOINT PROBABILITY DENSITY OF Xl AND V2

It will now be assumed that the nurber K of observations is sufficiently

great so that both Vl and V. ere normal rendor variables (within the range

2

*

of probabilities which we wish to compute). Thus, the Jjoint density of

Vl and V2 will be completely specified if one can compute Vl’ VQ’ Vle, Ved,

and Vlvg, or the equivalent. Computation of .(hese quantities is a straight-

forward process. The results are,

vV, = o *a, (9)

K
— 2

2 1= 1" 1 2 .
v, -[vl} = gé- E n, (10)

iml

K

_ ~ o4 D(T = Tr‘\) _
. a12+02,_+2“12 17T 1S :ni? (11)
p(0) c(0) 1=l
end, writirg for convenience
Si = o F(xi - Tl) *+a, F(xi - 12), (12)
—_— 2) K K
— 9] 7
Vo - [VE} s 2& Z: n, " 512 ¥ _’3}—" Znid S (13)
< p (0) i=l 07 (0) 1=l
K _— . ,)}
1 2
R U I
r(0) i=1
K K )
- - ; < T2 N 3
7 _ v 2 C )
AERAS 567 ) 2 %-T ns, + < n, j (14%)

This, of course, does not imply that V is normml.
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IV. RESULTS FOR A PARTICULAR CASE

In order to proceed further it is necessary to make definite assumptions
at to the moments of ny, which depend on the particular detection device
under consideration.

As an 1llustrative case, 1t will be essumed that

ni = (
2
ni = ]
. (15)
3
ni a 0O
ird
n ™= p)

d
This (with suitable norualization) would be the case if the n, were Gausslan

with means and standard deviations independent of al, (o3 Ty and T This
(Za

2.
might describe some infrared or optical detection devices; it is not so easy

to *11nk of radar cases which would be hdequately described in this manner.

The first and second order moments of Vl and V2 for thls case can be

obtained by inserting (15) into (9) - (14); the results need not be written

out in detail. It turns out that

— c
V12 _ \',-2 " K [B2
B” p(0)

olt, - 1,)
“o0)) L g [l- L2 } 16)

An appropriate resolution test i1s defined by V > threshold, where

2
Vv = L0y e _y e -p@)]}. (17)

Vl 1 e 32 0(0)

Note that in the absence of noise, one would have



Even with all the special assumptions which have thus far bee. made,
it would still be possible to generate numerical results ad infinitum.

Therefore, numerical results will be shown only for the following special

case:
Let
-x2
F(X) - e (19)
1
X141 7% T 20 &9
Then, approximately,
B = 20 Vnr (a1)

D(Tl - 12) = 20 J % exp {— %’(Tl - 12)2} (221

The range of observation will be chosen from x = -2 to x = +2. With
this choice of observation range, K =~ 50. The choice of observation range
ought really to be thne solution of an optimization problem. Lowever, the
choice is here somewhat restricted by the requirement that the sums in Eq's.
(2) and (3) should satisfy Eq's. (2) and (3) to good approximation, for all
values of T and 5 under consideration, We will be Interested in values

of Ty - T, Up to about 1.5, and the range x = -2 to x = +2 wes chosen as,

roughly, the smallest range for which (2) and (3) would hold for all values
of Tl - 12
The results obtained fo1 this case will clearly also apply to any case

up to 1.5,

of the form:



a
v/ X . A
P\x) = R - —= |, Ccoservalion ramye x = -0 to g o= o+l X, - M = %;;
. {+1 U
[®
and all 1 valaes multipl.ed by -,
£11 paraneter valuae, will ve chosen sc thas the probability ol fa.lure
tu detect any source at all o reclic.nle
Figires L-10 show provabil:ity d.str:hation tunctions for V (as der::ed
by (L7)) Cor a variesy of walues of o, 4., aid Tt T In these tigiures,
p. = Prov (Vv - T) (o2)
i
Cne u.ghy deaie Lo precars this ormntion In o altornative Uorns. A
fli.snration of thos (o poven i Froos, 11-10,
Daiine
P {owe la, . w -t (2h)
4 v .~ 4
= provavility O covrecrl. anncincing
TWD osourcees, .o therse are in realits
twe sources craructerizel byotee
cuaraneters Lo i, 1, Ta.
i z 4 [
Also, let
DA RN 1 R
Pl tw I’Jl’ 0] (29)
= probanilivy o fdalsely announcing two
gources, if In reesity cnly cne souwrce is
present cnaracteviced Yy *nhe paranmeter al'
Frcu. Fig. 1. we <ee tin% ‘rn the | resent cooe. Fliwo lﬁl, C) is nearly independent
o1 provided t:.s prorabiloty s relatlivel: suazll.

COCW

Plewa | o, w to the con-

1l
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It can alsc he verifled n the puriicular case under consideration that
Lion pertormances, waen resented in o the torn of curves like tl.ose of

. . o . P ‘
~i-17 rewalns rowdhiliy tre swee U x o - &, Qp and 7, are all

L sae luaclor (ofner pdrnmnteru renaluing unaltered).
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V. ADDITIONAL TOPICS FOR INVESTIGATION

Come additional vopices which woull Le useiul tc investigate are s
follows:
1. Investipation cf cutes ta wiich *ne ronals of n, {otier tian the

Sirst) depend on a], ., T and 1,.,. Thiv woild incli:de some radar cuses;

1’ ‘

for exninple:
(a) Noilse-like targets {or roise jeuming) detected by a radar,
In this csse, the output ¢f a square law enveleope detector, properly norial-

ized, would have probebility density Iwiction

V.
4

1 +a F(x. -1,)+a Flx, - 1~7f
) n 1 = = - : ("' )

+ - )+ i -
1 ay F(xj .l) - .(xi 1;)

exp

(t) WNon-tluctuaving targets, the relalive shase of one taruet
return with respect to tre other ver:;ing candonldy 'ron pulse Lo pulse.

One would expect that in these cases the resolvebility of targets
separated by less than a beamwidth woula be sericusly degraded as comparecd
with the case considered in the previous section.

2. Dropping the requirement that F bg an even fuaction and always
positive. This nnight be of {nterest in analyz.ng a scernning monopulse radar,
Here it might be necessary to use functions of tine dala cther than Vl and V2'

S+ Dropping the requirement that ninj = O for | f Je
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