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Some Empirical Findings on the Prediction 

, of Cor.iu-er Purchase

This paper serves -as .a renort of preliminary attempts to study 

empirically the prediction of choice .-nethodology proposed, in 19U5, 

by Thurstone (1). Competing entrees, on a luncheon menu serve as 
stim^uli. T«o variables, preference and price, are considered in 

the prediction of relative selection for each' competing item. ^

Data «ere collected-in the spring, of 1952 from members of the 

Quadrangle Club, the faculty club on the campus of the University 

of Chicago. Three dist;Lnct ocnponents of data are:
(a) preference ratings. seve.. category successive intervals 

rating scale «as mrdled to each of the U30 faculty mem.bers 

who were active mercers of the ..uadrangle Club. The ao- 

dressee was instructec to complete the form by placing 
a check mark to indicate the degree to which he liked or 

disliked each of 30 menu items (including the 15 entrees 
served at the Club ouring the criterion period). A total 

of 297 completed forms were returned, comprising 69 per-^__ 

cent of those mailed.
(b) popularity of prices. For each of 20 days (exclusive of 

criterion days) there was tabulated the relative frequency 

of purchases of three luncheon entrees, according to price. 

For this purpose there were used only three price cate­

gories* most costly (always ;d.20), medium cost ($.95 to 

frl.lO), and least costly ((p.75 to $.90).
(c) criterion data. Five criterion dalys were chosen. On no 

criterion day was there a shortage of any luncheon item, 

and x>n each day more than IOC. members patronized the
• - •- Club's regular lur.chec.m facilities. The frequencies of

purchase of the th.ree competing luncheon entrees, on each . 

of the five days, serv« as criterion data.
Methods of Analysis and Results • .

^ Ee.alts are compared the Ucation ol aevaral explore-
~ TOry «att.oda of analyaia. .esulte appair In eumnarjr form In Table 1,
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where are listed the stimulus items, the number of patrona on each 

criterion day, the observed proportions of choice for each menu 

item, and the proportions predicted from each method* The final 

row of the table cachibi'ts>r for a^ch the itœaTr Absoluter, diar- 

orepancy of predicted from observed proportion^ of purchase, a mea¬ 

sure adopted for testing relative accu.ircy off prediction. 

Method A: First choices. The method proposed by Thuratone (l) for 

prediction of first choice is tr.sei upon preference ratings alone, 

giving no consideration to di.'iering,prices,. Consider the menu for 

the first criterion days' roast beef, smoked tongue, and creamed 

mushrooms, For eaclj item, we oaxly tne number of. individuals who 

rated that item more liked than the two competing.items.- ßach such 

individual contributes a weig.it of unity to that item. Next, we 

tally the number of individuals for whom the item.is ratfd equally 

liked with one other food, more liked than thp tnird. Such indi¬ 

viduals c.cntribute weights of one-half to the item. iinaUy, 

individuals who rate the item in the same category as both.com¬ 

peting foods contribute a-weight of one-third. Summing all weights 

for a food and dividing by the total number of individuals rating 

the three competing items yields a predicted proportion of choice 

for each food'given in column A, Table 1. 1 

The mean absolute discrepancy of predicted from observed pro¬ 

portions is .102. It is observed that the foods predicted to be 

most popular, on the basis of preierence data alone, invariably are 

the most expensive foods. The prediction of choice formulation sys¬ 

tematically overestimates choice of: the most, costly food and tends 

■The term "prediction" is used throughout this paper. More pre¬ 
cisely, the criterion is one rd restriction, since the preference 
data ware collected after the • crion period in order, to be able 
to Include, on. the preference .* ¿.‘.¿dale tnose entree items on which 
complete purchase data had beer, collected. Oiven kno<<lbdge of the 
frequency of selection, by the ¿uadrangle Club, of particular menu 
items, it would seem a valid assumption that the preference ratings 
for the items were not effected by the appearance of those items 
during the criterion period. In this case, then, the logic of 
postdiction and prediction is identical. , ' 

P-1101 #2 -2- 
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to underestimate choice of t-h# two less expensive entrees. 

Method B: Popularity of priors. The mean relative frequeri*»* r.r 

purchase of the most costly ent-ree/ ti*e medium cost entree, and the 

least costly entree, determined from quadrangle Club records over a 

20 day period, were ,221,*,377, and ,u02, respectively. In column 

B, Table 1, these proportions serve as predictions of proportion of 

choice. The mean discrepancy of predicted from observed proportions 

is .096. Thus, in this application, predictions based cp: . , Jpu- 

larity of price levels, alone, are considerably mere accurate than 

those based only upon food'preference, 
i 

Metncd Ct Preference'and price, If, for the ranges of .food pre¬ 

ferences and prices encountered in this study, one assumes (a) that 

relative frequency of purchase is a linear function of relative 

preference for competing entrees and relative popularity of price 

level, and (b) that food preferance and popularity of price are of 

equal importance in the’ determination of purchase, then the result¬ 

ing predictions of purchase are those of column C, Table 1, Under 

these assumptions, the predietc.d proportion is the arithmetic mean 

of tne two values in columns A and B, Table 1. The mean absoluto 

discrepancy, ,G75, is smaller than that achieved by considering 

either food preference or price, alone, 

Method D: Least squares. Assuming only that relative frequency of 

purchase is a linear combination of relative food preference and 

relative popularity of price of competing items, adoption of the 

method of leasl squares can identify empirically the coefficients 

of combination. The method was applied separately for each of the 

three price levels] at each price level there are five equations of 

the form jT ■ bl. + a, where i. is the observed proportion choosing 

food i, is the predicted proportion of choice of food i based 

upon food preference ratings, 3 is the parameter associated with 

price level, and b is the coefficient denoting the contribution of 

food preference (X) to the prediction of purchase. 
/ 

The thre£ solutions are, for the most costly entreos, 

ï1 “ l.lbX - .361 , :.. (\) 
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for the medium cost entrees, \
' Y' - 1.37:. + .101 , , ’'(2)

and, for the least ccstly entrees, • •

■ Y'. “ .CL\ + .290 . (3)
Rasuxoing predicted proportions of purchase, appsa** In column 0,
Table 1, and yield an absolute mean discrepancy from observed pro­

portions of ,0'3h. In Figure 1 are plotted the lines of equation (l) 

and (2), together with the five observed Values associated with 

each. Since food preferences associated with equation (3) are so 

homogeneous, with X ranging only from .176 to .22li, little credence 

can be placed in any generalization from that equation that pre­

diction of purchase of the least costly item is independent of fbod, 

preference.

The results portrayed in Figure 1 lend considerable support to 

the assumption that, for a given price level, the relationship be­

tween relative purchase of foods and rated preference of foods is 

linear. These results also explain the failure of Method a, based 

upon food preference alone, to accurately predict frequency of pur­

chase. With the sample,of faculty members such as that under con-_ . 

sidcration, a difference in luncheon price of as little as 15 cents 

apparently alters radically the disposition to purchase, based upon 

preference of that luncheon menu j.tem. Yet consideration of food 

preference in addition to purchase price allows a more accurate pre- 

diction than that based only upon price. t '

riscussion

- . 1
The importance of resoa;'h j-mcc at the empirical Validation 

of prediction of choice metacjcxogy is apparent., T-hat a methodol­

ogy is logically or psycholcpiculiy appealing is not a sufficient • * 

reason for acc«,pting it as yielc..ng valid predictions of behavior,'i \ , 

Only with empirical investigation can the predictive usefulness Of 

a method be determined. . ' ■

In this study, we have attempted to predict the relative fre­

quency of purchase of competing menu items, utilizi.ig both pref^ereneo

•>V'
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r2tinge j. . u.-^e items and empirically determined popularities of 
the several price levels, beveral difficulties in these predictive 
data should be noted, lerhaps the most serious.inadequacy is the 
lack of independence of the observed popularity of price and the 
typical preference, for’ foods owrv^d at each price lovel« Obviously| 
the prices of entrees are established in accordance “with what is 
judged to be a direct relationship with preference. Thus* data 
bearing on the frequency of purchase of lunches served at differing, 
prices reflect not only popularity of the price level, but also 
typical preference for foods served at that price." This complex 
interaction between price and food preference affects the attempts 
to predict purchase, from rational equations, particularly our pro¬ 
diction methods D and C. 

Other difficulties attend interpretation of the food prefer¬ 
ence ratings. The food preference schedule was administered under 
the most general instructions. Ko statement was made concerning 
whether preparation of foods was to be considered like that at 
home, at a restaurant, or at the -:uadranglo Club. No indication 
was given as to whqt.'meal, .i¿e,, lunch,or diqner, Should provide a 
reference for response. While the lack of specific directions was 
disturbing to spme of the more critical respondents, it was thought 
that a prediction from such general preference data to specific 
choice situations would (a) exemplify the most typical application 
of prediction of choice, acd.(b) provide tho.mçst çtronuouq test 
of the predictive value of preference ratings.. 

That within particular price levels,' purchase could bo pre¬ 
dicted fro i food pfefofenoè hs'well as"is indicated by the‘empiri¬ 
cal equation of method D, illustrated in Figure 1, is encouraging 
to further research in this area. 

* * * «#. .,,, # 

Keference 
•'* » « #.* 

1. Thurstono, L. L. • -Prediction ofchoiceá. Fsychometrlka, 19145, 
L, 237-253. 
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On the Least-Squares Solution for the 

Method of Successive Categories 

1. Introduction, Gul’iksen (l) has proposed t leaet-t'juares 

solution for. the method of successive categories which he identifies 

with Horst's (6) solution for the matrix of incomplete data. Actu- 
* 

ally, the two methods are not precisely equivalent, although they 

can be made so if 1) the normal deviates employed in Oullikseh^ 

solution are carried to the centroidal points of the intervals rather 

than the boundaries and 2) the discrepancies between these deviate® 

and the scale values being estimated are weighted by the cell fro- ... 

quencies before being minimized, .vith.these changes the solution, 

is more straightforward and the resulting scale values for the cate¬ 

gories are in a föhn immediately applicable to conventional statis¬ 

tical methods, such as analysis of variance. It also appears that 

binder certain conditions this scale tends'to be similar to tne max¬ 

imally discriminating scale used by fisher (2), Guttman ($) and 

others (7, 8). It is the purpose of this paper to present a ver¬ 

sion of Gulliksen's solution which is exactly equivalent to Horst's 

solution for the matrix of incomplete data, to suggest how this so- ' 

lution rnsembles the Fisher-Guttman method of scaling, and to pointt 
\ 

out also under what conditions it is approximated by th« conven- ’ 

tional solution for the method of successive categories* t 

2. The Law of Categorical Judgment. In Thurstone's (1) mo¬ 

del for the method of successive categories, the preferences of the 

i-th individual for j-th object are assumed to reflect an underly¬ 

ing preference-score of composition ; 

gij ■ /'j * ekj * (1) 

where is a value of the object and e^j is an error term distri¬ 

buted as N(0, aj^)» Preferences observed in the successive cate¬ 

gories are considered to represent a coarse grouping of these con¬ 

tinuous scores into intervals under the normal curve which are 
a 

P-1101 #2 
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mutually exclusive, exhaustive, but oí irregular length. Usually 

only single preferences of each individual are obtained, and it is 

necessary to estimate over the sample of individuals and to consider 

the distribution of «¿j as N(0, c^). Since the method of successive 

categories does not require comparisons between objects, no assump¬ 

tions about the correlation of errors from one object to another 

are necessary. 

Data obtained by the method of successive categories are 

usually exhibited in a frequency table of the form: 

Categories k 

1 . 

n 
11 

n kl 

Objects 

n 
U 

n 
k.i 

n 
lq 

kq 

Total 
-• i» 

n. (2) 

'otal 

n -, rl 

n.l- 

•>* n - 

n.j. 

_nrq 

n.q 
i ._nrv 

i n • • 

On the assumption that-the error term in (1-) is normally distributed, 
, ./ 

we may determine normal deviates, z^, for the cells of the frequency 

distributions in each of the columns of (2). These deviates may be 

carried to the interval-marks for each category, rather than the 

boundary, by determining the centroidal point for each interval by 

Pearson's interpolation formula (See Guilford (3), p. 237). If (1) 

holds and . . . is actually N(0, -a,.),, then the population values 
■T J J Kj 

corresponding to the deviates z^, will be related to the true scale- 

values for the categories, by the relation 

P-1101 tf=2 -9- 
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air/« ‘ f k '/‘3 (3) 

where is the discriminai dispersion andthe preference-score 

for the J-th object. In the sample the relêtieft.between the OOrree* 

ponding estimates of these quantities would be 

Vkj *k - mj 
(•W 

Equation (3) is termed the "Law of Categorical Judgment." 

3. Least-sqùares estimates of Oy and y« j• Following. 

Horst (6), we wish to determine values for the iy and for 

which the congruence of the left and right members of flj) is maxi¬ 

mal, ./e take as a measure of congruence the correlation R between 
• . * 

the right and left members of (1) based on the within qolumns sums 

of squares and crossprodu* > - * 

R* 

_^ I Sj^zkj " z.J^xk “ 
V(zkJ “ a.J^nkj-7^ I (xk * mj^nkJ-7 

(5) 

where 

’■.} ^ I zi*n*} 
(6) 

Since the max of Ra is independent of the origin end unit of 

the assigned and derived scale-values, we may impose the conditions 
• • • * ... 

that 

r * 

* .1 

Z I (xk - ny-Vj 
J * 

(7) 

t...; 

P-1101 #2 -10- 



ï î (*k - - o (6) 

j k J KJ .J • ^ •‘kj . c (9) 

where c is any finite constant. 
• * 

/ 

Introducing the undetermined multipliers C , Kt \ , we write 

- 2 sJ(2!tj ‘ 2.j)(xk * Vnk.i-7 - 2¿!; * (xk - mjKj 3 k jk 

-/C/Ï Z(xk - - c_7 - >q Z Sj(zkj . . cj . (10) 

we have 

Djf.t erentiating (10) with respect to and equating to zero* 

^ I siizki - 2.i>(xk - mi)nki-71 »j^kj - 2.j)”kj 

" 2 ^ 2 nkj " ^ ?^xlf ~ m<Ki m 0 • (U) 

ig on j, we find 

6 ■ o . 

-'*« . , 

Multiplying (ll) by (x. - m,} k - mj, suriuirg on J, we-find 

^ I sj(2kJ - 2.J)(xk - Vnk}-7‘ ■ K ? i(xk T 

Substituting for in (11), 

j ; * 2 (xk - mJ^nkJ 

J k •y “kj 

c.v X 

¿ 8^(2^ - Z Á)n^4 /R j 
J kj °.y“yy 

since, by (^). thp right, hand term of (12) vanishes, 
* • ' v . . 7.: .. i • Vj • 

L 
k 

P-1101 #2 -11- 
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or. 

(13) 

dlXf*r«ftUetinfl (10) with r««p«0t to OAd oqUAt' 
ing to zero, vie have . i ' * - ’ • 

^ I - Z0)(X1 - "j)"!;-7 1 8J(!Ikj • *.j)nit3 

” ^ z nn ” - *^)n 
J 

kj *' “'Äk - (Hi) 

Agaih, 

6*0 

and, multiplying by (x^ - m^) and summing on k, we have 

cR* - K .. 

From (Hi), we have 
•’* * * . . ' •# 1 . •• * ^ 

:. ». 

zixk - mj)nkd • 2 s3(*kj - > 

or, substituting from (13), 

7 
i 

I 05) 
I 

'1 
\ 

(16) 

finally, differentiating (10) with respect, ttfs^ and equating 

to zero, we have 

^ 2 Si(*kl - *iK\ * ”i)nld-7 «*10 - *.4»(*k - . . 

: -^'v ■'® - 7:.<») 

Again, multiplying by and summing on j, we have 

cRa • A , 

P-1101 #2 -12- 
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and, from (17), 

3J " z.j)ankJ ' ^ (¾ * \iXxk - mj) V/h • 

Substituting for (xk - nij) frox (1^), W3 have 

(18) 

k nk. ^ Si(ZkJ " 2.J)(iki - *.i)nki-7nkJ/íla (19) 

To express explicitly the solutions for the systems of equa¬ 

tions (16) and (19),^it is convenient to adopt matrix notation end 

to define the: 

k X q matrix 

* - W* Cj Z,\L~ k ’■Z 

- » 

r X r diagonal matrix 

q X q diagonal matrix 
« » 

q X q diagonal matrix 
{ * 

1 X r vector » 

•i.,. 
1 X q vector 

- ‘ t. • . 

* *. * • • 

Then (l6) may be written 

' • • X (Dk - FDj"1 F») - ë T' 

Dá 

Dzs " ^ (akj " *.j^nkj-7 »\ 

X a /x. 7 > and the ' ' 

(. 

. ? 

■ ( ( i. 

or 

X B - s T '. (20) 

P-1101 #2 -13- 



and (19) may be written 

s Da • e ’£i d 
7i *• (21) 

Henc«| we see that s is the latent vector sasooiated with tho 
largest root Ra of the determj.nantal equation 

t 

T' V1 -T V“1 *1 --0. ; (2: (22) 

*he vector s may therefore be determined and used to obtain numeri¬ 

cal values for the right member of (20), which then becomes a sys¬ 

tem of r non-homofeeneous equations in r unknowns. Since the rows' 

and columns of the matrix B must sum to zero, only r-1 of these 

equations .can be linearly independent. i*’rom any r-1 of these equa¬ 

tions, however, we may in general solve for the corresponding r-1 

values of the unknowns in terms of the remaining unknown, nnd a sub¬ 

sidiary condition such as (7) may be used to obtain a unique solu¬ 
tion for all r unknowns.. 

It. Special Cases. An alternative scaling method applicable 

to data obtained by thé method of successive categories has been, 

used by Fisher (2), Guttman (5), and others (7, 8). Usher proposed 

in connection with analysis cf variance of qualitative data that, 

values be assigned to the categories so as to maximize the, sum of 

squares for the major .effects with respect to the residual sum of 

squares* Such values would make the analysis optimally sensitive 

for the detection of the major effects. When the qualitative data 

is in the form of (2) and only column effects are considered, Fish¬ 

er's method reduces to maximizing the sum of squares betweep objects 

with respect to that within-objects-K)r, what is the same thing, 

maximizing the correlation ratio >7 a between the scale values for * 

tr.:i categories and the mean preference scores for the objects# 

/ 
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In the notation of this paper, scale values maximizing >7 are 

a 
0 iven by 

j (F Dj‘X F' 2/1 ->: a D ■ 0 (23) 

..,whare the sotie valuta with arbitrary origin and unit ara givan> 

by the elements of the vector x and ÿ * is the largest non trivial 

root of the determinantal equation 

•i*VlF’V1-?*l!** °- ( 
» * 

A scale obtained by this prcc *. e well be termed a "least 
•k 

error" scale. 

Empirical comparisons .1 the lG:st error and successive in¬ 

tervals scales for the same data (for example, in section 5 of this 

paper) usually show these scales to be similar* In general, the 

successive intervals scale cannot yield a correlation ratio as high 

as that of the least error scale, but it is usually superior to a 

linear scale (1, 2,.,.r) in this respect. In order to understand 

why, and under what conditions, this should be true, consider the 

following case.» ... 

Multiplication of both sides of (I6) by 8j(zjcj “ 

summation of k and ,i gives the following expression 

" 2 Z s^z^ 
j k ^ 0 

taking all s, ■ 1, we have 
j ■; 
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That is, the within objects siur. of squares computed from the 

derived scale values approaches the corresponding sum of squaron 

computed from the normal deviates. Thus if the normal deviates are 

superior to more arbitrary values in reducing the within sum of 

sqttar«o. with respect to the u.twocn, tha least squares successive 

intervals scale (with all s. ^ i) will show a similar superiority 
w t 

as R ~> 1. For preference data the normal deviates usually have 

just such an effect. The distributions of preferences which show 

closely clustered means on a linear scale also tend to show larger 

variances on this scalei- conversely, distributions with mor« ¿«pai- 
ï * • • -4- 

a ted means snow smaller variance. I,‘hen olds is 'ihe case the trafcsP* 

formation from the linear scale values to normalized values tends 

to compress the scale in the neighborhood of the closely grouped 

means and reduce the variance of their respective distributions. At 

the same time.the transformation stretches the scale in the region 

3Í the more separated means and increases the variances oí vhe-.r 
* 

distributions. Whether or not the over-all effect will be an in¬ 

crease in the correlation ratio will depend upon the relative num¬ 

ber of closely grouped or more separated means, that is, upon thó 

distribution of the means. To investigate the nature of this de**' 

pendency, we may consider first a set of p preferences for q objects 

which fit perfectly the law of categorical judgment, assuming equal 

discriminai dispersions. We will say that such data is in"ideal 

fermi* For this data the least squares successive intervals -solution, 

taking Sj ■ 1, yields R ■ 1, and by (h) the scale values for the 

categories equal 

xk ■ \rmi r ' ’ 

where, according tp (13)j m. ■ ^ Z x.rv,j * St. ♦ ¿The variances of.5 

the columns are constant and may bo designated aS o^®* -Taking the 

mean for all objects as zero, the correlation ratio for the data 

may bo written as 
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i * : X 
p ¿ X, 

_ .!L.. 

a 

pqo- , P Z ^ 

Z X. 
,1 

^x2 * 5 V 

If the distributions ore oistortod from the ideal form which 

wo have supposed by a.monotonie function of x symmetric about x ■ 0, 

we may approximate the correlation ratio for the new form by 

^<x>‘ 

z íHxJ 
A_V 

CT.^ z ^'^ 'x.) + Z 0(x.) 
" j j d J 

(26) 

* ¢( 

where 0 is the function of x, 01 (x.) approximates the variance 

of tho distribution for tho j-th object under the transformation 

0(x), and ^'(x^) is the first Oerivitive of 0(x) with respect to x 
J T y 

evaluated at x^. The discrepancy between - Z 0(x. ) and - 0(Z x, ) 
a P k K P k * 

is small for large p and may be neglected. Dividing the numerator 

and denominator of (26) by Z 0(x,), we have 
j J 

■' !^0(x)' 

-1-!- + 1 
2 ^(x.)- * 
3 • ■ 

(27) 

Note that under the identity transformation 0(x) * x, 0'(x) • 1, 
and (27) reduces a^rrequirod, to • 

V: 

Zx‘ 
+ lv. 
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It is apparent therefore that for given values of for 

»hich the absolute value of the derivitive of ff(x) exceeds the ab¬ 

soluto value of the function itself, the correlation ratio computed 

from the transformed values of x will be less thin the ratio com- , 

puted from x dlrootly, More epooifioaUy, 

?x > /’çfCx) 
a for all j such that 

for all ¿ such that 
I 

for all j such that 

(28) 

Using these criteria, let us consider how xa is affected 

by a transformation which is precisely the inverse of that used in 

the buccessive intervals solutiong. This transformation is, of 
course, . 

4 f tV, 

Assuming the mean for all objects computed from x is aero,: 

that computed from ¢(¾) will be ^ — since 0) • J and the trans¬ 

formation is symmetric about x 0* Also, 0('(x) is simply 

S7W 

The criteria (28) for 

pressed in terms of 

this transformation may, therefore, be ex- 

1 

v^T. 

xa 
X - y 

e ¿ dx 

-0C (29) 

P-1101 #2 
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By inspection of a table of ordinates and areas for the nor¬ 
mal density function, one finds that (29/ is unity for values of x 
corresponding Very closely to the normal deviates t h/$. This in¬ 
terval includes about of the area under the normal density furie-* 
tion. This means that if we reverse the normalizing transformation 
used in the successive intervals solution to bring the data into 
ideal form, the correlation ratio will be decreased by the distor¬ 
tion of the distributions whose means lie in the interval * \x/$ on 
the scale for the ideal form, and increased outside this interval. 
For the normalizing transformation itself, the effect on the corro- 

i 

lation ratio is just the converse. Distributions whose means lie in 
the interval + 1/5'about the mean for all objects on the transformed 
scale contribute to an increase in th», correlation ratio, while those 
outside contribute to a decrease. If the variation of preference 

• t 

within objects (discriminai disporsion) is great with respect to 
variations in moan preference between objects (and this is very of¬ 
ten true for preference data), the distributions for most of tho 
objects will have moans in this interval, and tho over all effect . ; 
will be to.increase the correlation ratio. This increase will not, 
in general, be as great as that produced by the least-error scale, 
but.it does indicate that the successive intervals scale will be 
more like the least-error scale than is the linear scale. Further, 

t • - 
I * , • 

the resemblance between tho scales will increase as the discriminai 
dispersions increase with respect to differences among the mean pre- 

. • 

forence scores of the objects. 
The tendency of the least squares successivo intervals scale 

(assuming all s. -.1) to be similartto the least error scale under 
conditions which are fairly general for preference data is of con¬ 
siderable interest in two respects. It suggests that this succes¬ 

sive intervals scale, in addition to normalizing and stabilizing the 
variances of qualitative data, will increase the sensitivity of 
analysis'of variance as does the'least error*scale when applied to 

such data. Conversely, since tho least error scalo is unique, it • 
must tend to resemble also, the successive intervals scale and share 

F-1101 #2 



its property of normalizing and stabilizing the distributions of 

preferences. It should usually be possible, therefore, to rely on 

eitnor of these scales to put preference data in a form suitable 

for analysis of variance. 

There are two more restricted special cases of some interest. 

If the discriminai dispersions for given objçcte are large collared 

to differences among the mean-values (m^) of the objects, the between 

sum of squares accounts for most of the total sum of squares and the 

matrix B approaches D^, Then, very approximately 

• s T» D, -1 

(30) 

and, if Sj ■ 1 for all J, 

(31) ' 

That is, the k-th derived scalo-value is the averago of the 

assigned scale-values for tv ic-tn row weighted by the corresponding 

frequencies. This appears to be as close as the least-squares so¬ 

lution for the method of successive categories comes to Thurstono's 

solution as given, for example, by Guilford (3), p., 32?, in which 

centroidal points of the intervals rather than interval boundaries 
are usod, 

• ' * 

Finally, if the distributions of preferences in (2) differ 

from one another in a uniform way, we might expect that-all elements 

of the. matrix T'D^' -½ would tend to be equal* That is^ approximately 

Z (zn ~ z " 2 Jnnn 
.k nk. ji ' ^ ‘.i' kj ki a4 

' V . 

where a is some constant. Then, defining tho 1 x-q vector a, yq 

may write (20) in the form ,, 

s (a’a - Ra D a) " 0 , • 
.iC-r ■ \ . ’O. 
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Then^

/..•, • • ••• ' ■ f,
iV

-1 *. • >•;

. ■ i

. .| . . •. . k . . . I

(32)

Hence, tho elements of s tend to be proportional to' the roci-.’ 

procals of the variances of distribution of profoi'cncos for the res­

pective objects as computed fro... ihe normal deviates.
5,. Kumorical Examplo. A prdforence schedule tor twenty foods 

was com^'leted by 3$$ oniisted personnel of the Lnited States Ar.ny. 

Pre/orencos were expressed by assigning fdods to one of nine succos- 

sivij categories of the following hedonic scale* ^ ;

..1) Dislike'extremely,, 2)' dislike very much, 3) ^toiiko 

moderately, h) dislike slightly, . 5) .neither Uko nor dislike, 6) Uko 

slightly, 7) like moderately, 6) like very muen, and ?) ex- ‘

tremcly. ^

The frequency with which each food was assigned to each cate­

gory, together with the marginal frequencies, is shown in Table 1.

The body of Table 1 makes up the Matrix I', the coW totals 

the matrix D., and the row totals the matrix D,^. _ ^ ^

- -Tha,.frequencies in Table 1, nj^,, were accumulhto'd‘for oach ‘ 

food and divided bpr thi- corresponeing column totals.,;,h^.^.. i'rom tho 

cumulative frequencies,-toe normal d».viatcs to'tho interval marks,

z , wore estimated *by the formula 
kj

. < ' i •• , • 

,>• -t t?.-;;,':: 

• :i • vb,?. f

^k “ ^k-1

; *

*■ uv

where yj^ and arp oydinat.s of the normal curve,corresponding

to the cumiilativo, frequencies of the k and (k-l)-th category, the 

oxtreroe ordinates feeing taken as zero. , The rosuitihg! deS^iatos, to- - 

gethcr with-the correction terms computed by (6)y; are. shown to

Table 
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The matrices required icr subsequent computations'were devel¬ 

oped from the values iu Tables 1 and 2. These matrices are exhibited 
in Tables h> and $, 

The least-squares estimates for the discriminai dispersions» 
ay ware found by extracting iteratively the'first latent vector of 

the 20 X 20 matrix T'D. k \ The elements of this vector for foods 
K Z e t 

one through twenty» after adjusting their scale so that condition 

(9) holds with c ■ n ■ 7038» were as follows* 

.906 .970 1.166 .911 .973 *633 *968 1.110 1.262 1.011 

.83I4 1.0Q1 .958 I.O32 .858 1.22Í4. 1.190 I.O69 

1.058 1.200 

The corresponding latent root» which measures the agreement, between 

the derived and assigned scores, was R ■ .7577. 

Constant terms for the simultaneous equations (20) from which 

the were calculated were formed using the preceding estimates 

for the discriminai dispersions. Similar constants were also formed 

on the assumption that all s^- 1. The resulting values with the 

division by R omitted are shown in Table 6. _ . 

The solution of equations (20) was carried out in terms of • 

the score for category one. Tha results based on the estimated s 
and taking all s^ ■ 1 were as follows* 

Estimated s 
\ 

i Assuming all s^ ■ 1 

x8 

x7 

x6 

x5 

xh 
x3 

x2 

P-U01#2 

li.330li + x^ 

3.11(78 ♦ xx 

2.1*660 + x^ 

2.051*0 t. x^._ 

I.5969 ♦. xx 

1.1*201 + Xy 

1.1816 ♦ Xx 

0.8852 ♦ xx 

x^ - l*.pi30 > x^ 

Xg • 2.9112 ♦ 

Xy • 2.2372 ♦ x^ 

Xg - 1.7609+ x^" 

x^ • • 1.1*522 ♦ x^ 

x^ - 1.201*1’+ 

x^ ■ íH}v9061 + x^ 

x2 - O.7133 ♦ xx 

X1 * X1 



Choosing so that Xj^ - 0, which because of (13) i« 

equivalent to condition (7)j it was found that

' Estimated s',y
* 15.66U • 0

X, • -2,2256

Assuming all s^ i 

7,038xj^ ♦ m,ll*0 ■ 0 

X, - -2.0102

With this the least-squares estimates of Oy and $ are complete 

^d the estimates of the^-4<.^ may be oc tamed by (13)»
It was considered of'’interest to compare ■ the scale-values for 

the categories as determined by the preceding least-squares solu­

tions and other methods. Six of such scales for the data of this • 

example are exhibited in Table 7. In all cases the scales have been 
adjusted so'that the distributions of sc>»led preferences over all_ 

foods are of zero mean and unit variance; that is, all scales have 

been adjusted so that

..Z X 
k

k "k.
.• (3li)

and-

. i 2 X, n.. - 7008 .
-.1. (35)

The characteristics of each of the scales were as foUowsi 
Scale A, Least-error scale—computed by formula (23) from 

the data of Table 1.
Scale B. Unit scale—the raw scale (9, 6, 1) under con­

ditions (3h) and (35) , . ,

Scale ci. Least-squares—successive intervals scale based on 

estimated s. us computed from formula (20)«
Scale D, Least-squares—successive intervals scale assuming 

^ s . • i as computed from formula (20),

‘ Scale*E, 'conyentional - ccessive intervals scale as given by

Guilford '(3, p* 237), formed in this case'by sum­

ming-the rows of Table 2,• . j • ^

P-llGl.-jjf2.. i*. J “23-
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Scale F. Weighted successive intervals scale according to 

formula (27), formed by summing the rows of the 

matrix T.

' . In an analysis of var:;.^n.'e of preference datti the mean stjuara
for error in tests contrasting cbject-s or groups of objects would be 

computed from the sum of squares within objects and would be propor­

tional to (1 - The sensitivity cf the analysis would increase

or decrease as increased or decreased, suggesting that ^^ may

be considered a measure of the efficiency of scales in so far as 

they are used to quantify preferences for analysis of variance. To 

be strictly comparable, however, the ratios should be computed from 

data independent of those from which uhe scales were constructed.

This avoids biases introduced by the parameters fitted in the scal­

ing procedure. For the scales in Table 7 the correlation ratios 

were computed for data from a replicate administration of ,>re- 

ference schedule, with slightly different format, to the same Indi­

viduals. These may be considered i^ependent data if the repeated 

responses of the same individuals is taken as the population sampled. 

The values of y * for scales A, Fi, D, S, and F are shown in Table 7»

No value was computed for scale D, which can be applied only to a 

weighted analysis of variance and is not directly comparable with 

the other scales.

In terms o£ Table 7 shows that for the independent data 

the least-error scale (A) was the most efficient and the unit scale 

vB), the least efficient. The loss of variance between foods using 

the unit scale was computed and found statistically significant 

(Fisher (2) p. 295 ff.). It appeared large enough to Interfere with 

the detecting of small differences among foods. All of the forms of 

the successive intervals scales wore midway between the least-error 

and unit scales and not appreciably different from one another In 

efficiency. There would be no reason in these terms to prefer the 

least-squares successive intervals scale with s^ ■ 1 (D) to the con­

ventional unweighted scale (E). The weighted version of the e<mven- 

tional scale (F) was loss efficient than the other successive inter- _

f . -

I

f!
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vals scales, but the differences in the correlation ratios, althoufeh 

significant, were slight. The losses of variance of the successive 

intervals scales in comparison vith the least-error scale were sig­

nificant in every case, but vouli not be important in practice unless 

extremely fine, discriminations, among foods were required.
The foregoing results were ^ accord with the first two spe­

cial cases suggested in sect! but the remaining case ?,iven by

(28), that the estimated s^ should tend to proportionaUty with the 

reciprocals of the elements of (Table 5), was not confirmed.

The estimated s. were so similar in magnitude, however, that trie ef- 
J i' . . . , ■

feet may not have had a chance ^o appear.
ether experience with the correlation ratios of various scales 

applied to preference, .data suggests that as ratings become more ac­

curate and 7)^ for the scales incieases—for example in the repeated 

preferences of the same individual—the loss of efficiency with scales 

other than the least-error scale becomes"much more pronounced. The 

results of this example,.based as it is on data in'which discriminal 

dispersions are .large, should not be cited as proof of tho smaJJL con­

sequence of the choice of a scaling method. As the preference data 

shows less disporsiop, .the more its .analysis will profit from opti­

mal scaling.
t •

• ■■

i

•• r~.-.

f
\
f
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T^ble 1

Preferences for Twenty Foods Obtained by the Method of 

iSuccessive Categories

Cato-
gories

9
8
7
6
5
u
3
2
1

01

8
75 / «
66
89
Zl

16 .
17
23

. 3. 
36 

hZ 

68 

2li
52
18
61
hi

29.
93
61.

21
2h
16
29
33.

87 

173 

lil ‘

io .
7 • ' •
•1 . 
0 * 
5 .

Foods
!

-05 . -O6 07 * 08 09 10 i
..... ..*

107
169

8
1*0

5
1*9

21 . 
1*8

17
1*0

108 j
11*7.1

3h
15

5
li

■?

i'

73
88'
10
36
' a

30
18

53
72
23
hh
28
h2
37

.52
'61
.36
•U2
.i'-

13
•37
.2U

28 U3 

33 - • 28
35

.ia..
63-
81*

13 1
•li
.i :

•2 i

4- » 1
. Total 352 351 _352__ 351*^ 350 351 353 35^

■"i 353:
- — - — ... _---------- — ----------- ■-------------------------------------------------- ------------- - .

1
i ■ Foods ; i

11 12 _13_ li* _15 16 17_ 18 19 _ 20 Total.
.
Cats- ^ 25. . .9... 18,

i' •

...31. .51., 13 59 . .72 12 r 15 -*698 '. . 1
WGl W9

8 102 1*6 .88 . 195. 11*6. 117 136 33 .35 . 1723 :
.gories ^

97
• ^

51*.
. l 

.79. 'Sh'l 66 ! U9 ’.65 ule ui - 1101 1
1 6 ■ 68 73 '79;; 60.,*” 53 . 39 • • 1*5- .•35 56 1*6

M

• 108a :

i • 5 . .'io : 26 23! ■ 25 ! 12-'.; ! 22 '11* !n 1I3 37 ' 1*57 1 .
1* ;. 26 ■•lil* 'xiy " . 10 • 33 ' * P • 5 3U 32- 503 ' : 

, ‘

3 .5 30- 13l‘i - 17 1* 22.
♦ ^

. 6 ■ i u . 30 17 ^82 I ,

2 ‘"•■15 ' •■•35“ 15 •' •18 •• 77 •••56 . 25 ' • 7 U5 57 ‘ 56U I •

1 •; .6 39 22. 18 . h . 76 . 21 .15 1*9 Ih • 626 . ;
[ .

' Total 35U 353 , 31*9 353 355 351 31*9 350 350 35U 7038 ; .
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Table 2 . .

Normal Deviates (to Interval-^Iarks)

Foods

Cate­
gories 01 02 03 Oli___ 05 ..06 07 08 09 ’ ■ 10”

9 2.I4OI 2.859 1.839 1.282 1.175 2.390 2.532 1.995 2.066 1.117
8 1.190 1.698 .8214 .0^7 -.-28 1.14U6 1.1U5 1.161 1.281 -.037
*7

1 .I4I5 .962 .168 -.820 -.9?: .717 .753 .613 .831 -.790
6 -.127 .1452 -.217 -1.256 -1.333 .077 .213 .177 .562 -1.211
5 -.I4I5 .102 -.I46I4 -1.628 -l.i.90 -.392 -.100' -.171 .295 -1.582
i4 -.833 -.169 -.61414 -1.955 -l.'^20 -.711 -.3I46 -.170 .012 -1.696
3 -1.086 -.1429 -.8714 -2.321 -2.1C5 -.981 -.632 -.699 -.111 -U783:
2 -1.369 -.761 -I.IOI4 ------ -2.211 -1.339 -.987 -.951 -.119 -2.117
1 -1.9U2 -1.613 -1.790 -2.532 -2.168 -2,Oi!3 -1.735 -1.667 -1.300 -2.112

Corre^:- .012 .000 .000 ,000 .000 .000 .000 .000- .000 .001
tier.

Terms ; j •

Cate­

gories 11

Foods

15 16 20.

9e
7
6
.5u
3

•2
1

1.962
.826
.011

-.618
-.986

-1.21U-
-l.i496
-1.729
-2.621

2.369
1.373

.739
,22h

-.130
-.379
-.668

-1.010
-1.501

2.062
.965
.212

-.371
-.806

-1.012
-1.1U8
-1.381
-1.963

1.819
.71^8
.061

-.3914
-.739
-.960

-1.118
-I.I46I
-2.055

1.579
.1;12

-.397
-.930

-1.370
-1.582
-1.752
-2.076
-2.566

2.186
1.305

.759

.14014

.175
-.022
-.217
-.530

-1.357

I.I491
.838

-.189
-.555
-.820
-.960

-I.O6I4
-1.323
•^1.978

1.385
.265

-.I49U
-.961

-1.266
-1.383
-1.U92
-1.625^
-2.131

2.201
1.U31

.859

.399

.031
-.2U7 
-.I489 
'-.835 
-1.590

2.116
1.355

.852

.1465

.15U
-.093
-.269
-.560

-1.375

Correc- .003
tion
Terms

.000 -.025 . 000 .001 .000 .000 .000 .000 .000
!
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Vable'3 
i -V

♦
-If

The i'iatrix T

19.112
88.350
28.578

-12.371
-11.502
-26.195
-17.568
-23.1477
-I4I4.9I42

8.57? 
57.888 
liO.lOU:
30.736

2.1U8
-8.788
-7.722

-lj7.6a
-75.811

•53;33l 
76.632- 
IO.2L8 
-9.962 
-9.7UU 

-I5.1i56'- 
-13.98U 
-32.016 
-59.070

111.53«^ 
■ 1.671

-33.620 
-57.6b0’ 
-16.280- 
-13.635^ 
-2.321 
0. oco 

-12.660

122.636
-21.632
-33*660

,-19.995
-•7.i;50

-■-18.920
-14.210

.-2.21U
■-Ui.606

19.120
57.8140
52.3I4I
6.776

-15.680
-25.70I4
-17.658
-UO.I7O
-36.77U

12.660
70.805
39.909
17.196
-2.300

-15.22U
-17.696'
-Ul,li5U
-6U.195

141.895
55.728
31.876
10.797

35.122
51.2UO
23.352

123.9614
-5.292

-33.927

•h9'.oo6
614.0148

.675-
-I42.296'

21.321 
63-158 
39.906 
•16 .*352

37-. 116 
8I4.920 
I6.7I48

-6.156 10.325 -20.553 '-9.860: -3.'380 -18.538
-19.71*0 1.1*28 -1.695 -32.396 -15.539 -12.II1I4

-9.067 -2.538 -7.128 -7.1*90 -20.01*0 -11*.921*
-35.298 -28.287 -U.232 -25.965 -35.350 -20.715
-70.G1U -109.200 -17.067 -15.7.38 • -66.339 -1*3.186

I

8O.I478 26.1418 87.969 99.720 26.1*12 31.71*0
60.006 58.725 51.216 36.010 17 .'222 1*7.1*25
-27.06U 32.637 -9.261 -32.110 1;X.232 31*. 932
-149.31*3 15.756 -21**975 -33.635 . . 22.-3l*li‘ 21.252
-l6.Li*0 3.850 -II.I4BO -13.926 • 1.333- 5.698
-15.820 -.726 -12.1*80 -6.915 -8.398 -2.976
-7.008 -14.771* -6.381* -5.968 -114.67a -U.573

-ll*.532 -30.71*0 -33.075 -11.375 -37.575- -31.920
-10.261* -103.132 -UI.538 -31.965 -77.'910 -101.750

56.:29 
78.5I4W 

3.901* 
-23.6I4O 
-18.1*75 
-II4.I4OO 
-19.006 
-26.298
-37.990

\
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Table $

Elements of the Diagonal Matrix D^a

350.a03 
33U.905 

. . 332.686

■ ■308.707
291.llh 
336.122
337.8U6

-• • 336.802- 
326.223 
309.225
339.185
538.6iiO
33c.651 
33ii.033 
32a-70C 
32'7.o63 
323.326 
313.5U8 
33ir.581i 
331.169
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Table 6 

The Vector sT1 

Basea on 

estimated s 
j 

Assuming 
all 8,-1 

1093 
107Í4 
2hl 
-75 

-m 
-258 
-206 
-53Ü 

-1118 

1067 
lOhB 

227 
-157 
-158 
-266 
•20h _ 
-522 

-1033 
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. Table-7 • ' '

A Comparison of Scales'

= *]■ r c-,'
/

• • • Scales .

A •• ”.B • c . ■ D E F =

*■*'................ — ,
Successive Intervals Seales

Least- Unit
Least-sqjares Conventional . .. .

Category £xt. s. Unweighted Weighted

9 ,'1.716 1.260 l.cOU 1.616 1.798 1.837
"-----6.1."_'l.Ol;8' .860 . ;>o .8i7 .828 ' .731

7 ■ "‘.OUT .U60 .2C6 ,206 '\195 .2U8* •
6 -.369 .060 ’■ -.219' ■•-.178 -.17U
5 -.760 ■ “ - .‘350 -.535 -.506 -.5UU ' -.UI6
U -1.005 -.7ii0 -.69a'■ -.731 -.767’ -1635
3 ' -1.061 -l.lUO ' -.895 -.928 i:.97b V -.ebv

' 2 * ’ -1.280 '-1^5U0^ • - -1.1U9 - -1.176 _-1.172 "I ^.U3l
1 -1.206 -l'.9u0 ■ ‘-i'l507 -1,822 -1.811 ' -1.98U

Correlation • •
Ratio .2695 .2382 .2578 . .258U .2U82

.
<* /»

• *

*! • V* ■

• .• / * . .r
0

#.*» * • ... . 1 ‘ ' ...

» : l ■. •*

. ■ ♦. * * • •• . * '^r i f vv ;.*■ ' “*
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The Rational Origin for Measuring subjective Values-

The Problem

In current scaling methods vith the equation of comparative 
Judgment and its variants, the result is a scale difference fcr ^ 

every pair of stimuli. For a set of n stimuli the subject,is pre­

sented with each pair of stimuli separately. There are ^(n-l) 

such pairs if no stimulus is presented with its duplicate as a ; 

pair. For each such presentation the subject Judges which of the 

pair has more of some attribute x. This attribute may be a property 

of the stimulus sucti as size or pitch, or it may be the subject's 

response to the stimulus such as beauty, desirability, or offen­

siveness. The scale separations of pairs of stimuli are- then des­

criptive of the subjects as well as of the stimuli,

VJhen the scale separations have bean determined for’ all pairs 

of stimuli ■there is no unique zero point. The situation Is analo­

gous to that in which we know the differences.in elevation between 

pairs of mc’ontains. Such data give no information about the ele­

vation of any one of tho mountains. MumericaL values can then * 
assigned to the stimuli by s- ** >ng an arbitrary origin at any one 

of^the stimuli such as tho lu>.i.-st stimulus.
For iTiany investigations t.nis treat.ment of the scaling problem; 

is adequate but there aro other psychological problems where it is 

desirable to have a rationax origin. For example, we might want 

to say that the'subjective value of a certain stimultis is twice 

that of another stimulus. Such a stato.ment cannot be made oxileea -"j 

we have a rational origin for the scale of subje“ctive values of the 

stimuli as to the attribute x. This paper desoribes a method of 

locating the subjective origin experimentally.

This problem Is not new.. Professor Paul Horst, studied this 

problem in his doctor's dissertation witn an ingenious experimental 

method that will be described •wi’ah Figure 1, Let the vertical line 

in that figure represent the affective continuum. The zero point 

in this continuum represents neutrality or indifforenco* Any psy-

■
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chological object vhose scale value is above this point is one that 

the average subject in the- experimental group considers favorably.

Any object below, the neutrality point is regarded as unfavorable by 

the average subject. In order to locate the zero j^oint Horst listed 

a number of events that woul4 te generaloy regarded as disadvantages, 
and ether evante that jwould h.a vpgarded aa deelratala. Then Horst 
asked his subjects to accept or reject each; of' a number of questions' •' ‘ 

in the form, ’‘1‘Jould you be villing to. have the disadvantage B in 

order to have the advantage CV" If the proportion of subjects who 

accepted this proposal was over .50, 't-he inference was that the 

positive affective value of C was grei;:er than the negative affec­

tive value of.D. In fact, the equation of coiparative Judgment 

would give the absolute difference between the affective '^3lues of 

B and C, But this also dcter.'^^." res ti'.e j.'cation cf. the point

between n, and C,- In the same manner, one can make as many dcier- 

minations of the zero point as i;here are co rbinatiens of an advan­

tage and a disadvantage. ; If the zero points so determined are 

reasonably stable on the scale, .hteir. average value can be taken 

as a rational origin for tlie s'u'cjeetive scale.

Methodologically this solution is effective and it serves to 

demonstrate that a rational origin for the affective continuum can 

be e/perinentally located. In practice it has often a limitation 

in that it is.rather a-«kward to list psychoj-ogical objects of nega­

tive value in;some .contexts. It. would be more convenient in many 

situations to deal only with objects of positive value, We shall 

consider here a variation of the problem in whienthe zero point 

will be located witn stimuli thau are all positive in subjective 

value. .

In Figure 2 we have represented only objects of positive af­

fective value. ;e, show the scale, locations of-three 'such objects 

A, B, and C and their- combinations AB> AO, tand By the combin­

ation ^ we mean (A •►■ B), and similarly for the other pairs. The 

subjects are .asked to express their preferences for such choices 

as (A + B) or C. If a subject has a strong desira for the-object C,

i
J,
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ho night prefer to have C rather than the con^ination of A and B*

The subjects are also asked to express their preferences for such 

choic ; afi (A + B) or (C + T).

in analysing these preference recordsj each of the n stimuli 

is r sienod « scale value in tha usual Ksy* In addltionj eaoh eem*
tinatior, such as (A B) is treated as a separate stimulus and it 

is also assigned a scale value. The rational origin is a point on 

the scale so chosen that the distance from 'Uie origin to the com<> 

bination AB is the sum of the d'’stances to A and to B. Every com­

bination of tuo stimuli ieterninas in this manner the rational 

origin. It is then a question of experimental fact whether these , 

zero points are clustered close together or widely scattered. If 

the experimentally independent determinations of the origin are 

close together and hence consistent, their average can be taken as 

the best location of the rational origin. If an Internally consi8-> ' 

tent zero point can be found in exparir;ents of this kind, we shall 

be able to say that one stimulus is, say, twice as valuable subjec­

tively as some other stimulus. There are a number of interesting 

implications of such a finding for several of the social sciences'.

There is a fundamental as3u;iiption in this reasoning which may 

to stated at the outset. ..e are assuming that the anticipated sat­

isfaction from ownership of (A and B) is the sum of the anticipated 

satisfactions from A and from B separately. This is not quite cor- 

rect as may be seen by pushing the illustration further. If the 

recipient already has twenty birthday presents, he is not likely to ‘ 

be so thrilled by the twenty-first present as if that one were the 

only recognition of the day. However, in setting up these experi­

ments we are assuming that in dealing with only two presents, the 

anticipated satisfactions can be regarded as essentially linear for 

the combinations. Our main object is to locate a rational origin 

and for this purpose we shall use combinations of two presents. We > 

need not make the more questionablo assumption that the anticipated'
4

satisfaction from, say,' twenty birthday presents is the,suB),pf the 

satisfactions that are associated with each of them soperaWIy. *We ‘

p-noiJ^2 -36-
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o.iall fin*.- vict t^lw• iiiv.. vv u.i;ti'-n .‘or t'.c is .Isualblc
in terms, of. exper^ental findings. - ""

The Experiment
In daeisning an a«parimant to teat the hypetHMia daseribtd

with Fig’jre 2 Ve' decided to' use five objects that wouU be appro­

priate birthday presents for college students who were to be our 

subjects. The -five objects were a) brief case, b) junabridged dic­

tionary, c) phonograph, d) desic lamp, and e) pen arid pencil set.

In order to describe these objects adequately, each item was illus­

trated with a^ picture and a catalogue description;' This detailed 

. information w- s presented in the first page of a schedule to which 

the subject could refer at will while recording his preferences.

It was -also decided that the subjects would rather express their 

preferences by checjdi^ pictures than by checking the words 'Ss 

listed above, • The pidtures would probably enable the subjects to 

•- -ke^ in mind the nature of t. .r mcrchanuiso more easily than the 
words bri^-' case> dictionary, phonograph, lamp, and pen and pencil

set, ; > .
* ... » ■ * ■ .

In order to insure differentiation in the scale values of 

these five items it seemed desirable t *at they be .of somewhat dif­

ferentiable monetary value. It was ex.^ected tnat the actual choices 

would be determined ma'inly by individual interests and habits. Ex­

treme differences in expected price value would probably result in 

extreme proportions of preferences near unity or zero. The scale 

values would then be unstable and nence less useful in testing the 

additivity hypothesis of this study. An ..absurdly extreme compari­

son like “a netw automobile or a new brief case" would result ir 

propqrtions of. preferences at unity. Such a result could not be 

scaled at all. The •five objects seemed to satisfy these preferred 

conditions.

The verbatim instruotiens for the schedule were aa follows!

!'

P

P
i
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BIRTI-niAY GIFT QUESTIONKmS

.:;The purpose of this questionnaire is to investigat* 
preferences for articles vjhich_ students might receive as 
birthday gifts. The articles are pictured and deseribed 

' on the foUowing page. Study them carefully before you 
read further.

(In the actual schedule, each of the five foUouing 
descriptions was accompanied by a half tonb Illustration.)

i (A) Brief case. Rough-grained split leather with disappear- 
p" - ^ ir.g handle, 3-side zipp^.. Elastic coated fabric lining. 
! Brown color. 16 x 11 inch sine,

(C) Portable 3-speed record player. Plays all record speeda
and sizes singly, Full-toned U x 6 inch speaker. Wooden 
case, covered with scuff-resistant brown artificial 
leather, *. ■

(EV Parker "5l" pen and_ pencil set. 2asy-press filler fills' 
quickly and easily, lli K gold scratch-resistant pen 
point. Matching propel-ropel pencil utilises 10 to 12 
leads on a single fiUing. Lucite plastic body, satin 
finish, silver color, metal cap,

(D) Desk lamp. Complete with 16 inch fluorescent bulb. 
SturdjTiteel body with baked-on brown enamel finish, ,

11^ inches taU, 19 3A inches wide,

(B) VJebster's International Dictionary. Unabridged, com-^ > 
pletely up to date, 57350 pages of largo readable 
print. Comprehensive sections of new words and phrases, 
biographies, and many other items, 600,000 entries,... 
Bound in buckram.

Assume that you do 
tides pictured here, 
choices among various 
each comparison choclc 
cles you would prefer 
be gifts for your own

not possess any of the types of arr 
In the questionnaire are presented 
combinations of the articles. For 
the picture of the article or ^ti- 
to own. Consider the articles to 
personal use; they may not be sold.

For each comparison on the following pages, check the ar­

ticle or articles you would prefer to own. Remember that 
you are to judge the articles as if you do not alrea<^ 
possess any of them. With some comparisons you may bo in 
doubt, but you should respond anyway.

There are a total of sixty-five preferences to be In­

dicated, You may now turn the page and begin.

P-1101 #2 -38-
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In the jactual schedules in uhlch the subjects recorded their 

preferences there were three types of comparisons. The simplest 

were of the type “A or B," Here the subject expressed hie prefer­

ence for the single object A or the single object B. This type will 

be referred to as single-single gomparison. ^ second type eonsla- 

ted of pairs like "(A * B) or. C." In this case the subject ctose 

between a single item and a doucle iten. This will be called 

sf n>’!?e-do’:hlr cenpiri In L:\e thl.-d li-» 3i\e"to'J “(A 3)

or (C ♦ D;,“ . Tnis type will be, called double-double comparison.

The schedule was built cn five objects which are denoted A, B, 

D, and E. Hence there were ten pairs of single objects. That 

is then also the number of single-single comparisons. In deter­

mining the number of single-double comparisons we note that for 

each of the ten doul?lets there are three possible single stimuli. 

Hence we have a total of thirty single-double comparisons. The 

number of double-double comparisons is the number of possible pairs 

of the ten doublets without duplication of any of the five objects. 

Hence we have, a total of fifteen double-double coiiipariscns. List­

ing these three types we have:
./

Single-Single Corparisons 10
- Single-Double Co.TUjarisous 30 ,

Oouble-Double Comparisons ^
. . ' - Total 55 ; .

For each subject we have 55 choices. Ten additional pairs 

were included for'checks of corsistency. For each of the 55 pairs 

we tabulated the proportion of the subjects who chose each alter­

native for each pair. There wore 19L silbjects in the experiment. 

They were undergraduate students in the School of Business Admin­

istration at the University of- b'orth Carolina in Chapel Hill, In 

Table 1 we have the proportion of the subjects who chose the stim­

ulus "at the left over the stimulus'at the t6p of the,table._ Since 

only two categories of Judgment ve-re available, the proportions 

?i^ were the complements of the proportions In this table the

p-noi ^2 -59-
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notation AB naans (A + B) and similarly for the other pairs*

Since the discrininal dispersions in the equation of compara­

tive ;Judgnant wore different for .the three types of comparison it 

was necessary to analyze these types separately in scaling* For 

this purpose we found it convenient to denote toe three-types with 

different sd'Bscripts. The piUr. is shown in Figure 2* The^experi- 

nentally obs^ryed ‘proportions are recorded in the second quad­

rant of such a table. In every case the first subscript refers to 

the preferred stimulus so that-P^j^ is the proportion of subjects 

who preferred the single stimulus i to the single stimulus k. In 

this table the.'subscripts i and k refer to single stimuli* and the 

subscripts ^ and n refer to double stimuli. In the analysis we 

shall make use of the second, third, and fourth quadrants. The 

proportions in the first quadrant ara toe complements of the pro­

portions in the' third quadrant. The 55 independent proportions are 

in tho lower left half of the square matrix of Figure ^ swice these 

duplicate the information in the upper right half of the matrix.

Tho basic data for this jitudy are recorded in Table 1* In­

spection of this table shows that it is-incomplete. The reason for 

this situation is that none of toe five objects was repeated in the 

same comparison. .For example, there is no entry in Table 1 for a 

comparison like AB against AC bocauso the item A is comi^n to tho 

two doublets. Tho scale separation should be the same as that of 

B and C, Actually we did'record ten such pairs to study internal 

consistency of the data but they are not included in the basic / 

table. ' 10 can also expect that tho correlational term in the t 

equation of comparative Judgment will bo affected by the common 

items in a pair of doublets, . —, , .

Table 2 shows the normal deviates corresponding to too exper­

imentally observed proportions in Table 1, These aTe obtained from 

tables of tho normal probabr ii'-y distribution. Because of the res­

triction to two categories cf juagmont Table 2 has a symmetry in • 

that the entries above the prLacipal diagonal are the same as tho 

corresponding entries below tr.at diagonal except for reversal^of 

sign.

P-H01,J^2 -aO-
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The upper left section x,. of this table is comploto and it 

represents the data for all of-the'single-single comparisons. Scale 

values ,can be determined for the five single stimuli vith an arbi­

trary origin. The mean-eeale value for thd five stimuli can be 

used for this purpose. ' The rational origin %iiil be determined by 

using the single-double ccr"ri::on?. . ' '

The equation of corapar -i.'- judgment cah’be used for scaling 

the five single stimuli, Tr.o • ‘ _ .. ..

^1 - .^k ik • ^ V -

and in order to simplify the annlj'sis it will bo assumed that the 

discriminal dispersions, of '^he five single stimuli are the same. 

We have then

so that

\ - Sr

. •'

-ik

’‘ik* '^ .1 - r

• <2)

The correlations in th». method of comparative judgment and in 

the method of successive intervals are being studied experimentally 

in another .investigation. Instead of regarding them as unknowns, 

they can be computed‘directly from the cxpcrinental data in both of 

these psychophysical methods, iut they 'should differ iq the two 

methods in a systematic way that will be'-reportod in another paper.

In this study wa shall adopt the standard deviation of -.the 

discriminal disparsion for single stimuli, as the unit of measure­

ment and we have then

- C “ 1 . (U)

' Ultrodiiixing these assumptions in oquetion (3) «6 have
• I 1 • ,* l

Si - Sk \k':'^ r.

This equation applies to the comparison of two single objects as 

shown in section (ik) of TabIn 2. '

Y.; -I
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The Dispersions of Composite Dtir.uli
! .

Since this problem is concerned with the different dlsperaldns' 

of combinations of stimuli, it will convenient to have a general 

formula for them. In each case we ask the subject to Judge whethor 

he would rather have a set of n specified etojeots or another eat Of> 
m specified objects. These two sots of objects may be denoted by 

the subscripts £ and h, respectively. The equation of comparative 

Judgment for these two alternatives is then

g n gh g

where and are the subjective standard deviations of the two 

sets and r^^ is the' correlation between the experienced subjective 

values of the two sets of objects. For simplicity it will be as- 

sumec that the correlations for all pairs of single objects are the 

same, namely, r.

Let x^, X2,....x^ denote discriminal deviations of the cbjocts 

.in^set £ and let y^, yg-lenote the discriminal deviations of 

the objects“in set h. Then ur _ variance of the difference between , 

the subjective values of the twe sets will be ■ ! ' '

N ^^^1 Xg ♦ ... +
- '^1 * J'i * — * )f

where N is the number of subjects. Assuming all of the single cb-v 

Jects to have the same dispersion and the same correlation r, we' ”'^ - 
have .--r-r--

Zx.^ Zx-x^ Zy,^ 2y.y,

^ . n(n-l) —’ ■» -ir *a . ^ 
gh TT

which reduces to

Ogh* ♦ no* ♦ nU-l)ro* + mo* ♦ ra(ra-l)ra* - 2nmrcH*.

Since o is the unit of measurement, we have

o . * - ‘n ♦ n(n-l)r ♦ m ♦ ra(m-l)r - 2nrr

<1

. (10)

which becomes 

‘"gh"

P-UOl #2

(n ♦ m) ♦ rA(n-l) ♦ m(m-l) - 2nm_7 ♦ ’ , (11)
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In uhis equation we have an esxinate ci the dispersion of the dif¬ 

ference between the subjective values of the two groups of objects 

witn the simplifying^assumption that tn i correlations for pairs of 

single objects' are the same, ■ '• 

Applying this estimation formula to the thr^e eases of this 
study we have 

1) v.nen n * 2 and m " 2, 

aja * ^ "jm * 2 <1~ Un (double-double) . (12) 

2) when n * -2 and m • 1, 

# ajk" " 3"2r Gjk m-= ui2 “ U2I (single-double) (I3) 

3) when n “ 1 and m » 1. 
Í • ' # . i • 

V ‘ ^ «ik • '' 2 rl~r - uu (single-single) ! (1),) 

Equation (12) is applicable to section (jm) of Table 2 which 

shov.’s the experimental data for the oouble-double, comparisons,f 

^quation (13) is applicable to seoticn (jk) of the same table which 

6 ho i. s- tue experimental data for the single-double comparisons. Be¬ 

cause of the symmetry of equation (ll) in n and m the stretching 

factor u^2 " In other words, the dispersion is the same for 

n * i, m 0 2 as it is for ñ m 2, m ■ 1, as was to bo expected, 

¿.quation (Hi) applies to section (ik) of Table 2 which shows the 

experimental results for tne single—single comparisons# .Equation 

(li) agrees with the dispersion in equation (5). 

irom (12), (13), and v11 y j up can write the equation of com- 
* 

parative judgment for each of vhe three sections of Table 2. Then 

xikull.. 

xjkur2 
X . u0() jm 2-! 

(single-single, comparison) 

(single-double comparison) 

(double-double comparison) 

(15) 

(16) 

(17) 

It should be noted that the 1-:-11 r¿em'r:-r of each of these equations 

denotes the difference between t,u0 scale values and henqo it is im¬ 

material where the origin is located. It should also be noted that 

the scale values are assumed to be independent of their cotobina- 

tions in small groups. The stretching factors u^, u^i and uv^ 
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der. te the standard deviations in fchich the normal deviates x are 

expressed, iience the proportion of judges who prefer one set of 

objects to another is affected by the number of objects that are 

combined to form each alternative for the preference Judgments. 

Single-Double Comparisons. 

The scale values for the five single stimuli were determined 

by the method of least squares from observation equations of type 

(16). If the double stimulus is AB and the single stimulus is C, 

then the equation takes-the form 

A 4 B - C - >/3 xAB#c • (18) 

In this problem we ignore the correlational term in (13). There 

are 30 equations of type (it) and from these we get the following 

scale values of the five single stim-li: 

A - '.7Ü, B - .69, C - 2.8Ù, D - 1.21,, E - 1.1,6 (19) 

It is assumed that the scale value of a double stimulus is approxi¬ 

mately equal to the sum of the scale values for the single stimuli. 

Figure 1, is a plot of the 5.¾ comparisons represented by equa- 

tions (15), (16), and (17). The left hand members represent the 

three types of scale values. These are plotted, on the base lino, 

*no ordinates represent the normal deviates of the corresponding 

observed proportions of preferences. These are in each çase cor¬ 

rected for the stretching factors v 2, ,'ï $ and 2 as shown in equa¬ 

tions (12), (13), and (U,). Considering the simplifying assumptions 

that have been made the agreement is reasonably good. 

Implications. 

This study was designed primarily to test a method of locating 

a rational origin for a subjective preference'scale. Iq a previous 

study by Faul Horst a method was found for locating the sero point 

by using desirable as well as undesirable stimuli, objects, or 

events, In this study we have found a method of locating the iéi*ò . 

point in the subjective preference scale by using only' objects that 



I

are .desirable'so that all of them have scale values above the ra­

tional- zero point. In doing so „e have postulated that subjective 

values'.can be additive.. The subjective value of a combination of 

.•two objects has been assumed to be very closely approximated by the 

sum of the eubjeotlv# values of the two objeote'oonaldered singly* 

V.o are not assuming that this linearity Can be obtained when the 

composite contains many objects, furthermore we recognize that the 

desirability of a pair- of objects is not always the sum of their 

single desirabilities, l.pair of shoes is.^.more than .twice as desir­

able as a right shoe when the left one has been lost, vie are as­

suming that the objects are not dependent in their function or 

desirability and that one does .not substitute for the other. This 

is,, of course, an old and well-known nroclem,

-. :This problem of locating an origin on the subjecti/e preference 

continuum may be regarded as of only tneoretical interest but such 

a Judgment is probably in 'error. Taere are many interesting as­

pects of subjective measurem* r.t ’.;ith a rational origin and we shall 

indicate a few implications for the social sciences. The additive 

character of subjective values has been indicated. By locating a 

rational origin we can say that one subjective value is, eay, twice 

that of another, ouch comparisons are not possible without a ra­

tional origin.

The indifference curves of econo.mic theory are ordinarily re­

garded as contour lines on a topographic map. The inside contours 

are regarded as of higher elevation in utility but economists often 

prefer not to measure the differences in elevation, i-ot only can 

the increments in utility be . ..jured bu' their elevation from a 

rational origin can also be m<;aoured, ..hen this advantage is con­

sidered in relation to the great effects of the discriminal stim­

ulus dispersions in the prediction of cnoice, we have techniques 

which should be of groat value in market research and in studies of 

consumer preferences. Tt shoulc ai^o be possible to study profi­

tably the relations between utility measurements and price.

P-H01#2 -US- -
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In principle it is possible vO obtain the appraisal of an ex¬ 

perimental population on a group of stimuli, taken separately, and 

to predict the proportion of the population that would vote for 

eacn of several groups of stimuli, ¿'he stimuli could be political 

ideas that could be combined into competing political programa. A 
sur\ey o* all the separate items could enable us to predict the 

proportion of the population that would vote for.one ccmbination 

rather than some other combination of items. The combinations 

coula be studied in order tc find those that are more acceptable 

than other combinations, The same type of reasoning applies to the 
study of various social attitudes. In psychological studies it is 

of considerable interest, to be able to locate a rational origin for 

the affective continuum of acceptance-rejection or like-dislike, 

ihe relations between subjective values as determined from a ra¬ 

tional origin and the discriminai dispersions for the prediction of 

cnoice should be a fruitful field for further research.' ' * 
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