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ABSTRACT

Magnetic micropulsations in the perici range of 5 to 45 seconds have
been interpreted as a resonant amplification of waves in the ionosphere.
The wave involved is of the type which is not guided by the earth's mag-
netic field. A resonance can occur, because the wave energy is trapped
by the rapid inecrease with height of the Alfven wave velocity above the
F> peak. Previous theoreticel investigations of this resonance hzve been
limited to models for the ionosphere in which the properties could only
vary with height and not with horizontal position. %This study considers
the effect of horizontal veriations, by examining the solutions of two-
dimensional models.

Two such models are studied. The first simulates longitude independ-
ent propagation in a spherical earth-ionosphere. The horizontal variation
is introduced by the inclusion of a dipcle magnetic field. Solutions were
studied separately for daytime and nighttime ionospheric conditions. Re-
sults show that the lowest frequency vertical mode of the one-dimensional
model is replaced by a series of resonant modes in the two-dimensional
model. Because of the dipole magnetic field, there are significant separs-
tions (up to 50 per cent) in the resonant frequencies of the lower order
modes in the series. Studies based on one-dimensional, layered models pre-
dict frequen~ies which are higher than those observed at mid-latitudes;
the use of two-dimensional models explains this discrepancy.

The second model is & cylindrical model. 1In this model the ionospheric
parameters, such as the electron density, vary with the angular coordinate.
Propagation is almost independent of the z coordinate and is representative
of latitude independent propagation. Results obtained with this model show
the continuous variation of the apparent period with lncal time, which is
in arreement with observations of actual micropulsations. Results from
this model show, in addition, that the energy from a subsolar source is

confined to the daytime hemisphere,
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Both two-dimensional models were solved by the use of finite differ-
ence methods. Relaxation techniques were found to be unsuitable for solv-
ing the set of linear difference equations, which arises in the numerical
solution of a time-harmonic wave problem. A convenient direct method for
solving such problems was developed.

The effect of the neutral atmospheric layer below the ionosphere was
considered. The presence of this layer lowers the Q of the resonant peak
and greatly decreases the surface magnetic field component perpendicular
to the direction of propagation.

Thesis Supervisor: Theodore R. Madden

Title: Associate Professor of Geophysics
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CHAPTER I

INTRODUCTORY MATERIAL

1.1 Introduction

Over the last decade many authors have made contributions to the
literature concerned with the measurements, characteristics and causal
Rechanisms of the rapid variations in the eartlL's electramagnetic field.
Their interest stems fram the light that the rapid variations may shed
on processes in the ionosphere and from the use of natural signals as a
tool for the exploration of the solid earth.

Rapid variations in the earth's electromagnetic field are known as
magnetic micropulsations. These are small amplitude fluctuations char-
acterized by periods of .2 sec to 10 min. %This study will be concerned
with quasi-sinusoidal micropulsations which sometimes show a well de-
fined spectral peak and which have periods of 5 sec to k5 sec; these will
be denoted by Pc 2,3.

The present state of knowledge of Pc 2,3 behavior will be discussed
at length in the next section; here we 1list the known features which
should be explained by a mathematical model of the Pc 2,3 mechanism,

1) The activity level is higher during the day than at night

2) The dmminant period is highly dependent on local time and

changeg gredually

2) The daytime period is close to 20 sec, independent of latitude

4) Daytime Pc 2,3 extend over thousands of km

5) Nighttime periods are 5 sec to 10 sec.

Pc 2,3 oscillations are presumed by many authors to be characteristic
of a resonant amplification of modified magnetohydrodynamic waves in the

spherical shell cavity bounded below by the earth's surface and above by
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a steep increase of the Alfven velocity between 4LOO km and 3000 km alti-
tude. This cavity extends around the earth and may be thought of as ly-
ing between two concentric spherical shells. A cavity of this shape helps
to explain why people observe Pc 2,3 disturbances over large areas. The
magnetohydrodynami: weve which is involved in the resonance is the type
vhich propagates isotropically (the fast type) and not the type which is
guided by the magnetic field lines.

In this thesis mathematical models will be used to examine the manner
in which the cavity responds to an excitation. There are several reessons
to seek a thorough understanding of the cavity response. The first reason
is to aid in the determination of the mechanism or mechanisms which excite
micropulsations. A second incentive for investigating the cavity response
is that the wave propagation characteristics are controlled by the state
of the ionosphere; consequently the manner in which the signal changes
with time can add to our knowledge of the ionosphere. In particular, we
may obtain limits on the manner in which the electron density and the
ion-neutral collision frequency vary with position. A final reason for
the theoretical study of the cavity response is to acquire information
which will enable us to determine which measurements would be useful in
gaining further knowledge of the source and/or cavity. These measurements
might be made on the surface, or, perhaps, certain satellite based measure-
ments in the ionosphere might be important.

The previous mathematicel models used to study the fast wave type were
one-dimensional, plane, layered models. These models do not allow the
media to vary in the horizontal direction. Results with these models

predict a fundamental vertical resonant mode with a series of vertical
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overtones. The period of the fundamental mode predicted by a model for
dayt.me equatorial conditions is in agreement with the observed periods;
hovever, the layered model predictions for mid and high latitudes give
periods which are shcrter than those observed. The layered models show
that the difference between the daytime and the nighttime period is a re-
sult of the diurnal varistion of jon-density.

The purpose of this thesis is to show that vhen the mathematical
model conforas more closely to reality by allowing horizontal variations,
the model can predict several features of the observations which are not
predicted by layered models., The two models which are studied allow the
media to vary in one horizontal direction as well as the vertical direction.

The first model of the earth-ionosphere system is a spherical model
vith no longitude dependence, and the earth's magnetic field is represented
by a dipole. Therefore the vave propagation constant varies with latitude,
as vell as with height. Daytime and nighttime ionospheric conditions are
studied separately and give similar conclusions about the mode structure.
Each of the modes of the layered models becomes a sequence of modes in the
tvo-dimensional models. This study concentrates on the series of hori-
zontal modes which replace the fundsmental modes of the layered models.
Due to the dipole field, the resonant frequency increases for successive
horizontal modes. For both day and night conditions the frequency of the
fifth horizontal mode is 47 per cent higher than the frequency of the first.

The period of the first mode is determined by the values of the propa-
gation constant at the equator and this period is in agreement with the
observed daytime period. A low latitude source will excite the first mode

to a much greater degree than it will excite other modes. An interpretation
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of daytime Pc 2,3 as an oscillation of the first mode will explain the ob-
served period and the independence of period with latitude.

The second model studied was a cylindrical model for the earth-
ionosphere system. The ionospheric parameters are continuocus functions
of the angular coordinate and, as such, represent the change from daytime
to nighttime and vice versa. The propagation in this model 1s almost ir-
dependent of the z coordinate wvhich is taken along the earth's magnetic
dipole axis; therefore, this type of propagation is a model for latitude
independent propagation.

In the daytime and nighttime portions of the real cavity the observed
periods are different. Results with this second model show the observed
diurnal variation of period. The model results shov a gradual change of
period with local time; this is in agreement with observations. Wwhen this
model was excited with sources in the daytime hemisphere the response was
confined to that hemisphere. If the real sources are more active in the
daytime side of the ionosphere, this model predicts, in agreement with the
observed diurnal level of activity, that the daytime level of micropulsa-
tion activity will be higher than the nighttime level.

Computational consideratiors imposed certain limitations on the models.
The models did not include the Ball conductivity, and the model gecmetries
were such that only the isotropic wave type, and not the guided wave type,
was excited. The effects of these limitations are considered. The magnetic
field of the waves in the models has no eastward component. Therefore,

no useful information can be obtained about the surface field polarization.



1.2 Review of Observations

Main Observational Features of Pc 2,3

The characteristics of Pc 2,3 micropulsations, which in this author's
opinion have been established, are:

1) daytine periods of Pc 2,3 are generally between 16 sec and

24 sec

2) the daytime period is independent of latitude

3) daytime Pr 2,3 disturbances extend for thousands of km

4) the periods at night are 5 sec to 10 sec

5) the transition fram daytime to nighttime periods is gradual

6) The level of activ' y is higher during the day than at night

Three Pc 2,3 characteristics, which reflect the cavity properties
but which have not been syste-apically reported, are:

1) the values of the Q's of the Pc 2,3 spectral peaks

2) the variation of amplitude with position

3, the relative phase of the oscillations at different stations.

The published observational data supporting these conclusions are

given below.

Micropulsation Notation

The Pc 2,3 18 only one of a number of types of magnetic micropulsa-
tions. 1In this section we describe the method of classifying micropulsa-
tions which is presently in use (see Jacobs et al. [1964])). Micropulsa-

tions are divided into two major divisions: Pc and Pi.
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The Pc are quasi-sinusoidal oscillations which repeat for many
cycles without great change in either amplitude or period. Pc are fur-

ther divided by period as shown in Table 1.2-1:

TABLE 1.2-1

Notatiqg for Division of Pc

into Freguency Ranges

Period Range
Pc 1 .2 to 5 sec
Pc 2 5 to 10
Pe 3 10 to L5
Pc 4 45 to 150
Pc 5 150 to 600

Because Pc 2 and Pc 3 are believed to be the nighttime and daytime
manifestations of the same phenomena, the notation Pc 2,3 is being
used in this thesis t~ denote the whole range of periods covered by
Pc 2 and Pc 3. Saito (196L4) introduced this notation.

The Pi notation is used for signals that are transient and irre-
gular in nature. The Pi have been divided into two period ranges:

Pi 1 having periods of 1-L0 sec and Pi 2 having periods of 40-150 sec.
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Daytime Period

The earliest syctematic study of the Pc 3 micropulsation was that
of Holmberg (19“1). He designated the period of the signal as the
average time betweern maxima. Using data from approximately one hundred
disturbances, he formed histograms of occurrence frequency versus pericd.
The results showed that most daytime Pc 3 signals had periods between 17
and 26 sec.

Using records from wldely scparated areas of the earth, several
other authors since Holmberg have analyzed records in a similar manner.
Maple (199) used records from Tucson, Arizona, and found Pc 3 activity
having periods fram 15 to 25 sec. Bolshakova and ZWwin (1961) used data
from three Russian stations and found 20 sec to be the most commonly ob-
served period for Pc 3. Oshima (1960) found this also to be true in
Japan, while Campbell (1959) found 22 séc to be the most commonly ob-
served period for Pc 3 in California. Data given by Saito (196L) showed
that 85 per cent of the Pc 3 oscillations observed at Fredericksburg,
Virginia, had periods between 18 and 23 sec. The most cammon period was
20 sec. All the Pc 3 observed occurred during the daylight hours. From
a review of several suthors' work Saito concluded that the daytime period
was nearly independent of time of year, phase of the solar cycle, and
latitude.

Duncan, (1961) using a sonograph to analyze records, found the most
likely noontime periods to be 23 sec at Adelaide and 19 seconds at

Townsville Australia. At Adelaide, 85 per cent of the periods lay
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between 18 and 28 sec. At Townsville, 70 per cent of the periods lay
between 17 and 26 sec.

The mumber of period determinations made from visual inspection of
chart records is much greater than the number of power spectra which
have been camputed. The available power spectra do, however, show pe-
riods generally consistent with the visual determinations.

Smith et al. (1961) show a spectral peak having an 18 sec period
for both the electric and magnetic field records taken at Austin, Texas.
Bostick and Smith (1962) find a spectral peak at 25 sec period, also
using fustin records. Davison (196L) camputed power spectra for 55
daytime records from New Jersey and reports a daytime spectral peak
at approximately 26 sec periods; no information on the variability of
the period was given.

In October, 1562, a series of nine simultaneous daytime and post-
midnight electric field measurements was taken at Trinidad, Austin, snd
Puerto Rico; spectral analyses and coherencies were computed for the
measurements., The results of the analyses are reported by Orange and
Bostick (1964), and also by Prince, Bostick, and Smith (196L4). The
majority of the spectra had peaks between 20 sec to 25 sec. Coherency
computations between stations were available for three of the records
and showed high coherencies near the frequencies of these peaks.
Several of the spectra also showed a second peak at much lower power
levels for periods of less than 1L sec. For each recording interval,

Prince, Bostick, and Smith (1904) give a quantity they denote as "the
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apparent daminant pericd" of the Pc 2,3. Evidently, this quantity is
a visual determination of the period from the chart records. These
periods correlated very well with the periods of the spectral peaks.
The frequency analyses of the records from each station taken on
October 13, 1962, from 1030-1115 UT showed a spectral pesk at .0LS cps
(22 sec period). The coherency between the Aus’’n (42°N latitude)
and Trinidad (QOON latitude) records was .95 at frequ:ncies near the
spectral peak. Trinidad is a low magnetic latitude station; there-
fore this work supports Saito's statement that the Pc 3 period is in-
dependent of latitude.

It has been observed by Saito (19060), Maple (19%9), and luncan
(1yvl), that the period of the daytime Pc 3 oscillations decreases dur-
ing magnetic storms. It is known (see Ratcliffe [1960]) that the ion
density in the F,? region often decreases during storms, This decrease
of ionization may be the cause of any decrease of periods which occurs

iuring storms.

Q of Spectral Peaks

Not enough power spectra ar: available to make any definite state-
ment about the Q of the Pc 3 spectral peak. The few available spectra
give values as follows.

The highest values of the Q for the Pc 3 peaks found by Orange and
Bostick (1965) were approximately 2; same of the peaks vere of much
lower Q. Bostick and Smith (1962) found a Pc 3 peak with a Q

of . Smith et al. (19+1) found a peak with a g of L, No nighttime
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spectra are available.

Extent of Disturbances

There is good evidence that daytime Pc 2,3 micropulsaticne extend
for large distances. Jacobs and Sinnc (1960) found simultaneous ac-
tivity at stations in the wvestern hemisphere fram the Arctic to the
fntarctic. Madden (1965) recorded activity at Cambridge, Massachu-
setts, that was almost identical to the activity at La Jolla, California.
Santirocco and Parker (1963) described Pc 2,3 measured in Bermuda as
virtually identical with those measured in Rochecter, New York. Kato
and Watanabe (1957) observed similarities in signals recorded in France
and in Madagascar. Prince, Bostick, and Smith (196kL) report frequent
similarity between Pc activity at Austin, Texas and La Grande, Oregon.
Orange and Bostick (196%9) found high coherencies at Fc 2,3 frequencies

among the signals recorded at Austin, Puerto Rico, and Trinidagd.

Amplitude Dependence on Latitude

There has been same discussion of amplitude dependence on latitude
using simultaneous Pc 3 measurements. Jacobs and Sinno (1960) report
simultaneous Pc activity at several stations from Sitka to Little
America on May /, 1958. The maximum amplitude waus judged to be near
latitudes of L0”. Ellis (ls.1) used three Austrnlian stations between

*)o and 5?0 latitude and found Pc ! amplitude increased moderately with

latitude.



The evidence for daytime Pc 2,3 amplitude dependence on latitude
appears to be uncertain at present. Additional, controlled observations
will be necessary before any definitive statement can be made. No

studies have been made on nighttime amplitudes.

Nighttime Behavior

The nighttime behavior of micropulsations is considerably different
fram that of the daytime behavior. The level of activity is much lower
and continuous pulsations are not common. Scome observations of nighttime
Pc 2,3 have, hovever, been reported. Yanagihera (1960) observed Pc 2
(termed SPC in his work) having periods of 8 to 10 sec. Maple (1959)
notes Pc 2 type activity in the nighttime having periods around 8 sec.
Campbell (1959) gives 5 sec as the period of nighttime micropulsations.
Keto and Saito (1959) found the Pc 2,3 periods were 6 sec to 10 sec at
night.

The resonant properties of the cavity may be inferred from P1 1 ac-
tivity, as well as fram Pc 2 nighttime activity. Yanagihara (1960) ob-
served that oscillations of Pi 1 (termed SPT by Yanagihara) having periods
of v to 10 sec accampanied P1 2. The Pi 1 periods were shown to be in-
dependent of the period of P1 2. Troitskaya (1964) described a night-
time phenamenon, which she termed SIP, which appears to be the sanmr:
phenomenon as Yanagihara's SPT. This same type of disturbance is
designated as type B by Benioff (1950); he found it associated with

Kp index and auroral intensity.



Day to Kight Transition

The transi*ion of Pc 2,3 oscillations fram the daytime Pc 3 periods
tc nighttime Pc 2 periods was studied by Kato and Saito (1u¥y). Figure
2.1-1 shows their plot of the diurnal variation of the Pc 2,73 period.
These authors also give a plot of the rapid pulsation accampanying 2t
sudden storm cammencements and 95 sudden lmpulsec, and a plot of the
shortest period pulsations occurring during L magnetic sto ams. The 3
plots show similar diurnal behavior; the longest periods occur near
noon, For the first tvo phenomena the longest periods averaged
18 sec, while the nighttime periods were 7 to 10 sec. Fram 10 hrs to
1t hrs local time more than 90 per cent of the oscillations had periods
between 1o and 21 sec. The periods during the storms averaged one or
two seconds shorter. The changes fram nighttime to daytime periods and
vice versa occurred gradually over a period of several hours.

This continuous change of period fram day to night has been studied
with the use of sonographs to monitor the oscillation periods for several
hours. A record taken and anralyzed by Duncan (1961) showed continuous
activity on the 7th of September, 1960, lasting fram Ot hrs local time to 18
hrs local time. The period was li sec at 06 hrs, rose to 20 sec at noon,
then remained constart until 18 hrs. Saito (1960) gives a sonagraph
analysis for 12 hrs local time, Jume 3, 1957, in which the maximum power
in the signa. 1s at 20 sec period. 1In a sonagraph analysis made at 1Yy
hrs that day, the power was centered around 1% sec periods. These re-

sults support the evidence for continuous period change found by Kato

and Saito.



Figure 1.2-1
viurnal Variation of Pc 2,3 Period

Taken from Kato anu saito (19)9)
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Ness et al. (1962) made a study of the diurnal variatior. of the pe-
riod of micropulsations in the Pc 2 and Pc 3 frequency ranges. The de-
pendence of period on local time which 1s shown in their results is dif-

ferent from that found by other investigators.

Diurnal Variation of Occurrence Frequency and Activity

Pc 3 are a very camon feature of daytime records. Holmberg (1951)
found that both the occurrence frequency and average amplitude of Pc 2,3
was higher during the day than at night. Saito's (196hk) data shows that
the Onagawa observatory observes Pc 2,3 more than 60 per cent of the ob-
serving time during the summer months at hours around noon. Yanagihara's
(1960) data shows that 90 per cent of the Pc 3 recorded at Memambetsu oc-
cur between 6 hrs and 18 hrs local time. At both Onagawa and Memambetsu,
Pc 2,3 18 seen less than 10 per cent of recording time during the hours
around midnight.

Several authors have given rather involved quantitative definitions
for the quantity activity. The meaning of activity as they define it is
roughly the integral of the signal amplitude divided by the total record-
ing. Yanagihara (19c.) shows that the highest activity levels occur fram
9 hrs to 12 hrs local time and that the highest daytime level is S or 6
times the nighttime level. Saito (196L) shows negligible activity at

Fredericksburg, Virginia, during the nighttime.

1.3 Previous Theories of Pc Type Magnetic Micropulsations

Thic section gives a brief review of the previous attempts to ex-

plain micropulsations, All of the theories assume that micropulsations



are the consequence of resonant trapping of magnetohydrodynamic wave
energy in the ionosphere (many authors use the term exosphere for the
outer portion of the ionosphere where hydrogen ions predominate).

Holmberg (1951) considered several possibilities for systems which
might resonate at periods near 20 sec. He studied several electro-
magnetic systems in the unionized air layer below the ionosphere, and
concluded the resonant periods of these systems would be too short.

He also considered vertically traveling magnetohydrodynamic waves,

which might be trapped in one of the ionospheriec layers. In this analysis
the value for the Alfven velocity was calculated using the neutral at-
mospheric density, rather than the ion mass density. This procedure

led to periods many times greater than 20 seconds.

Dungey (1954) showed that in the outer ionosphere, where particle
collisions could be neglected, the behavior of magnetohydrodynamic waves
can be determined by solving a pair of coupled partial differential
equations, It was shown that if the solutions were symmetric about
the magnetic polar axis, i.e., longitude independent. the equations
were uncoupled. One equation governs the propagation of a mode having
only an eastward camponent of the electric field. This mode is often
referred to as the poloidal mode. Dungey used travel time arguments to
suggest that poloidal resonances of the whole exosphere would have a
fundemental period of an hour. Kato and Watanabe (1958) came to similar
conclusions about the poloidal mode period. The second equation governed
the propagation of a mode having only an eastward component of the per-

turbing magnetic field and of the particie motion. This mode, called
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the toroidal mode, is guided by the magnetic field lines. Estimates
were made of the periods of the toroidal mode as a function of lati-
tude. Dunge 's toroidal modes are still used to explain high lati-
tude oscillations with several minute periods. Westphal (19vl) has
made further computations of the toroidal mode periods.

Maple (19%) suggested that hydrodynam!c waves trapped in the E or
F layer might cause the Pc oscillations, but he failed to give an quanti-
tative argument about the periods.

Dessler (199Y) pointed out that hydromagnetic waves would
have a large phase velOocity at a few thousand km height. The velocity
increases because the charged particle mass density decreases from its
valie 1in the F2 region due both to the decrease in number density and
the transition from Oxygen to Hydrogen as the predaminant ion. At
greater heights the decrease in the dipole magnetic field becames im-
portant and the velocity again decreases. OSeveral authors, apparently
beginning with Yanagihara (1y00), have considered, qualitatively, the
resonances which might be caused by energy trapped below the high phase
velocity region.

MacDonald (1961) calculated the longest resonant period of magneti-
cally guided collisionless waves as twice the travel time along a line
of force. Two cases were conslidered. In the first case, energy trapped
on the whole length of a line of force of the earth's dipole field was
considered. The resonant periods found were highly latitude dependent.

g N g 8] .
The periods of the fundamenta’ mode varied from 14.2 sec at 1) latitude
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to 184.6 sec at 60° latitude. In the second case, energy trapped between
the Fé region and the high Alfven velocity region was considered. In
this case the periods varied fram 10.8 seconds at 3°° latitude to 6.7

sec at 60° latitude. Jacobs and Watanabe (1962) used matrix methods to
find the resonant amplifications, caused by trapping below the high
velocity region, of incoming plane wvaves., The calculations were made

for guided Alfven waves traveling parallel to a vertical magnetic field.
The magnetic field value was the polar region value. The longest period
found, that for the low Alfven velocity model, was 8.5 seconds.

A group at the University of Texas performed a series of theoretical
investigations into the resonant amplification of plane waves impinging
from the outer exosphere. Their model studied the fast (extraordinary
mode) wave type. Little coupling with the guided type (ordinary mode)
vas noted. In these papers the magnetic field and ionospheric parameter
wvere independent of horizontal position, allowing plane wave solutions,.
The ionospheric models were represented by homogeneous layers and metrix
methods were used to obtain the response on the ground. In the first of
these papers, Prince and Bostick (1964) studied several ionospheric
models with vertically propagating waves for an equatorial magnetic
field. Their results showed that the longest resonance period for a
reasonable daytime model would be near 20 seconds.

Prince, Bostick, and Smith (1964) showed that a wave propagating
with a moderate north-south wave number through an equatorial magnetic

field model had the same resonant frequency as had been found for vertical
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propagation, When the magnetic field represented the stronger field at
middle latitudes, however, the resonant frequency increased to about
.085 cps. (period = 12 sec).

To investigate the height at which reflection of energy occurs at
the top of the cavity, Prince, Bostick, and Smith (190L4) carried out
camputations with the model terminated at 1000 km height. The termi-
nation was a uniform half space; no energy could, of course, be reflected
above 1000 km in this model. Results obtained from the use of this model
showed the same resonant frequencies as results obtained fram models in
which the layering extended to 2000 km. This indicated that the effective
top is below 1000 km, and the energy reflection is probably associated
with the rapld decrease of lon mass associated with the transition from
Oxygen to Rydrogen ions.

Li, Prince, and Bostick (196k4) considered nonvertical propagation
in the north-south vertical plane for magnetic filelds corresponding to
380 and 900 magnetic latitudes. Geveral angles of incidence were con-
sidered. The results demonstrated that the angle of incidence is not
important and that the magnetic field strength determines the resonant

frequency for a given ionospheric model.
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1.4 Method of Investigation and Thesis Outline

Method of Investigation

The response of the cavity to harmonic sources is to be examinedi.
Ideally, to carry this out we would obtain an analytic solution to the
equations which zovern electromagnetic propagation in the cavity. The
cavity is, however, a three-dimensional region in which the properties
change greatly. Because of these complicetions, the possibility of an
analytic solution seems remote. Use of a layered model, such as the
one used by Thompson (1963), would not allow horizontal variation of
the propagation properties and so would not greatly add to the plane
wave results. The well known WKB method is not applicable, because of
the great changes of the media over a wave length.

The solution can, hovwever, be approached by approximating the
relevant partial differential equations by finite difference equations.
The finite difference equations are a set of linear equations whose
solution gives an approximation to the solution of the original problem.
The use of finite difference equations 18 very closely related to the
impedance concept used by Madden and Thompson (1964).

To gain suitable accuracy in the three-dimensional region, the number
of linear equations must be on the order of thousands. The amount of com-
putation required to obtain a solution would, therefore, be very large.

To avoid the extremely lengthy computations involved in solving a three-



dimensional model, the horizontal variations which occur with latitude
and longitude were studied separately through the use of a pair or
two-dimensional models. The two models wnicr were studied have the
common computational advantage that the fast and gulded modes are un-
coupled and, therefore, the solution of the models requires the colution

~{ a scalar, and not a vector, two-dimensional partial differential

equation.

Description of Chapter II

Before describing the two models which are studied in chapters 111
and 1V, we will describe the contents of chapter II. This chapter deals
with topics related to the properties of Pc 2,3 frequency waves in tte
ionosphere, including the questicn of coupling between the wave types.

In the first section we present the models for the ionospheric
parameters which are used in the chapters III and IV camputations. In
the next section the propagation cheracteristics of Pc 2,3 frequency
plane waves, at different altitudes in the ionosphere, are reviewed.

Because of the geametry of the models in chapters III and IV, no
coupling occurs between the fast and guided wave types. In the third
section o chapter 1I the importance of coupling in the more peneral
case is conslidered,

Finally, in the last section we discuss the effect of the Hall con-
ductivi*y and conslder what error i{s introduced because the Hull con-

ductivity is not included in the ‘hapter 111 and IV models.
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Description of Chapter II] Model

The model in chapter IIT is used to study the effect of the variation,
with latitude, of the wave propagation constant. This latitude variation
reflects the fact that the earth's magnetic field strength varies with
latitude. The investigation 1s carried out with a spherical model with
no latitude dependence. Solutions for daytime and nighttime ionospheric

conditions are examined separately.

Description of Chapter IV Model

The model studied in chapter IV is a cylindrical model. In this
model the ionospheric parameters show continuous variation from daytime
to nighttime conditions. This model was chosen to exaxine the existence
of different daytime and nighttime resonant frequencies in a single cavity
and to showv that a daytime source will not excite Pc 2,3 in the nighttime
hemisphere.

In appendix I it 1s shown that the camponent of the surface magnetic
field, perpendicular to the direction of propagaticn, is almost campletely
destroyed by the unionized air layer below the ionosphere. Because of

this, a small modification wvas made to the chapter IV model.

Rumerical Sclution of Models

The dercription of the finite difference grids which were used to
solve the mcdels of chapters 111 and IV are given in appendixes 11 and
II1, respectively. OJeveral aspects of the numerical work involved in

solving the difference ejquations were applicable to both models., Bach



0f these aspects was ™' in a separate appendix:

In appendix IV we give the algorithm developed to solve the sget of
linear equations which arises fram tli.~ inite difference
method.

In appendix V we show that theee linear equations cannot be solved
with a relaxation method.

In appendix VI we analyze the error due to the grid spacing used in

the finite difference method.
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CHAPTER II

CHARACTERISTICS OF FLECTROMAGNETIC WA ES AT Pc 2,3 FREQUENCIES

2.1 Models for Ionospheric Parameters

Purpose of Ionospheric Models

In this section we will present the models for the ionospheric para-
meters which will be used in the computations of chapters III and IV.

The models are given at this point so that the parameter values will be
available in the next section in which ionospheric wvave propagation will
be discussed.

The majority of the computations will be carried out using the para-
meter values of a basic daytime model and a basic nighttime model. Since
the major emphasis in this thesis is on the investigation of the effect
of horizontal variations rather than the study of Pc 2,3 under widely vary-
ing ionospheric conditions, the values in the basic models have been se-
lected to represent intermediate daytime and nighttime conditions. These
models will be discussed below. Three modified versions of the basic day-
time model will also be discussed below.

Basic Daytime Model

In Table 2.1-1 the values of the ionospheric parameters for the basic
daytime model are given. This model vill at times be referred to simply as
the daytime model.

The daytime model valucs of Ke for the F region approximately follow
values given by Sagalyn et al. (1963). Below the F region the values are

similar to a profile given by Friedman (1964)., The quantity N F,, the

2)

maximum value of NP in the ionosphere, is a meaningful quantity to use in

discussing the variation of the electron density profiles. The value of
t

N_ F, in the daytime model is 2.1 x 10’ electrons/cc. Other daytime pro-

f{les show that the range of lm F2 is fram 1. x lOb electrons/cc (see
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Martyn [1999]) to 3. x 106 electrons/cc (see Nisbet and Bowhill [1960] and
Millman et al. [196&]). This range indicates our profile is an inter-
mediate electron density profile.

The ion-neutral collision frequencies, v,, which are given in Tables

i}
2.1-1 and 2.1-2, were cal.ulated from the expression

v, = 2.6x 1077 un/‘ni/z 2.1.1

Where ln is the number of neutral particles per neter3 and "i is the

ion molecular veight. Expression 2.1.1 was given by Chapman (1956).
The values of 'n used in calculating the daytime model values of vy

vere taken from Nicolet's (1961) model atmosphere number 7. Jachia

(1962) found that model 7 gives the proper neutral density profile at

the subsolar points when the level of solar radfation is low. For higher

levels of solar radiation ln will have greater values at altitudes above

200 km. Since v, is proportional to ln, the daytime model values of v

i i

are probably belov aversge values for subsolar conditions.

The values of vy vhich follov from model 7 were used in the daytime
model, because vhen computations vere made using higher values the spectral
peaks vere relatively flat and the resonant frequency vas hard to judge
precisely. The effect of varying the values of v, ves assessed by com-
paring spectra, computed for tnr 1:0dified models presented below with
the daytime model spectra. When higher values of v, are used the re-

sonant frequencies are not affected, but the Q's are lovered.
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Nighttime Model

In Table 2.1-1 the valnues of the ionospheric parameters for the
nighttime model are given. The nighttime profile of Ne is similer to
the Johnson (1961) profile for sunspot maximum conditions. Johnson

gives his profile as an example of an extremely high nighttime electron

dernsity profile. In this profile Ii F2 has a value of k4, x lO5

electrons/cc., Nisbet and Bowhill (1960), however, found values of ».5 x 10
5

5

electrons/cc and 8. x 10° electrons/cc in measurements made near mid-
night during #ay, 1959. Therefore, Johnson's profile is not an ex-
treme profile and a profile similar to his is a suitable intermediate
value profile to use in the present investigation.

The values of v, for the nighttime model were calculated using ex-

i
pression 2.1.1. The values of N_ wvere taken from Nicolet's (1961) at-
mospheric model number 5. Juchia (1962) found that this model fits

nighttime conditions at intermediate levels of solar radiation.

Modified Daytime Models

Three modified versions of the basic day:.ime wodel for the ionosphere
vere studied in chapter III.

The first modified mcdel is used to assess the effect on the re-
sonant frequency which results from a change in the values of vy This
model will be referred to as the MCFD (modified collision frequency day-
time) model. The model is identical with the basic model with the ex-
ception that the values of Yy in the MCFD model are higher between 200

km and “70 km. The mcdified values of ., .n the model are given in the

i
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next to the last column of Table 2.1-1.

In the second modified model the only change from the daytime model
is that the electron number density is lower below 280 km. The values
of Ne belov 280 km in this model are given in the last column of Table
2.1-1. This model will be rererred to as the MEPII (modified electron
profile daytime 1) model and is used to show the effect of lower values
of conductivity in the lower ionosphere.

The third modified model was used to investigate the effect of a
localized perturbation of the electron density upon the resonant fre-
quency. The model is identical to the basic daytime model with the ex-
ception that the electron density varies with latitude at altitudes be-
tween 2L0 km and 1000 km. The values of N_ at the co-latitudes 70°,
oho, and 570 are given in Table 2.1-3. At co-latitudes outside this

range the values of le in this model have the same values as in the

basic daytime model.



Height
in km
2LO
280
320

370
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TABLE 2.1-3

Modified Values of Ne for MEDP?2 Model

N, in units of 10° electrons/cc

© = co-latitude

N N_ N
Basic Model 8 = 70° 6 = uk°
.8 .84l 865
1.5 1.5 1.68
2.1 2.31 2.52
1.75 2.05 2.3
1.1 1.32 1.54
L 463 495
.05 .060°%, .0650
.035 .036k .0378

2.2 Review of Ionospheric Wave Propagation

In this section we will review briefly the propagation

istics of small amplitude electramagnetic waves propagation

O
n

o7

.850
1.6k
2.h2
2.18
1.43

479

.0628

.0372

character-

at differ-

ent altitudes 1in the ionosphere. These waves have been studied by

many authors (see for example rejer [1960), Thampson [1963], or Bostick

[196L)).

It is well established that the following simplifications may

be made when treating electromagnetic propagation above 1CO km.
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i) displacement current may be neglected
11) pressure terms aay be neglected
111) {ons are positive and singly charged.

The usual derivation of the propagation characteristics of plane
waves, in a plasma with a magnetic field present, will now be outlined.
First the current J is related to the electric field E thrrugh the con-
ductivity tensor o. If the magnetic field is parallel to the x_ axis

3

of an X),X5,X coordinate system, the relation between J and E is (see

3
Thompson '1963))

J = -0 o 0 E 2.2.1

where

% is the parallel conductivity
o‘L is the perpendicular conductivity
o is the Hail conductivity.

Assuming e-ium t ime dependence, suitable expressions for the con-

ductivities are given as (see Francis and Karplus [1960))

-——y—- & -
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o =N e2 = L
o] e me (Ve - im7
1.= -im vi-iﬂl }
+ 2.2.2
{n [(v -icb + cnz] ni[(vi-im)ewf]
P4
+ 2 0 _}
n[(v -im) +a>] ni[(»i-im) + o]

vhere ® 1is the electron gyro frequency = 8. x lO6 rad/sec
o, is the ion gyro frequency
% 2. x 10° rad/sec at 100 to 600 km altitude
T 2. x 16° rad/sec at 1000 km altitude
N 1is the electron number density
v_ 18 the electron collision frequency, equal to the sum of the
the electron-ion and the electron-neutral collision frequencies
v, 18 the ion-neutral collision frequency

le and l1 are the electron and ion masses.

Medden and Thampson (196hk) have expressed o, and o in a convenient

form, which gives numerical values which agree with the values given by
m

the expressions 2.2.2 to within factors on the order of EE . Their
i

expressions are

-~ 1+ W
g =0

+ ° (1+U2)(l+02)
224

-~ W
0 (14w) (140°)
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where

Now that the conductivity tensor has been obtained, it is cambined
with Maxwell's equations to find the propagation constant for plane waves
in the ionosphere. Let n be a unit vector in the direction of propagation
and let 7 be the angle n makes with the magnetic field. If k 1is the pro-
pagation constant of the wave, the space dependence of the field quantities

is eikq. Inserting this space dependence into Maxvell's equations

VxH=1J
2.2.5
VxE=1@oB

and relating Eto J by equation 2.2.1 leads to a dispersion relation
F(k, y, w) =0

For fixed y and @ this equation has two roots for ke. The expressions
for these roots are quite camplicated in the general case. Fortunately,
for altitudes above 100 km, because 9 is greater than 101‘ times as large
as o or CH a camparatively simple approximation for the roots can be
used in a discussion of the propagation. This approxis n, called the

148s5i1-longitudinal approximation, is valid when the condition

D)
c_ o5y g sin” » is satisfied (cee Madder and Thompson [1ut L1),
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This condition i{s only invalid very close to 7y = 900. The quasi-

longitudinal approximation 1is

v . ) o, el L

2
coB -

e ~ 1

k =

1+

2 o
+ [1- 2 ] -(-5
- 0 0
COB ¥ i

cos 7

Let the roots corresponding to the plus and minus signs in this expression
o

be denoted respectively by k?'r and k28. Wwhen y = 0, i.e., propagation is

perpendicular to the magnetic field, the propagation constants are given

by (see Thampson [1s03]) as
=

k2=ip¢>[o P =2 2.2.7
f i oJ_J

k‘z = [oo ] 2.2.8

In Table 2.2-1 values of ) and W are given for several heights. These

values are based on the following: @ = .6 rad/sec; @, = 2. x 16 rad/sec;

1

@, = 8 x 10° rad/sec; with ve 80d v, taking the values given in Table 2.1-1.

TABLE 2.2-1

W and Q versus height

Height W 0
m Pure Bumber Pure Kumber
100 1 x 10° .07
130 > x 10° 3.

P
160 8 x 10° 30.
200 1 x 10h 80. + 204
320 1 x 10“ 7. + 204
s 2 x 10h 1. + =04

R |
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Above 100 km W >> 1 and therefore expressions 2.2.3 give the ratio

of 0 to o ss
X 1

¥~ 1
l] + WD o) : 2.2.9

|

This expression, together with the values of O in table 2.2-1, shows that
the Hall conductivity is not important above approximately 140 km, but is
important from 100 km to 130 imm.

Above 140 km, o may be neglected in exprcesion 2.2.6; the propagation

constants, for y not very close to 900, are then @iven by

2 2
kf = k; 2.2.10
2 .2, 2
kg = kl,cos y 2 %11
vh k2 = |
ere k = ium o
H Nm
B
(o}

The root designated as k2 is associated with the fast or urguided wave

f
type. k? is independent of y and so the propagation is isotropic. Tue
other root, ki,is associated with the guided Alfven vave., HNotice that
vhen by Ko, wvhich i true above LOC km, both wvave types have real pro-
pagation constants and so propagate with little damping.

For y = uOO, since 9, is large and real, expression 2.2.8 shows the

guid:d wave type to be highly attenuated. Above 1LO km, o, may be neglected,

e

) 2 2 ¢
and expression 2.2.  shows kf k: for y = 90 .



-5

2.% Discussion of Wave Type Coupling

In this section we will consider coupling between the fast and guided
wave types. The models studied in chariers III and IV are special cases,
because the geametry of these models is such that the fast wave type
propagates with no coupling to the guided wave type.

In the following it 1is shown that for the lower order modes of the
real cavity there should be little coupling between the fast and the
#uided wave types. Therefore, the conclusions drawn from the models
studied in chapters I1I and IV should not be i{nvalid, because no wave
type couplins occurs in these models.

In the ionosphere the physical properties change much more rapidly
in the vertical directions thtn in the horizontal directions. Theretore,
to analyze the coupling between wave types it is appropriate to consider
a model which is stratified parallel to the earth's surface. The earth's
curvature will be neglected and so the analysis will be carried out in
rectangular geametry. The continuous variation of the properties in
the vertical direction may be replaced by a series of homogeneous layers.
In each layer, either wave type will propagate independently of tne other.
However, at the boundaries between the layers coupling between the wuve
‘ypes can occur.

To show that the coupling between wave types wilch occurs at the
boundaries between the layers should not be great we will demcnstrete
that the !'orizontal compone:nts of the electric fields of the two wave

types will be slmost perpendicular and that the horizontal components



of the magnetic fields of the two wave types will alsc be almost
perpendicular.

Let us consider a rectangular coordinate system in which the x, y,
and ¢ axes are, respectively, the south, east, and upward vertical direc-
vienc, In a particular layer the magnetic field and the plasma are uni-
‘orm. The magnetic fileld is in the x, z plane and dips at an angle ¥
velow the -x axis. We make the approximations that 9 is infinite, and
o is zero. 1In the last section these approximations were shown to be
valid above 140 km. The region of the ionosphere below 1L0O km will be

considered in the next .Lec*

Let the space dependence of the waves be of the form
]
(exp i(kx x + ky y +k 2)) 2.3.1

With this space dependence, EZ and the three camponents of ﬁ can
be eliminated from Maxwell's equation. We are left with a pair of homo-
geneous linear equations for Ex and Ey. Details of this proce’ure can be
found in a paper by Nishida (19ok). 1In the limit of infinite o_ and

zero o the two linear equations are

ke! 2 o ) kf
Ex Sinl,.v + kz+8kxkz cot v + kX cot v - ; ?w + E (-‘..x}(y"'kxky cot W)
51n

. ) g} D
E (k k cct v - Kk ) +E (k" +k -k
2 Xy y x =

VAN 1
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Since o, is infinite, the electric field must be perpendicular to

the main magnetic field. Therefore

|

= - rct ¥ 2

1

To match boundary conditions on the horizontal planes separating the
layers, both the fast and guided wave types must have the same horizontal
vave numbers, These wave numbers may still be denoted by kx and ky. Let
the vertical wave numbers for the fast and guided wave types be denoted

by kz and kz . For equations 2, :{.2 to have nonzero solutions, the

)

,

three wave numbers for each wave type must obey a dispersion relation.

The dispersion relations for the two wave types are

1/2
2 2 2
kz,f ! k - kx - ky ] fast 2.3.4
1 1
Y- = g [i kl - kx cos vJ guided 2.3.5

We now show that the wave propagation, at a frequency near the Pc 2,7

resonance, is close to vertical for both wave types. Let lz ¢ k2u :
)
f
1 Z
xz £ is the vertical wave length of the fast wave type, N lz r is compar-
’ ’

able to the cavity height. As was discussed in section 1.3, the cavity

height i{s under 1.0O km. Therefore, we see that A_ , < LOOO km. The

Z,

longest horizontal wavs length possible is the circumference of the earth

(T LO,000 km); this distance ‘s 10 times \_ Therefore, for the longer

2, f

horizontal wave leny,thc, {.e., low order modes, the propagation is close



to vertical. Fram this, we have for the fast wave type

k >> k k
| z,f\ x’ Ty
Equation 2.3.4 gives
k-Lz kz.f
Yo)
k >>|k , |k (
L b y
L >>|k , ’k \
sin vy L Y

e ol 1er

Neglecting kx cos ¥ in camparison to k;’ we have from this inequality

and equation 2.1.9

1
sin ¢ kL

>> .k 3.7
X

50 we have shown that propagation is close to vertical for both wave

types.

The ratios of EV Lo Ex are given by equation
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E k kz cot ¥ - kxk
._x - - l—.)_i. y guided
E 2

x (kZ cos § - kx sin ¥)

For mid-latitude we may assume cot y = 1. Then considering the

inequalities 2.3.6 and 2.3.7 the field ratios are approximately

N o lnt
= =2
7 X cot ¥ fast
X Yy >
k
T - Y guided | 2.3.6

E
£l k
Ex e sin y cox ¥
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Using Maxwell's equation V x Esi o ﬁ, the camponents of H can be
obtained fram the camponents of £ for each wave type. If the camponent

Bx is normalized to 1, the vector fields of the two wave types are written
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