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ABSTRACT 

This report describes a collection of digital computer subrou­
tines which perform many operations useful in the linear analya1a 
of single epoch signals and linear, stationary, stable systems. 
Of central importance is the process of expressing a signal as 
a linear combination of a set of real and/or complex, decaying, 
exponential functions, which may or may not be orthonormalized. 

Most of the routines included have been developed concurrently 
with previous parts of this report series, and the purposes and 
methods of the various routines will be understood most readily 
by those who are at least basically acquainted with the material 
in those previous reports. The subroutine descriptions are de­
signed to allow a person who ls well acquainted with the concepts 
and calculations involved in signal analysis, but who has only 
a working knowledge of t ' 1e FORTRAN computing language, to 
assemble various subroutines into useful composite programs. To 
this end, brief numerical examples are included for each sub­
routine to illustrate precisely how the input arguments define 
a given problem, and how the output arguments supply its solution. 

Most of the subroutines described in this report are coded in 
the FORTRAN computing language. The others are coded in FAP. 
In addition to subroutines intended specifically for signal 
analysis, subroutines which perform common algebraic calculations 
and convenient input-output operations are included. 

The source programs for all subroutines described in this report 
are available at the originiting activity. 
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INTRODUCTION 

Thi report describes a collection of digital compwter programs, 
written primarily in the FORTRAN computing language, for per­
forming many of the operations needed in the representation and 
analysis of signals using generalized exponential c,,mponents. 
It provides the detailed descriptions of programs that have been 

used in the studies presented in the other reports of this series 
on "Representation and Analysis of Signals." The user of these 

programs should refer to this aeries of reports for more complete 

discussion of the basic concepts and of methods of their applica­
tion to practical problems (see particularly Part XVII. Re-

prints on Signal Theory -- A Final Report). We offer below a 
brief synopsis of some of the operations performed by this set 
of programs. 

Signals of particular interest are those which are of a transient 

nature, having a more-or-less well-defined beginning and bounded 

in magnitude by a decaying exponential. Signals of this type 

are produced when a dissipative dynamical system is impulsively 

exited. The response of the system is described by its epoch 

(i.e. the time at which the impulsive exitation occurs) and by 

the dynamical properties of the system. If the system is linear, 

the responRe may be decomposed into components associated with 
its natural modes. For lumped, stationary systems, these com­

ponents are generally of exponential form, the damping and oscil­

latory properties being described by an appropriate set of complex 

f.requen,ies. A transient signal arising from a single impulsive 

exitation may therefore be represented most efficiently by: 

1) Determining its epoch, 2) Decomposing the signal into the sum 

of generalized exponential components whose complex frequencies 

and amplitudes have been chosen to best approximate the given 
signal. 
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Compl ications arise when the signal consists of several wavelets, 
overl apping in time. '!'his can occur when the system is excited 
by s everal i111pulses in rapid uccession, or when the signal is 
t r nsmitted over several pa t hs having different time delays. 

The analysis and representation of mu J.tiple-epoch signals is 
evidently more involved than that of single-epoch signals, and 
in the following report we restrict attention to single-epoch 

signals, all of whose epochs are assumed to occur at t • O. 

We are concerned with expressing the value at any instant t of 
each member, f, of some collection of signals by the general 
form 

N 

f(t) = Laj YJ(t) • (1) 

J =l 

N 
Any _set of functions ~ l'Jll 

appropriate for the linear decom-

position of each signal of a given co l lection is said to form a 

basis for the repreeentation of that set of signals. The ordered 
N 

set {aj} of scalar coordina t e s form the representative of a 
given sigha1 on the prescribed basis. This set of coordinates 
will often be arranged as a colur.m of N numbers, written as 

.f) . The number N is called the dimensionality of the rep­
resenta t1on. The process of obtaining the representative of a 
signal on a given basis shall be referred to as projecting the 
signal on the basis. 

Some of the programs discussed in this report deal with exponen­
tial bases over the semi-infinite interval; that is, the orrtered 

N 
set of basis components { 'J'j} 

1 
comprised of functions of the 

form 

for t ~ O 
(2) 

for t < 0 
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N 
If al l of the set { s J} are real negative numbers, the baaia 

1 
is said to be a real exponential basis. It some 

N 
or the set {aJ }

1 
are complex numbers, the real parts or which are 
basis is said to be a complex exponential basis. 

negative, the 

Another type or basis frequently employed 1s anNorthonormalized 
expone~tial basis. '!be set or functions {\VJ} forms an 

1 orthonormal basis over the time interval 
and only if 

-r· o, 

it 

it 

(t1, t 2 ) it 

j • k 

J # k 

We now define the simple and quadratic Kautz bases. 

'lbe simple Kautz basis la comprised of tt.e set or tunctiona 
N 

{'(J}
1 

having frequency domain representatives of the form 

where denotes the Jth element of the ordered set 

which defines a real exponential basis; that is, each 
a real negative number. 

(3) 

(4) 

'lhe quadratic Kautz basis is comprised o: the set of functions 
N 

iVJ} having frequency domain representatives 
1 

J-1 rr 
k•1 

= y2pjQj I 

s
2 

+ pJs + qJ 

J-1 

T( 
k=l 

82 - pke + qk 

82 + pks + qk 

2 s - pka + qk 

s2 + pks + qk 

(5) 
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In the above, an e .pression of the form s 2 + pjs + qj is called 

a basis guadrati~ factor of the quadratic Kautz basis. F.ach 

basis quadratic factor may be generated from 2 negative real 

exponents or from one complex conjugate pair of exponents in the 

following way 

= (6) 

N 
where is the Jth element of the ordered set {sJ} which 

1 
defines either a real or a complex exponential basis. Then 

PJ' qJ is an ordered pair of real positive numbers. The members 
NH 

of the set of ordered pairs { p J, q J \ , where NH is one-half 
1 

of the dimensionality of the original exponential basis, are 

called quadratic basis parameters. 

It should be emphasized that a quadratic Kautz basis may be 

generated from either a real exponential basis of even dimension­

ality, or a complex exponential basis where all complex exponents 

occur in conjugate pairs; whereas, a simple Kautz basis may be 

generated only from a real exponential basis. Also note that 

from an exponential basis of dimension N, the number of basis 

quadratic factors that can be generated is NH= N/2. These NH 

basis ·quadratic factors in turn define a quadratic Kautz basis of 

dimension N. 

The frequency domain representative of a Kautz basis function 

(eqs. 4, 5, 6) may be interpreted as the system function of a 

linear stationary operator whose unit-impulse response is the 

desired time function, vanishing identically prior to t = o. 
This same operator acting as a filter is described by a weighti~ 

pattern which vanishes over the future. To obtain a weighting 

pattern that matches a signal, one or the other must be reversed 

in time. In the frequency domain, a reversal of the time scale 

about the point t = 0 corresponds to a change in sign of the 
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complex variable s. Thus if f(t) __, F(s), then 

Time reversal produces a signal that extends backward 
from its epoch at t = O, and vanishes for t > O, or 
pattern that extends over the future and vanishes for 

in time 
a weighting 

t < o. 
Since a physical process canr1ot depend upon a future event, 
signal analys i s must involve only the past prior to the instant 
when a measurement is made. That is, to analyze a transient sig­
nal which vanishes prior to t = O, we must arrange to reverse 
the signal in time (or, equivalently, to reverse the weighting 
pattern of the filter before it ls applied to the s16nal). (See 
parts I, II, VI, IX, X, and XIII of this report series.) 

To denote the two disjointed semi-infinite time intervals prior 
to and subsequent to the instant t = O, we will use the 
adjectives "backward" and "forward" respectively. Thus, for 
example, the signal produced by an impulsive exitation at t = O 
of a physical system is a forward signal, whereas the weighting 
pattern associated with a measurement made at t = 0 of the 
output of a physical system is a backward pattern. In order for 

, a signal to match a pattern, one or the other must be reversed 
, in time. 

, For present purposes, the t ime reversal of a signal or a pattern 
may be denoted by a tllda over the symbol. In order to refer 
to signals and weighting patterns as abstract entities, we may 
use Dirac's bra-ket notation as modified by Lai and Ross. Thus 
IF) denotes a signal and (GI denotes the weighting pattern 

1 of a measuring process. The result of measuring the signal IF) 
using the pattern (a I is the scalar value (GI F) . A 
weighting pattern that matches the signal I F) is denoted by 
(FI , and the result of measuring a signal IF) by its 
matching pattern (Fl is ·~he signal energy IIFll 2 

= (Fl F) 
In t erms of the representatives of IF) in the continuous time 
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and f r equency domains, or the discrete sampled data domain, the 

signa l energy is 
♦ CID 

(FI F) = ) f* ( t ) f ( t ) d t (8a) 

--- • 
♦ JOO J F*(-s)F(s) 

ds (8b) = 2rrj 

-Jen 

= Lfkfk (8c) 

k 

More generally, the result of measuring a signal l F) with a 

pattern that matches another signal I G) is expressed by any 

of the functionals 
•OO 

= ~ g* ( t ) f ( t ) d t (9a) 

•OCI .~. 
) G* ( - s ) f ( s ) 

d s 
= 2wj (9b) 

•}cc 

= Lgkfk (9c) 

k 

Evidently, t he result of measuri ng I G) with a pattern that 

matches I F) is the complex conjugate of (9), viz. 

= = 

which demonstrates t he equivalence of the time reversal of either 

the weight i ng pattern or the s ignQl. (Note that t he order of 

the symbo l s in the brackets may be freely interchanged.) 

----------~, 
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Two signals IF) and I G > (or two patterns ( ;, I and 
( a I ) are orthosonal if and only if 

(Fl a) = 0 = (al F) (11) 

A set of orthonormal components are mutually orthogonal and each 
N 

of unit energy. Thus {'fj} is a set of orthonormal components 
if 1 

if j =- k 

(12) 
otherwise 

The least square approximation of R signal by a linear sum of 
orthonormal components such as 

(13) 

is easily achieved by measuring I F) with the set of patterns 
matching the I vk>. Thus, the jth amplitude, a, is found from 

(14) 

since the measurement made with the I YJ) pattern is insensitive 
to all signal components other than l,YJ) by assumption of 
eq. (12). The set of aj, J =l, ... , n, may be displayed in a 
column F) as the discrete representative of the signal I F) . 
Geometrically, the aj are the values of the coordinates of 
the projec tion of the abstract slgnal f F) upon the orthogoR81 
system provided by the set of N orthogonal components {'f k} . 
In this way, a signal may be represented by an ordered set l 
of N numbers. 

: 
.• 
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Similarly, a linear operator or filer IHI, may be represented 

by an N x N matrix of numbers, the kth column of which is 

the representative of the signal formed by I H I operating on 

the kth basis component I ly' k). That is, the kth basis 

component I lj' k) is transformed by I H I into J H I "f k) . 
By eq. (14), the amount orfY,.;) present in IHIYk) is given 
by 

(15a) 

These scalars, hjk' for all values of j and k, may bear-
ranged in matrix form to provide a numerical representative of 

N 
the linear opera tor I H I on the given basis { 'f j} , viz. 

1 

(15b) 

This matrix may be used to compute, from the representative E), 
the representative of the signal IHI F) resulting from the 
operation IHI upon IF) . It is simply H ,E). 

In matrix notation, if the ctiscrete representative of a signal 

I F) is given as a column of N numbers 

F) = after eq. (13), and 

the representative of a linear operator , HI is given as the 
N x N matrix 

H = 
• 
• • 
• 

h12 ••••• •. hlN 
h22 . . . . . . . h2N 

hNl ............ • .. • hNN 
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then the representative of the signal IHIF) 
the column of numbers 

bl hl l ••••• hlN 

b2 • 
• 

li. .f) • = • = • • • 

bn hNl • ' • • • hNN 

is given by 

al 

a2 
• 

)( • • • • 

an 

The convention used by FORTRAN of index arrangement in matrix 
N 

multiplication is followed. That is, the {bi}
1 

are given by 

(16) 

When the operators are linear and stationary and the basis is 
composed of generalized exponential components, the representaiive 
of two or more operators in cascade can be computed from the 

matrix product of the representatives of each. That is the 

representative of GIHfF) is simply G ,!! F) . For bases 
that are not of exponential type, this computation is only 

approximate because the basis 1s then not invariant under linear 

stationary transformations. 

---------------- -----------------
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AVAILABILITY OF PROGRAMS 

A magnetic tape is available from the Homewood Computing Center 

containing a tape-loadable IBM 1401 program which will produce a 

listing of the source programs for all of the routines described 

in this report and all of the required subprograms (as an option, 

source cards are punched; and, as another option, any routine 

may be output individually)_. Included on this tape are many 

control programs not described in this report. These control 

programs read input data, call one or more of the subroutines 

included in this report, and present the output in appropriate 

formats. Each prcgram is prefaced by a number of comment cards 

which define its arguments. 

This tape-loadable program is compatible with the IBM 1401 

computer with at least an 8k character core, and two magnetic 

tape drives. Any request for t his tape must be a ccompanied by a 

blank reel of standard 7 track IBM magnetic tape onto which the 

master tape may be copied. 

Occasionally, in the write-ups which follow, reference is made 

to the "B.C.C. (Bumblebee Computing Center) library." This is 

a collection of computer programs, with wr ~_ te-ups, available at 

The Johns Hopkins Computing Center . 
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PROGRAM LIST 

In the pages that follow, each program of the Signal Analysis 

Library is separately described. The typical write-up consists 

of a brief identification of the routine, a discussion of the 

purpose of the routine and the method employed, a detailed list 

of the arguments used for input and output, a summary of any 

restrictions to be imposed on the arguments, any relevant com­

ments, and finally, a numerical example. Very simple, even 

trivial, examples have been used, for their purpose is to 

illustrate precisely how the input arguments define the given 

information of a problem and how the output arguments supply 

the solution, rather than to demonstrate the applicability of 

these programs to involved problems. 

, Two more general examples have been included to demonstrate how 

various routines may be linked together to solve meaningful 

problems of signal analysis; see pages 59 and 76. 

The programs described in this report are of five kinds: (1) 

Programs for processing analytically defined signals; (2) Pro­

grams for processing operators; (3) Programs for processing 

empirically defined (sampled-data) signals; (4) Utility programs 

for performing algebraic calculations; (5) Prog·,:•ams for outputing 

data. Below is a list of the programs in the Signal Analysis 

Library sorted into these five sroups. 

I Programs for p1•ocessing ana l ytically-defined signals: 

SA-1, Projection of signal composed of real exponentials upon 

a simple Kautz basis. 

SA-2, Projection of a pair of quadratic exponential components 

upon a general quadratic Kautz basis. 

SA-3, Projection of a signal composed of general exponential 

components upon a quadratic Kautz basis. 
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SA - 5 , Conversion of a signal representative from a simple to 

a quadratic Kautz basis, and vice- ersa. 

SA-18, Inner product of two signals, each specified by rational 

unctions in the frequency domain. 

SA-23, Generation of sampled values of an exponential series. 

II Programs for processing operators: 

SA-6, Conversion of an operator representative from a simple 

to a quarratic Kautz basis, and vice-versa. 

SA-:]_, Matrix representative on a quadratic Kautz basis of a 

rational system function specified in the frequency domain. 

SA-8, Matrix representative of integration operator on a 

quadratic Kautz basis. 

SA-10, Matrix representative of a special low-pass operator 

on a quadratic Kautz basis. 

III Programs for processing empirically defined (sampled-data} 

signals 

SA-13, Fourier spectrum of a sampled signal. 

SA-17, Discrete orthonormal filter. 

SA-17. 5, Continuous orthonormal filter. 

SA-19 , Discrete Prony polynomial roots. 

SA-1 9 . 5 , Prony approximat ion package. 

SA-22, Signal projection onto a general ex' onential basis. 

SA-24, Squared error between two sampled s gnals. 
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IV Ut ility programs fo~ performing algebraic calculations: 

SA -11, Matrix operations. 

SA- 2 , Eigenvalues and eigenvectors of a real symmetric matrix 
( Jacobi method). 

SA- 12.5, Eigenvalues and eigenvectors of a real symmetric 
matrix (Givens method). 

SA-14, Polynomial zeros. 

SA-16, Laurent expansion of a rational function. 

SA-20, Calculation of exponent from value of exponential func­
tion at known time. 

SA-20.5, S to XMOD conversion (used in SA-19.5). 

SA-25, Real, simultaneous, linear equation solver. 

V Programs for outputing data: 

SA-17.1, Output package for SA-17. 

SA-17.6, Output package fJr SA-17.5. 

SA-26, Real and/or complex number printout. 

SA-30, One-line Hollerith output subroutine. 

SA-31, Continuous (calcomp) plotter routine for discrete data 
points. 

SA-31.5, Label routine for SA-31. 

SA-32, Data plotter (IBM 1403 printer). 

SA-33, printer for 1, 2, or 3 dimensional arrays. 

SA-34, Matrix printout subroutine. 

---------------- - ----------·-----
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Signal Analysis Subroutine SA-1 

1. IDENTIFICATION 

Projection of a signal composed of real exponentials upon a 

simple Kautz basis, {FORTRAN) R. N. McDonough 

2. PURPOSE 

A subroutine to find the representative of a real ex-

ponential-type signal: 

L 
f{t) =L 

1=1 

-11 t 
a e i 

i 
, t ~ 0 

L 
on aLsimple Kautz basis, when given the sets N {ai}

1 
{~1}

1 
, and the set of positive exponents{-sJ}

1 

from which the J imple Kautz basis is generated. 

3. USAGE 

A. calling Sequence: 

CALL RXSPRO {L, ALPHA, ETA, N, S, A) 

B. Identification of input variables: 

L, number of exponentials in the signal, 

ALPHA, linear array of the a coefficients of the 

signal 

ETA, array of the exponents {positive) of the signal, 

N, dimension of the basis, 

S, array of the exponents {positive) of the real ex­

ponential bas1s1 i.e. S(I) • -si 

C. Identification of output variables: 
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A, an array of the coordinates of the signal on the 

simple Kautz basis. 

D. Restri<"'tions: 

L ~20 
N ~ 20. 

E. Availability: 

Source and binary decks for SA-1 are in the SA files. 

F. Example: 

Suppose we wished to project e-l.St on the simple 

Kautz bas .is corresponding to the following real 

exponentia~s: 

e-1.0t, e-0.5t, e-1.5t, e-2.0t 

Then upon entry to RXSPR0, N = 4 = the basi6 dimension, 

and the S-array would contain the following values: 

S(l) 
S(3) = 

= 1.0 
1.5 

S(2) = 0.5 
S(4) = 2.0 

The signal e-1.5t is entered by assigning the follow-

ing values: 

L = 1 

ALPHA(l) = 1.0 

ETA ( 1) = 1. 5 

After exit from RXSPR0 the A-array would contain the 

values: 

A ( 1) = 0. 566 

A(3) = 0.056 

A(2) 
A(4) 

= 0. 100 
= 0.000 

Which comprise the representative of e-l.St on the 

given simple Kautz basis. 

---------------- - --------------
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Signal Analysis Subroutine SA-2 

1. IDENTIFICATION 

Projection of a pair of quadratic exponential components 

upon a quadratic Kautz basis (FORTRAN) R. N. McDonough 

2. PURPOSE 

A subroutine to determine the projections on a quadratic 

Kautz basis of the pair of signals 

&s =---------
s 2 +Rs+ T 

= 
a2 + Rs + T 

for R, T, real, > 0 

3. USAGE 

A. calling sequence: 

CALL EXPRO (NH, B, R, T, A) 

B. Identification of input variables: 

NH, one-half o~ the basis dimension, = the number of -
basis quadratic factors, 

B, linear array of the quadratic basis parameters, 

ordered 

R,T, the signal parameters, as above. 

C. Identification of output variables: 

A, 2-dimensional ~rray of the signal projections, 

i(I,1) contains projections of F1(s). A(I,2) contains 

projections of F2 (s). 

D. Restrictions: 

NH~ 10, R,T, > O, 
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A array must have row dimension 20 in tlhe calling program. 

E. Availability: 

Source and binary decks are available in th~ SA files. 

F. Comments: 

If R or T is less than zero, or if the basis is im­

proper, the program faults and returns N=-1. 

O. Example: 

Suppose we wish to project the two signals 

= s2 + ls + 2 
, 

• s 2 + ls + 2 

on a quadratic Kautz basis with basis quadratic factors 

s 2 + 2.0s + 2.0 

s 2 + 1.0s + 1.0 

We would enter to EXPR0 NH = 2, R = 1 .o, T = 2.0, 

B(l) = P1 = 2.0 B(2) = ql = 2.0 

B(3) = P2 = 1 . '.) B(4) = q2 = 1 .o 

Upon return from EXPR0 the 2 dimensional A array 
would contain 

A(l,1) 
A(2,l) 
A(3,1) 
A(4,1) 

= O .9428 
= 0.0000 
= -0 .2857 
= 0.0952 

A(l,2) 
A(2,2) 
A(3,2) 
A(4,2) 

= 0.0000 
= 0. 9428 
= -0 .1347 
= -0.2694 

A is the representative of The first column of F
1

(s) 

w.r.t. the chosen basis, and the second column is the 
representative of F2(s). 

,_ _______________ _____________ _ 
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Signal Analysis Subroutine SA-3 

1. IDENTIFICATION 

Projection of a signal composed of general exponential 

components upon a quadratic Kautz basis, (P'X>RTRAN) 

R. N. McDonough 

2. PURPOSE 

A subroutine to determine the representative on a given 

quadratic Kautz basis of a signal of the general form: 

f(t) 

3. USAGE 

A. Galling sequence: 

CALL EXSPRO(LS,K,EXP,ABC,NH,B,SIG,ICHECK) 

B. Identification of inpu t variables: 

LS = K + L 

K, one-half the number of real signal exponentials 

EXP, linear array of the signal exponents, ordered 

~ 1 ' '¥'2 ' ••• ' 7I 2 K' a 1 ' t31 ' ••• ' a L' t3 L' 

ABC, linear array of the signal coefficients ordered 

NH, one-half the basis dimension= the number of 

quadratic fa tors of the basis, 

-----~ 
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B, linear array of the basis parameters ordered 

C. Identification f output variables: 

D. 

E. 

F. 

SIG, linear array of the signal coordinates on the 
quadratic Kaut ~ basis, 

ICHECK, a fault indicator. !CHECK= 0 on normal exit. 
If an improper exponent or basis quadratic factor is 
entered, program faults and ICHECK = -1 1s returned. 

Restrictions: 

LS, K, NH ~ 10 
al, 1(1, > 0 

Availability: 

Source and binary decks available in the SA files. 

Comments: 

Requires subroutine SA-2, EXPR0. 

G. Example: 

Suppose we wished to project e-t on a quadratic basis 
corresponding to the following real basis: 

e-.lt e-.2t e-.3t e-.4t e-.5t e-.6t e-1.t e-1.5t e-2.t e-2.5t , , , , , , , , , 

(s 

(s 

The basis quadratic factors are found to be 

s2 +pa+ q 

+ .l)(s + .2) = 82 + 0.3s + 0.02 P1 • .3, 

+ .3) (s + . 4) = s2 ♦ 0.7s + 0.12 etc. 

etc. = 82 + 1.ls + 0.30 

= s2 + 2 .ss + 1.5 O 

= 82 + 4.ss + 5 .oo 

ql = .02 
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hence, upon entry to EXSPRO, NH= 5 = one-half the 

basis dimension; and the B array would contain the 

following values: 

B( 1 = pl = .3 B(2 ) = ql = .02 

B(3 ) = P2 = .7 B(4) = q2 = .12 

B(5) = 1 .1 B( 6) = 0.3 
B(?) = 2.5 B(8) = 1.5 
B(9) = 4.5 B( 10) = 5 . O 

The signal 
values: 

-t e is entered by assigning the following 

LS= K+L = 1 +0 = 1 
K = 1 

EXP( 1) = 1 .O 

ABC(l) = 1.0 
EXP( 2) = 1 .0 

ABC( 2) = 0 .0 

After exit from EXSPRO, ICHECK would equal zero, in­

dicating that no fault has occurred and the SIG array 

would contain the values 

SIG(l) = . 587 
SIG(2) = .083 
SIG(3) = . 355 
SIG(4) = .123 
SIG( 5) = .078 
SIG( 6) = .04.) 
SIG(7) = .005 
SIG(8) = .006 
SIG(9 ) = . 000 
SIG( l O) = .000 

Which 1s the r epresent a t ive of e -t on the given 
quadratic Kautz basis. 

--------------- - --------------
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Signal Analysis Suoroutine SA- 5 

1. IDENTIFICATION 

Convers i on of signal representative from simple to quadratic 
Kautz bases, and vice versa. (FORTRAN) R. N. McDonough 

2. PURPOSE 

A subroutine to replace a signal representative on a simple 
Kautz basis of even dimension by the representative of the 
same signal on tne equivalent quadratic Kautz basis; and, 
vice-versa provided the simple basis exists (that is when the 
basis quadratic factors have only real zeros). 

3. USAGE 

A. Calling sequence: 

CALL BCONS (NH,B,A,ID) 

B. Identification of input variables: 

NH, one-half tne basis dimension, = the number of quad­
ratic factors of the basis. 

B, linear array of tne basis poles. If tn~ original 
\ 

basis is simple, B contains the positive exponents 
-s1 ,-s2 , ... ,-s2NH; if the original basis is quadratic, B 
contains the quadratic basis parameters: 

A, linear array of the signal coordinates. On entry, A 
contains the coordinates relative to the original basis. 

ID, a code. If original basis is simple,enter ID= 1. 
If original basis is quadratic, enter ID= 2. 

C. Identification of output variables: 

A, on exit A is a linear array of the computed signal 
coordinates relative to the new basis. 
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D. Restrictions: 

NHS 10 

E. Availability: 

Source and binary decks are available in the SA files. 

F. Comments: 

If the original basis is quadratic, and one or more of 

the basis quadratic factors are found to have complex 

zeros, ID= -1 is returned and A is left unchanged. 

G. Example: 

Suppose we had a representative of the signal 

r(t) = e-.OOOOttsin t , on the simple Kautz basis 

generated from the exponent. a {si}: of the series 

e-.1t e-.2t e-.3t e-. 4t e-.5t e-.6t 
, , , . , ' 

e -1.0t e-1.5t -2.0t -2.5t 
, , e , e 

The repr.esentative in this case would be the set: 

N 

{ Ai}l = 0.4428 

0. 5720 
0.4695 
0.0110 

-0.6606 

-0.9067 
0.0192 

0 .9383 
-0.6003 
- 0 .0896 

We wish to determine the representative ~f the signal 

on the quadratic Kautz basis which is generated from the same 

exponents as the original simple basis, 



We would enter to BCONS NH= N/2 = 5 and ID= 1, 
i ndicating the original basis is simple. The B 

N 
array would contain the (positJve) exponents {-sJ}i , 
t hat is, 

B(l) = 0.1 B(6) - 0.6 
B(2) = 0.2 B(7) = 1.0 
B(3) = 0.3 B 8) = 1.5 
B(4) = o.4 B(9) = 2.0 
B(5) -- 0.5 B(lO) = 2.5 

The A array, before entry to BCONS would contain the 
set { Ai}: , i.e. 

A(l) = .4428 
A(2) = .5720 

• . 
• 

etc. 

After exit from BCONS, the A array contains 

A(l) = 0.7227 
A(2) = 0.0313 
A(3) = 0.3157 
A(4) = 0.3477 
A(5) = -1.1150 
A(6) = 0 .1235 
A(7) = 0.7390 
A(8) = -0. 5786 
A(9) = -0.4672 
A( 10) = -0.3875 

Thus the representative of the signal f( t ) =[e-.OOOOOlt 
sin t], on the quadratic Kautz basis ge1erated from the 
given exponents, is the set of numbers given above as the 



-24-

A array. The basis quadratic factors generated from the 

{ s 1}: are 
2 + 0.3s + 0.02 s 

2 + 0.7s + 0.12 s 

s2 + l.ls + 0.30 

2 + 2.5s + 1.50 s 

2 + 4.Ss + 5.00 s 

Signal Analysis Subroutine SA-6 

1. IDENTIFICATION 

Conversion of an operator representative from simple to quad­

ratic Kautz bases and vice-versa, (FORTRAN),R. N. McDonough 

2. PURPOSE 

A subroutine to replace the matrix representative of an oper­

ator on a simple Kautz basi s of e ven dimension by the matrix 

represent~t i ve of the same operator on the quadratic Kautz 

basis generated from the same exponents as the simple basis, 

and vice-versa, provided the simple basis exists (i.e., when 

the basis quadratic factors have only real zeros). 

3. USAGE 

A. Calling sequence: 

CALL MATCON(NH,H,B,ID) 

B. Identification of input variables: 

NH, one-half the basis dimension, 

H, the matrix; on entry H contains the matrix representa­

tive on the original basis, 

B, linear array of the basis poles. If the original basis 
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is simple, B should contain the exponents -s1 , ... , -s 2NH. 
If the original basis is quadratic, B should contain the 
quadratic basis parameters P1 ,q1 , ... ,pNH'qNH' 

ID, a code; if original basis is simple enter ID• l; if 
original basis is quadratic enter ID• 2. 

C. Identification of output variables: 

H, on exit H contains the matrix representative on the new 
basis, 

ID, if original basis is quadratic and one or more of the 
basis quadratic factors has complex zeros (i.e. if simple 
basis does not exist) ID• -1 is returned and His return­
ed unchanged. 

D. Restrictions: 

NH~ 10 

H must have row dimension 20 in calling program. 

E. Example: 

Suppose we have the matrix representative of th . integra­
tion operator on a quadratic Kautz basis, and wish to de­
termine its representative on the corresponding simple 
basis. In particular, suppose the quadratic basis is char­
acterized by the basis quadratic factors 

s 2 + 0.3s + 0.02 
and 

s 2 + 0.7s + 0.12 

On the quadratic basis the integration operator would have 
t he following 4x4 matrix representative: 

0.000 -7.071 0.000 0.000 

7.071 15.000 0.000 0.000 

0.000 0.000 0.000 -2.887 
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Upon entry to MATCON, we set NH• 2 as one-half of the 

bas i s dimension. ID• 2 would be entered to indicate the 

original basis is quadratic. H would contain the above 

numbers, i.e. H(l,l) • 0.0, H(l,2) • -7.071, H(2,l) • 

7.071, H(2,2) • 15.00, etc. The B array would contain the 

following values: 

8(1) • P1 • 0.3 , 8(2) • ql • 0.02 

8(3) • P2 • 0.1 8(4) • q2 -0.12 , 

After exit from MATCON, ID would still be• 2, indicating 

that no fault had occurred, and H would contain the fol­

lowing _matrix 

10.000 0.000 U.000 0.000 

-14.140 5.000 0.000 0.000 

11.550 -8.160 3.330 0.000 

-10.000 1.011 -5.770 2.500 

This output matrix His the representative of the integra­

tion operator on the simple Kautz basis generated from the 

same exponents as the quadratic basis, th3t is, in this 

case, from the exponents of the following set of exponen­

tials: 
-0.2t -0.3t e , e , 

Signal Analysi s Subro tine SA-7 

1. IDENTIFICATION 

-0.4t e 

Matrix representative on a quadratic Kautz basis of a ration­

a l system function specified in the frequency domain. 

2. PURPOSE 

A subroutine to determine the matrix representative, H, of a 

linear, physical , stationary stable operator relative to a 

quadratic Kaut z basis with basis quadratic factors 
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2 s +pis+ qi' i•l,2, ... ,NH, where the operator has frequency 

domain representation: 

HNUM
1

sM 
H( s) • 

+ ... 

3. USAGE 

A. Calling sequence: 
CALL OPROJ(M,HNUM,L,R,T,NH,P,Q,H) 

B. Identification of input variables: 

M, the degree of the numerator~ as above, 

HNUM, linear array of the numerator coefficients, as above, 

L, as above, 

R,T, linear array of Rk, Tk, as above, 

NH, one-half of the ~u~dratic basis dimension, as above, 

P, linear array of the quadratic basis parameters 

P1 ' ••• 'PNH' 

Q, linear array of the quadratic basis parameters 
q1,·•,qNH 0 

C. Identification of output variables: 

H, a two dimensional array containing the matrix repre­
sentative of the operator H(s). 

D. Restrictions: 

M ~ 20; L,NH, S 10; M :S 2L. 

The basis may contain only simple left-plane poles (not 
j-axis poles). 

H(s) may contain only simple left-plane and J-axis poles. 

H must have row dimension 20 in the calling program. 
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E. Example: 

Suppose we wished to determine the matrix representative 

of the operator having frequency domain representation 

H(s ) .l.O on the quadratic Kautz basis with basis 
s 2 + 1.0 

quadratic factors s 2 + 2.0s + 2.~ 

s 2 + 0.05s + 1.0 

We would enter to subroutine OPROJ the following 

arguments: 
M • 0 

HNUM(l) • 1.0 

L • 1 

R(l) 

NH• 
P(l) 

P(2) 

• 
2 

• 

-

0.0, 

2 .0, 

0.05, 

T(l) • 1.0 

Q(l) -2.0 

Q(2) • 1.0 

After exit from OPROJ the H array would contain the 

following values: 

-0. 20 -0. 56 0.00 0.00 

0. 56 0. 60 0.00 0.00 

2.53 7.15 0.00 -20.00 

- 5 .06 3. 58 20.00 1.00 

whic h is the matrix representati ve of the given operat0r 

on the prescribed basi s . 

F. Comment: 

The 2x2 skew-symetric ent r i ~s along the diagonal of Hare 

the matrix equiva lents o f comp l ex numbers. It will be 

not e d that throughout t his work complex numbers have been 

a vo i ded by always using independent real quadratic factors 

r ather than two compl e x l inear factors. These basis ele­

ments taken in pairs a r e entirely equivalent, but by using 

t hem we avoid the problems of complex arithmetic. 
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Signal Analysis Subroutine SA-8 

1. IDENTIFICATION 

Matrix representative of integration operator on a quadratic 

Kautz basis, (FORTRAN) R. N. McDonough 

2. PURPOSE 

A s ubroutine to determine the matrix representative of the 

integration operator, o-1, with respect to a quadratic Kautz 

basis. 

3. USAGE 

A. Calling sequence: 

CALL INTOP(NH,B,H) 

B. Identification of input variables: 

NH, one-half of the basls dimensionality, 

B, linear array of ttn:: quadratic basis parameters, 

ordered 

C. Identification of output variables: 

H, the matrix representative of the integration operator 

on the given basis. 

D. Restrictions: 

NH ~ 10 

H must have row dimension 20 in the calling program. 

E. Example: 

Suppose we want to determine the matrix representative of 

o-1 on the quadratic basis specified by these basis 

quadratic factors 
s 2 + 0.3s + 0.02 

s 2 + 0.7s + 0.12 

Upon entry to INTOP, NH• 2, and the B array contains: 
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8(1) •pl= 0.30 , 8(2) • q1 • 0.02 

8(3) • p 2 = 0.70 , 8(4) • q 2 • 0.12 

After exit from INTOP the two-dimensional H array would 
contain the following values 

0.000 -7.071 0.000 0.000 

7.071 15.000 0.000 0.000 

0.000 0.00 0 0.000 -2.887 

0.000 18.710 2.887 5.883 

This is the matrix representative of the integration 
operator on the given quadratic Kautz basis. 

- - --------------
Signal Analysis Subroutine SA-10 

1. IDENTIFICATION 

Matrix representative of a special low-pass operator on a 
quadratic Kautz basis, (FORTRAN) R. N. McDonough 

2. PURPOSE 

A su~routine to determine the matrix representative, H, of a 
linear, physical, stationary, stable operator on a quadratic 
Kautz bas i s, where the operator has frequency domain repre­
sentative: 

H( s) • 
2L-1 s 

L 
1(( S

2 R T ) + i 6 + 1 
1•1 

3. USAGE 

A. Calling sequence: 
CALL OPRO(L,R,T,NH,P,Q,H) 

, 
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B. I dentification of input variables: 

L, as above, the number of operator quadratic factors, 

R, linear array R1 , ... ,R1 , 

T, linear array T1 , ... ,TL, 

NH, one-half of the quadratic basis dimension, 

P, linear array of the quadrat c basis parameters, 

P1, ••• ,PNH' 

Q, linear array of the quadratic basis parameters, 

q 1' ••• 'qNH. 

C. Identification of output variables: 

H, the computed operator matrix representative, H. 

D. Restrictions: 

L ~ NH; NH ~ 10, 

H must have row dimension 20 in the calling program. 

Ri,Ti, must be!:: o. 
E. Example: 

Suppose we wished to determine the matrix representative 
of an operator, H, having frequency domain representation 

H( s) = s 
? on the quadratic Kautz basis having 

s- + 1.0 
basis quadratic factors 

s 2 + 2 .0s + 2.0 

s 2 + 0.05s + 1.0 

We would enter to OPRO the following values: 
L = l 
R(l) = 0.00, T(l) • 1.0 
NH= 2 
P(l) • 2.0, Q(l) = 2.0 
P(2) • .05, Q(2) • 1.0 
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After exit from OPRO the H array would contain the 

following values: 

0.40 -0.28 0.00 0.00 

0.28 o.so 0.00 o.oo 

-5.06 3.57 20.00 0.00 

-2.53 -7 . 15 0.00 20.00 

This is the matrix representative of the given H(s) on 

the prescribed quadratic Kautz basis. 

---------------== =---------------

( 
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Signal Analysis Subroutine SA-11 

1. IDENTIFICATION 
Matrix operations, (FORTRAN) L. O. Kelly. 

2. PURPOSE 
A subroutine to perform the following matrix operations: 

addition inversion 
subtraction 
transpose 
equality 

determinant 
multiplication 
scalar multiplication 

and to read input matrices, write output matrices, and 
set a matrix equal to zero. 

3. METHOD 

The method of determinant and inversion evaluations is that 
of Crout, which uses the latest Wilkinson prescription for 
best possible accuracy. 

4. USAGE 

A. Calling sequence: 

CALL S(OP,A,B,C,I,J)K,TEMP) 

B. Identification of input variables: 

The definitions of the arguments depend on the operation 
being performed; however, in general the variables have 
the following meanings: 
OP, a code number of the operation to be performed, 

A,B,C, the matrices of the equation A• B ♦C, where tin­
dicates the operation identified by OP, 

f,~,K, parameters specifying the sizes of the matrices, 

TEMP, a code, us~ally used as an error flag. 

The following table indicates the definitions of the 
arguments for each operation: 
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OPERATION OP I,J,K, - RESTRICTIONS 

addition A• B+C 1 I• # or rows of A 

J• fl of cols. of A 

subtraction A•B-C 2 I• fl of rows of A 

J• fl of cols. of A 

multiplication 3 I• fl of rows of B Name of A cannot be 

A • BxC J• fl of cols. of B name of C or B. , 
K• fl of C ls. of C 

inversion A• s-1 4 I• fl of rows of B A variable TEMP must 

be specified, as upon 

return TEMP•O if a is 

not singular; Temp•l 

if Bis singular. 

determinant 

TEMP• detlBI 5 I• II of rows of B A matrix A must be en-
tered for use as 

temporary storage. 
Size of A • size of B 

transpose A• BT 6 I• II of rows of B Name of A cannot be 

J• II of cols. of B name of B 

equal A • B 7 I• fl of rows of B 

J• II of cols. of B 

clear A,B,C •O 8 I• # of rows of A,B,C 

J• # of cols. of A,B,C 

read input matrix A 9 K • the tape unit to be read. The 

row and col. indices of the first 

element read will be stored in I 

and J respectively. 

write output matrix 10 K• tape unit to be written on 

A I• II of rows of A 
J• # of cols. of A 
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OPERATI ON OP .!_, J ,K, 

scala r mu l tiplica- 11 I= N of rows of A 
tion A= aB J= N of cols. of A 

TEMP = a, t he scalar number 

row multiplication 12 

LA{J)xB(J,K )•C(K) 

I 

J= 
• 1 • 

fl of 

fl of rows of A,C 
cola. of A 

J K• II of cols. of B,C 

C. Operation notes: 

OP=4, inversion; if the matrix is singular, an error mes­
sage is printed and TEMP= 1 is returned, otherwise TEMP•O 
is returned. 

OP=5, determinant; for this operation an array A must be 
entered, and A must be of the same size as B. The A ar­
ray is used for in t ernal storage of the Crout decomposed 
matrix of B. 

OP=9, read operation; the elements are entered as follows: 
4 elements per card, the field for each element is 18 
positions l ong and cont a ins the row, col., and element 
respectively. The forma t for each card i s 4(2I3,E12.8). 
The elements may be entered in any order with the excep-• 
ti0n that the row and c ~l. indices of the first element 
entered wi ll be stored in I and J respectively. I f the 
matrix is cleared by OP 8 before OP 9 is executed, then 
zero elements need not be entered. A blank field ends OP 9. 

OP=8, clear operation; will clear one to three matrices. 
In each case there must be a variable entered for A,B, and 
C. For example: 

CALL S(8,A,B,C, I MAX,JMAX,O,O), will clear A,B, and C. 
CALL S(8,B,B,B,IMAX,JMAX,O,O), will clear B alone. 

OP=l2, row multiplication; this operation allows a one 
dimensional array, A, to be considered as a row matrix, 
and be multiplied on the right by a two dimensional mar ix 
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B, to obtain the row matrix C. Because A and Care one 

dimensional arrays, economy of CORE storage can be achiev­

ed. A,B, and C must oe dimensioned A(N),8(20,N),C(N). 

D. Restrictions: 

All arrays must have row dimension 20. This row dimension 

may be altered only by changing the dimension statements 

in routines Sand T, and recompiling. 

E. Comments: 

This program is a package consisting of two subroutines, 

Sand T. 

Subroutine Twas dev~loped at LMSD, California. 

F. Example: 

Suppose we wish to perform the following operations; 

read in matrices Hand G, where H has size NK•NK, and G 

has size NK•L. 

compute t -1 
w = H • G - - -

t t 
compute ~ = (~) 

The following FORTRAN dr i ver will accomplish the above 

operations: 

4 

5 

CALL S(8,H,G,G,20,20,0,0) 

CALL S(9,H,O,O,NK,NK,5,0) 

CALL S(9,G,O,O,NK,L,5,0) 

CALL S(4,E,H,O,NK,NK,O,TAG) 

IF (TAG) 5,4,5 

CALL S ( 3, '. T, E, G, N:~, NK, L, 0) 

CALL S(6,W,WT,O,NK,L,O,O) 

CALL S(lO,W,O,O,L,N ,6,0) 

CALL EXIT 

END 

-

clear H,G 

read H from tape 5 

read G from tape 5 

invert H 

-1 W'f = H • G 

W • WTt 

write Won tape 6 
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Si na l Analysis Subroutine SA-12 

1. I DENTIFICATION 

~igenvalues and eigenvectors of a real symetric matrix, 
(FORTRAN) R. N. McDonough 

2. PURPOSE 

A subroutine to determine the eigenvalues and eigenvectors of 
a real symetric matrix using the method of Jacobi. 

3. USAGE 

A. 

B. 

c. 

Calling sequence: 

CALL JACOBI{N,A,T,KTR) 

Identification of input variables: 

N, the order of the matrix A, 

A, the given matrix. 

Identification of output variables: 

A, on exit, the diagonal e lements of A contain the eigen­
values, 
T, a two dimensional array, the columns of which are the 
eigenvectors, ordered to correspond to the order of the 
eigenvalues in the diagonal elements of A. 

KTR, the number of iterations made by the routine. 

D. Restrictions: 

N ~ 20. 
A and T must have row dimension 20 in the calling program. 

E. Comments: 

If A is the zero matrix, the subroutine returns N • -1, 
and no results. 

If 1000 iterations are made and convergence does not take 
place, N • 0 is returned and A and Tare returned contain­
ing the results of the 1000 iterations. 



This r outine is conside r ably s lower than SA-12.5, subrou­

t i ne EIGEN, but for a poorly conditioned matrix it 1s 

s ome times more accurate. 

F. Example: 

Suppose the eigenvalue s and eigenvectors of the following 

matrix are de s ired. 

9 .0 6.0 -14.0 18.0 

6.0 -6 O . 8.0 -4.0 
A • 

-14.0 8.0 8.0 0.0 

18.0 -4.0 o.o 0.0 

We would enter the above A array and N = 4 to subroutine 

JACOBI. 

After exit from J ACOBI the A a rray wou l d have as ito 

diagonal elements A( l, l) = 26 . 752 , A( 2 , 2 ) = 0.0696, 

A(3,3) = - 26 . 659 , A(4,4) = - 5 . 162 , whic h a r e the eigen­

values. The T array , whose columns comp r ise t he eigen­

vectors , would contain t h f ol owing values : 

0 .7 871 0.1868 0 . 5192 - 0 . 2756 

0 . 0022 o . 8400 - 0 . 4591 -0.2890 
T = 

- 0 . 3166 0 .50 88 0 . 5864 0.5450 

0 . 5293 0 . 0230 - 0 . 4194 0.7372 

In this case KTR = 16 = the numbe r of i t e rat i ons required. 

= ==-=-=-=--==--=-=-=-- ----
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Sign 1 Analysis Subroutine SA-12.5 

1. IDENTIFICATION 

E genvalues and eigenvectors of a real symmetric matrix, 
(FOf.'rRAN) L. o. Kelly 

2. PURPOSE 

A subroutine to determine the eigenvalues and eigenvectors of 
area symmetric matrix using Givens' method. 

3. USAGE 

.A. • 

E. 

Calling sequence: 

~ALL EIGEN ( A, VALU, N, M) 

Identification of input variables: 

A, the given matrix 

N, the order of the input matrix A, 

!':!, a code; if the eigenvectors are not to be computed enter 
M = O; othe~wise enter M = any non-zero number 

C. Identificat i on of output variables: 

VALU, an array containing the eigenvalues, 

A, on exit, A contains the eigenvectors stored column-wise. 

D. Restr ctions: 

2 SN~ 20. 

A must have row d.1mens10n 20 in the calling program. 

E. Comments: 

The routine may occasionally fail to find all the eigen­
vec t ors associated with a multiple eigenvalue. 

Underflow may occasionally occur from predominantly or 
near-zero matrices. 
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F. Examples 

If the data presented 1 1 the example of the write-up of 

SA-12 were input to subroutine ElOEN, upon return from 

EIGEN the A array would contain the same values as the T 

array of subroutine JACOBI, while the eigenvalues would 

be stored in the VALU array. 

·- -----------~----
Signal Analysis Subroutine SA-1 3 

1. IDENTIFICATION 

Fourier spectrum of a sampled signal,(FORTRAN) 

R. N. McDonough 

2. PURPOSE 

Given 2N+l values of a signal f(t), sampled at t=O, lT, 

2T , 3T, .. . , 2NT, where T is the sampling interval, this 

subroutine ca lculates a specified number, K, of the coef­

ficients {a1}:, { ~1}:, r elevant to the expansion 

f(nT) = t3isin 
[ 

2Tr 

2N+1 

n = O, 1, 2 , ... , 2N 

hat is, only the coef icients ai, i = O, 1, ... K, and ~1 , 

i = 1, 2 , ... , K, ~re calcu lated in a given run. 

We have here a truncated discrete form of the Fourier rep­

resentation of a signal f(t) with period T : 

2 



f(t) = 

2. USAGE 

A. Calling sequence: 

CALL FORAN (NSP, F, K, A) 

B. Identification of input variables: 

NSP, the odd number of sample points in the F array; 

NSP = 2N+l, where N is as above, 

F, a linear array of the NSP sampled values of the given 

signal, 

K, a parameter to specify the number of Fourier coeffi­

cients to be calculated, that is ai , 1 = O, 1, ... K, and 

t3 1, i = 1, 2, ... , K are cal~ulated. 

C. Identification of output variables: 

A, linear array of the calculated coefficients, ordered so 

that 
A(l) 

A(2) 

... , 

D. Restrictions 

K~N 

E. Example: 

= a 
0 

= al, 

A(2K) = aK , 

A(3) = t3 1, 

A(2K+l) = t3K 

Suppose we wish to calculate the coefficients of the first 

3 (sin,cos) pairs of the Fourier expansion of a traingular 

wave oscillating between +l and -1 and of period 16, 

sampled at 17 points, with the time 1ncreme-,.t T • 11 
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Then upon entry to FORAN: 

NSP contains the number 17 

K contains the number 3 

~be F-array qontains the values: 

F = 
1 1 3 o, 4 , 2 , 4 , 1 J 1 i O _i, - 21· - 3 

''+'2''+', .,., , 1f 

-1, - ¾ , -

Upon exit from FORAN the A-array will contain the values: 

A(l) = 0.00 A(5) = -0.077 

A(2) = 0. 145 A(6) = -0.068 

A(3) = 0.774 A(7) = -0.111 

A(4) = 0.030 

Then the F-array can be approximated by an F'-array such 

that: 

F(I) : F'(I) = 0.145 cos 2rr(I-l) + 0.774 sin 2rr(I-l) 
17 17 

- 0.030 cos 4rr(I-l) - 0.777 sin 4v(I-l) 
17 17 

- 0.068 cos 6v(I-l) - 0.111 sin 6v(I-l) 
17 17 

Where I runs from 1 to 17. 

--- ----------- - --------------
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Signal Analysis Subroutine SA-14 

1. IDENTIFICATION 

Polynomial zeros, (FORTRAN) 
R. N. McDonough 

2. PURPOSE 

A subroutine to determine all zeros of a polynomial of egree 
N having real coeff i cients. 

3. METHOD 

A combination of Newton's and Bairstow's methods is used. 

4. USAGE 

A. Galling sequence: 

CALL ZEROS (N, A, NREAL, ROOTS, ACHECK) 

B. Identification of input var iables: 

l!, the degree of the polynomial, 

A, linear r rray of the coefficients of the polynomial 
ordered a s i n 

C. Identifi cation of output variables: (When no fault has 
occurred.) 

NREA L, number of rea l zeros found, 

ROOTS , linear array of t he zeros found order such that: 

ROOTS1, ... , ROOTSNREAL are the real zeros, 

ROOTSNREAL + l ± J(ROOTSNREAL + 2 ) is the first conjugate 
pa ir of complex zeros. 

Etc . 
• 
• • 
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ROOTSN-l + J (ROOTSN) is last conjugate pair of complex 

zeros, 

ACHECK, l i near array of coefficients of a polynomial con­
structed from the zeros found by the routine, ordered same 
as the A array. 

C. Identification of output variables in the case of a fault: 

Note: A fault may occur i n the subroutine due to failure 
to converge after a reasonable number of iterat1one, 
or because of most unusual symmetry in the locations 
of the zeros. The presence of a fault is indicated 
by NREAL returned a s negative. In this case output 
variables are def i ned as follows: 

NREAL, - the number of r eal zeros found up until the fault 
occurred +1, 

ROOTS, linea r array of zeros found up unt i l the fau l t oc­
curred, ordered i n the same way a s the ROOTS array for the 
normal case , 

ACHECK, coeff i cients of a polynomia l cons t ructed from the 
zeros a t ual l y found, ordered in t he same way as the 
ACHECK array in t he normal case, except tha t ACHECK (2) is 
the coeffici ent of the highes t power of X, ra ther than 
A CHECK ( 1), 

N, an input va r iable , is changed upon r e turn to equa l the 
t otal number of zeros found up unt i l the fault occurred. 

D. Res t r i ctions: 

N ~ 50 

ACHE CK must have dime nison = N+2 or gr ea t er in calling 
program . 

E. Comments : 

Ac curacy of t he zeros i s estimat ed as seven figures, ex­
cept t ha t a mult i ple zero will be found as a group of 

""-int::IWI _________________ _ 
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slightly separated simple zeros and accuracy drops to per­
haps four figures. 

The A array is destroyed before return. 

F. Example: 

Suppose we wished to determine the zeros of the following 
polynomial x3 + 3x2 + x - 5 

On entry to subroutine ZEROS N, the degree of the poly­
nomial, = 3 and the A array of coefficients would have the 
values A(l) = 1.0, A(2) = 3 .0, A(3) = 1.0, A(4) = -5.0 

On exit the arguments would contain the following values 

NREAL = 1 

N = 3 

ROOTS(l) = 1.0, ROOTS(2) = -2.0, ROOTS( 3 ) = 1.0 

ACHECK(l) = 1.0, ACHECK( 2 ) = 3 . 0 

ACHECK( 3) = 1 .0 , ACHECK(4) = - 5 . 0 

This m~ans that N = 3 roots w r e found, 1 of which was 
real. The real zero, s ored in ROOTS(l) is 1.0, and the 
conjugate pair of complex zeros is ROOTS(2) ± JROOTS(3), 
that is - 2 .0 ± J l.O. 

The check polynomi~l cons t ructed f1 ·om the computed zeros 
is x3 + 3x2 + x - 5 wh ch is identical to the input poly­
nomial . 

The A array has been destr yed . 

._ _____________ - - --------------



-46-

Signal Analysis Subroutine SA-16 

1. IDENTIFICATION 

Laurent expansion of a rational function, (FORTRAN) 
Bell Telephone Laboratories 

2. PURPOSE 

A subroutine to determine the coefficients h~n), fork< 0, 

in the Laurent expansion of a rational function 
N N-1 a 1s + a 2s + ..... + aN+l 

H( s) • C------------­ • ~ h(n)(s-s )k ~ k n ( s-s1 ) ( s-s 2 ) . . . ( s-sM) k=-L 
L~M 

about each of its poles, s1 , s 2 , ... ,sn,···,sM, given the 
values of the poles, the numerator coefficients, a1 , ... ,aN+l' 
and the scale factor, C, thus determining, more particularly 
the residue of H(s) at each of its poles. 

3. USAGE 

A. Calling sequence: 

CALL RESDU (A,N,C,M,ALPHA ,BETA,MULT,K,RR,RI,AM,AN) 

B. Identificat ion of input variables: 

A, a line~r a rray of the numerat or coefficients of H(s), 
as ab ove, 

N, the degr ee of the nume rator, as above 

C, the s cale factor of H(s ), as above, 

M, the degree of the denominator of H(s), as above, 

ALPHA, a linear array of the r eal parts of the distinct 
poles of H( s ), 

BETA, a linear array of the imaginary parts of the dis­
tinct poles of H(s), that is, with reference to the above 
express10n of H(s), sn • ALPHA(n) ± JBETA(n), 



ULT, a linear array 1 t e multiplicities of the distinct 

poles of H(s), (FORTRAN fixed integers). Note: a conju­

gate pair of complex poles is to cunt as one distinct 

pole. That is, to enter the conjugate pair of poles a+JS, 

a-JS, enter ALPHA(n) • a, BETA(n) • S, MULT(n) • 1, 

K, the number of distinct poles of H(s). The note above 

applies. 

C. Identification of output variables: 

RR, a two dimensional array of the real parts of the res­

idues, (this array contains the information printed under 

R-RESIDUE), 

RI, a two dimensional array of the imaginary parts or the 

residues, (this array contains the information printed 

under J-RESIDUES), 

AM, a two dimensionaj_ array of the magnitudes or the res­

idues, (this array con~ains the information printed under 

AMPLITUDE) ,. 

AN, a two dimensional array of the phase angles of the 

residues, (this array contains tbe information printed 

under ANGLE) . 

D. Restrictions : 

For a rea l pole t he mu l t ip lici t y must be less than or 

equal to 8. 

For a comp l ex c onj ugat e pair of po l es the multiplicity 

must be equa l to 1. 

KS 64, i .e., the number of distinct poles cannot exceed 

6 ' . 

N < M, 1 . e ., t he degree of the numerator of H( s) must be 

l ess t han the degree of the denominator. 

The arrays RR, RI, AM, AN, must all have row dimension 64, 

and column dlmension at least as large cs the highest 



A(l) • 1.000 

A(2) • 5.583 

A( 3) • 9.917 

N • 5 

C • 12.00 

M • 6 

ALPHA(l) • 0.0 

ALPHA(2) • 1.0 

ALPHA(3) •-2.0 

ALPHA(4) • 1.0 

K • 4 

-49-

A(4) • 5.333 

A(5) •-3.500 

A(6) •-3.333 

BETA(l) • 0.0 

BETA(2) • 0.0 

BETA(3) • 0.0 

BETA(4) • 1.0 

MULT(l) • 1 

MULT(2) • 1 

MULT(3) • 2 

MULT(4) • 1 

The following printout would be returned: 

ROOT ORDER R-RESIDUE J-RESIDUE AMPLITUDE ANGLE 

l 1 5.0 0.0 s.o 0.0 

2 1 4.0 0.0 4. 0 0.0 

3 1 3.0 0.0 3.0 0.0 

3 2 1.0 0.0 1.0 0.0 

4 1 1.0 2.0 2.236 63.43 

indicating that 

H(s ) - 5.0 + 4.0 + ~- 0 + 1.0 + .!...{¾rl-2 + 1 -2 j 
s s-1 (s+ 2) 2 ~ s+j+ s+J-1 

The RR array, for examp le , would te returned as follows: 

5 .0 0.0 7 
4.0 0.0 

RR • 
3.0 1.0 

1.0 0.0 

]~~------------~----------------
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order pole of H(s). 

E. Output: 

This subroutine causes the arrays RR, RI, AM, AN to be 
print~d out in the following way . . The poles are assigned 
serial numbers and the pole wit.ti which each coefficient 
is associated i s indic ted by pr1~11\f the serial number 
of that pole in the column headed ROOT. The term in the 
series about a particular pole with which each coefficient 
is associated is indicated by a number in the column head­
ed ORDER, the lowest orde r term being the multiplier of 
the algebraically leas t power of (s-sn) in the series 
about that pole, (thus the highest "order" term is the 
residue of that pole). For each coefficient, the real 
part, the imaginary part, the magnitude, and the phase an­
gle in degrees are printed in columns headed R-RESIDUE, 
J-RESIDUE, AMPLITUDE, and DEGREES, respectively. 

The numbers printed by this subroutine under ROOT and 
ORDER are the row and column indices, respectively, of the 
RR, RI, AM, AN arrays in which the information on that 
line of printing will be found. 

F. Comment s : 

SA-16 is a package of eigh t interlocking ~ubroutines 
named: RESDU, POLYEV, FA CTEV, POLY, NFAC, DERIV, COLL, 
CMPLX. 

G. Example: 

Suppose we wished t o process 

s 5 + 5.583s 4 
+ 9.917s 3 + 5.333s2 - 3.50s -3.33 

H(s) • 12.0------------------------
s(s-l)(s+2) 2(s+l+j)(s+l-J) 

We woul d ente r the fo llowin6 arguments to subroutine 
RESDU: 

.... 
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Signal Analysis Subroutine SA-17 

l. IDENTIFICATION 

Discrete orthonormal filter routine, (FORTRAN), 
W. H. Huggins, T. Y. Young. 

2. PURPOSE 

The purpose of this subroutine is, given the p and q paramet­
ers defining a quadratic Kautz basis, and given sampled val­
ues of a signal, to calculate the coordinates on the given 
quadratic basis of that signal, either at some prescribed 
epoch, or at the calculated epoch when the projection of the 
input signal is a maximum. Provision is made t~ perform a 
linear transformation on these coordinates. 

3 ■ METHOD 

The orthonormal filters are formed according to the prescrip­
tion of Kautz as modified by Young to be orthonormal in the 
sampled data representatio . See introduction for definition 
of the quadratic Kautz basis. 

4. USAGE 

A. Calling sequence: 

CALL YOUNG(NSP,TINC,F,NH,B,FB,KEPOCH,EF,EFBC,M,G,FBG,FBC) 

B. Identification o input variables: 

ti.CU:., the number of sample points of the input signal, 

TINC, the time increment between successive sample points 
of the input signal, 

F, a linear array of NSP sampled values of the input 
signal, 

NH, one-half of tne quadratic basis dimensionality, 

B, a linear array of' the quadratic basis parameters, 
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i n orde r 

KEPOCH, index of the input signal at the epoch instant; to 
have the subroutine search out the instant at which the 
energy of the projection of the input signal on the quad­
ratic basis is a maximum, enter KEPOCH•O, 

M, a control parameter; 
M • o, for no output from the linear transformation, 
M •-1, for no output from G and for no complementary 
signal, 
Otherwise M equals the number of outputs of the linear 
operator G desired, that is, M • the column dimension of 
the G array, 

~, a (2NH)x(M) matrix defining the auxiliary linear oper­
ator G. 

C. Identification of output variables: 

FB, a linear array of the coordinates of the input signal 
on the quadratic Kautz basis at the epoch instant, 

KEPOCH, if KEPOCH • 0 i s entered, then after exit from 
YOUNG, KEPOCH contains the calculated epoch index, 
EF, the maximum energy of the projection of the input 
signal on the prescribed basis, 

EFBC, the energy of the complementary signal at the epoch 
ins ant, 

FBG, an (NSP)x(M) array containing the time sampled out­
puts of the auxiliary linear operator G, 

FBC, linea:-- array of sampled values of the complementary 
signal. 

D. Options available: 

To prevent 1nitial1 2ation of the filters to zero state, 
enter NSP • -NSP. 

To process the signal in reverse 01der, (that is to pro-
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cess the array P(NSP),P(NSP-1), ... ,P(l) ), enter 
TINC • -TINC. 
To prevent recomputation or the tilter parameters, enter 
NH• -NH. 

E. Reatrictiona: 

NH~ 10 
NSP $ 500 
G, 1r used, must have row dimension 2ft, 
PBG, 1r used, must have row dimension 500. 

P. Comments: 

If no transformation operation is to be performed on the 
time sampled filter outputs, enter Gas the unit matrix. 

Note that a signal of any number of sample points may be 
processed by entering 500 points at a time, and on each 
call after the first, entering NSP • -NSP to prevent 
initialization or the filters. 

An output package, YGOUT, is available under the listing 
SA-17.1. This subroutine has the same argument list as 
YOUNG and causes the printout or all relevant information 
if called immediately after a call to YOUNG. 

G. Example: 

See the exainple following the write-up or SA-17.6. 

H. Schematic: 

The sketch on the following page is intended to clarify 
the inter-relationships of the program variables. 
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• 

--------------- ---------------
Signal Analyaia Subroutine SA-17.1 

1. IDENTIFICATION 

Output package for SA-17, (FORTRAN), J. R. Sopko. 

2. PURPOSE 

A subroutine to cause the printout of the values ofall input 
and output arguments of subroutine YOUNG, SA-17. Plote ot 
the input signal and the complimen.tary signals are also aade. 

3. USAGE 

A. Calling sequence: 

CALL YGOUT(NSP,TINC,P,NH,B,PB,KEPOCH,EP,EPBC,M,G,PBO,PBC) 

B. Operation: 

Call YGOUT immediately after a call to YOUNG, and with the 
same argument 11st. 

------------------------------
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Stgnal Analysis Subroutine SA-17.5 

1. IDENTIFICATION 

Continuous orthonormal tilter routine, (FORTRAN), 
w. H. Huggins, J. R. Sopko. 

2. PURPOSE 

The purpose or this subroutine is, given the p and q paramet­
ers defining a set or orthonormal quadratic Kautz tilters, 
to: 

.A, generate sampled values or the continuous unit impulse 
respondes or the Kautz filters, 

R.• establish· the coordinates on the quadratic Kautz basis 
or a continuous input signal, r(t), at some prescrib~d 
epoch, given sampled values of that signal, 

~- establish the epoch at which the projection on the 
Kautz bdsis of a given input signal, f(t), is a maximum, 
and to measure the coordinates at this instant. 

3. METHOD 

This subroutine establishes all necessary linkages for the 
formulation, solution, and storage of the differential equa­
tions relevant to filtering with Kautz filters. The actual 
solution of the differential equations is accomplished using 
BCC Library routine 5.02.05, NOLl, which employs the Adams 
Moulton prediction-correction method. The user is referred 
to the BCC Library write-up of routine 5.02.05 tor details 
concerning this technique. 

la. USAGE 

A. Calling sequence: 

CALL KAUTZ(M,NSP,P,TINC,DELT,N,P,Q,YD,KEPOCH,FK,FC,EP,EPC) 

B. Identification o f input variables: 

• 

C 



~. a control parameter; 
M • 1, for purpose a., 
M • o, for purpose b., 
M •-1, for purpose c., 
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NSP, the number of sampled values in the input signal -
array, P, for the M • 0,-1 operations; for the M • +l 
operation, NSP • the number or unit impulse response val­
ues to be generated for each filter, 

~. a linear array or the sampled values or the signal to 
be filtered, (for the M • 1 operation enter a dummy argu­
ment), 

TINC, a constant time interval between successive sample 
pointG or the P array; for the M • 1 operation, TINC • 
the time increment between successive computed values of 
the unit impulse responses, 

DELT, a computational time increment used in the solution 
or the filtering equations, (see restrictions), 

N, the dimensionality of the quadrati e Kautz basis, that 
is, the number of filters to be used, 

P, a linear array of the p quadratic basis parameters, 

i, a linear array of the q quadratic basis parameters, 

KEPOCH, the index or the F array at the epoch instant; 
must be specified for the M • 0 operation, is calculated 
in the M • -1 operation, (for the M • 1 operation, enter 
a dummy variable). 

C. Identification or output variables: 

YD, a lin~ar storage array of filter output, input argu­
ments, etc., see comments for contents, 

~~~ocH, the calculated index ot the P array at the epoch 
instant of the input signal F, for the M • -1 operation, 

PK, a linear array or coordinates or the input signal on 
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the quadratic Kautz basis at KEPOCH, 

!!,£, a linear array or NSP sampled values or the comple•n­
tary signal at intervals or TINC, 

§!, the computed energy or the input signal at KEPOCH, 

~. the energy or the complementary signal at K!POCH. 

D. Restrictions: 

NSP S 500, N ~20, DELT ~ TINC, DELT ~ 0.010• 

TINC/DELT • an integer, 

For stability reasons, DELT should meet the rollowing 
restriction with respect to the set or exponents a1 , 
rrom which the p and q parameters are generated: 

DELT~ --•-- , where s1 is the imaginary part o( 
10.0•smax 

For all calls to KAUTZ an array or dimension 11100 must be 
ent~red for YD. 

E. Auxiliary subroutines used: 
KAUTZ employs the following auailiary subroutines: 
NOLl, BCC Library routine 5.02.05, 
DERIV, required by NOLl, 
TERM, required by NOLl, 
OUT, required by NOLl. 

A source deck for r utin. s KAUTZ, DERIV, TERM, and OUT 
combined into a single package is available on the Signal 
Analysis Source Library tape. NOLl is ~vailable under a 
separate listing on this same tape. 

F. Comments: 

KAUTZ assumes initial time is zero and runs until time 
TMAX • (NSP-l)•TINC in all modes or operation. 

• 
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KAUTZ carries out a linear interpolation on the input sig­
nal when DELT < TINC. 

An output package, KZOUT, is available tor printing out 
all relevant variables or KAUTZ in an appropriate roraat. 
See SA-17.5. 

The input array, P, is pro~essed by KAUTZ in the order 
P(l),P(2), ... ,P(NSP). Thus any reversals or the input 
signal must be accomplished before calling KAUTZ. 

See the introduction for definitions or the quadratic 
Kautz basis, p and q basis parameters, etc. 

The YD array is alloted as follows: 

YD(l) thru YD(20) - working space ror NOLl 
YD(21) thru YD(40) - P(l),Q(l), ... ,P(NH),Q(NH) 
Y0(41) • 0.0 
YD( 42) • DELT 
YD(43) • TINC 
YD(44) • TMAX 
YD( 45) • N 

YD(46) • 1.0 
YD(47) • NSP 
YD(48) • M 

YD(49) • a storage control parameter for NOLl, LI 
YD(50) • the current value of the complementary signal 
YD(51) thru YD(90) - normalizing constants~, l2p1q1 , .. 

••• ,,2PNH' 12PNHqNH. 
YD(91) • the current value of EF 
YD(92) • the current value of EFC 
YD(93) • the current maximum value of EP-EPC 
YD(94) • KEPOCH 
YD(95) • EF at KEPOCH 
YD(96) • EPC at KEPOCH 
YD(97) thru YD(lOO) - nothing 
YD(lOl) thru YD(600) - the input signal array, P 
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YD(60:l~ hru YD(llOO) . , - output or tirat Kautz tilter 

YO(ll thru YD(l600) - output or the second Kautz tilter 

• 
• 

YD(l0101) th~u YD(l0600) - output or twentieth Kaut• tilter 

YD(l0601) thru YD(lllOO) - the complementary error signal. 

a. Example: 

See example beginning on following page. 

--------------- ---------------
Signal Analysis Subroutine SA-17.6 

1. IDENTIPICATION 

Output package ror SA-17.5, (FORTRAN), J. R. Sopko. 

2. PURPOSE 

A subroutine to cause the printout of the values of all input 

and output arguments or subroutine KAUTZ, SA-17.5. Where 

relevant, plots or the input signal and the comp~ementary 

signals are made. 

3. USAGE 

A. Calling sequence: 

CALL KZOUT(M ,NSP ,F, TINC, DELT ,N, P ,Q, YD,KEF10CH ,FK ,PC ,EP ,EPC) 

B. Operation: 

Call KZOUT immediately after a call to KAUTZ, and with 

the same argument list. 

--------------- - --------------



An example to illustrate a possible use or sub­
routines SA--17, and SA-17 .6. 

In Part I or this r•eport series ( "The Use or Orthgonalized Ex­

ponentiala," by W. H. Hugg1na, page 53 et.aeq.) the repreaentatlon 

of a triangular pulse, implemented with analog equipment, waa 

described. An orthonormalized exponential basis (the "a1Jnple 
Kautz basis" or the present report) was constructed from the 
exponentials e-l.St, e-1 •2t, e-o.St, e-o. 4t, and the represent-

ative of a tria.ngular pulse on ·this basis was measured at 

various prescribed epochs. As an example of a possible use or 
subroutines KAUTZ and YOUNG we will carry out an equivalent 

analysis of a triangular pulse. 

As in the example referenced, we will use an orthonormalized 
exponential basis constructed from the exponents e-l.St, e-1 •2t, 

e-0 .St, e-0 •4t, the quadratic .Kautz basis ( see introduction for 

definitions of quadratic and simple Kautz bases). The components 
or this 4 dimensional quadratic Kautz basis are expressed in the 

frequency domain as 

I +1> ,.._,+1<s) 
f .G's 

=-
82 + 2.8s + 1.92 

+ 2< s) . ilO .z I I ♦2> ,...._, - 82 + 2.8s + 1.92 

~2 .4o's 
[

82 
I ♦3> ,....,, 

+3(s) 
- 2.8s + 1.92 ] - 82 + 82 1.208 + 0.32 + 2.8s + 1.92 

,.._, +4(s) 10 .769° 
[

82 I +4> - 2.88 + 1.92 ] - 62 0.32 82 
~ 1.208 + + 2.8a + 1.92 

Figure I cont ains plots of these four quadratic Kautz basis 
components as functions of time. Fach plot, generated by 

subroutine CPLOT, SA-31, 18 a continuous curve through 130 

sampled values of the unit-impulse response of the corresponding 
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Kautz filter. In each plot the signal is normalized to its 
extreme values. These sets of sampled valued were generated by 
subroutine KAtrl'Z (SA-17.5), responding to the following call. 

CALL KAUTZ(l, 130, DUM, T, DELT, 4, P, Q, YD, DUM, PK, PC, DUM, DUM) 

where: T - DELT - 0.10 seconds 

P(l) - -81 - 82 - 2.80 

Q( 1) - 81 • 82 - 1.92 

P(2) - -83 - 84 - 1.20 

Q(2) - 83. 84 - 0.32 

DUM - a dummy argument. 

The sampled values of the .filter unit-impulse responses are 
returned, stored in the YD array . 

. For comparison, Figure II contains similar plots of tne four 
corresponding simple Kautz basis components. Tnese components 
comprise the basis collection F t-1.e, o.4, 4} descrioed and 
used in Part I of tnis report series. Tney are: 

-----{ r1 {s) 
= 

[2.8' 
s + 1 .6 

Ip~ 

Jr[e-t.St] rl{t) -
J2 .4

1 

{

r2 {s) 
[

s - 1.6 J - s+ 1.2 s + 1.6 

IF~~ 

2.Jf;'[-a.oe-1•6t + 7 .oe-1.2t] f2(t) -



- • ~-8 [: : ~ :: ][: : ~ :: ] 
• 2 .Jt-'f28 .Oe-1.Gt - 42 .oe-1. 2t + 15 .Oe -O .St] 

We will analyze a pulse, g(t), which rises ~bruptly at its epoch, 
te, to a positive v&lue, (1.0), then decays 11naarly, 
the value 0.0 after 1-0. seconds. '!he pulse will be 
by an array or 200 sample points, stored in the array 
separated by equal time increments, T ~ 0.10 seconds. 
epoch inc,ex or the signal 1a 100, corresponding to the 
time te • 10.0 seconds. 

Diagram: 

1. o· ·-

t ~ 

assuming 
represented 
o, 
'lbe actual 
epoch 

t•0.l, 0. 2, ... ... ,t•l0.0•te,••• ... ,t•20.0 

I•l, 2, . . . . • • • • • • ,I•lQQ I•••• . .. ,I•200 

Where t is time in seconds; I 18 the index or the 0 array. 
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·we wish to determine the optimum representative (under the 
criterion of least mean squared error) of this signal lo) on 
the prescribed four dimensional quadratic Kautz basis. We use 
subroutine YOUNG, setting KEPOCH • O, initially, to indicate 
that the subroutine ia to set KEPOCH equal to the index of the 
O array which corresponds to that instant when the energy of 
the projection of I a) on the prescribed basis is a maximum. 
To carry out the .filteri~g process correctly we must reverse 
lo) about t • O (see introduction). That is, the sampled 
values representing I G) must be input to the YOUNG filter 
network in reverse order, viz: 0(200), 0(199), ... , 0(1). 
Setting TINC • -T • -0.10 in the calling sequence of YOUNG 
accomplishes this. The following call to subroutine YOUNG is 
made: 

TINC • -0. 10 

NH= 2 

M = -1 

KEPOCH = 0 

B(l) = P(l) 

B(2) = Q(l) 

B(3) = P(2) 

B(4) = Q(.2) 

CALL YOUNG(200, TINC, G, NH, B, FB, KEPOCH, EF, EFBC, M, DUM, 

DUM, FBC). 

Upon return KEPOCH = 100; thus, the subroutine has correctly 
detennined the natural signal epoch. The representative or I G) 
at this epoch, stored in the FB array, is 

0.12355 
1.46808 
o.42857 
1.00562 
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The energy of this projection is EF • 3.383500 

Figure III is a plot of the actual traingular pulse, I G), 
together with the approximation determined by subroutine YOUNG. 
This approximation is 

g(t) z g
1 
(t) - 0.12355 +1 (t)+l .46805 ♦2 (t)+o.42857 +3(t) 

+ 1.00562 c}4(t) 

To demonstrate the effict of choosing an epoch for the representa­
tion of I G} which differs from its natural epoch, KEPOCH was 
specified as 62, and the above call to YOUNG was repeated. 
The representative returned was 

9.) = 

-0.04446 
0.05500 

-0.40401 
1.64704 

The energy of this projection is 2.73133. In Figure IV, the 
approximation generated from this representative is plotted, 
superimposed upon the original pulse I G). As expected this 
inaccurate choice of signal epoch ( KEPOCH • 62 ~ t • 6 .2 seconds 
• te - 3.8 seconds) leads to a much poorer representation of the 
triangular pulse. 

-------------------------------
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Signal Analysis Subroutine SA-18 

1. IDENTIFICATION 

Inner product of two signals, each specified by rational func­
tions in the frequency domain, (FORTRAN) 

R. N. McDonough, O. M. Odell 
2. PURPOSE 

A subroutine to determine the inner product of two forward 
signals I F)and I o>having frequency domain representation: 

FN
1 

BK + FN sK-l + • • • + FNK+l F(s) 2 = 
FD

1sL + FD sL-l + • • • + PDL+-l 2 

GN
1sM + ON sM-l + • • • + GNM+l O(a) 2 = 

OD
1

sN + GD sN-l + • • • + ODN+l 2 

3. METHOD 

The inner product is calculated as the sum of the residues 
at the left-half-plane poles of either F(-s)ll(s) or 
F(B)G(-s); F(-s)o(s) if F(s) has the greatest number of 
left-half-plane poles, F(s)O(-s) otherwise. 

4. USAGE 

A. calling sequence: 

CALL INPRO (FN, K, FD, L, ON, M, GD, N, PRO, !FAULT) 
B. Ident i fication of input variables: 

FN, FD, GN, GD, arrays of polynomial coefficients as above. 
K, L, M, N, polynomial degrees, as defined under "Purpose." 

c. Identification of output variables: 

PRO, the inner product of I~ and Id), i.e. either (V l o) 
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or (a I F) depending on which of F( 8) and G( S) has 

the most left-half-plane poles. 

!FAULT, a fault indicator; if routine fails to operate 

!FAULT• -1 and no results are returned, otherwise 

IPAULT • O. 

D. Restrictions: 

K, L, M, N ~ 20, 

K+M < L+-N, 

No multiple poles in F(s) or G(s), 

No poles common to both F(s) and G(-s), 

No J-axis poles in F(s) or G(s). 

E. Conunents: 

The following subroutines are required: SA-14, ZEROS -

SA-16, RESDU - BCC 4.01.03, POLMUL. 

The residues are determined by subroutine RESDU, which 

causes the printout of a table of information concerning 

the residues. In general this printout may be ignored. 

P. Example: 

Suppose we wished to know the inner produc t of the 

following two signals expressed in the f requency domain: 

F(s) = 
s-1 

O(s) = 

= 

= 

s-1 
(s+l )(s+2J 

(s-1) (s-2) 
(s+l) (s+2) (s+3) 

Upon entry to INPRO the FN, FD, GN, and OD arrays 

would contain the following values: 
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FN(l) • 1.0, FN(2) = -1.0 

FD(l) • 1.0, FD(2) • 3.0, F'D(3) • 2.0 

ON(l) • 1.0, ON(2) • -3.0, ON(3) • 2.0, 

GD(l) = 1.0, OD(2) = 6.0, GD(3) • 11.0, OD(4) • 6.0 

And the polynomial degrees would be entered as follows: 

K=l, L=2, M=2, N=3 

After exit from INPRO, IFAULT = O would indicate that no 
fault had occur,.•ed, and PRO would equal O .o, which is · 
the inner prodi1.ct or the above two signals. 

Note that in tnis case, the 
evaluated as the sum of the 
poles of F(s) 0(-s) since 
plane poles. 

inner product would be 
residues at the left-half-plane 

G(s) has the most left-half-

------------------------------Signal Analysis Subroutine SA-19 

1. IDENTIFICATION 

Discrete Prony polynomial roots, (FORTRAN), 
R. N. McDonough 

2. PURPOSE 

A subroutine to determine a set of N exponentials for the 
representation of a sampled signal using the overdetermined 
d.:..screte form of Prony•s method. 
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3. METHOD 

Gi ven the NSP numbers, F1, ... , FNSP' this routine de­
termines the N solutions, x1, ~• ... , ~ of 

= 0, 

such that the eq ations 
N+l 

- 1, where a 1, ... , °N 

L F(K+i-1) Cli = o, ClN+l = 1, K•l, ••• NSP-N 
1=1 

are 

are satisfied under the criterion of least squared error, that 
is, such that 

NSP-N 

L 
K==l 

[ 

N+l l 2 L F(k+i-1P1 
1-1 

is a minumwn. 

4. USAGE 

A. calling seq1ence: 

CALL DISPRO(NSP,F,X,N,NR) 

B. Identification of input variables: 

NSP, the number of sampled signal values, 

!:, linear array of the sampled signal values, 

N, the number of exponentials to be found. 

C. Identification of output variables: 

!, linear ar~ay of the exponentials, ordered in the same 
way as array R~TS of subroutine SA-14, ZmpjS, 

NR, the number of real exponentials found. 

D. Restrictions: 

N ~20 

NSP ~ 2N 
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E. Comments: 

Note that the Xi are exponentials, not exponents; ho•-· 
ever, the X array is not the same as the XMlrfD array 
of subroutines SA-22 and SA-23. Subroutine SA-20, EXCflJN 
will convert tt&e X array of exponentials to the S 
array of exponents. Subroutine SA-20.5, ~NVRT will 
convert that S array to the XMfJD array. 
For a discussion of Prony 's method, the user is referred 
to Representation and Analysis .2!_ ,&ignals, Part XV, by 
R. N. McDonough. 

Error returns: if the normal equations for the determina-
tion of the ai 
are returned. If 
converge, returns 

are singular, NR • N + 1 and n~ results 
the polynomial zeros routine fails to 

NR negative and no results. 
The following subroutines are required: SA-11, S; SA-14, 
ZER~S. 

F. Example: 

Suppose we were interested in representing the signal 
f(t) = 2.oe-t - 1.oe-2 •0t + 0.25e-0 •1t using a 2 
dimensional exponential basis; that is, using a basis com­
posed of 

We wish to determine the two exponents s
1,s

2 , matched to 
the signal f(t), in the Prony sense. 
To accomplish this we might generate 10 sampled values of 
the signal f(t) separated by the time interval T • 1.0. 
This array of values would be entered as the F array; 
that is, we enter to DISPR~ 
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P(1) - o.a2ss P(6) - ,0. 1421 
F(2) - o.4570 P(7) - 0 .1260 
P(3) - 0.2823 P(8) - 0.1130 
P(4) - 0.2039 P(9) a: 0.1019 
P(5) - 0.1651 P(l0) • 0.0921 

We would enter NSP • 10, and N • 2. 

Upon return from ~ISPR~ NR • 2 indicates that no fault 
has occurred and that the exponents s

1
,a2, are real. 'lbe 

X array would contain 

X(l) = 0.93009 

X(2) = 0.44923 

The above X(l) and X(2) are exponentials, that is 
s 1T 

X( 1) • e , X(2) T is the sampling in-
terval • 1 .o. 
EXC~N, that 

It is easily found, perhaps using SA-20, 

81 = -0.07246 

82 = -0 .80020 

'lhus the two dimensional exponential basis matched to the 
given si~nal f(t) in the Prony sense consists of the 
functions, Yi = e-0.07246t 

1 
1/; . e-0.80020t 

--------------- - -------------
Signal Analysis Subroutine SA-19.5 

1. IDENTIFICATION 

Prony approximation package (FORTRAN). 
J. R. Sopko 
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2. PURPOSE 

This subroutine is essentially a coordinator of several other 
subroutines described in this library. 'Itle purpose ot this 
routine is, given sampled values or a signal, t(t), to: 

N 
calculate theNProny exponents {a1J1 

and least square coef-
ficients {ail relevant to the approximation 

1 

Perform an error analysis with respect to this approximation, 
print out all relevant data in an appropriate format, and 

provide plots of the input, approximation, and error signals 
( if so desired) .. 

3. METHOD 

To accomplish the above purpose this subroutine makes use of 
the following auxiliary subroutines, also described in thie 
library: 

SA-19 ·DISPRO 

calculates the Prony exponentials using the over­
dete~1111ined discrete form or Prony'a method, 

SA-2O EXCON, and SA-20.5 CONVRT 

calculates the Prony exponents from the Prony exponen­
tials; CONVRT calc1Jlates the XMOD array for SA-22, 23, 

SA-22 COMPO 

calculates the least square coefficients relevant to 
the Prony exponents, 

SA-23 EXSOEN 

generates the approximation, 

• 



SA-24 ERROR 

performs the error analysis, 

SA-26 APRINT (modified) 

prints out arrays of complex numbers in appropriate 
format, 

SA-32 PPLOT 

prints out plots of input, approximation, and error . 
signals, 

BCC routines 1.04;06 and 1.04.061 calcomp plotter routines 
for the same purpose as PPLOT. 

For specific details concerning the method of each auciliary 
subroutine, the user is referred to the individual write-ups 
included in this library, and the BCC files. 

4. USAGE 

A. C&lling sequence: 

CALL PRONY (NSP, F, TINC, N, KPLOT, S, A, PCERR) 

B. Identification of input variables: 

~, number of samples in the input data array F(I), 

F{I), sampled values of input signal to be approximated, 

TINC, time increment between successive samples in F(I), 

,!!, number of exponents to be used in the approximation 

KPLOT, plotting control parameter 

KPLOT = 0 for no plots 
KPLOT = 1 for PPI()T plot only 
KPLOT = 2 for PPLOT and CALCOMP plots 
KPLOT = 3 for CALCOMP plot only. 
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Identification of output variables: 

S( I ), array 
S( I) = +s 1 . 

S array of 

of the (negative) Prony exponents; i.e. 
(Note: this· S array is the negative of the 

Programs SA-1, 5, 6.) 

A(I), array of least square coefficiente, 

PCERR, indicator of goodness of approximation (refer SA-24) 

D. Restrictions: 

NSP S 500, N ~ 20, NSP ~ 2N 

If CALCOMP PLOTS are desired the F(I) array should be 
normalized to its maximum value and a card* CALCOMP PLOT 
LABEL IS UPRONY must be included after the JOB card. 

E. Output: 

'Ibis subroutine, as part of the regular output, provides 
printout of the following items: 

All input data, 

Prony exponents and least square coefficients, 

sampled values of the approximation and error signals, 

results of the error analysis, 

plots of input, approximation, and error signals (if 
desired). 

F. Comments: 

'Ibis subroutine has a built-in feature to discard extraneous 
roo t s introduced by SA-19. 'Ibis is accomplished by dis­
carding any negative real exponentials output by SA-19 
before proceeding in the program. 

In addition to the subprograms list.ed under 3, METHOD, the 
user must supply routines SA-14, ZEROS (used by DISPRO) 
and SA-11, S (used by COMPO and DISPRO). Subroutines 
PRONY and APRINT (modified) have been combined into a 
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single package. BCC routines 1.04.06 and 1.04.061 are 
not written up in this report; however 1.04.06 is included 
on the source program tape. 

G. Example: 

In the example following routines SA-17 and SA-17.5, the 
representative of a triangular pulse signal lo) on a 
prescribed orthonormal exponential basis was measured using 
the YOUNG digital filter. The basis used was the four 
dimensional quadratic Kautz basis constructed from the four 
real exponents: s 1 = -1.6, s 2 = -1.2, s 3 = -0.8, s 4 = -0.4. 
In that example, these four exponents were given informa­
tion, along with the sample points defining the signal 
fo>. Often, for a well-behaved, exponential-like signal, 
subroutine PRONY (by using SA-19, DISPRO) can discover a 
given number of exponentials suitable to serve as basis 
components for the representation of the signal. Thus, to 
use subroutine PRONY to analyze a signal it is necessary 
only to define the signal by a number of equally sapced 
sampled values, and to select the dimensionality of the 
exponential basis onto which the signal is to be projected. 

We will use a triangular pulse signal, I a>, of the same 
form as the signal used in the example following the 
-write-up of SA-17 .5. This forward .signal vanishes identical­
ly prior to t = O, has the value 1.0 at t = O, and decays 
linearly with increasing t, assumi!"lg the value 0.0 for all 
t .?! 10 .O seconds. We may represent this signal wl th say 
NSP = 29 sampled values, stored in an array G, made at 
t = O, 0. 5, 1.0, 1 .. 5, ... , 10.0, 10.5, ... , 14.0. The 
sampling interval is TINC = 0.5. If we wa nt to project 
Io> on a three -dimensional exponential basis, we set 
N = 3 and make the following call to subrout i ne PRONY: 

CALL PRONY (NSP, G, T~NC, N, KPLOT, S, A, PCERR) 

------------------------

G 
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where KPLOT = 1, indicates that only PPLOTS of the 
relevant signals are desired. 

Subroutine PRONY provides a detailet .· · ~tout of all 
~elevant data, selected parts af which 1 1 , ~ been reproduced 
as Figure V. As can be seen from the :· ~~ 1L ~ , the three 
exponents, determined by SA-19, consis t · i1 c•ne real expon­
ent and one complex conjugate pair. Th~~ • : ~ 

s 1 • -19. 55 06 

s 2 , 3 • -0.2164 ± j 0.1542 

These numbers are returned in the S array. The representa­
tive on the exponential basis characterized by the above 
exponents, labeled "PROJECTION COEFFICIENTS" in Figure V, is 

= 
-0.0334 
1. 0334 
0.8693 

These numbers would be returned in the A array. 

Figure VI is a reproduction of the plot generated by sub­
routine PPLOT (SA-32) of the input signal lo) together 
with the approximation constructed from the above representa­
tive. This approximation, written in the continuous time 
domain.,is: 

-

I n Figure VI, lines have been dr awn, connecting the aster­
isks(•) representing sampled values of the approximation, 
and connecting the dots(•) representing sampled values of 
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the triangular pulse \o). Note that the points of the plot 
are separated by time increments of TINC/3. for greater 
clarity of the plot. The approximation is PCERR: 0.7359 
percent in error. (See write-up of SA-24 for definition of 
PCERR.) 

For comparison purposes we next try to represe t the signal 
Io) using a 2 dimensional exponential basis. We simply 
set N = 2, and repeat the previous call to subroutine 
PRONY. Figures VII and VIII contain the output for N = 2, 
corresponding to figures V and VI where N = 3. It will be 
noted that the complex pair of exponents chosen when N•2 
closely resembles the pair chosen when N•3. While the errvr 
associated with the two-dimensional representative of the 
triangular pulse is somewhat larger than that associated 
with the three-dimensional representative, (0.8656 as com­
pared to 0.7359) the plots of the approximations seem very 
nearly identical. 

_______________ _,,,, __________ _.,. ____ _ 
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Signa l Analysis Subroutine SA-2O 

1. IDENTIFICATION 

Calculation of exponent from value of exponential .function at 
known time (FORTRAN), R. N. McDonough 

2. PURPOSE 

A subroutine to determine the real or complex exponents sJ 
corresponding to the given real or complex exponentials 

+sjT 
xj = e , where T is a constant. 

3. USAGE 

A. calling s~quence: 

CALL EXCON (X, N, NR, T, S, ITAG) 

B. Identification cf input variables: 

X, linear array of the exponentials ordered such that 

x1, ... , XNR contain the real exponentials, 

XNR+l contains the real part of the first complex exponen­
tial, 

XNR+2 contains the imaginary part of the first complex 
exponential, 
. 
• 
• 

XN-l contains the real part of the last complex exponen­
tial, 

XN contains the imaginary part of the last complex exponen­
tial, 

!, the number of values in the X array 

NR, the number of real exponentials, 

!, a constant interval of ~ u~, as defined above. 
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C. Identification of output variables: 

S, linear array of computed negative exponents, ordered the 
same as the X array; i.e. S(I) • +s1 ; (Not~ this S array 
is the negative of the S array of programs SA-1, SA-5, 
SA-6.) 

ITAO, linear array of fault indicators; if no fault occurs 
ITAO(J) • O, J • 1, ... , NR is returned. However, if 
some XJ is real and XJ~ O, there is no corresponding 
real exponent sJ and sJ • O, ITAOJ • -1 is returned 
in this case. 

D. Restrictions: 

Dimension of ITAG must be at least NR in calling 
program. 

E. Colllllents: 

The X array above is not the same as the XMOD array of 
programs SA-22 and SA-23. Subroutine SA-20.5 will convert 
the S array into the XMOD array. 

P. Example: 

Suppose we had the following X array of exponentials, 
perhaps the output of SA-19, DISPRO: 

.63210 
s 1T 

= e 

.66620 + J .711406 
s 2T 

= e 

.22557 + J.88256 = e 
s 3T 

where T = 1.0 

and we wished to determine s 1, s2, and s3 . 

Upon entry to subroutine EXCON the X array would 
contain 
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X( 1) = .63210 
X(2) = .66620, X(3) - . 711406 
X(4) = .22557, X(5) - .88256, 

N would • 5, NR • 1, T :a 1 .o. 

After exit from subr outlne EXCON, ITAG(I) • O, I • 1, 5, 
indicating ·(hat no impr oper exponentials were entered, and 
the S array would contain: 

S(l) = - .45871 

S(2) = -.25685 

S(3) = .818199 

S(4) = -.084552 

S( 5) = 1.28895 

Thus the exponents h&ve been determined to be: 

81 = - .45871 

s 2 = -.25685 + J 0 .818199 

s3 = - .084552+ Jl .28895 

- --- ----.--------- ·- - - - ----------
Signal Analysis Subroutine SA-2O.5 

1. IDENTIFICATION 

S to XMOD convers ion, (FORTRAN), Brown, Sopko 
• 

2. PURPOSE 

A subroutine to convert the S array of exponents of SA-2O 
to the XMOD array of subroutines SA-22 (COMPO) and SA-23 
(EXSGEN). 
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3. USAGE 

A. ca111ng sequence: 

CALL CONVRT (S, XMOD, N, NR, T) 

B. Iaentification of input variables: 

.§, array of (negative) exponents, ordered the same as 
array ROOTS of program SA-14, i.e. 

s1, .•• , SNR are the real exponents, 

SNR+l is real part of first complex conjugate pair or 
exponents, 

SNR+2 is imaginary part of first complex conjugate pair 
of exponents, etc .... , 

SN-l is real part of last complex exponent, 
SN is imaginary pa~t of last complex exponent. 
'lhis S array is the same as the S array of SA-20; but 
is the negative of the S arrays of programs SA-1, SA-5. 
SA-6. 

!!, number of exponents in S array, also number or ex­
ponentials in the XMOD array, 

NR, number of real exponents in S array, also number of 
real exponentials in XMOD array, 

!, arbitrary time incr~ment as defined below. 

C. Identification ·of output variables: 

XMOD, array of exponentials ordered as in SA-22 and SA-23, 
i.e. 

XMODNR+l 
a 1T 

XMODNR+2 a1 T, = e , ~ • • • 

XMODN-l - aN','j,T 
e I XMODN - a .,C/1. T. -
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where NC = N - NR; and a 1 = S(NR+l), B1 = S(NR+2), etc. 

D. t.:onunents 

Co,11plex exponents must occur in conjugate pairs. 

The X array· of SA-19 may be transformed into the XM0D 
array of SA-22 and SA-23 by letting T = sampling interval 
of equally spaced input data in 
the X array to the S array. 
the S array to XM0D. 

EXC0N, SA-20, which changes 
Then SA-20.5 will change 

For usage with SA-23 to change the sampling interval of 
the generated signal from T to T'- the XMOD array 
must be modified by putting T = T' in C0NVRT, SA-20.5. 

E. Example: 

Suppose we wished to det rmine t he 
ing to the time incremen T = 0.25 

81 = -1.0 

XM0D array correspond­
and the S array 

s
213 

= -2.0 ± J3 .0 

We would enter to C0NVRT T = 0.25, N = 3, NR = 1, and 

S(l) = -1.0 

S( 2 ) = -2. 0 S(3) = 3.0 

Upon return from C0NVRT, the XM0D array would contain 

XM0D( 1) = e(- 1 .0)(0.25) = 0.77880 

XM0D(2) = e(-2 .0)(.25) = 0.60653 

XM0D(3) = ( 3 .o) ( .25) = 0.7500 
..., ____________________________ _ 
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Signal Ana1~/sis Subroutine SA-22 

1. IDENTIFICATION 

Signal projection onto a general exponential basis (FORTRAN) 

R. N. McDonough 

2. PURPOSE 

'lhis subroutine determines the coordinates of a time sampled 
signal on a given exponential basis. The squared error is 
minimized over the finite point set. 

3. METHOD 

Given NSP equally 

Fl, ••• , FNSP' and 
routine determines 

spaced sampled values of a signal, 
N numbers, XMOD1, ... , XMODN, this 
N numbers, A1, ... , AN, such that 

is minimum over the set where 

sub-

N-1 

+ L (XMODJ)
1

rAj cos (i)XMODJ+l + AJ+l sin(i)XMODJ+J 
J=NR+l l 
(by 2) 

where NR = number of real exponents 
characterizing the given basis. Here super­
scripts denote exponentiation. 

We have here the finite discrete analog of the following 
approximation of a signal f(t): 
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NR +s t 
f(t):::::.Laje J + 

J=l 

where NC• Number of complex exponents in the 
given basis, and s 1 = +a1 + J~1 for 
i = NR + 1 , ... , NC 

4. USAGE 

A. Callin~, sequence: 

CALL COMPO (NSP, F, XMOD, N, NR, A, !FAULT) 
B. Identification of input variables: 

NSP, number of time-samples in the F array, 
F, array of signal time-samples where 
Fi = f [ ( i - 1) T] , i = 1, ... , NSP, 
XMOD, array of N numbers which define the exponential 
basis as follows 

= = I 

XMODNR+l = = 

.•. , XMODN-1 = = 

where T = time increment betwee n sample points, 
N, dimensionality of the given exponential basis, 
NR, number of real exponents in the given basis. 

C. Identification of output variables: 
A, array of N coefficients as defined under 3. , 
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IFAULT, a fault indicator, where IFAULT = -1 is returned 

if the normal equations of the process are singular; 

!FAULT= O otherwise. 

D. Restrictions: 

N ~ 20, NR ~ N, NSP ~ N . 

E. Comments: 

Subroutine SA-11 is required. 

No orthogonalization process is used. If NSP>> N the 

normal equations of the process may become unstable. 

The XMOD array of 

in SA-19 and SA-20. 
from the S array 

CONVRT (SA-20.5). 

SA-22 is not the same as the X array 
This XMOD array may be obtained 

of SA-20 through use of subroutine 

F. Example 

Suppose we wished to pro ject the signal 

the exponential basis characterized by the exponents: 

S ( 1) = -0. 2 

S(2) = -1.0 

S(3) = -2.0 

on 

And suppose ~e had available the following ten time samples 

of f(t): 

F(l) = - 1 .000 F(6) = - 0 .286 

F( 2 ) = -0.779 F(7) = -0.263 

F( 3 ) = -0.607 F(8) - · -0 .174 

F(4) = -0.472 F(9) = -0 .135 

F(5) = -0.368 F( 10) = -0. 105 

The sampling interval here is T = 0.25. 
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First we use subroutine CONVRT (SA-20.5) to determine 
the XMOD array of exponentials corresponding to the 
above exponents. Here, also, the time increment is 
T = 0.25. That is, we use SA-20.5 to calculate 

XMOD(l) 

XMOD(2) 

XMOD(3) 

We then enter the 
along with NSP = 

Upon return from 

= e(-0.2)(0.25) = 

= e(-1.0) (0.25) = 

= e(-2.0)(0.25) = 

above F and XMOD 
10, N = 3, and NR 

COMPO, !FAULT = O, 
f ault has occurred, and the A array 

A(l) = 0.0 

A(2) = -1.0 

A( 3 ) = 0.0 

0.95123 

0.77880 

0.60653 

arrays to 
= 3. 

indicating 
contains: 

COMPO, 

that no 

We have the obvious result that the signal represented by 
the given array of sample points may be represented on the 
given exponential basis as 
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Signa l Analysis Subroutine SA-23 

1. I DENTIFICATIOH 

Generation of tur.e-samples of an exponential series, (FORTRAN) 
R. N. McDonough 

2. PURPOSE 

A subroutine to generate equally spaced time-samples of the 
function 

g(t) 

3. ME'rHOD 

Given N numbers XMOD1, ... , 
AN, this subroutine generates 
which are defined as r ollows: 

XMODN, and N numbers 
NSP numbers G, , ... , 

j, 

... ' 

where NR = the number of real exponents in 
the series. Here the superscripts denote 
exponentiation. 

4. USAGE 

A. Galling sequence: 

CALL EXSGEN (XMOD, N, NR, A, G, NSP) 
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B. Identificat i on of input variables: 

XMOD, an array of N numbers which are defined as follows: 

XMOD1 

S1T 
XMODNR 

SNRT 
= e , ... , = e , 

XMODNR+l 
CllT 

XMODNR+2 t31T = e , = ••• 

. . . , XMODN_ 1 = = 

T 

NC = 

time increment between desired time samples, 

number of complex conjugate pairs of exponen­
tia l s, 

N, number of exponential components in the series, = NR + NC, 

NR, number of real exponent ial components in the series, 

A, array of N coefficients as defined in SA-22, COMPO, 

NSP, number of sample points desired. 

C. Identification of output variables: 

G, array of NSP time-samples of the function g(t) as 
defined under 3. above. 

D. Restrictions: 

N ~20, NR ~ N 

E. Comments: 

All arguments are as def i ned in COMPO, SA-22. 

The XMOD array is not the same as the X array of SA-19 
and SA-2O. This XMOD array may be obtained from the S 
array of SA-2O by means of subroutine CONVRT, SA-2O.5. 
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C. Identification of output variables: 

ENF, the approximation of the ,nergy in signal F 

ERR, the approximation of the squared error 

NSP 

= L (F -1 G1)2T, 

1=1 

PCERR, the percent error, = lOOx(ERR/ENF). 

D. Comments: 

E. 

If ENF = 0, PCERR = -1 is returned. 

Example 

Suppose we have two signals F and G, each given as an 

array of 5 sampled values, and wish to know the squared 

error between them. For example, let the signals be given 

by the following arrays, where the time increment between 

sample points 1s T = .so. 

F( 1) = 0.00 G(l) = 

F(2) = 0.25 G(2) = 

F(3) = 0. 50 G(3) = 

F(4) = O .75 0(4) = 

F(5) = 1.00 G(5) = 

To determine thP. squared error between 

would enter to ERROR the above F and 

NSP = 5, T = 0.50. 

0.00 

0.30 

0.60 

0.90 

1 .20 

F and G we 
G arrays, and 

~ 
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EXSGEN generates sampled values only at equidistant time 

intervals T, as specified in SA-20.5. To obtain sampled , . 

values at equidist"1nt intervals T', the XMOD array should 

be obtained from SA-20.5 by setting T = T'. 

G. Example: 

Suppose we wished to generate 10 equally spaced sampled 

values, where the sampling interval is T = 0.25 units, of 

the signal 

g(t) = o.1e-0 •2t - 1.oe-l.Ot + 1.oe-2 •0t 

We first use subroutine CONVRT (SA-20.5) to generate the 

XMOD array from the given exponents. SA-20.5 would pro­

vide, given T = 0.25, the numbers: 

XM0D{l) 
+s1T e(-0.2)(0.25) 0.95123 = e = = 

XM0D{2) 
+s2T e{-1.0)(0.25) 0.77880 = e = = 

XMOD(3) = e 
+s

3
T 

= e(-2.0)(0.25) = 0.60653 

Upon entry to subroutine EXSGEN, the XMOD array would 

be as above and we would also enter N = 3, NR = 3, 

NSP = 10, and A(l) = 0.1 

A(2)= -1.0 

A(3)= +1. 0 

After exit from EXSGEN, the G array would contain: 

(Continued on the next page) 
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G(l) = .100 G(6) = - .128 

G(2) = - .167 G(7) = -.099 
G(3) = -.149 G(8) = - .074 
G(4) = - .163 G(9) = -.050 
0(5) - -.151 0(10) - -.030 

The above numbers are the time-samples of g(t) as 

initially given, eveluated at equal time intervals of 0.25 

units. 

---------------·---------------
Signal Analysis Subroutine SA-24 

1. IDENTIFICATION 

Squared error between sampled signals,(FORTRAN), R. N. McDonough 

2. PURPOSE 

A Rubroutine to determine the squared error between two 

sampled sign&ls, F(t) and G(t). 

3. USAGE 

A. calling sequence: 

CALL ERROR (F, G, NSP, T, ENF, ERR, PCERR) 

B. Identification of input variables: 

F, linear array of NSP sampled values of the first signal, 

a, linear array of NSP sampled values of the second signal, 

NSP, the number of sampled values in the F array, which 

must equal the number of sampled values in the O array, 

!, the time increment between sampled values. 
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After exit from ERROR we would have: 

ENF = 

ERR = 

0.88750 

0.03750 

PCERR = 4. 2253 

= --=--------------
Signal Analysis Subroutine SA- 25 

1. IDENTIFICATION 

Real simultaneous linear equation solver, (FORTRAN), 
L. G. Kelly 

2. PURPOSE 

A subroutine to determine the solution,~, of the set of 
real, linear, simultaneous equations: Bx= v. 

3. USAGE 

A. Galling sequence: 

CALL CROSIM(A, N) 

B. Identificat ion of input variables: 

A, an augmented matrix of which the first N columns 
contain the matrix B and the N+1st column contains 

N, the number of simu ltaneous ~quations t o be solved. 

C. Identification of ou t put variables: 

After exit from the rout i ne t he N + 18 t column of the A 
array contains the solut i on x. 
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D. Restrictions: 

N ~20 

The A array must have row dimension 20 in the calling 
program. 

E. Comments: 

The operation time for CR0SIM vari es approximately as 
N3 so that if N • 20 the routine should take about 8 
seconds. 

F. Example: 

Suppose we wished to solve the following set of equations 

1.ox1 + 1.0x2 + 1.ox
3 

+ 1.ox4 = 4.0 

1.ox1 + 3.ox2 2.ox3 + 1.ox4 = 3.0 

1.0xl + 1.Ux2 - l.0X3 - 1.ox4 = o.o 

1.0x1 - 1.0x2 + 2.ox3 - 1.ox4 = 1.0 

We would enter to CR0SIM N = 4, and the following A 
array 

1.0 1.0 1.0 1.0 4.0 

A = 1.0 3.0 -2 ~0 1.0 3.0 
1.0 1.0 -1.0 -1.0 o.o 
1.0 -1.0 2.0 -1.0 1.0 

Upon exit from CR0SIM the N + 1st column of the A 
array would be: 

1.0 
1.0 
1.0 
1.0 

Therefore the solution desired is: 
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Si gnal Ana l ysis Subroutine SA-26 

1 . IDENTI FICATION 

eal and/or complex number print-out (FORTRAN), R. N. McDonough 

PURPOSE 

A subroutine to print an array of real and/or complex numbers 
in an appropriate format. 

3 . USAGE 

A. calling sequence: 

CALL A RINT(F, N, NR) 

B. I dentification of input va riables: 

E, array of N numbers to be printed, wi th NR real 
numbers first then complex pairs, 

N, number of numbers to be printed, 

NR, number of real numbers in F array. 

C. Output: 

The numbers will be printed in E-format in the following 
ar~:angement: 

D. Res t ric t ions 

NR ~ N 

F(1) 
• • 
• 
F(NR) 

F(NR+l) ~ J F(NH+ 2) 

F(N-1) + J F(N) 
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E. Example: 

Suppose we wished to print the following set of real and 
complex numbers 

1.0; J.5 

1.0 

2.0 

-3.0 ± J.01 

To use subroutine APRINT we must arrange the array so . 
that the real numbers precede the complex pairs, that is 
we would enter the numbers in the F array as follows: 

F(l) = 1.0 

F(2) = 2.0 

F(3) = 1.0 F(4) = .50 

F(5) = -3.0 F(6) = .01 

In addition we would enter to APRINT, N = 6, NR = 2. 

The above entries would cause the following printout: 

( .lOOOOOOOE+Ol) 

( . 20000000E+O 1 ) 

( .lOOOOOOOE+Ol) ± J( .50000000E+OO) 

(-.30000000E+Ol) ± J( .lOOOOOOOE-01) 
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Signal Analysis Subroutine SA-30 

1. IDENTIFICATION 

One line Hollerith output subroutine, (FAP), J. Reeder. 

2. PURPOSE 

A subroutine to center and print one line of from 1 to 120 
Hollerith characters. 

3. USAGE 

A. Calling sequence 

CALL TITLE (lH-, 19HTITLE TO BE PRINTED) 

B. Identification of input variables: 
lH-, the first argument is 
carriage control chara cter. 
many lines are to be skipped 
example, 

lH*, where * is any legal 

* 
0 

+ 
·blank 

1 

# of 

skip 
skip 
stay 
skip 

This argument determines how 
before printing the line. For 

lines skipped 

2 lines 
3 lines 
on same line 
1 line 

new page 

19HTIT~ TO BE PRINTED, the second argurnent is the line to 
be pr· inted. The Holler! th count ( in the example 19H) 
must be correct for the _given line, and may have any value 
from lH to 120H. 

C. Comments: 

A title is automatically centered on the output sheet. 

--------------- - --------------
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Signa l Analysis Subroutine SA-31 

1. IDENTIFICATION 

C n inuous plotter routine for discrete data points 

(FORTRAN-FAP), G. M. Odell. 

2. PURPOSE 

A subroutine to generate appropriately scaled continuous 

plots of one, two, or three signals, when given arrays of 

discrete sample points taken at equal time intervals . 

..,. METHOD 

The routine generates data for BCC subroutine PL570 which 

writes a tape which controls the Calcomp plotting device. In 

order to avoid the use of internal storage arrays for in­

dependent variables, routine CPLO'l· generates and plots one 

pair of coordinates at a time. 

4. USAGE 

A. Calling sequence: 

CALL CPLOT(6HULABEL, SIZE, NPLOTS, LETERS, ISCALE, Yl, 

NSPl, REFl, Y2, NSP2, REF2, Y3, NSP3, REF3) 

B. Identification of input variables: 

6HULABEL, a six-character Hollerith lable which associates 

the plot made with a given Job. This argument is ignored 

on all but the first call to CPLOT, and on subsequent 

calls a dummy may be entered, 

SIZE, a parameter specifying the total length in inches of 

the plot, (floating point), 

NPLOTS, a parameter to control tne number of plots in the 

present picture, that is: 
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NPLOTS=l, for one signal to be plotted, and normalized to 
fill the entire plot, 

NPLOTS=2, for two signals to b~ plotted, the first, Yl, 
on the top half of the paper; the second, Y2, on the bot­
tom half, 

NPLOTS=3, for three signals to be plotted, Yl in the top 
third, Y2 in the middle third, Y3 in the bottom third, 

NPLOTS=4, for two signals to be plotted with the entire 
page available for each plot, 

LETERS, the number of letters in the longest title to be 
written on the present picture. If no 
written on the present picture, enter 
picture will be terminated by CPLOT. 
subroutine WRITE must be used. 

title is to be 
LETERS S O, and the 
If LETERS > 0, 

!SCALE, a parameter to control the scaling of the signals, 
that is, 

ISCALE=l, for separate X and Y scales for all plots in 
the picture, 

ISCALE=2, for common X and separate Y scales for all 
plots in the picture, 

ISCALE=3, for common X and common Y scales for all 
plots in the picture, 

ISCALE=4, for separate X and conunon Y scales for all 
plots in the picture, 
(Note: 'separate' scales means each signal is normalized 
to fill the entire region of the paper allotted to it, 
and 'common' scales means the first signal is normalized 
and all other signals are plotted on this normalized scale. 
Obviously then, if two or three plots are to have a conunon 
X or Y scale, the signal entered as Yl must have the 
maximum X or Y value of the common scale.) 
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Yl, linear array of equally spaced sample points for the 
first signal, 

NSPl, the number of sample points in the Yl array, 

REFl, the value of Yl at which a horizontal reference 
line is to be drawn for the Yl signal, 

X,g,NSP2,REF2,YJ_,NSP3,REF3, these variables refer to the 
second and third signals respectively, each variable having 
the same definition as the corresponding variable for 
signal 1. 

C. Option: 

Normally some number included in the range of Y values 
is entered for REF, however, i f no horizontal axis is 
desired for a particu l ar signal, enter REF as less than 
the minimum value of tha t Y array. 

To cause the horizontal axis to be centered between the 
maximum and minimum values of t he Y array, enter REF 
as greater than the max i mum value of that Y array. 

D. Restrictions: 

There is no limit e i ther to the length of a plot or to the 
number of sample points t o be plotted. 

E. Availability: 

Both CPLOT and the required PL570 are available on the 
Si gnal Analysis library source tape. 

F. Comment s: 

Plotted signals may be individually labeled by using sub­
routine WRITE immediately after calling CPLOT, if the 
number of letters in the longest title to be written has 
been entered as argument LETERS. In any case Subroutine 
WRITE, SA 31.5 is required by this routine. 

( 
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Each picture must be ended before another can begin. The 
two ways of doing this are: 1) to enter LETERS ~O in 
which case CPLOT ends the picture, and no labels may be 
wr it ten on that picture, or 11) to make the proper call to 
subroutine WRITE after the last title has been written. 
After the final call to either CPLOT or WRITE in a given 
Job the user must make the following call to PL570: 

CALL PL570(2,0,0,0,0,0,0,0,0,0,0,0) 

This ca l l is necessary to separate the plots made by dif­
ferent Jobs. 

Note that each Hollerith character takes .15 inches, hence 
the length of the plot and labels combined will be 
SIZE+ ( .15)*(LETERS). 

An asterisk card containing the following information must 
be included after the XEQ card: 

* CALCOMP PLOT LABEL IS ULABEL 

where ULABEL is the first argument of the calling 
sequence. 

This program is a package of six subroutines: CPLOT, 
CCPLOT, YPLOT, REFPLT, PL570, and WRITE. 
The subrou ti ne calling sequence may have a variable length 
argument l i st. That is, if only one signal is to be 
plotted the arguments Y2,NSP2,REF2,Y3,NSP31 REF3 may be 
altogether omitted and the calling sequence will have only 
eight arguments. If only two signals are to be plotted 
Y3,NSP3, and REF3 may be omitted. 

G. Space required: 
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CPLOT - 82 
CCPLOT - 521 
YPLOT - 82 
REFPLT - 90 
WRITE - 167 
PL570 - 2145 

3050 (decimal) 

H. Example: 

See example included in the write-up of SA-31,5, WRITE. 
: 

Signal Analysis Subroutine SA-31.5 

1. IDENTIFICATION 

Label routine for continuous plotter subrou t ine CPLOT, 
(FORTRAN), G. M. Odell. 

2. PURPOSE 

A subrou t ine to labe l plots ge nerat ed by r out ine CPLOT, 
SA-31. This subrou tine may be used only in conj unction with 
CPLOT, and only a f ter a call to CPLOT has been made. 

3. USAGE 

A. Calling sequence: 

CALL WRITE(NFUNCT,NCHAR,19HTITLE TO BE WRITTEN) 

B. Identif i ca tion of i npu t variables: 

NFUNCT, t he number of t he signal with which t he label is 
t o be as sociated, =1,2 , or 3 (for example, NFUNCT = 2 will 
cause t he lable to be written in front of the plot of the 
Y2 array of the last call to subroutine CPLOT), 
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NCHAR, t he number of Holler ith characters in the label, 

19HTITLE TO BE WRITTEN, the label to be written; the 
Hollerith count must be correct. 

C. Output: 

The labels will be written as a single string of letters 
immediately preceeding the signal number NFUNCT. The 
space per letter is 0.15 inches, hence the label is 
NCHAR*0.15 inches long. 

D. Restrictions: 

A label may have any number of letters as long as the 
number of l etters in the l onges t t i tle of a given picture 
has been specified as ar ument LETERS of subroutine 
CPLOT. 

Since a maximum of 3 s gnal s can be plo ed by one call to 
CPLOT, a max i mum of 3 l abels ca n be wr jtter. by subroutine 
WRITE on any par i cular pi cture, each be g wr itten by a 
different c -..11 . 

Each picture mus t be e nd be o r-e a no he r- can begin, as 
expla ined tn the CPLOT write- L.i. . If WR I TE s used the 
f ollowing cal l mus be made a fter he l fls , la bel of a 
picture i s wr i tte n : 

CALL WRITE(DUM,DUM,6HENDPIC) 

E. Example: 

Suppose we wi shed to plo t 3 signals on one page. They are 
to have common X-axis scales, but separa t e vertical 
(Y-ax i s) scales. They are all to have hor izontal axes 
drawn at Y = 0.0, and they are to be labeled "SIGNAL 1," 
"SIGNAL 2," and "SIGNAL 3, " respectively. The length of 
the plot is to be 18 inches. 
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We would make the following calls: 

CALL CPLOT(6HUSMITH,18.0,3,8,2,Y1,NSP1,0.0 , Y2,NSP2,0.0,Y3, 
NSP3,0.0) 

CAL~ WRITE(l,8,8HSIGNAL 1 ) 

CALL WRITE(2,8 , 8HSIGNAL 2) 

CALL WRITE(3,8,8HSIGNAL 3 ) 

CALL WRITE(3,8,6HENDPIC) 

The output might look something like: 

SIGNAL 1 

SIGNAL 2 

SIGNAL 3 

---------------===- --------------
Signal Analys i s Subroutine SA- 32 

1. IDENTIFICATION 

Data Plotter,(FAP), Rathbun. 

2. PURPOSE 

A subrou t ine to plot sampled valces of two signals as part of 
the regular 1401 printer output. 

3. USAGE 

A. Calling sequence: 

~Ul!iili~=------- -------------" 
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CALL PPLOT {NSP, Xl, \l, X2, Y2, K, YlMAX, Y1MIN, Y2MAX, 

Y2MIN) 

B. Identification of input var i able: 

NSP ., number of sample points to be plotted, 

Xl, array of values of independent variable for firet signal, 

Yl, array of corresponding values of dependent vraiable 
for first signal, 

B., as above {second signal), 

Y2, as above (second signal), 

K, Y-scale control parameter. To provide a common scale 

for both Yl and Y2, set K=l. To provide independent 

sea lea for Y1 and Y2, set K=O. 

YlMAX, maximum value of Yl, 

Y1MIN, minimum value of Yl, 

Y2MAX, as above, {Y2), 

Y2MIN, as above~ (Y2). 

C. Comments: 

The YMAX and YMIN values need not be knowr ! priori, 

for, by settlng YMAX = YMIN, (i.e. both equal to the same 

dummy var i able) the rou tine wi ll search out the maximum 

and minimum values of the data to be plotted and automatical­

ly adjust its scales to provide the most expanded plots 

possible in 100 posit i ons . 

When Y falls outside of t he specified range for (YMAX, 

YMIN), th~ data are conver t ed m~dulo this range. 

The Yl axis may be labeled in columns 10-tO by writing 

on output tape 6 Just pr i or to calling PPLOT. (The paper 

is not advanced on print ing the r1rst line by PPLOT.) 

Similarly, the Y2 axis may be labeled in columns 10-70 

immediately after calling PPLOT by writing on output 
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tape 6, with a"+" in column 1 to prevent paper advance. 

When he plot of only one signal is desired, treat the alg-
a l as if it were two identlca signals. 

There are no restrictions on NSP. 

One coordinate pair ls plotted on each line of the plot, 
regard l ess of the numerical value of the increment between 
successive elements of the X arrays. 

- ----------------
Signal Analysis Subroutine SA- 33 

1. IDENTIFICATION 

Printer for 1 , 2, or 3 di mensional arra ys (FORTRAN) 
J. R. Reeder, Garry Odell 

2. PURPOSE 

A subroutine to pr i nt a part or the whole of a g .ven one, two 
or three dimens ional array i n an appropria t e E forma t . 

3. USAGE 

A. Call ing sequence: 

CALL PRT (NROWS, NCOLS, NLAYER, U, NRODIM, NCOLDM, MODULO) 

B. Ide n i f i cation of input variables: 

NROWS, the number of r ows t o be print ed 

NCOLS, the number of columns to be printed, 

NLAYER , the number of' l ayers t o be pr inted , 

u, t he na me of t h~ array o be pr i nt ed. 

NRODI , t he row d i mens on of u in t he cal ling program, 
NCOLDM, t he column di me nsion of u in the calling program, 
MODULO, the number of columns t o be printed per page. 
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C. Outpu t : 

The NCOLS columns are pr i nt ed MODULO columns to a page. 
I f NCOLS> MODULO, the rema i ning columns are printed im­
med i ately t hereafter i n t he same f orma t. The rows and 
columns are individually labeled. Each layer is printed 
en t irely before the next , and the layers are labeled. 

The format used is determ i ned according to the value of 
modulo entered, such tha t for 4 S MODULO ~ 10 the entire 
width of the output page is filled, e.g. for MODULO= 10, 
a row i s printed in ( 10 E 12 .4) format. For 1 ~ MODULO S4 
t he NCOLS columns are pr i nted MODULO columns to a page 
in (E 30.9) forma t . 

D. Res t r i ctions: 

NROWS, NCOLS, NLAYER, < 1000 

1 ~ MODULO ~ 10 

E. Comments: 

Selected port i ons of an array may be pr inted by Judicious 
entry i nto t he subroutine , i.e. U(1, 1, 4), U(300), etc. , 
are all legi tima t e inpu t argument s and will cause that 
particular locat i on to be the f i rst number printed 

F. Example: 

Suppose we have a three d1mensional array, dimensioned 
(2, 2, 2), which contains the f ollowing values: 

A(l,1,1) = 1 . A(l,2 1) = 2. 
A(2,1,1) = 3. A(2,2,1) = 4. 

A(l,1,2) = 10. A(l,2,2) = 20. 
A(2,1,2) = 30. A(2 , 2,2) = 40. 

and we wi shed to print out some part , or all of it. 
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If we wished to print th~ entire array we could make the 
following entry to PRT: 

CALL PRT(2,2,2,A,2,2,10) 

The above call would cause the following print-out: 

ROW 1 
ROW 2 

ROW 1 
ROW 2 

DEPTH INDEX• 1 
COL 1 

.1000E+01 

."3000E+Ol 

DEPTH INDEX= 2 
COL 1 

.1000E+02 

.3000E+02 

COL 2 

.2000E+01 

.4000E+Ol 

COL 2 

.2000E+02 

.4000E+02 

Note: in this example MODULO= 10 was entered, which 
causes the values to be pr i nted in E12.4 format; however, 
any other value from 1 to 9 could have been entered which 
would cause various degrees of format expansion up to E30.9 
for MODULO= 1. 

If we wished to print only the elements A(l,1,1) and 
A(l,1, 2 ) we might make the following entry to PRT: 

CALL PRT(l,1,2,A,2,2, 6 ) 

The above call would result in the following print out: 

ROW 1 

ROW 1 

DEPTH INDEX = 1 

COL 1 

.100000000E+Ol 

DEPTH INDEX= 2 

.100000000E+02 
Note that MODULO• 6 has caused a format of E20.9 to be used. 

L 
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Signal Analysis Subroutine SA-34 

1. IDENTIFICATION 

Matr i x printout subroutine, (FORTRAN), J. R. Reeder 

2. PURPOSE 

A subroutine to printout a part or the whole of a given array 
i n an appropriate format; that is, given a P x Q array this 
routine prints an M x N part of it, where M ~ P, N ~ Q. 

3. METHOD 

The subroutine treats the input matrix as a one-dimensional 
array of numbers and causes M x N numbers of this array to 
be printed 1n 10 E 12.4 format. 

4. USAGE 

A. 

B. 

Calling sequence: 

CALL PRTOUT (NCOL, NROW, u, NRODIM) 

Identification of variables in calling sequence: 

NCOL, the rn \mber of columns to be print ed, 

NROW, the number of rows t o be printed, 

U, the name of the matr i x to be printed 

NRODIM, the row di mension of the matrix U in t he calling 
program. 

C. Output: 

The NCOL columns are printed 10 at a time 1n 10 E 12.4 
format, and the rows and columns are individually l abeled. 

D. Restrictions 

NCOL ~ 99 

This subroutine cannot be used to print three dimensional 
arrays . 
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E. Example: 

Suppose we had a two dimensional array, H, of row dimension 

3 , and wished to print out the first 2 rows and 5 columns . 

. 
I 1.0 2.0 3.0 4.0 5.0 
~ 

H = 6.0 7.0 8.0 9.0 10.0 

11 .o 12.0 13.0 14.o 15.0 

We would make the follow i ng call: 

CALi, PRT0UT ( 5, 2, H, 3 ) 

The above would cause t he following output: 

1 2 3 4 5 

1) . l000E+0l .2000E+0l . 3000E+01 .4000+01 . 5000 E-+O 1 
2) .G000E+0l . 7000E+0 l .8000E+01 .9000E+0l .1000E+02 
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