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PREFACE 

Invariant imbedding techniques have proven useful In the compu- 

tational solution of problems in neutron transport and radiative trans- 

fer. This Memorandum discusses an application of these techniques to 

a problem in rarefied gas dynamics and should be of interest to aero- 

dynamicists, physicists, and applied mathematicians. 

J 



SUMMARY 

This Memorandum re-examines the application of invariance tech- 

niques to plane Couette-flow problems and presents several different 

approaches to the derivation of the invariant-Imbedding equations. 

It is shown how both linear and nonlinear collision operators 

may be considered, for both discrete and continuous versions of the 

original Boltzmann formulation. 
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SYMB0L3 

« velocity vector, defined by three velocity components 
ui . vi . wi 

U    V    w 

K, 

L - 

+  - 
rf Wi 

U, V, w 

ui ' vi * wi 
U    V   w 

U , V , w 
o  o  o 

distribution function for particles with velocity 
vector C. 

th 
collision operator for particles in 1  veJocity 
state 

linearized collision operator 

linearized collision operator acting on i 

linearized collision operator acting on $ 

reflection function 

nonlinear reflection function 

defined by Eq. (20) 

one-dimensional reflection function 

molecular velocities for particles in I 

velocity components in discrete velocity space 

molecular velocities for particles in 9 

distance along normal to a moving plate 

spacing between plat.es 

source function for molecules in 1  state entering 
at x * z 

perturbation distribution function 

perturbation distribution function for particles with 
velocity components in the direction of increasing : 

perturbation distribution function for particles with 
velocity component« in the direction of decreasing x 
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I.  INTRODUCTION 

In an earlier paper,   the concepts of Invariant Imbedding were 

applied to a sissple problem in rarefied gas dynamics, that of steady, 

linearized shear flow between two infinite plane walls under the as- 

sumptions of Krook scattering and diffuse reflection from both walli*. 

Particle-counting techniques were applied directly to the Krook col- 

lision operator, reflection functions were introduced, and the charac- 

teristically nonlinear lntegrc~dlfferentlal equation of the Inltial- 
(2) 

value type for the reflection function was derived. Subsequent work 

has concentrated on the computational solution of that Integral equa- 

tion as well as on the unsteady version of this same linearized shear 

flow and on the effect of specular-diffuse molecular reflection from 

boundaries. 

In this Memorandum, we briefly re-examine the application of in- 

varlance techniques to plane Couette-flow problems and present several 

alternate prescriptions for the derivation of the invariant-imbedding 

equations directly from the Boltzmann formulation. Our objective here 

Is not to present any new results but rather to review and extend 

several techniques which have already been developed. 

It Is clear by now that a more formal and mechanical approach than 

particle counting la desirable for the derivation of Invarlance equations 

Particle counting, unless performed with great caze, can lead to errors 

In problems Involving complex geometries and nonlinear scattering models. 

A rigorous treatment of the equations of invariant Imbedding hap recent- 
(3) ly been given by Bailey,   who considered a number of related linear 

prrhlems in transport theory. In particular, ha has re-examined the 

earlier analyses for spherical geometries and concludes that perturba- 

tion techniques are the most direct method of approach. 

The invariant-Imbedding approach Involves the calculation of the 

effect of a variation of the spacing between the two boundaries for a 

fixed Incoming distribution function of a particle at one boundary. We 

shall consider two different approaches to the problem; the first, that 
(4) 

f Wieg,   Is suitable for linear problems, while the second, that of 
(5) 

Bellmen and Kalaba,   Is suitable for both linear and nonlinear problems, 

; 
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II,  ANALYSIS 

METHOD I 

We consider a linearized Couette flow between two Infinite pla- 

nar walls.  The Boltzmann equation for this flow becomes 

u ~ (u, v. w> » L{$) (1) 

The notation of Ref. 1 is employed, where u, v, and w are dimension- 

less molecular velocities, i  is a perturbation distribution function, 

x is distance in units of mean free path, and L($) is a linearized 

collision operator.  It was shown in Ref. 2 how it is possible to un- 

couple the effect of the boundary-surface interaction by dealing with 

a standard s^ of boundary conditions corresponding to one wall being 

a sink for volecules and the other wall being a molecular source. This 

uncoupling is only valid for linearized flows.  The solution of this 

"standard" problem can then be used to construct solutions which Include 

the effects of nondlffuse surface-particle Interaction. The standard 

boundary conditions are 

*+(u, v, w, f(urt, Vä, w^), 0)   «0 (sink at x - 0) 

(2) 
o' o' o* 

(u . v , w , f(u , v , w ), z) • f(u , v , H )    (arbitrary source 
OOO      OOO OOO rni, of molecules at 

x » z) 

where we have chosen to indicate explicitly the dependence of the *'s 

on f(u, v, w). We seek a function R(u, v, w, u^, v , w ), called a 

reflection function, such that 

The subscripted varlab'^s J , v , w refer to the velocity 
space of particle? wi^h velocity components in the direction of de- 
creasing x, T cho?£i particles in i  , while the unsubrcrlpted vari- 
ables •',  v, v xefer to the velocity space of particles with velocity 
component» in the directlor; of increasing x, or those particles In 
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♦ (u, v, w, f(u, v, w), z) "  j  J  J  R(u, v, w, uo, vo, Wo, z) 
-m   -ao 

f(Uo' Vo' VJ    dUrt 
dVo **« ^3^ o  o  o   o  o  o 

We consider the same problem as that given by Eq. (3) and boundary 

conditions of Eq. (2) on the interval 0 ^ x s z + A. Then 

x 
$  (u,   v,  w,   f(uo,  vo,  wo,   0)  - 0 

4"(u , v , w .  f(u ,  v , w ),  z + A) - f(u ,  v , w ) oooooo 000 

and 

»o „+<» „+<» 

(4) 

*+ (u,  v,  w.   f(uo,  vo,  wo),  z + A) - J J     J     R(u, v, w,  uo, vo,  wo,   z + A) 

f(u„'  vrt' 
VJ  du« dv« ^ ^5) o      o      o        o      o      o 

From Eq. (1), we can write 

«+(z + A, f) = 

*+(z, f) + ^ AL+($+(u, v, w, f, z), f"(uo, vo> wo, f, z) + o(A))    (6) 

where 

lim S^l - 0 
A-0  A 

and f s  f(u  , v  , w ).    We now observe that if we consider this p. ob- o      o      o 
lern on the interval 0 ^ x ^ z we may write 

J  
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?+(u,   v, w,   f,  i)  - j    J    J    R(u,  v, w.  uo,  vo,  wo.   z) 
■■00     —Ob     "00 

£ (u .  v  , w )  du    dv    dw (7) N  o      o      o        o      o      o 

where f (u , v , w )  is  the source function for  the new problem. 
r7     o      o 

* 
f   (u   ,   V   ,  w  )  «  $   (u  ,   V   ,   W   ,   ti   s) 

o       o       o 0       0       0 

- §'(u ,  v , w ,  f,  z + A)  - -j- L"(z + A)   f o(A) (8) 
o 

- f(u , v ,  w )  - ^- (z + &) + o(A) o      o      o        u 
o 

Thus, from Eqs. (5), (6), and (8), we may write 

r     R(u, v, w, u , v , w , z + A)f(u , v , w ) du dv dw 
j J  x '  *  '  o  -'  o      ' ^ o  o* o   o  o  o 

«-PO «QD —05 

j.0 »+«»«. 

J J R(u» v» w» Uo» Vo' Wo' z) 
-oo -co -at 

|f(uo, vo, wo) - ^- (z + AH X duo dvo dwo + ^ AL
+(z) + o(A) 

(9) 

We note that 

AL^Cz ■»■ A) - AL^z) + o(A) 

Equation (9) contains the gist of the invariant-imbedding argument. 

The Krook equation possesses the property that the perturbation 

distribution func .ion and the linearized collision operator are reduc- 

ible to a dependence on the singie velocity variable, u, for linearized 

If the linearised collision operator L is specified, then an 
integro-differential equation for R(u, v, w, u , v , w ) is recovered. 

o  0  o 



%teftdy and untteady shear  flows (boundary conditlona pertaltting).     This, 

of course,   is a major virtue of this scattering tnodel.     Consequently, 

Irtegrations over v    and w    are performed explicitly,  and a significant 

reouctiou in the number of Independent variables Is obtained.    An equa- 

tion Is obtained for the one-dimensional reflection function R(u,  u  ,   T) 

by rottblning Eqs.   (9) and (10). 

L+S(ii!) -.(^-^f e^^du-^fe^rduj Vdt   Collisions 1^        -/**<> ^L 0J 
(10) 

L    ' \6t  j    . 'col 
-< 

llslons 

1 P00    -  ^    + 1   I*    "u 1 
e u    *    du - -T»        e    0 f" du   > 

Introducing Eq.   (10)  Into Eq.   (?), we obtain 

r0 - r0 f A 
R(u,  u ,  x + A)f(G )  du    -        R(u. Ü ,  z)<fin ) + %- 

Ö O j o        u 

f*      ..i2 
x [iCno> -jif *'** („W' *'o' i)£<tt;>du;*»'] 

,2 ^ 

du 

yrr u 
U'     I    RU'.  uf,  t)f(u,)  du'  du' 

J_ ^ o o 

+ 4iA TE- A   I      f(u') 
-u'2 

e    0    du' o (11) 

where u , u', and u* are duaoy variables- 
o  o J 
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This relationship must hold for all source functlona f(u).     We 

select   the patticular value corresponding  to a Dlrac-delta-functton 

source,   i-e   . 

f(u)   - oCu      uo) 

Therefore, 

'u.  u ,  T + A) - R(u,  u^,  z) + f- R(u, un.  z) R(u,   -o,    .   ■   -,       -N-.   -0.   -'       u       -   •     0- 

.-      ...2 
- A f R(u.  u;.  z)   • ^f ^ R(u'. uo)  du'  du^ 

iae oV O 

_ 2 

- A  f R(u.  u;,  -)   : ji < e    0 K't R(U' Uo'  Z) 

2 
+ ^f-"u,2^,-vz>du,+^'"Uo (12) 

* o 

Letting A -• 0, and Introducing 

R(u.  uo.   z)  -^^e^SCu,   luj.  z) 

In order to better obu.'n a symmetric ic-m ylslds 



f (U.|uo|.0 + 1f|   (u.   |uol.2) + f (u.   luj.  .) 
o 

u'2 

o 

-u'2 

.   r«        o 
+ --       -—r* S(u,    u'   ,  z) du' 

TT  J |U1|        %    ' O ' 0 
O O 

-u;2   u,2 
+; JT '.UVÜ' S(U' iu;!' Z)S(U'- iuoi'z) du■ duo   (13> 

o o       1   ol 

This equation was derived in Ref. 1 by particle-counting tech- 

niques . 

METHOD II 

A direct and powerful approach to the development cf the invariant- 

imbedding equations from the Boltzmann formulation uses simple pertur- 

bation techniques as the principal cool. We apply it here to a discrete 

^ ^del of the Boltzmann equation and then indicate the results for con- 

tinuous models. 

Digcrete hoaei 

We introduce a discrete model of the Boltzmann equation: 

dx -K^cf-. f- ... fH. q, q ... y 

(14) 

sr--Mf+i' f2' ••• <' fi' f2 •- V 
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The KT's are related to discrete versions of the collision opera- 

tor arid are not restricted solely to linear operators on the fT's. 

Discrete models of transport equations have been considered for müny 

years in neutron and radiative transfer, but it is only In recent 

years that attempts have been made to utilize them in kinetic theory. 

We note that the subscript i refers to a particular value of the 
-* -• + 

velocity vector, C., defined by C. ■ (u^ , v^^ , w^^ ), the f. refers 

to the distribution function of molecules having positive u compo- 

nents, and the f 's refer to molecules having negative u cotcponents 

where u is positive in the direction of increasing x. 

The discrete model arises from the consideration of a discrete 

set of molecular velocities, C,, rather than a continuous set. Finite 

volumes in velocity space A^. "  (AU^ ) (AV^ )(Aw< \are utilized, rather 

than infinitesmal elements dc -  du dv dw; integrals are replaced by 

sums, and a distribution function corresponding to each of the states 

(7 is sought. 

We consider boundary conditions resulting from an arbitrary 

source of molecules at x ■ z and a sink for moiecules at x ■ 0. A 

somewhat improbable physical interpretation of these boundary condi- 

tions Is that the wall at x - z evaporates molecules Into the flow 

and possesses a unit sticking coefficient, while the wall at x * 0 

condenses all molecules which impinge on it. For linear problems, 

as discussed earlier, this standard set of boundary conditio.^a Is 

sufficient to account for other more interesting surface-particle 

Interactions. 

These boundary conditions are 

x « 0     f^ - 0 

X ' Z     fi ' Yi (15) 

Let the solution of Eq. (14) on the interval 0, z, subject to the 

source y at x ■ z, be indicated by f , f . 

Similarly, let the solution of Eq. (15) on the interval 0, z f A, 

subject to the source y^ «t x - z + A, be indlcsted by F., F*. 
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Thut we «ay write 

dfi      ..+^+     ,+ ,-♦- 
IT'Wv fl'-' fl* h- h   •   V 

dfi -    +     + +      - 
dT'-W f2 ••• V fi' f2 ••• * 

where 1 rune from 1 to N with boundary condition« 

and 

f[(0) - 0 

£>) - y" 

< . ..+ JT-K^. F2...FH. F-. F- ... F-) 

dx" " ^l^l* F2 *• FN» Fl» p2 •• V 

where the K, 1» the seme collision operator &.j the k , where 

F+(0) - 0 

F^(« + A) - Y^ 

We seek perturbation solutions to Eq. (18) in the form 

F| - fl + A • r* -}- o(A) 

F1 - f[ + A • w[ + o(A) 

(16) 

(17) 

(18) 

(19) 

(20) 
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The boundary conditions on r  , w    can be obtained as  follows: 

r^(0)  - 0 at x - 0 (21a) 

At x • z, we expand in a Taylor series to obtain 

F^s) - F^s + A) - A • ^i (s + A) + o(A)        (21b) 

or 

of: 
^(s) + A • wi(«) - Y1 - A • ^-i («) + o(A) 

or 

w^(x) -k"(f|(s), f^(s) ... f+U), fj(s), f^z) ... f^(z))    (21c) 

+ 
The linear differential equations for the perturbations r , w are 

obtained by substitution of Eq. (20) Into Eq. (18). 

. +      N    .. + N    ..+ or,      _,   dk,     .      ,-,   dk 

dx mL ^xrL a£-wj 
j-1 orj j-1 0IJ 

(22) 

j-i   j     j-i öfj 

The solution to this set of equations, subject to boundary con- 

ditions in Eqs. (21), is 
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" M 

*lX)  " ^ ~^ ' V't*"0' ^   ■■■   £S(')' £"l('^ £2<'> • • V'» 
J-l ^J 

^ H 
(23) 

-(X) . I   -4k;(£+(.). 4(.) ... *;(.). f-(.). t-(z) ... ?-(.)) 
J-l ^j 

which can be verified by substitution. 

At x » z + A, a Taylor aeries expansion results In 

AöFTU) 
F^a + A) - F^(8) + —^i + o(ii) 

- f+(«) + ArJ'(a) 

+ Ak*(f*(«), f^«) ... fj(f). f[(a), f^CO ... ya)) + o<A) 

(24) 

At this point In the analysis It Is appropriate to introduce a 

reflection function that must differ essentially from the reflection 

function of the linear problem considered earlier. In the linear 

problem, It was assumed that the distribution function for particles 

impix^ing on the boundary at x • z was a linear functional of the dis- 

tribution function for particles emitted from that boundary. The 

definition of the reflection function in Eqs. (3) and all the succeed- 

ing analysis was engendered by the linearity of the collision operator. 

Thus It  was possible to consider a delta function incident flux of 

molecules and construct from this the solution for any incident flux. 

In this nonlinear version of the same problem it la no longer possible 

to uncouple the ei.   of a particular source distribution at the 

boundary at x ■ z from the resulting flux of particles incident upon 

that boundary.  We Introduce the function R.(z, y',  y'  ... y')  which 

Is the distribution function of particles incident upon the boundary 
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z  due to the particular distribution of incident particles at 

x = z emitted by that boundary, y'     yö ■■• YM- 

Thus 

and 

R.Cz. y', Y2 •• Y^) - 4(2.) 

R^z + A, y", Y2 ••• Y^) s ^(z + A) 

OR*      F (z + A) - f (z) 
^— = lim — —- 

The resulting equation for R^z) is then 

OR*     _ I 
är(2' Yi' Y2 ■•• V s). 

V Üi^' Vx» Y2 ... Y') 
äz 

i-i ^ 

x kj(Rl(z)' R2(Z) •'• V'^ Yl' ^2  •• Yfl) 

+ ^^0, R2(z) ... yz), y", y^ ... y") 

(25) 

Continuous Model 

If a continuous version of Eqs. (16) and (17) is consiuered. 



•13- 

df .~*+ + -*+ 

rff   -•- - ~*+ g- (C . x) - -K ((T) 

(26) 

^(C4", 0) * 0 

f'(C . s) - Y(C ) 

where the K(C ) are functional« of the distribution functions t , and 

C takes on all values of the velocity vector possessing a component 
"M- 

In the direction of decreasing x, while C takes on all values posses- 

sing a component in the direction of increasing x.  The results of the 

previous section may be extended formally to give 

||- (Y(C), C, Z) = J f-  (Y(|), C, 2)K"(f, z) d?" + K+(C+, z) 
r 

where -— is the functional partial derivative, defined by 

lim R*(V(C) T ^'(C). C. z) - P*(V(C). C. s) 

J J J  R (v(Co), C, z) • K"(CO, Z) dc( 
.00 -QB 

If K is a linearized collision operator, we introduce a reflection 
* 

function R (u» v. w, u . v w , z) such that 
o  o o' 

(27) 

(28) 
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R  (V(C   ), ^,   z)  - R (u,   v,  w,   u  ,   v      w       2) 
u t,        Y        ** O O O 

00   - -QD     —00 

X Y(u  ,  v  ,  w )  du    dv    dw 
o       o       o o       o       o 

(29) 

and note that 

6R 
6V 

R (u,  v,  w,  uo>   vp,  w^,   z) (30) 

Substituting Eqa.   (29)  and  (30)   ia Eq.   (27),  we recover  the equivalent 

of Eq.   (9): 

02   J       J R (u,   v,  w,  u  ,  v      w  ,   z)Y(u  ,  v  ,  w )  du    dv    dw 
„J ooo oooooo 
— ÖD    «39    —00 

-r f     I      R*(u,  v,  w,  u',  v', w',   z) ~ J    J x ' o      o      o u 
-as   -as o 

X (u',  v1, w',  z)  du'  dv'  dwf + - L+(u,  v, w,  z) (31) 
OOO O O O U »■»»»' N/ 

The Initial condition is always R^C, C  ,  0) s 0,  eLenming from the 

observation that there are no colllstonc to reflect particles from 

C    to C if T - 0. 
o 
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