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A short proof is offered for verifying that a 

finite state, completely specified automaton 

is synchronized with probability 1 only if 

there exists a universal synchronizer for the 

automaton. 
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WINOGRAD [3] has shovm that a finite state, completely specified 

automaton will resynchronise itself with probability 1 if and only if 

there exists a finite sequence of input letters called a universal 

synchronizer of the automation. This note presents an alternative 

argument for verifying the "only if" portion of the Theorem. A simi¬ 

lar strategy is used in [2] to prove Theorem 15 of [l], in the context 

of variable-length encodings. 

Following [3], let I* represent the free semigroup with identity 

generated by a finite input alphabet I, i.e., I* = 1° U I1 U ... U Ik U 

..., where I is the set of all input sequences of length k and = ¢, 

the identity element. A finite state, completely specified automaton A 

is a napping from I* onto some finite output alphabet; the set of states 

of A, S * ®2 » with state transitions defined on 

all pairs of the cartesian product SXI* by f(s ,w) = s , where f is the 
m n 

state transition function, s^ and sn are in S, and w is in I*. Suc¬ 

cessive input letters to A are assumed to occur randomly and Independ¬ 

ently according to some discrete orobabillty law Pr(I) « (p }, where 
th 1 i J 

Pt is the probability of occurrence of the i input letter (p^ > 0). 

A subset E ■ 1**1* is called an error set and subsets 

C , ». of I* are defined by 
m’ lwi»%V 

cV<w. .0 ■ Í«ik|í(«..v> ■ f<VV>}. 
in 11 

It 
i.e., Cg ^ is the set of all input sequences w with length 

that will synchronize Aaf ter an error w^ - w' occurs while Als in 

state s . 
m 

Definition. An automaton A with input distribution Pr(I) is 

synchronised with probability 1 with respect to an error set E if 

only if for all s^ in S and all (v^w^) in E 

k 

and 

Llm Pr 
k— (Wi,Wi>} 

1, 
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where 

Pr I Pr(w) 

wcC 
s ,(w. 
m’ ' i 

It will be convenient to extend E to a larger set £*EI*, i.e., 

(Vi,Vi> is and only if there exists a (v^,v') in E and w in I* 

such that (vi,vi') - (w^wpw - (w^, w'w). 

Definition. A sequence u in I* is a universal synchr mizer of 

A with respect toEif and only if for all s in S and all (v ,v') in 

e, c<vv) ■ f(vv>- " 1 1 
THEOREM. A finite state, completely specified automaton A with 

input distribution Pr(I) is synchronized with probability 1 with re- 

spept to an error set E only if there exists a universal synchronizer 

of A with respect to E. 

Proof. Partition S*£ into N « 1 + M(M-l)/2 equivalence classes, 

{<Wvi')*s*ilf< vV 

one for each unordered, asymmetric pair of states, and one for the 

remaining triples 

wo ■ {(VVvi')‘sl‘£lf<Vvi) ■ ■ °- 1. N). 

Distinct elements isni»v^*v£) and ^8n,Vj,Vp 8*me 8et wt are 

indistinguishable with respect to the synchronizing process in that 

any sequence x in I* that synchronizes A after the error (v , vp 

occurs in state sm also synchronizes A after (Vj.Vj) occurs in state 

sn. Since A is synchronized with probability 1, there is at least one 

synchronizing sequence for every nonempty Wt> call it u 

In the remainder of the proof (8t,vt,vt') will be used to denote 

a representative element of W . Construct sequences z . z z 
c -i 1 2 * * * ' N 

as follows: 
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*0 ^ u0 “ * 

and 
*t ’ 't-lV <' * 1. 2.N), 

where xt - « If f(.t,vt,t l) . 

or 
‘t ■ V lf * f(st,vt*t-i) 

and 
(Wt-l'Vt-l',Hn (l s"| *N>- 

T*1'" ■ {(«rŸt) for j t t, .nd it follow, th.t u - , 

is a univeraal synchroniser of A. N 
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