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"This behavloi -.reates three-dimensional flow, 3.  A high degree of 
turbulence is aauociated with that flow type.  The Coanda effect la,. 

Seventh page, line 2 should read: 

"...the cross section Is at the minimum static pressure  Until the 
final analysis is conducted, the approximate assumption may be used 
thai a velocity distribution similar to that at the inlet prevails at 
that cross section.  This means that the change of static pressure la 
assumed to be due to vortex generation and turbulence.  If one uses 
this location as...." 
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since  the  reversible portion  of  the entropy   is  due to the heat  flux. 

~- /.   (T/ds  )pvndA =  a 
0 Z      n , ; 

and  therefore equation  5  becomes 

57 V [T/dsi + V2 dPn V +  f-—\ PvndA =  0 
2 p 
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THEORETICAL STUDY OF A CONVERGENT NOZZLE 

AND FREE JET FLOW 

by 

J. C. Williams, III 

and 

F. 0. Smetan« 
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North Carolina State University 



Theoretical Study of a Convergent Nozzle 
and Free Jet Flow 

Introduction 

In order to improve the effectiveness of a fluid control device, 
it is helpful to understand the fluid dynamic phenomena which occur 
therein.  In many cases these phenomena  are extremely complicated in- 
volving as they do the interaction of the fluid with solid boundaries 
and Imposed pressure gradients.  Fortunately,however, there is an ex- 
tensive legacy in fluid dynamics from which one may draw information 
and methods of analysis.  The flow field within the power jet nozzle 
does not seem appreciably different from the flow in many fluid meter- 
ing devices; the free jet issuing from a control nozzle does not seem 
to be extensively different from the free jet issuing from a wind tunnel 
or propulsion nozzle; etc. The primary difference between the fluid 
flows found in fluid control devices and the "conventional" fluid flows 
seems to be that of scale. Also, there is the additional difference 
that geometries often found in fluid control devices for reasons of man- 
ufacturing simplicity are seldom seen in larger scale devices because of 
poor performance. 

In view of the similarity between the flow fields found in fluid 
control devices and those studied extensively in larger devices some 
qualitative statements can immediately be made regarding the design of 
fluid control devices.  One would expect long boundary layer runs or 
severe adverse pressure gradients to affect performance adversely.  Quan- 
titative improvements must, however, come from analysis (or experiment) 
which properly accounts for geometry and scale. 

The present paper is an outgrowth of a study, for the Corning Glass 
Works, to determine the extent to which the flow fields in a  small con- 
trol device could be predicted analytically, and to determine the ex- 
tent of the losses in the power jet nozzle of such a device.  An analy- 
sis was made of the flow field in an essentially two-dimensional (width 
to nozzle height ratio of 50) power jet nozzle consisting of a plenum 
chamber, contraction region and constant area nozzle. Thp analysis in- 
cludes the calculation of the boundary layer growth in ttae throat, the 
discharge coefficient, the velocity profiles in the jet, the spreading 
of the jet and the pressure recovery in a receiver placed in the jet. 
The results of this analysis are compared, in a companion paper, with 
an experimental investigation of the flow fields in an identical power 
jet nozzle and jet.  This comparison indicates that the analysis pre- 
dicts, with reasonable accuracy, both the flow field and the losses 
in a small power jet nozzle. 



The Power Nozzle and Free Jet 

In order to make a valid comparison between the analytical and 
the experimental investigations it was necessary, at the outset, to 
decide on a configuration which was both amenable to analysis and rep 
resemtatove of current fluid amplifier design,,  The configuration 
chosen is shown in Figure 1.* In order to simplify the analysis, a 
high aspect ratio (width to height) configuration was chosen so that 
end effects would be small and one could logically assume that the 
flow was essentially two-dimensional. 

The power jet nozzle consists of a parallel wall plenum chamber, 
a quarter round contraction and a long parallel wall throat.  It was 
necessary to have plenum chamber large enough to insure low velocity 
at all pressures and to damp out all entrance disturbances.  Thus, the 
plenum chamber height was taken to be 5 times the throat height.  The 
quarter round contraction was chosen so that the flow would remain at- 
tached Lo the wall at the entrance to the throat, i.e. there will be 
no vena contracts in the throat.  The throat length was taken to be 10 
times the throat height.  Thus, the throat length can be systematically 
cut back to study the effect of throat length on the velocity distribu- 
tion and on the losses in the throat (although this was not done in the 
experimental study).  The area downstream on the throat is free of chan» 
nel walls so that the analysis considers only a free jet devoid of any 
attachment effects. 

In the analysis of the fluid flow in the power jet nozzle, the 
actual nozzle scale does not appear explicitly but is reflected in the 
flow Reynolds number.  A typical Reynolds number for the present analy- 
sis was taken to be 2000 which corresponds to a throat height of 0.010 
inches and a stagnation pressure of about two atmospheres in air.  If 
the free jet is laminar, the scale is again reflected implicitly in the 
Reynolds number; the Reynolds numbers were taken consistent with that 
used in the power jet nozzle.  In the turbulent jet the Reynolds number 
is not important since the viscous effects are small compared with the 
turbulent mixing phenomenon.  The scale is given implicitly in a scal- 
ing factor related to the turbulent mixing.  Values of this scaling 
factor were again taken consistent with the Reynolds number range as- 
sumed for the power jet nozzle. 

Velocity Distribution, Pressure Distribution 
and Mass Flow in the Nozzle 

(a) Velocity Distribution.  For simplicity one usually assumes that 
the flow in a nozzle is one-dimensional, that is, the velocity is 

♦Figures appear on pages 25 through 28. 



uniform across the channel.  Two-dimensional effects and viscous effect 
are then lumped together in an experimentally - determined "discharge 
coefficient" wh^ch is a measure of the difference between the actual 
flow ?nd that calculated from the measured pressures, areas, and tem~ 
peratureassuming one-dimensional flow.  However, since the exact velo- 
city distribution across the nozzle at its exit is very influential in 
determining the characteristics of the free jet, it is instructive to 
study the effect of the nozzle geometry on the velocity distribution 
throughout the nozzle. 

In the plenum chamber, that is the region upstream of the con- 
traction, the average flow velocity is limited to about 130 feet per 
second by the five to one contraction ratio.  With a larger contraction 
ratio, the average plenum chamber velocity would be even lower.  This 
value (5) is sufficiently large that the density variations across the 
plenum channel are less than 1%.  The low velocity and the 5 to one con- 
traction also serve to damp out most of the velocity variations present 
in the flow injected into the plenum, provided the plenum channel is 
longer than about 10 channel heights.  As a result of this choice of 
geometry, it is reasonable to assume that the flow approaching the con- 
traction is uniform. 

The effect of the contraction on the velocity distribution across 
the channel is twofold:  first, a boundary layer of reduced flow velo- 
city builds up along the walls because of the retarding action of the 
wall friction; and second, the flow near the walls is accelerated by 
centrifugal forces associated with the curved walls. As a result of 
the second phenomenon, the flow velocity near the wall tends to be 
greater than at the center of the channel; the first phenomenon leads 
to the opposite effect.  In general, the smaller the radius of the con- 
traction, the smaller the boundary layer growth and the larger the cen- 
trifugal effect.  When the contraction radius is less than about 0.25 
throat heights, the flow separates from the wall.  It then requires a 
run of several throat heights in order for the flow to reattach to the 
wall.  If the throat is too short, reattachment will not occur and the 
flow velocity at the exit of the nozzle will be very non-uniform. 

To facilitate the analysis, a geometry was chosen which would pro- 
duce the most uniform profile possible at Reynolds numbers within the 
range of present interest. This entails selection of an inlet radius 
which leads - in so far as possible - to a cancellation of the boundary 
layer effect by the centrifugal effect.  To determine the centrifugal 
effect a simplified form of the inviscid, compressible analysis of 
Oswatitsch and Rothstein (Reference 1) was employed.  The results of 
the simplified analysis were found to agree with wind tunnel measure- 
ments to within 17o, the actual variation being somewhat greater than 
that predicted by the simple theory.  In the theory of Oswatitsch and 
Rothstein, power series are used to represent the velocity components. 
In the simplified analysis only terms through second order are retained 
and only the flow at the throat is considered.  The mass flow is con- 
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sldered to be the same as the one-dimensional value. One then obtains 
as the expression for the velocity distribution at the throat the equ- 
ation 

u 
cl 

(1) 

where u . is the centerline velocity for one-dimensional flow 
cl ■' 

h  is the channel height 
R is the radius of curvature of the wall 
Y is the distance measured from the centerline 

In this case R was chosen as 2 h.  Thus 

-£    = 0.9585 (i ^l) (2) 

A table of values of this equation is given below: 

JA. ü: 
Uu h 

0.9583 0 
0.9595 .1 
0.9631 .2 
0.9691 .3 
0.977^ .4 
0.9883 .5 
1.0014 .6 
1.0170 .7 
1.0350 .8 
1.0553 .9 
1.0782 1.0 

To determine the effect on the velocity distribution caused by wall 
friction, the following approach was employed:  Since the Mach number at 
the throat can never exceed unity and since the boundary layer for a M ^l 
flow is not measurably different from that for a M - 0 flow at the same 
Reynolds number, the nozzle flow was assumed to be incompressible. 

From the fact that the throat area in this particular case is 1/5 
the upstream area, it was assumed that the velocity just outside the 
boundary layer, u  , was given by 

2 



where Ö is Che angle of the normal to the surface measured from the up- 
stream flow clirection.  The throat begins at 0 = 9Cr . 

According to the von Karman momentum integral method, as modified 
by Waltz, for this geometry, 

u~ez  .   0.47 (5 s'r,z<£)   d<p 

= 0.0395   for 0 = 90' 

R is the radius of curvature of the contraction, 9 is the momentum thick- 
ness and V the kinematic viscosity. 

Since  "^Vc/* **    ^ ^or t^e throat an^  beyond, it was as- 
sumed that S * = 2.554 0 in this region.  Now R = 2h; the displacement 
thickness g* is therefore 

«*      /.G/S/? 

us h 
V 

the boundary thickness 3 can be derived from this and can be shown to be 
; 1 

s.4 h 

V 
Since   the  momentum integral  method  assumes  a velocity  profile  given 

by 

f ■ *«s - Hh)'* (%]* 
o 

where Re = i^nand  y is measured from the wall outward, one can easily 
arrive at an expression for the velocity profile at 0 = 90* in the bound- 
ary layer of the channel under study: 

u    *   0.5? Xe* (i ~ I]    - 0.0/2? Ke* ( l-Y]* 
u^ Kz      h  I \ z     h / 

i 
+ o.oone   Pe  fi-^L) 

(3) 
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3 
Some typical values for a Reynolds number of 10  are 

Ü. 2Y 

0 1.0 
.543 .9 
.888 .8 

1.0 .7 

By multiplying these results with those obtained previously for two- 
dimensional flow at the throat one has a good indication of the actual 
velocity profile at Re = 10 : 

zY 
K 

1.0 
.9 
.8 
.7 
.6 
.5 
.U 

.3 
i 

0 

As the flow moves into the constant area section, the centrifugal 
effect disappears and only the viscous effect is present.  An analysis 
was carried out - again using the momentum integral method - to deter- 
mine the boundary layer growth in the constant area section.  From con- 
tinuity considerations and the assumption of incompressible flow, the 
velocity outside of the boundary layer is 

u 
u Cl 
0 
e. 572 
0. 919 
1. 017 
1. 0014 
,9883 
,9775 
9691 
,9631 
,9583 

where the subscript (1) refers to conditions at the beginning of the con- 
stant area section. 

Since the boundary layer grows as x increases, continuity requires 
that the pressure fall with increasing x.  With such a pressure gradient, 
^ */9 is approximately constant.  It is taken here as 2.4.  The momentum 
integral equation can then be integrated to give 
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0 2 /CS  In fi - 4 &®\ + O 13 
n ' 

JZ./ = value of Q at the beginning of constant area section.  From 
hi, h 

these results, figures 2 and 3 have been prepared.  A Reynolds number 
of 2000 is assumed.  Since § = 3.33^* one can readily determine § 
from these figures; and from §*, u/  using the relationship given 

o 
previously.  It will be seen that for a throat 15h long and a Reynolds 
number of 2000, the boundary layer will completely fill the downstream 
end of the throat and the velocity profilr is virtually parabolic, 
(b)  Pressure Distribution.  From the distribution of velocity and a 
knowledge of the dissipation one can, of course, always calculate the 
pressure distribution.  There are, however, some general observations 
which may be made from which one may obtain quite a reliable indication 
of the pressure distribution.  First, for Reynolds numbers above 2000;, 
the flow consists of a isentropic core and a boundary layer.  Thus, ex- 
cept for perturbations caused by the boundary layer and the centrifugal 
effects near the contraction, the flow can be treated by isentropic one- 
dimensional theory.  The existence of a boundary layer does not affect 
the pressure distribution except to the extent that the increasing dis- 
placement thickness as the flow moves downstream tends to delay the at- 
tainment of the maximum velocity (minimum pressure) until the downstream 
end of the nozzle.  Second, two-dimensional effects - at least in the 
nozzle under discussion - are relatively small.  At the beginning of 
the throat where the effect is greatest, the pressure varies from about 
107o over the one-dimensional value, at the center line to about 107„ under 
at the wall. 

A good estimate of the pressure distribution can, therefore, be 
arrived at by first calculating the centerline Mach number at the throat 
exit corresponding to the overall pressure ratio.  Then, from a knowledge 
of § * vs x and working upstream from the exit, calculate the pressure 
corresponding to the area (h-2§*) b where b is the width of the throat 
(in this case 50h).  For example, if the overall pressure ratio is 1.896 
the exit centerline Mach number should be approximately 1.0.  Assuming a 
Reynolds number of about 2000, S*  at x/h = 10 is 0.124.  1-2 §*/h is 

h 
0.752.  At x/h = 8, 1-2 g*/h is 0.776.  The ratio of areas is 1.032.  The 
corresponding ratio of pressures is 1.225.  At x/h = 0, the ratio of 
areas is 1.236 and the corresponding pressure ratio (Px/pexit^ ^s ^■•53. 
Compared with the upstream pressure, the pressure at the beginning of the 



of the throat is 0.806 while at x/h = 8 it is 0.646.  The authors have 
found that simple calculations of this type give reasonably good agree- 
ment with the measurements made on axisymmetric channels at comparable 
Reynolds numbers. 
(c)  Mass Flow.  As indicated previously, one usually expresses the mass 
flow by the one-dimensional mass flow times a discharge coefficient.  It 
is convenient to consider that, in the absence of significant centrifugal 
effects, the flow consists of a central core of uniform velocity contain- 
ing all the mass of the system.  The dimensions of the core are therefore 
h-2S* and the mass flow is Pc ^g (h - Z S*)*     The ideal mass flow for 
the same pressures is D U^n   so that 

cd  -   A^(^-gS*) =   /_ 2 s (5) 

fi ■suih h 

It was also found that this expression would agree with measurement 
over a wider range of conditions if it is written in the form 

c
d 

It was  shown previously  that at x/h = 10 

«here Re  = m 
^b 

Since    p     _  . —       one can solve for m readily 



where 

m 
(/--OR 

P  is the upstream pressure 

?2    is the exit pressure 

Ai = 5bh (for the present nozzle) 

A2 = bh 

;  = ratio of specific heats 
R = gas constant 
Ts - stagnation temperature 

One would expect these relationships to be valid for Reynolds 
numbers above that for which the boundary layers merge and below that 
for which-the flow.becomes turbulent i.e. generally over the range 
from 2x10 to 2x10 . 

The Free Jet 

The free jet may be completely laminar, completely turbulent or 
transitional (transition from laminar to turbulent flow in the jet). 
In each of these types of flow the jet may be divided into three separate 
regions (see Figure 4).  Region I is characterized by a more or less un- 
iform core bounded by a mixing region.  As the flow proceeds downstream, 
the core is dissipated by viscous (or turbulent) mixing until at the end 
of region I the uniform core has completely disappeared.  In region III, 
"far" downstream, the jet is fully developed and the velocity profiles 
are self similar, i.e. the velocity depends upon a single similarity co- 
ordinate.  Region II is a transitional region in which the velocity pro- 
files adjust from the non self-similar profiles at the end of region I 
to be the self-similar profiles in region III.  Experimental evidence 
indicates that the extent of region II is very small, hence no further 
consideration will be given to region II in this work. 

The maximum velocity within the jet occurs at the exit of the noz- 
zle.  If this maximum velocity is less than the local sonic velocity 
then the jet is subsonic throughout and the static pressure is constant 
within the jet structure.  Since there is neither pressure gradient nor 
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wall shear is the subsonic Iree jet, there is no mechanism by which the 
momentum content of the jet can be reduced and one is led  to the impor- 
tant conclusion that the total momentum content within the jet is constant. 
The jet then only spreads the momentum by means of viscous or turbulent 
mixing.  It is this spreading of the momentum within the jet which is of 
primary interest here. 

Laminar Free Jet 

Region I. The interest he^e is in determining the rate at which the 
jet spreads and the rate at which the uniform core is dissipated as a re- 
sult of mixing.  Thus for simplicity, we consider only half of the sym- 
metrical jet as shown in Figure 4. 

The analysis of the spreading of a free jet should originate with 
the full Navier Stokes Equations.  Solutions to the full equations are, 
however, extremely rare.  Fortunately, experience has shown that an ad- 
equate description of jet-like phenomenon ran be obtained using the bound- 
ary layer equations.  In the case of steady two-dimensional incompressible 
flow with no pressure gradients these equations are: 

The classical solution to these equations for the case of a free jet 
boundary may be found in standard texts (e.g. References2 & 3).  It; 
will be only briefly reviewed here.  In introducing the non-dimensional 
stream function, f ( 77 ), defined by 

and the similarity variable, *^ , defined by \ s   (3/%0  r VX where U 
is the center line velocity in the inviscid core, the continuity equation 
is satisfied identically and the momentum equation becomes: 

r% /T'-o 
(7) 
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Here primes denote differentiation with respect to 77 . Since we are 
considering only one side of the jet, we apply the boundary conditions 
at  u = ^ CO .  These conditions are 

3 
(+ oo) i a z   U 

Lji-   oO) ÜL   =    O 

or -f- (+00) *  Z £ C-*o) *   O 

The above third order differential equation requires three boundai./ 
conditions for a complete solution.  For the third boundary condition, we 
take f(o) = o which is equivalent to taking a new origin for the y axis 
at each x.  The solution to equation (7) with the boundary conditions 
f' (+oo) =2, f' (-oo) = f (o) = o has been solved by a number of inves- 
tigators. We use here that solution given by Christian (Refererce 4). 

In the present application, we are interested in the characteristic 
spreading and scale of the jet.  These characteristics are given by d, the 
width of the uniform core, S    > the width of the mixing region and L the 
length of the uniform core.  Fortunately, even though the boundary conditions 
are applied at +oo, it turns out that the solution extends only over the 
range  —/^ ^- 7| ^ -^ T .  The fact that we have shifted the axis to obtain 
a solution (see above) leads to some difficulty buc this is overcome by 
taking advantage of conservation of momentum within the jet.  Thus 

Cl 

FV^ - fvli 

Since the fluid is Incompressible this yields 

h   . d   + 
J i-v)d3 
3- 

and using the stream function defined above ne stream function defined above   / 
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Employing the solution given in Reference 4 this becomes simply 

d / I / - i4 9 4 
h      zl        i/vB fh   [ <8) 

Thus, the width of the uniform core decreases as the square root of the 
distance from the nozzle exit plane.  The length of region Lis determined 
by the value of x at which d = o.  Thus 

k *  o oo45  Uh w 
h V 

so that the length of the inviscid core increases directly with Reynolds 
number. 

The width of the mixing region, %   , can be obtained directly from the 
solution.  Hence, 

^-=  Si - x- - j^ \fZ (10) 

The width of the mixing region increases as the square root of the distance 
from the nozzle exit plane. 

Tt is clear from the above solution that to recover a large percent- 
age of the momentum (or total pressure) In the jet one should operate at 
the highest possible Reynolds number Uh/yJ    .  The receiver should be 
placed as close as possible to the nozzle exit. 

Region III.  Unless the Reynolds number for the flow is moderately 
large, regions I and II in the jet will be fairly small and any receiver 
placed downstream in the jet will see a region III type flow.  Thus, it 
is necessary to determine the characteristics of this type flow.  The 
flow in this region has also been analyzed  previously and the results 
are presented in standard texts (e.g. Reference 2).  The standard treat- 
ment yields for the velocity profiles in this region 

u   ,    o4*43   f^jll   - T*nk   f ]        <"> 

17 



v-= o.ss05 ivjiy]5 
(12) 

y z 

f   =    O.Z7SZ IVJl]5        H (13) 

The edge of the jet is defined by the condition u = o which occurs when 
tanh P^/ or    £ s" G» .5'  .  Thus, if S     is the half span of the jet 
one obtains from equation (13): 

J_ ä  Z3.CS      I PC   \    3 (14) 

Whare Re^-ry,  Thus in region III, the jet expands as x    instead 
1/2   V 

of x '   as found in region I. 
More important for fluid amplifier application, however, is the 

pressure recovery in the jet.    Ve use the volume average total pressure 
defined by * 

fo"  ^ i f°h^ 
where u      is the height of the receiver (or the height over which the 
total pressure is averaged).  Employing the above velocity profile we 
obtain 

-fo --fe   '    0-f4lßV2 jsec/^l+an^ - | fan», 

(15) 

where y 
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For the special case in which Ä= n   (receiver height equal to nozzle 
height), x/h = 10 (receiver located 10 nozzle heights from the nozzle exit) 
and an exit pressure of one atmosphere the ratio (po - pe)/rpo -  pe) Is pre- 
sented in figure (6) as a function of Reynolds number.  It is seen that un- 
less the Reynolds number is extremely small (po - pe very small) a very 
large portion of the upstream total pressure in recovered in the receiver. 
This is verified by equation (14) which indicates that unless the Reynolds 
number is very low the jet spreads very little.  Thus, any reasonable size 
receiver placed near the nozzle will recover almost all of the momentum in 
the jet. 

The Turbulent Jet 

While the analysis of the laminar jet is extremely enlightening and 
important for low or moderate Reynolds numbers, the Reynolds numbers which 
occur in practice are generally high enough to insure turbulent flow.  The 
analysis of the turbulent jet is, however, more complex since the phenomenon 
of turbulence is, as yet, not completely understood.  Thus, analysis of the 
turbulent jet is semi-empirical. 

Region I. The free jet boundary problem has been studied by several 
investigations. We chose to employ the analysis of Goertler as presented 
in Reference 2.  This analysis yields the velocity distribution. 

U. * 
U\l+erf($)] a6) 

where  £ r ä/x   and ^    is empirically determined constant which has 
been found to be  d"'  = 13.5.  In this case, the origin of the y axis 
has not been shifted.  Nevertheless, some difficulty occurs in that both 
the upper and lower edges of the jet extend, in theory at least, to infinity, 
Thus, the solution given above  literally applies only to half a jet bound- 
ary.  If we chose the upper edge of the jet as the point where u/U = 0.99^ 
then at this point £* = 3.09. Referring to Figure (5), we can write 

d+ Z        *     '* * (17) 

or 

d_   -     _L _   O.Z29 Z- 
h    2 h 
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Similarly if we define the outer edge of the jet as the point where 
u/U = 0.001 we can obtain 

S ,  o.4sa 2L (18) 

In this region the core of the jet decreases linearly with distance from 
the nozzle exit and the jet mixing region increases linearly with distance 
from the nozzle exit.  It should be noted that the turb ilent mixing tends 
to spread the momentum much more rapidly than the laminar mixing and that 
the characteristic lengths in the turbulent jet are independent of Reynolds 
number.  The length of the core can be found directly from equation (17) to 
be 

h 
2./<? (19) 

Region III 
In general it is not reasonable to expect the receiver to be placed 

in region I since this region extends only slightly more than two nozzle 
heights from the nozzle exit.  It is more likely that the receiver will 
be placed in region III of the jet.  In this region the velocities are 
given by (References 2 & 3). 

IK 

\r - Hnh 1 

r ¥ K  * Uzh 

where A is an empirical constant which has been found to be ^ = 7.67* 
The outer edge of the jet is defined by u = o, which occurs at >7 = 6.5, 
thus if  § /2 is the half width of the jet ^ 

6.5 - 
zx 
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JL   -     i b9Z  1 
K h 

and again the jet spreads linearly with x.  More important, however, is 
the momentum (total pressure) recovered in a receiver placed in the jet. 
Using the velocity distribution given above the volume average total 
pressure becomes 

fo   --ps*    r f rsnnij^-   ^  Tsnn    'r (20) 

where     ^u.    ~    ^~~£ an^ 7       ^s  a8a^n  t^16  height  of  the  receiver» 
pU Z - Z(p - p   )'  we maiy write  this Since 

(21) 

f l&[-rt*^-i^\] 
In the turbulent case, the pressure recovery ir. independent of the 
Reynolds number and jdepends only on the size and location of the re- 
ceiver.  The ratio ^0/A^      is presented in figure (6) as a function of 
Po0for an air jet issuinfinto atmospheric pressure for receiver widths of 
one and two nozzle widths at x/h = 10.  For fixed pressures, if the re- 
ceiver size is increasedlthe volume average total pressure is decreased, 
not because more total pressure is not recovered, but because this total 
pressure is averaged over a larger volume. 

If pressure recovery were the only consideration^one would (1) place 
the receiver as close as possible to the nozzle exit and (2) operate with 
as small a receiver as possible. 

Losses in the Free Jet Due to Shock Waves 

If the ratio of the upstream plenum chamber pressure to the receiver 
pressure exceeds about 1.5, there is the strong possibility of local re- 
gions of supersonic flow in the free jet terminated by shock waves.  As the 
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overall pressure ratio increases, the probability for such shock waves 
increases.  In contrast to the subsonic jet where dissipation is minimal. 
the supersonic jet terminated by a shock wave is a high loss (in terms of 
pressure recovery) system.  For example, if the jet should expand to a 
Mach number of 3 and then decelerates through a normal shock, two thirds 
of the stagnation pressure is lost.  Oblique shocks, of course, result in 
somewhat lower losses but in general one should avoid, in so far as possible, 
production of any shock waves since they constitute the largest loss in the 
type of system studied here. 

Conclusions and Implications in 
Fluid Amplifier Power Jet Design 

An analytical study has been made of the flow fields in a simple 
two-dimensional power jet nozzle and in the free jet downstream of such 
a nozzle.  A number of important conclusions, related to power jet nozzle 
design, may be drawn from this study. 

In the power jet nozzle, it is important to design as large a con- 
traction, from the plenum chamber to the throat, as possible.  This in- 
sures low flow velocities in the plenum chamber so that disturbances are 
damped out before they reach the throat.  The radius of curvature in the 
contraction should be large to minimize velocity non-uniformities due to 
centrifugal effects.  On the other hand, the length along the surface 
should be minimized, as much as possible to reduce the size of the bound- 
ary layer entering the throat.  Sharp corners in the contraction region 
must be avoided to prevent boundary layer separation. 

If the centrifugal effects are not significant, the non-uniformity 
of jhe velocity profile at the exit of the throat, as well as the total 
pressure loss in the throat are directly related to the throat length. 
The longer the throat, the more non-uniform the velocity profile and the 
greater the loss in momentum (or total pressure).  At a Reynolds number of 
2000, the velocity profile is almost fully developed 15 throat heights 
from the throat entrance. 

The actual mats flow passed through the nozzle is also reduced by 
the growth of the boundary layer in the nozzle.  it is imperative there- 
fore that the throat length be made as short as possible, consistent 
with manufacturing considerations. 

In the subsonic free jet there is no large mechanism for dissipation 
of momentum so that the effect of viscosity or turbulent mining is to 
spread the momentum.  The spreading of the free jet and the velocity pro- 
files in the jet have been calculated for both laminar and turbulent jets. 
The average pressure in the jet is also calculated.  These calculations 
lead to the conclusion, which is intuitively obvious, that a receiver for 
the jet should be placed as close to the jet exit as possible. 

The validity of these analytical predictions is borneout in the follow- 
ing paper which reports on an experimental investigation on a  configura- 
tion identical to that analyzed here. 
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Symbols 

b - span of the nozzle 
c. - discharge coefficient 

d - half height of the uniform core in the jet 
f - non-dimensional stream function 
h - height of the nozzle throat 
K - momentum per unit mass 
L - length of the uniform core in the jet 
m - mass flow 
p - static pressure 
P0 - stagnation (total) pressure 

1?0 - volume average stagnation pressure 

R - gas constant 
Re - Reynolds number 
T - temperature 
u - x component of velocity 
u00 -           velocity in plenum 

U - x component of velocity in the jet core 
v - y component of velocity 
x - geometric coordinate 
y - geometric coordinate 
Y - distance measured from the wall in the contraction 
J - ratio of specific heats 
i - height of the receiver (or width over which total pressure is 
^ averaged) 
71 - transformed y coordinate 
^ - empirical constant 
ju, - coefficient of viscosity 
y} - kinematic viscosity 
^ - transformed y coordinate 
P - density 
o" - empirical constant 
(p - angle in contraction measured from upstream direction 
Y1 - stream function 

Subscripts 

oo - upstream conditions 
§ - at edge of bounday layer 
o - stagnation conditions 
i - ideal 
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Figure 1.- POWER JET NOZZLE 

25 



13 

16 

14 

12 

10 

08 

06 

04 

02 

6* 

/ 

/ 

/ 

/ 

/ 

e_ 

v ■^^ 

y    ^s 

r 

0 10 x 
h 

15 20 
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Figure 3.- CENTERLINE VELOCITY IN THE THROAT. 

26 



REGION 
I 

REGION 
II 

REGION 
III 

Figure 4.- THE FREE JET 

Figure 5.- THE FREE JET BOUNDAiQ' 'N REGION I 
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Figure   5.-   PRESSURE   RECOVERY  IN   A  LAMINAR  JET 
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EXPERIMENTAL STUDY OF A CONVERGENT NOZZLE AND 
FREE JET FLOW 

by 

Donald I. McRee 

CORNING GLASS WORKS 
ELECTRONIC RESEARCH LABORATORY 

RALEIGH, NORTH CAROLINA 

ABSTRACT 

An experimental study is made of the two-dimensional 
convergent nozzle which was theoretically analyzed in a 
companion paper.  Experimental results are compared with 
the theoretical analysis.  Velocity profiles, ]et core 
lengths, pressure loss due to mixing downstream of the 
nozzle exit, mass flows, and discharge coefficient are 
presented for jet supply pressures of approximately 16 to 
31 psia.  In most cases the experimental and theoretical 
results compared very favorably and demonstrated the use- 
fulness of theory in predicting jet behavior. 

INTRODUCTION 

The operating characteristics and efficiency of a 
fluid amplifier are greatly dependent upon the power jet 
and the nature of the flow through the power jet.  Very 
little experimental work has been done in the area of small 
jets (order of 0.010 inch); therefore, it is important to 
study small jet characteristics so as to be able to design 
fluid amplifiers with the highest possible efficiency and 
consistent operating behavior. 

In the companion paper. Dr. F. O. Smetana and Dr. J. C. 
Williams, III have performed a theoretical analysis of a 
two-dimensional convergent jet.  The analysis included the 
calculation of jet velocity profiles, core lengths, profile 
spreading with distance from the jet, pressure recovery 10 
jet widths from the nozzle exit, mass flows for given input 
pressures and discharge coefficients.  An experimental 
investigation of the jet has been performed.  The supply 
pressure to the jet ranged from approximately 16 to 31 psia, 
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which corresponded to a Reynolds' number ränge of approxi- 
mately 1500 to 6200 based on the width of the nozzle exit. 
Velocity surveys were taken at 1, 2, 3, 5, 10, 20, 50, 75, 
100, 150, and 200 jet widths from the nozzle exit.  Total 
pressure surveys were taken at 1, 10, and 20 jet widths 
from the exit.  The experimental data obtained from the 
investigation were reduced to a form which could be com- 
pared with the theoretical analysis. 

Although the physical phenomena involved in a free jet 
are not the same is in the bounded jet, I have, in some 
instances, discussed the results from the point of view that 
the jet being tested is the power jet or nozzle of a fluid 
amplifier.  This method of discussing the results is used 
so as to view the results in terms of fluid amplifier appli- 
cation . 

SYMBOLS 

b total profile width 

C-j discharge coefficient 

h nozzle width 

^actual theoretically calculated actual mass flow= cclMcal 

ft , calculated mass flow cal 

Pe ambient pressure 

Pt nozzle exit total pressure 

P. supply total pressure 

P average total pressure 

ptl0h integrated total pressure ten jet widths from the 
nozzle exit 

Re Reynolds' number based on width of nozzle, pUh 

M 

U velocity 

U0 centerline velocity  of   any given velocity  profile 

U exit   centerline velocity oo J 
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SYMBOLS 
(continued) 

x      distance from jet exit measured along a line 
drawn through the center of the nozzle 

x1      length of core region 

y      perpendicular distance from a line drawn through 
the center of the nozzle 

6      boundary layer thickness 

6*     displacement thickness 

r\ correlating parameter, r\  =  ay 
IT 

p      absolute viscosity 

p      mass density 
2 

o      experimentally determined constant by Reichardt 
= 7.67 

APPARATUS 

Model 

The jet design used in the investigation was a two- 
dimensional convergent nozzle.  A sketch of the nozzle with 
dimensions is shown in figure 1(a).* The model was very 
accurately fabricated from brass, the nozzle area being with- 
in 2 percent of design.  The area of the jet chamber was 5 
times the nozzle area.  The aspect ratio of the model was 
50.  A 0.0136 inch static pressure tap was placed in the upper 
wall of the jet chamber 0.30 inch from the jet exit. 

Instrumentation and Procedure 

A schematic diagram of the test setup is shown in 
figure 1(b).  An accurate pressure gage and regulator were 
used to control the supply pressure.  Immediately downstream 
of the pressure regulator was a rotameter-type flowmeter. 

*Figures appear on pages 41 throi-nh 59. 31 



The mass flow through the nozzle was obtained fron the 
volume flow, UA, measured by the rotameter and the density, 
p, obtained from the measured static supply pressure.  The 
static pressure in the jet chamber was measured by the 
static pressure tap drilled through the upper surface of 
the jet. 

Total pressure, static pressure, and total temperature 
probes were used to calibrate the hot wire probes.  These 
calibrating probes are shown in figure 1(c) .  The hot wire 
probes were used to measure the velocity profiles.  The 
tungsten sensing wire was 0.0002 inch in diameter.  Total 
pressure surveys were made to determine the total pressure 
recovery at location downstream of the jet exit.  The probes 
were mounted in a stationary position in front of an X-Y 
table.  The jet model was mounted on the X-Y table.  Using 
this X-Y table, the location of the nozzle exit with respect 
to the probe could be measured to an accuracy better than 
0.0001 inch. 

RESULTS AND DISCUSSION 

As indicated in the theoretical study, a free jet can 
be divided into three regions.  Region I is a potential core 
region, which has a uniform core velocity bounded by a mixing 
region.  Region II is a fully developed mixing region where 
the velocity profiles adjust to a similiar profile region. 
Region III is the fully developed mixing region where the 
velocity profiles are similar. 

The velocity profiles at different stations downstream 
of the nozzle exit are shown in figure 2.  The velocity ratio 
U/U00 is plotted against the distance from the centerline of 
the jet, y.  The change in shape of the velocity profiles, 
the decay of the centerline velocity, and the spread of the 
jet with increasing distance from the jet exit can easily be 
seen from these figures. 

The decay ]n centerline velocity with increasing distance 
from the nozzle exit is shown in figure 3.  Since the center- 
line velocities for the different supply pressures get closer 
together as the distance from the jet exit increases, there 
is a greater incremental loss in centerline velocity for 
higher exit velocities than for lower exit velocities.  This 
slower decay of the lower velocity profiles could be attri- 
buted to two effects.  The jets at the lower supply r,assure 
are probably lannar jets.  As a result, the mixing wi >_h the 
quiescent air is not as rapid; therefore, the jet does not 
break up as rapidly.  The higher the supply pressure, the more 
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turbulent the mixing, the greater the shear between the air 
in motion and the air at rest, and consequently, the greater 
the loss in centerline velocity. 

In the potential core region of the jet, there is a con- 
stant velocity area called the jet core.  The experimentally 
measured length of the core region is compared with both the 
laminar and the turbulent theoretically calculated core lengths 
in figure 4.  The ratio of core length to jet width is plotted 
against Reynolds' number.  The laminar theoretical curve pre- 
dicts a longer core length than was measured, since it is be- 
lieved that the data points at R = 1560 and 2440 are laminar 
data points.  The data points at R = 3630 and 4350 appear to 
be intermediate points (the jet not being completely laminar 
or turbulent but in a transition state) and those at 5350 and 
6200 fall very close to the theoretical turbulent line. 

The theoretically calculated growth of a laminar jet in 
Region I for a Reynolds' number of 2000 is shown in figure 5. 
Experimental points are shown for comparison.  The data pre- 
sented were obtained by interpolating between the experimen- 
tal points taken at Reynolds' numbers of 1560 and 2440.  The 
theoretical shape predicted a greater spread than was obtained 
experimentally for distances less than 5 jet widths and less 
spread for distances greater than 5 jet widths.  The theoreti- 
cally calculated core length was approximately twice as long 
as the experimentally measured core length.  This difference 
in core length could be explained by the fact that the jet is 
not completely free of large scale vorticity which causes the 
jet core to deteriorate at a faster rate than would be the 
case for a completely turbulent-free laminar jet. 

The theoretically calculated spread of a turbulent jet 
in Region I (potential core region) is s^own in figure 6. 
The experimental data for the differer" supply pressures are 
also shown.  There is good agreement between the experimen- 
tal width and the theoretically calculated width for turbu- 
lent jets. 

The discussion of the results will now proceed to 
Regions II and III of the jet profile.  The width of the jet 
profile is plotted against distance from the nozzle exit in 
figure 7 at U/U0 = .5.  The width at U/U0 = .5 is the width 
of profile where there exists a velocity equal to or greater 
than one-half the centerline velocity.  The jet width at 
U/U0 = .5 is almost constant for the first five jet widths 
downstream and then varies approximately linearly as the 
distance increases.  For Regions II and III, the equation 
b/h = 0.215 (x/h) is a good approximation of the experimental 
data and would predict accurately the width of the jet at 
U/U0 = .5. 
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When applying information from a jet study to fluid 
amplifiers, it is important to look closely at the jet char- 
acteristics at 10 jet widths from the nozzle exit.  This is 
due to the fact that the splitter of the output ports is 
usually locat"ed at or near this location.  The width of the 
jet for U/U00 = .1 for distances from the nozzle is shown 
in figure 8. \J/\J       -   .1 was chosen as the limit for the 
profile width because of the scatter in the measured veloc- 
ity at velocities lower than U = 0.1Uoo. 

This scatter at lower velocities was due to room air 
currents, slight changes in room temperature, and the high 
sensitivity of the hot wire.  The width of the jet at 10h 
is approximately 3 jet widths wide for the supply pressure 
of 15.88 psia and approximately 4 jet widths wide for higher 
supply pressures.  From this information, a receiver of 4 jet 
widths or 0.040 inch would be required to receive all the 
flow with velocity U/U00 >.l.  Again it is realized that the 
free jet phenomenon is not the same as that found in a fluid 
amplifier, but comparisons are ol value. 

Region III of the jet is a fully developed mixing 
region where velocity profiles are similar.  The theoreti- 
cal profile shape for this region was calculated using the 
method presented in chapter XXIII of boundary Layer Theory 
by Hermann Schlichting1 and presented in the companion paper. 
The equation obtained for the velocity was 

U = U0  L2TI (1 - tanh^n) - tanh rj 
o/x" 

where r\  = oy/x where o is an experimentally determined con- 
stant found by H. Reichardt2 to be 7.67. 

The comparison of the theoretically calculated non- 
dimensional profiles and the experimental non-dimensional 
profiles for Region III are shown in figures 0(a), 9(b), 
and 9(c).  In these figures, the ratio of velocity at a 
given point of the profile to the centerline velocity is 
plotted against r,.  In general, there is good agreement 
between the theoretical curves and the experimentally 
measured value.  The experimental data agree  more closely 
for the profiles at higher supply pressures (higher 
velocities or Reynolds' numbers) than for the lower supply 
pressures.  The theoretical curve indicates a faster decay 
of velocity to zero with distance from the jet centerline 
than was measured experimentally.  However, an accurate 
prediction of velocity profile shape in Region III for 
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Reynolds' numbers of approximately 2400 to 6200 can be made 
using the theoretical equation. 

An important objective of the investigation was to 
determine the pressure drop through the no7zle.  The pressure 
loss is presented ;.n figure 10(a) .  The total supply pressure 
to the jet chamber is plotted against total jet exit pressure. 
The 100 percent recovery pres. ure curve is presented for com- 
parison.  The maximum pressure loss through the nozzle was 
0.75 pound.  Therefore, at a total supply pressure of anproxi- 
mately 15.4 psi above ambient, there is only a 5 percent loss 
in pressure.  The loss of total pressure due to the nozzle 
ranged from approximately 4 percent at 1 psig supply to 5 per- 
cent at 15 psig supply.  Although the theoretically analyzed 
and experimentally tested nozzle is nut an efficiently de- 
signed jet, the losses through the nozzle are small.  The 
pressure loss can be seen more clearly from figure 10(b) . 
The total supply pressure is plotted against the difference 
in the total supply pressure and the total exit pressure 
(^P = Ptc " Pte)' 

The total pressure loss of a jet is an important param- 
eter when one is interested in the pressure available at a 
downstream location.  The total pressures recovered at various 
jet widths from the nozzle exit are shown in figure 11.  Total 
pressure surveys were taken at 0, 1, 10, and 20 jet widths 
from the exit.  The curves connecting the data points, espe- 
cially at distances close to the exit, are probably not the 
true total pressures.  The data points, however, are actual 
measured values and the curves themselves are probably 
accurate between 5 jet widths and 20 jet widths from the 
nozzle.  The two different crrves, solid and broken, represent 
the integrated pressures over a 0.010 inch width (x/h = 1) 
and a 0.020 inch width (x/h = 2), respectively. 

For fluid amplifier application, the receiver inlet is 
usually located at approximately x/h = 10.  The pressure re- 
covered at x/h = 10 is plotted against total supply pressure 
in figure 12(a).  Also shown m the figure is the 100 percent 
pressure recovery curve and the theoretically calculated pres- 
sure recovery curve for a turbulent jet.  The turbulent theo- 
retical curve was calculated from the equation 

Pt,10h " Pe = 0.543(Ptc - Pe) 

which  was   theoretically determined   in   the   companion   paper. 

The   theoretical   curve   predicted   a   straight   line   recovery 
value.     However,    the   experimental   dato   showed   a   curved   line 
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which crossed the theoretical line at two different values. 
The first two data points were higher than 'he theoretical 
curve.  This is believed to be due to the fact that the jet 
was not fully turbulent and the losses from mixing werf? not 
as great as predicted by turbulent theory.  The theoretical 
curve predicted the experimental data within an accuracy of 
-5 percent in the worst case and in most cases better than 
-5 percent.  The ratio of total pressure recovery in psia 
to total supply pressure in psia is plotted in figure 12(b) 
against supply pressure in psia.  The agreement between the 
theoretical curves and the data is within 3 percent for 
supply pressure less than 27 psia and is within approxi- 
mately 5 percent for supply pressures between 27 and 31 psia 
Again it can be vividly seen that the theory predicted the 
pressure recovery to an accuracy of -5   percent for both the 
0.010" and 0.020" width of profile. 

Since in most cases the fluid amplifier device will be 
operated with atmospheric pressure surrounding it, it is 
more meaningful to calculate the ratio of recovery pressure 
10 nozzle width from the jet exit to supply total pressure 
in terms of gage pressure, that is 

pt,10h - pe 

ptc " pe 

These values are shown in figure 13 and give a more accurate 
picture of the percent of input pressure recovered with atmos- 
pheric pressure as a reference point. The recovery pressure 
for a 0.010 inch width of proiile is highest at supply pres- 
sures less than 3 psig and reaches a minimum of approximately 
47 percent at supply pressures between 6 and 8 psig. As the 
supply pressure increases above 8 psig, the percent recovery 
increases until, at a supply pressure of 16.28 pc:ig, the re- 
covery pressure is 60 percent. 

The conclusion that can be drawn from this, as far as 
application to fluid amplifiers, is that for operating pres- 
sures greater than 3 psig, the maximum recovered pressure 
at the receiver inlet will be of the order of 50 to 60 per- 
cent of the supply pressure for a 0.010 inch width.  Tf a 
0.020 inch width of jet profile is received at x "'h of 10, 
the pressure recovery at the receiver inlet of 40 to 50 per- 
cent will be obtained for supply pressures greater than 3 
psig . 

The discussion has, of course, oeen concerned with the 
..•eometrical design of figure 1.  It is hoped that by choosing 
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a more efficient jet design, the pressure loss through thp 
jet and to 10 jet widths downstream will be decreased.  Since 
the greatest loss in pressure is due to the mixing with the 
quiescent air rather than through the nozzle itself, the 
problem should be considered from the standpoint of obtaining 
reduced loss in the mixing region. 

The last parameter to be considered is the mass flow 
through the nozzle and the discharge coefficient of the nozzle 
at various Reynolds' numbers.  Figure 14(a) presents the 
measured mass flow as a function of supply pressure.  Also 
shown is the experimentally calculated mass flow.  The 
equation used to calculate the theoretical mass flow was the 
inviscid one-dimensional equation given in the companion 
paper.  Using the equation for discharge coefficient 

Cd = 
26 

where 25 * is the ratio of decrease in nozzle width to total 
h 

jet width due to viscous effects, a discharge coefficient of 
.897 was calculated.  Using this discharae coefficient and 
the mass flow calculated from the inviscid one-dimensional 
flow equation, a theoretical actual mass flow, Mactua]i was 
obtained from the equation 

Mactual = Cd Mcal 

This value is shewn in figure 14(a).  The difference be- 
tween the experimentally measured mass flow and the true 
calculated mass flow, using a discharge coefficient of .897, 
is only 2.5 percent.  Therefore, there is excellent agreement 
between the theoretically calculated ^actual an^ ^he  measured 
fyneas ^or a supply pressure of 27.85 psia. 

The discharge coefficient C^ is presented in figure 14(b] 
for different Reynolds' numbers based on nozzle width (Re = 
pUh) . 

M 

The variation in discharge coefficient for Reynolds' 
numbers ranging from approximately 1500 to 6200 is from .77 
to .89. With discharge coefficients greater than .7, the 
flow in the nozzle is probdbly of the inviscid core type, 
which means the boundary layer doe- rot extend across the 
entire nozzle. 



The diagram below shows the probable shape of the pro- 
file in the nozzle. 
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The velocity profile just downstream of the nozzle exit 
verifies this shape since there is a constant velocity in 
the central portion of the measured velocity profile. 

CONCLUDING REMARKS 

An experimental investigation has been made of a two- 
dimensional convergent jet.  The experimental results were 
compared to a theoretical analysis performed by Dr. F. 0. 
Smetana and Dr. J. C. Williams, III of the Mechanical Engi- 
neering Department, North Carolina State of the University 
of North Carolina at Raleigh in a companion paper.  The 
following results were obtained: 

1. The higher exit velocity profiles lost a greater 
amount of velocity with increasing distance from the 
jet exit than did the profiles with the lower exit 
velocities. 

2. The laminar theory predicted a greater core length 
than was measured.  The turbulent theory accurately 
predicted the core length for the fully turbulent 
jet. 

3. The theoretical calculation of the width of a jet in 
Region I for a Reynolds' number of 2000 (using laminar 
theory) overestimated the jet width for x/h «. 4 and 
underestimated the width for x/h > 4.  Although the 
turbulent theory predicts the same jet width in Region 
I for different supply pressures, experimental data 
show  a variation in jet width for different supply 
pressures.  The theoretical curve did represent a jet 
width which agreed with the avera -e width for all the 
supply pressures. 
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4. For Regions II and III the width of the jet at U/U0 = 
.5 could accurately be determined from the relation 
b/h = 0.2l5(x/h). 

5. In Region III where the velocity profiles are similar, 
the theoretical profile accurately predicted the shape 
of the velocity profile for Reynolds' numbers of 2400 
to 6200.  The only variation frort the theory was in 
the outer portions of the profile where the decay of 
velocity to zero was not as rapid as theoretically 
determined. 

6. The pressure drop through the nozzle due to separation 
and shear along the nozzle surfaces was approximately 
5 percent for all supply pressures. 

7. The pressure recovered ten jet widths downstream from 
the nozzle exit was 50 to 60 percent (depending on the 
supply pressure) for a 0.010 inch width (one jet width) 
of profile and 40 to 50 percent for 0.020 inch width of 
profile based on gage pressures.  The theory predicted 
the pressure recovery for both a 0.010 in h and a 0.020 
inch width of profile at ten jet widths from the nozzle 
within -5 percent of the measured value.  Since most of 
the pressure drop is downstream of the nozzle rather 
than through the nozzle itself, an efficient design 
should be approached from the stands Dint of reducing 
mixing losses rather than reducing losses in the nozzle. 

8. The inviscid one-dimensional equation was used to calcu- 
late the mass flow.  For a supply pressure of 27.85 psia 
and for a theoretically determined discharge coefficient 
of .897, the calculated mass flow differed from the 
measured mass flow by only 2.5 percent. 

9. The measured discharge coefficients varied from 0.77 
to 0.89 for a Reynolds' number range of approximately 
1500 to 6200. 

DIM:ds 

3^ 



REFERENCES 

Schlichting, Hermann, BOUNDARY LAYER THEORY, McGraw- 
Hill Book Company, 1960, Chapter XXIII. 

Reichardt, H., Gesetzmäßigkeiten der freien Turbulenz 
VDI-Forschungsheft, 414, 1942, second edition 1951. 

40 



0.500' 

Figure 1 (a).- SCHEMATIC DIAGRAM OF EXPERIMENTAL JET 
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. 

Figure 12 (a).- COMPARISON OF 
THEORETICAL AND EXPERxMENTAL 
PRESSURE RECOVERY AT 10 NOZZLE 
WIDTHS FROM THE JET EXIT. 

22 
Ptc. psia 

■H 
to 
a, 

o 

& 

^mmmmmMmmmmmmmm 
Figure 12 (b).- RATIO OF RECOVERED PRESSURE 

TO SUPPLY PRESSURE IN psia AT 10 NOZZLEf 
WIDTHS FROM THE EXIT. 
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Pressure Recovery Characteristics of Compressible 

Two-Dimensional Free Jex,  Flovs 

. 

b; 

Ro  E.   Olson 

and 

J.   F.   Carnarata 
United Aircraft  Research Laboratories 

East  Hartford,   Connecticut 

ABSTRACT 

Results of an experimental investigation of the pressure recovery 

characteristics of subsonic, compressible, two-dimensional, free jet 

flows are presented i >r  a range c^ diffuser geometries.  The weight flow 
characteristics of the diffusers are presented together with velocity 

profiles upstream of the diffusers and at various stations within the 

diffusers for ,t range of diffuser back pressures. 

An analytical procedure is developed for predicting diffuser perform- 

ance for a range of jet flach numbers, diffuser capture heights and diffuser 

back pressures.  Results obtained from this analytical procedure are pre- 

sented and compared with the experimental results.  Good agreement is 

shown between the analytical and experimental results for the range of 

variables investigated. 

These studies were conducted as part of a general investigation of 

jet flows in fluid amplifiers for Harry Diamond Laboratories under 

Contract DA-^9-l86-AMC-66(X). 
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INTRODUCTION 

The development of design criteria for fluid-state devices, partic- 

ularly momentum-exchange proportional amplifiers, requires knowledge of 

the pressure recovery characteristics of diffusers capturing nonuniforrn 

streams having velocity profiles characteristic of those for a free jet. 
Such diffuser pressure recovery characteristics are generally required 

for a range of diffuser output resistances including the limiting case 

of blocked load. 

Although previous investigations of diffusers for wind tunnels and 

propulsion systems (e.g., Refs. 1, 2 and 3) have provided information 

regarding the pressure recovery characteristics of diffusers capturing 

uniform streams, or streams composed mainly of boundary layers, the re- 

sults obtained apply only qualitatively to diffusers capturing jet flows. 

The studies which have been conducted regarding the pressure recovery 

characteristics of jet flows, such as those presented in Ref. k,  have 
generally been limited to incompressible jets. 

Consequently, studies were conducted to determine the pressure re- 

covery characteristics of diffusers capturing corpressible jet flows for 

a range of jet Mach numbers.  This paper presents the significant re- 

sults of the studies for subsonic jet Mech numbers. 

DESCRIPTION OF DIFFUSER FLCW REGIMES 

In general, three flow regimes (hereafter termed Case I, II and 

III) may be encountered as the diffuser is operated over a range of back 

pressures.  These regimes are illustrated in the upper portion of Fig. 1. 

For Case I, the diffuser captures flow from outside the undisturbed 

streamline (i.e., the streamline which was at the location of the dif- 

fuser lip position without the diffuser installed); for Case II, the 

diffuser captures all the flow bounded by the undisturbed streamline; 

for Case III the flow is spilled around the lip of the diffuser. For 

subsonic jet Mach numbers the Case II regime is encountered only for a 
single back pressure and is commonly referred to as the design condition. 

Hence, Cases I and III may be considered as "off-design" operating con- 

ditions.  Progression from Case I to Case III corresponds to an increase 
in the diffuser back pressure.  In the Case III flow regime, the stagna- 

tion streamline is shown to be located at the diffuser lip.  In actuality 

for high diffuser back loading the stagnation streamline is located 

within the diffuser. Such a condition results in a reverse flow being 
established along the outer walls of the diffuser at the diffuser Inlet. 
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SHADED    PORTION   OF   VELOCITY    PROFILE 
CONTAINS    MASS    FLOW    ENTERING    DIFFUSER 

FINITE    OUTPUT    RESISTANCE 

CASE  I 
CASE   H 
CASE   HI 

INFINITE    OUTPUT    RESISTANCE 
(BLOCKED    LOAD) 

FIGURE DIFFUSER   FLOW    REGIMES 
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The limiting case of diffuser "blocked-load" operation is illustrat- 
ed in the lower portion of Fig. 1. For this case, a portion of the jet 

flow enters the diffuser, proceeds toward t^e diffuser exit and is sub- 

sequently reversed in direction, flows along the diffuser walls, and 

exhausts at the diffuser inlet. 

DIFFUSER PRESSURE RECOVERY ANALYSIS FOR DESIGN OPERATION 

Consider the diffuser shown in Fig. 2 capturing a nonuniform stream 
having a velocity profile shape characteristic of that for a free jet and 

operating at design. The diffuser is shown to consist of a constant 

area entrance section and a subsonic diffuser. For liffusers capturing 
subsonic jets the purpose of the entrance section is to provide a length 

for adjustment of the poor inlet profiles, if required, prior to dif- 
fusion. 

The weighx flow entering the diffuser referenced to the weight flow 

in a uniform stream having a velocity equal to the jet centerline veloc- 

ity and a momentum equivalent to the jet momentum can be expressed as 

w f 
.+h/2w 

pu 

^0    ^h/2W POUQ 
d (y/w) (1) 

where w is the width of the equivalent uniform jet. 

For constant total temperature and static pressure at the diffuser 

inlet, the density ratio in Eq. (l), for a perfect gas, becomes 

^o (2) 

Substituting Eq.   (2)  into Eq.   (l) yields 

+h/2w 

WQ      '-h/2w 

m 
+   -5-  Mc Uc 

dly/w) (3) 
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Similarly,  the  stream thrust  in the portion  of the jet  entering the 
diffuser referenced to the  stream thrust  in the  equivalent uniform jet 
can be expressed as 

■h/2w 

1+ / M, 
h/2w 

I t 

_u 
c/ Mc 

7-1 2 JJL. 
>    d(y/w)   (^) 

J 

Employing Eqs.   (3) and  {k),  the average total pressure at the dif- 
fuser inlet  (station 2)  can be determined as  follows.    Letting 

* (M) =   K 

w 
(5) 

where    w   = PAg^/-|^ M ^1 + ^   M2 J/ZTT  ,   K   = g V  2(7 + 1) and 

4>{M)  is a Mach number function tabulated in Ref.  5,   ^(Mg) for constant 
total temperature can be written as 

*(M2) (6) 

where    M2    is the stream thrust average Mach number at the diffuser in- 
let.    From continuity for constant total temperature 

»T TTi (Mc)   w /  w 

m (M 2)  h I  w0 
(7) 

where 

m   (M)   = M I + 
7-1 

M 
2(y- 

From Eqs.   (3) and  (7) the average total pressure at the diffuser 
inlet  referenced to the  jet  centerline pressure becomes 

66 



'T,    m{Mc)[y 

m (M. 

h/Zv1 

h /-h/2y,, 

U 

- ¥  Mc2 
V 

d(y/y*)   (8) 

where y* is the distance from the jet centerline to li.e  location in the 
jet where the velocity is one half the centerline velocity. 

From a mass and momentum balance between stations 2 and 3 (outlined 
in the appendix*), the average total pressure ratio between stations 2 

and 3 can be expressed as 

m(M ) 

PT2  mlMj) 
(9) 

The average Mach number at station   3; M 3 ,   in Eq.   (9)  can be  evaluated 
from the  stream thrust  ratio at  that  station.    From Eq.   (32)   in the ap- 
pendix,   the stream thrust  ratio becomes 

*■ 

K yM22 

rh(M2) 

w 
,     A 
v  -2 

(10) 

where 

K 
r 

g v 2(r-H)R (n) 

rin (Ml 
X 
R 

M ^IM2 
.1/2 

(12) 

Cf 
WALL    FRICTION 

Q2 A w 
(13) 

♦Appendix on  pp.  90-92. 
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and   Aw   is  the wetted area of the  constant area passage.     Knowing   $ 3 

from Eq.   (10),   M3 can be  obtained from the  tables  of  Ref.   5. 

From the  definition of subsonic diffuser efficiency the  pressure 
ratio between stations 3  and k   can be expressed as 

PT P3 / P3 

where rj^   is the subsonic diffuser efficiency and P, / PT  can be deter- 

mined as a function of M,  from the Ref. 5 tables. 

Computed values of overall diffuser pressure recovery obtained from 

Eqs. (8), (9) and (l^) are presented in Fig. 3 for a range of jet Mach 

numbers and diffuser inlet heights relative to the nondimensionalizing 

jet width, y*  .  For these computations, the skin fr-iction coefficient 

for the constant area passage was assumed to be 0.0015.  This skin fric- 
tion coefficient, which is somewhat below a typical flat plate value, 

was chosen to reflect the lower skin friction associated with profile 

adjustment in the constant area entrance section. Since the pressure 

loss due to skin friction in the constant area passage is normally small, 

errors in skin friction coefficiert will not seriously affect the calcu- 

lated diffuser pressure recovery.  The wetted area for the constant area 

passage was computed assuming the profile adjustment length was two dif- 

fuser inlet heights.  The subsonic diffuser efficiency was taken to be 
0.80. 

DIFFUSER PRESSURE RECOVERY ANALYSIS FOR 

"BLOCKED-LOAD" OPERATION 

Consider the diffuser shown in Fig, k  for which a portion of the 
jet flow enters, proceeds toward the diffuser- exit and is subsequently 

reversed in direction, flows along the diffuser walls and exhausts at 
the diffuser inlet. 

Assuming that (l) the wi ith of the streamtube in the undisturbed 
flow containing the mass flow which enters the diffuser is one-naif the 

diffuser capture width, (2) the velocity profile of the reversed flow at 

station 2   is identical to that of th0 jet flow entering the diffuser, 
and (3) wall friction is negligible, the momentum equation for the 
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control volume  shown  in dashed lines  in Fig.  k becomes 

j  [pn -t- /D u (u   n)] ds = 0 (15) 

where S is the surface area per unit width of the control volume and n 

is the unit vector nonml to the surface s .   For the control volume 

being considered Eq. (15) reduces to 

(h'p^--[l/^6s +^/u2ds)T (16) 

or 

2   r^4 2, 
Pih •/o r  y (17) 

If the approaching stream is uniform and incompressible and ha a a 
velocity equal to the jet centerline velocity, Eq. (l?) reduces to 

P : P 4- -—— (18) 

Similarly Eq. (17) must reduce, for a compressible uniform flow, to 
Y 

P3 :P, I +1 
r-1 \ ^u( 

■p, / 2 

y-i 

(19) 

Therefore Eq. (l?) for a nonuniform stream can be written as 
Y 

,h/4 Y-\ 

(20) 

Nondimensionalizing with  respect  to the  jet  centerline  velocity and the 
jet width,   v* ,  as  in Eq.   (8),   Eq.   (20) becomes 
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~-:~ «»iSlf^fii« —- I TIMIU^ —..*wn •^MM4- 

3   - I   +  2(X-I)M, 
y* \ I 

h/4y» 

I +• y-1    M 2 

uc 

d(y/y*) 

y 
y-\ 

(21) 

^nd finally 

P3 (22) 

where  for  isentropic  flow 

/-I       2 y-i 
(23) 

Computed values  of  "blocked-load"  pressure  recovery obtained from 
Eq.   (22)  are presented in Fig.   5  for a  range  of  jet Mach numbers and 
diffuser inlet heights  relative  to the nondimensionalizing jet width,   y 

EXPERIMENTAL STUDIES 

Test Equipment and Procedure 

A schematic  diagram and photograph  illustrating the  test  rig con- 
figuration employed for  the  experimental studies are  presented in Figs. 
6 and 7?   respectively.     The diffuser model shown  in Fig.  6 was  supported 
by struts  fastened to the  top and bottom walls  of the test  rig.     These 
struts were adjustable  to vary both the capture height of the diffuser 
and the location of the  diffuser relative to the nozzle exit.    Removable 
diffuser  entrance sections  ,vere provided which attached at the  subsonic 
diffuser inlet  station.    Aft  of this attachment position the diffuser 
assembly was  the  same  for all  tests.     The nozzle  blocks and the forward 
portion of the  diffuser were  enclosed by side plates  sufficient to pro- 
vide a two-dimensional  flow passage.     The area between the side plates 
was  open to the atmosphere to allow entrainment  alon^  the free jet 
boundaries and eliminate  resonant  cavities  which would contribute   to jet 
instabilities.    Fairings  were provided at the base  of the nozzle blocks 
to minimize  jet edge  oscillations at   the  diffuser entrance.     The aft 
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portion of the  diffuser assembly was  enclosed by the hinged side walls  of 
the test rig over its  entire height.     The ends  of this  portion of the 
test  rig,  however,  were  (pen to atmosphere. 

For all   tests,   static pressure taps were provided along the length 
of the entrance  sections midway between the side plates  to measure wall 
static pressure  distribution and  in the  constant area passage  downstream 
of the subsonic  diffuser to measure the  diffuser pressure  recovery.    The 
pitot pressure probe shown In Fig.  7  was  employed to obtain profiles at 
both the upstream and downstream ends  of the entrance section and sta- 
tions upstream of  the  diffuser.    All pressures were read on an electronic 
readout  system having a  resolution of 0.001 in. 

A detailed  description of the  diffuser models  employed for the 
studies  is  presented in Fig.  8.     The  diffuser models  consisted of a con- 
stant area entrance section  (\pT   = 0)  followed by a diffuser having a 
divergence angle  of 11.0 deg  ( i//     =11.0 deg).    The purpose  of the en- 
trance section was  to allow the nonunlform profile at the  diffuser inlet 
to adjust to a more stable profile before diffusing.     It  was believed 
that by providing this profile adjustment length the tendency to separate 
in the subsonic diffuser is  reduced and the subsonic diffuser efficiency 
is  thereby increased. 

Tests  on these diffuser models were performed by throttling the exit 
of the diffuser passage while  the  jet  total pressure and the  pressure  on 
the free boundary of the jet were held constant.     Pressure  on the free 
boundary of the  jet was atmospheric,  and the jet total pressure for a 
given Mach number was therefore a function of the barometric pressure. 
Tests we^e  initiated with the diffuser throttle valve  in the  full-open 
position and continued until the  throttle was closed or until the jet 
became unstable.     For each throttle  pos.'tion,  measurements  of the  dif- 
fuser weight  flow and diffuser exhaust  static pressjre were  obtained. 
From these measurements  the continuity-average total pressure at the 
diffuser exit was  calculated. 

For selected throttle settings,  pitot pressure profiles were  ob- 
tained upstream of the diffuser inlet and at both the upstream and down- 
stream ends  of the  constant area entrance  section.     Velocity profiles 
were obtained from the measured pitot pressures and assumed static pres- 
sure profiles  throughout the jet  for constant total temperature.    For 
the stations  upstream of the diffuser the  static pressure was  taken to 
be constant and equal to the pressure  on the free boundary of the jet. 
For stations  within the diffuser,   the  static pressure was   taken to be 
constant across  the  diffuser and equal to the wall static  pressure at 
that  station. 
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Measurements  of the pitot pressure profiles  inside  the diffuser 
could not be  obtained at distances  less than approximately 0.060 in. 
from the bottom diffuser wall because  of probe  interference.     Conse- 
quently,   the  velocity profiles  for this  portion of the  stream were esti- 
mated by assuming profile  similarity about the diffuser centerline and 
using the velocity profile determined at the upper wall. 

Discussion of Experimental Results 

Considerable  trouble was experienced with jet  instabilities  caused 
by jet-edge  oscillations which excited resonant frequencies  of the test 
rig.    These  instabilities were eliminated by providing only partial side 
plates  in the  forward portion of the  test rig as shown in Fig. 6 with 
the remaining area open to atmosphere,  and also by providing fairings at 
the base  of the nozzle blocks.     By proper positioning of these fairings, 
also shown  in Fig. 6,   the jet  oscillations could be essentially eliminat- 
ed.      Typical velocity profiles  obtained at the diffuser entrance with 
and without  jet-edge oscillations are presented in Fig.  9 for the same 
diffuser back pressure and initial jet Mach number.     The  velocity pro- 
file with jet-edge oscillations was  obtained with the fairings at the 
base of the nozzle blocks removed.     The comparison presented in Fig. 9 
shows the maximum velocity and hence the maximum total pressure  is de- 
creased by the presence of oscillations but that the profile shape  is 
somewhat  improved.    The improved profile shape with jet  oscillation is 
believed to be a result of increased mixing which  is promoted by the 
oscillation in the  vicinity of the diffuser entrance.    All the subsequent 
results presented were obtained with the fairings  positioned to minimize 
jet-edge oscillations. 

Velocity profiles obtained upstream of the  diffuser inlet and im- 
mediately downstream of the  inlet for an initial jet Mach number 0.66 
are presented in Fig.  10 for the  three flow regimes  encountered.    At 
upstream stations  of 0.9 and O.k diffuser inlet heights,   the velocity 
profiles are shown to be relatively unaffected by diffuser back pressure. 
These results  suggest that diffuser "over-ingestion"   or "spillage"   is a 
relatively local effect for the  range of conditions  shown.    Within the 
diffuser,  however,  as would be expected,  the ■"■elocities  decrease as the 
back pressure  is  increased.     Corresponding velocity profiles at the end 
of the constant area profile adjustment  lengths are presented in Fig.  11. 
For each flow regime the velocity profiles presented in Fig.   11 for  the 
three profile adjustment lengths were  obtained at the  same  value of dif- 
fuser inlet  static pressure  relative to the jet total  pressure.     It  is 
shown in this  figure that symmetrical well-developed velocity profiles 
are not obtained for the two shorter profile adjustment lengths  tested 
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although such a profile  is approached for the model having the longest 
entrance  section length.     Static pressure  distributions along the wall 
of  the  profile adjustment  section for the  three  lengths  tested are  pre- 
sented  in Fig.   12.     The  static  pressure  distributions  for the  three  pro- 
file  adjustment  lengths  are  shown  to be   comparable   ir   the   region   of 
overlap  for the  Casp   II and  III  flow   regimes.     For the  Case   I  flow  re- 
gime,   however,   these  static  pressure  distributions  are  slightly  differ- 
ent.     For all  flow  regimes  the static  pressure  rise   is  only slightly 
greater for the  profile adjustment  length  of 3-7  diffuser heights  than 
for the  length  of 2.2 diffuser heights,  whereas  the  static  pressure  rise 
for the  shorter length   is  considerably less.     These  results  suggest  that 
the major portion  of  the profile adjustment  occurs within 2.0 diffuser 
heights.     This   result  is  also evident  by comparing the  velocity profiles 
in Fig.   11. 

COMPARISON OF ANALYTICAL AND EXPERIMENTAL RESULTS 

Diffuser pressure  recovery characteristics are  presented  in  Fig.   13. 
In   this   figure   the   diffuser exit  total  pressure,    P.r       ,   relative   to the 
ambient  static  pressure,  P0    ,  divided by the  initial jet  total pressure, 
PT     ,  also relative   to ambient pressure,   is  plotted as a  function  of  the 
weight  flow captured by the diffuser,   w      ,   divided by the  initial  jet 
weight  flow,   w0  .     The  three flow  regimes  are  designated  in  order that 
this  figure might  be  related to the  previous   figures.     The  conditions at 
which the  velocity profiles  presented previously were  obtained are also 
indicated on the  figure.     The  results  presented show that  ejctremely 
small  differences   in  diffuser performance exist  for the various   profile 
adjustment lengths   investigated,  suggesting that  the loss  in diffuser 
efficiency attributable  to poor inlet profiles   is  small  for low-angle 
subsonic  diffusers.     The  design diffuser pressure   recovery and the 
"blocked-load"  pressure  recovery obtained from Figs.   3 and  5,   respec- 
tively,   for the   inlet  conditions  existing for  the  test,  are  indicated. 
Good agreement   is  shown between the analytical and experimental  results 
for the  design condition,     The"blocked-load"pressure  recovery also ap- 
pears   to be   in good agreement with  the  extrapolated experimental  results, 

The  theoretical  variation of pressure   recovery with diffuser  weight 
flow  shown  in dashed lines   in Fig.  13 was  obtained by fairing a parabola 
through  the analytical  results  at design and  "blocked-load"  utilizing a 
specified slope at  design.     The  slope at  design w£,s  obtained by assuming 
that the  variation   in  diffuser pressure  recovery with diffuser weight 
flow,   near design,   could be simulated by changes   in diffuser capture 
height.    Such an approximate approach appears   to yield -easonable agree- 
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ment with the experimental results for the ':asc III flov regime with 

some ./hat poorer agreement shown for the Case I flow regime, A  more 
rigorous analysis for obtaining "off-design" diffuser pressure recovery 

characteristics requires detailed knowledge of the characteristics of 

the flow immediately upstream of the diffuser. 
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LIST OF SYMBOLS 

A    Passage cross section area 

Aw   Wetted area of diffuser constant area passage 

Cx   Average skin friction coefficient in constant area passage 

F    Stream thrust 

ft g    Acceleration due to gravity, __ 
sec^1 

h    Diffuser entrance height 

K    Constant in expression for stream thrust ratio, Eq. (5) 

L    Length of diffuser section 

LD   Distance between jet nozzle and diffuser inlet lip 

measured parallel to jet centerline 

rn Mass flow function defined in Eq. (26) 

m Mass flow function defined in Eq. (27) 

M Mach number 

n Unit vector normal to control surface in Fig.  k 

P Static  pressure 

F^. Total pressure 

q Dynamic  pressure 

rD Diffuser inlet  lip radius  of  curvature 

R Gas  constant,   ft-lbf/Slug-0R 

S Surface area of control  volume  in Fig.   k 

Tj Total temperature 

u Velocity 
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LIST OF SYMBOLS 
(Cont.) 

Q Velocity vector 

U Ratio  of  local centerline  velocity to  initial jet  velocity 

w Width  of equivalent uniform jet 

w Weight  flow 

x Distance along jet  centerline 

y Distance  perpendicular to jet  centerline 

y* Value  of  y at which u/uc  =0.5 

ß External  diffuser lip angle 

y Ratio of Specific heats 

4J Included angle of diffuser section 

r) Subsonic  diffuser efficiency defined   in Eq.   (3M 

p Density 

<t> Stream thrust ratio 

Subscripts 

0 Denotes conditions in the equivalent uniform jet 

i Denotes conditions upstream of the diffuser inlet lip 

2 Denotes conditions at the diffuser inlet lip 

3 Denotes conditions at the end of the constant area passage 

4 Denotes conditions at the diffuser exit 

C Denotes power jet cen*,erline 

f Denotes final subsonic diffuser section 
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LIST OF SYMBOLS 

(Cont.) 

s    Denotes initial subsonic diffuser section 

r    Denotes entrance section of diffuser 

00   Denotes conditions at infinity 

Superscripts 

Average conditions 
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APPENDIX 

Development  of Procedure for  Computing 
Diffuser Pressure  Recovery for Design Operation 

Consider the diffuser  shown in Fig.  2 capturing a nonuniform stream 
having a velocity profile  characteristic  of  that  for a free  jet. 

From a mass balance  between stations 2 and 3»   assuming that  TT    = TT  , 
it  follows that 

P    m(M3)Ä3 = P    m2(M2)A. (2U) 

and 

P3   ™(M3)A3:   ^Z^zi^z) A2 (25) 

where 

m (M!   ::•   q  x/-|-   M 1+   ^i   M2 
2(y-i) 

(26) 

and 

m (M) ^ g V-R-   M 
/y     r       x-i     pi 

1/2 

(27) 

From a momentum balance  between stations 2 and  3? 

P3 A3(l  +   yM32)  =  P2  ^  +   yM22)- FWALL   FRICTION (28) 
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Let 

_    _ XP2m2   _ 
frWALL    FRICTION     :    P 2   Cf  A   = Ö Cf   A w (29) 

where 

Aw = wetted area of wall (30) 

Substituting Eqs. (29) and (30) into Eq. (28) yields 

P3Ä3(l   -I-   y M1)
2)   =  Pg  A2V +   /M2 

Cf        Aw 

2 A 2   J 
(31) 

Dividing Eq.   (31)   by Eq.   (27)  yields  upon substitution  into Eq.   (5) 

I -H XM2
2 

<I>^ -  K 
2      A. 

m (^2) 
(32) 

which can be employed together with the tables of Ref. 5 to obtain My 
Rearranging Eq. (2^), the average total pressure ratio between stations 2 

and 3 ca-n  t>e expressed as 

R^  m(M2)A2 

PT    m(M3)A3 
(33) 

From the  definition of subsonic  diffuser efficiency,   namely, 

P4-P3 

D        (\-P3)-(\-^ 
(3M 

or rearranging, 

1, 

PT P. 

M'.) 
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it  can be  seen that   if MA is  small,   P4 ~PT4     and 

PT P 

P. 

V 
(36) 

'D P3 
I   -   ==- 

Therelore, the total pressure ratiu between stations j and k  becomes 

Pl*    -   Pl   +vJ>-^] (37) PT    PT    'D \    PT 
'3       'S \       '3 

where    P3/PT    may  be  determined  froraM3. 
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THE FLOW OF TURBULENT INCOMPRESSIBLE 

TWO-DIMENSIONAL 

JETS OVER VENTILATED CAVITIES 

JOHN R.C. PEDERSEN* 
BRITISH AIRCRAFT CORPORATION, 
UNITED KINGDOM 

ABSTRACT 

A flow model is presented vvhich leads to a simple analysis for the shape 
of a curved two dimensional jet reattaching to an offset inclined wall, when 
the cavity beneath the jet is ventilated.   Experimental results which support 
the analysis are also presented, good agreement is shown for ventilation flow 
rates up to some fifteen per cent of the main jet flow.    For larger relative 
ventilation the momentum of the ventilating flow becomes significant but due 
allowance can be made for this. 

The results are significant in forming one step towards ability to calculate 
the performance of fluid logic devices. 

The Author acknowledges with gratitude the help of Mr. Colin Bruwn who 
undertook all the experimental work involved. 
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1.    INTRODUCTION 

Before it is possible to proceed with the numerical design of turbulent 
re attachment elements it is necessary to know the effect of geometry on the 
flow and pressure required to cause switching.   This problem can be divided 
into two parts.   The first is to determine the effect of wall geometry and 
"control   or "secondary   flow on the characteristics of the jet, and the second 
part is to determine the jet characteristics,  in particular the geometry relative 
to the splitter geometry,  required for the jet to have neutral position stability 
(that is, to be on the point of switching).   This paper describes some work done 
towards a solution to the first part of the problem. 

I have made two simple generalizations to a flow model, which is reported 
by Sawyer, (ref.l), who ackowledges its origin to be a thesis by Dodds (ref.2). 
These modifications are, firstly to introduce the effect of ventilation into the 
cavity   and secondly to generalise the geometry sufficiently for fluid logic 
element work. 

By ventilation, above, I mean the addition or removal of fluid to or from a 
cavity without altering the flow momentum.   By cavity I mean the space bounded 
on the one side by the jet between separation and re attachment, and on the 
other sides by the solid walls. 

The model flow considers only two dimensional jets and does not take into 
account any effect of end plates.   However a free empirical constant (the 
spreading parameter a ) is available whose value is controlled in part by the 
effect of end walls and aspect ratio of the flow. 

Our extension of the model, and experimental tests, are only concerned 
with incompressible flow.   However,  Olson in a seiies of papers (ref.3) has 
shown good agreement for a similar model by making the spreading parameter 
sensitive to Mach, number of the jet.   Olson has not, to date, published enough 
test data using ventilation to establish unequivocally the extension to compress- 
ible flow with ventilation but there seems little reason why such an extension 
should not be valid.   Except in the case of power amplifiers it is probable that 
supersonic jets will not be used in re attachment devices because of difficulty 
in manufacturing accurate convergent - divergent nozzles in appropriate sizes, 
and because a large part of the applications field covers power supplies at low 
pressures, and therefore, we feel that an incompressible model has extensive 
applications. 
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The mixiel considered includes "ventilation ' but specifically excludes the 
momentum of the control flow.   This is not embarrassing because in the case 
of the usual arrangement the control flow would be appreciably smaller than 
the main flow, and the Control Port larger than the main jet slot.   These factors 
both reduce control flow momentum relative to main flow momentum.    More- 
over,  if necessary the control jet momentum can be added to the main jet to 
produce a new main Jet Momentum and direction,  the vector sum of die original 
main jet and the control jet momenta.   The analysis presented can then be 
applied to this new flow. 

Thus, although we are concerned here only with the ventilation effect, 
the model canaccommodatecontrol jet momentum in the cases where this is 
important. 

In view of comments made by Keto (ref.4.) in which he establishes that it 
is possible for the jet to be switched on momentum alone, we have calculated 
the relative effectiveness of momentum and ventilation for a fairly typical 
case.   We assumed a setback to jet height ratio of 10: where setback is the 
dimension h in fig. 1,, the distance from slot centre line to reattachment point 
projected in a plane normal to the initial jet direction in the no control flow 
state.   Then for a control flow of 1/10 main jet flow,  (a flow gain of 10),  and 
control port width equal to main slot width, the effect of momentum alone is 
to produce downstream movement of reattacnment of   Al        « „., 

—-— =   0.011 
momentum 

The effect of the ventilation alone is to produce downstream shift of re- 
attachment of   Al        n m 

ventilation 

This relative magnitude is not strongly dependant on wall angle so the 
result is fairly typical. It seems that Keto's comments are probably only 
applicable to quite small flow gains. 

Since Sawyers I960 paper, used as the basis for our extension, Sawyer 
has published (ref.5.) an improved version.   In this he gives more detailed 
attention to the effect of the original boundary layers on the jet walls,  as well 
as to the pressure distribution near reattachment.   He also has changed the 
analysis to be based on entrainment rather than spreading and has introduced 
an analysis for the effect of curvature on entrainment rate. 

Sawyers new analysis is more complicated and we considered that the 
original was adequate in view of the modifications which we had to make. 
Similar modifications can be made to the new theory at a later date if it is 
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FIG. I     NOTATION   USED   IN   ANALYSIS 
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found to be necessary to extend the theory to cover extreme cases for which 
an   arbitrary choice of a,  such as we have made,  would be unrealistic. 

Some results have been calculated from the theory and compared with 
experimental data obtained on a water table rig.   The agreemei.i. is excellent 
within the range of parameters likely to be of interest in the design of fluid 
logic devices. 

2.    THE MODEL FLOW 

To reproduce all Sawyers arguments verbatim would be tedious and is 
unnecessary since his paper is easily accessible.   1 therefore will briefly 
outline the analysis, explaining the necessary modifications and presenting 
the complete equations.   This note is self contained in that the line of argument 
is started at the beginning and is continuous, although not detailed. 

2.1   We retain Sawyers nomenclature and analysis introducing two new param- 
eters.      These are B, the angle between the wall at reattachment,  and the 
initial jet direction,  see fig. 1. and B the relative ventilation flow. 

2 m ventilation ^     , . ^      . ,,    .     , ,     ■ B   = ;—;  The factor of 2 arises naturally in the analysis. 
m main jet 

Sawyer's analysis can be outlined as follows:- 

The jet velocity profile is: 

=    sech   r] 
Umax 

where ■n  -:: c  v —    and X - Y are co-ordinates along and perpendicular to 

the curved jet. X = 0 is an effective origin,  not the slot position. 

a is larger than the plan jet value of 7.67 for various reasons 

1. The effect of jet curvature increases o  on the cavity side. 

2. The effect of end plates causing extra dissipation of turbulence,  and 
increasing a (ref.6). 

3. The effect of a standing vortex in the cavity increases a by causing a 
steamwise flow just outside the jet on the cavity side. 

4. Compressibility   (where appropriate). 
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We consider  J to be a free empirical constant and in the case of our cal- 
culations we have taken o = 18.25.   This somewhat arbitrary choice is made 
to simplify later arithmetic.   Sawyer finds 14 <a<20 for his unventilated 
experiments. 

Returning to the main argument. 

The jet momentum per unit span is given by 

T 4 TT2 X 

J   =  3   pUmax   a' 

Volume flow per unit span by 

Q =  2U max — 
o 

hence 

Q = m and u   = jfii o 
^      v a p max V 4     pX 

The jet arc radius is R so that the pressure difference across the jet is 

Ap   = ^ (2) 

Xi is the station at reattachment and is assumed to be the point at which 

the locus of —• - 0.1 would strike the wall in the absence of local 
U max 

reattachment effects. 

If 6   is the jet thickness at reattachment 

'    Urlh       '0.9 
2X1 o 

=   hBl  =   K say (3) 

hence putting a  -   18.25 makes K   -  — . 

Geometrically X, - X     =   R 8 (4) 
1        o 

Where X   is slot position 
o 

h   =   R(l    ■   Cos 6)   +   2
L   6   Cos 6 (5) 
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for simplicity put 1   =   R sin 6 (6) 

At this point we modify Sawyers argument and introduce the ventilation 
flow mv. 

The mass flow between the jet centre line and the reattaching streamline 
at reattachment is equal to 

^ + mv 

« 
Sawyers expression for the reattaching streamline then becomes 

where T    =  tanh r]        corresponds to the value of n on the reattaching 

streamline at reattachment. 

hence   ^^//l+2ny^        =      T^   ^  _p^S 

/Jtp 

But /jtp  is the mass flow leaving the slot   =   m 
2       J 

2m (1 +B) 3X 
Putting      = B   we obtain -=r^—     =  (7) 

m 1  ^ oi 

,                        1          3X1 
This replaces Sawyers equation 7, ^-^ =    . and is simply a more 

1 general form 

But also X     = ~ (8) 
o        3 

X / T r hence, generally, 
0           ( 

vl + 

1 

Combining all these equations 

h 
t 

=  a 
1 

/ 1 + B \2   1    / 'l- 

I1 
T      > 

'I 

+ B 
• 
)' 

1 = sin 9 
h 1 - cos 9 + KG cos 9 

(9) 

1 - cos 9 -f       K9cos 8 
2   (lü) 

do 
l +B 

,   T     \    2 
1-/1 

1 + B  y 93 



UA , Q      KB cos 6 hAp     = 1 - cos G +  =- (12) 

It is now simply necessary to relate T   to 6 to complete the solution. 

Sawyer concludes, after some discussion of an alternative form, that the 
most accurate description of the reattachment momentum division, neglecting 
pressure effects, would be 

cos 0=3    T     -13        (Sawyers equ. 14) 
2       1       2   Tl 

But this is for the case where the wall is parallel to the original jet direction. 
We introduce an additional inclination so that 

cos (G-ß)   = | Ti - ^ T" {i3) 

is the appropriate general form. 

We then solve equs. 10,   11 and 13 by selecting a range of values of T , 

solving for 6,  substituting these T   and 6 into equas 10 and 11 and plotting   (13) 
the results, 

3.    THE EXPERIMENTS 

Our rig is a free surface water table fed from a constant head supply.   The 
water depth is slightly more than 1 inch.   For these tests we used a \ inch wide 
slot run at a velocity of 0.86 ft/sec. as measured by Rotameter and water 
depth at the slot.   The slot Reynolds number was approximately 1.5 x 10  . 
This is considerably higher than the larger Critical Reynolds number found 
by Glaettli etal ref.6 for the aspect ratio which was 4.8. 

A few check tests over a range of flow rates showed that the results were 
practically independent of Reynolds number. 

The ventilation flow was passed into the cavity across the largest width 
available for each test, and through a gauze screen.   See fig. 2. 

This was done to remove as much momentum from the ventilation flow 
as possible.   Because of the rig construction this process was successful at 
larger " and smaller ß . 
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The inscrumentation used consisted simply of Rotameter flowmeters for 
the main and ventilation flows.    Reattachment location was indicated by means 
of a hypodermic probe carrying dye.   When positioned very close to the 
reattachment wall, direction of dye drift was a sensitive indicator of the 
stagnation point position.   The probe was mounted on a traversing carriage 
and an illuminated graticule was available immediately below the tank plate 
glass floor.   The Engineer operating the rig considered that he could locate 
reattachment, and position the walls to within less than 1/10 ins.   This is 
about 3% of the shortest distances involved.   The limitation is largely the 
effect of the water meniscus. 

Rig components were simple metal blocks with well finished bases.   These 
sealed to the glass floor under their own weight.   Vertical joints were, sealed 
with modelling clay. 

Since the rig geometry was changed some fifteen times during the 
investigation it is possible that some data points have leakage.   One point in 
particular B = O.tan ß = 1V10, h    ^ 26. i fig.3 has measured 1 large compared 

with its neighbour points and with theory.   This discrepancy can be "explained" 
by assuming a leak of magnitude B = 0.1.   Unfortunately,  because of work load 
on the rig., it has been impossible to repeat any runs. 

Tests were done with B up to 1.3 but these are only compared with 
calculated values up to B = 0.65 since for larger B an  increasing difference was 
found between experiment and theory.   A large part of this is undoubtedly due 
to momentum effects but since we were not equipped to measure velocities no 
attempt has been made to calculate the momentum effect.   In any case, real 
devices would have different geometry (and momentum effects) and a range of 
B only up to about 0.2 (flow gain of 10). 

4.    COMPARISON OF THEORY WITH EXPERIMENT 

Experimental results are plotted for B < 0.65 in figs.3, 4, and 5 for 
comparison with the theory.   Fig.3 shows a collection of results from other 
workers for B = 3=0. 

The convention has been adopted that our experimental points are linked 
to corresponding points on the theoretical curves since otherwise the number 
of figures would become prohibitive. 

It ic seen that the agreement is generally good,  but deteriorates at small 
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— and large B.    However we believe that the useful range is adequate to cover 
most fluid logic applications. 

5.     CONCLUSIONS 

A simple theoretical model has been shown to give good agreement with 
experimental results over a wide range of parameters. 

Extensions of the theoretical model for larger control flow rates is easy, 
by introducing the effect of an initial momentum deflection of the jet. 
Extension for greater accuracy at more extreme geometrical configurations 
has already been provided for the unventilated case and this work can be 
adapted for ventilated cavities using modifications preciselv analogous to these 
here applied to the more simple model. 
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POSTCRIPT 

Transient Behaviour 

If it is true that the shape of the jet is governed by ventilation processes, 
change of ventilation rate will cause movement of the jet at lateral velocities 
comparable with the entrainment velocities.   These can be determined as 
follows; 

The volume flow in a half jet = -r-  =  -^   /—^— P. 1. 
2 

per unit span 

d (Q/2)       I      rij 
d   X 4      VapX P.2. 

but this is equal to the inflow velocity at X, Vx 

(r =    Uj fit p.3. 

where U  is the slot velocity 

then     Vx   _    [JT     ~_t  
u] " he      aX P.4. 

now if t  is, typically about    1   for  X ~ 2, h   ~   10. 
X 20 h F 

we have Vx    ~       3 1 1        _^ 
Ü7 iT6     ' TS   '10    "44 

Then the switching time, for complete instantaneous shift of control flow 
from one side to the other is     Y 

Vx 

where Y is the distance the jet must move laterally, this is typically ^ h, 
since the jet width is approximately h at the splitter, 

Time = _h 44h 22X 
Vx     =    Uj     -   Uj 

It seems to us that this derivation of switching times is fundamentally 
acceptable being based on only one independently available empirical constant, 
a, and realistic mechanisms.   The alternative of an " empirical' Strouhal 
number using the X dimension, rather that the width,seems less direct. 

107 



NOTATION 

D ventilation relative mass flow,  equ.7 

h length of perpendicular from reattachment point to slot axis plane 

J Jet momentum/unit span 

K a constant: equ 3. 

1 distance projected onto slot axis plane irom slot to reattachment 

m slot mass flow 

m ventilation mass flow 
v 

P static pressure 

Ap pressure difference across the jet 

Q volume flow in jet/unit span 

R Radius of curvature of jet 

t slot thickness 

T Tanh r)_ 
K 

T value of T at X 

Umax max jet velocity of X 

J slot exit velocity 

V jet Inflow velocity 

X, Y co-ordinates fixed in curved jet 

X X at reattachment 

6 angle between wall and slot axis plane at reattachment 

6 jet thickness at X 

p density of fluid - assumed uniform 

a jet spreading parameter 

G angle between jet centre line and slot axis plane at reattachment 

r| Y/X non dimensional jet profile co-ordinate 
1 OR 

r] value of r| on reattaching streamline. 
R 
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FLOW STABILITY FOR TWO DIKENSIONAL CUSP DEVICES.* 

K.P.H. FREY*"* AND N.C, VASUKI*** 

In a previous paper the authors had used sequence photography cO 
present the flow starting from rest to steady state of flow for various 
kinds of sudden enlargements (1).**** A cusp diffuser was included in 
these studies to clarify the behavior of cusp diffuser models from that 
of other sudden enlargements as predicted by the potential vortex 
motion theory (2), (3).  The tests were conducted in a new facility, 
the versatile flume, (4) ,  in order to get the first comparable results 
under conditions where unnecessary interactions at decisive locations 
of cusp diffusers could be avoided.  The primary interest in these 
studies was  to gain more information on transitions of varying stabil- 
ity of flows. 

According to literature, the unique cusp diffuser theory was not 
yet ready for commercial use (5).  The cusp boundaries were calculated 
to retain a permanent vortex such that the relative velocity between 
the vortex and the main jet stream is zero.  The previously offered 
experimental verification (2), (3) admitted to interactions at decisive 
locations.  They belonged to the flow system of concern. 

Our recent tests (I) failed to yield predicted results.  In re- 
sponse, a refined theory was introduced incorporating stability crite- 
ria.  The new boundaries derived (6) are no longer diffusers.  Again, 
new tests were conducted to verify the reviewed theory and analyze the 
physical facts for basic judgment. 

The two devices tested are shown in Figures 1-6 and 7-10.  The 
boundaries of the new devices have a common asymptote upstream of the 
cusp zone.  Previously, the downstream boundary would have been tangen- 
tial at 0, Figures 1 and 7.  The physical concept underlying the 
revised theory is that an appropriate choice of the stagnation point 
will trap the initially produced vortex permanently; however, this con- 
cept requires verification.  The flow reattachment is at the stagnation 
point, 6. 

| The figures present top views.  All boundaries are rectangular to 
the test section bottom.  The opposite boundary (not shown) is 17 
inches away from the cusp edge and is parallel to the asymptote of the 

*The project was sponsored by the Department of Civil Engineering. 
"^Professor, Engineering Mechanics, Department of Civil Engineering, 

Fluid Mechanics Laboratory, University of Delaware. 
***Sanitary Engineer, Water Pollution Commission, Dover, Delaware. 

A-*Tir*Numbers in parenthesis refer to similar numbers in the bibliogra- 
phy. 

NOTE:  Figures appear on pages 116-llfl. ru 



upstream and downstream boundaries of the cusp devices.  In Figures 1-6 
the cusp zone is approximately 6 indies in diameter.  In Figures 4-7 
the cusp depth (parallel to the water surface, indicated by a dotted 
line at 0 in Figure 7) is 6 inches.  The water is 16.3 inches deep. 
The main stream steady state velocity is 2.25 in./sec. in Figures 1-5 
and 7-8.  It is 5.56 in./'.ec. in Figures 6 and 10. 

The clock is photog-aphed with the visualized flow for better 
coordination of the individual flow occurrences.  The clock hands tarn 
counterclockwise.  A battery driven sequence camera is used to take 
pictures approximately every two seconds. 

Lycopodium powder is sifted on the water surface.  The individual 
particles are 20 to 32 microns in diameter.  They are water repelling 
and light yellow in color.  Subsurface tests are not recorded because 
they did not disclose additional significant findings 

Discussion of the Photographs 

"om Figures 1-5 show 5 phases of the flow development starting fn 
rest in one model type at the low velocity range   The time elapsed is 
6 minutes and 10 seconds during observations.  In Figure 1 where the 
exposure time is approximately 3 seconds, the center of the initially 
produced starting vortex travels along 1-1.  During this period of 
growth of the vortex, the stagnation point, 6, where flow divides into 
two opposite directions (arrows), moves considerably at the beginning 
only.  It then remains stationary in all figures.  Small fluctuations 
of the stagnat'on point, 6, are immaterial.  The center of the vortex, 
1, in Figures 1-4, moves eccentrically in the cusp zone for approxi- 
mately 4 minutes.  In Figure 4, the cusp vortex shows a wide and broad 
zone of greatly reduced velocity from 7 to 8.  On the opposite side 
near the stagnation point, 6, there is a stretched section at the end 
of which a nucleus of a vortex is forming, 3.  This tendency was previ- 
ously encountered, Figures 2, 3.  Produced in conjunction with the main 
flow and the eccentric motion of the vortex, 1, the phenomenon vanished 
for the same reason, Figure 3a. 

Figures 4 and 5 demonstrate that the vortex arrangement 1-3 
switches to that of 2-3 within approximately 2 minutes.  The transition 
from 1 to 2 comprises a change of the velocity distribution from poten- 
tial vortex type to that of enforced vortex.  At the same time the 
rotary motion of 3 is gieatly increased.  The connecting line 2-3 marks 
a zone where tangential velocities prevail rather than the rotary 
motion of the starting vortex, 1, along the connecting line 1-3, Figure 
3.  The fluid boundary, 9, is of special interest.  There is a substan- 
tial velocity gradiant normal to the fluid boundary.  The boundary 
layer generated in the preceding nozzle section and swept downstream of 
the cusp edge is now sandwiched between the main flow and the vortex 
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flow.  Viscosity effects are gradually felt at this boundary also. 

Figure 6, at higher velocities, shows that the phenomena along 2-3, 
Figure J, develop into a fluid boundary 4-5 consisting of a row of small 
vortices having vertical axes.  Their effect on the flow is equivalent 
to that of the configuration 2-3. 

The flow characteristics of Figures 7-9 are equivalent to fhose 
shown in Figures 1-5.  Also characteristics of Figure 10 resemble 
basically those of Figure 6.  A special comment may be made on Figure 
9.  The figure shows that the transition from the initial starting vor- 
tex to the enforced vortex motion can be quite violent.  The large dis- 
turbance, 10, shows that a starting vortex escaped and collapsed under 
the impact of the main flow.  In Figure 9, the black zone indicates 
three dimensional flow.  This violent action has affected the fluid 
boundary, 9, between main stream and vortex flow also.  The layer of 
discontinuity becomes wavy easily.  In approximately one minute the 
eddied jet boundary and the steady state of flow are established, Fig- 
ure 10.  The line, 4-5, which separates tw  regions of opposite flow 
directions exists again as shown. 

The cusp device shown in Figures 7-10 was put into the test section 
of the wind tunnel also and tested in velocities up to approximately 
130 ft./sec.  The agreement with the flow shown in Figure 10 was excel- 
lent.  The stagnation point, 6, was at the saiiie location, the sharp 
separation line of the flow direction along 4, 5 as well as the eddied 
fluid boundary, 9, were located again. 

The applicability of the potential vortex motion theory still did 
not overcome iniierent difficulties, even though great changes in bound- 
aries were made, and the stagnation point, 6, soon became stable.  There 
were speculations that the theory was not successful because the axis 
of the initial vortex had a finite length (test bottom, free surface - 
air).  Open end cusp devices were used to overcome this objection.  For 
these tests, the axis of the cusp zone was turned 90 degree (horizontal) 
and normal to the main flow and the cusp length normal to flow was 
increased by 1007a,  Large end plates, 30 inches long, were placed on 
each end of the cusp zone.  They were gradually displaced in parallel. 
Finally they were removed.  The distance from model edge to flume 
boundary at each side was, then, 15 inches on each side.  The open end 
cusp resulted in a complex flow.  The analysis was possible by starting 
the flow from rest.  The open ends gc lerate a special starting vortex 
each, which penetrate deep into the cusp zone from either side.  A p' :- 
manent disturbance remains.  Turning the model around a vertical axis 
to apply swepthack positions for the cusp edge creates a special flow 
configuration.  This is beyond the scope of interest here. 
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Coneluslons 

The potential vortex motion theory applied to models of two dimen- 
sions L;?n be verified during an initial period only, too short in time 
to be disclosed in air flow tests of appreciable velocities.  What is 
missing in theory is the transition to that other vortex system which is 
known from the concepts of layers of discontinuity.  The latter concept 
is that which describes the phenomena relatively best for steady state of 
flow.  This concept admits that the solid bounda^y upstream of the inlet 
releases a boundary layer which is entrained in the starting vortex. 
The instability of such surfaces or layers of discontinuity is known. 
Eddy formation and reverse flow are produced. 

The potential vortex motion theory and the concept of layers of 
discontinuity actually are not contradictory.  They are merely valid 
for different phases of the whole problem.  The transition phase shown 
is missing in the two concepts. 

The stationary stagnation point is encountered in various phases of 
the cusp flow and, therefore, that position is not conclusive regarding 
the specific status of flow within the cusp.  Because of the signifi- 
cance of transition phases of flow, it is hoped that further experimen- 
tal and theoretical studies will be pursued. 
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Figs.1-3,3a Groove Like Cusp Design Showing the Initial 
Period of a Starting Vortex, Eccentric Motion 
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Fig.5 

Figs.4-j.       Continuation  Showing  Transition  From One 
Vortex  System  to Another  One. 

ig.6.   Continuation  of Observation;   Increased   Velocity;   A 
Row of  Small   Vortices   is   Formed  Allowing   Tangential 
Velocities  Only.   The  Row   is  Oblique  Resembling 
Guiding  Raffle. 
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Fig.7-9.  More Opened Cusp Device; Formation and Decay of 
Starting Vortex. 

Tig.10   Continuation at Increased Velocity; Steady State 
of Flow Resembles Concept of Flow Through 
Knlarguments. 
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IJfw romprehensive Gtudiuc on Cuddt-n Enlax^enentG 

K.P.H. Frt-/', li.C. Vasuki3; and P. TraG/.4 

Introduction 
Recent studies on suddm enlargements (i)" ;.ave confimed 

classifying types of flow that lar^e ratios of iervth over widi  arc 
significant in flow redistribution and performance. The study uf start- 
ing vortices clarified physical aspects^). The applicability of the 
potential vortex motion theory to flow control by cusp diffusers was 
reconsidered (j')-(6). Finally, it was experimentally shown that the 
various concepts used for sudden enlargements are not contradictory. 
They merely present different jbases of the flow with a transition be- 
tween the two piiases. This was clearly demonstrated in the study of 
some special cusp devices ( ). 

The significance of transition flow phenomena from one kind of 
stability to another one, suggested uore studies of the previous and 
related kind. In addition, the inter 'St in making use of the theory 
of potential vortex motion, and of comparing results with those of the 
impulse momentum theorem, (8), led to this paper on "New Comprehensive 
Studies on Sudden Enlargements". 

Models 
Four models were chosen. Figs. 1-3• Figure 1 shows a plexiglass 

cusp diffuser model of circular cross section. Two tubes were added 
at the downstream side to have a ratio of length over inlet width of 
20, The ratio of expansion is ^.Y. The model is interchangeable from 
the test section of the versatile flume to that of the newly redesigned 
wind tunnel (y). This is an open loop type low-turbulence wind tunnel, 
nozzle contraction ratio nominal 10.8, test section 1,> ft. wide, l.> 
ft. high, 12 ft. long, maximum velocity 130 to 1^0 ft./sec. The contour 
of the cusp boundary shown in Fig. 1, was also used as a templet for a 
two-dimensional model, expansion ratio 1:1.9, for studies in water. 
Figs. 4-Ö, and in air, Figs. 12-14. The airflow studies were made in 
the old closed loop type high turbulence wind tunnel. The test cross 
section was the same, however, the length was only h  ft. long instead 
of 12 ft. long now. 

In the case of the two-dimensional model, cylinders were also 

1) Laboratory project of the Civil Engineering Department; sponsored by 
the University of Delaware Research Foundation; also part of Contract 
of the U.S. Army's Harry Diamond Laboratory, Fluid System Branch. 

2) Professor of Engineering Mechanics, Civil Engineering Department, 
University of Delaware. 

3) Sanitary Engineer, Water Pollution Commission, Dover, Delaware. 
4) Senior student. Mechanical Engineering Department, University of 

Delaware. 
5) Numbers in parenthesis refer to similar numbers listed in the 

Bibliography. 

0) Figures 1 through 20 appear on pages 120-137. 
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placed into the cusp zones, Figs. L- and lh.   In the case ol' the three- 
dimensional model, ajn annular plate could be inserted into the cusy^ 
zone as shovn by the dottt-d lines with a star in Fig. 1. 

Figure i [ret.   :;ts a nozzle, inlet l" by 1:5 inches, exit 10.L!^ by 
U.^l   inches, contraction ratio 1 : j,   The  nozzle was placed into the 
new wind tunnel's test section. Using the wind tunnel boundaries as 
model boundaries of the extended part, the expansion ratio is 1:3- The 
maximum value of length over inlet width was chosen. 

Figure 3 presents half of trie model of a symmetrical nozzle in 
two dimensions. The jet streams from wall to wall through a cross section 
of l8 by 0 inches into a sudden enlargement of the ratio of 1:3, measured 
in the new wind tunnel. Again, the maximum value of length over inlet 
width was chosen. 

Test Concepts 
It was of interest to verify whether the various concepts apply 

to different pluises of flow development in two or three-dimensional 
cusp diffusers and other abrupt enlargements. This includes a check 
on the effect of flow and performance with and without cusp zones 
(cylinder, or plate placed into the cusp zone). There should be no 
appreciable effect for steady state of flow in the present line of 
physical understajiding, while the flow control theory based on the 
potential vortex theory expects a decisive difference in results. 

Consequently, the steady state of flow of the two-dimensional 
version of Fig.l model and the results of the two-dimensional model of 
Fig.3 should basically agree with each other. Primarily, this refers to 
the occurrence of the Coanda effect. In these tests, water to air 
velocity ratios ranged from 1:^0 to 1:500. Without high speed photo- 
graphy for air it is impossible to compare starting conditions in air 
and water (11). 

On the other band, the tests of the three-dimensional version of 
Fig.l6 and those of Fig,2 should basically agree with each other. Pri- 
marily, this refers to the absence of the Coanda effect and to the as- 
sumption that the potential vortex motion theory cannot be satisfied in 
viscous fluid flow. The jet should expand having a straight center line. 

The three dimensional models are supposed to produce starting 
vortices around the whole jet boundary. After decaying th^y generate a 
jet fully surrounded by detached flow. In this zone, any potential change 
of static pressure must quickly equalize. This should control the direc- 
tions of the jets of the three-dimensional models, Figs. 1 and 2, to 
stream straight while expanding. 

There should be still an appreciable difference in the results 

) The model was made of Plexiglass by Mr.Richard Bullock, a graduate 
student of the Mechanical Engineering Department; the drawing was 
made by Siavash Zand-Yazdani, a graduate student of the Civil Engi- 
neering Department, who also participated in the preliminary studies 
in the newly reconstructed wind tunnel including tuft observations, 
Pitot tube and hot wire measurements. 
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bt-cauct- of the varied inlet contours. In-  rircuJLar CTODS si-ctijn 
creates an infinitely ion^ (clost-d) vortex iin»-. ":.i'j   Is a rclativiy 
stable vorte>: forruation.  The square rroa-i r-ust also crcat' an infi- 
nitely lon^ vortex formation, nuwi.-.ir; navin,' * strai^h; oranchL-s and • 
comers. Hence, this infinite vortex line oaj be regarded us a 'on- 
figixration of .- pairs of vortices of finite Ici^ths. hach pair con- 
sists of parallel, counterrotating vortices.  The four vortices inter- 
sect each other at ju  degrees and mutually interact.  The interaction 
is particularly strong at each intersection.  This configuration 
appears to be less stable, supporting a quick redistribution of flow. 

The vortices of two-dimensional models are of finite lengths.  In 
the rangi.' of the occurrence ol the von Karraan vortex trail, mutual 
interactions produce stable zig-zag positions of the vortices.  Exper- 
imentation verified that the range of stable zig-zag arrangements is 
substantially broader than theoretically predicted (1J).  The transition 
to instability is inherent due to viscosity.  However  the mechanics may 
differ(2).  On the other liand, the wall to wall jet of two-dimensional 
sudden enlargements cuts off the self-controlled equalization of static 
pressures of tliree-dimensional models.  The straight jet direction 
becomes unstable.  The jet approaches the other stable flow development, 
the diverted jet, reattaching on one side first, later on the opposite 
side. 

Test Methods 
Flow visualization in water flow of 2  to 1x1  inches/sec. is used 

in two 'and three dimensions. Only surface patterns are recorded, Figs. 
k-Q.    In air flow, tuft observations were made up to the maxiraum veloc- 
ity, Figs, ll-lk  and 19-20. 

Gtatic head and also dynamic head measurements were done with 
Pilot static tubes of 'various sizes in the wind tunnel at various 
locations of interest, Figs. 11-14 and I'^-lb. 

In addition, the degree of turbulence was evaluated, (Figs. 17-1' ) 
using hot wire techniques'' . In parallel to these measurements, an 
oscilloscopcü was connected with the electronic constant teirroerature 
anemometer for the visual presentation of voltage oscillations 
created by the turbulent flow. Such oscillations were photographed10, 
Figs. 9-10. 

7) Disa Constant Temperature Anemometer, xype l/jA01,  probes (single 
wire) Type ^i;A2L>. 

8) Disa Constant, Temperature Anemometer, Instruction Manual pg. 11, 
enuation t. 

:1)  Cathode-Ray 0s. ' lograph, Type ^OkA,  A,b. DuMont Lauoratory. 
1 ) Oscillograph-Re     unera, 'Type 2 <',  A.B. DuMont Laboratory, Polar- 

oid Film Type 47, J^JOO  ASA. 
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Test Results 
LIST OF FIGURES OH  TEST RESULTS 

FIGURES DESCRIPTION 

k-ö Fornation and Decay of Starting Vortices in Cusp Diffuser; ex- 
pansion ratio 1:1.9, free surface flow patterns, two-dimensional 
model. 

9-10   Oscillations at 120 ft./sec. Air-Flow Through Cusp Diffusers of 
Circular Cross Section. See locations in Fig.l; annular plate 
installed. 

11-14  Continuation of Figs. h~8  in Airflow (old wind tunnel). 
11-12  Cusp Diffuser Without and With Cylinder Placed in the Cusp Zore. 

Tufts show the Jet boundaries; Pitot-static tube placed Just 
outside the Jet boundary. 

13-lk      Seme Arrangement as in Figs. 11-12, however, Pitot-static tube 
Just inside the Jet boundary, 1/2" displaced. 

1^    Static Head Recovery, Three-Dimensional Models, Figs. 1 and 2; 
Reattachment Zones; Classification of Static Head Zones. 

16 Static Head Recovery, Two-Dimensional Model, Fig. 3; Coanda. 
Effect; Reattachment Zones.. 

17 Formation and Decay of Turbulence (Shown in Percent), Circular 
Cross Sections, Fig.l; Reattachment region; Classification of 
Zones. 

18 Formation and Decay of Turbulence (Shown in Percent), Two- 
Dimensional Nozzle, Fig,2, Reattachment Regions, Classification 
of Zones. 

19,20  Tuft observation in First Extension Tube, Circular Cusp Diffuser 
Fig. 1; Representing near maximum velocity tests. 

Discussion of Results 
Figures h-ü  show (in capsule presentation) that for free surface 

flow of water at low velocity, a recent finding on two-dimensional cusp 
devices (?) applies to flow through cusp diffusers (5)-(6) also. The 
common steady state of flow consideration based on the phenomenon of 
layers of discontinuity and their instability is correct. However, it 
cannot be traced to the beginning. The starting phase can be predicted 
by the potential motion theory. But, it cannot be extended to the de- 
scription of the steady state of flow. The two concepts are not in con- 
tradiction because experimentation shows that they are connected with 
each other by a transition phenomenon. The potential vortex type ar- 
rangement is transformed into an enforced vortex system. 

Figures k-6  demonstrate that downstream of the inlet edge(dotted 
line 0-0 in Fig.^), the boundary layer of the inlet nozzle is sustained, 
but soon becomes unstable, 1. Eddies are formed. The stagnation points 
are sliding approximately symmetrically, 6. They present the instan- 
taneous reattachment. The transition of vortex formations may take a 
while at low water velocities and depend on test conditions. However, 
the transition will be encountered as the acceleration vanishes. The 
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Figs. ' —■■■ present this transitioi from one kind of vortex systt-m t ■ 
another one. The stagnation point, G, becomes stationary ajid may h»- 
referred to as a region. This behavior of the r»-'attachmrnt flow can- 
not be regarded as a general criterion for the prevailing type of 
vortex. The transition phase is noticeable along the- jet boundary and 
by the behavior of the reverse flow. The latter separates from the 
boundary, i_; and forms a cuunter rotational flow at the bot tor:, of the 
jusp zone while streaming toward the jet fluid boundary where fluid 
entrained into vortices needs to be replaced. At increased velocity, 
this behavior is associated with that flow type. Tlu Coanda effect is 
encountered. It is characterized by the diverted Jet stream forming 
a short detached zone, U, and a large detached zone, ;,   at the opposite 
side. The potential flow type does not exist at steady state of flow. 
The high degree of turbulence expected by the tests discussed is veri- 
fied in Fig.10 as compared to Fig.J. The oscillations of voltages are 
photographeH qnri are the ba;:is of the calculation of the degree of 
turbulence8-11 . 

The decree of turbulence at the inlet cross section is 0.67 per- 
cent. The diagrams are taken at locations shown in Fig. 1 for circular 
cross section, with plate {*  and dotted line). Tne reference cross sec- 
tion is downstream of the inlet cross section a distance equal to 7 per- 
cent of the inlet width. Fig. j  refers to the center; Fig.10 to the jet 
boundary. The same scale Is used in the oscilloscope for tne two figures 
By moving the probe gradually from the center toward the outer boundary, 
the tests have shown that the transition to the heavy oscillation is 
sudden. It reflects the periodicaj. generation of vortices downstream of 
the inlet. The oscillation remains strong in the detached zone. This 
kind of observation was done continuously. However, the recording was 
discontinued in view of the scope of this study. 

Figures H-lU show Lhe setup and results of tests with the model 
of Figs. k-Ö  adjusted to measurements in the old closed loop wind 
tunnel. The effect on the fl^w of the installation of cylinders in the 
cusp zone is of concern, particularly near the inlet section. A ratio 
of length over inlet width of eight is then feasible, because the flow 
continues to stream straight through a 10 ft. long diffuser. Obser- 
vations by tufts attached at the upper and lower nozzle boundary show 
the jet stream boundaries. The velocity is more than 100 ft./sec. 
and constant in all figures as indicated at "A". The manometer "A" 
measures the boundary pressure at the center of the inlet cross section, 
Y, versus atmosphere. The short exposure time, l/'jOO  sec, shows the 
individual tuft instantaneously and the various figures show that the 
jet boundary varies little. Basically, the Coanda effect is confirmed. 
With and without cylinders inserted, the flow diverts, during these 
tests ,in upward direction at the same slope. No appreciable change of 
slope was encountered by a large reduction of the velocity. 

Other measurements are shown for the Pilot-static tube, 8, which 
is displaced 1/2 inch in vertical direction between Figs. 11, 12 and 
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Fi^s.   l;'flh.  'IIR'  jet  boundary  is   just  between tlu-Gc  two positions of 
the  Pitut-tube.  Tliis   follows   from tin,   measurementG   rit  "C". At "li", 
the static  pressure difference'   (  to  j  is shown,   between  inlet plane 
and static   hoJ.es  of the-  tub«-,   n.  There  is no significant difference 
in any  case.   Htnce,   there  is  no  appreciable   increase  of static  head 
due  to  the   cusp  sliape.  At   "c",   the  dynamic   head   Ls   shown;   IU  refers  tc 
the  total,  head and   (  to  the   static  head.  The  dyn;.Lmic   head  is  practical- 
ly  zero  .in  Figs.   II;   L

1;   mid  large,   but  equal  in  Figs.   lj and  I*.  'Die 
comparison  cf Figs.  11 find   1^'   clearly  shows  the  existence  of a detached 
zone  as   indicated at  "c".   If  there  were a  potential   vortex,   a  high  veloc- 
ity    should  have  been measured,   equal  to that  of  the  main  stream. 

The  tests   for  models.   Figs.   1-5,   done  in   the   low  turbulence wind 
tunnel  at  a test section 12.   ft.   long,   and  shown  in   Figs.   1'j-VA),  demon- 
strate  the  following. 

Figures  Vj and  1».  present  the  measured  static  head  recovery  1'or 
the three models downstream  from the  inlet section.  The dimensionless 
ratio of length over width  shown  varies  for  individual models,  espe- 
ciaUybecause  of different  inlet   widths.  The difference  between the  static 
head at  a local position,   Ow )i nrrL-| ;   and  that at  the  center of the 

inlet  cross  section,   (^0+)in_]_e-(:,,   is  divided  by the  dynamic  head at 

the inlet   (h       ). in order to have a meaningful   dimensionless term 

in the  comparison with the application of the impulse momentum theorem. 
The difference between zero and the maximum value  should be  compared 
with the result when using the  impulse momentum equation.   If the theo- 
retical assumptions were satisfied immediately downstream of the inlet 
and at  the  location of the maximum value of the head  recovery there 
would be a  full agreement;   if not,   at least the  basic   interrelation 
must  be  verified. 

Figure 1'; shows the  static head recovery for  the two models of 
three-dimensions,  The lower  curve  is  for the model  in  Fig,  1 expansion 
ratio 1:3«  The upper carve  for  that of Fig. P,   expansion ratio l:k,'(. 
Therefore,   for the same oncoming  velocity the  impulse momentum theorem 
would yield a 30 percent higher head increase  for  the upper curve 
model,Fig,  2,  than for the lower  curve model.  Fig.   1.  The  recovery was 
an additional 33 percent higher.  This  shows that   the  claimed superior- 
ity of the  cusp diffuser  cannot be verified.  On the  other hand,  the 
cusp diffuser produces considerable negative heads  downstream of the 
inlet  before  the recovery of head begins11.  The only location along 

11' Classification of Head Zones, Fig.l" ; head reduction, A; head re- 
covery to inlet status, B; total head recovery, C; recovery above 
inlet status, D; Constant head, h; slight decrease, F; 9^ percent 
total recovery,  G;   86 percent of recovery above  inlet status,  H. 
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the detached  zone where the  static  pressure  is  the  sane  tlirou^hout 
the  cross  section  is at tne  inlet.   11' one uses  tnis  location as 
pi.ysical  basis   ior the application of the  impulse  rnomentuEi  i-^ vause 
the  inlet  assuioptions are  best  satisfied,   tne total  head   .-iian^tj a^cs 
fairly with  tliat  of the measurement.   On this modified  t^asis,   tne  ?usp 
diffuser  functions equivalently to that of Fig.  ^.  One may   -un^lud ■ 
ttot the  assumptions  for the   cross  sections at maximum head  seem to 
satisfy.   However,  this must  be  verified. 

It  is  interesting to note  tliat  variations,   such as  greatly 
differing   velocities  and  elimination  of the  cusp  zone   by  a  plate, 
show only effects which are   limited to certain regions  of the  head 
recovery  curve.  The most characteristic points,   such as  the position 
of the reattachment point and the maximura static  head are not appreci- 
ably    affected. 

The expected interactions  of  inlet  vortex  formation  for models 
of a  square  cross  section.   Fig.  ^,   revealed  ir  flume  studies   (not  snown) 
a quick redistribution of turbulent  flow.  Tift observations   basically 
confirmed the results  in the wind tunnel. The detached  zone  xS shown 
in Fig.  lj.  At  each mid-side  boundary the  flow snarply deflects  out- 
wardly at the  inlet edge with a strong  component   toward  each corner. 
At the  comers,   the reattachment takes place at a larger distance  from 
the  inlet,   but  still   closer  to the  inlet  than for the   cusp diffuser. 

Figure  l6 shows the  static  head recovery  for the  two-dimensional 
model.   Fig.  3«  The expansion ratio of 1:3  is  the  same as  for  the three- 
dimensional model.   Fig.  2.   (Its  heal recovery is  shown  in Fig.  1'y, 
upper  curve). According to the  impulse momentum equation,   the head 
recovery between origin and maximum should be the  same  for the  two 
cases.   It  is  not.  However,   again using the location near  the  inlet 
which  satisfied the assumptions  most,   the total recovery in each  case 
from minimum to maximura would yield t..e satisfactory agreement.  The 
measurements along the center Line are used as basis  of comparison. 
Again,   one would have to check whether the assumptions  satisfy down- 
stream at maximum head recovery. 

In Fig.  16,  the Coanda effect  is  indicated by the two widely 
separated reattachment zones,   the different static pressures at some 
distance away at both sides  from the  center line,   and the  very gradual 
increase  of the  static head.  This  increase substantially continues 
beyond the  second reattacliment  range,  A. .  The maximum value  is almost 
asymptotically reached at the  end c^ the test section at a length over 
inlet width ratio of 20 to 21. 

The  Figures 17 and lb show,   in addition,   two examples  of the 
formation and decay of turbulence  in sudden enlargements;   Fig.  17 refers 
to the  circular  cusp diffuser.   Fig.  1,  with and without plate;  and  Fig. 
18 to the two-dimensional model.   Fig.  3«  The lines  of constant degree 
of turbulence 7-10 are shown throughout the entire sudden enlargements. 
At the  inlet center,  the degree  of turbulence  is  only 0.6/'  percent. 
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Supplementing the turbulence characteristic, Pig. 17 shows the 
position of the reattachment zone and the classification of zones in 
conjunction with the static head recovery shown in Fig. 15. 

Figure l6 shows a similar presentation demonstrating the relevant 
phenomena for the Coanda effect. 

Figures 15 to 18 reveal difficulti-ss in defining the second refer^ 
ence cross secvion for sudden enlargements in applying the impulse mo- 
mentum concept. The degree of turbulence still decreases when the max- 
imum head recovery is gradually attained, and the slope of duct resist- 
ance is only gradually encountered. Flume tests basically reveal the 
same difficulties on a qualitative basis and in a different nunner. 
Naked eye observation, still and sequence photography and movies from 
a point at rest or traveljng with the mean velocity of the flow, may 
appreciably corre.late and supplement other data. Oscillograms (Figs. 
9,10) and hot fi.Tm measurements in water can be important. They may- 
be supplemented by tuft observations in air, such as shown in Figs. 
11-14 and 19,20. The curves of the degree of turbulence are of inter- 
est regarding tue  capabilities of turbulence to promote the transition 
of laminar to turbulent boundary layer flow along solid objects inserted 
into the flov at a lower Reynolds number. 

Conclusions 

1. The successful analysis of transition phenomena which correlate 
the application of the potential vortex motion theory and the con- 
cept of surfaces or layers of discontinuity, has been substantially 
generalized and verified. Two and three-dimensional models were 
studied in water and air. The predominant characteristics of flow 
and performance were similar for the respective models. 

2. The predominant characteristics are obtained as results of compre- 
hensive studies. Thoy comprise flow visualization in flume and 
wind tunnel, static head curves, and fields of the degree of tur- 
bulence in various sorts of sudden enlargements, including cusp 
diffusers. The correlation of these data is informative. 

3. The comprehensive method shows ""hat, due to assumptions, the im- 
pulse and momentum theorem, based on inviscid fluid flow cannot 
always be exactly applied to viscous fluid flow through sudden 
enlargements. However, the qualitative agreement must prevail 
and is fundamentally important. The erroneous conception of the 
application of the potential vortex motion theory to flow control 
by cusp diffusers is also verified when analyzed by the impulse- 
momentum theorem. 

kf    The continuation of work would enhance the physical understanding 
and analysis of the mechanics of flow. This, in turn, would be 
of help in flow control^ design, und development. 
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VTub«   I,  length    48V4 
Tube  2.  I^ith    ^3 
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Fig.2.View of Nozzle of Square Cross Section.The Discharge 
10.25 by 10.4(inches) is Inlet of Sudden Enlargement,Ratio 
of Expansion is approximately 1:3. 
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Flg.3. View of Lower Nozzle Boundary for Sudden Enlarge- 
ment, Ratio of Expansion 1:3.If Similar Upper Boundary is 
Placcsd Symmetrically, the Nozzle Discharge is 18 in.by 6in 
from Wall to Wall. Longitudinal Lengths of Figs.2 and 3 
are equal. 
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Flg.4 Fig.5 Fig.6 

.fei 

Fig.7 Fig.8 

Figs.4-8. Formation and Decay of Starting Vortices in Cusp 
Diffuser, Shape of Boundaries as in Fig.1,Rectangular Cross 
Section, Length over Inlet Width Ratio 15:1; Water 7 in. 
deep. Velocities 7M/8ec in Figs.4-7, UVsec. in Fig.8 for 
Steady State of Flow. 

Fig.9 W' Fig.10 

Figs.9-10.Oscillations at 120 ft./sec. in Cusp Diffuser of 
Circular Cross Sections (Fig.1,plate * installed) In Plane 
Parallel to Inlet at a Distance of 0.07 times Inlet Dia- 
ne tcr . Photographed in Center,Fig.9;at Jet Boundary,Fig.10. 
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Fig.11 

Fig.12 

Fig.13 

Fig.lA 

Figs.11-14.Airflow for Models of Figs.4-8.Effect on Flow 
of Cusp and Cylinder Boundaries Shown by Tuft, Pi tot- 
Static Tube, and Boundary Pressure at Discharge Plane;1/2" 
Displacement of Tube Near Jet Boundary for Figs. 11,13 6.12,14 
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rig.19 

Fig.20 

Figs. 19 and 20. TUFT OBSERVATION IN FIRST EXTENSION TUBE, 
TRANSPARENT, CIRCULAR CUSP DIFFUSER, FIG.l. Tuft attached 
at one end by tape at the inner tube boundary throughout 
360 degrees shovs heavy turbulence in the reattachment zone 
between crosses; also upstream in the detached zone; and a 
short distance downstream.  Static electricity attached the 
free end of the tuft on the boundary.  Photographs were 
taken after the tube was removed.  The ruler is attached to 
the front section of the tube. 
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Spreading Rates of Compressible Two-Diroensional 

Reattaching Jets Upstream of Reattachment 

by 

j R. E. Olson 
United Aircraft Research Laboratories 

East Hartford, Connecticut 

i ABSTRACT 
i 

The results of experimental studies to determine the spreading rates 
of two-dimensional reattaching Jets upstream of reattachment are presented 
for a range of Jet Mach numbers between 0.66 and 2.0 and a range of geome- 
tries both with and without flow into the separation bubble. The Jet 
Lpreading rates are presented in terms of the shear stress constant in 
Prandtl's expression for the eddy viscosity. The values of shear stress 
constant were determined from velocity profile measurements perpendicular 
to the Jet centerline at various axial stations upstream of reattachment. 

The results presented Indicate that the variation in the spreading 
rate of the Jet boundary enclosing the separation bubble can be corre- 
lated with the Jet Mach number and the percentage distance to reattach- 
ment for a range of geometries and flow rates into the separation bubble. 
The spreading rates for the outer boundary of the Jet were found to 
correlate with Mach number and the Jet radius of curvature. 

These studies were undertaken as part of a general investigation of 
the characteristics of reattaching Jets conducted for the Harry Diamond 
Laboratories under Contract DA-49-l86-AMC-l4U(D). 
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mTRODUCTION 

The development  of analytical techniques  for predicting the  charac- 
teristics  of turbulent Jet reattachment   in wall-attachment  type  fluid- 
state devices  requires knowledge of the Jet spreading rates  upstream of 
reattachment.     The Jet spreading   raue  is  generally expressed  in terms 
of an aggregate empirical coefficient which must be dete^^oci experi- 
mentally,    Such en empirical approacn  is  required since the lack  of 
fundamental understanding of turbulent mixing precludes a purely 
analytical determination of the Jet  spreading characteristics. 

Although experimental studies^ such as those of Refs.   1,  2 and 3, 
have provided information regarding the spreading characteristics  of 
free-Jet flows,   the studies  reported  in Ref.  k  indicate that  the  spread- 
ing rates obtained from free-Jet studies are not applicable to reattach- 
ing-Jet  flows.     The studies which have been conducted for reattaching- 
Jet flows,  such as those of Ref.  5j  a^e generally limited to incorr  ress- 
Ible  Jets.    Such studies are also limited ir that consideration has  not 
been given to the effect  of flow  introduced into the separation buoble 
externally on  the Jet spreading rates;  an understanding of which  is 
requl ^ed to evaluate the effect of control flow  in a wall-attachment 
devi^o. 

Consequently,  studies were conducted to determine the spreading 
rates of compressible  reattaching Jet flows upstream of reattachment 
for a range of Jet Mach numbers both with and without flow  introduced 
into the separation bubble.    This paper presents the significant  results 
of these studies and provides  information required in the further 
development of analytical techniques  for predicting the characteristics 
of Jet reattachment  in fluid-state wall-attachment type devices. 

CRARACTERISTTCS OF JET BOUNDARY HEXING UPSTREAM 
OF REATTACHMENT 

A generalized flow model illustrating the nature of turbulent mix- 
ing along th       "»undaries  of a reattaching Jet upstream of reattachment 
is presented in Fig.  1,*   In the separation  region upstream of reattach- 
ment,  the turbulent mixing which occurs between the Jet and the stalled 
flow in the separation bubble results  in the formation of a shear layer 
along the  inner boundary of the Jet.    A similai   shear layer is  developed 
along the outer boundary as a result of mixing between the  Jet and 
quiescent su-roundings.     These shear layers  spread inwardly into the 
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invlscid core of the Jet ai.i at some icvnatream station converge to form 

a fully developed turbulent Jet, WithUi the conservation of total 

momentum, there Is a continuous momentum exchange In the Jet boundary 

mixing process between layers of fluid moving at different velocities, 

with the fluid adjacent to the Jet boundary gaining momentum rt the 
expense of fluid originally in the Jet.  The turbulent mixing intensi- 

ties which determine the Jet boundary spreading rates are generally 

lirf-rc^L ou  iLc   liiiici EU..J. ^^.l^i  boundaries of the Jet as a result of 

the Jet curvature and the increased proximity of the inner boundary of 

the Jet to the wail. 

Although the Jet boundary mixing zones are shown to have zero 

thickness at the nozzle exit, in accuality these shear layers have a 

finite thickness at the origin with the velocity profile being that of 
the Initial nozzle boundary layer. Kirk (Ref. 6) suggested that at some 

distance x downstream of the nozzle exit the turbulent shear layer be- 
haves in much the same manner as an equivalent layer developing from 

zero thickness over a greater disLance X+ x1 .  By a&sumlng that over 
the distance x' the equivalent mixing layer attains a momentum thickness 

equal to the momentum thickness, 6    . of the real boundary layer and 

employing Gortler's first approximation that the momentum thickness of 

an asymptotic turbulent shear lay^r equals l/30th of the distance from 

the origin. Kirk reasoned that the distance to the virtual origin, x' , 

could be expressed as 

x' = 30 0 (i) 

Nash (Ref. 7) concludes from a more rigorous treatment of this transi- 

tion region that Kirk's approximation is valid for downstream distance 

greater than approximately 8 boundary layer thicknesses. For thin 

boundary layers relative to the nozzle exit the shift in origin of the 

mixing layer is not significant and ce^ be neglected. 

Providing that the flow introduced externally into the separation 

bubble iri a small fraction of the Jet flow, the mixing along the inner 

and outer boundaries of the Jet in the initial expansion length occurs 

at essentially constant pressure, and the velocity profiles are charac- 
teristic of the profiles in an asymptotic free sheer layer. As the flow 

introduced into the separation bubble Increases, however, significant 

static pressure gradients are developed within the separation bubble and 

velocity profile similarity within the shear layer on the inner jet 

boundary no longer exists for all streamwlse stations in the initial ex- 

pansion length. During recompression a transition occurs on the inner 
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Jet boundary between the free shear layer developed in the  initial ex- 
pansion length and the redeveloping boundary layer dovnstream of re- 
attachmeot.     In this recompression lengthjvelocity profile similarity 
ceinnot be expected either with OT- without flow being introduced into 

the separation bubble. 

TEST EQUIBGNT AND PROCEDURE 

A schematic diagram and photograph  of the  test rig employed for the 
studies are presented in Figs.  2 and 3>   respectively.     The  test rig was 
two-dimensional  throughout  its length and was provided with hinged side 
plates 3  in.  apart.    A portion of these side plates was  glass to enable 
schlieren observation. 

Removable nozzle blocks were provided to obtain both subsonic and 
supersonic  Jjt Mach numbers.    Subsonic Jet Mach numbers were  obtained 
with a smooth-approach convergent nozzle.     Convergent-divergent nozzles 
designed for uniform flow at the exit were employed to obtain supersonic 
Jet Mach numbers.     The exit height,  w  ,   for all nozzles was equal to 
0.5  in.,  thereby providing an aspect  ratio  (distance between side plates 
divided by the nozzle height) equal  to 6.C.    A single boundary wall was 
provided downstream of the nozzle blocks for Jet reattachment.    This 
boundary wall was adjustable to vary both the wall displacement distance 
(setback) and the wall angle.    Sealing of the nozzle blocks and the 
boundary wall at the side plates was accomplished with flat rubber 
gaskets. 

Airflow was supplied to the i-ig from a UOO-psia compressor and was 
throttled to provide a nozzle upstream plenum pressure  of approximately 
22 psia for all tests.    With this upstream plenum pressure,  the Reynolds 
number based on the nozzle exit height was approximately 2.5 x 105 and 
varied somewhat with the Jet Mach number.     Control flow was bled up- 
stream of the nozzle plenum chamber through a throttling valve and in- 
troduced through a slot  in the boundary wall at the nozzle exit station. 
A standard ASME bellmouth was provided for measuring the  control flow. 
The boundary layer thickness  on the nozzle walls at the  exit was less 
than 0.010  in.  resulting in a maximum boundary layer momentum thickness 
of less  than 0.001  in. 

"Itot and static pressure measurements within the Jet were obtained 
employing the variable  position pitot  probe and the sliding-wire static 
probe shown in Fig.  3.     The pitot probe was a flattened-head probe 
having a 0.004-in.   opening and a wall  thickness of 0.002  in.    The probe 
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was LiOtorized in the direction perpendicular to the boundary walls and 

in the streamwise direction but was positioned manually in the direction 

perpendicular to the side plates.  The position of the probe in the 
motorized direction was obtained from an electronic read-out system. 

The sliding-wire static probe, employed for obtaining static pressure 

measurements along the Jet centerline (defined as the locus of points of 

maximum Jet velocity) was specially designed to eliminate the probe body 

interference effects associated with conventional probes and to reduce 

t^e effects of flow angularity.  The probe was comprised of a 0.050-in. 

OD slotted hypotube which was bent to the contour of the Jet centerline. 

A second 0.035-in' 01)  movable hypotube, with a static pressure orifice 
was contained within the fin ,  The slot in the first hypotube was 

oriented so that the static ^resHjre orifice faced the side plate. The 

inner sliding hypotube extended upstream into the nozzle plenum chamber 

and downstream beyond the end of the boundary wall through the bottom 

wall of the test rig. This probe was positioned manually and the 

pressure read on a mercury manometer. 

In determining the velocity profiles within the Jet, both the pltot 

and static pressures must be known. Pitot pressures were obtained from 
traverses perpendicular to the Jet centerline employing the variable 

position pitot probe. Static pressure distributions within the Jet were 

obtained in the following manner.  From the approximate equation of 

motion in the direction perpendicular to the Jet, it can be shown that 

the static pressure gradient Is zero at the wall or outer extremity of 

'he Jet where the streamwise velocity is zero. 3v differentiating this 

equation it can further be shown that the curvature of the static pres- 

sure profile is zero at the location of maximum stream veloo-»4/ where 

the velocity gradient is equal to zero. These static pressure gradients 

and the measured static pressures on the outer extremities of the Jet 

and on the Jet centerline were employed to establish the static pressure 

profiles.  On the outer boundary of the Jet, the static pressure was 

assumed equal to the measured pitot pressures. On the inner boundary of 

the Jet, the measured wall static pressure was used. Typical static 
pressure profiles together with the measured pitot pressure profiles 

are presented in Fig. k. 

Velocity distributions were computed from the pitot and static 

pressure distributions using one-dimensional compressible flow relations 

assuming constant total temperature throughout the Jet.  The velocity 

distributions obtained were employed to determine the Jet boundary 

spreading rates. 

In order that the spreading rates determined in this manner might 
be generalized and compared with previous results obtained for a free 
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Jet, efforts werp made to obtain the velocity profiles perpendicular to 

the Jet boundary. Since the Jet boundary is curved for a reattaching 

Jet, it becomes difficult to define the local jet boundary direction 

accurately and thus to determine accurately the correct direction of 

traverse. A study was conducted, therefore, to assess the inaccuracies 

in the measured spreading rates associated with traversing the Jet 

boundary mixing zone at angles other than perpendicular to the boundary. 

A schematic diagrara of the shear layer along the Jet boundary is 

presented in Fig. 5- The inviscid boundary shown in Fig. 5 represents 

the position of the Jet boundary for no mixing betweea the jet and 

external surroundings. The inner boundary of the mixing zone represents 

the edge of the shear layer where the velocity is equal to the velocity 

in the inviscid core of the Jet. The streamwise lines at an angle ß  to 
the inviscid boundary and at a distance £ from the edge of the shear 

layer represent the locus of points of constant velocity in the shear 

layer. The velocity profile shown as a soli curve indicates the pro- 

file that would be obtained from a traverse of the mixing zone perpen- 

dicular to the inviscid boundary, whereas thn profile indicated by the 

dashed curve represents the profile obtained from a traverse at an angle 

•P    measured from the perpendicular to the Inviscid toundary. Develop- 

ment of a procedure based on Fig. 5 for evaluating t.ie inaccuracies 

associated with employing skewed velocity profiles in the determination 

of the Jet boundary spreading rates is presented in the appendix. 

The error in Jet boundary shear stress constant as a function of 

skew angle, $   , obtained from Eq. (l8) in the appendix, is presented in 

Figs. 6 and 7 for Mach numbers of 0.66 and 1.^ for various values of 
shear stress constant.  It can be seen from the results presented in 

these figures that for both Mach numbers the error in shear stress con- 

stant is less than two percent for positive skew angles less than 7 deg 

and for negative skew angles less than ih  deg. These results suggest 

that shear stress constants obtained from traverses at small skew angles 

are not significantly in error.  In view of the relative ins^nsltivity 

of the experimental shear stress constants to skew angle, the velocity 

profiles obtained were utilized directly tc obtain the Jet boundary 

spreading rates without correction for skew angle. 
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JET BOUlID/uRY SPREADING  RATiT, 

The Jet  boundary spreading  rates were determined  in  terns  of  the 
shear stress  constant,   *   ,   In Prandtl's expression for the  turbulent 
eddy viscosity,   namely, 

€ : *r¥ (2) 

where  (* is the width of the mixing region (defined as the distance 

from tue edge of the mixing zone to the location in the shear layer where 
the velocity is one half of the velocity on the edge of the mixing zone) 

and u0 is the velocity on the edge of the mixing zone. 

From Ref, 8, the shear stress constant can be expressed as 

2C2f4U) 0) 

where x is the distance along the Jet. centerline and C2 and  f4(l)  are 

Mach number functions defined in the appenllx. Since the mixing region 

width, (*  , in Eq. (3) cannot be determined from the velocity profiles 

by direct measuremer"1:, due to the Inability to define the edge of the 

shear layer, other methods must be employed. Two methods are available 

for determining (*     from the measured velocity profiles. For a Gaussian 

velocity profile of the form 

- e-0693i (£/{•) (M 

which  represents a good correlation of the measured velocity profiles, 
the mixing region width can be expressed as 

0 6931 
d(u/u0) (5) 

. u/g0 ■ 0 5 

From Eq. (5)» C*   can be determined knowing the slope of the experimen- 
tal velocity profile at the location where u/u0 = 0.5. However, 
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evaluating such a slope   Ls  often difficult and quite arbitrary.    An 
alternate method,  suggested in Ref. 9»  consists  of plotting the velocity 
profile on a graph ruled such that the Gaussian velocity profile appears 
as a straight line.    Hie value of   {*  is then simply the scale factor 
which when multiplied times the coordinate    £   ,  perpendicular to the 
mixing zone, matches  the slope of the measured profile tc that  of the 
Gaussian profile as expressed in Eq.   (k).     This  technique allows more  of 
the points of the measured velocity profile  to be utilized.    The mixing 
region width was  therefore  determined using this alternate technique. 
A typical velocity profile  in the Jet boundary mixing zone,  plotted on 
Gaussian coordinates,   is presented in Fig.  8, 

Upon determining the mixing region width for various stations along 
the  Jet boundary,  the  derivative  cU*/dx      in Eq.   (3) was evaluated from 
pJiots  of   (*   vs,   x   and the shear stress  constant  computed. 

Spreading rates  of tie Jet boundary enclosing the separation bubble, 
obtained from the measured velocity profiles,  are presented in Figs.  9 
through 11 for Jet Mach numbers  of 0.66,  1,5,  and 2.0 and for control 
flows equal to 0,  5 and 15 percent of the Jet flow.    These spreading 
rates are presented In terras  of an effective  shear stress, constant which 
would correctly predict the mixing region width at a given axial distance 
along the Jet centerline if the mixing rate were constant between the 
nozzle exit and the given axial station.    The shear stress constants 
presented are for streara^lse locatlont: where the velocity profile was a 
well-developed Gaussian profile.    Shear stress  constants were omitted 
for the upstream stations where the velocity profiles were distorted by 
the  control flow.    Expressing the shear stress  constant in this manner 
is  consistent with its  utilization in analytical techniques for pre- 
dicting the location of Jet reattachment. 

It is evident from Figs. 9 through 11 that for all Mach numbers the 
effective shear stress  constant along the  inner boundary of a reattach- 
ing Jet correlates quite well with the percentage  distance to reattach- 
ment for control flow ratios of 0 and 0.05.    For a control flow ratio of 
0.15,   somewhat poorer correlation is shown,  particularly at the higher 
Jet Mach numbers.    The mixing intensities for all Mach numbers are 
similar to mixing intensitlps  for free Jet boundary mixing at streainwise 
stations less than approximat-jly 20 percent  of  the distance to reattach- 
ment, but decrease below the free Jet value for locations closer fi re- 
attachment.    The decrease  in shear stress constant with increasing 
distance toward reattachment is indicative  of suppression of fixing due 
to increasing proximity of the wall. 
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Erf^ctive shear stress  constants for the  outer boundary of the Jet 
are presented  in Fig.  12  for the streamwise  station  immediately upstream 
of  recompression.    From the limited results presented,   it appears  that 
the shear stress  constant  correlates with the non-dimensional Jet 
curvature   (defined as  the  reciprocal of the local  radius  of curvature  of 
the  Jet  centerline multiplied by the Jet nozzle width).    The mixing;, in- 
tensities are shown to be  considerably higher than for a free Jet 
boundary with no curvature. 

In reattaching Jet  theories,  although  it has been recognized that 
the  spreading rates are different  on the  inner and outer Jet boundaries, 
it has  generally been assumed  that the spreading rate  is constant along 
each bounddry.    The results  of this study indicate that  the spreading 
rate along the  inner Jet  boundary can vary significantly as a function 
of the percentage distance to reattachment and consequently such a 
variation should be recognized in the formulation of a reattaching Jet 
flow model. 
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Lir.T OF rYTSOLT 

C^ Constant  defined   It; appendix   (E\.   (?)) 

f^l) I'SiCh  number  function defined   ii.  Eq.   (Ö) 

f0(l) Mach  nurnbei-  function defined   In  Eq.   (v) 

tjd) Mach  nur.ber function defined   Li  Eq.   (lO) 

f4(l) Macn  number function defined   in  E4.   (ll) 

M Mach  number 

P Static  pressure 

Pp Pitot  pressure 

Pt Total   pressure 

S Setback  distance  between boundary wall and  inner wall  of 
nozzle at  nozzle exit   (iiee Fig.   ^) 

u Velocity parallel   to Jet centerline 

w Total height  of nozzle at  exit   (see Fig.  L') 

wc Control  Jet width   (see Fig.  2) 

Wc Control  Jet  weight   flow 

w0 Initial  Jet  weight  flow 

x Distance  along  Jet   centerline  meas in 1   from nozzle  exit 

x' Distance  between   -Irtual  origin  of rr.ixlng and nozzle  exit 
measured parallel  to nozzle  centerline 

xR Distance   to   reattachment  measured along  Jet  centerline 
from nozzle  exit 

y Distance   pe^p-jndici.lar  to  Jet  centerline  measure!   from  Jet 
centerline 
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LIST OF SYMBOL 
(Cont.) 

P Angle   between  lines   of  constant,  velocity   in  Jet   boundary 
shear   layer and  inviscid boundary  (see Fig,   5) 

€ Turbulent  exchange coefficient   (see Eq.   (2)) 

77 Coordinate at angle   <^   to   inviscid boundary  (see  Fig.   5) 

9 Boundary wall angle measured  from nozzle  centerllne 
(see Fig.   2) and boundary layer momentum thickness 

x Shear stress  constant   (see  Rq.   (2)) 

*•■ Shear stress  constant  for skewed velocity pre   lie 
(see  Eq.   (l6M 

£ Distance perpendicular to   Inviscid  boundary measured from 
inner boundary of mixing zone   (see Fig.   r) 

<p Traverse  skew angle measured from perpendicular to 
inviscid boundary  (see Fig.   5) 

Subscripts 

Denotes  effectiv    value 

Denotes  conditions at  nozzle  exit 

Superscripts 

Denotes  conditions where   ■'"he  velocity  in the  shear layer 
is   one  half  of the  velocity on  the edge  of  the mixing zone 
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APPENDIX 

Development  of Procedure  for Computing Effect 
of Traverse  Skew Angle  on Jet  Boundary Spreading  Rates 

Referring to Fig.   ^,   the angle  between  the  inner boundary of the 
mixing zone and  the   inv'scid  boundary  can  be  expressed,   from Ref.   8,   as 

where 

and 

A)   :    TAN"' .£- (6) 

0rj [f2(l)  >  f^U)] - (,(0 

2 fjd) f4{) 
(7) 

Mo f. L 
1   l-t  -^M 

(±1 
i   -^"o1 ['-(*)*] d(f) (8) 

t2(0 -- 
•'0 

kkl 
R^T d(f) (9) 

f3(l)  "    T— I +   -^ M0
2(l-0 25) 

(10) 

UD 
(*)' 

d(f) (ii) 
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Also, from Ref. Ö, the distance from tr.-' edge of the mixing zone to the 

location in the shear layer where the vtlocity in one half of its value 

on the edge of the mixing zone can be expressed an 

c   >C.:L^ (12) 2Cjf«(i) 

From geometry and Eqs.   (6)  and   (12)   it  can be  shown  that any line  having 
a  constant  value  of   {/{"is at  an angle  to  the  inviscid  boundary of 

TAN"1 

2C, (13) 

where ß  is positive when measured  in a direction toward  the  inviscid core 

Considering a velocity profile  obtained at an angle  <P relative  to 
the  perpendicular  to  the  inviscid   boundary as  shown  in  Fig.   ^, 

r)'      « if    f]    SIN(900i/9) 
'    -   ^      ^ ' SIN y 

where 

y -- 90°- {<^ ß) (IU) 

In Eq. (lb)   the positive sign is employed for positive values of ß 
(measured clockwise) and the negative sign for negative values of ß 
(measured counterclockwise). 

Also, from geometry 

'  " C      SIN /f, K    ^J 
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Expreüüinp.   '?"  in  the  same  mariner as    {*   in Kq.   (12) 

2C? f#(ii 

where <' is the shear stress constant consistent with the skewed velocity 
profile. From  Eqs. (12) and (i6), 

T* -  ~ (10 

i ir 

f " • = ^ (10) 

which expresses  the percentage  error in shear stress constant as a 
function of  the  skew angle   <t> . 
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CALCULATION OF TIE r^PARATIO   OF A 

JLT ATTACICD TC A COIf/EX HALL 

Marcel KJOXDr.CH 

Sociötd BSRTUl & Cic,  P'LAI3IR  (C.60.) FRAJICF 

ABSTRACT 

Tho Boparation of a jot of width w olorv: a wall of coruotant radiua of 
curvQturo r in calculated usiac the fornulao of turbulont boundaiy loyoro 
with pooitivo prooeure (gradient. An illustrative oxnnple ohowo that separa- 
tion occurs at a diotance w (r/r0) 5/j incroasirv: with r when r is croatcr 
tlian a critical radiun r0 v/hich depends oli^htly upon Reynoldo nunber. 

lUTRODUCTION 

In a previous paper.   presented at the 2nd Gympooiun, we recalled our 
foiner investi^ations ^   '  about attachnont and oeporation of a jot diocharf:oc 
alone; a convex curved wall with constant curvature (fie« O.*There in no na- 
Cic in the constant curvature, but a convenient noano of neasurinc attaclmont 
and deflection by nnclos ; the variation of curvature is one oore poronotor, 
probably inportant, whoso influence should preferably be invosticntcd apart. 
In our exporiner.to, the Koynoldn nvinber was about 10°, and wo found tluit if 
the ratio r/w is snail enouch (< 2), the jet oeparatco at a snail ancle which 
dooo not vary nuch (EFi - 20°) ; if the ratio r/w io lar^ onou{^i ( > 3). the 
ancle of attachment incroaseo vrith rr ratl^er quici'JLy. The ficure (5) shovo core 
Dearurod pressure diötributionc, and the ficure (6) nhous the lateral tliruot 
coofficiont Ky and neon prcooure coefficient Kp, obtained fron the neaauroo. 
Wo mjccootod a hint for a theoretical u^nroach in order to explain thooe ro- 
oidto through the calcvilation of the potential flow preaauro dietrlbutior.. 

Now, at tho first -raropcan r.ochan:lcs Collonuiun (Suronech l) which vmo 
hold at Berlin on April "3-6, 19^5, the subject was s "Boundary 'foyers and ,jota 
alone hichly curved wallö, Coanda Effect", and it wan poir*    it tlxat no other 

Figures app   on pages 178, 179. 
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oxtonrivo oxpori^cntn coole1 bo roporlod with Q ra^i'afl of curvcturo onnllor 
than      or 4 v,  which in in our opinion tKr-^nd tho critical  rnn^o ? w <  r 

<     J5 w 5    noroovor the nnin onphauic: waj concrally made unon tho bc^vav- 
iou^ uf   tho jot nt n diotanco of the» r.ozr.lo vrioixi th"» tuiTulont  nixing ve- 
locity profilo is fully dcvolopod. 

Wo hopo to loam horc thnt norc oxporironto]  ronultn art- nvailnblc in 
tho critical ranjo,  and that tho influence of Rqynoldo nunbor hao boon in- 
voati^otod. Ho clain that inportant thiac0 happen when r < 4 w,   at a dio- 
tnnce of the nozzle whoro Q potontial core otlll cxirto. Tliin j^apor in devot- 
ed   to a calculation of oeparntion under theoc conditiono and civoo the theo- 
retical prediction of tho obovo rooulto and of a onall influence of the 
Reynoldo nunber. 

Some applicctiona to fluid anplifiero aro rocallod  t 

1. The calculation indicatoo tluit the whole phononcnon dopondfl upon tlie local 
deocription of the oeparatod rocion, which can bo altered by variouo known 
noano ^', 

2. A variation of r/w in the critical ron^o night be controlled without novinc 
parta,   producing: a pro^xrntve dofloction throu/^h the blockir " of foot of a 
oecondaiy injection on tho wall opposite to curved wall, which reduces w, 
as is shown in tho photographr   6 and 1,  roforonco (l). However it should 
not bo concluded that tho ratio r/w nust bo chosen in the critical range 
for any application,  Tho best value of this ratio certainly depends upon 
the downstrean goonctry and the load, which control the separation character- 
is talcs» 

3. As a now application, we developed a prenoure-limited respirator (fig. 7), 
a bi-otable do/ice  ^j f0r which tho required operational characteristics 
were obtained with rather high values of r/w. 

I 

DICCU5SI0II ^F ASGUMFTIOIIS 

In order to calculate the flow roproaentod by the fig (1),  it is convenient 
to introduco first tho following set of aßounptions J 

a) oxiatonco of a potontial core    D E F C C B A , whore the flow is assuncd 
two-dinensional incompressible inviccid. 

b) tho boundary layer D' E*  F'    along the "inner"  /all oepamtes at FF' under 
the influence of tho positive pressure gradient along the wall. 

c) the static pressure in tho stalled region aftor FF'  is equal to anbient 
pressure. 
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d) the turbulent nixlnc 7-0110 ?'   ^B" roochoa tho inner boundary nt Q point 
;i,   downotroor or F1''. 

e) tho tronnvoroo eountion of tlio dit.oinative ror^on B'  BB" roducos to  : 

3 P , „ 2 

^n 

±L=   Pv//R 

f) tho tmnmroroo kinetic onor&r io  no^liglblo with roopoct to the longi- 
tudinal ono in tho diaoioativo ro^ir'n BB' B" t 2 ^,  2 

v « vÄ r   d 

Tho hypothooia (c) holds if v;c nocloct the underproooure in F and  the 
back flow PQ induced by the copamtod Jot ; this la quite on oaouioption. 

The hypothoaio (d) holdo if aeporation occuro at a diatonce anallor than 
BB' ~ 3 to 5 w accordinc to the cuxvaturc. If oaoxmptiona (e) and (f) hold, 
thon tlie oxiatonco of tho oxtcmal nixing region can bo igrorod, and tho poten- 
tial core can be calculotod aaouning liiiiting "'troonlinea at conotont ocblont 
prooouro along BC end PC (jiolDholtE-Kirchhoff theory). 

But It in noccooary to fix tfco theoretical ooporation point F "a priori" 
ao that thoTD oxiota n ono-nuronoter fonily of poaoiblo potential flowa ; 
racroovor tho prooouro gradient in found to incroaae indefinitely in tho vicia- 
ity of F. Therefore the calculation of tho boundary layer under tho aooumption 
(b) always indlcatoo aeparation at oome point S upatream of F ; the distance 
SF only io found, not tho pooition of S, nor of F. At thio point, we nuot intro- 
duce a now oet of aoounptionr in order to achieve the calculation, 

g) Ch ng to the range of Roynolda nurabero, the boundary layer ia aoauaed 
turbulent. 

h) The transition ie aoouncd to occur at point E for convenience, and the 
thicknone of laninary su.layor io neglected. Point K io near the ninimun proosure 
point. 

i) For tho calculation of S, when F ia givon, the A. Buri'o approxinate 
method using the analog with Poliliiauocn'0 laninar k>oundaiy layer theory, io 
chooon for simplicity. 

j) An an additional so^aretion critoriun for tho location of S, it io 
annuned that at tho diatonce ZZ*  =6* fron the wall (dioplarenont thicloiooa), 
the static proa.-uro is equal to the ambient proanure. 

(tj) 
It ir well known    that all ncthodc for tho calculation of turbulent 

boundary layero againot a positive preocuro gra:Iiont are aoni-enpirical in 
nature ; the characteristic boundary layer dinonaion io tho nonentun thickneo:; 

ß   ,  and tho criterium of separation is given ao opocifying the value of a 
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volocity prol'ilo ahape factor. Expcrinontal basio In provided \r/ UikurQdoe'o 
Doaouronento An dlvorijont cliannols vdth variouß on^loe,  and nore rocently by 
Rotta'e neaourononts of volocity profiloo fron which a relntlonfihip lo dodiacod 
botwoon tho ohapo factors    „ i* . n ^ * # f *•• L^. , \ H =   —-—     and H <*   —rr • • •      { b      onergy thicknoosj. 

tf 9 

Axnon^ the ovallablo analytical mothodOj a first ohoioo le made of Burl*8 
which is baaed upon Hikuradoc' o ^«acraroaonto,     ■'d of tho nuoh ooro eophietlcatod 
Truckonbrodt' a method, for the othor nothode Involve the Intogration of a differ- 
ential equntion, wWoh lo not prtc ical for our purpose. Truckonbrodt'a method 
io quite oatiofartory, but ^dvoo complicatod nunorlcal oolculationa which do 
not allow the phonomonolocical oxplanation wo look for. On tho other hand, Buri'o 
method io olnplo onoußh, but dooo not a^roc voiy well with shape factor's moas- 
urementjSo that quantitative prediction is not, expected to be quite oorroct.  All 
methods are in good acrcoraevnt v/ith momentum thiclaions moaouronento, 

Whatovor tho method,  tho /r^yofl quantities include the potential velocity 
diotribution alone tho wall,  thcrcforo tho theoretical point F is ouiposod to be 
known,  from which a aoparation point 3 io calculated.  It io inposaiblo to aoouno 
that F is at the tmiline od^o of tho actual inner wall,   for this aeounption 
would bo in otron^ dina^roonont with tho uooourod proaoure dintribution,  fi^. 6. 
How it can bo domomtrntod in various wayo ^°' that a boundary itiyer causes the 
irrotational flow outoide it to be that about not the solid surface itself, but 
a surface diaplncod into trio fluid throur,h a diotance    6* . To take into account 
the influcnco of tho boundary layer on tho flow outside it, wo introduce tho 
assumption (j) according to which the irrotational volocity is oalciuatod first 
alonr tho actual wall at P whore J       «    1. „_      ^ v 

v_ = v     and at S where v0 = v_ - SF   -v—- . P        0 S       P ^ s    * 

Phon the radiun r io ^iven a variation 6*  , uhonco at the now boundary of oquivolant 
irrotational flow t 

▼r.. = ^ + **   ■ \ v    <   vt, v ,  e ▼    + J* ■ N ^   <   v O'Sön 3 P'        P ^n e 

Thorefor-o the potential flow around tho "P.anidno body : r" = r +Ä* " cannot bo 
taken with a otreamlino bo^iJining at F', but at some point upotroan. If J 

. Ä* -^-  (1) 

then tho equivalent irrotational flow rt rcualino uay start from S1, 00 that the 
correepondinc point F   and prconuro diotribution arc juot tho onos to bo taken 
into account.Whether thin doocription of ae^aration io correct or not will nt 
first dopend upon a^rccnont with experience, 
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iLLirruTnTG K'üWJF. 

Wo ainplify the flc (0 to the tvo-dinonalonÄl channol flow fif; (2)  for 
wMch wo calculate first a fonlly of potential flowo doponding upon F,  then a 
Burl's turbulent boundary layer nodel c^ing at the wall a separation point S, 

^ ?9tontl^ ^9w, 

The consideration of tho conr>lex potentia]  f or reduced complex potential 
^ = X + 1Y =   * f/2 v w shows (fig 3) that the flow depondo upon the circula- 
tion naranctcr 1 v.    a * # J2 v w    or alternatively upon the reference angle 1 

*JT v r      i 

Confonaal napping on the  f - plane fig (4) 1 

2f 
2 Z        -2X 

e + e      0 

?X0 2Z~ 
0   D - e 

(+ln       0<rj< 

and use of L.C, Woods' fonnulae 
of complex velocity   -la 

('0 giveo the following value for the logarithm 

lo^! 4 1 (o -aF) 

whore X', ^'    refer to the integration path CF. The velocity v ((') is the 
solution of the integral equation t 

v 2 w       /* 

-^■nr--/ 
■»-00 

TFT log 
1   -f e v -e 

1   - o v -k 

UA' 

*v 
dr 

which can be solved by o\xccosolvo approximations. We consider the first 
approximation obtained by integration with   v ((')=* v    in the right-hand 
oldo,  and we are intorootod In the derivative i 

[logv-ia] 2w df      f?    <&* d^ 

sinh {V -f) 
■»• 1» 

.2r 

By direct caloulrtion s 

d (log v - lo ) .2r 1  + ef"{E cosh r 
log - 

2 w d Z 1  - 0 r-i cosh 2X, 
log 

- 2 
sinh ({- + 2X0  ) 

cooh 2X 
cotang '    e ^ d 
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(     c - X    -  !/2 lor olnh 2 X 
L O O 

Tlic tcblo I  ^Ives tho acr^^toticol voluoo of velocity (jradiont near 7t whon 
X    varloc. 

o 

TA^LE I 

(0 (?) (3) (4) 

Functiono of Z 

Ov 

vdX 
(r) 

dv 

vdY 

(Y a (vo.x)tmj9) 

7      mall c 

L 

r  f /     - 

4w       ß. ---v- *•  r 

X     lorro    # X 
o Xo    lorcro   ^ X 

ioSin/S (i-cooß) 

--Vr1 
irr f (XÄ - X) 

.-w 

T r 
o X-Xo 

w    Linß (l-c'3^) 

■V  
r 1     Y 

Conporinon of colunno (?) and (4) ohowa that at a finlto upotrnam distance 
fron ?,  the loryjit'adinal grodient is nuoh soallor for X    larro,  so that aopara- 
tion nay occur for a lay'n^ value of 7  (the so-called "Coanda effeot'1),  if t   io 
allowed to incroaao, which remaina to bo proved. 

2, boundary Inyor cgj-culstiono. 

The Bepnration critorium (l) niuat bo interpreted as followe 1 

SF = (X    - X ) 
IT 0 D 

Cr-I     _   5 
?w 

T = SF tone ß 

d v dv 
(X    - X ) « Y —- 0    0   ax       ay 

Table I ahows that whatovor the value of X , large or enall, this rosulto in 
an equation c±vinc the value of ß   for \fhiS\ v in atotiomry 1 
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ain  &   (l - COB ö ) = r coo #     ß * 7?0 

r? = 0.^28 6'  =c.^;ji 6 

Tho moncntum thlcknooa 6  is ^ivon by tho oquütion    i 

(2) 

0.016    f 

~r Jo 
C.?5 

e ( -1L. ) 11^1 /        / dfl 

Wo havo Ignored tho lonijuir loycr and takon the o-ort^ln rather arbitrarily 
at E, tho bcfTinnirv: of cvu-vod wall. The mean value of V* vrlll be calctilated 
boiow in two ortramo caaoe. 

The analoßy with laninnr boundary loyor etatoe that the velocity -irofile iß 
aharactorioed by tho ahnpo factor : 

V      »'o 

Separation occuro when    r   a -o,06 a^pmxinntely. 

1  Qt Cooo :    Xo larco. 

Ao the longitudinal crodiont ia vory onall over noat of tho wall length, 
the velocity curve io flattened appnachtnc tho conotant value : 
v = v^ oxp (w/r) onve in the vicinity o:  F, Therefore (3),  (4), end table I 
Civo 0 

v 8 X dv 
ß ( — ) = 0.016 0 r « 0.016 

v dX 

2 * 6 
X    -  1    = 0.035     >      - 0.421      

2w 

Elinini'.ion of 6 givoo finally : 

5/- - 1/6 jr      r r    ''      v w 

Accordlnc to thio fornula,  both the circulation X    or attachment loncth 
(r >),  and tho f.ttachnont anclo or dofloction  7 ,    are incroaninc functiono 
of (r/w), ^dth a nnall influonco of 2o;moldG number. 
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2nd Caao : X aoall. 

In the vicinity of F, it is found that i 

^V 8 >   /  X - X 
o 

loc  (v/vo) 
2 X 

o 

and this io also the aajnaptotic value of the velocity over SF vhen X 
lo very anall. With thio value we obtain i 

/T X 

V—^- f    X    - X 
0 

r--o.ooi7%/ «— x   -x   = 0,0576 x   y2 

X 0    8 0 

8  = 0.137 r  -y3 

Elinlnation of e   t loads to »   > » 0.57 (v r 7 A )" 
e 

0.1 

,   r r 10/11   v w - l/M 
Xo= -^ — > .0.9(—)     (-f-)       (6) 

Acoonünc to thio foroula, 7 ia alnost a conotant, iepondinc very 
slightly upon the Roynoldc number (v r 7 / * ). The circulation incroasoa 
necurly as r. 

Cotapario^n of (5) and (6) auccoata that when r incrooaoo, 7 being 
first a constant, the circulation increanea alowly, then much more rapidly 
when a critical reduced circulation X of order unity is reached. Therefore 
attaohnont and dofloxlon are consecutive to the aclileveoant of an aerodyna- 
nicol load on the curved wall oorroopondinß to a reduced circulation > 1 „ 

The relation between 7 and (r/w) depends only upon the local coridltlono 
In the vicinity <if F. Wo found exactly the nan» fornulo with a free jot along 
a curved wall oorreaponding to a very different potential flow. Of course the 
conaidorod wall geometry has a strong influence on the value of X which must 
be token into account. 

Cofiolderation of the function log v (x) itself (see appendix) shows that 
X ■• 1 and cvon X « 0.5. ore by no meana oiaall (nor large) values for which 
o o 
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the above anymtotlcol fornulae apply. If novorthol&ee we put X = 1 in 
(5) or (6) with Q naynoldo nunbor )(r,  wo find the "critical va^uos" 

(6)              r    «= 4.4 w 
c 

> » 0.M5 = 8° 

(5)              r    = ^.6 w 
0 

7- 0J73 = 10° 

Ucdnai bcundarv laverf 

We have no exporinontol reoulta in tho loninor ronco » the schomntic 
deocrlptlon of the flow fie. (0 io probably inadequate in this range, in 
application io  fluid amplifioro ; unloos the entrance length AB ia very 
short, it io unlikely that there existo a potential flow region ; anyhow, 
the Pohlhaueen'a method oorroaponding to Duri'o, ia not applicable in the 
vicinity of F. Fairly aocurate prodictlonfl of aeportttion are reported with 
the Curle-Sknn relation 1 

sdC  2 ? 

( E-) C  - 1,04 x 10' ^ 
de    p 

But aa in the turbulent case, we noed another criteri\oi for the choice 
of the actual presoure diatrlbution. Crltorium (0 is oonvoniont only if we 
!TU)W 4* in.temo of the diatrlbution. Uoing the Walta'a integral of mooentum 
equation^^ and tho Pohlhauoen'a value of b"   = 3.5 <* would be Juat as objec- 
tionable ra direct uoe of Pohlhaupen's nothod, which, incidentally, loodo to J 

r   ^     v w - 1/3 

Xo-0.133 (—)   (-f—) Xo lorgt»   (5«) 

0.8      - 0.2 
r      v w 

Xo-0.5 (—)   ("-f—) Xo anaU   (6«) 

These relations ahow qualitatively that the influence of Reynolds nuaber 
io nuch otronger than in the turbulent cose, and that tho laninnr boundary layer 
aeparatea with a nuch smaller preonuro gradient, which is well known in oorodyna- 
mica. Quantitatively they predict attachment and deflection only for veiy naall 
Reynolda nunbero and curvaturea (w/r). 
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coirLunioiJ 

Tho oeparation of a jot fron a curvod wnil io nroflictod both qualitativoly 
and nuantitativol^r uoing tho fonnulae of turbulent boundaiy layoTB  with pooitive 
proooure ci'adiont» if an additional criteriun (l) io nade for tho choico of the 
preoeuro diotribution amonc a ono-naranotor fardly of potential flowo i tho po- 
roneter indicates the circulation around the wall and allove oaay phycical inter- 
pretation. 

It oeoffiB difficult to apply the aano nothod to tho laninar oaoo. 

APPHIfDI^ 

The intecrntion of tho equation (jiven for ar^ a^irorinato value of lo^ v 
nry bo porfomod if wo introduce thn Eulor dilo.Torithm function J 

n / c1 

n L. (x) «L  x7r 

Wo find, for (  »^ real : 

*2T    .   v_    - 1 - ^ F   - 1 - {      - 1 - {p-2X , . - 1 - ^ -ZX 
"7 "■ Ion —*— = tan  e  ^ tan  e   - tanh  e  ^  o tanh  0    0 4w   " v o 

* (X --X ) tanh e^ + F (e^
{ . e ^E* 2X0) .. F (e ^FT ^ io « E) 

4F ('• ^ ■ L2 (-frf-)+ h (-rff) - h H-H-' - h (^ff-' 

If X io onall :   7„x ■ log -JL- ~ 4 X e E" 
O 4w    " v      0 

0 

If X io large t   log -? -1L 

0 v     r c 

There is a oin^ularity nt E, but it cr-ot be smoothed out in the auccosoive 
approxinationo of the function lor; v. 
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ABSTRACT 

In this  paper an expression   is   found  for the  overall  pressure 
drop  as  a  function  of volume   flow,   under conditions  of  equilibrium, 
through  a pneumatic  resistor consisting of capillaries   in  parallel. 

The  resistance,  defined as  the  overall pressure  drop  divided 
by the  volume   flow,   is  shown  to be  a  function of  the   flow,  and 
therefore nonlinear.     This  nonlineari'cy   is  due  to an  accumulated 
viscous   loss   in  the entrance  of the  capillaries  and  ehe  dissipation 
of kinetic energy  at  the outlets  of the  capillaries. 

The analysis is in good agreement with experimental data. It 
provides a basis for designing resistors of desired values and for 
reducing the  nonlinearity of the  resistance. 
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LIST OF SQ^BQLS 

Q vol'jme  flow (ftVsec)   (cm^/sec) 

V mean velocity (ft/sec)  V «= (^/A (m/sec) 

U core  velocity 

velocity of a  fluid  particle    ^ » u ax  +  v ar  + w aa 

fi unit vectors 

x axial coordinate 

r radial coordinate 

0 angular coordinate 

L resistor length (ft)  (cm) 

L* entrance length 

x* stretched axial coordinate 

X dimensionlesa length    X  -    vx/YR2 

C x« 
£ stretching factor    x ■ J      cdx* 

R radius of capillary 

Rl radius of support tubing 

D diameter of capillary    D ■ 2R 

A area of right cross section of capillary 
a arbitraSPy area 

da element of area 

n unit normal to da 

«*> dimensionless velocity  u>» u/V 

>\ dljnenslonlesa radial distance   tr\ ■ r/R 

uf^ fully-developed velocity profile 

Mf&x maximum velocity 

PL viscosity (lbf-sec/ft2)  (Ns/m2) 

W kinematic viscosity V - -^r    (ft2/sec) (n^/s) 

p density (lbf-6eo2/ft^)  (kg/m^3) 

6 boundary layer thickness 

y radial coordinate    measured from r « R tcvard r » 0 
r « R - y 

p static pressure (lbf/ln2)  (N/m ) 
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A incremental change 

Rp pneumatic  resistance  (lbf-sec/ft5)   (Ns/m5) 

TW shear stress  at wall  (lbf/ft2)   (N/m2) 

Rex length  Reynolds number    Rex =   Vx/v 

Rep diameter  Reynolds number    Rep =   VD/v 

Ym eigenvalues,  roots of    J2(Y)  =   0 

gm eigenfunctions 

ctn constemts    c    =  2V/Ym 

C number defined    C =  VTINL/Q V 2 

F(C) function  defined    r(C)  =        I  *-—- « 
ra =   1 Ym- 

E function  defined E = H F(C) -  12  r(2C) 

B number defined    C ' In B 

e base  (2.7,1828  .   .   .   ) 

S constant 

a ratio of kinetic energy contained  in arbitrary velocity 
profile to kinetic energy contained in uniform profile 
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1.     INTRODUCTION 

Consider air  flowing  in  a  tube.     Any constriction  oLaced   in 
the  tube  will  result   in  an additional  static pressure  drop,  ^p, 
above that   characteristic of  the  tube.     (See  Figure  1.)     The  con- 
striction  is  a pneumatic resistor.     Assuming that  the   flow  re- 
mains  incompressible permits  a  reiationshio between  volume  flow 
and static  pressure drop  (1). 

Ap  =   f(Q) (1) 

Then pneumatic resistance  is  defined by  (2). 

Rp  ^- (2) 

Pneumatic resistance is often thought of as analogous to 
electrical resistance.  A significant difference exists, however, 
in that electrical resistance is entirely dissipative whereas oneu- 
matic resistance is only oartly dissipative.  Pneumatic resistance 
is a combination of viscous dissipation and increases in the tctal 
kinetic energy of the fluid particles making up a flow cross- 
section.  Pressure drops owing to this latter effect may be partly 
recovered by proper shaping of the resistor.  The consequences of 
this fact will be discussed later. 

Whereas the primary design feature of an electrical resistor 
is the material property called resistivity, the oneumatic resistor 
is characterized by its shape.  Because there is no general solu- 
tion of the fluid equations for arbitrary shapes, any analysis must 
be preceded by the choice of a particular shape.  There is hope, 
however, that having chosen a particular shape, the resulting analysis 
will direct the search for a better shaoe. 

In this investigation the design criteria will be limited to 
linearity and selectivity.  Selectivity is the ability to select 
arbitrary values of resistance.  Future investigations should con- 
sider time and frequency resoonse as criteria. 

Because fully-developed tube flow begins at 80 to 200 diameters 
downstream from the tube entrance and results in a linear resistance, 
a capillary tube was chosen as the initial shape [1], Experiments 
showed, however, that for capillary lengths sufficient for linearity 
the value of the -esistanre is too large for use with many practical 
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ap -H 

Figure   1 .     Pneumatic Resistor Consisting of Constriction 
and Entrance and Outlet Configuration 
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size  pneumatic  amolifiers.     The  next  step was  to  reduce  th^  resis- 
tance  by olacing a number of  caoillaries   in  parallel.     The  result 
was  promising enough  to  undertake  a search  for an  analytical ex- 
pression   for the  resistance  of  such a colle<    ion of  caoillaries. 
An  analytical expression   for  the resistance  would  orovide   guidance 
in  the  selection of the  best   length,  diameter,   and number of capil- 
laries   for a particular need  and provide  assistance   in system de- 
sign. 

2.     THEORY 

2.1.     General  Comments  on   Flow 

The  volume  flow,  Q,  of a collection of  fluid particles  through 
a  surface, o   ,   is defined by   (3). 

Q = f "v • ^ da (3) J o 
Furthermore, if it is assumed that the surface is oriented 

normal to the longitudinal axis in cylindrical coordinates, (3) 
reduces to (u). 

(U) 

In  general the volume  flow is a function of time and the axial 
position.     Integrating the continuity equation  (5) 

1  3p       3u      1     3       (vr) , 
OH* 17+ F   IF "  0 (5) 

over a cross-section gives (6). 

R 

3x j-f-  F rdr       (6, 

where: v(x,0) = v(x,R) '  0 
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Thus  for fixed boundaries  and axially  symmetric   flow,  Q can 
depend on the axial  position only  if the  density   is  a  function 
of time.     For this  case   fluid would be  stored within  a  volume  of 
the  tube.     This  storing  is  characteristic of  caoacitance rather 
than  resistance.     Thus  for a pure  resistor the   volume  flow  is 
at  most  a  function  of time  due to  fluctuations   in  the  axial  velo- 
city. 

2.2.     Laminar Entrance  Flow  in a  Tube 

2.2.1  Nature o_f  the   Problem 

To many  investigators  the  study of  fluids   is  orimarily a 
study  of mathematics,  substantiated by experiment.     Fxcept   for the 
few cases where the  Navier-Stokes equations have  an exact  solution, 
the  mathematics  is  a  search  for the  best  approximate  solution 
rather that  for &. new theory.     A comorehensive examole of the  dif- 
ficulties of such an  investigation  is the  study of steady,  axially 
symmetric,  incompressible   flow  in the entrance of a straight  tube 
of circular cross-sectton. 

The axial component  of the  Navier-Stokes equation  for boundary 
layer  flow is given  by  (7)  '/here the term 

3^u 
IV 

is  assumed negligible  in accordance with the usual boundary  layer 
theory  [2], 

du du 
3x 3r o    dx 

3?u       1_    3u 
L3  2  +  r    3rJ 

■ r 

(7) 

For fully-developed  flow the  inertia  forces  in   (7) vanish 
giving  (8), 

32u        1      3u  _   1    dp 
3  2  '    r     ir   ' p*   Hx (8) 

with boundary conditions: 

u(x,R) = 0, 3r 
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The solution  (9)  of  (8), expressing  the equilibriurn between  vis- 
cous  and pressure   forces,   is  the  classical,   Haj;en-Poiseui lie,  para- 
bolic  velocity  profile   [J]. 

p?      dP     . ,       r2   ^ ufH   =   - —-      -T^    il ~   ) rcJ Uy      dx p2 

-\ 
=  umax (1  *   tf' (9) 

r2 

=   2V  (1  -  ~  ) 
R 

The  situation  is  quite different   in  the  entrance   Jen^th.     The 
entrance  length  is  defined as that  distance over which  the transi- 
tion  from the entrance  profile  to  the  parabolic  profile occurs. 
During this transition the  inertia terms do not  vanish and the 
Navier-Stokes equations  have not  yielded  to an exact  solution. 

There are  in  general two approaches  to  finding an approximate 
solution  in the entrance  length.     The   first   is  to assume  an approxi- 
mate  form for the changing velocity profile  and then determine the 
nature of the transition  from continuity and momentum considerations. 
The seccnd approach  is  to choose a  linearized  form of the  Navier- 
Stokes equations  that  best describes the  flow.     The  latter method 
is  more  -»asily adapted to finding an analytical expression  for 
resistance;  but  the  former method  gives  much insight  into the physical 
nature of the  flow. 

2., 2. 2 Approximate  Velocity Profile 

The choice  of an  approximate  velocity profile is based on the 
assumotion of a model   for the problem as  illustrated in  Figure  2. 
Note that  a uniform profile  is assumed at  the entrance. 

Due to a viscous  drag on the  fluid at   the wall,  a boundary 
layer of thickness     6     is assumed to  grow  from zero at  the entrance 
until it  completely fills the tube  for fully-developed flow.     The 
problem is particularly complicated because  the  growth of the 
boundary layer causes  an acceleration of the  frictionless  core re- 
sulting in a negative  oressure gradient  in the  flow direction that 
in turn affects the boundary layer growth.     The main conclusion 
that can be made  from the model  is that the ratio of the  local velo- 
city to the  core velocity probably depends upon the ratios 

T and    -K-    [3],   Ol,   [5],     Assuming a  fourth-order polynondnai  in 
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these  ratios  and  applying pressure  and  velocity  boundary  conditions, 
one  can   justify  the   following  orofile: 

1 (I)   .  1 (I) 
L2   V        2   V i -i 

_       5l_ '^ - ^M 
6 (10) 

Details  of  the  above   formulation  and  the  following calculations may 

be found  in  [3].     As  -    goei to zero the  ^ixjfile becomes  the 
R 

familiar cubic  profile within  the  boundary   layer on  a   flat  plate. 
This   is  the  situation where  the  boundary   layer is  thin  relative  to 

the  radius,  near  the  immediate  entrance.     On the other hand  as — 
tends  toward  unity,  the  profile   takes  the  fully-developed  parabolic 
shape.     Other profile  assumptions  exist  that   give  similar  results. 
The profile   (10)   is  chosen as  an  example  only. 

Having obtained the approximate  velocity profile   (10),  we may 
determine  the dependence of the  core  velocity,   ^ ,   upon  6   from a 
form of the  continuity equation   (11)   derived  from  (u)  where: 

r =   R -  y       and      u =  u(x,y)       from y  =  0    to  y  =   6 

u =  'J(x) from y  =  6    to  y  -   R 

r ,6 

VTIR^ 2Tt u  (R-y)dy  ♦ j (R -   6)2 (11) 

Substitution of (11) into (10) leaves the only unknown as the de- 
pendence of the boundary layer thickness on the distance down the 
tube.     Once  this  is  found the problem is  solved. 

An  integral  form of the momentum equation as it  applies to 
this  problem can  be derived  from a control  volume in  the  entrance 
flow.     The   resultant  of shear and pressure  forces are  equated to 
the net outgoing flux of momentum (12). Then the pressure is set 
to the 

dx       w 
pu dA 

control volume 

(12) 
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core  pressure  anu evaluated  usirij^  the   Bernoulli  equation.     (Some 
authors   feel   it   is  better to calculate  the  pressure   eradient   by an 
energy   integral  over  the  whole   flow   including  the   inviscid  portion 
[Sj).     The   shear  at   the  wall,   T^   ,   is   ?iven  by   (13).     The   result   is 
(1U). 

=   u 
3 U 

ay 
(U) 

y   '-   0 

dD_ 
dx 

2v 
R 

3u 
3v y = 0 

^d_ 
dx 7 (R-y)  dv   ♦    l-PC^)^!-)2/ 

(1U) 

) J 

Simultaneous solution of (11), (12), and (lu) is complicated 
but numerically integrable problem for 

Re, 

^n)2 

as a  function of ^r- Some of the  results are tabulated  in Table  1. 
Since  transition  is  assumed  to be  comoleted at £•    equal  unity. 
Table  1 shows the transition  length,    Lft,  to be  given  by  (15). 

LA = 0.03002     VD? (IS) 

=   0.12008       0 

Tor air at   20 degrees  C  flowing with  a mean  velocity of  20  feet 
per second through a  .0139-inch  radius  capillary, the   flow becomes 
fullv-developed after a  distance  of  .2^2  inches  or  8.7  diameters. 
For the  same  velocity  flow through  a   .12-inch  radius  tube the  flow 
does  not  develop until a  distance of  l.S  feet   or  75  diameters. 

By using the  results  as  in Table  1 with equations   (10) and 
(11)  one  may determine  the  velocity at  any  location  in  the entrance 
length. 
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^R 
Rex 

(ReV 
D 

Ö.050 0.00^0318 
0.100 0.000135 
0.200 0.000638 
0.300 0.00164 
0.400 0.00328 
0.500 0.00566 
0.600 0.00887 
0.700 0.01299 
C.800 0.01794 
0.900 0.02364 
1.000 0.03002 

Table   I.     Summary  of  the  Solution  of  Equattons 
(11),   (12)  and   (10). 
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The most significant dleac'vantage of this vsloclty solution Is 
that  It appears  In mimerlcal  form.    A more useful  solution for the 
problem at hand would b«  In analytical  form. 

2.2.3    Linearizing the Momentum Equatlona 

The lack of a general solution to (7)   Is due to the non-llnearlty 
of the Inertia terms,    u^    +    |M    .    By replacing the Inertia term3 
with    V lu    t where    V    corresponds to a constant velocity of convec- 
tion equll to the mean velocity,  the linearized equation (16)   Is ob- 
tained  [61. 

3x o  dx ar2      r 3r (16) 

After multiplying (16)  by    r    and integrating over  the orose-aection 
one obtains (17) 

3u 
)x R 

iu 
3r 

r«R 

•V L2^ , i iu 
ar2      r 3r (17) 

with boundary conditiont 

u 0 

R 

Assuming that the velocity solution of (17)  can be written In the 
fotrro (18) where    Uf^    is known as (9),  the developing part of (18) 
can be substituted into (17) giving (19). 

u(n ,x) 
m ■ 1 

where   n » ^    and    X ■ rpr^- 

ufd *   !>      **im^* '^^ 

R 

(18) 

±    (n^-)  +    T.2H.-2n  > d n       d n   / »   -» dn 
(19) 

with boundary condition gm 0 
»» - 1 
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The solution of (19) can "be verified as (20) where y  are the 
roots of J2(Y ) = 0. m 

e„W-^    I^P^-il (20) 

The requirement that uCH, 0) = V and the orthogonal properties 
of the eigenfunctions of (19), specifically: 

rt gm dA = jl gm gn dA = 0    m / n 

determine 

Cm = 2VAm 

Finally, the complete solution of (17) is (21), 

-ä(^x)  Wl  r2.      f  1  fi  Jo ( S ^    -^  (21) -       =2(1-^)-4    ^^I
1
-J7T^)J   

e     VR2 

m = 1 

More recently, an improved solution was obtained hy weighting 
the mean velocity in the inertia term of (16) by a function, e(x), 
defined by (22)   [7]. 

dx =    edx^ (22) 

Then hy equating the pressure gradient obtaired from integrating 
the momentum equation (7) over the cross-section to that obtained 
from first multiplying (7) by u(r.x) (mechanical energy equation) 
one finds an expression for  t(x). 

1 
e - 

(2UJ - 1.5u2) (—-) Tl d T1 
o 

iiL.- 
p  ^ 2 ~ 

(ff)   T^dT] (23) 
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where 

U) = 
u 
V and X " VR/u 

Ilia velocity solution of this modified, linearized equation is 
the same as (21) except with x replaced by the stretched coordinate 
x*. Both solutions agree reasonably veil with experimental data and 
the results of part 2.2.2. 

2,3    Pressure Drop Versus Volume Flow for a Tube 

Of the several expressions for the velocity profile transition the 
only one given by (21) appears to strike the best balance between being 
accurate and being analytic. Now the pressure drop must be related to 
the velocity profile. For this (12) will be used. Substituting for 
T^ from (13)  dividing by ifi £v . and Integrating over the length gives 
(24). ^r- ' 

p - p 

,0V2/2 
Al2 
RY\} 

x 
(-) 

3 r 
r = R 

/) 

dx + 
itR2 

dA - 2 (24) 

From (21) it is apparent that the velocity is the sum of the fully 
developed velocity, Ufd, and the developing velocity, U - U^. Using 
this fact and rearranging (24) gives (25). 

4J2 
RV 

P l 
x 

^ dA-2- It RV . 8r 

U-IJ Id 
dx 

,r=R 

(25) 

From (25) the pressure drop is seen to consist of four terms. 
The first term is the drop due to the viscous dissipation in the fully- 
developed flow. Substituting (9) lato (25) and using (4) gives (26), 
which is recognized as 

äP= (%)« (26) 

the linear relationship characteristic of fully-developed flow. 
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The second anu third terms of (25) represent a. pressure drop due 
to the increase tn the kinetic energy contained in a cross-soctlon as 
the flow develops. The fourth tenr represents an accumulated viscous 
loss that exists in the entrance section only. 

u 

(27). 
oince the ratio, ~ is known, the second term may be evaluated as 

A 

n i 

o 

(y) -idn 2 [2(1 
C 

o 

2 2 
n ) ] ndn 

o m=l o   m=l 

2    - V«2X 2 
-g^a   j ndn 

" Z ^ (2) e " ^ + 
on 

m=l 

V    8 

m=l 

- 2Y 2x (27) 

Slmilarily, after substitution the fourth term becomes (28) 

^y l    i_ ui=mi 
RV . 3r V 

o 

dx z- R2VY m 
r^l m«l 

3n 
e dx 

n   « i 

Or, 

L ^e-YÄ+ I 
m=l 

8 

m=l 

o« 

-Z 
m»l 

2 -   Ym2X 2 -^   e       YmX    +_ 
(28) 

Substituting (26), (27), and (28) into (25) gives after re- 
arrangement: 
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iV^72      ^2      + 3  f ^. 2 ^e        ^    - ^;  e        m ^9; 
' x m ^ 1    »m 

Substituting for   X   and writing In tsnns of the volume flow 

p 2 
? YE   vtx Y™    ^x 

in = 1 

Equation (30) represents the pressure drop within a circular tube 
of constant radius from a uniformly distributed flow at p  to some 
axial location x, 

2.4 The Test Resistors 

2,4,1 Adapting Theory is Test Conditions 

The test resistors consisted of groups of capillaries In parallel. 
The static pressure versus volume flow characteristics of these re- 
sistors was measured In an apparatus Illustrated In Figure 4 and 
Figure 5, 

The static pressure p^ - P2 was measured with a 3arton gage 
that was calibrated to + 0,02 psl on a dead weight tesxer. The volume 
flow was measured with rotometers that were calibrated with a volume meter 
to within +0.05 x 10-3 ft3/sec. 

The pressure p^ - P2 was measured because It represents the 
pressure drop as the resistor would be used In some fluid circuit. 

Since (30) represents P0 - Px ^or one capillary,, several 
adjustments must be made before It can be used to predict p-j_ - P2» 

The volume flow through the network of N capillaries must be 
divided by N to give the flow through one capillary. 

Some of the static pressure p.  Is converted Into kinetic 
energy as the flow approaches x = 0 because of the area reduction at 
the entrance of the resistor. This static pressure drop, p-i - p0, 
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can te calculated, if dissipation is neglected,by integrating the 
Bernoulli equation over the cross-sections at p]_ and PQ. If 
the mean velocity, Q/A, is substituted for the actual velocity dis- 
tribution in the integration, an error results. This error may be 
accounted for by a function,^ varying fro;:: x  to 2, that takes into 
consideration the profile differences between the two locations [$], 
The resulting equation is (31). 

a 
2 

For the range of values in this problem, R, »R , the second term of 
(31) is negligible. Thus (31) reduces to [32). 

pQ2 

pi - po= —r2 (32) 

The most significant effect of the whole problem occurs at the 
outlets of the capillaries. The static pressure drop up to thai 
section, p. - P , is a combination of viscous dissipation and increases 
in the total JcLnetic energy of the fluid particles making up the cross- 
section. Because of the very sharp expansion at the end of the capil- 
laries, practically all of the kinetic energy is dissipated. Thus the 
static pressure drops due to increases in kinetic energy become static 
pressure losses, p - Pp ^ 0. 

Two effects have been neglected. The pressure drop Pi ~ Pp 
with the resistor removed is less than the probable experimental 
error for all flows. And, stagnation losses at the entrance to the 
resistor are of the order of the kinematic viscosity; therefore, 
very small. 

Since the theory presented thus far is valid for only laminar 
flow, the diaineter Reynolds number as defined by (33) must not be 
exceeded. 

p    2cWx , . 
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Thus the pressure-flow relationship (30) for a capillary re- 
sistor with Its entrance and exit configurations as described and 
for flows limited as ahove is given by (34), 

YjWn, 
pi-^ = (^)Q + (Ä)[i+ L   ^{e'   a   -3) 

m = 1 
2 

^-TT-HQ (34) e    Q 

= 3.75x10-7^=^ 
ft2 

v = 1.60 x 10"^ &- 
sec 

p = 2.34 x 10-3 ^=p 
2 

3. EXPERIMENTAL RESULTS 

A total of ten different resistors were tested. For five of the 
tests the number of capillaries, N, was varied and for the other five 
tests the lengths, V, were varied. The flow was varied from 0,1 x 
10-3 ft-ysec up to the critical value, Q^^x,  at which the transition 
to turbulent flow takes place. In no case, however, did the flow ex- 
ceed 4,0 x 10-3 ft3/sec. For each value of flow the static pressure, 
p, - P2, was measured for the tests summarized in Table 2, 

The minimum value of the term, —r~, appearing in the exponen- 
tial series of (34) for the various experimental resistors was 0,39. 
In the Appendix it is shown that this minimum value permits neglecting 
the series terms without significant error. Thus (34) becomes (35). 

* -^^ (WiF) «2 (35) 

The experimental data was plotted against (35) in Figures 6 
and 7, Finally, the pneumatic resistance is given by (36), 

«p'Srefe   Q (36) 
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test 
number 

length 
x (inches) 

capillaries 
N 

diameter 
2R (inches) 

maximum 
laminar flow 
Q   (ft3/Bec x 
max 

103) 

1 3.0 1 .0120 .29 

2 3.0 3 .0120 .87 

3 3.0 4 .0120 1.16 

4 3.0 8 .0120 2.31 

5 3.0 24 .0120 6.94 

6 1.0 25 .0139 8.36 

7 1.5 25 .0139 8.36 

8 2.0 25 .0139 8.36 

9 3.0 25 .0139 8.36 

10 4.0 25 .0139 8.36 

Table 2. Summary of Tests. 
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4. CONCLUSIONS 

Figures 6 and 7 show a good agreement of the theory (35) with 
experiment for the tested resistors. However, the nonlinearity seems 
to decrease somewhat with higher values of resistance contrary to (36). 
Equation (36) is very accurate for pressures less than 1.5 psi, wherein 
much of the work with pneumatic amplifiers is conducted. 

The nonlinear term of (36) is due to three sources. That is 

ft' 2^2p4—  0f t^6 tertn arises from kinetic energy increases in the 

capillaries,   , 2M2p4  •'■8 ^ue to an accumulated viscous loss in the 

entrance section, and  ,  '2KT2P4—    comes from a kinetic energy 

increase at the entrance of the capillaries due to the area reduction. 
The pressure drops due to conversion of static pressure to kinetic 
energy become losses because of the abrupt outlet condition. 

I In addition the negative  term   ^      vanishes because  the  factor 
in=l 

c - J;^NL/Q is large. 

It would seem that by proper shaping of the outlet and proper 
choice of C, that the nonlinearity of the resistor may be reduced. 
This work and the study of the non-steady problem are a source of 
future investigation. 

204 



.5       1.0      1.5      2.0 

Figure 6. Pressure Versus Flow Varying N 
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APPENDIX 

CONVERGENCE OF SERIES TERM OF EQUATION (34) 

ZOf particular importance is the convergence of the series terms, 
, given by (37). 

I  = 4F (2C) - 12 F (C) (37) 

where »• „ 
V      - Ym C 

F(C) =^ v^e 

and C ^ UrtNL 
Q 

The eigenvalues, vm, begin as shown in Table 3 and eventually 
approach a separation of it. 

In the limit where C goes to zero, V = -2/3, wh^re F(C) and 
F(2C) are given by (38). *-* 

F{C) = F{20) .    1^-TZ (38) 
m=i 

As C increases from zero to infinity, the series,^ , will in- 
crease from -2/3, which may not be ignored with respect to 7/6 in 
(34), to zero. We wish to know what error will be introduced by 
ignoring V for C < <>•. 

If C = In B where B must be <£• 1, equation (39) is obtained. 

-Ym2lnB Xxi^T ^) - Ym2 
Or. 

F(B) = ^  Ä        = ^  ^ =^  ^     (39) 
m=l Y^ m=r» m=l ■m 
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m Ym 
2 

Ym 

1 5.14 26.42 

2 8.42 70.90 

3 11.62 135.0 

4 14.80 219.0 

5 17.96 322.6 

6 21.12 446.1 

7 24.27 589.0 

Table 3.  The First Vilues of v . 
'ra 
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Fi^-ure P. Behavior of the Integrand of Eavrtion (UJ?)« 
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From fundamental calculus we have (40) 

f(lf )     dy    -  Um 

ty * 0 

Y f*   (Y)  AiY (40) 

i -  (a,  b) 

A where  f     (Y)  - mean value  of    f     ( Y )   in the   interval    ai Y 

If inatead, AY-Mr^O)  becomes   (41) 

1 Y- 

I f(Ym)<l 
Yl-w/2 

f   (Y )dT (41) 

m 

Substituting     f   (Y    ) 
m 

B 
Ym 

Ym 
into  (41)  gives   (42). 

fl %• 

F   (BX- 
Ü 

B 
-T 

Y.    - 5.14  -    »/2 Y2 dY (42) 

_ Y 2 _ Y 2 
Since B * 1,   the  functions    B B , and    1        are monotone 

Y2       ' Y2 

nonincreasing and less than unity in the interval Y(3.57,*). 
Moreover, for B >1.22 we must have (43), as illustrated in Figure 8. 

Y2 Y2 
B B 
Y2 < Y2 

(43) 

For the case where B ■ e, using (43) gives (44). 

F(e) < 
1 

t» 

dY 

Y -3.57 

210 (44) 

F(e) - 0 



Thus for    C^l    (B^ e) we have 
Also from (43) we have (45). 

^0. 

1 
F(B) < ^    I 

3.57 
Y2 

dV = 
«(3.57) 

(45) 

But this is too conservative. If we examine for what values of a con- 
stant, §, equation (46) is valid. 

0 
F(B)<- 

IX I) 
Y( 3.57,-<.) 

3.57 B(1.22,^,) 
(46) 

we see 

«O   R- V2  T oo-(3.57)2 
S^max B    * I.22 

This gives (47). 

^Ä -(3.57)' .0071 (47) 

Thus for C >.20 (B>1.22) we have.057>y >0. The results of 
(38), (44), and (47) are tabulated in Tahle 4. 

Finally, if O0.2, the error introduced "by neglecting )    is 
less than 6,4^ of the contribution of the Q^ term to the total 
pressure. 

A few representative values of ) were calculated on a computer 
using the first twenty eigenvalues for' values for C between zero and 
one. Some of the data is given in Table 5. 
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B C 171 
» e 5?1.0 '-O.O 

^1.22 >0.2 -<:. 0.0852 

1.00 0.0 2/3 

Table 4.     Summary of Convergence Results 

c 4F(2C) 12F(C) Ill 
.0001 .30 .924 .624 

.0003 .28 .876 .596 

.001 .24 .799 .559 

.003 .18 .664 .484 

.01 .105 .463 .358 

.03 .029 .216 .187 

.1 .0008 .0325 .0317 

.3 .0 .0 .0 

Table 5. Values  of   \       for 0 <C <1. 
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SIMILARITY RELATIONS AND CHARACTERIZATION OF 
PURE FLUID ELEMENTS 

by 

H.H.  Glaettli 

International Business Machines Corporation 
Zurich Research Laboratory,  RUschlikon-ZH 

Switzerland 

Many attempts have been made to provide short 
descriptions of pure fluid components,  for instance in the 
form of data sheets.  In spite of the fact that many valuable 
data are given on such occasions, two serious disadvantages 
of past approaches become more pronounced as time goes on: 
On the one hand,  the given data do not represent the full 
value of the results obtained through the    development of the 
element in question, and on the other hand, there is no base 
for comparison of various elements one with another.   There 
are mainly two reasons:   Neglection of similarity relations 
(which alone would maintain the generality of experience 
gained and would provide a base for comparisons over a wide 
range),  and insufficient data.   Many examples in Ref. 1 and 
many proposals concerning   "new"   elements are good illus- 
trations for all this:   Response times or operating pressures 
are mentioned without giving any further information such as 
size,  fluid,  Reynolds number,  aspect ratio,  amplifier data 
and modulation factor. 

It is the purpose of this paper to demonstrate a simple 
elementary manner to arrive at a few dimensionless constants, 
which, together with the representative size and the fluid prop- 
erties    (viscosity,  density) give an effective description of 
fluid elements.   The first stepain this direction were taken 
in Ref. 2.   - In addition to several details worked out since 
then,   some new results are given as to the choice of aspect 
ratio.   Last but rot least,  some remarks will be made as to 
the limits of similarity relations. 
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The first step consists in defining the Reynolds number   R. 
This is done by introducing the average flow velocity through the 
nozzle,  derived from flow rate measurements,  into the definition 
of the Reynolds number: 

R = / ^       • (i) 

p    is the density and  n   the viscosity of the fluid used.  Q   is 
the measured volumetric flow rate. For simplicity reasons, the 
whole layout is assumed to be essentially two-dimensional: I   i« 
the nozzle width and k- the aspect ratio.   In some cases, it may 
be convenient to measure the mass flow rate    p -Q directly. 

The operating pressure   p   of an element is closely re- 
lated to the pressure drop through the nozzle and can be described 
by _2       2 

2 p   i 

k,  is the first constant to be determined experimentally.  It takes 
into account any losses and a possible pressure recovery and docs 
not differ too much, therefore,  f.-om one.    k.  is also the first 
constant entering the data sheet. 

The operating power   P   of a pure fluid element is given by 

l,k2   T 
R3     n3 

P=k1.k,   *-" . (3) 

As mentioned above,  k- is not a constant to be determined ex- 
perimentally.   It must,,    however,  be emphasized at this point 
that   R   has been defined on a two-dimensional base.  Any critical 
value R        , therefore,   must depend on k-.  Some information on 
how R depends on k_ is given in Rel.    3.   The experimental 
results     shown there indicate an appreciable influence of the flow 
character on the dependence of R on k^.   It is,  therefore, 
suggested that any indication of R     .   be followed by the correspond- 
ing k,-value at which R     _ wa» determined. e    2 cnt 

It has also been shown in Ref, 3 that a k--value of 2 to /? 
leads to a minimum power consumption.  For practical reasons 
(mainly manufacturing difficulties),  an aspect ratio k?= 1 was used 
by the author in most cases.  Meanwhile,  additional experiments 
have been carried out,  which speak in favor of this relatively low 
aspect ratio, and which will be described briefly in the appendix. 
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One of the main difficulties arieee when the reoponae 
times of various elements are to be compared.  Following Ref. 2, 
the response time   T    of a pure fluid amplifier can be described 
by 2 

' =VVPRH- • w 
It would certainly be quite simple if the product k   • k. 

could be determined experimentally.   The response time, 
however,   depends on the gain of the amplifier.  There are many 
ways to derive such a relationship.   One such possibility starts 
with considerations of the (hypothetic) free jet amplifier.  Idealized 
assumptions allow the product k  . k. to be expressed in terms of 
amplifier data,    x    becomes: 

2 . 
P y~      1 

T     = •     Ut    •       vu     *    — 
R- n WQ           p   2 

UQ + 1    2 
(5) 

y •      is the flow rate,   u     the pressure gain. Formula (5) simpli- 
fies for sufficientlyTiigh values of   y *    to 

2 
T=:irHr ' yQJ ^p    • (6) 

The response time of practical embodiments will be longer. 
The fact that   T    is described by a product of factors forming two 
groups (the first group representing operating conditions,  the 
second giving important amplifier data) and similarity relations 
that hold for quite a range of Reynolds numbers,  suggests the 
following additions to (5) and (6): 

First of ail,  a further factor   f       should take into account 
the mixing of the power jet with the surrounding fluid,  which may 
lead to higher values of   y •   ,  but which always reduces the pressure 
gain considerably.   This not only lowers the gain of the amplifier 
but also increases the response time due to the reduction in average 
jet velocity. 

The second modification consists in adding another factor f   T , 
which adjusts    T   for the nonlinearity of the element.   The product 
of both factors may easily be determined experimentally and may 
be considered as a figure of merit.   This figure of merit then enters 
the data sheet and may be used to compare various amplifiers. 

Such comparisons are possible independent of whether 
momentum or boundary layer control is used.  It must, however, 
be borne in mind that (5) and (6) are based on similarity relations. 
These similarity relations may find an end when cavitation or 
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compressibility effects become appreciable. 

Typical examples showing how amplification of monostable 
elements decreases with increasing Mach number, whereas the 
gain of bistable elements increases under the same change of 
conditions,  have been published in references 4 and 6. 

The range over which similarity relations hold closely 
enough to be of practical value,  has to be stated explicitly by 
giving a maximum and possibly also a minimum Mach number 
in the case of compressible fluids.   - There are some difficulties 
in connection with incompressible fluids:   cavitation depends con- 
siderably on impurities.  Last but not least,  it takes a certain 
time to set up cavitation because of limited thermal conductivity. 
Both effects together cause the upper limit for the operating pres- 
sure, where significant cavitation effects start    to vary with size, 
which according to Ref. 2 would not be true under ideal circum- 
stances. 

So far onb' isolated amplifiers have been considered.  It is, 
however,  true that not only a single amplifier can be built in 
different sizes,  but also a whole circuit:   There also exists at 
least a minimum,  but under certain circumstances also a maxi- 
mum Reynolds number, which defines the range of successful 
operation;  the Mach number range will also be limited.   - In the 
case of a parallel adder,  the  carry propagation time per stage 
may be considered instead of the response time,  and in the case 
of a binary counter, the resolving time for counting or frequency 
dividing plays a corresponding role. 

In the case of circuits other than just amplifier circuits, 
the situation becomes somewhat simpler:   only the minimum 
carry propagation time per stage or the minimum resolving time 
is of interest.   These minima occur at the minimum gain which 
compensates for the losses,  i.e. ,   at an overall gain 1.   In such 
a case it would be sufficient to mention the value of the product 
k-'k. in its generalized meaning for a whole circuit. 

A typical example of data concerning a binary counter 
circuit is given in the following.  The geometry is shown in Fig. 1 

Fig. 1   Geometry of Binary Counter 
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The circuit was proposed by R. W. Warren (Ref. 6). The 
minimum Reynolds number at which the active element has to 
be operated for proper functioning of a multistage adder at an 
aspect ratio k = 1 was found to be 1900. k equals 1.05. The 
product k   -k     was determined to be 46S. 

The Mach number range has not yet been determined 
completely:    The design shown in Fig. 1  requires a minimum 
Mach number of . 35.   The maximum Mach number lies between 
.4 and . 8.   It is not yet certain whether it depends on the Rey- 
nolds number (especially in the case of Reynokic numbers be- 
tween Z000 and about 5000) or whether this wide range is due t:) 
manufacturing tolerances,  which would not express themselves 
through the minimum Reynolds number. 

By omitting the bypass between the two output channels 
the circuit works at any Mach number below . 35.   The minimum 
Reynolds number decreases to 1800,  whereas k.   and k,'k    re- 
main unchanged,  which speaks in favor of the proposea 
description with a few dimensionless constants. 

There now remains the step from dimensionless numbers 
to specified data such as  response time in msec,   power in watts, 
pressure in atm ,  etc.   for a certain fluid and a certain size.   - 
This ia easily done with the aid of a nomogram similar to those 
proposed in Ref. 2.  A logarithmic scale is used both on the 
abscissa anu the ordinate,  which show the nozzle width and 
the operating power,   respectively.   Curves for constant 
Reynolds number,  constant operating pressure and constant 
response time are shown.   According to expressions (2),   (3) 
and (4),   all these curves are represented by straight lines. 
Their tangents are as follows:    -I,  +2 and +5.   The author 
fixed   k.  and k    = 1,  whereas it is more convenient to assume 
k-'k   =     100. The following ranges were chosen for air: 
. 01  mm  i   i < 10 mm and lO"' Watts 4 P<  1 0 kW 

Sucn a chart allows determination of operating pressure, 
power consumption and response as a function of the represent- 
ative size at a glance;   it is,   however,  not suited for reproduc- 
tion in black and white or in small size.   This is the reason why 
no example is shown in the proceedings.   It is intended to publish 
examples in a future publication by the author. 

Any correction for k -values (i = 1, 2,... 4) differing from 
the above assumptions can easily he done by multiplication with 
factors that are usual)/ very near to 1, or at least between 1 
and about 5 in the cv^e of k   -k.. 3     4 
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Thus it has been shown that the characterization of pure 
fluid elements by dimensionless numbers offers the possibility 
of direct comparisons because it maintains the generality of 
the available information,  and at the same time there is no 
drawback due to the fact that a simple chart provides fast 
specific answers to specific questions. 

APPENDIX 

There is a significant advantage in making a layout of a 
whole circuit in such a way that as many elements as possible, 
through which a signal (for instance,   a carry signal) should pass 
at the highest possible speed,are contained in one plane.   This 
often requires the power to be fed into that plane through per- 
pendicular ducts.   This easily introduces disturbances which 
should be smoothed out sufficiently in the inlet section before 
they reach the nozzle contraction. 

A design study was started in order to find out what thr 
minimum length of the inlet should be to provide adequate 
damping.   Nozzles with a fixed contraction ratio of 5:1,  various 
aspect ratios and a variable inlet length were built.   Pressure 
was applied through a vertical tube,  the inner diameter of which 
was equal to the width of the inlet section. 

This arrangement was used in connection with a bistable 
element,  the critical Reynolds number required to maintain the 
jet in the attached position were taken as criteria. 

Figure 2 shows a typical observation.   It is quite clear 
that a sufficiently long inlet section is advantageous in lowering 
R        ,  which is more important in most cases than R        .   This 
not     only results in a power saving in bistable elements,   but 
also improves the signal-to-noise ratio in monostable elements. 
In all cases,   however,   sufficient damping in an inlet section of 
suitable length improves the definition of the response time by 
eliminating jitter.   Last but not least,   there is a beneficial in- 
fluence on the symmetry of all devices. 

Measurements presently in progress with higher aspect 
ratios indicated that a much longer inlet or other measures 
would be required to provide a smooth flow in the nozzle: 
Whereas a total length of the nozzle arrangement of about 
30 nozzle widths is sufficient at k   = 1,  the relative inlet length 
has to be more than doubled for an aspect ratio k2= 2.   This 
finally tends to affect the packaging density.   I* is, therefore, 
concluded that this is another indication towards aspect ratios 
around 1 to 1.5. 
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DYNAMIC  SIMILARITY ANALYSIS  OF  COMPRESSIBLE VISCOUS 

FLUID flPE  FLOW* 

FAB10  R.   GOLDSCHMIED** 
RESEARCH  AER0DYNAM1C1ST 
Si-ERRY  UTAH  C0.-1FANY 
DIVISION  Sl'ERRY  RAND  COKi?, 
SALT   LAKE  CITY,   UTAH 

1.   Introduction 

A rppid o1"0*^*1 has been seen in the past tew years in the new technology 
of fluidic amplifiers and fluldic servo controls. 

t'luidic technology i.- based on some ot the most sophisticated tluia 
dynamic phenomena encountered by the aerodynaiucist, not to mention the control 
engineer, i.e., the problfan of transient f LOW in a co.iplex fluid network.  is the 
response of the fluid amplifier is made taster and the circuit frequencies in- 
crease, these problems will become more and more acute. 

The basic equations of motion of a viscous time-dependent flow, the 
Navier-itokes eqs., are strongly non-linear and intractable analytically, even 
in the two-dimensional incompressible case. 

In Kef. L, section l.l, computational techniques are developed for the 
numerical solution of the equations for a limited flow field.  Large computers 
will be needed to exte id the flow field to the dimensions required by practical 
probletnb. 

Furthermore, the Navief-Stokes equations are applicable strictly only to 
the laminwr flow case, i.e., to such flows where the Reynolds Number remains 
below some limiting value (depending on the flow geometry;. 

Above this value, turbulent flow prevails, for which there is no exact 
mathematical description, because the number ot unknowns exceecb the number of 
available equations; additional empirical relationships have been formulated by 
many research workers to fit a variety of flow configurations, with varying 
success. 

In view of the difficulties (tven the impossibility, in case of turbulent 
flow) of adequate analytical treatment and since numerical solutions are not yet 
obtainable for flow fields of practical size, the aerodynamicist has relied 
heavily on experimental data and empirical investigations; thij will also hold 
true, to an even higher degree, for the workers in the new fluidic   technology. 

ihe purpose ot this  paper  is to discuss the necessity of employing 
dimensional analysis when relying on the empirical approach in fluid problems 
and in particular to present the Stokes-Reynolda oiuilarity Laws for dynamic 
flow circuits. 

*This work has been carried out under NASA contract NAJ 8-11236. 
** N 'v at ' :.; vr:.: Lv of ■• ar.. 
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2.        Ulmensionai   Analysis. 

2.1 General. 

vll phenomena in mechanics are determined by a series ot variables, 
such as energy, velocity and mass, which take definite numerical values in 
given cases,  l/robleros in dynamics or statics reduce to the determination ot 
certain functions and characteristic .jarameters; the relevant lews of nature 
and geometrical relations are represented as functional equations, usually 
dif/srentiai equations.  In purelv theoretical investigations, we use these 
equations to establish the general quali^itive properties of the motion ana 
to calculate the unknown physical variables by means of mathematical analysis. 
However, it is not alwuys possible to solve a laechanics problem solely by the 
process of analysis and calculation.  sometimes the mathematical difficulties 
are too great, as in the case of la.iinar flow, and someti.ies the problem 
cannot be formulated mathematically because the phenomenon to be investigated 
is much too complex to be descriDea by a satisfactory tneoretical model, as 
in the case of turbulent flow.  In these cases, we have to rely mainly on 
experimental methods of investigation, to establish tne essential physical 
features of the problem. 

In general, we oegin investigations of a natural phenomenon by 
finding out which physical properties are important and seeking relationships 
between sucn properties which govern the phenomenon. 

Many phenomena cannot be investigated uirectly for practical reasons 
and therefore to determine the laws governing them we must perrorra experiments 
on similar phenomena which are easier and more convenient to hendle.  Tc set 
up the most suitable experiments, we must make a general qualitative analysis 
anu bring out the essentials of the phenomenon in question; it Is very important 
(and time-saving; to select the dimensionless parameters correctly.  ihey 
should be as few as possible, while still reflecting all the fundamental 
effects. 

The preliminary analysis of the phenomenon and the choice or a system 
of definite dimensionless parameters is made possible by the technique of 
dimensional analysis and similarity theory.  These techniques have been 
developed to a high degree and have been presented by many authors, Langhaar2, 
bedov , etc. 

In order to bring out the essential techniques and parameters in the 
most concise manner, a simple pipe flow will be investigated, comprising both 
a mean flow and an oscillatory component of small amplitude. 

2.2 Dynamic and bteady-otate Fluid Motion in a Pipe. 

Let us consider a round pipe of diaj eter ü  and lengtn L with a 
sinusoidal oscillatory tlow oi Fi^all anplitude and frequency UJ over a mean 
flow O ; let the fluid be a viscous compressible gas. 
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All the paraiietera which seeiT pertinent to the problein will be listed 
below. 

2.2.1     List of physical factors. 

Gas Characteristics: 

1. Mass density, mean 

2. Absolute viscosity, ...ean 

3. Katio of specific heats 

4. Gas constant 

Heal Transfe.: Conditions: 

5. rolytropic exponent 

Geometric Conditions: 

6. I'ipe diameter 

7. t'ipe length 

Flow Conditiuns: 

Ö.  Volumetric flow, mean 

9. Pressure, mean (absolute) 

10. Temperature, mean (absolute; 

Dynamic Conditions: 

11. Oscillatory frequency ^O  rad/sec 

ha ID notation refers to pounds force. 

ihere are eleven parameters listed above; it is quite clear 
that the number of combinations and permutations of parameters will be 
extremely large, so that it is quite unproductive to undertake experimental 
work for a sutficient variation of each parameter to cover a meaningful range. 

AS this problem is a basically sii.iple one in the fluid technology 
field, matters will be worse when complex fluid circuits will have to be 
studied experimentally and understood,  fluids employed will range from air at 
std. conditions t^ gaseous hydrogen at -25u0t' to hot combustion gases at 20öuot", 
in a pressure range from .1 t'aln to lOOü talA, 

Ll tt 

L ft 

^o ft; Vsec 

i-'o lb/ft2 

To 
0R 
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In this very confusing situation, in the absence of an adequate 
theoretical treatment, the aerodynamicist looks for his first basic tool, the 
Laws of Üynaraic Similarity.  Th« laws of similarity will allow building up an 
experimental solution of the problem with data from experiments under different 
sets of conditions. 

The laws of similarity will allow the extrapolation of data under 
one set of conditions to another end different set of conditions, and will 
prescribe the correct conditions tor a model experiment to be valid for a 
prototype. 

The laws of similarity will also serve to classify quantitatively 
dynamic fluid regimes for generalized application to complex fluid circuits. 

2.2.2     List of Uimensionless Parameters. 

The following three dimenslonlr>s8 parameters have been found to 
be of basic importance for cur problem: 

1. Reynolds Number K » U L)(?O 
J e  —— 

2. Acoustic Reynolds Number R„ ■ C D^o 

3. btokes Number b = frJ Ü  & 

where velocity of sound C =  yk Roig  or    y n K fg (depending on heat transfer; 

reference flow velocity U =   ^ (mean pipe velocity) 

4 ü2 

Other dii.iensionless parameters, which can nil be derived from 
the first three, have been found useful in particular ways: 

U.       Strouhal Number    St = i_ = tuü 
Re    U 

5.   Longitudinal Acoustic Strouhal Number at  = S  . L ■ <*> L Lrt 
ReA  D    C 

}.   Transverse Acoustic Strouhal Number St  = S  = ^ Ü 
TA  ReA    

C 
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Finally, if the mean pipe flow velocity is sufficiently high, 
fluid compressibility effect must be accounted for by the Mach number. 

7.   i-lach Number    MD -•• U 
c 

Fortunately in fluid control technology, pipe velocities are 
generally low, 

Seven dirnensionless parameters ^re listed above; this number is 
still too high for indiscriminate appl  itlon to practical experimental work. 
Previous aerodynamic experience, both theoretical and experimental, i/i11 serve 
to demonstrate the particular usefulness of each parameter to the experimenter. 

If the Macn Number is neglected, there ere only three basic 
parameters, the classical Reynolds and ^tOKes Numbers and another version of 
the Reynolds Number comprising the acoustical velocity in the pipe (instead 
of the flow velocity;. 

A discussion will be given below for each paru..ieLer, with 
supporting experime tal evidence ano physical interpretation as required. 

2.3   Vhe Reynolds Numoer. 

The Reynolds Number may be derived from dimensional analysis 

Re= U J U ["ft   ft sec") = jül 
V  j_sec ft2     j 

Furthermore, it acquires fundamental significance «.ro-n the fact that 
it can be derived from the steady-state Navier-^tokes eqs. of viscous fluid 
motion. 

The  steady-state  Navler-ätokes  eqs.   are written  in  cylindrical 
coordinates  r  and  x,   with axial   flow  symmetry     for  pipe  flow, below: 

/^ | v 9v +■   u <)_v \  =    c[_2 + /   & ^v    +   I     3 v  -  v    ♦    d 2v   \ 
L   I     ar ax I     ' ar >U\    3 r2       r     ar      7? Jx2) 

xj I v a^ + u ajj \  = -_ajj +       / a 2u   ♦ 2.   a u +   <>?u \ 
L   ^     ar ax) ax ^     ar2       r      ar 3x2 ) 

where   v is the velocity in the r direction 

u is the velocity in the x direction 
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1£ now U, J  and f are taken as references of velocity, length and 
pressure: 

v* = v_ 
U 

and    u* = H. 
U 

r* = r 
Ü 

and 

P* = 2 

Then  it   is obtained  for  the  steady-state Navier-otokes  eqs.   after 
dividing  each  term  oy    -, U'   : 

(?o- 

V *     d v*      +    U        o V* I    t 1       _9_ti*    + f   ^< "I   / 32v*    +   1    3v* - _v_    +  ^2v* \ 
[(fij7!        3r [   uul   I   9r*2       r" Dr*        r*2       3 Y*2 ] 

V*     9 U*      +   U*    d u* 
ITr* Tx* 

9 u*    =   -       r^_    !;    9 p*    ■>■[">** I   / 9 2u*    +   ^   a u* +  _32a*   \ 
3x* [^ U2j    3x*       L<?UuJ[    9r*2       r« ^r* 9 x*2 | 

The  pipe  flows  can become  similar on^y  if   the  solutions  expressed 
in  terms of   the  coefficients    I     i and 

The first  coefficient 

flow,   leaving  the  coefficient 

icients    f   j?    ~j    and ["     -«.    \    are  identical. 
{(PUT] [ C U DJ 

P     |i     is  automatically  satisfied  in  i ncompressible 

r ^.1 >cc~] as the criterion of similarity,  ihis 

coefficient is the inverse of the Reynolds Number. 

For the pipe problem, the Reynolds Number has been found indispensable 
for the correlation of steady-state pressure-loss data, regardless of pipe size, 
fluid velocity (flow rate) and fluid density and viscosity. 

A pressure-loss coefficient   may be defined as follows: 

^U 2 
A ^ A D 

Figures 2.3-1 and 2.3-2 show the plot of A against R 

228 



A "laminar" fluid regime may be defined up to R  = 2000 and a 
"turoulent fluid regime may be defined from R  = 3300.  In the "transitional" 
area 2000< R  < 3300 there is no clear correlation between A    and R_. 

e c 

Analytically, for the laminar case the Hagen-Poiseui1le law holds: 

^ = 64 
R e 

and for the turbulent case the Blasius law holds up to R = 50,000: r e 

^ =   0.316 
ke^ 

For  both  cases,   ^ is a  function of R    alone. 

PU}SURE_L0_S_S_PA^R A METEJ 

VS 

MEAN- VELOCIIY     REYNOLDS    NUMBER 

NCOMPRESSIBLE   LAMINAR     PIPE     FLOW 

H4GEN      EQUATION 

AP      X-L 

1000 ?ooo 

z-dd 
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TORBULtNT AHf» 

,50 '   10- 



FIG    23-4 

RATIO   OF  MEAN-VELOCITY   TO   CENTER-VELOCITY   VS   MEAN-VELOCIT Y     RE YNOLDS   NUMBER 

INCOMPRESSIBLE   TURBULENT   PIPE   FLOW 

Of interest in fluid technology instrumentation is the ratio of mean 
pipe velocity to center velocity, because in many cases a center measurement 
in a pipe must be made to yield total flow rate. 

Again this ratio is only a function of Re, as shown in Figures 
2.3-3 and 2.3-^.  There is to be noted that in the laminar regime this 
ratio is constant and equal to 0.3, and that the transitional area is wider, 
from Re = 1500 to Re = 4500. 

2.A  The Acoustical Reynolds Number 

The Acoustical Reynolds Number may be derived from dimensional analysis: 

, = _CD   ["ft ft sec] 
'A   V |_sec   ft2   I 

M 
It deviates rrom the classical Reynolds Number only by the use of the 

acoustical velocity C instead of the flow velocity U .  Physically it can be 
interpreted as the ratio of acoustic inertia to viscous damping or as the 
limiting value of R . 

It generally appears in dynamic fluid analysis only as a modifer of the 
Stokes Number, in the form  S     and  S 

eA 
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2. 5 The  btokes   Nu.nber. 

The  i>Cokes  Number  may   be   derived   t rom  aimensional   analysis: 

V 
tt^   sec 
be c   ft? '] ["] 

furthermore,   it  acquires   tunda,iental   significance   from   the  tact   that 
it   can   be  derived   from  the   tnae-dependent  vorticity   transport   equations. 

These   equations  are   transformations  ot   the   Navier-atokes   eqs.   In   term 
of   the  vorticity vector,     Physically  the vorticity       is  the  angular velocity of   a 
fluid  element.     In cartesian coordinates  x and  y,   with  velocity  components  u and v: 

to a v 9_ 
d .) 

The  two-dimensional   time-dependent   Navier-btokes eqs.      are  reduced   to: 

ITt       Tx       IT}    (* 
£ 2UJ+      ^ ZOJ \ 

IT*2 ~ä72) 

If the vorticity t*-), the time t, the coordinates x anu y and the 
velocities u and v are reduced to dimensionlesscu*, t*, x*, y*, u* and v* by the 
introduction of reference quantities of frequency J~L , tirae T, length D and 
velocity y, then the vorticity equation will be governed by two dinensioniess 
coefficients: 

U and V 
fl  U ü2Si 

The first coefficient is satisfied automatically while the second 
coefficient is the Inverse of the otokes Number. 

atokes' work antedates Reynolds' by more than thirty years, but for 
some reason the atokes Number never ac' 'eved the popularity of the Keynolds 
Number.  This is perhaps due to the fact that most fluid work has been directed 
toward steady-state phenomena. 
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for our pipe proble.!), the bcokes Number allows a physical interpretation 

as a dynamic damping index; it serves to classify dynamic fluid processes into 

arbitrary high-dairping, inter.nediate-ds iping and low-damping regimes. 

txperiraentally, the otokes Number will tell the investigator which 

frequency parameter to use to obtain a workable correlation for the amplitude 

attenuation ratio and the phase angle. 

In conclusion, the Stokes Number is as basic to dynamic flows as the 

Reynolds Number is to steady-state flows. 

2,6   The atrouhal Number. 

The strouhal Number may be derived from dimensional analysis: 

it =^MJ    I"    ft sec]   =   [ül 
U    |_sec ft     j       L J 

It is not a primary parai.ieter because it can be derived as the ratio 

a/R, 

It  does  not  contain viscosity and   therefore  it must  be used  either  for 
theoretical   "inviscid"   flows or  for  conditions  where  the viscosity   is  negligible 
(as  when  the  frequency  is  quite high).     Also  it  has  been  found useful   to 
correlate  the  frequency of   self-oscillating  fluid  phenomena  with  the  characteristics 
of   the parent   steady-state  flow;   here  it  would  be  plotted against Re. 

An  example  of  "inviscid"   flow application  is given  in Figure   2.6-1, 
from  the  theoretical  work of  H.   G.   Llrod'*,   for  pulsating  flows   in  conical 
nozzles.     The  Strouhal  Number  is  plotted  against  amplitude  attenuation 
factor anu  phase angle  for  several   subsonic Mach  Numbers. 

Obviously  here   the  Stokes   Number  would   not   be  applicable  because   of 
the  absence  of   fluid  viscosity  from  the analysis. 

Two examples  of   self-osci I lating  fluid   phenomena arising  fro.n  steady- 
state  flows are  given  in Figure   2.6-2   (the  Kaman Vortex Street)  and  in 
Figure  2.6-3   (typical  tdge-toneJ.     In  both  figures   the Strouhal   Number   is 
plotted against   the Reynolds  Number. 

A  third  example  of   self-osciIlating  fluid  phenomenon arising  from  steady- 
state   flows   is   given   in  Figure   2.6-^   (acoustic   gap   raüiationj.     here   the 
strouhal   Number   is   plotted  against  Mach   Number,   for  a  given   range  of   Reynolds 
Number   (laminar  boundary-layer  flow over   the  plate),   because  the Kach  effert 
predominates. 
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2.7   The LonRXtudinal Acoustic atrouhal Number. 

The longitudinal acoustic Strouhal Number is a »pecial form of the 
ätrouhal Number, where the pi^e length L is used, rather ttian the diameter b, 
and the velocity of sound t is used, rather than the flow velocity U. 

"LA = tk 

It can be derived from the atokes Number, the Acoustic Keynolds Number, 
and Che pipe aspect ratio. 

"LA =  ^_ • t 

It is used as the frequency parameter in the low-daniping regime, where 
the acoustic effects become predominant. 

2.8   The Transverse Acoustic btrouhal Number. 

The Transverse Acoustic Strouhal Numbor is a special fonr of the 
Strouhal Number, where the velocity of sound C is used, rather than the flow 
velocity U. 

StTA = «^D 

It can be derived from the otokes Number and the Acoustic Reynolds 
Number: 

St™ -  S_ 
R„ 

It is used as a limiting criterion for the application of simple 
longitudinal-vnave acoustic theory in a pipe because it predicts the onset 
of transverse acoustic waves. 

The lowest transverse acoustical mode in a pipe is the first 
asyrametrical mode, which occurs at: 

'*tTA 3  3.68 

as shown by Wright and Miller^. 
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2.9   The Mach Number. 

The Mach Number 13 the ratio of flow velocity U to the velocity ot 
sound C,  Above a .-lach Number va'ue or 0.2 to 0.3, the flow pattern will 

begin to change because of the 1 uld compressibility.  In general pipe flow 

velocities are kept iow (M < 0.2) to reduce pressure losses. 

In the active amplifiers, however, analysis of the jet may require 

the application of Mach Nuinber because velocities may be high, even 

supersonic. 

3.    Laws of Stokes - Reynolds Similarity. 

Kor two pipe flows of equal h  ratio to be equivalent in both steady 
and dynamic states, the three basic dimensionle^s parameters Vi,   #2 and 03 
must be equal.  This, of course, applies if the flow velocity is low enough 
that Mach Number effects can be neglected.  Otherwise four parameters must be 
kept equal. 

Using subscript I for the one flow and subscript 2 for the other flov, 

it can be written: 

Re ,J1 D1<?1   =  U2D2 ^2 m 

^1 ^2 

A4l ^2 

Co 
? 

jD^C?!  .   "2Ü2<?2 

(2) 

(3) 
yul x 2 

From eq. (1): 

M2 

^1 

= u2 

Ul 

b2        (*2 

ül        ^1 

from  eq. (2) '• 

^2 

^1 

Bl 
C2 

Cl 

u2     ^2 

From  eq. (3) : 

- UJ2 

UJ1 

D22   (p2 

(A; 

(5) 

(6) 

Since all three eqs. must be valid by definition: 

U2 _^2 _^2 =  _C2 _^2 _^2 =  f^  ü22 ^2 (7) 

U1   D1  ^l     
cl  üi     Ci ^1  ü7 (?! 

'.id 



Therefore: 

and 

'2 = 

60 

CO 

CO 

UJ 

<ct 

U) 

u, 

U2     ^1 
CO 

(o 

CO 

^jtokes-KeynoLds 

^irotlanty  Laws 

for 

Constant  Fluid 

Viscosity 

(Ü) 

(9) 

.Again  from  eq.   (1): 

»2*     "l(?1^2 
0 '1 Ml  U2   ^2 U2  (52 /u1 

(10) 

and  fron  eq.   (2): 

_ü2=   cI(?1^2 

Dl      /u1  c2(?2 (?2    ^1 

(ID 

and   from  eq,   ( 3J : 

Ü22 ^l<?t^ 
op     ^^2^2 

to 

(?2    Xl 

(12J 

Since all   three raust  be valid  by definition: 

h   (?! ^t 
2    • 

'2  ^2 ^1 

ll^l - /^U l^iVI-tl 2\h 

'2  (?2 ^«l dJ X 
(13) 

Therefore: 

'l    /^l^   /^2^ 

^1, 

'^_iy   (i4) 
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Thus; 

1 

tu 

CO   , 

U2\2    (?2 ^1 = 
c*- x< 

2    C 

(* 

AÄ, 

^ 

UJ \ 

U) 

^2 
(?1 

■^ 

^1 

_^\2 ^«2    ^2 
C2)    t«!    x<1 

Ütokes-^eynolds 

ilmllarity  Laws 

for 

Conatant 

Pipe biametei 

(15) 

Interpreting the results ot eq. (9,', it is seen that scaling procedures 
are prescribed for the velocity U, the velocity of sound C, the frequency ^ 
and the pipe diameter J if the fluid viscosity ***  is kept constant.  ihe mass 
density (? does not appear in the si.mlarity laws tor constant tluid 
viscosity and therefore it does not need to be considered. 

The absolute temperature T enters into the problem through the velocity of 
sound C =  "Y R T .  The therraodynaraic fluid properties k and R,, enter only 
through the velocity of sound, as shown above. 

g 

Interpreting the results of equation (15), it is seen that scaling 
procedures are prescribed for the velocity U, the velocity of sound C, the 
frequency <«J, the f tuid viscosiry M   and the fluid mass density (? if the pipe 
diamei   U  is kept constant. 

The absolute temperature i enters into the problem through the velocity 
of sound C » "v/ R0T(j, through the temperature-dependent fluid viscosity^c« and 
through the fluid main density (? 

The thermouynamic fluid prr-perr.ies K" and Kg enter the problem through 
the velocity of sound, f.s shown above, and through the fluid mass density (? . 

The absolute pressure does not enter the problem except for a lainor 
influence on ^ 
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1c  remains  to demonstrate  ex;jlicity  that  both  the   steady-state 
characteristics  (pressure-loss  coefficient and   transverse velocity distribution) 
and   the dynamic  characteristics   (amplitude attenuation  ratio and phase angle; 
are maintained  between a model   pipe flow (subscript   1)   and a  prototype  pipe 
flow (subscript  2)   it   the Reynolds  Number,   the Acoustic  Reynolds Number and   the 
dtokes  Number are kept  constant. 

It  is well  known and  it  has  been  sumraarized  in  section  2.3  that  all 
steady-state characteristics  are  dependent  only  on  the Reynolds  Number   (in  the 
absence of Kach Number  effects).     In Reference  1,   Chapter  2  It  has been  shown 
theoretically,  after  Iberall   ,   that   the amplitude  attenuation  ratio and  the  phase 
angle are functions   (for  a  given geometry)   of   a  parameter Xy0 or Z and of   the 
Stokes  Number.     The  choice ofXlo or 2 depends  on   the  range of   the Stokes  Number. 

Now XTo =ai ^o_  (L) 
np0     (Ü) 

Howe ver        ^0^0V0 

and np0 =»   aR Tg =   C2       (polytropic velocity of   sound) 

IT      8 
*- o 

Thus     % -,    '<*>    Vo       <L)2 

c2       (D) 

and "y       = & (L) 
Jjo k     2       (Ü) 

eA 

It  is  seen that,   since   the h ra  io  is  constant  by definition of 
geometric pipe  similarity,   then  the parameterXio <^ePen<:18 only  the 
Stokes  Number and  the Acoustic Reynolds  Number. 

If   these  two numbers  are constant,   then/-T-     will   be constant. 

Furthermore z, =0JL =   St, .   (the Longitudinal   Acoustic atrouhal   Number) 
C L 

and Z s^LD2!^     =   /<*■■ U2 

thus 

D^V 1    V     J    |   CU t) 

ttt 
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/'.gain the ^ara..ieter Z de^ends only on the stokes Number and on the 
Ic Reynold 

pipe similarity. 
Acoustic Reynolds Number, the ratio k  being constant by detimtion ot geon.etnc 

Therefore, If the theory of Reference 1 Is even qualitatively correct, 
all the flow characteristics, both steady-state and dynamic, are riaintained it 
the three basic d\r.ien8lonless parameters, Reynolds Number, ..coustic Reynolds 
Number and Stoker Number, are constant. 

4, Conclusions. 

It has been shown that the steaay-state and dynamic flow of a viscous 
compressible fluid in a pipe depends only on three dimensionless fluid 
parameters, i.e. the Reynolds Number, the Acoustical Reynolds Number and the 
otokes Number, plus the geometric pipe aspect ratio. 

similarity (scaling; laws have been derived for the case oi constant fluid 
viscosity and for the case of constant pipe diameter.  These will penult the 
extrapolation of experimental data, amplitude ratio and phase angle, to other sets 
of conditions. 
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AUSTRAGT 

This   paper  attempts   to define  the  mechanical   potential    (the  analog 
of   thu   voltage)   for  a   fluid circuit.     From  the  energy   equation,    it   is 
shown   that   for  an   ideal   gas a   logical   possibility   is 

dp 

2 p 

where   v  =   veIoc i ty, 
p   =   pressure, 
p   =   density,   and  the  average   is   taken   over  the   cross-sectional   area. 

INTRODUCTION 

Since   its   recognition   as   a  new  technology,   the   field  of   interaction 
devices   has  advanced  to  the  point   where  complexes   containing over  a 
hundred  units   have  been  successfully  operated.     To build  UD  these  systems, 
the   techniques  of   the  systems   engineers   and  particularly  of   the electronic 
engineers   are   being  adapted  to   fluid   devices. 

Unfortunately   it   is  only   for   low   fluctuation   velocities   that   we  can 
quantitatively  apply many  of   these  techniques.     They   are   useful   only   as 
qualitative  guideposts  when   finite  amplitude  waves   are  to be  considered. 

At  this   stage of   development   it   is   already  obvious  that  a  fluid 
circuit   theory   as  elegant  as  electronic  circuit theory   is   impossible. 
The  "fluerMc"  engineer   is   always  going   to have  TO  rely   to  a  much   larger 
extent  on   cut-and-try   techniques   than   does   the electronic engineer. 

The   phenomena  which   make   fluid   circuit   theory  much   more   difficult 
than   electronic   circuit  theory   are: 

1. The   fundamental   equations  are  nonlinear. 
2. Momentum must   be  taken   into  account, 
3. Heat  flow   into and out  of  the circuit  must be  ccs i dered. 
4. The  amount of   turbulence  must  be  taken   into   ace   jnt. 
5. Last  but  not   least,   the  voltage   analog   if   it exists   at 

alI   is  not  a  thermodynamic  property. 

The Current  Analog 

Since the flow into a junction must equal the flow out in any kind 
'f circuit theory, it is apparent that the current analog must obey the 
continuity  equation,   and  therefore  the  current  analog  must  be mass   flow. 

The   VoI tage   Ana log 

The   voltage   analog   is   not  nearly   so obvious.      If   mass   flow   is   the 
currer+   analog,   then   the   dimensions  of   the  voltage  analog  should  be 
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energy   per unit  mass.     This   rules  out  pressure,   which   is   the obvious 
first   choice,   as   the   voltage   analog.     There   is   another   reason   for   ruling 
out   the   pressure.     The  correct   analogs  when   properly   applied  must   obey 
the   fluid equations.     For example,   current   times   voltage   in   an  electronic 
circuit  gives   the   same  energy   flow   per  unit   time  through   the   circuit   as 
is  obtained   by   use  of   Maxwell's  eguations. 

To  help   define   the   voltage   analog, it   therefore   seems   reasonable   to 
consider  the energy  equation   for   flow.     For  simplicity   we  assume  circular 
symmetry,   although   the   results   hold   for   any   duct. 

The   integral    form  of   the  energy  equation   is 

a 2 2 
/     ^r P(u   +   ^r)dV   +   /.   p(u  +  ^r +  ^)vndA 

v   at 2 A 2        p 

+  /.   q-ndA  =  /     pf-vdV  +  / 
A v v 

$dV ( I 

where   (as   in   f igure   I ) : 

V  = volume  of   a  section  of   duct 
A  = boundary  surface of   the  volume 
u  = internal   energy   per  unit  mass 
v  = vector  velocity 
p  = density 

q = heat flux through the walIs 
f = body force per unit volume per unit mass 
n = unit vector perpendicular to the surface 
$ = the viscous loss.  For circular symmetry, 

9v      v      ^v        9v   9v 

where   v     and  v^   =   velocity  components   along   r  and  z 
f =   radial   distance   from axis   of   symmetry  of   the  duct 
z   =  axial   distance  along  the  duct 

For convenience,   we   restrict ourselves   to   ideal   gases   and  drop  the 
body   force  term.     Then  we can  write   for the  duct  element 

^- /ft   (u  + ^ +  -)pvndA + ^- /     |-p(u  +  ^T)dV 
dz     A I       Q dz     v  9 2 

+  a - ^- /     «tdV  =  0 (3) 
dz     v 
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where   a   is   the   rate of   inward  heat   flow  through   the walls   per  unit 

length,   and   A,    is   the  cross-sectional   area of   the  duct  at  the   axial 
pos i t ion,   z . 

Now   the   integral   containing  ^   is   a  measure  of   conversion  of   work 
into   internal   energy   and   there  must  exist  a  u'   such   that 

i- /A     u'pvndA  =  ^- /     «tdV (4) 
dZ     A| dz     v 

Assuming  no storage   of   energy   (steady   state),   we  have 

1-r    (u + u'  +4
+£ 

dz     A. 2       p 

n 

/„   (u   +   u'   +  ^- +  ^)   pvndA  =   a (5) 

But 

(u   +   u!   +  ^)   =    T/ds     +    T/ds.   +   /^ 
P r i p 

(6) 

where   ds     and  ds.   are   the   reversible   and   irreversible  portions  of   the 
r i . 

entropy   change  associate^,  with  heat  and   viscous  effects,   respectively; 
and  therefore equation  5  necomes 

^-    ;A  [T/ds     +  T/d-..   + ^5-+  /—] pvndA =  0 (7) 
dz      A r i 2 p 

Since  we  are   interested   in  the change   in  mechanical   power,   we   rewrite 
the equation  to  define  mechanical   power  as   follows. 

dP 
PV'ndA 

dz dz       A  l   2 

=  - ~ /,  [T/ds.]pvndA (8)! 

d z     A i 

where   dPm   is   the  change   in   mechanical   power  and  where   the  average   is 
taken  over the  cross-sectional   area.      It   is   necessary   to  average  since 
otherwise   the   pertinent  terms   cannot   be   '-emoved   from the   integral. 

rSee  NOTE,   p  249 
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m        d        rr-v ,   dp   -i    . 

?rr di {[:T+ / ^] /A, pv-ndA) (9a; 

*  d       rv
z        ,dp-i m   —    [—- +   /-^J (9b 

From   (9b)   the  change   in   potential,   de,    is  given   as 

de     =     d C4 +    ^ 

or  the  mechanical   poteritial   e   is 

Xi+  /dR /^ (10) 
2 p 

This points out the unfortunate fact that the mechanical potential 
as defined above is dependent on '"he state path and cannot be uniquely 
defined unless the thermodynamic process is given. 

This potential energy is not necessarily the energy available at a 
branch since in making a turn into a branch, velocity gradients appear 
that convert mechanical energv into heat.  It follows that there is a 
nonlinear impedance associated with a branch point.  This impedance 
depends on the branching angle as well as on other geometric factors 
and on the fluid parameters.  To some extent it may be possible by use 
of the momentum equations and friction factors to obtain a semiempirica 
theory for the impedance at a branch as a function of the relevant 
quanti ties. 

In summary, the flueric engineer must recognize the fact that the 
analysis of his circuits will always require graphical and computer 
techniques to a much larger extent than does the analysis of the 
electronic engineer's circuits. 

NOTE:  We can justify averaging this way if we make the reasonable 
assumption that the energy oer unit mass, J, defined as 

J E T/ds. + 4 
+  /^ 

i    2      p 
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is   a  constant.      In   that   case  equation   (7)   becomes 

and 

-r~ (Jnn' dz    J 

d     v\i
l        .dp-, 

m   d7 rT + /-7] 

= o 

m^[T/ds.] 

We then define mechanical power as 

dPm 

dz 
,, I- Cvi + /%] = ^ d_ [4 +  ^ 

dz  L 2 dz L  2 

(It  should  be  noted   that   J   is   the   total   energy   per  unit  mass  excluding 
any  energy   due  to  heat   flow   into or  out  of   the  duct.     One  would  not 
expect  the energy  per  unit mass  to be cons+ant  or even   independent of 
radius   if   the effect  of  heat  flow were   included.) 

v 

£4-A Z 

FIGURE    1 
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ANALYSIS  OF   FLUID  SYSTEMS 

by 
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Abstract 

Analyses of fluid amplifier svsnems at freauencies for 
which the basic amplification regions themselves exhibit 
significant dynamic effects have scarcely been done.  The 
possibility of effective future analysis is discussed. 
Prime-element conceptual models of the components and 
systems are concluded to be the best approach, from the view- 
points of information content, intuitive feel, and ease of 
computation.  Lumped, mixed lumped-distributed, and pure 
distributed models are compared, with emphasis on the last. 
Particular dynamic effects in Jet amplifiers are discussed. 
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CRITERIA FOR ANALYSIS 

Fluid amplltiers and «iystems thereof have been developed largely 

empirically.  Moreover, nearly all of the analyses which have been per- 

formed consider only static behavior.  Is dynamic analysis of these 

components and systems going to become viable and useful?  If so, what 

role will it play?  What form will it take? 

Answers to these questions are attempted herein.  Some of the material 

is in the realm of opinion and speculation and some in relatively explicit 

suggest ions. 

Several analytical studies have been published regarding the 

attachment of jets to flat plates or knife edges.  But no direct quantitative 

use of the analyses seems to have oeen made.  Why?  Because the assumptions 

used to achieve a tractable solution isually are so restrictive that the 

results  do not apply to any real device.  Neglected factors include 

secondary flow (three-diivtensional flow), the presence of flow splitters, 

cusps, opposite walls, and finite-length walls, and the detailed structure 

of the jet itself.  If these restrictions are not made, the results are 

so complicated that we all recoil in horror and note, quite truthfully, 

that their use Is not matched economically to our resources. 

The above analyses are based larpely on so-called first principles. 

The results are an equation or set of equations.  Another approach is 

phenomenological ;   the characteristics of an element are measured, experi- 

mentally, and the results expressed analytically for later combination with 

other expressions to give, ultimately, semi-analytic predictions of system 

performance.  But this approach has also usually failed because the 

phenomenological representation is so often incomplete.  A very simple 

example is the incorrect prediction for the pressure gain of a cascade 

of fluid ]et  amplifiers as the product of the individual component 

pressure gains. 
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Has analysis actually been so barren?  No, not really.  In fact, 

we owe our most useful concept of slmllitudc (includinK the use of the 

Kevnold's, Mach, Prandtl, and Strouhal numbers) to analysis.  Analytical 

idealizations have Riven us the perspective of potential possibility and 

inherent limitation which help us judpe actual performance.  And, most 

important, analysis has Riven us a physical insight into complex behavior 

(including the jet attachment phenomenon).  Without this knowledge, or 

feeling, empirical development would be infinitely more haphazard than 

it really is. 

The author has concluded that optimum analysis of complicated 

engineering structures should 

(i)   include all the significant information necessary to meet the 

goal, and nothing else. 

(ii)  provide physical insight as well as (or even more than) 

numerical answers. 

These criteria may sound obvious, whereas in fact they can lead to 

profound results and decisions.  Most analyses have in fact violated them. 

Some attempts were doomed from the start because Criteria (ii) was 

precluded in the problem statement (e.g., the highly quantitative wall- 

attachment studies).  Others include insufficient information (e.g., the 

pressure-gain prediction) or excessive information (such as a broad-frequency- 

band model for a narrow-band problem).  If the criteria cannot be reasonably 

well met, as often they cannot, recourse to experiment usually is advlsaule. 

The question now is, what approaches to dynamic analysis are available, 

how do they compare vith regard to the above criteria, and indeed are 

useful solutions potentially achievable.  Certainly, if both criteria 

can be reasonably well satisfied, a most significant improvement in the 

rate of development of the fluid amplifier field would occur. 

TYPES OF  SOLUTION REPRESENTATIONS 

Problems vith  undetermined parameters are assumed here, for If all 

parameters are prescribed beforehand, we lose Immediately too much of 

the physical Insight (Criteria (11)) upon which we insist. 

Three general types of solution representations (models) can be 

Identified with undetermined-parameter problems: 
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1. Mathematical (e.g., an equation or transfer function or set 

thereof). 

2. Functional (block or signal flow) diagram. 

3. Reticulation (sub-division) into network of Interconnected 

prime elements. 

Presumably items 1 and 2 are familiar to the reader.  Item 3 has its most 

familiar example in the equivalent (electrical) circuit diagram.  Here 

the resistors and capacitors, etc., may or may not represent physically 

salient objects, but in any case they do represent physically real resistance 

and capacitance, etc., or their analogs. 

The ubiquity of circuit diagrams attests to their values of insight 

and communication.  E^en non-electrical constructs are thus modeled by 

analogy, even when the available standard building blocks are not particularly 

appropriate.  Consequently, the author feels that modeling in terms of 

ideal prime elements is optimum for fluid systems as well as other systems. 

But the elements need not be the standard lumped electrical analogs, 

as shown below. 

One can readily go from a prime-element model to a signal-flow 

diagram or mathematical function, should this become appropriate; for 

actual computation with a particular problem. The reverse process, however, 

is generally extremely obscure.  Signal-flow diagrams have their origin 

and forte in dealing with a special degenerate class of problems in which 

signals or efforts (e.g., voltages) are unaffected by the associated flows 

(e.g., currents).  When this condition does not apply to the majority 

of the ports of a system, such as in fluid amplifier systems, the prime- 

element model i« superior.  Degeneracies then can be handled explicitly, 

as they are in electrical circuit diagrams in the form of voltage and 

current sources. 

LUMPED MODELS 

Electrical circuit diagrams usually are composed of lumped linear 

elements.  In Fig. 1 we see a very simple system expressed also in terms 

of the bond graph devised by Prof. Henry M. Paynter at M.I.T.  The 

symbols R for resistance, 1 for inertance (inductance), and C for compliance 

(capacitance) normally imply the ordinary linear relationships between 

the effort and flow variables, without distinguishing whether the actual 
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system is electrical, mechanical,, fluid, or mixed.  The connections are 

indicated with bars or bonds, and the junctions by 0 if the associated 

flows sum to zero (a flow Junction, as at an electrical junction) and 

by 1 if the efforts sum to zero (an effort Junction, as with series 

combinations of elements).  The symbols L and F represent effort and 

flow sources,respectively. 

Bond graphs are introduced here simplv to allow other elements, 

which have no direct electrical circuit symbol,to be used.  Lxamples 

include the ideal lossless transformer,   TF  , transducer,   TD   

p,yrator,   CY , and the element which composes the heart of amplifiers 

and modulators, the three-port, (  TR1  ).  Moreover, every element 

I 
has a modulus (more than one in the case of the three-port) associated 

with it (e.g.,   the value of a resistance, or the transformation factor 

of a transformer), and nonlinear systems are distinguished from linear 

systems simply because some of the moduli are not constant, but are functions 

of the state of the system.  Tills can be indicated, as also shown in Fip. 1, 

by directed lines (indicated with arrows) with which particular functional 

relationships are associated. 

The bond graph form discussed here is not unique;  the point is that 

any proper reticulation into a limited class of prime elements conveys 

clearly to the practiced observer the assumptions which have been made 

and allows automatic programming of either an analog or digital computer 

to solve for particular responses.  If the system is comprised of lumped 

elements only, as above, the computation is direct.  But fluid amplifiers 

also contain  wave-like transmission lines, which are distributed rather 

than lumped. 

MIXED LUMPED - DISTRIBUTED MODEKj 

Bilateral delay lines, which can represent fluid lines, can also 

be considered a prime element of a bond diagram and are indicated by   TM — 

(for "transmitter").  The efforts and flows e  and f  at one end of any 

*Professcr Paynter has also devised bond graphs based on a minimum 
set of element types, only three in number, plus activation. 



symmetric element are related to the efforts and flows e, and fn at the 

other end by 

cosh r 

! 

Z  slnh 
c 

- 
e2 

f
2 

i. 

(! ) 

-— sinh f    cosh F 
_ c 

For uniform lines F is known as the propaeation operator and 7.     as the 
c 

characteristic impedance.  Both are operators or functions of frequency. 

We will consider only the pure delay line, however, for which 

F - T ~-  or   i Tu; 
dt       ' 

where T is the delay time, w is frequency, d/dt is the time derivative 

operator, and Z  is a real constant resistance, 
c 

In this special case of pure delays, the use of wave scattering 

variables is most helpful.  If the oppositely propap.atlnK waves are reprcseuted 

by u and v, 

1 
'1.2 e1.2 + ^ f1.2 

(2) 

1 
v    =   e 
12    ;—   1 

c 

.Z   f 
c   1,2 

which when combined with hq. (1) shows that 

-T f 
e   dt 

o   dt 
1 

(3) 

This result, expressed graphically  in Fig. 2, is directly useful for 

analog or digital computer representation of the delay line.  The terms 

e      simply represent the pure delays of the oppositely travelling waves. 

Since these delays are not readily achieved on analog machines, digital 

computation is usually called for. 

digital solution of mixed lumped and pure-delay systems, represented 

by differential-delay equations, has been discussed by Koepke.   It Is 

inefficient and unnecessary to compute the state of the system for nearly 
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infinitesimal time intervals, compared with the various time constants and 

delays.  Rather, lone intervals should he chosen.  Hut this requires the state 

of the systere for a lar^e number of consecutive solution clock times to he 

stored in order to compute the next ■ tatc solution.  This complicates nearly 

any problem way beyond the realm of hand computation and requires significant 

computer storage and time.  Nevertheless, it is a powerful technique. 

And the computation of the state of each part of a complex system is usuallv 

far better than use of a single functional transfer function which is 

extremely complicated and only Rives the solution at a single point in the system, 

REDUCTION TU LUMPED SYSTEM 

If the delay lines can be adequately replaced by a few lumped compliances 

and inertances, the model becomes entirely lumped and solutions are much 

easier to comp .te,  For a limited frequency band, a single pi or tee network 

of these lumped elements, shown in Fig. 3, is quite adequate.  A double 

or triple pi or tee ladder can be used to achieve good modeling over wider 

frequency bands (which need not, incidentally, be centered at zero   frequency). 

C/2 
-yvv— 

T        T 
C/2 

1/2 

T 

- 0 ■ 
I 

C/2 

I  —   0— 
I I 
I       C/2 

—     0 

C/2 

0 - 
I 

C/2 

Fip,. 3  Single Ideal Pi and Tee Models of Delay Line 
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Criterion (i) of optimum analysis Insists upon not complicatinc the 

model and/or the solution computation with extraneous information.  Con- 

sequently, if the frequency band of interest is so limited that a simple 

ladder structure suffices, it probably sl -uld be used.  Hut an alternative 

approach is sometimes superior. 

REDUCTION TO PURE-DELAY SYSTLM 

Just as it is possible to model anv system with oniv lumped dynamic 

elements, it is also possible to model any systeiy with nnlv distributed 

dynamic elements.  Further, if all non1inearities ind nonsymmetrics are 

static, the only dynamic elements needed are the pure bilateral delavs.* 

Varying the time delays and characteristic impedances serves the same 

function as varying the compliances and inertances (not respectively) 

or lumped models.  Losses are represented in the static elements, which 

are the generally resistive, nonlinear, and active junctions. 

A particularly simple example is shown in Fig. 4.  The fundamental 

simplifications are two-fold.  First, the various delay times are all 

simple multiples of a common delay time.  If the ratios of the various 

delay times were irrational, the solution process would become greatly 

more complicated; for one thing, an order-of-magnitude more state information 

would have to be stored.  However, any desired degree of accuracy can 

be achieved by approximating all these ratios with ratios of intecers. 

Then an overall synchronism of waves results, and it becomes very simple 

to compute the state of the system at time intervals equal to the common- 

denominator time delay or any multiple thereof. 

The second simplification, which is not necessary, is to assume linear 

(but generally active) junctions.  In this case the state at time kl Is 

related to the state at time (k - 1)T by the simple invariant matrix 

relationship given in Fig. 4.  If It is desired to compute the state 

vector less frequently, to save computation time, the square matrix can 

be raised to the integer power corresponding to the number of base delay- 

times in the desired computing Interval.  No error whatsoever is introduced 

by this procedure. 

*  Non-symmetric delays can also be used to represent non-symmetric 
dynamic properties.  Hence, nearly any system can be effectively modeled, 
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Bistable fluid jet amplifiers are not linear, of course, and the 

matrix relationship does not apply.  However, a digital computer can handle 

the appropriate nonlinear relation with little extra effort; the basic 

advantaßc of clock-synchronism remains, althoueh it is no longer possible 

to calculate the state of the system only at infreruont intervals, rather 

than at the common-denominator-delay Interval.  And note, acain, thai 

the JutiCtions can be active, that is, have power inputs not represented 

by the delay lines. 

The pure-delay system model is the simplest computationally, allowinp, 

even hand calculation if the system is linear.  Althoueh it probably conveys 

somewhat less feel to the engineer than the mixed lumped-delav model, 

it mi^ht well prove to be the generally most useful dynamic model for 

describing fluid Jet amplifiers. 

PRESENT KNOWLEDGE 0^ THE DYNAMICS OF FLLID AMPLIFIERS 

The closest published approach known to the author, toward a descrip- 

tion of the dynamics of a fluid jet amplifier in terms of a prime-element 

reticulation, is by Belsterlinp, and Tsui.   A beam-deflection proportional 

amplifier is represented by Impedance elements and ideal anplifiers. 

Dynamic modelinp is limited to incremental differential operation; the 

rather simple model includes resistances, compliances, and an ideal amplifier 

with a pure time delay.  Unfortunately, experimental data apparently 

corroborated reasonably well with the dynamic model at non-static conditions 

only when volumes were added to the output legs; no other comparls m is offered, 

These volumes would stronply tend to mask the dynamics of the fluid amplifier 

itself.  Reportedly these pioneerinc results have been subsequently improved, 

but the work is not yet published. 

The author expects very shortly to have "black box" data for similar 

amplifiers  which can be very helpful in constructinc a prime-element 

reticulation.  Such phenomenological testing must be used in conjunction 

with first-principle reasoninr,, however. 
6 

D,   Letham and H. Fox have modeled a proportional amplifier of the 

impact-modulator type.  The lumped elements include one dynamic element, 

a capacitor analog.  Apain, however, experimental results were Inconclusive. 
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W, ßoothe has used the transfer-function approach to represent a 

beam-deflector proportional amplifier.  Although no prine-elerent model 

is directly r.iven, the equivalent model would have fluid inertance in 

the control and output le^s, plus a unilateral pure dclav in the jet. 

Data are inconclusive. 

The above approaches tend to model only the simpler passive flun! 

line and volume appendapes of the jet amplifiers, plus a nearlv necli.'ible 

transport delay.  This more obviously is mlsleadinc for bistable amplifiers, 

which are more complex dynamically as well as statically than proportional 

amplifiers.  Working partly with the author, R. i"urski has made  a 

rather extensive study  of the simple sinple-contro 1 knlfe-edpe pneumatic 

bistable amplifier shown in Figure 5. 

Control Region 

Supply 

Jet (receiver ports 

not used) 

Control Flow Inlet 

FIR. 5 Knife-ldpe Amplifier Of Gurskl (Schematic) 



The   first half deals with the static hehavior, most particularly the 

complex flow in the vicinity of the knife edge.  The second half deals 

with the dynamics. 

The vortex in the control region constituted the only significant 

dynamic factor in the frequency range of normal operational interest. 

If ccntrol inputs were varied too rapidly, both theory and experiment 

showed that the Jet would be harder to deflect.  The work Indicates that 

delays in the frequency response of bistable fluid jet amplifiers arc 

primarily associated with vortical flows. 

At higher frequencies the linear Inertia of the jet and surrounding 

fluid coupled with the jet transport and the pumping effect resulting 

from the displacement of the jet become important.  It is demonstrated 

both experimentally and analytically that instabilities can occur bec?.jse 

of these phenomena.  The frequency of these oscillations is so high that 

in practice they are undoubtedly usually disrrissed as "noise." The 

compressibility effect in the control region was found to be insignificant 

except at very high frequencies indeed. 

Criterion (1) would suggest that not all of the above phenomena 

would need to be included in a minimal model which would only have to 

apply to a limited frequency range. 

CONCLUSIONS 

Extremely useful prime-element dynamic models of linear and nonlinear 

fluid amplifiers and lof^ic elements should be achievable by concerted 

efforts, using a marriage of first-principle theoretical and phenomenologiral 

experimertal techniques.  Many complex phenomena in the immediate vicinity 

of the jet can be included.  Lumped, pure delay, and mixed models offer 

different compromises between the physical feeling thev Impart and the 

ease with which they can be realized computationally.  All, however, are 

superior to mathematical or signal-flow-diagram representations. 

The first use of these models would be to aid the synthesis of 

practical systems from given elements. 

The second use would be to focus attention to those detailed phenomena 

which limit dynamic performance,and consequently hopefully to significantly 

improve the components themselves as well as their matching. 
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AB:TRACT 

The philosophy of operating conjugate fluid jets in the highly 
nonlinear flow region for acoustic amplification is outlined. Operation 
ia necessarily restricted to laminar flows which are inherently aound 
sensitive and which are allowed to develop into vortex f.ow patterns; 
hence the amplifier is best suited for low level invut signals. A 
sound sensitive jet is by itself somewhat selective frequency-wise with 
an operational bandwidth on the order of an "ctave, wherea" the nature of 
tae  conjugate jet system allows bandwidths of many octaves;and perhaps 
its most novel feature is amplification over the important acoustic speech 
range of from 200 cps to 8,000 cps. The power gain per stage is generally 
smaller than the gains reported for other types of fluid amplifiers 
which typically operate ft lower frequencies. 

PHILOSOPHY OF OPERATION 

Under appropriate operating conditions laminar jets are sensitive to 
sound; that is, sound may disturb the normal flow pattern or streamlines 
and it is this feature which we utilize in pure fluid amplification of 
acoustic signals. When a jet is in a "sensltive"8tate it has a limited 
btndwidth and a maximum sensitivity at some frequency which depends on 
the geometry of the jet and various associated flow parameters.  The 
useful bandwidth of a sensitive jet is generally on the order of an octave. 
Obviously, amplificatiun over an octave centered in the voice spectrum 
would not be very satisfactory. For instance, telephone lines use about 
3*t octaves to cover the frequency band from 300 cps to 3,600 cps and to 

preserve fidelity or voice character more octaves are desired. 

Our approach is to operate the fluid jet system at frequencies 
above the audio band. If the jets are sensitive, say at 20 keps, than 
an octave from 15 keps to 30 keps is covered which allows a 15-kcps 
bandwidth.  Of course, this is reminiscent of features successfully 
practiced in radio communication, although we do not employ any electronic 
elements.  The device employs conjugate jets which are both sensitive at 
some frequency which may be called fhe carrier frequency. The first jet, 
is referred to as a modulator,is modulated by an acoustic signal which is 

at a lower power level vhan the ideally recoverable modulation signal from 
the transmitted carrier; and the output of the demodulator is a 
reproduction of the original modulation signal at a power level above 
that which is ideally recoverable with full wave rectification of the 
input carrier signal. The net power gain of the conjugate system 
depends also on the transmission line, waveguide, etc. between the 
modulator ai;d demodulator.  It has not been anticipated to restrict 
operation to the case wnere the conjugate jets are in close proximity 
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nor to applications where the power gain is the essential feature; nor is 
it expected that cmplltude Inearity will be well preserved,becauee  1 
the nonlinearitieF one car expect such characteristics as amplitude 
compression which may have significant usefulness in speech applications 

as well as in control circuits. 

It seems that the most novel feature of the device is its inherent 
broadband frequency capabilities, although the sole accoraplishmeat of 
pure fluid amplification over the greater part of the audio spectrum 

and at normal voice levels is in itself novel. 

THE AMPLIFIER SYSTEM 

Because development work is in 9 relatively infant stage;we will 
present our approach to acoustic amplification in a rather broad sense 
without specific reference to any particular application.  Figure 2.1 

illustrates the generalized systen,* 

Modulation Device 
The jet modulator produces an acoustic signal of essentially constant 

amplitude and frequency in the absence of an input acoustic signal.  In 
the presence of an input signal, the modulator output is modulated in 
amplituce, or frequency, or perhaps both, depending on the type of device. 
In general, our devices are considered as amplitude modulators although 
a small amount of frequency modulation always exists.  Usual operation is 
of the double sideband plus carrier type although in practice the sideban^j 

are not necessarily of equal amplitude. Operation in the single sideband 
plus carrier mode does not seem likely although an approach to this 
behavior is possible with consequent improvements in theoretical bsndwidth. 
For such operation, the demodulator characteristics should be of the square, 
law detector type and, as is later indicated, this is possible in practice. 

Transmission Line 
The transmission line can take on various meanings and forms, but in 

general, its purpose is merely a means of conducting the modulated carrier, 

which is an acoustic signal, from the modulator to the demodulator. No 
dc flow from modulator to demodulaLoi is  necessary and in fact it is 
detrimental because the demodulator will not accept dc flow.  The trans- 
mission line could be a short or a long waveguide or it could be some 
means of obtaining a sound beam with radiator and receiver elements such 

as horns or reflectors. 

Demodulator 
The jet demodulator plays the roll equivalent to that of a transistor 

detector in radio communication where the transistor is operated in a 

♦Figures appear on pages 281 through 296. 269 



condition of cutoff or saturation so that the input signal is amplified 

as well as rectified.  For amplitude modulation detection, the jet demodulator 

may be operated without any acoustic resonant elements>although resonant 

elements may be incorporated to increase sensitivity, but of course, at the 

expense of frequency bandwidth.  For frequency modulation detectio^an 

acoustic resonant element is incorporated so that slope detection ie possible, 

before rectification is performed.  In the event that both frequency 

modulation and amplitude modulation are to be detected in one stage, operation 

is on the low frequency side of resonance so that the detected outputs are 

partially additive.  As indicated with the transistor analog, the jet 

demodulator has the advantage that it functi.as as «m amplifier (suitably 

called a hydrodynamic traveling-wave amplifier) as well as a detector.  The 

modulati r output power can easily be made an order of magnitude larger than 

that which can be accepted by a single demodulator; therefore, for cases where 

modulator and demodulator are closely coupled, a multiplicity of demodulators 

connected in parallel becomes useful. 

Low Pass Filter 

This element is not essential to the operation of the device as an 

amplifier but its inclusion is at times advantageous.  In the event 

that the carrier from the output of the demodulator is at an audible level 

an acoustic low pass filter may be used to increase the signal-to-noise 

ratio.  When the demodulator is operated at low gain, the output contains 

a component at the carrier frequency which has an amplitude comparable to 

the modulating signaL but at high gain settings the carrier contrib "tion 

becomes negligible and there is no need for a filter. 

It will be noted that the inclusion of feedback in the circuit has 

been omitted.  This is primarily because the application of feedback has 

received very little of our attention and applicable results are not 

available. We have thus far operated the conjugate jet system with carrier 

frequencies ranging from 6 kcps to 22 kcps, but this range is not necessarily 

indicative of the possible range of operation.  For certain control circuits 

perhaps carrier frequencies as low as a kilocycle may be useful whereas 

the upper limit for carrier operation will probably be dependent on the 

smallest possible or practical jet dimension, which may correspond to 

perhaps 50 kcps. 
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MODULATION 

Types of Modulation 
A modulator is essentiallv an oscillator with the output signal 

varying functionally with an input signal referred to as the. modulating 
signal.  The output of the oscillator in the absence of a modulating 
signal is called the carrier.  In general, the o ;rut of the modulator 
is of the form: 

p (t) = P (t) cos e (t) 

When the modulating signa1 controls P(t)^we have amplitude modulation; 
and when it controls 9(t) ^e have angle modulation which is a generali- 
zation of phase and frequency modulation.  In fluid modulators both 
forms of modulation are possible although the prominent form of modulation 
in the systems herein reported is amplitude modulation. 

For amplitude modulation we take: 

P(t) =Po (1± *^ab 3.2 

and    9(t) = w6C +6 J.3 

with   m - modulation coefficient 
WJU

3
 angular frequency of modulation 

wc= angular frequency of carrier 

The phase angle % can be arbitarily set equal to zero by appropriate 
selection of time t=0.  By usint trigonometri; identities with e^s. 3.2 
and 3.3 substituted in eq. 3,l;we obtain the general form of amplitude 
modulation for single tone modulation.     r 

±| 
PcCt) " po  {   cos wct    -f- 

; * L 

ZOB    (wc-Wm)t  +  COS(wc+Wm)t 

sin (wc-wm)t - 8in(wc-win)t 

3.4 

Figures 3,1a and 3.1b illustrate the spectrum of the modulating signal and 
modulated signal,respectively.  In this example two-cone modulation is 
shown to illustrate the inversion of the lower sideband.  Note that the 
modulated signal spectrum does not contain the modulation spectrum which 
we frequently refer to as the audio signal.  It is interesting to note that 
only the upper and lower sidebands contain the essential modulating signal 
information, and that transmission of only a single sideband is essential 
if reinsertion cf the carrier is performed at the demodulator.  Figure 3.2 
illustrates the familiar AM signal with approximately 507= modulation. 
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With the notation defined in figure 3.2 the modulation coefficient m 
aisy he  written as: 

A2 - ki 
m "     "'" 

A2 + Ai 

In the event we have the instantaneous frequency w as 

cos wnjt 
w = wc t + Aw 

sin Wmt 

and 

3.5 

3.6 P(t) = P. 

cosCwc-Wn,) t - cos(wc-K)m)t / 

sinCwc-WjQ) t + sin(wc-<-wm)t I 

3.7 
with Si. =  frequency modulation coefficient 

the resulting modulated output becomes 

Pc(t) = Po-( cos wet    2 

SI  = A w    where we have assumed J^ ^< ^   3,8 

which is the representation of single-tone frequency modulation. 
Figure 3.3 illustrates the familiar FM signal and defines the symbols 
used in evaluating the modulation coefficient: 

n - T     ~  T 

3,9 

Figure 3,4 shows the disposition of the FM sidebands.  Equation 3.7 is 
similar to the AM representation(eq. 3,4) in that the signal also has 
upper and lower sidebands.  On the other hand, the upper and lower side- 
bands combine to form a component which is in phase quadrature with the 
unmodulated carrier.whereas for AM the sidebands form a component in 
phase with the unmodulated carrier.  This phase shift must be taken into 
account when superimposing AM and FM signals which may be useful in cer- 
tain applications. 

Although we have considered only systems with a single carrier 
frequency, it is possible to modulate a noise carrier.  On the other hand, 
bandwidth constraints and the ability to obtain relatively high efficien- 
cies with single frequency resonant type modulators leavee the scheme of 
noise modulation at a disadvantage for practical fluid systems. 
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Fluid Oscillators 

The fluid modulators discussed in this paper are oscillators whose 
output is controlled by an input modulating signal.  The two basic types 
of fluid oscillators are the relaxation oscillator and  the  feedback 
oscillator (12).  We are interested in the latter which are well known. 
The edgetone generator is well known for its applications in musical 
instruments as well as being the most common type of whistle that chil- 
dren encounter.  The "bird call"(l) generator, recently labeled the 
"hole tone"(2), is found in many tea kettles.  Both of these tone gener- 
ators f or oscillators, are basically fluid amplifiers with positive 
feedback.  Lord Rayleigh(3) was the first to show an understanding of 
the important roll played by sound sensitive jets, their ability to 
amplify small disturbances, and the inclusion of acoustic feedback to 
form a fluid oscillator* and A. Powell(4) has greatly furthered the 
scientific understanding of these topics as is exemplified by his work 
on the edgetone. 

The edgetone and bird call generators have much in common although 
the edgetone is a device with a plane jet primarily sensitive to trans- 
verse pressure gradients with respect to the jet axis and flow disturb- 
ances growing into an asymmetrical vortex pattern^while the bird call 
employs a circular jet which is generally sensitive to an axial pressure 
gradient and with flow disturbances developing in a symmetrical vortex 

flow. Figures 3.5 and 3.6 sho\ nhe region of flow instability to small 
disturbances for free plane and circular jets^respectively.  Figure 3.5 
comes from a large amount of edgetone data taken by this author while 
at the Aerosonics Laboratory under the direction of Professor Powell. 
This data were published in references (4) and (5).  The assumed region 
of maximum sensitivity is shown by the solid line,with increasing insta- 
bility occurring for increasing values of Reynolds and Strouhal numbers. 
For a fluid device employing a plane jet, its operating region should 
fall within the designated region of operation if it is intended for the 
device to be unstable to small disturbances.  On the other hand, if 
instability is a problem, the relationship between the spectrum of the 
noise disturbance and the. Reynolds number should be adjusted above or 
well below the region of operation shown in figure 3.5.  Note that the 
assumed line of maximum sensitivity does not lie in the middle of the 

region of instability.  This is because the spacial gain of the free jet 
falls off very fast in the upper region of instability as compared to the 
slowly varying spacial gain for lower frequencies.  The physical reasoning 
is that the jet becomes stable a? the disturbance wavelength (in the flow) 
reaches the order of magnitude of the jet dimension, the induced velocity 
effect becomes incoherent^and the process of vortex coalescence, which is 
fundamentally the mechanism for the spacial gain, is reduced.  For small 
R-S numbers the spacial gain is reduced by the increasing action of viscosity 

273 



and for large R but small S the spacial gain falls off primarily because 
the disturbance wavelength is sufficiently long that the disturbance is 

convected away from the region of interest before any gross amplification 
can take place. 

Figure 3.6 illustrates the region of operation for circular laminar 
jets. Data taken from the work of A.B.C. Anderson (6) were Initially 
reduced and plotted on the R-S plan.  Then this author performed studies 
on a 1-mm diameter smoke-laden air jet in a small anechoic chamber.  The 
jet issued from a 10-cm long tube and was excited by the sound from a 
loudspeaker. With the velocity set and sound amplitude held relatively 
constant the frequency would be adjusted until maximum flaring of the jet 
existed. The locus of these points appears in figure 3.6. The data 
given as figure 6 in the recent paper by Chanaud(2) and Powell has also 
been added to figure 3.6. 

The inclusion of a resonator to the edgetone improves the acoustic 
radiation from dipole to monopole source characteristics, enhances the 

feedback thereby stabilizing the frequency and increasing acoustic out- 

put. Figure 3.7 is a sketch of a simple resonator-coupled edgetone-type 
oscillator.  Under some circumstances the operation can be further 
Improved by including a horn as an additional impedance coupler to the 
radiation load. 

The bird call or circular jet oscillator is shown in figures 3,8 
and 3.9,  Both the longitudinal and the radial mode resonators increase 
the axial pressure gradient across the nozzle or first orifice and hence 
augments the flow pulsations responsible for the generation of symmet- 

trlcal ring vortices. When using the longitudinal resonator, the fluid 
supply enters at an acoustic quarter wavelength from the rigid end 
(a low acoustic impedance location) thus minimizing influence of the 
input port on acoustic resonator operation. For the radial mode resonator 
the normal mode equation given by Morse (7) has been used.  The frequency 
calculated using this equation generally yields values on the order of 
57„ higher than found in the laboratory models.  Note that our resonators 
have a small hole at the center of the resonator which is a high impedance 
region for the radial modes and hence a critical location for a hole. 

f = £  <**«    (cps) 
D 

c ■ speed of sound 
<X.,j*  characteristic value = 1.219 for first radial mode 
D ■ diameter of cylinder 
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Fluid Modulators 
Since the oscillators described are essentially regenerative amplifiers 

operating in a saturated state, a reasonable way to modulate the carrier 
would be to modulate the feedback. For all three oscillators illustrated 
it is possible to modulate the carrier merely by introducing the modulating 
signal in the vicinity of the Jet orifice. In practice this is found to 
be a relatively ineffective approach since the acoustic modulating signal 
must be on the order of magnitude of the feedback pressure to accomplish 
large percentage modulation. 

Another approach, and an extremely effective one, is to disturb the 
jet initially with the modulating signal. Then let this disturbance grow 
as it is convected downstream toward the oscillator stage and allow the 
induced vorticity from the modulating disturbance to partially augment or 
cancel the redistribution of the jets vorticity by ths oscillator feed- 
back signal. This approach has the added advantage that the modulating sig- 
nal ia effectively hydrodynamically amplified before it reaches the 
oscillator section.  We refer to this type of modulator as a single-jet 
two-stage modulator. Figure 3.10 illustrates the two-stage modulator for 
the radial mode coupled resonator oscillator.  Similarly, the same approach 
works for the longitudinal resonator coupled circular jet oscillator and 
the resonator coupled edgetone oscillator. 

Now let us look at some typical modulator characteristics.  Figures 
3.11a and 3.11b show the unmodulated carrier; and the modulated carrier 
compared to the electrically demodulated modulated carrier for a typical 

two-stage mc4'. lator operating at 12.5 kcps. The modulating signal is at 
1 kcps. The carrier and modulated carrier are signals from a B & K 413A 
condenser microphone/which was placed several feet away, but along the 
axis of the circular jet modulator.(All measurements taken in an anechoic 
chamber.) The modulating signal is from a probed B & K type 4134 micro- 
phone located in the modulating stage cavity. 

Figure 3.12 illustrates a 17.6-kcps modulator response. The solid 
curve is the modulating signal pressure in the modulating stage cavity, 
whereas the dashed curve is an electrical demodulation of the mod-lated 
carrier. The amplitudes are only relative and the curves have been ad- 
justed to coincide at the low frequency end. The curves show a low fre- 
quency cutoff at about 400 cps.which is the characteristic of the Altec 
804A horn driver. The modulator response is quite good down another 
octave. The solid curve has been corrected for the probe microphone re- 
sponse, which is well behaved up to 5 kcps. At higher frequencies the 
correction factor can be doubted. The probe microphone was calibrated 
using the B & K probe microphone kit. 
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Figure 3.14 indicates operation in the R-S plane. Note how the oper- 
ating point for the carrier was selected well above the region of maximum 
sensitivity. Furthermore, the oscillator, although operating at 17.6 kcps, 
is near a condition of instability (but not too near since we want a 
quiet carrier) where it could jump to a lower "stage" at 14 kcps and oper- 
ate as a more stable oscillator for its operating Reynolds number. It 
has been found, as would be expected, that the best modulating sensitivity 
as well as amplitude linearity are obtained when the modulator is in a 
"weak condition" of oscillation which is found just before or after a 
frequency jump from one jet stage to another. 

The ratio of radiated modulator power to input acoustic power can 
range from 1 to 50, with a typical well behaved modulator operating 
around a ratio of 30:1 for 50 °L  single-tone modulation. This means that 
a power gain of 9.6 from the modulator stage is possible. Additional gain 
from the demodulator is also possible as is described later. As the 
sensitivity and power gain of the modulator are increased, the operating 
conditions become more critical. For the most sensitive modulators tested, 
the tolerable supply pressure variations could not exceed y^whereas 
variations on the order of 207c were tolerable for modulators having pow- 

er gains as low as 4. 

DEMODULATION 
Brief Theory of Jet Demodulation 

The jet demodulator is basically a sound sensitive jet with certain 
aspects of the developed vortex flow separated. First, the fluid jet is 
adjusted so that the Reynolds number and Strouhal number are such that 
the stream is unstable to acoustic disturbances at the carrier frequency. 
Second, the induced stream disturbance is allowed to develop into its 
natural vortex flow pattern using the inherent hydrodynamic traveling- 

wave amplification characteristics of the jet. Thirdly, the developed 
vortex flow is suitably clipped thereby producing the desired results of 
sound amplification and demodulation. The jet demodulator can be either 
a plane jet or a circular jet. A circula'" jet having the same character- 
istic dimension as a plane jet has greater sensitivity to sound, and oper- 
ates at slightly higher frequencies for the same average velocity. The 
plane jet has the advantage that its total power output can greatly exceed 
that of the circular jet. To overcome this disadvantage, circular jets 
can be operated in parallel. 

Let us now describe the presumed mechanism for jet demodulation. 
Operation of a circular jet device is given below and the general appro&ch 
also holds for the plane jet demodulator, withjOf course, suitable changes 
in the separation plate design and location. In figure 4.1 we illustrate 
the outline of the free jet when it Is disturbed by a periodic signal such 
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as the carrier frequency. Note that the jet is circular and that the dis- 
turbances are symmetrical with respect to the axis of the jet and further- 
more that the developed flow saturates in vortex rings. Now let us con- 

sider the flow as seen by an observer located at some location x = h down- 
stream from the nozzle. Here we assume that the flow is  not saturated at 
h (that is, the vortices have not reached their maximum size). Figures 4.2a 
and 4.3a illustrate the applied disturbance at x " 0 without modulation 
and with single-tone modulation. Figures 4.2b and 4.3b illustrate the flow 
as seen by an observer at x = h when the jet is subjected to the respective 
disturbances. Savic (8) illustrates that for a plane jet undergoing asym- 
metrical disturbances that the locus of points describing the center of 
vortex filaments coincides with the line (or surface) defining Che region 
of maximjm vorticity for the undisturbed jet. If we assume that a similar 
condition exists for the circular jet, then a cone describes the locus of 
circular vortex filaments, and the center of the vortices as they are con- 
vected past the location x =■ h lie on a circle with a diameter D which is 
independent of the size of the vortex. Note that this condition, if valid 

in the highly nonlinear vortex flow development, puts a certain limiting 
size on the vortex. If we use the velocity profile given by Schlichting 
(9), insert the momentum flow rate for a parabolic stream {^ r HJz f*''    ), 
apply an end correction which satisfies volume flow rates (-y,-^«^), and 
differentiate twice over, we obtain the surprisingly simple expression 
given as eq. 4.1 which relates the locus of vorticity to the Reynolds num- 
ber, at the orifice, and the dimensionless distance downstream. 

0~~ j   + ^ -h- 

Figure 4.4 is an illustration of the use of this equation. 

Now the developed vortex flow of the free jet, to a second-order 
approximation, generates no sound. But, if the flow confined within the 
circle defined by the locus of vorticity could be separated from the flow 

outside the circle, the mass flow rate would be time dependent (thus soun 1 
generation) and is illustrated in figures 4.2c and 4.3c. Of major impor- 
tance is figure 4.3c, where it is immediately obvious that the frequency 
spectrum of the mass flow rate within the circle contains a large component 
at the modulation frequency. It also contains the carrier frequency and its 
sidebands as well as harmonics thereof. Since the carrier frequency is 
assumed to be well above the modulation frequency the harmonic distortion 
of the carrier is of no consequence. Interestingly enough, there is little 
harmonic distortion of the modulation signal if vortex saturation is not 
reached. Of course if the applied disturbance is sufficiently large, or if 
the applied signal is over-modulated^then harmonic distortion can become 
significant. Ampitude linearity is in general not preserved due to the high- 
ly nonlinear spacial gain characteristics of the free jet. Under various 
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operating conditions it is possible to obtain augmentation or compression 
of the signal. This point is discussed later. 

To accomplish demodulation we use a flow divider as shown in figure 
4.4. When the upstream side of the flow divider is isolated from the down- 
stream side, with the exception of the hole, the mass flow fluctuations 
through the orifice produce sound with the spectrum previously described. 
The sound source is effectively dipole in nature but with the infinite baf- 
fle it appears as a monopole from either side. Hence, the demodulated 
sound signal exists on either side of the flow divider although the two 
effective sources are 180 degrees out of phase. This phase inverted out- 
put signal Is useful in feedback circuits. 

Up to now we have described the demodulation phenomenon with the 
idea that the free jet flow is not influenced by the presence of the flow 
divider,which in fact is not true. If the surface of the flow divider was 
contoured to that of the jet streamlines, then its presence would not alter 
the flow. On ?:he. other hand, the streamlines are a function of the dis- 
turbance amplitude so that in general this criterion cannot be met. For- 
tunately, we have fouad that a sharp contoured flow divider^ as illustrated, 
works astonishingly well. The previous presumed description of jet demod- 
ulation also holds for a circular jet having an asymmetrical vortex flow 
as well as for a plane jet^although in such cases the action is analogous 
to full-wave rectification. 

The illustrations of the jet with well developed voitex flow have 
been rather idealistic. Flow patterns(10) of this sort probably will not 
be observed in the laboratory except in a fluid with extremely low kin- 
ematic viscosity. In reality the vortices corresponding to each wave of the 

carrier diffuse rather rapidly, b-it the overall modulation^which is an 
order of magnitude larger in wavelength^seems to withstand the diffusion 

of the individual vortices. As a result, the amplified carrier signal is 
at a much lower level than expected and in general at a level well below 
the reproduced modulating wave. Fortunately this is an advantage, thus 
requiring less filtering or attenuation of the carrier frequency in the 
event that it is troublesome. 

Jet Demodulator Characteristics 
Consider the carrier wave driving the jet demodulator to be of the 

form givev in eq. 3.2. Full wave rectification of this signal results in. 

_^ /-f) ^ £iL f-    -iJk^    Cc?3   uJ„t 4#2 
' v-   '     TT V" 

plus higher on'^r harmonics of carrier, and 
sum and difference frequencies. 

The desired signal is  —^— coi   t<->~,7 
Figure 4.5 illustrates typical response of a jet demodulator to a 15-kcps 
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carrier 507.,  modulated at 1 kcps. The unmodulated carrier level was 85 
db SPL. Hence, with ideal full-wave rectification the acoustic output 
would reach approximately 75 db. The knee in the curve is typical of 
the transition  in the flow where the amplitude response for larger Rey- 
nolds numbers is highly nonlinear. The input and output pressure measure- 
ments were taken in tubes having the same diameter. It is obvious that 
considerable pressure gain is possible (greater than AO db) in addition to 
effective rectification. This particular example illustrates the maximum 
practical gain. Larger gains result in self-sustained oscillation. To 

prevent the early onset of s,uch oscillation due to acoustic feedback, this 
demodulator has an antifeedback plate which tends to keep the sound gen- 
erated at the flow divider or separation plate from disturbing the Jet at 
the orifice where it is most sensitive. Such a contrivance allows about 
TO db more gain without oscillation. By adjuslresnt of separation plate 
orifice diameter and Reynolds number it is possible to develop a variety 
of output vs. input characteristics. If operated above the knee in the 
curve, a square law detector is very closely approximated. Hence, for double 
sideband modulation there will be harmonic distortion which increases with 
the percentage modulation. On the otherhand, if single sideband plus 
carrier operation were employed, the output would be virtually free of 
harmonic distortion. 

Superimposed on the same graph is another curve which represents a 

jet demodulator response to a 10-kcps carrier 507c modulated at 2 kcps. 
Here the carrier level is 70 db SPL* the pressure gain was not intended to 
to be very large although it approaches 40 db. This example includes an 
antifeedback plate along with acoustic absorbing material to help suppress 
oscillation. There Is no sign of impending oscillation and the amplitude 
response is one which shows a great deal of signal compression. This is 
shown in figure 4.6. For some applications a response of this sort would 
be detrimental, but for signals of varying strength such as speech, ampli- 
tude compression can contribute a great deal in improving Intelligibility. 
Note that amplitude compression Is not directly related to frequency dis- 

tortion. 

Figure 4.7 illustrates the demodulated frequency response for a 17.6- 
kcps carrier which also has 507o modulation. The peak at 3 kcps is associ- 
ated with the Input waveguides as well as are many other peaks. Beyond 

4 kcps the accuracy of the curve is on the order of ♦ 3 db . The frequency 
response, in general, seems to depend more on the acoustic coupling and 
terminations than on any peculiar response due to the jet Itself; there- 
fore, with sufficient care and experimentation one might expect to ootaln 
a much Improved response with a probable decrease in gain resultlrig from 
the Inclusion of acoustic resistances and well teminated waveguides. 
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SUMMARY 

An approach to acoustic amplification using laminar sound sensitive 
jets has been outlined. The approach is somewhat analogous to rudimen- 
tary AM transmission and reception as practiced in radio communication. An 
attempt has been made to explain jet mod-'lation and jet demodulation on a 
physical basis and some of the more irteresting characteristics of the 

experimental systen^such as modulator linearity and response, demodulator 
signal compression and response, and gain per jet stage,were discussed. 
Speech reproduction is generally considered good if not 1007o intelligible. 
The device in its present form is not meant to be a power amplifier 
although potential for low level input acoustic power amplification exists. 

It seems best suited for communications or control circuitry involving 
signal or Information transmission and reception. Applications in control 
circuitry including the incorporation of the Acoustically Activated 
Fluid Dynamic Switch(ll), which is a frequency selective device that can 
be activated by the demodulator output, with the combination of the jet 
modulator and jet demodulator are expected where coding or information 
transmission through a noisy environment is required. 
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ABSTRACT 

Open loop frequency response measurements were 

made on a loaded fluid amplifier. The measurements 

showed frequency response resonance peaks up to 

8000 cps. Using the Nyquist criteria, the stability 

of the closed loop system is predicted. The oscil- 

lation frequency of unstable systems is also dis- 

cussed . 
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1. imODUCTIQN 

The static characteristics of proportional fluid amplifiers have 
received considerahle attention. However, before fluid amplifiers can 
be used in control systems, a knowledge of their dynamic characteristics 
is necessary. At present, only a few studies have been made of the dy- 
namic characteristics of Jet deflection fluid amplifiers. Belsterling 
and Tsui (ref 1) have developed an equivalent electrical circuit repre- 
sentation for the Jet deflection fluid amplifier.  From this circuit, 
the response of the amplifier has been predicted, and these predictions 
have been confirmed by experiments at frequencies up to 300 cps. Poothe 
(ref 2) has introduced a similar method using lumped parameter circuit 
theory and has some experimental verification up to 1000 cps. 

On the basis of present theories and measurements, the stability 
of closed loop fluid amplifier control systems has not always been pre- 
dictable. When these theories fail at high frequencies, it is primarily 
because the Jet deflection amplifier cannot be adequately described by 
lumped parameter theory. 

The purpose of this investigation is to present the experimental 
open loop frequency response of a Jet deflection fluid amplifier over a 
wide range of frequencies and to show how these characteristics can 
be applied to predict the closed loop stability of the amplifier with 
feedback.  In those cases where the closed loop system is unstable, a 
sustained oscillation results. Standard compensation circuits can then 
be used to stabilize the system. However, if an oscillator is desired, 
the open loop frequency response can also be used to predict the fre- 
quency of oscillation, 

2, STABILITY CRITERIA 

A vast body of information on the stability of linear feedback 
systems exists in the fields of control systems and electronics. The 
criteria for stability are wall established and these criteria are 
applicable to fluid amplifiers. 

Consider a proportional fluid amplifier and its load impedance 
as a linear "black box" whose dynamic characteristics are desired 
(fig.l). Although the load impedance may be treated separately, it 
is more convenient to combine it with the amplifier. The amplifier 
used has bleeds; therefore, it can be represented by a simple transfer 
function rather than a matrix. The effect of the bleeds Is to decouple 
the input from the output. The response of a black box to a sine 
wave input, Gp (Jw), may then be expressed as 
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(a)      PHYSICAL   REPRESENTATION 

(b) 'BLACK BOX' REPRESENTATION 

PROPORTIONAL AMPLIFIER WITH LOAD IMPEDANCE 

FIGURE I 
500 



^J p 

p0 'Ju) 
w)   = ~—^r 1 

P1 ' XJ) 

where 

Po  >o^)   " output pressure ^mgnitude at   the  frequency    w 
(pressure  difference between left and right 
outputs) 

P-i   ( J^)   =  Input  pressure magnitude at  the  frequenc;.      w 
(pressure difference between  left and right 
Inputs) 

and 
x s angular  frequency;   rad/sec 

Because the   Jet deflection proportiona}.  fluid amplifier  is a 
differential amplifier,   either positive or negative gain may be  ob- 
tained  from one stage.     That  is,   the output  for d-c  input signals 
may be  in phase or  180 deg out of phase with  the  input.    When this 
amplifier  is used with  feedback,   the  feedback can be  positive  (in 
phase)  or negative  (out of phase)  even at very low frequencies.     In 
the  present  case the  feedback is always  connected in a negxtive  sense 
A  fluid amplifier  is  shown with negative  feedback in figure  2.    The 
closed loop transfer  function    T(ju)   is 

T  (ju)   =  1  + H (Ju)   GD  (juO 
(2) 

where 

H ( jw) = transfer function of the feedback loop 
and 

H (jw) Gp (JUJ) = open loop transfer function 

A Bode plot of the open loop transfer function, H ( Jw) Gp (JLO), 

is often used to present frequency response characteristics of compo- 
nents. In this plot the log of the magnitude, log H ( ^ ; G- (J^ ), 
and the phase of H( Jw) G (ju) are given in terms of log w . '//hen 
the equation of the transfer function is not known, which is often the 
case, a  Bode plot can be found experimentally.  On this plot the magni- 
tude appears In decibels [20 log H ( Jw) Gp ( JOJ) ] and the phase angle in 
degrees.  In these units a gain of unity is equivalent to    0 db. A 
typical .frequency response plot is shown in figure 3. 
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(a)       PHYSICAL REPRESENTATION 

H 

(b)        BLOCK DIAGRAM 

30: 

PROPORTIONAL AMPLIFIER WITH FEEDBACK 

FIGURE   2 
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To predict stability from the I'.ode plot, it is convenient to 
consider the Nyquist criteria. Nyquist has shown ref 3^   that a 
necessary condition for a closed loop system to be unstable is that 

H ;j(J ^p (:.)> i '3) 

H (Ju) Gp (Jo,) = - 180' (2n - 1) 

where 

n = 0, 1, 2, 3, 

Using these criteria, the closed loop stability of man:/ systems 
can be determined directly from the Pode plot. That is, if the mag- 
nitude is greater than 0 db at a frequency whera the phase is - 18C 
deg (2n + 1), the closed loop system will be unstable. These criteria 
are usually both necessary and sufficient for most fluid systems be- 
cause in these systems the phase decreases monotonically with increas- 
ing frequency. 

A physical Interpretation of the Nyquist criteria is that when 
the phase changes by 180 deg (or 5^0 deg, 900 deg, . . . .) negative 
feedback becomes positive feedback. The output signals are thus 
returned to the input in phase with the input signals.  If, in addi- 
tion, this happens when the gain is greater than 0 db, a regenerative 
escalation takes place, tending to drive the output toward infinity. 
However, as the output increases, nonlinearities reduce the gain until 
a magnitude is reached at which the gain is unity, after which the 
system will oscillate at a constant frequency and magnitade. 

3. EXPERIMENTAL TEST SETUP 

The experimental setup used to measure the frequency response of 
the amplifier and load combination is shown schematically in figure A. 

The variable-frequency sinusoidal signal is generated by using 
either of two specially slo+ted rotating disks to interrupt a Jet of 
air. One disk had 24 slots and the other had 300 slots. The inter- 
rupter disk method was adopted because high frequency signals (up to 
8000 cps) were desired. Using the disk with 300 slots, these fre- 
quencies could be obtained at relatively low rotational speeds (1800 
rpm). 
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The signal passing through the disk was a distorted sinusoid. 
Attenuation of the undesired frequencies present In this distorted 
wave was accomplished with variable tanks and orifices, as well as by 
adjusting the length of the Input line. 

The signal was then applied to one control of a jet deflection 
type proportional fluid amplifier while the other control was main- 
tained at constant pressure. This pressure or "bias level was set at 
the same value as the pressure recovered at the output legs under 
static conditions, when the load was another identical amplifier. 
This particular bias pressure was selected to insure that the open 
loop frequency response would not be altered under closed loop condi- 
tions except, of course, if the combination became unstable. The bias 
level was approximately 30  percent of the power jet pressure. In 
these tests the power jet pressure was 41 kN/m2 (6 psi). 

The amplifier tested had a power jet 0.025 cm (0.010 in.) wide 
and 0.063 cm (0.025 In.) deep.  The control output apertures were 
0.03P  cm (0.15 in.) by 0.063 cm (0.025 In.) and the overall size of the 
amplifiers; was 2.5 cm (l In.) by 5 cm (2 in.). Each output was con- 
nected to the controls of an Identical amplifier through a 0.4-cm 
(0.156-ln.) I.D. tubing.  In these tests three different lengths of 
connecting line were used (10 cm, 30 cm, and 45 cm). 

Piezoelectric transducers were used to 'neasure the Input and 
output signals. The transducers themselves had no inclosed volume. 
They were, however, mounted in the perpendicular branch of a small 
tee-fitting so that a small additional volume was added. The input- 
measuring transducer was positioned lose to the Input of the ampli- 
fier under test. The output-measuring transducer was positioned at 
the end of the connecting line, close to the input of the load ampli- 
fier.  Since only the pressure ratio is Important, these transducers 
were not calibrated absolutely. Rather xhey were tested against each 
other.  They were found to be linear in the range of pressure used and 
for the same Input gave readings almost equal in magnitude. Often, 
during a test, the transducer positions were reversed co determine if 
any changes had taken place. At these times, no appreciable differences 
were noted. The output of the transducers was displayed on an oscil- 
loscope, and the data were taken directly from this. 

To obtain the magnitude of the open loop frequency response, 
the reading of the transducer In the output leg had to be doubled, 
because with the experimental setup used the input transducer road 
the whole Input signal amplitude while the output transducer. In one 
leg of the differential amplifier, read only half the output signal. 
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4.     I-TIEQ.UENCY RESPONSE TEST RESULTS 

The amplifier WEE  tested with 10-,   30-,   and  O-cir. lengths  of 
tubing.     The results  plotted   In  figures  5,   t,   and  7 do not, per- 
mit a  smooth curve to be  drawn through the  data.    Repeat tests  often 
produced widely different  results.     This  occurred  primarily because 
of the  signal generator used.     Usually the wave  generated showed  con- 
siderable distortion,   which made  It difficult  to obtain accurate 
measurements.    However,  while no great accuracy can be  claimed  for a 
single  test,   the overall  frequency response  pattern  is  clear;   large 
gains appear at discrete  frequencies after the gain initially drops 
below 0 db.    These peaks  cannot be explained  by  lumped  parameter  theory, 
but are  due  to the presence  of the  cavities   (ref 4)   and  to the length 
of connecting line.    Reflections are returned  from the sides of these 
cavities  to produce an  internal  feedback effect. 

Three distinct  frequency ranges showed  considerable peaks  for 
the tests performed.     For example,   on figure  5,   peaks  occurred at 
480,   820 and  5000 cps.     In addition, weak peaks were noticed at about 
1250 and 2500 cps.    The  dashed  lines on the  figure   indicate that  the 
output signal was too small to measure between 1000 and 3300 cps. 

The magnitude of the peak depended on the response of the  con- 
necting  line at the  outputs.     The  10-cm line  produced low gain peaks 
in the  lower range and a high gain peak around  5000 cps.    The  30-cm 
line produced  considerable peaks  in both the  high ar.d  low ranges. 
The 45-cm line  showed high peaks  in the  low range and  low gain peakB 
in the high range. 

Figure  8 shows  the oscilloscope traces  of the amplifier respond- 
ing to a 5000-cp3  input signal generated by an Identical amplifier 
used as an oscillator.     These wave  forms are more  nearly sinusoidal 
than the signals produced by the slotted discs,  but,   it was possible 
to produce oscillations  only at a  few frequencies  (sect.   5).     Here 
the amplitude  increased as the  length of the  connecting line decreased. 

As  indicated  in equation (3),  the phase  angle must also be  con- 
sidered.    The phase angle  is a  function of the transport delay as well 
as  the  properties of the  lines.    At the high  frequencies the phase 
angles are  very large   (^ 360°).    Since there were regions of response 
too low to measure,   it was  not possible  to  follow the phase  step by 
step.     Thus the absolute  phase  shift  Is  lost at  the  high frequencies. 
However,   in the vicinity of a  peak the phase  changes rapidly and  be- 
comes an odd multiple  of -180 deg even within the  narrow frequency 
range  of the peak,   thereby satisfying the  criteria  for  instability. 
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5.     CLOSED LOOP STABILITY 

In these  tests  the outputs of the  amplifier were  connected 
directly to the  inputs  through the same  lengths of line with which 
the amplifier was  tested open loop (10,   30 and 4'p  3in) . 

From figure  5,   the  open loop data  for  the  lO-cm line  show that 
the gain is above  0 db below 200 cps and between 5 end 8 kc.     To de- 
termine the  stability (equation 3)   the phase angle at these   frequencies 
must be examined.    At  the  low frequencies,   the phase angle  is  never 
greater than -120 deg;  at the high frequency peak,   the  phase   is  greater 
than -180 deg and probably goes  through an odd multiple of -180 deg 
when the gain  is above 0 db.    The open loop data predict  that the system 
will be unstable and will oscillate at a  frequency between 5 and 8 kc. 
'//hen the loop was  closed, a sustained oscillation at 7100 cps  occurred. 
The phase may pass  through several odd multiples  of -180 deg between 
5000 and 8000 cps when the gain is greater  than 0 db.     It was  found  that 
by pinching and  releasing the line the system would oscillate at 6 kc. 
This suggests  that more  than one peak exists  in the range between  5 
and 8 kc. 

The open loop data for the 30-cm line  (fig.6)  show gains  greater 
than 0 db below 150 cps,  between 400-550 cps and about  5  kc.    Examina- 
tion of the phase shows that below 150 cps  it was less than -180 deg. 
The phase angle  in the 500-cps range was about  -180 deg.    The phase 
was greater  than -180 deg in the  5-kc range and as before  changed 
rapidly near the  peak.    The open loop data therefore predict an oscil- 
lation at both 500 cps and 5 kc.    Closing  the  loop resulted  in an os- 
cillation at 425  cps,  but a slight disturbance of the  feedback lines 
changed the  frequency to 4750 cps.    By disturbing the  line again,   the 
oscillation returned  to 425 cps. 

The open loop data given in figure 7 for the 45-cm line show that 
it has gains  greater than 0 db below  100 cps and between 300 and 350 
cps.    The high  frequency peak at  5  kc was lowered by the  line.     In 
this case only  the  300-Gps range has  the  gain and phase  for  Instability 
and the oscillation is expected only in this range  for the  closed  loop 
system.    When the  loop was  closed,  an oscillation of 300 cps was pro- 
duced.    No amount of disturbance  to the  line shifted the  frequency. 

The open loop frequency tests were performed only at a power-jet 
pressure  of 41 kN/m^.    The power-jet pressure was varied when the  loop 
was closed,   and the effect on the  oscillation was noted.     For the  low 
frequency oscillation,   the  frequency was  constant end  the magnitude 
varied directly with the power-jet pressure  for pressures  from 

312 



\L,  to 97 kN/m . This shows that the phase of the open loop system 
does not vary much with power-jet pressure in the range tested. A 
gain of unity Is required for constant amplitude oscillation and^ due 
to the nonllnearlty of the amplifier^ this was achieved with iarger 
amplitude signals at the higher power-Jet pressures. 

The high frequency oscillation (5 kc) changed abruptly in both 
frequency and magnitude as the power-jet pressure was changed. The 
frequency change was small; the magnitude change was great.  Once a 
new mode occurred It remained if the pressure was reluced, but the 
previous mode could be made to return by disturbing the tubing. This 
effect was noted before, where disturbing the lines caused a change in 
the frequency of oscillation. The changing of the power-jet pressure 
made oscillation at one frequency more likely than oscillation at 
another frequency where the phase differs by 360 deg. 

6. SUMMARY AND CONCLUSIONS 

Open loop frequency response measurements were made on a propor- 
tional amplifier and load combination. The load was another identical 
amplifier connected to the test amplifier by different lengths of 
tubing.  The measurements showed gain peaks at regular intervals up 
to 8000 cps. The magnitude of the peaks depends on the length of the 
connecting line, whereas the frequency at which the peaks occur de- 
pends on the internal cavities of the amplifier. 

From the open loop measurements, the stability of the closed loop 
system was predicted using the Nyquist criteria. These predictions 
were confirmed by closed loop experiments. When the system was unstable 
it was also possible to predict the frequency of its oscillation.  In 
some cases two or more oscillating frequencies are possible. 

Compensating circuits can be used to stabilize the system or to 
shift the frequency of the oscillation. However, it is always impor- 
tant to know the characteristics over a wide frequency range because 
of resonance effects. 
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ABSTRACT 

The  problem of   intrinsic   instability   in  fluid   jet  amplifiers   is 
examined.     Both   linear  and  nonlinear  oscillations   are  discussed. 
Various  pertinent  aspects  of   the  acoustic   feedback   loop  theory 
for  sustained  oscillations   in a   jet-edge   system are  conceptually 
applied   to  the  stability  of  beam amplifiers.     Some  experimental 
data  showing self-induced  high  frequency  oscillations   in a  vented 
proportional  beam amplifier  are  presented. 

The  basically  nonlinear  acoustic-flow   interaction  is   suggested  as 
the  possible  cause  of  many   low  frequency  blocked   load   instabilities 
Experimental  evidence  of  a   load-resonance-sensitive  blocked   load 
instability   is   presented  for  a  proportional  device  utilizing 
boundary   layer  separation.     Semianalytical  stability  prediction 
techniques   for  amplifiers  and  circuits  are  discussed. 

INTRODUCTION 

In   the  past   four   years,   a  great  deal  of   effort   has  been directed 
toward  the  development   of   proprietary  pure   fluid  amplifiers  and 
specific  pneumatic  sensors  and  circuits  employing  these  devices.     As 
with any promising new  technology,   and  especially one  which  is 
largely  empirical,   there  have  been many  attempts  at     cut-and-try 
solutions   to  a  wide  variety  of  application  problems.     Some  of   these 
investigations   have  been  fruitful,   yielding  both  usable  hardware  and 
a  basic  understanding   (phenomenologica1  and/or  analytical)   of   the 
principles  and   techniques  employed  therein.     However,  many  of   these 
studies  have   resulted   in  highly  tailored,   one-of-a-kind   laboratory 
hardware,   sometimes  meeting  the  original  performance  specifications, 
and  sometimes  not;   but   generally  suffering  from  the   lack  of  a   sound 
phenomenologica1  understanding. 

The  engineering  situation  is  quite  complex,   since  continuous   fluid 
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amplifier designs at present make use of a wide variety of operating 
phenomena, c.f. jet momentum interaction, pressure controlled jet 
deflection, knife edge jet deflection, eugetone modulation, laminar- 
turbulent jet transition control, axi-symmetric jet impact, boundary 
layer controlled jet deflection, curved elbow flow acceleration con- 
trol, and vortex control.  Of these fluid flow phenomena, only the 
two-dimensional high aspect ratio and the axi-syrametric momentum- 
interaction devices appear amenable to meaningful static analysis. 
This is not to say that analytical models cannot be constructed for 
the other devices, but rather that, to the author's knowledge, the 
success of any such attempts has been limited to very small oper- 
ating ranges under assumed idealized operating conditions.  As a 
result, two major engineering problems arise.  First, it is quite 
difficult to "scale" a given device, or determine its limits of 
application with only a meager analytical description.  This is a 
tluid mechanical problem and its solution involves careful analytic 
approaches to each type of device, coupled with intelligent testing 
under selected similitude considerations. 

The second, and possibly more significant, problem is the inter- 
connection of several devices in a useful circuit configuration.  The 
usual technique employed is a combination of quasi-static graphical 
impedance matching and substantial amounts of circuit "tuning".  It 
is implicitly assumed that the individual devices are stable, i.e., 
that the actual static circuit behavior will be approximated by the 
aggregate behavior of its components as described by static loading 
curves, etc.  This assumption appears to hold for simple circuits 
with weak feedback paths and relatively "quiet" devices (high signal- 
to-noise ratio).  It can even be employed in an intuitive manner to 
produce the linearized dynamic response (transfer function) of 
certain fluid amplifier circuits subject to time varying inputs. 
When this is done, the amplifier itself must be treated quasi-stati- 
cally, using the static loading curves, jet transport lags, etc., in 
conjunction with experimentally or analytically determined sinusoidal 
response characteristics of the passive circuit components (amplifier 
inlet and outlet ports, connecting lines, restrictors, volumes, 
etc) . 

Tf the amplifier is intrinsically stable, has a high signal-to-noise 
ratio, and has negligible terminal interaction, one would expect to 
be able to predict the small signal dynamic behavior satisfactorily. 
Unfortunately, such common phenomena as blocked load instability, 
high frequency noise transmission, low frequency drift, etc. are not 
explainable by this quasi-static approach.  However, these phenomena 
are vitally important to anyone attempting to construct control 
circuits even with simple momentum-interaction amplifiers.  The 
problem is even more acute with many proprietary devices, such as 
vortex and boundary layer separation controlled amplifiers. 

Instrinsic instabilities qnd dynamic nonlinear ities can obviously 
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affect the circuit response to an imposed signal, producing large 
discrepancies between the quasi-statir transfer funclion model and 
reality.  Whenever elemental instabilities or nonlinearities are 
present, circuit design for stat ic stability, minimum noise, etc. 
takes precedence over any other design criteria.  It would therefore 
be desirable to have semtanalytica1 nonlinear dynamic models of the 
important fluid state devices.  The intent of this paper is to 
realistically appraise the problems involved, to evaluate proposed 
methods of formulating dynamic models, and to show preliminary 
experimental evidence of important fluid element nonlinear ities and 
instabi lit ies. 

OBSERVED INSTABILITIES AND NONLINEAR IT I ES 

Edge Tones 

Fluid jet amplifiers often exhibit high frequency oscillatory 
instabilities.  Over the range of frequencies usually encountered, 
passive elements such as flow restrictors, amplifier receivers, and 
connecting lines are predominantly influenced by acoustic wave 
phenomena.  Further, any meaningful dynamical description of the 
aclive elements must take into consideration transverse and 
longitudinal wave effects and edge vortex formation in the power 
jet.  It may be reasoned that an acoustic mode must exist in either 
the power jet or the region immediately surrounding it to produce 
output-load-sensitive oscillations, especially in "open vented" 
devices.  This intuitively provides the only feasible mechanism for 
transmitting the load-induced flow disturbances back "upstream" 
to the power jet origin. 

Considerable attention has been directed to the production of both 
symmetric and asymmetric transverse jet oscillations by means of an 
obstacle placed several jet widths downstream from the jet origin as 
in Figure 1  (e.g. the edgetone, hole tone, ringtone, etc. 1.2,3,4)^ 
Sound sensitive jets and flames were observed over a hundred years 
ago (see Rayleigh, Theory of Sound, Vol. 2,  Chapter 21), with a 
considerable accumulation of experimental evidence indicating that 
^he jet flow fields could be strongly affected by a contiguous 
acoustic field.  However, the concept  that an acoustic field could 
be generated by a jet impinging on a stationary downstream obstacle 
and that this acoustic field could disturb the jet  (i.e. cause 
vortex formation and/or lateral displacement) as the jet issues 
from the nozzle was not experimentally verified until recently by 
Powell^.   Although the notion of such an "acoustic feedback loop" 
had been introduced much earlier by Rayleigh and others, its actual 
physical existence was, and in some cases still is, a very 
controversial topic.  Nyborg^ and others have proposed a variety of 
acoustic and hydrodynamic feedback mechanisms, such as the generation 
of an alternating pressure gradient across the entire jet length. 

51b 



-rföANSVE^SE      OSCILUATIOKIS 

S^JZ7" 
VELOCvry   tc — 

WMMIIP\ 

fP^Ä.OF    OSCLLATlorO     ^      .46^   'i ii 

4 

i   =   l (   Z.3^   5.Ö,  5.4- 

4.4- 
^"3.8 

0 
u 
0 

y . i:^ 

/ / 

/ 

/•- 

Ter    V€LOC.TV     \X 

FIGURE 1    JET-EDGE SYSTEM 

319 



Whether the feedback is viewed as purrly acoustic (perhaps audible) 
as with high speed edgetones ; hydiodynamic—acoustic as in the case of 
low speed edge tones-*>'; or purely hydrodynaraic ^ > ^ > ^ ; the concept of ^ 
nonlinear  feedback loop is now rather firmly entrenched in the 
theory of oscillations of a free jet impinging >>n a downstream 
obstac le . 

It is apparent, therefore, that an attack on the high frequency 
instability problem using the mathematical tools of either classical 
or modern feedbacl- systems theory is in order.  Powell has used a 
simplified version of this approach in predicting the modes of a free 
jet-edge system'.  The latter's method is semiempirica1, utilizing 
operating point linearization to achieve a simple criterion for 
sustained oscillations.  An extended application of this lineari'ed 
acoustic feedback method to the elimination of audible noise in beam 
ampliiiers has not, to this author's knowledge, been attempted. 
Pursuing such an investigation with a plurality of feedbacK loops 
could very well lead to a valuable insight into the so-called ?ignal- 
to-noise ratio problem.  It is entirely possible that much of what is 
casually dismissed as "high frequency noise" is in reality the high 
frequency instability of a complex system with a large number of 
modes. 

Edgetone - Resonator Systems 

In a two-dimensional proportional fluid jet amplifier, the edgetone 
type of instability would most likely occur for relatively low load 
impedances, causing the receiver (s) to act essentially as a group of 
closely spaced "edges" or splitters.  Not surprisingly, many early 
amplifier designs behaved instead as edgetone oscillators.  This 
design problem has been partially eliminated (not solved) by tedious 
cut-and-try  changes in the interaction region and venting designs. 
Also, the trend to smaller nozzle sizes has, in most cases, elevated 
the frequencies outside the audible range. 

Experimental frequency-velocity data on a typical momentum-inter- 
action beam amplifier are presented in Figure 2.  In this case, the 
total pressure of the supply jet is given as the velocity variable. 
It is rather surprising that once a mode has been established, the 
frequency remains constant over a wide range of jet velocities. 

It was observed that amplifier oscillation could be induced by 
manipulating a flat plate in the vicinity of the vent holes.  If a 
plate covering one of the vent holes was lifted away to a distance 
on the order of an inch, the audible noise level would become painful 
to the unprotected ear.  Also, no matter what the control pressure 
differential was (within a very wide range), the output pressures 
(measured on manometers) would become equal, reaching a value very 
much in excess of the normal null value. 
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It was further found that there were several critical spacings, each 
of which corresponded to a sharp audible sound intensity maximuni. 
The largest of these spacings was several inches at the higher jet 
velocities.  By setting the supply pressure at values which corre- 
sponded to frequency jumps (e.g.  5.5 to 6.0,  or 10.A to 12.0 in. 
Hg.) . it was found that either of the modes could be established, 
depending on the plate location. 

This experiment was only of a preliminary nature, bu^ it supported 
the validity of the acoustic feedback theory, as applied to fluid 
amplifiers.  The strong coupling of the D.C. value cf the output 
pressures with the amplitude of oscillation emphasizes the essential 
role of nonlinear ities in these cases.  It is believed due to the 
"acoustic pumping" action described in the next section. 

Nyborg has experimentally investigated the coupled modes of a two- 
dimensional jet-edge system and an "organ pipe" resonator positioned 
normal to the jet axis, as shown in Figure 3.  His results show the 
expected modal coalescence with strong sound intensity maxima  near 
the coalescent points.  The coalescent points in this case were, of 
course, those at which the velocity-dependent edgetone frequency was 
equal to one of the harmonics of the resonator.  Gottron^ experi- 
mentally investigated a jet-edge system coupled to a pair of 
resonators diametrically opposed and normal to the jet axis.  While 
the results in the latter pr.per indicated relative changes in the 
sound intensity as the jet velocity was increased, no data was 
presented for the jet-edge system alone, and thus it is difficult 
to see whether the edgetone intensity was actually reduced or 
Increased.  Gottron's frequency spectra are interesting, in that 
they depict quite dramatically the wide band frequency mix one often 
encounters in fluid amplifier work, and which one equally often 
dismisses as "noise". 

Nyborg shows the presence of subharmonics tn the free jet-edge- 
resonator system, while some of Gottron's data for the confined jet 
strongly suggests the same.  The subharmonic behavior is of special 
interest, since it would form a necessary part of any theory which 
attempted to explain the familiar low frequency blocked load amplifier 
instabilities by the existence of an acoustic loop.  This is discussed 
m the next section. 

Low Frequency Oscillations 

That subharmonic behavior should appear in fluid jet devices is not 
surprising, due to the fundamental nonlineariti.es in the equations 
of fluid motion.  Specifically, the convective terms in the velocity 
(e.g. u-'^u/d*t  ) couple the modes from zero frequency (D.C.) up 
through the higher Fourier harmonics.  The modal interaction is 
bilateral (although not reciprocal), in that energy can be trans- 



CAvrrv 

^} 
///A 

',. 

u. 
■^TTTTT 

KJOZ2 
I fZk eT56€ 

CAVITY 

CAVITY T 

FIGURE  3 JET-EDGE    -    RESONATOR  SYSTEM 

^MEIUN^ Aa)üS>"nc WAMES 

CL0T^ 
eKniEAiKteD A»e 

Lout>^peA<He    BReezE 

ENTßA»»Jei>    A»S 
*itt rrtnrn itw 

LOOW^A^ä^ 

p*y ^cpi 11 i»ii i —— 

OLTTPOT PUW 

WA\/E 

Low6 TUftE 

DAuPv4\K)Ee   PUMP 
\3 

FIGURE A    ACOUSTIC PUMPING 

323 



ferred   from high   frequency   modes   to   lower   frequency  modes   (including 
D.C.);   as  well  as   from  a   fundamental  mode   to   the   high  harmonics. 
Physical  examples   of   the   high   frequency-to-D.C,   coupling   ("acoustic 
pumping")   are   the  motion   of   dust   particles   in   a   Kundt's   tube, 
acoustic   streaming   from   the   mouth  of   a   Helmholtz   resonator   (both 
described  by  Rayleigh   in   his  Theory  of   Sound   ) ;    the  Quartz  Wind 
phenomenon   first   described   by   Eckart 11,   and   ut i 1 izj t ion  of   the   latter 
effect   in  a   sound   absorption  coefficient   measuring  device   by 
PLercyl2.   anci   finally,   the   breeze   one   feels   when   near   a   large   loud- 
speaker   operating at   an   appreciable   sound   level.     These   phenomena 
essentially   involve   entrainment   of   stagnant   fluid   particles   by  a 
travelling wave,   as  depicted   in  Figure  4. 

Dauphinee^  has   described  an  acoustic   pump  which   is   simply  a   long 
tube   held   in  front   of   a   loudspeaker.     Roleau^   describes   both  a 
modified  version  of   the   Dauphinee   pump,   and   a   Piercy   pump,   based   on 
Piercy's  original  absorption  measuring device  with  a  crystal  driver. 
An  analysis  assuming   travelling  plant   waves   is   presented   for   the 
Piercy  pump,  with numerical   results. 

In  an amplifier  executing   low  frequency  blocked   load  oscillations, 
the   receiver most   likely  embraces  a  standing  wave.     Thus,   instead   of 
considering plane waves   in  a   tube,   the  analysis   must  of   necessity 
involve   the   transverse   oscillations  of   the   jet   and   the  appropriate 
entrainment  behavior.     Experimental data  on what   is  believed   to  be  a 
form of  acoustic   pumping  as   observed   in  a   fluid  amplifier  of   the 
author's  design^  are   shown   in  Figures   5  and   6. 

The   mean  pressure   (manometer)   tap was   located   at   a   fixed   position   in 
the  amplifier  output  channel.     k Kistler   piezoelectric   pressure   pickup 
Was   located   in   the   end   of   a   capped  adjustable   length   tube   connected   to 
the   amplifier  output   port.     Figure   5  shows   the   variation  of   the  mean 
output   pressure with  tube   length  for  constant   supply  and  control 
settings.     The  maxima   of   the  mean  pressure   se Tried   to   roughly 
correspond   to   the  maximum  oscillation  amplitudes   recorded   by   the 
pressure   pickup,   although   the   results  were      inconclusive.     The   large 
amplitude   oscillation   frequency  was   never   greater   than   the   auarter 
wave   length  frequency   for   the   tube  and  receiver   combination^.     The 
latter  resull:  precludes   the   possibility   that   the   pressure   tap was 
situated   in a   standing  wave   node   at   the  observed   minima     and   in  an 
antinode  at   the  observed  maxima,   since  only   the   fundamental   (at   best) 
occurred. 

It   appears   likely   that   the   explanation  of   this   amplifier - load 
sensitivity  is  a  coupling  of   the  mode  of   the   ^ceiver with  that  of 
the   jet.     Since   the  device   utilized  boundary   layer   separation  from  a 
curved  surface,   the   intrinsic   separation   instability,   probably  of 
relatively   low  frequency,   could  explain  the   low  observed  output 
frequencies   (approximately  200-400  cps).     Figure   6  shows   typical 
dynamic  pressure   traces   obtained  for  a  given   tube   length  by 
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increasing the control pressure.  Ther« are two distinct modes, one 
at about 350 cps, and the other at about 2000 cps.  The origin and 
significance ot the 2000-cps signal is somewhat of a mystery, since 
it was present (at various levels) over virtually the entire range of 
control pressures, supply pressures, and tube lengths.  It was not a 
resonance of the transducer or its mount. 

Since it is known that boundary layer separation can be induced by 
an acoustic field^, it would appear that the coupling of the load and 
amplifier described is amenable to the acoustic feedback method of 
stability analysis.  The combination of an acoustic (or hydrodynamic) 
loop with the nonlinear modal (subharmonic) interaction might be a 
valid dynamical model for many low frequency blocked load instabili- 
ties.  A conceptual block diagram of this loop is given in Figure 7. 

DYNAMIC TESTING AND STABILITY PREDICTION 

If a physical system of partially indeterminate structure is to be 
studied, experimental techniques can be quite involved.  A simple 
example of this is the linear dynamical description of a push-pull 
amplifier.  Due to the uncertainty as to transferences and couplings 
between the control and output variables, an experimental approach is 

1 ft i q 9 n 
necessary.   Be Ister lingi0,  Boothe  , and  Brown u have experimen- 
tally investigated similar momentum-interact ton beam amplifiers. 

It is obviously a nontrivial experimental task to find all the 
elements in the  n x n  dynamic admittance (or impedance) matrix 
which describes an active  n port element.  The general technique 
involves holding flows and/or pressures constant (or related in 
known fashion) at all ports except one, which is sinusoidally driven. 
This procedure is then repeated for all  n ports.   References 18 
and 19 assume symmetry and zero control and output cross coupling. 
They thus involve the determination of only three elements in 
the  4 x A  matrix describing the four port amplifier.  The 
reduction in experimental difficulty is obvious, since all the test 
data can be obtained by driving just one control port.   The 
method of Reference 20 is somewhat more realistic (and difficult 
to implement), as an attempt is made to determine all lb matrix 
elements.  Only static (zero frequency) data is presented, however, 
and thus the experimental difficulties encountered in actual dynamic 
testing are not known. 

None of these methods is satisfactory for high frequencies, since 
wave effects in the flow measuring apparata, signal generator 
circuit, etc. introduce uncertainties in the data interpretation. 
It is further evident that the treatment of load induced instabilities 
( especially of the acouscic feedback variety) is totally outside 
the scope of these procedures. 
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20 
Brown   suggests a Lransf ormat. ion of the admittance matrix into a 

form more convenient for high frequency testing.  Briefly, the 

pressure and t low variables at a given port are transformed into 

incident and reflected pressure waves.  The idea, then, is to connect 

the port  j  to an acoustic signal generator with a line whose 

standing wave amplitud-' envelope is measurable.   This yields the 

complex wave reflect i(  coefficient ^*-   tor that port, as shown 

in Figure 8.  By connecting a travelling wave line (one terminated in 

its own characteristic impedance) to another port i    ,  and measuring 

the travelling wave amplitude and phase, the refraction coefficient 

/'Jv    for the two ports is determined.  The general relation 

between the incoming waves U,*      and the outgoing waves t/T  is; 

or I/- = Ru, 

i -- hz,    . *- 

where 7 
wave transmission 

ma t r i x 

This method of testing appears attractive if the necessary large 

amount of experimental data can be obtained. 

From IK,   , the scattering matrix and the impedance matrix may be 

constructed.  It should be noted that retrieval of the intrinsic 

impedance matrix of the  n port requires that the admittances of the 

testing lines themselves be "removed" from the measured admittance 

matrix.  At the relatively high frequencies of interest, however, 

this should present no problem, since the lines are sufficiently well 

described by their characteristic admittances. 

CONCLUSIONS 

It would be of great value to combine the experimental scattering 

matrix approach (or a simplified version) with the physical theory of 

the acoustic feedback loop in the case of a simple beam amplifier. 

The quantitative results could very well represent a breakthrough in 

the theory of linear stability prediction for circuits composed of 

such elements.  A logical extension of this would be the treatment of 

the supply nozzle and vents as additional ports for the design of 

optimal (high signal-to-noise) beam deflection devices. 
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A   similar   approach   could   be   used   for   prediction  of    low   frequency 
nonlinear   oscillations   in   systems   utilizing more   complex   flow 
phenomena   (e.g.   boundary   layer   separation).     Since   systems   of   tins 
sort   are   usually   characterized   by   strong   harmonic   distortion,   the 
structuring  becomes  more   difficult    (Figure   7),   but   not   impossible. 

Wider   dissemination  of   data   on   observed   instabilities   is   Lraperatr 
in   order   that   the   various   dynamical   theories  may   be   tested   and 
refined,   or   rejected.     Fluid   amplifier   instabilities   and/or   noise 
problems   exist   as   very  real   obstacles   to   the   design  of   optimal 
systems.     These   obstacles   should   be   removed  by  analytical   and 
experimental  methods,   and  not   simply   ignored. 
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IMPEDANCE  MATCHING IN 
BISTABLE AND  PROPORTIONAL  FLUID 
AMPLIFIERS THROUGH THE USE OF A 

VORTEX VENT 

by 

W.F.   Hayes1   and  C.   Kwok2 
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Montreal,   Quebec,    Canada 

1 .      INTRODUCTION 

The use  of fluid amplifiers  in circuits   requires  a   means  of 
matching the fluid flow output to the applied  load in order 
to accommodate the total  system input flow.     In the closed 
system; of impedance matching,   each successive amplifier 
is  made larger in order to accommodate the total flow input 
to all previous  stages.     This technique generally involves the 
matching of the non-linear amplifier characteristics to the 
load by a graphical  solution at each interconnec'Von.    This 
approach is used in multi-stage fluid flow and pies^ure 
amplification in which optimum power  efficiency is 
essential. 

Incorrect matching  results in a portion of the fluid input 
mass flow being diverted into the inactive outlet channel as 
a result of the high back pressure in the loaded active outlet 
channel. 

I 

With a low stability fluid amplifier,   the power jet may be 
switched and attach to the opposite adjacent wall under large 
active outlet load impedance cone 'ions. 
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In the vented sys'em  of impedance matching,   the excess fluid  flow 
is vented  or bled off to a   suitable  sink,    so that  over  an apprei i able 
operating  ran^e,   each fluid amplifier is automatically matched to 
its applied load.     This approach,   although  somewhat ineffb lent  from 
input fluid power considerations,   is quite adequate in many  circuit 
applications  in which the total fluid power  input  per amplifier is very 
low. 

The isolation of fluid amplifiers from  output  load effects  has been 
previously achieved with a vent  channel  positioned perpendicularly 
to the amplifier  outlet passage,   immediately downstream of the 
attachment bubble  region. 

The conversion of power jet dynamic pressure to static pressure at 
the vent passage input with increasing output  loading (i.e.   decreasing 
the element output  mass flow)    decreases  the fluid  stream momentum 
and reduces the effective vent "resistance",   thus inducing increased 
mass flow venting.    This type of vent may be made effective over a 
load range up to infinite impedance,   if the stability level in the 
amplifier is  capable of withstanding the static pressure realized under 
high load conditions. 

The second phenomeroo a ssociated with impedance matching relates 
to the disturbance effects  of acoustic or finite pressure wave 
disturbances,   and involves the complex interaction between fluid 
flow and acoustic perturbations. 

The acoustic disturbances are propagated out through the circuit lines, 
portions of the acoustic  energy being reflected at circuit discontinuities 
in accordance with the laws for wave reflections.    If not  s ippressed or 
by-pas sed^uch disturbances,   in the form of reflected compression 
waves,   can cause fluid circuit instability. 

There is  evidence that in the perpendicular channel type of vent con- 
figuration,   such acoustic disturbances  are not effectively attenuated, 
the vents themselves frequently being sources  of acoustic energies 
in the form of organ pipe oscillation under transient operational 
conditions. 

This paper discusses  a different vent configuration,   called the 
Latched Vortex Vent,   which can be applied to both proportional and 
digital fluid amplifiers.    This unique configuration attains impedance 
matching over a wide range of load conditions,   from zero load up to and 
including large negative loads (i. e.   reverse flow into the amplifier). 
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Appret iabl u  pressure   recovery  L ap.ibi lit ies  tan be  maintained 
while compression pulses  pr opagat ed b,u k  into the am JJI if i e r  i: .1 < r 
action   region are largely attenuated. 

PRINCIPLE OF   LATCHLD  VORTEX  VEM 

The  latched vertex vent   is  a pure fluid device (no moving  parts) 
consisting of a  circular vent orifice  positioned adjacent to a  fluid 
stream,   with the orifice axis perpendicular to the lluid   stream 
velocity vector.     An associated fluid channel  configuration used 
in conjunction with the vent  induces  and  maintains a vortex   swirl 
flow,   the core of which is  coincident  with the orifice axis 
(Figure  1 ). 

Consideration of vortex vent flow  patterns  associated witu in- 
creasing downstream impedance loading conditions indicates the 
principle of opera'ion of the vent,   as illustrated in  Figure Z. 

Case  1:       Low load impedance (unrestricted output flow). 
Substantially,   no flow occurs  within the swirl   chamber 
or through the vent  orifice. 

Case 2;       Moderate load impedance (restricted output flow). 
A substantial  portion of the input fluid flow is diverted 
or vented out through the vent orifice via a  swirl 
motion within the vortex inducing chamber. 

Case 3: Infinite impedance load (completely blocked output). 
All the input flows out through the vent orifice via a 
swirl motion within the vortex inducing chamber. 

As is evident from the diagram for both Cases  2 and   3,   a 
segment of the outer periphery  of the fluid  swirl flow 
which is  exposed to the fluid flow in the main stream forms, 
in effect,   a  moving wall for the diffusion process as applied 
to the portion of the fluid flowing into the load.    By this 
means,   the vortex vent flow is used to provide increased 
diffusion efficiency or pressure recovery of the output 
flow. 

Case 4;       Negative impedance load (reversed flow into active outlet). 

All the input flow plus all the load reverse flow exits out 
through the vent orifice,   the load reverse flow fluid being 
induced into the vortex vent swirl flow,   through viscous 
entrainment. 
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3.     THEORETICAL CONSIDERATIONS 

High pressure recovery characteristics may be attained in fluid 
amplifiers which incorporate latched vortex vents by adaptation 
of the vortex "moving wall" diffusion process,   and by 
optimization of the variable ver^ impedance inherent in the vent 
viscous swirl flow.    The vent variable imped?<.nce or vent flow 
resistance results from the pressure drop across the swirl flow 
within the vortex inducing chamber,   this pressure drop resulting 
in turn from two flow phenomena: 

(a) Pressure drop due to viscous drag and turbulent 
flow energy dissipation (both effects are included 
in an "apparent" viscosity number). 

(b) Pressure drop associated with increasing fluid flow 
tangential velocity towardr, the vent orifice, 
resulting from flow angular momentum conservation 
considerations. 

Accordingly,   the greater the degree of swirl of the fluid flow 
within the vortex vent,   the greater the effective vent flow 
"resistance".    The degree of swirl flow is dependent primarily 
upon the ratio between vent vortex charr Der effective radius and 
orifice radius (r^/r0) and upon the vent mass flow (Qr). 

The mathematical model of the latched vortex vent flow is based 
on a flow model which consists of a thin cylindrical chamber with 
the tangential injection of fluid at the outer edge and subsequent 
discharge through a central orifice,   as illustrated in Figure 3. 

The following mathematical analysis is unique in that it is 
based on the flow within very low aspect ratio chambers.    Further- 
more,   the analysis takes into consideration the viscous  effects 
of the real fluid,   being a particular solution of the Navier- 
Stokes equations. 

3.1       Flow Conditions Initially Assumed 

Four basic assumptions regarding the flow conditions are 
initially established in order to facilitate simplification of 
the Navier-Stokes differential equations to a soluble form: 
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3.1.1 It is assumed that the fluid flow within the vortex 
chamber is incompressible. 

3.1.2 It is assumed that the flow is symmetrical with re- 
spect to the Z axis (i. e. rrr     =0 and     r-^-        =0). 

This assumption implies t.ie symmetrical injection 
of fluid about the Z-axis into the vortex chamber as 
well as constant axial velocity (V^    ) at any given 
radius in the core flow region bounded by 
r0   >    r    >   0. 

Discrepancies between the assumed symmetrical flow 
(JC-, = c)   and the actual non-symmetrical flow at the 

oufer periphery,   due to the tangential injection of 
fluid into the chamber over a limited sector,   are 
rapidly eliminated as a result of the viscous effects 
of the real fluid. 

3.1.3 It is assumed that the flow is continuous (i. e.   steady 
state)rather than transient (i.e. -rr-r       = 0). V t 

3.1.4 It is assumed that fully established channel flow exists 
in a plane defined by the flow velocity vector through- 
out the annular region bounded by r^ >    r  _>   r    as a 
result of the build up of the wall boundary layer within 
the low aspect ratio vortex chamber.    It is further 
assumed that the non-dimensional velocity profile 
(i.e.   local velocity 'u1 divided by maximum velocity 
'V') for the assumed fully established two-dimensional 
channel flow is identical at all points in the specified 
bounded flow region (i. e.  non-dimensional velocity 
profile is independent of Reynold's No.),   an assumption 
which closely approximates the experimental data. 

Accordingly,   for purposes of the analysis it is justified, 
on the basis of the fully developed channel flow 
assumption,   to consider the fluid tangential and radial 
velocities (V^, and Vr) as average velocities,   con- 
stant with respect to Z at any given location in the 
T - f> plane. 
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3. 2      Mathematic   1 f'lo^..  Analysis 

3. 2. 1     Basic Flow Equations:     On the basis of the assumed 
axially symTietrical incompressible flow within the 
vortex chamber (reference assumptions  3. 1.1  and 
3.1.2),   it is convenient from analysis  considerations 
to utilize the Navier-Stokes equations for three- 
dimensional incompressible flow expressed in terms 
of cylindrical co-ordinates,   as indicated below: 

? ^    ^U  i^   a.   Ä 

-£^ 
(i) 

..    .    i   a^r 

1° ^    r   ^ 

r 5? ^/^ Ldr»      r ^r 
j^ 

(2) 

4- -!-££+  iJÜC^^l 

where the Z,   r and ^ co-ordinates and the associated 
sign are defined as in Figure 3,   (i. e.  Vr,   V6 and V^ 
denote radial,   tangential and axial velocity 
respectively). 
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3.2.1    (continued) 

It is required to solve the tangential velocity variation 
(V ß) and the static pressure variation (p) with respect 
to the chamber radius  'r'. 

3.2.Z    Pressure and Tangential Velocity Equations for Outer 
Annulus Flow Region     Consider the steady state 
swirl flow within thp vortex chamber in the annular 
region bounded by r0  and r j. 

But T7v =  0, —   = 0 and  ~*r- = 0 as a result of the 
axial flow symmetry assumption (3.1.1) and the steady 
state flow assumption (3.1.3) respectively. 

Accordingly,   differential equation (1) may be simplified 
to the readily soluble one-dimensional flow case as 
follows: 

Vr r 
JSL. 
dur 

& 
(^ 

-f- 
tir J 

(3) 

From mass continuity considerations in the steady 
state incompressible flow,   the volume flow rate and 
radial velocities may be expressed in differential 
form as: 

Jl/r fit 

xirrxk A 
(4) 

(NOTE:    The sign of Vr is negative in accordance 
with the defined sign convention inFigure 3).    Sub- 
stituting equation (4) into equation (3) gives,   for 
steady state flow conditions: 

otr r 0   ^ f   cur 
(5) 
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3.2,2     (continued) 

Similarly equation (2) may be simplified to the form 

r*^ -f rd-NL) ^   -    (1-^)^ = 0 
dur' ccr (6) 

where the   »arameter c< is defined as 

*i   = ^L 
ZTrh,y 

With the application of boundary conditions (at r =  r ^ ; 
V^      =   V ^i      and at r    =    r o   '.   V ^    -~ V    ^o ).   the re- 
quired expression for the tangential velocity distribution 
in the annular flow region bounded by 
r i   y    r    ^   r o        may be obtained: 

Vf^W^fi (7) 

The required static pressure drop may be readily 
evaluated by integrating equation (5). 

I&.ln.] + 4- 
2/  J 

S.{1 L 
2i 

^(l-JL) 
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3. Z. 2     (continued) 

where the constants A = ff^2"^-   l^^'^^l 

B = 

C = (VKn - Vf.r.) 

Equation (7) may be evaluated for limiting values of 
the apparent viscosity (i. e. V = 0 and V    =    O ).    For 
the case of V—> »o ,   the value of the parameter oC 
approaches 0 and bv applying L'Hospital Rule for this 
limiting case,   Equation (7) reduces to    Vjg   -    v tyc 
which is the equation for a forced vortex. 

For the case of  ]/-+0   ,   the value of the parameter << 
approaches .o   and equation (10) reduces to V p r = 
V^0r0  which is the equation for a free vortex. 

3.Z. 3        Pressure and Tangential Velocity Equations for Inner 
Core Flow Region:    Consider the steady state swirl 
flow within the vortex chamber in the circular  core 
region where TQ ^   r   ,)>     0. 

Based on the mass conservation equation for steady 
state three-dimensional incompressible flow,   the 
instantaneous radial velocity within the vortex core 
(r0   s    r   ^  0) may be expressed in differential form as; 

dir    ~     airkro2 <9) 
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3.2.3     (continued) 

Similarly,   by substituting Equation (9) into equation (Z), 
it may be simplified to the form 

^^^-0-^=0. 
(10) 

Equation (10) is a non-homogeneous second-order linear 
differential equation, and can be solved for the required 
tangential velocity distribution V^j. by the substitution 

method in the circular core flow region bounded by 
r0  ^     r   ,>   0.    Applying the boundary conditions at 
r = r0 where V ^   =   V /, 0   and r = o where  V /, 0 =   o, 
the general solution of Equation (10) becomes: 

v^ = vft -^ 11 ^ e -* [^ tfi-«S)'J I (11) 

1 - t 

where the parameter oC  is defined as previously. 

The required static pressure drop may be readily evaluated, 
as in the annular flow case,   by integrating equation (5): 

w: (tMj + W(l-(ifj|=^,-W   OZ. 
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3.2.4    boundary Conditions Between the Outer Annulus and the 
Core Flow Regions:     It is necessary,   in order to  solve 
equation (11) for the tangential velocity distribution 
within the core flow region,   to evaluate the boundary 
velocity V ^o at r - r o   in terms of the known input 
tangential velocity V^i . 

The necessary equivalence at the boundary r = ro   is 
that the fluid shear stress is equal for both the outer 
annulus and the core flow regions.    The tangential shear, 
as derived from the Navier-Stokes equations for in- 
compressible flow,   is: 

(13) 

Equation (13) may be simplified as a result of the flow 
symmetry assumption ( y3    = 0) to: 

Lrf       S   '    Jcr   \ fJ (14) 

Substituting the expression of equation (14) for V^r   in the 
outer annulus flow region,   (reference equation (7)) and 
rearranging: 

fr 1        -    Mr  ^( ^r^\- zaV'^ ] 

c°t--a) y», n r. -u*t-) (15) 

' i. ""       To 

Substituting the expression of equation (14) for V^ rin the core 
flow region (reference equation (11)) and rearranging: 

^L.^-KT^-*)  <-> 
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3.2.4    (continued) 

Equating equations (15) and (16) results in the required 
expression for the boundary tangential velocity V   ^ 0 

in terms of the input tangential velocity V   ^r 

^   CL-C'*) 
[A-Z +ze'*'l -ate n Uv,) (17) 

Accordingly,   Y 60 may be readily evaluated for given 
geometric and operating conditions and consequently be 
used in the evaluation of the tangential velocity equation 
(11) in the core flow region. 

3.2.5    Non-Dimensionalized Flow Equations:    It is advantageous, 
for computational considerations,   to non-dimensionalize 
the tangential velocity and static pressure equations. 
Accordingly,   by rearranging equation (17) for the tangential 
velocity at the flow region interface into non-dimensionalized 
fo;  n gives: 

ioc-z) q- c *! 

fc)(*~t+te~*) -~ oce'^C-S-J ^TT (18) 

The equation for the tangential velocity and pressure dis 
tribution in the outer annulus flow region may be non- 
dimensionalized as follows; 

a-u.    . 

Z-tL 
_ J&i% 

V^n J 
(19) 

fo- h - 
fV* (20) 
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3.2.5     (continued) 
2-J. 

where A 

c' 

The equation for the tangential velocity and pressure 
distribution in the core flow region may De non- 
dimensionalized as follows: 

v», _ j& j%. /^ e:*li-e*0-^>] (21) 

^=+{ii-s>-j[ft)'- (t)'ij (22) 

The flow characteristics of the vortex vent may be 
determined through the numerical evaluation of the 
derived vent flow equations,   using a digital computer. 
Typical results for the mathematically predicted vortex 
non-dimensional pressure drop for a given vent con- 
figuration and various apparent viscosity values are 
plotted in Figure 4. 

The dependency of the computed pressure drop across 
the vent upon the vent chamber radius ratio /Ifi)     and 
upon the vent mass flow may be graphically illustrated 
as in Figures 5 and 6 respectively for typical values of air 
apparent viscosity ( y ) which is assumed to be 100 times 
the laminar kinematic viscosity and vent input tangential 
velocity (V   fa). 
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3. Z . 5     ( continued) 

It is necessary to "match" the resultant non-linear vent 
characteristics w Ih the fluid amplifier  stability 
characteristics to obtain the desired amplifier stability 
limit for a particular application.    It is convenient to 
"match" the vent to the amplifier by experimental 
stability performance evaluation of the complete 
amplifier-vent combination rather than by analytical 
prediction,   in that accurate evaluation of the vent flow 
apparent viscosity ( y ) and input tangential velocity 
( V^ i) involves extensive experimentation. 

Experimental optimization of the vortex vent configu- 
ration on the basis of the maximum amplifier impedance 
matching capability as defined by the amplifier stability 
limit results in a vent/amplifier combination which 
exhibits  substantial reverse flow capability. 

The stability limit is defined as the amplifier operating 
point at which flow out of the inactive output channel is 
initially detected.    This stability limit does not 
necessarily coincide with the switching limit of a digital 
amplifier where the power jet attaches to the alternate 
wall.    In particular,   a very appreciable flow out of the 
inactive leg may occur prior to actual switching in a high 
stability amplifier,   the resulting amplifier flow/ 
pressure performance curves having the general 
characteristic as illustrated below: 

Active Output 
Static 
Pressure (P0)-^ 

curvature dis- 
continuity occurs 
near stability 
limit for detect- 
able flow in 
inactive leg. 

amplifier  stability switching limit 

stability limit for zero inactive 

c 

increasing power jet 
pressure 

operating line for constant 
power jet pressure 

Active Output Volume Flow (Q0) 
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VORTEX VENT INTEGRATION  WITH FLUID AMPLIFIER 

It is  essential to locate the vortex vent in the optimum position 
relative to the fluid amplifier  power jet  in order to ensure that 
the vent  inflow conditions  required to induce swirl flow are 
attained.    Additionally,   it is  advantageous to minimize the 
flow energy dissipation in the channels adjacent to the vent in 
order to maintain appreciable amplifier pressure recovery 
under high load conditions. 

The detailed design of the vent/amplifier geometric  configuration 
was established on the basis of qualitative flow visualization 
studies,   using scaled-up models in a closed water tunnel.     The 
incompressible air flow within the actual fluid amplifier is 
simulated in the water tunnel model by maintaining Reynold's 
No.   equivalence.    The flow within the transparent model is 
visualized by observing the monochromatic light reflected 
from aluminum particles  suspended in the water.    The light 
source is a narrow beam from a mercury arc lamp,   projected 
through the transparent model in the plane of the amplifier 
profile.    The flow pattern is viewed perpendicular to the plane 
of the light beam.    Steady state flow patterns are readily 
recorded by time exposure photographs,   approximate 
quantitative water velocities being determined from the photo- 
graphs by measurement of individual particle light streak 
lengths,   as related to the film exposure time. 

A typical example of Aluminum particle light reflection flow 
visualization within a vortex vented bistable fluid amplifier 
model is  shown in Figure  7. 

Correlation between the flow qualitatively assessed in the scaled- 
up models and the performance of actual fluid amplifiers 
operating with air has been consistently attained when Reynold's 
No.   equivalence has been maintained. 

Optimization of the vented fluid amplifier design by use of the 
flow visualization technique    was carried out on the basis  of 
maximum amplifier fan-out capability,   wherein fan-out to one 
similar amplifier was assumed to constitute the maximum 
applied load. 
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Figur e 7 

Bistable Fluid Amplifier Flow Visualization with Aluminium 

Light Reflection 

Reynold's No.   approximately 1800 based on nozzle width. 

Moderate impedance at outlet channel causes  swirl flow 
in vortex vent. 
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{continued) 

The overall performance characteristics of the resultant 
amplifier design,   with a vortex vent "matched"  to the amplifier 
to attain substantial  reverse flow capabilities,   are plotted 
in Figures  8 and 9.     Figure 8 indicates the portion of the 
operational range from active leg maximum output flow to 
complete output flow blockage.     The operating lines  corre- 
spondtc fluid amplifier operation with the control jets inactive 
and open to the atmoöphere:    resulting in the minimal stability 
condition likely to be encountered in system applications. 
Figure 9 indicates the magnitude of the reverse flow batK into 
the active leg,   up to the stability limit of the fluid amplifier. 
Two amplifier stability limits are plotted.    The lower 
stability limit,   at approximately 200% reverse flow,   is the 
point at which the element  switches out of the load when the 
test  element control jet input  poils are open to the atmosphere; 
the onset of detectable flow in the inactive output and the 
switching of the amplifier  occurring simultaneously.     The upper 
stability limit,   at approximately 400% reverse flow,   is the 
point at which the onset, ilow in the inactive leg is detected 
when both the control jet input ports are blocked;    the actual 
amplifier switching limit being at appreciably higher reverse 
flow magnitudes. 

REFLECTED WAVE ATTENUATION CHARACTERISTICS OF 
THE  LATCHED VORTEX VENT 

It is  essential to isolate fluid amplifiers from the detrimental 
effects of reflected compression waves,   to the extent of 
obviating fluid circuit instability,   as indicated in Para.   1, 

The wave disturbance transmission characteristics of the 
latched vortex vent configuration are effective to a large 
degree in attaining the desired characteristics  of reflected 
compression wave blockage. 

The pulse transmission characteristics of the vortex vent were 
experimentally obtained by passing externally generated short 
duration pressure pulses through an isolated plastic vortex vent 
model while monitoring the pressure variation with high response 
pressure transducers,   as illustrated in Figure  10. 
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Figure 9 

Bistable Fluid Amplifier Back Flow Characleristich 

y^KatkÜ1- 

(Into Active  Leg) 
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Flow Rate scfm x  lO""- (Through Active  Leg)- 
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Figure 10 

Vortex Vent Reflected Pulse Attenuation Experiment 
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continuous 
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(continued) 

Fluid amplifier infinite impedance load was  simulated by a 
completely blocked or "closed" vent outlet passage.    Fluid 
amplifier low impedance load was  simulated by a completely 
unrestricted or "open" vent outlet passage.    Following the 
input of the t bormer-generated snn^-re wave pressure pi'1'-^; 

experimental transient pressure variations are sensed by the 
two transducers and are recorded as oscilloscope trace photo- 
graphs. 

Variations in transmission line lengths between the trans- 
ducers and the vortex vent allow for the identification of each 
experimentally observed pressure pulse by relating the 
experimentally observed time delays to the calculated distance 
travelled by the pulse at theoretical sonic velocity. 

Extensive experimentation,   including the time delay pulse 
identification process,   indicates that the vortex vent orifice 
functions as a minor transmission line discontinuity for input 
compression pulses and as an open-ended pipe for reflected 
pulses. 

Accordingly,   in a vortex vented fluid amplifier the major 
portion of the incoming compression pulse generated by 
switching is transmitted through the vent ree.ion,   while the 
remaining small portion is reflected as a rarefaction wave 
back from the v ant into the interaction region.    This vent re- 
flected rarefaction wave increases,  rather than decreases,   the 
amplifier stability in that it has the effect of reducing the load 
impedance (see Case 1  of Figure 2).    Subsequent rarefaction and 
compression waves  reflected from downstream circuit line dis- 
continuities are largely reflected by the vortex vent as com- 
pression and rarefaction waves, respectively (see Cases 2 and 3 
of Figure 2),   the experimental data suggesting a vent reflected 
compression wave blockage capability in the order of 80% to 90% 
effective. 

Hence,   circuit line discontinuity generated pressure waves are 
largely contained between the discontinuity and the vent,   the 
wave amplitude being attenuated exponentially with repeated 
reflections. 
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6.    CONCLUSIONS 

It has been shown that pure fluid amplifiers, both digital and pro- 
portional,   designed to incorporate the latched vortex vent,   can 
be made to perform independently of the downstream loading 
conditions.      Some reasonably high stability elements with 
matched vortex vents can even be made to withstand a sub- 
stantial amount of reverse flow through the active leg without 
false switching.    The outstanding capability of the vortex 
vent in attenuating reflected compression pulses minimizes 
malfunctions likely to occur in integrated fluid logic circuits. 
Fluid elements,   especially digital elements,   are automatically 
matched to their particular downstream loading conditions. 

The mathematical analysis of the viscous vortex flow provides 
an indication of the vortex vent performance dependency upon 
the vent geometric configuration. 

This analysis also gives an insight into the mechanism of 
viscous swirl flow within thin cylindrical chambers,   thereby 
providing a basis for the analysis of the flow phenomena 
associated with other types of fluid devices. 
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LIST OF SYMBOLS 

Symbol 

V 

A 

/* 

T 

A 

P 

a 
r 

t 

V 

u 

Subscripts 

r 

z 

Apparent Kinematic viscosity 

Absolute viscosity 

Density 

Fluid Shear  stress 

a 
a/rA ^ 

Height of the vortex chamber 

Static Pressure 

Volume flow 

Radius of the vortex chamber 

Time 

V elocity 

Local velocity 

Dimensionles s parameter 

Radial component 

Tangential component 

Axial component 

Initial 

Interface between free and forced vortex 
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