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ABSTRACT 

This Paper discusses the problems involved in using 

linear programming as a subroutine of a larger r utine. 

Proposals are made for elimfnating the tolerance selection 

problem, and for improving the accuracy of inversions. 

Sample programs are given in FORTRAN IV and in ALGOL. 
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USING LINEAR PROGRAMMING AS A SIMPLEX SUBROUTINE 

R. J. Glasen 

The RAND Corporation, Santa Monica, California 

INTRODUCTION 

Use of linear programming has increased rapidly in 

recent years.  The major use was and still is to solve a 

problem stated in terms of linear programming; generally, 

only the answer to the problem was necessary.  The one 

difficulty, usually, was preparing the input in a suitable 

format, and obtaining the output answer in an equally 

suitable format. 

However, a problem occasionally arises of which only 

a small part involves obtaining the answer to a linear 

programming problem.  For example, one may use linear pro- 

gramming to initially estimate the solution to a chemical 

equilibrium problem [I1.  In this case, it would be con- 

venient to have linear programming as a subroutine.  We 

Any views expressed in this paper are those of the 
author.  They should not be interpreted as reflecting the 
views of The RAND Corporation or the official opinion or 
policy of any of its governmental or private research 
sponsors.  Papers are reproduced by The RAND Corporation 
as a courtesy Lo members of its staff. 
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define our   linear programming problem as   that  of deter- 

mining  x,,x„,.,..x    such that &     12 n 

0 =    Y c.x. 

is a minimum over all sets x.,x0,...,x  that satisfy 1  2     n 

n 

L aiiXj " bi i*1.2».•.»m , 

j-l 

and 

x. ^ 0 j-l,2,...,n . 

The details of the construction of such a subroutine are 

the subject of this Paper. The criteria for determining 

what procedures should be used are: 

1) Accuracy of the solution, including its inde- 
pendence of row and column scale factors, 

2) Storage needed for data, 

3) Length of the subroutine needed, 

4) Speed of solution-- 

in that order. 

DETERMINING TOLERANCES 

A person solving linear programming problems with the 

simplex method "2  generally has trouble estimating certain 
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tolerances.  Typically, the following three tolerances are 

needed: 

1) The Pivot Tolerance:  a number in the pivot column 
is considered zero if its absolute value does not 
exceed the pivot tolerance. 

2) The Zero Tolerance:  a number in the solution 
vector is considered zero if its absolute value 
does not exceed the zero tolerance. 

3) The Cost Tolerance:  a reduced cost is considered 
zero if its absolute value does not exceed the 
cost tolerance. 

We abbreviate these tolerances as TP, TZ, and TC, 

respectively. 

When using a simplex subroutine, the user is unable 

to see his input numbers before he uses the subroutine; 

hence, he is not able to determine the proper tolerances. 

Therefore, the simplex subroutine should either calculate 

its own tolerances, or use a method that does not need 

tolerances.  We used a combination of these two procedures. 

Before giving the procedure for obtaining tolerances, 

let us first review the basic steps in the simplex method 

using the "explicit inverse" method: 

1)  Check tne solution vector for feasibility.  Let 
the basic part of the solution vector be denoted 
w  w       w  t 

1  z     m 

This is what Cutler and Wolfe [3] call x. ,x. , 
x ■'l  J2 
Jm 
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2) Calculate  the  prlces--the  "phase  one"   prices   if 
the problem  is   not  yet   feasible,   the "phase   two" 
prices   if  the problem is   feasible. 

3) Calculate   the  reduced costs   and   find  the  column, 
JT,   with   the minimum reduced  cost,   MRC.     If 
MRC       0,   terminate  the subroutine;   if MRC       0, 
the pivot  column   is column  JT. 

4) Obtain  the column vector  JT by multiplying   the 
inverse  and  the original   column  JT.     Let  the 
column obtained be called  y,,yo»....y   • 12 m 

5) Obtain   the pivot  row,   IR,   by  using  the subscript 
w. 

that  causes  the quantity —  to be  a minimum   for 
yi 

W, 

all  non-zero  y.   for which —      0.     Slight  varia- 
i y. 

L 

tions of this rule may be used when w. <   0.      If 

no row is found, then for each i either y, = 0 
L w. 

or — ^   0.     In   this  case,   we  have  an   infinite 

solution   and   the  subroutine   is   terminated. 

6) Update   the  inverse,   the "phase  two"  prices,   and 
the w.   by  pivoting  on   (IR,   JT). 

These  steps  are  typically  repeated   until   the  subroutine 

terminates  at  either  Step   3  or Step   5.     The   initial  basis 

may  be vacuous   (or  "artificial")   and   the   initial   inverse 

may  be   the  identity.      In  addition   to   these  steps,   every 

m/2   to  m   iterations,   it   is   usually  desirable  to  "re-invert" 

the  basis,   so   that   the  round-off  error   is   not   too   large. 

If  the  re-inversion   is   to  be  done  every  NVER   times,   we 

adjoin   to   this   system  a  counter,   INVC   (which   is  zero 

initially),   and   the   following  step: 
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7)  Increase INVC by 1.  If INVC < NVER, go to Step 1. 
Otherwise set INVC to zero and invert the basis, 
then go to Step I. 

The pivot tolerance (TP) is used in Step 5 to determine 

whether or not a y. is zero.  A satisfactory method of 

computing this tolerance is first to compute, on every 
m 

iteration, YMAX = maxjy.|.  Then the pivot tolerance for 
i=l  L 

that iteration is taken to be TP » YMAX*2'  .  Then, on a 

machine that carries numbers in floating point notation to 

-27 
a relative accuracy of 2   , we assume y. =0 in Step 5 it 

|y.l ^ TP.  Thus we are, in effect, assuming the last 11 

bits are not significant.  While this is an ad hoc rule, 

it has worked reasonably well for problems on the order 

of 50 constraints. 

The zero tolerance (TZ) is typically used in Step 1 

to eliminate small negative numbers when determining 

feasibility.  We do not calculate a zero tolerance, but 

we eliminate the small negative numbers at the source, 

i.e., in Step 6--thc pivot.  In other words, when we 

calculate a new solution vector wl, we keep the old solu- 

tion vector w.: then, if w. ^0 and wl < 0, we set wl to 
ii i           i 

zero.  These negative w. can also arise after a reinversion 0      i 

If the reinversion produces a full basis, and the problem 

was feasible before the reinversion began, we set to zero 

any negative w. generated by the inversion. 
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Step 3 requires the cost tolerance (TC) to determine 

whether a small negative cost Is "really" zero.  "Really" 

zero means the number would be zero if infinite computing 

accuracy were used.  The present method is to temporarily 

ignore the possibility that a reduced cost is a rounded 

zero, and to find the minimum reduced cost using no (or a 

zero) tolerance.  Then we proceed as usual to Step 4 to 

obtain the prospective pivot column and the pivot tolerance 

We use the number TP for TC, but we do not terminate the 

first time the minimum reduced cost exceeds -TC.  Instead, 

we require the minimum reduced cost to exceed -TC for two 

consecutive iterations. 

Now, if the column to be pivoted on "really" had a 

zero reduced cost, we may find no pivot row in Step 5.  If 

we do find a pivot row in a column with a reduced cost of 

zero, it does no harm (except possibly some lost time) to 

pivot in this column, since we will merely obtain an alter- 

nate optimal solution.  If in Step 5 we find no pivot row, 

we do not declare an infinite solution unless the problem 

is feasible, and the minimum reduced cos/ (MRC) calculated 

in Step 3 satisfies:  - 1000* MRC < YMAX.  If these con- 

ditions are not satisfied, we declare an optimal solution 

if the problem is in a feasible state, or a "no feasible 
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solution" if the problem is in an infeasible state.  This 

additional test effectively prevents a false declaration 

of an "infinite solution." 

Some linear programming routines allow redundant con- 

straints.  Because we use an effective zero tolerance of 

zero, we do not allow redundant rows. Hence if we are 

not able to pivot in every row, we declare an infeasible 

solution.  Thus, a problem is infeasible if there exist 

numbers p-iiPo,...«?  (m being the number of constraints) 

not all zero such that 

m 

I piai1 S 0  for  J=1.2.3>-••'n 
i=l 

and 

m 

I Pibi *  0 
i-1 

If we have no feasible solution to a problem, the shadow 

prices obtained will be proportional to the above p . 

(The proportion may be the negative of the p, above, in 

which case both inequalities above would be reversed.) 
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INVERSION METHOD 

The method of inverting in our subroutine differs 

from the usual procedure,  A typical method of inverting 

is to pivot in each column that is part of the basis, 

pivoting in the row in which the column entry has the 

largest absolute value.  For example, suppose 

A = 

f 2   1X 

1   0 

B - 

/i N 

V e I 

where c is a small number whose absolute value is less 

thin half the accuracy to which unity can be represented. 

-9 
Thus, on an IBM 7090, e might be 10  .  Now pivoting in 

the first column, we would chose the first row and obtain 

/ 

A = 

0 

\ 

^ 

B = 

f   v\ 

\<-\J 

But we assume that c is small enough so that i~\  numerically 

becomes -\.     Then we pivot in the second row of the second 

column and obtain: 
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(  1   0^ 

A = I = 

V o  i 

B = W = 

(*\ 

\1/ 

hence, w.. = 0, w_ = 1.  We note the correct answer is 

w, " c, w« - l-2(.  The c has been absorbed into the 

round-off error. 

The following pivot scheme avoids this problem: 

1) Let y1,y9,...,y be the transformed column 

in which we wish to pivot.  Let b. ,b„.. . . ,b be r 12     m 
the current values of the transformed constant 
vector (i.e., what was previously called w.). 

2) Let S be the set of integers such that icS if 
ly, | > TP where TP is the pivot tolerance calcu- 

lated as above. 

3) Let T be the set of integers such that icT if 
b, = 0. 
i 

4) If SrT is nut vacuous, do Step A; if SPT is 
vacuous, do Step B. 

A)  Let IR, IRc S^T, be an integer such that 
lyIR| ^ ly.l for all U  SflT. 

B)  Let IR, IRcS, be an integer such that 

ylR 

£IR 

— 1 Bll 
for all icS 
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Thus we are effectively pivoting in the row that has the 

In the above example, the largest 

ratio in the first column is the second row; hencj the re- 

largest ratio ly./b. 

suit of the first pivot is 

/n     ,N 

A = 

0   1 

V 1   0 / 

/ 

B = 

l-2e 

V (   / 

Here the l-2c will be rounded, presumably, to unity.  Then 

we pivot in the first row of the second column to obtain: 

A = 

fo       ^ 

1   0 

B = 

/ i \ 

\< ) 

Hence we  get  w     =   1,   w.   =  f,   which   is  actually  the   correct 

answer within  round-off  error.     This  method  has   the  dis- 

advantage   that,   in not  choosing  the   largest   element   in a 

column  to  determine  the  pivot   row,   we may  get   ai  element 

that  barely  exceeds   the  pivot   tolerance.      But  we  nonethe- 

less  believe  that   the   increased  accuracy  justifies   this 

approach. 
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Other choices could have been made for the pivot 

element.  For example, instead of pivoting on columns in 

column order, one could first choose the eligible row 

with the smallest w., then choose from thai row of the 
J 

matrix the elegible element with the largest absolute 

value.  This was not done because of timing considerations, 

and because it would make the selections scale-dependent. 

Note that, in our method, the only scale-dependent opera- 

tion is finding the pivot column in Step 3. 

* 
The simplex subroutine described here is available 

as a FORTRAN IV routine through the IBM-users group (SHARK) 

The cards for this subroutine may be obtained by writing 

directly to 

SHARE Distribution Agency 
DP Program Information Department 
IBM Corporation 
40 Saw Mill River Road 
Hawthorne, New York 10532 

and asking for SHARE Distribution Agency No. 3384. 

+ 
Employees of RAND may obtain a copy from the SHARE 

program librarian. Pearl Leonhardt, by asking for the 
W026 routine. 
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Appendix 

THE FORTRAN SUBROUTINE 

The simplex subroutine, SIMPLE, may be used to solve 

a general linear programming problem of the form:  Find 

x, .x«,x«,...,x , such that 
12  3     n 

n 

IVJ (1) 

is a minimum over all sets x,.x0,x„,...jX  that satisfy 12  3     n 

the independent constraints: 

n 

7 ax  = b i-1,2,3,...,m ,     (2) 

j-l 

and x. 2 0  i=l,2,..,,n, where C.,a,.,b. are fixed numbers. 
J j' ij ' i 

USAGE 

The a,, is stored in a two-dimensional array, A, with 
ij J 

a., in cell A(i,j); C. is stored in a one-dimensional array, 

C, with C. in cell C(j); and b. is stored in a one-dimensional 

array, B, with b  in cell B(i). 
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The calling sequence is 

XL SIMPLE (II,M,N,A,B,C,KO,X,P,JH,XX,Y.PE,E) 

where 

II = 0; 

M = Number of rows, m; 

N = Number of variables, n; 

A, B, C are as above; 

KO = A subscripted variable 
of dimension 6; 

X = A subscripted variable 
of dimension n or more; 

P, JH, XX, Y, and PE = Subscripted variables of 
dimension m or move, and 

E = A subscripted variable 
2 

of dimension m or more. 

The dimension of A (line 0008 of FORTRAN listing) muse 

agree (at least in the first subscript) with the dimension 

of A in the calling program.  The other dimensions need not 

agree with those of the calling program.  The subroutine 

does not change II, M, N, A, B, or C. 

RESULTS 

Upon exiting from the subroutine, 

X(l),X(2),...,X(n) contains x,,x2,...,x (the solution); 

P(l),P(2),.,,,P(m) cont-tns the shadow prices, i.e., 
the negative of th.- dual solution; 
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K0(1)  contains an 0 if the problem was 
feasible, 1 if the problem was 
infeasible, 2 if the problem had 
an infinite solution, and 4 or 5 
if the algorithm did not terminate; 

K0(2)  is the number of iterations taken; 

K0(3)  is the number of pivots performed 
since the last inversion; 

K0(4)  is the number of inversions per- 
formed ; 

K0(5)  is the number of pivot steps per- 
formed; 

and 

K0(6)  contains, if the problem has an 
infinite solution, the number of 
the variable that was infinite. 

If an initial basis is available, this basis may be 

communicated to the subroutine by letting 

II = 1 , 

| 0.0 if variable i is not in basis, 
X(i)   ={ 

(non-zero)   if variable   i   is   in  basis, 

,ind   the other  quantities  remain  as   above. 

If  the  constraints   (2)   are   linearly  dependent,   the 

problem  is   considered   infeasible.      II   the  problem   is   in- 

feasible,   (K0(1)   =   1),   the P(i)   contains   the coefficients 
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that generate the infeasible row; i.e., if the problem 

is infeasible, the infeasibility is represented by 

n m 

^ D(j)X(j     " P(i)B(i) = E 

where 

m 

D(j) = ^ P(i)A(i,j)      j=l,2,...,n 

i = l 

Then, when infeasible, D(l),D(2) , . . .,D(n), and -Ewill 

simultaneously all be either non-negative or non-positive; 

and if E is zero, then D(l),D(2) , ...,D(n) are all zero. 

If the problem has an infinite solution, (K0(1) - 2), 

define a vector XI as follows: 

D0 1 J=1,N 
1 XI(J) = 0. 
D0 2  1=1,M 

J- JH(I) 
2 X1(J) = -Y(J) 

J - K0(6) 
X1(J) = 1. 

Then the infinite solution is represented by 

Urn  (X(J) + tXl(J)) 
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If the problem did not terminate, then 4m+10 Itera- 

tions were insufficient to complete the solution.  If 

K0(1) = 5, the problem is not yet feasible; and if KO(l) = 4, 

the problem is feasible but not yet optimal.  The subroutine 

may be called a second time, with 11=1, or the equation on 

card 0021 may be changed to allow for more iterations. 

EXAMPLE 

Let 

3X, 

Ix, 

+ 14X, + lxc -»■ lx, - 7 , 
4    5    6 

+ 16x, + ^x5 - 2X, = 5 , 

lx„ + lx, 
3    4 

= 0 . 

and minimize:  - 28X. - xc - 2x,. 
4   5    6 

Using the subroutine with DIMENSION A(50,136), we zero 

out A and set 

A(l,l) = •J ■ 

A(2,2) = 1. , 

A(3,3) = 1 , 

A(l,4) = 14 
A(2,4) m 16 
A(3,4) m A.   • 

A(l,5) -= x . 
A(2,5) 3 W ■ 

A(3,5) = ±.   . 

A(l,6) = 1 . 

A(2,6) = -2 
B(l) = / . 

B(2) » •J • 

B(3) - 0. 
M - 3 
N - 6 
II m 0 

C(l) = 0. 
C(2) = 0. 
C(3) = 0. 
C(4) ■ -28 

C(5) = -1 

C(6) = -2 
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Then we 

CALL SIMPLE (II,M,N,A,B,C,KO,X,P,JH,XX,Y ,?£,E) 

where B,P,JH,XX,Y, and PE have DIMENSION of at least 3 

(i.e., M), KO has DIMENSION 6, C and X have DIMENSION of 

at least 6 (i.e., N), and E has DIMENSION of at least 9 

(i.e., M2). 

Upon returning from the subroutine, we find the fol- 

lowing values in storage: 

K0(1) = 0 Optimum solution, 
K0(2) = 2 Number of iterations taken, 
K0(3) = 2 Number of pivots since last inversion, 
K0(4) = 1 Number of inversions performed, 
K0(5) = 5 Total number of pivots, 
K0(6) = 0 Not applicable. 

Also 

and 

P(l) - 2. 
P(2) - 0.       7 

P(3) » 2.38 x 10'    ^  0, 

X(l) - 0. 
X(2) » 18.9999998 *  19 
X(3) - 0. 
X(4) - -0.- 0. 
X(5) - 0. 
X(6) - 6.99999994 s 7- 
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Now we may calculate the reduced costs from this informa- 

tion using, for example, the following instructions to put 

the j— reduced cost into CBAR(j): 

DO  12 J = 1,N 

CBAR(J) = C(J) 

DO  11  I = 1,M 

11 CBAR(J) = CBAR(J) + P(I)"A(I,J) 

12 CONTINUE 

This results in 

CBAR(l) = 6. 
CBAR(2) =0. 
CBAR(3) - 2.384 x 10" a 0. 

CBAR(4) = 2.384 x 10"7 as 0. 
CBAR(5) = 1. 
CBAR(6) = 0. 

Following is a listing of the FORTRAN program written 

in FORTRAN IV [41, then an ALGOL procedure using McCracken 

[51. The ALGOL procedure is a translation of the FORTRAN 

program, so any discrepancy should be resolved in favor of 

the FORTRAN program. Table 1 gives the names and meanings 

of the symbols used in the calling sequence to the FORTRAN 

pre gram, tr the FORTRAN program itself, and in the ALGOL 

procedure. 
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FORTRAN  PROGRAM 

»IBFTC   SIMPLE     RTF 
C      AUTOMATIC   SIMPLEX REDUNDANT   EOuATIOMS   CAUSE    INFE*SIBILITY 

SUBROUTINE   S'NPLECINFLAGtMXiNN.AiB.C.KOtKBtPiJH.Xtr.PEiEl 
REAL   Bill «C. 1 I tPdl tld I >V( 1) •REU I »Ed ) 
INTEGER   INFLAG.MitNM*KOl6) tlCB« II« JH( 1) 
EQUIVALENCE   IXX.LLI 

C   THE   FOLLOWING   DINtNSION   SHOULD   BE   THE   SAME   HERE   AS    IT    IS   IN  CALLER. 
REAL   »(SO.116) 
RE»L AA,AlJTtBBtCOSTtOTiRCOSTtTExP,TPIV.Tyt»CH.OtXXtXYtYl,YMAX 
INTEGER I , I*. INV.IR. I TER.J. iT.*.ifRJ.L.LL.N,M?.M«,N 
INTEGER NCUTiNPlVtNUMVR.NVER 

c 
c 

LOGICti FEAStVER«NEGtTRIG«HO.*BSC 

SET INITIAL VALUES. SET CONSTANT VALUES 
ITER • 0 
NUMVR ■ 0 
NUMPV • 0 
M ■ MX 
N ■ NN 
TEXP  ■  .i»»!« 
NCUT  •  A»*» ♦ 10 
NVER  •  «/2  ♦  S 
N? - «••? 
FEAS • .FALSE. 
IF  (INFLAG.NE.Ol  GO TO 1*00 

c« •NEW«    START  PHASE ONE WITH SINGLETON BASIS 
DO 1A02  J • l.N 

1A01 

1*0? 
1400 

.*01 
C» «VER« 
n?o VER 

XBIJ) ■ 0 
KO ■ .FALSE. 
DO 1401  | ■ i.M 

IF (A(I.Jl.FQ.O.OI GO TO 1401 
IF IKO.OR.AI I.JI.1T.0.0I GO TO 
KO • .TRUE. 

CONTINUE 

1402 

1101 

mi 

KBIJI ■ 1 
CONTINUE 
DO 1401  I ■ 

JH Ml • -1 
CONTINUE 

CREATE 
.TRUE. 

INVC ■ 0 
NUHVR   ■  NUMVR 
TRIG ■ .FALSE. 
DO 1101  I « l.M? 

Fill • 0.0 
CONTINUE 
MMal 
DC I 111  I ■ 1 .M 

F(MM| ■ 1.0 
PE( I I  ■  0.0 
XII)-  Bill 
IF IJHIIt .Nf.01 
MM ■ MM ♦ M ♦ 1 

rONTINUF 

1 .M 

INVERSE FROM «KB» AND •JH• 

♦ I 

(STEP 7) 

JHI I ) -1 

LSUB0001 
LSUB0002 
LSUB0001 
LSUB0004 
LSUBOOOS 
LSUB0006 
LSUBOOOT 
LSUB0008 
LSUB0009 
LSUB0010 
LSUB0011 
LSUB001? 
LSU6001) 
LSUB0014 
LSUB0015 
LSUB0016 
LSUB0017 
LSUB001S 
LSUB0019 
LSUB0020 
LSUB0021 
LSUBOO?? 
LSUB0021 
LSUB0024 
LSUB002S 
LSUBOO26 
LSUBO027 
LSUB0028 
LSUB002« 
LSUB0010 
LSUB0011 
LSUB0012 
LSUB0011 
LSUB0034 
LSUBOOIS 
LSUB0016 
LSUB0017 
LSUB0038 
LSUB0019 
LSUB0040 
LSUB0041 
LSUB004? 
LSUB0041 
LSUB0C4* 
LSUB004S 
LSUB0046 
LSUB0047 
LSUB004e 
LSUB0049 
LSUBOOSO 
LSUB00S1 
LSUBOOS? 
LSUB00S1 
LSÜB00S4 
LSUBOOSS 
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C fO*n   INVFRSC 
00 1102  JT • \,H 

If    (KB< JTI.EO.O)  GO TO US2 
00 TO 600 

C 600   CALL Jnt 
c CMoort PIVOT 
111*   TY • 0.0 

KO • .FALSE. 
oo no« i ■ i «M 

IF IJH<II.NC.-1.0M.ABSITIIU.LE.TPIV)  00 TO 110* 
IF (KOI 00 TO 1116 
IF III II.FO.O.)  00 TO 111« 
IF (ABSIYI I l/KI I M.LF.TY1  00 TO 110* 
TY > «BSIY( ||/l(III 
00 TO 111« 

111)     KO • .TRUE. 
00 TO 1117 

1116     IF mil .NE.0..OII.ABSIYI I I >.Lr.TYI  00 TO 110* 
111?     TY • ABSIYIIII 
111«     IN - I 
11C*   CONTINUE 

KBIJTl > 0 
C TEST PIVOT 

IF ITY.LE.O.I    00 TO 1102 
C PIVOT 

00 TO 900 
C »00   CALL PIV 
1102 CONTINUE 

C RESET ARTIFICIALS 
00 1109  I • 1*M 

IF < JHI I I*E0.-1I  JHMI ■ 0 
IF IJMMI.EO.OI  FEAS ■ «FALSE. 

110« CONTINUE 
1200 VFR • .FALSE. 

C ••• PERFORM ONE ITERATION 
C* »ICK«    OfTfRNINF FEASIBILITY 

NFG ■ .FALSE. 
IF IFEASI  00 TO SOO 
FEAS> .TRUE. 
00 1201  I • UM 

IF 1X1 II.LT.O.OI  00 TO 1290 
IF IJHIII.EQ.OI  FEAS • .FALSE. 

1201 CONTINUE 
C» «OET«    OET APPLICABLE PRICES 

IF I.NOT.FEASI  GO TO SOI 
500 00 S05 I • l.N 

P« 11 • PE( I I 
IF (II II.LT.O.I  I«I I - 0. 

SOS CONTINUE 
ABSC • .FALSE. 
00 TO SM 

I2S0 FEAS • .FALSE. 
NEO  ■ .TRUE. 

501 00 SO*  J • I» N 
P(JI > 0. 

ISTEP 1 I 

«STEP 21 

LSUB00S6 
LSUBO097 
LSUBOOS« 
LSUBOOS« 
LSUB0060 
LSUB0061 
LSUB00e2 
LSUB0061 
LSUB006* 
LSU6006S 
LSUB0066 
LSUB006T 
LSUB006« 
LSUB0069 
LSUB00 70 
LSUBOOTl 
LSUB00 72 
LSUBOOTl 
LSUB007* 
LSUB007S 
LSU600 76 
LSUB0077 
LSueoo7« 
LSUB007f 
LSU600«0 
LSU600«! 
LSU600«2 
LSUBOO«) 
LSUBOO«* 
LSUBOOBS 
LSUB00B6 
LSUBOO«7 
LSUBOO«« 
LSUBOO«« 
LSUB0090 
LSUBOO«! 
LSUB00«2 
LSUB00«1 
LSUBOO«* 
LSU600«S 
LSUB00«6 
LSUBOO«7 
LSUBOO«« 
LSUBOO«« 
LSUB0100 
LSUB0101 
LSUB0102 
LSUB010S 
LSUBOIO* 
LSUB010S 
LSUBOIO* 
LSUB0107 
LSUBOIO« 
LSUBOIO« 
LSUBOIIO 
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•0*  CONTINUE LSUBOU 
ABSC   ■   .TRUE. LSUBOU, 
00   *04      I    ■   l.M LSUBOU' 

MM   ■   I LSUBOU« 
IF   (1(1),Of .0.01      GO   TO   907 LSUBOU! 
»BSC   ■   .FALSE. LSUBOIK 
DO  SOB   J   •   l.M LSUBOU 

p(ji  ■ P(j»  ♦ riMM) LSUBOU) 
MM    >    MM    *    M LSUBOU1 

SOS        CONTINUE LSUBOUO 
GO   TO   SOS LSUB0121 

SOT        IF   (JHMI.NE.Ol   GO   TO  SOS LSUB0I2: 
IF    (All).Nf.0.1    *BSC   •    .FALSE. LSUBOU" 
DO   S10      J   •   1 .M LSUBOU« 

P(J)    -   P(J»   -   EfMM) LSUBOU^ 
MM   ■   MM   *   M LSUBOU« 

S10        CONTINUE LSUBOU" 
SOS   CONTINUE LSUBOUI 

C«   »MIN« FIND   MlNIMU«  «EDUCED   COST «STEP   S» LSUBOU« 
S«9   JT   •   0 LSUBOUt 

BB      ■      0.0 LSUBOUI 
DO 701    j -I.N Lsueon; 

IF   «KBtJl.NE.O»        GO   TO   701 LSUBOU1 

OT   •   0,0 LSUBOU* 
DO  30S   I   ■   l.M LSUBOU! 

DT   •   DT   ♦   P(H   •   AII.JI LSUBOU« 
iO»        CONTINUE LSUBOU" 

IF   <FE*S)      OT   •   DT   ♦   C(J> LSUBOUI 
IF      (ABSCI      DT   •   -   »BS(DT) LSUBOU« 
IF   IDT.GE.BB)      60   TO   701 LSUB0140 
BB   •   OT LSUBOUI 
JT  •  J LSUBOU; 

701   CONTINUE LSUB0141 

C      TEST   FOB   NO   PIVOT   COLUMN LSUBOU« 
IF   «JT.LE.OI      GO   TO   205 LSUBOU! 

C      TEST   FOB   1TEBATI0N   LIMIT   EXCEEDED LSUBOU« 
IF    ( ITEB.GE.NCUT)      00   TO   160 LSUBOU" 
ITE»   •    ITEB   ♦! LSUBOUI 

C»    »JMY» MULTIPLY    INVERSE   TIMFS   *(..JT) (STFP   «1 LSUBOU« 
600   DO   610      I«    l.M LSUB01S( 

Till   •   0.0 LSUBOU! 
610   CONTINUE LSUBOU; 

LL   ■   0 LSUBOUI 
COST   •   C(JT1 LSUBOU« 
DO   60S I«   I .M LSUBOU! 

»IJT   ■   «Ul.JT» LSUBOU« 
IF    IAIJT.EO.0.I   GO   TO  602 LSUBOU 
COST   •   COST   ♦   AUT   •  PE ( I I LSUBOU« 
DO      606      J   ■    l.N LSUBOU« 

IL   -   IL    ♦    1 LSUBOU« 
Y«J1    ■   Y«J|   ♦   »IJT   •   E(LL) LSUBOUI 

606        fOMTINUF LSUBOU; 
GO   TO   60^ LSUBOU' 

60?        LI    •   11     ♦   M LSUBOU« 
60S   CONTINUf LSUBOU! 
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C        COMPUTE PIVOT TOLERANCE LSUB0166 
YMAX « 0.0 LSUBOlfcT 
DO 6?0  I  •  1.M LSUB016S 

YMAK • AMAXH ABSI Y( I ) ) tYMAX 1 L,>UB0169 
fe?0 CONTINUE LSUBOUT 

TPIV  ■  YMAX • TEäP LSUB0171 
C             PFTuRN TO INVERSION ROUTINE. IE INVERTING LSUB017? 

If IVER»  CO TO 111* LMlBftlTI 
C        COST TOLERANCE CONTROL LSUB017* 

RCOST ■ YNAX/BB LSUBOIT^ 
IE (TRIG.ANO.BB.GE.-TPIVI  GO TO 201 LSUB0176 
TRIG • .FALSE. LSUB0177 
IE (BB.GE.-TPIv»  TRIG • .TRUE. LSUB0178 

C» «ROW«     SELECT PIVOT ROW «STEP 51               LSUB0179 
C AMONG EOS. WITH X-O. EI NO MAXIMUM Y  AMONG ARTIFICIALS. OR. IF NONE.  LSUB01S0 
C  GET MAX POSITIVE V<I» AMONG REALS. LSUBOISI 

1R ■ 0 LSUB018? 
AA * 0.0 LSUBO101 
XO • .FALSE. LSUBOIS* 
HO  10S0  I »l.M LSUB01SS 

IE «X« I ».NE.C.O.OR.Y«II.LE.TPIV)  CO TO 10^0 LSUB0186 
IF (JM(II.EO.O)  GO TO 10»* LSUB01»7 
IF (KOI GO TO 10)0 LSUB01M 

10*5   IF (YIM.LE.AA)  GO TO 10»0 LSUBOH» 
GO TO »0*7 LSU60190 

10**   IF IXO) GO TO 10*S LSUB0I91 
•CO - .TRUE. LSUB0192 

10*7   AA ■ Y(|) LSUB019) 
IR ■ I LSUB019* 

10*0 CONTINUE LSUBOlf) 
IF IIR.NE.OI  GO TO 1099 LSUB019* 
AA ■ 1.0E»?0 LSU80197 

f                 FIND M|N. PIVOT AMONG POSITIVE EQUATIONS LSUB0198 
00 1010  I  • ItM LSUB0199 

IF IY(I l.LE.TPIV.OR.Xl I I.LE.O.O.OR.TM l*AA.LE.X( I I I GO TO 1010 LSUBO?00 
AA ■ xm/Yin LSUBO?OI 
IR > I LSUB0202 

101Ü CONTINUE LSUB0201 
IF t.NOT.NEG)  GO TO 1099 LSUB020* 

C  FIND PIVOT AMONG NEGATIVE EQUATIONS. IN WHICH X/Y IS LESS THAN THE   LSUBO?0» 
C MINIMUM X/Y IN THE POSITIVE EQUATIONS. THAT HAS THE LARGEST ABSFlYI   LSUBOIOft 

BB • - TPIV LSUB0?07 
00 10S0  I - l.M LSUB020B 

IF (XIl).GE.0..OR.YMI.GE.BB.Oft.YII»•AA.GT.XI I I I  GO TO 10)0   LSUB0?09 
BB ■ YM I LSUB0?10 
IR ■ I LSUB0?11 

10)0 CONTINUE LSUBO?W 
C  TEST FO« MO PIVOT RO« LSUB021) 
1099 IF  (IR.LE.O)  GO TO 207 LSUB021* 

C* iPlV    PIVOT ON IIR.JT) (STEP «)              LSUB02I5 
IA ■ JHIIR) LSUB0216 
IF (IA.GT.O»  KBllAI ■ 0 LSUB0217 

900 NUMPV  ■  NUMPv  ♦  1 LSUB021S 
JHIIR) ■ JT LSUB0219 
KBUTt ■ IR LSUB0220 
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YI • -Y«I«» 
Y« 11») • -1.0 
LL ■ 0 

TRANSFORM INVERSE 

90^ 

906 
904 

DO  904  J • l.N 
L • LL ♦ I« 
IF (EtL).NE.O.O)  GO TO 905 
LL • LL ♦ N 
GO TO 90* 
XY • P(L » / YI 
PEIJ) • PE(J» ♦ COST • KY 
E«L) • 0.0 
00 906 I ■ 1tM 

LL • LL ♦ 1 
E<LL» • EtLL) 

CONTINUE 
CONTINUE 

♦ XY • Y(|) 

TRANSFORM X 
»Y   • 
DC 90« 

«OLD 
X( I ) 

XIIR) / 
I   • 1. 

■ XI I I 
■ XOLO ♦ 

YI 

XY 

90« 

C  TE 

C«  E 
207 

C 

160 

250 

1599 

• Yin 
IF I.NOT.VER.AND.XII) .L T.0..ANO.XOLD.GF.0. I 

CONTINUE 
YIIR» • -YI 
X I IR) • -XY 
IF «VERl GO TO 1102 
IF INUMPv.LE.M» GO TO 1200 

ST FOR INVERSION ON THIS ITERATION 
INVC   • INVC   ♦! 
IF  IINVC.EO.NVERI   GO TO 1120 
GO  TO  1200 

NO OF ALGORITHM, SET EXIT VALUES ••• 
K I .N0T.FFAS.0R.RC0ST.LE.-1000.I  GO TO 2i-1 

INFINITE SOLUTION 
K  •  2 
GO TO 290 

PROBLEM IS CYCLING 
K  ■  4 
GO TO 290 

FEASIBLE OR INFEASIBLE SOLUTION 
r • o 
IF I.NOT.FEASI  K . X ♦ 1 
DO 1199  J • l.N 

XX  ■  0.0 
KBJ  ■  KBIJ) 
IF IKBJ.NE.O)  XX • XIKBJI 
KBIJt ■ LL 

CONTINUE 

XI I I ■ 0. 

KOdl • 
KO(2) • 
KOI1) • 
K0I4) • 
KOI 9 I • 
KOI6) i 
RETURN 
END 

K 
ITER 
INVC 
NUMVR 
NUMPV 
JT 

LSUB0221 
LSUB0222 
LSUB0223 
LSUB0224 
LSUB0229 
LSUB0226 
LSUB0227 
LSUB0228 
LSUB0229 
LSUB021C 
LSUB0231 
LSUB0232 
LSUB0211 
LSUB0214 
LSUB0219 
LSUB0216 
LSUB023T 
LSUB023B 
LSUB0219 
LSU60>40 
LSUB0241 
LSUB0242 
LSUB0241 
LSUB0244 
LSUB0249 
LSUB0246 
LSUB0247 
LSUB024B 
LSUB0249 
LSUB0290 
LSUB0291 
LSUB0292 
L5U802 9 3 
LSUB0294 
LSU80299 
LSUB0296 
LSUB0297 
LSUB029« 
LSUB0299 
LSUB0260 
LSUB0261 
LSU60262 
LSUB026) 
L5UB0264 
LSUB0269 
LSUB0266 
LSUB0267 
LSUB026S 
LSUB0269 
LSUB0270 
LSU60271 
LSUB02T2 
LSUB0273 
LSUB0274 
LSUB027» 
LSUB02 76 
LSUB0277 

277 

277 
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ALGOL PROCEDURE 

(^C used   in  place  of   X ) 

procedure SIMPLF (infldqrm,n,a,b#crko#kb,p, jh,x,y,^o,efz) ; 
value m, n;   re^I    irrdy  b,p,x,y,pe[1:rrl rc,2|1:n),e(1:r!it21 , 
a [1:ro, 1:n] ;   inte<jer   array  ko (1:6] r jh (1: tr) ,kb (1:n) ; 
integer  m,n#inflriq; 

coir,ment     SIMPLE   solves   tbe   linear   proqrairirinq  problem: 

find   z(1),   z (2) ,   z(J),...,   z (n)    tb.«t 

n 
minimizes   Z   c(j) • z (j)     subject to 

j=l 
n 
E a(i#j) • z (j)  =  b (i)  for  i= 1, 2, 3,..,, m   and 
1=1 

x(1)>0, x (2) >0, x(3)>0,...# x (n) >0. 

SIMPLF  sitrultaneously  solves  the   dual   problpm: 

find  w(1),   w (2) ,   w (3) ,... f   w (IT)    that 

m 
maximizes L   b (i)    •  w (i) subject   to 

i=l 
m 
Z a(i,j)    •  w (i)      <  c(j)      for     j= 1, 2, 3,... rn 

i = l 

wh<re no siqn restriction is put on w.  The NEGATIVE 
of w appears in p. 

inflaq, m, n, a, b, and c are input quantities;  they are 
not chanqed by the procedure.  The meaninqs of IT, n, a, b, 
and c are as qiven in the above equations.  inflaq is nor- 
mdlly input ds a   zero: this siqnals the procedure that no 
initial bdsis is provided.  If infldq is input as a non- 
zero number, the procedure will expect d basis to be pro- 
vided by settinq: 

kb(j) =0  if column j is not in basis, 
and kb(j) #0  if column j is in the bdsis. 
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After the ;rocedure is finished, ko (1) contains a number 
that denotes the condition of the problem, and z and p 
contain the numeric answers. 
If the problem is feasible and optimal, then ko |1) * 0. 
If the problem admits no feasible solution, then ko(1) =1, 
and if the problem has an infinite solution (i.e. dual 
infeasible) , then ko (1) = 2.  If the alqorithm does not 
terminate after Urn*10 iterations, ko(l) is set to 1 if the 
problem is feasible, and to 5 if yet no feasible solution 
has been found; 

riaal >. a, bb, cost ,dt, rcost, texp, tpiv# ty,ymax; 
integer i, invc, ir, iter , j, jt ,k,m2,rrmf ncut, npiv,numvr, 
nver; rioolean abac,feas,kq,neq,trig,ver, 
iter:= Ö; 
numvr:= 0; 
numpv:= Ü; 
texp:= 2. t (-16); 
ncut:» «•m ♦ 1Ü- 
nver :=  m/2  ♦  S; 
m2:= mt2; 
feas:3 false; 
i_f (inflaq # 0) then go to nOO; 

comment     start  phase one wITh singleton basis; 
for j:= 1 step 1 until n do 

nOU:    begin 
inrnr:= o.- 
kq:= false; 
for i;= T step 1 until m do 

n05:    "Te<j_in 
if (a (i , i)  = Ü.) then go to n0 3; 
if (kg V a(i,i) <  0.) then go to n02; 
kg:= true; 

n03: end nOS; 
kb(j) := 1; 

n02: end nOU; 
nOO: for I:« 1 step 1 until m do  ih(i):= -1; 
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coffirent    create inverse froir "kb" and "jh"     (step 7) ; 
m20:  ver:« true; 

i nvc:= 0; 
nunwr  :=  numvr  ♦!; 
triq:= false; 
for i:= 1 step 1 until w2  do    e (i):= 0.0; 
mir:= 1; 
for i:= 1 ste^ 1 unti1 m do 

k20:    begin 
p(iwn):= 1.0; pe(i):= 0; x(i):=b(i); 
if    (jh(i)  # Ü) then jh(i):= -1; 
mm:» rrm ♦ rr ♦ 1 ; 

k13:    end k20; 
for it:= 1 step 1 until n do 

k21:    begin 
if   {kb(jt)  = 0) then ^2 ^ k02; 

Get Column (jt,a#c,e#pe#y,m#cost,texp,tpivfymax) ; 
ty:= 0.0; kq:= false; 
for i: = 1 step 1 until ir do 

k22:      begin 
if (jh (i) # -1 V abs (y (i) ) < tpiv) then qo  t_o k0*; 
if (kq) then 30^ to k16; 
if (x (i)  = 0) tFen ^2 ^2 k15' 
2 (abs (y (i)/x (i)) < ty) then 30 to k0*; 
ty:= abs(y(i)/x(i)) ; 
30 to k18; 

k15:      kq:= true; 
SO Ifl k 1 7 ; 

kl6:      if (x(i) *   0.0 V aba (y (i) ) >  ty) then $0  to k0«l; 
k17:      ty:= abs (y (i)) ; 
k18:      ir:- i; 
kOU:      end k22; 

kb(jt) := 0; 
if (ty < 0.0) then cjo to k02; 
Pivot (ir, jt,e, jh,kb,pe,x,yf»,cx)st,numpv,ver) ; 

k02:    end k21; 
for   i:s 1 step 1 until m do 
begin 
Lf   (jh(i)  = -1) then jh(i):» 0; 
if   (jh(i)  = 0) then feaa:> false 
e nd; 

100:  ver:« false; 
comment    determine feasibility (step 1) ; 

neq:« falae; 
if (feaa) then 30 to eOO; 
Teaa: true; 
for i:^T"atep 1 until » do _if (x (i) <0.) then 30 to 150 
eTie if   (TTTiT)  « 0) then feaat« false ; 
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(step 2) ; 

ISO: 

eOl: 

ell: 

comment    qet applicable prices 
i_f ( Tft^as) then qo  to eOl; 

eüü:  for i:= 1 step 1 until it do 

p (i) :=   f)e (i) ; 
if   (x (i)    <     0.0)    then   x (i) :=   0.0 
eni; 

absc:=   false; 
go  to  e99; 
feas:=   faIse; 
nog   :=   true; 
for   i: =   1   ste^   1   until   in jio  p (j) : =   Ü. 0 ; 
absc:=   true; 
for   i: -   1   step   1   until   m jio; 

beg i n 
n\w'.=   i; 
if   (x(i)    >  0.0)    then ^o   to  e07; 
absc:=   false; 
for   j: =   1   step   1   until  iv  do 

begin 
P (1) :=   P (j)    ♦  e (irin) ; 
mm; =   mtn   ♦   m 
end; 

go  to   e05; 
e07: if TTb(i)    *   0)    then ^p   t_o  e05; 

TT   (x (i)    #0.)    then absc:-   false; 
for   j:=   1   step   1   until   n   do 
~Leqin 

P(1) •*=   P (j)    -   e (rrm) ; 
mm: =  mm   ♦  rti 
end; 

end  e1 1 ; 
find   minimur   reduced   cost 

>:=  0; 
bb   :=     0.0; 
for   i: =   1   step   1   until  n  do 

begin 
if   {kb(j)    #   0)   then c[c   to gü1; 
lt:=   0.0; 
for i : = 1 step 1 until m do dt: = it ♦ p (i) »a (i, j) ; 
i_f (feas) then dt:- dt ♦ c (j) ; 
if (absc) then dt:= -abs (dt) ; 
if (dt > tb) then 30 to qül eist bb:= dt; 
jt:= j; 

(jO 1 :    end g02; 
if~Tlt s 0) then ^o to b0 3; 
Tf (iter > ncut) then go to a60; 
iter:3 iter ♦!; 

e05: 
comment 
e99: 

g02: 

(step 3) ; 
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coffimerit multiply   invorse   t irres   aj.^it) (stej   U) ; 
fUO:     (i»«t   Column (jt f a, c, e, { P,/#rr, cost, tt'xp, tpiv,ynv»x) ; 

rcost:=   ytTirjx/rt); 
it    (triq   A     tl   '   -tpiv)    then   r^o  to   hOl; 
t r i >i:-   faIse; 
i_f    (bb   >  -tpiv)    then   tri<}:=   t rue; 

coir merit select   fivf)t    row (st^i   S) ; 
ir:=   0; 
A^x-   U.0; 
kq:=   faIse; 
for   i: =   1   3te[    1   iint i 1   v   _i£ 

10 2: bngin 
i_f    (x (i)    #   0.0   V   y (i)    <   tpiv)   trien   jo   to   iSO; 
jj    (ih(i)       =   0)    then   '^o   to   -jM; 
i t    (kq)    then   jn   to   iSO; 

iUS: i_f    (y (i)    S   a,o    t hen   \o   to   I'Jü; 
JO   to   1 ^ 7 ; 

lU<4: i_f     (kq)     then   30   to    lUS; 
kq:=   true; 

iU7: aa:=  y (i) ; 
i r : -   i ; 

ISO: enj   102; 
i f    (ir   #   0)    then    jo   to   i9^; 
d,J:=    10.t2();" 
tor   i:=   1   step   1   unt j1   n   ^o 

i 0 3: b^gin 
if    (y(i)<tpiv    v     x(i)SÜ.ü    V     y (i) »aasx (i)) 
t hen   go   to   "jlU; 
d.i:=   x (i) // (i) ; 
i r: =   i ; 

110: enj   j 0 3; 
if    (  -neq)    then  go   to   J99; 
bh: =   -t[)iv; 
tor   i:=   1   ste|    1   until   rr    io 

1 (JU: begin — 

I? (x (i) »0.   U   y (i)   -bb  V   y (1) Md>x (1) )    then ^o   to   i JO; 
bb:-   y (i) ; 
i r : =   i ; 

130: enj   iOU; 
il*9:     i_f    (ir   =   0)      then  ^o   to   b0 7; 
cotrment pivot   on   (Tr, it) (step  6) ; 

if    (1h (ir) >0)    then   kb (jh (if)) :=   0; 
100 :     Pivot ( ir, it ,ef jh,kb, pe# x, y,ni# cost, nun pvfvt.«r) ; 

i_f    (nurrnv   <   rr)    t h^n    jo   to   100; 
invc     :-   invc       ♦1 ; 
i f    (invc     =   nv»'t)    then   jo   to   rriO; 
(jo   to    1UU; 
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comment     end  ot   alrjorittmi,   set   exit  values; 
b07:    j_f    (  -ifpds   V   rcost<-1000.)   then  30 to b0 3; 
coirment infinite  solution; 

K   :=     2; 
go to b50; 

cotrment     problem is cyclinq perhaps; 
d60:  k:= M; 

30 to bSO; 
conment     feasible or infeasible solution; 
bOTl  ^:= 0; 
b50:  i_f  ( -.feas)   then k:= k ♦ 1; 

for i:= 1 step 1 until n do z (j) := 0.0; 
f( r i:= 1 step 1 until n, ^p i_f (jh |i) >0) 
then 2(ih(i)) := x (i) ; 
kHll):= k; 
ko (2) : = iter ; 
ko (3) : = invc; 
ko (U) := numvr; 
ko (S) : - nuirpv; 
ko (6) : = jt ; 

end SIMPLE; 

procedute Get Column ("jt ra#c#e, pe#> ,tr#ccst ,texpf tpiv#yirax) ; 
begin 

IT>   d£ y (i) :=   0. 0; 
tea 1   ai-jt;   integer   i,j,LL; 

fOO:     for   i;=   1   step   1   until 
LL:=   0; 
cost;=   c(jt) ; 
for   i: =   1   step   1   until  ir  do 

f 11:      ^"Begin 
aiit:=  a (i, jt) ; 
if (aijt = 0.) then ^o to f02; 
co3t:= cost ♦ ai jt • pefT) ; 
for j: = 1 step 1 unti 1 rr do 

begin 
LL:= LL ♦ 1; 
y (i) := y (j) ♦ aijt ♦ e (LL) 
end ; 

(JO CO fOS; 
fü2:    LL:= LL ♦ m; 
tOV.    end fll; 

yinax:= 0.0; 
for i:= 1 step 1 unti 1 n^ do i^    (abs (y (i) ) >  ymax) 
then ymax : = abs (y (i) ) ; 
tpiv :=  ymax ♦ texp; 

en(1 Get Column; 
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proce 
bpqin 

.are Pivot (ir, jt f e# jh,kb,pe, x, y, rr,cost, narrif v, ver) ; 

rea I xy#xolfi,yi; i nteger l(ifL#LL; 
iüO:  nuf«pv:= numpv ♦ 1; 

jh (ir) := jt; 
kb(jt) := ir; 
yi:= -y (ir) ; 
y (ir) := -1.0; 
I.L:= 0; 
for i:= 1 step 1 until ir io 

i01:    Begin 
L:= LL ♦ ir; 
if (e (L) f   0.0) then 30 to iOS; 
tt:= LL ♦ 1«;      ~ 
ap to iOU; 

i05:    xy:= e (L) /yi ; 
pe (j) := pe(j) ♦ cost • xy; 
e(L) := 0.0; 
for i:= 1 step 1 until IT do 

be^iü 
LL :=  LL ♦ 1; 
e (LL) := e (LL)  ♦ xy • y (i) 
end; 

iOU:    end 101; 
xy : =  x (ir) / yi; 
for i:= \  stei» 1 until m J9 
begin 
xold: = x (i) ; 
x (i) : = xol 1 ♦ xy • y (i) ; 
if ( -.ver A x (i) <ü. A xoli>0.) then x (i) t»0. 
end; 

y (ir) := -yi; 
x (ir) := -xy; 

nnd Pivot 
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