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SUMMARY

A method is developed for predicting the nonperiodic air loads caused by
control inputs applied to a rotary wing in forward flight, Use is made

of a numerical description of the geometry and circulation strength of the
vorticity in the wake to compute the time-varying, nonuniform-flow

field in the plane of the rotor disc. The method of approach is similar
to that developed previously for the steady-state flight condition, the
major difference being that the solution procedure lends itself to the
treatment of transient phenomena, such as the nonperiodic loadings
caused by time-varying collective pitch.

Several approximations are made to simplify the analysis, The major
assumptions are: (l) the rotor blades are structurally ng:d and have

only a ﬂappmg degree of freedom; (2) the hub of the rotor continues to
translate in level, constant-speed flight during the short time interval
of interest; (3) the geometry of the wake can be specified a priori; and
(4) no account need be taken oi the shed vorticity in the wake,

Computed flapping and air load distributions are compared with tran-
sient data obtained in wind-tunnel tests on a full-scale H-34 rotor. In
general, very encouraging agreement is found leading to the conclusion
that calculation and prediction of nonperiodic loadings on rotary wings is
a feasible task.
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m An index designating an azimuthal position in the wake

r Radial distance from center of rotation to midpoint of blade
segment, or to other specified point, ft

r Radial distance from rotor axis to end point of blade
segment, ft

H Radial distance from rotor axis to spanwise location of

rolled-up root and tip vortex, ft

ra:?s Length of position vector between a load point and the
forward and aft ends, respectively, of a wake element, ft

r/R Nondimensional radial distance from rotor axis to specified
point on a blade

R A 4 %x.4, $ components of velocity induced by the wake at a specified
point on a blade, ft/sec

v Mean induced downwash governing the vertical transport of
vorticity in the wake, ft/sec
w, § component of velocity induced by all elements of the wake

other chan the trailing elements adjacent to the blades

ey A "wind'' axis system with the origin located at the hub of the
rotor (see Figure 6)

r Circulation, either bound or trailing, ItZ/ sec

n Angular velocity of rotor shaft, rad/sec

o Angle of attack at specified blade segment, rad

&, Shaft angle of attack (positive for forward tilt of the rotor shaft),
rad o
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NOTE:

Flap angle of blade relative to plane normal to rotor shaft, rad
Flap hinge offset, ft

Pitch angle of a given blade segment (as measured in a shaft
axis system), rad

Collective pitch setting of rotor (reference is at the rotor
axis) rad

Cosine cyclic pitch, rad
Sine cyclic pitch, rad
Blade twist (linear), rad/ft

Coordinates of endpoints of trailing vorticity as measured in the
2,43 axis system, ft.

Influence coefficient yielding induced velocity at a specified point
as caused by an element of vorticity of unit strength, 1/ft

Angle between air velocity vector relative to the blade and
the rotor shaft plane, rad

Azimuth angle ( ¢ = 0 when blade is oriented along positive
x axis), rad

A single dot over a variable denotes the first time derivative;
a double dot denotes the second time derivative,




INTRODUCTION

The design of rotor blades to tolerate the oscillatory stresses encoun-
tered by a helicopter in forward flight is recognized as one of the major
problems facing the designers of helicopter rotor systems, This
problem, together with the requirement for improving the structural
integrity of rotary wings, has necessitated the development of research
programs whose objective is the derivation of rational and valid
procedure for predicting the time-varying air loadings and stressing

of rotor blades designed for helicopter applications. Since the

problem is worldwide, research has been and is being performed in

a number of countries, The VTOL Dynamic Loads Symposium

held in June 1963 under the joint sponsorship of the Cornell Aero-
nautical Laboratory, Inc, (CAL) and the U, S. Army Aviation Materiel
Laboratories (USAAVLABS) gave evidence of the effort being mounted
both in the United States and abroad.

It is now recognized that the crux of the helicopter blade-load prediction
problem is the requirement to model the airfiow through the rotor

in considerably more accurate detail then has been sufficient hereto-
fore for studies of rotor performance, To tnis ead, investigators such
as Willmer [1], Molyneux [2], Miller [3, 4, 5], Tararine%6].
Shi-Tsun [7, 8], Davenport [9], DuWaldt and Piziali [10, 11] have
developed mathematical models of the rotor-wake system (in a

variety of formats) for the purpose of predicting the air loadings
produced in steady, forward flight, It appears that these investiga-
tions can, in part, be differentiated from one another by the extent

to which resort is had to high-speed computing machinery in order to
minimize the necessity for simplifying the mathematical treatment,

The investigation reported herein is an extension of the rotor-wake
modeling concepts previously described in Reference 12, This extension
consists primarily in the recasting of the original analysis that was
suitable for steady-state calculations to one that yields a temporal

and spatial history of the pertinent response variables as a function of
time-varying changes in collective pitch, Accordingly, reference shall
be made throughout this report to ''steady-state blade loads' (SSBL)
calculations and to ''transient blade loads'" (TBL) calculations.

It should be understood that the SSBL calculation (as described in
Reference 12) consists of a procedure wherein the instantaneous
velocities induced by the wake of the rotor are determined for each
blade section in a rotating coordinate system, Further, the SSBL model
of wake vorticity results in an inflow distribution that varies with time
and position in the rotor disc, but which is periodic with each revolution
of the rotor thus producing an integrated mean value of inflow that does
not change with time, Thus, we use the term ''steady state'', even
though the inflow seen by a blade section is varying continually during
one revolution of the rotor,
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On the other hand, a TBL calculation must consist of a procedure where-
in nongeriodic induced velocities and loadings can be determined., When
collective blade-pitch control is applied, such as to change the mean
thrust being produced by a rotor, the momentum that is imparted to the
air mass by the rotor must be changed. This is to say that the air mass
must be accelerated until a new steady-state thrust corresponding to the
changed operating conditions is achieved. From the point of view of
momentum theory, a time interval must elapse during which the air mass
associated with a rotor is accelerated to its new steady state inflow
velocity, From the microscopic point of view, wherein inflow is viewed
as being induced by wake vorticity, additional time rates of change of
inflow are created by the existence of a wake of vortex filaments and
strengths that are no longer periodic with respect to one revolution of the
rotor. Thus, there is an equivalence between the momentum concept of
an air mass being accelerated during the transient interval between two
steady states and the concept in which a change in vorticity level is
diffused through the wake bringing about a change in the velocities
induced at the rotor disc by the wake,

Other investigators (13, 14] have measured the response of a hovering
or vertically-moving rotor to a change in'collective pitch. They found
that the thrust response was highly sensitive to the rate of change of
collective pitch for rapid control inputs and were able to explain the
measured results in terms of the requirement to accelerate an apparent
additional mass of air associated with a rotor considered to be an
impervious disc. Although the concept of additional mass may suffice to
relate the time-varying total thrust on a blade or rotor to a time variation
in blade pitch, this concept is not suitable for computing the inflow
distribution required to deterrnine blade loadings as a function of
spanwise location, azimuth position, and time. Rather it is necessary
to compute the inflow caused by a wake possessing elements of vorticity
whose strengths vary in a nonperiodic fashion as a result of a time-
varying change in collective pitch, It is this particular task that
consituted the major objective of this investigation. Successful
accomplishment of this task is viewed as a first and major step towards
computing the detailed temporal and spatial distribution of aerodynamic
loads encountered by a helicopter rotor during maneuvering flight.

Earlier analyses of transient air loads on rotary wings are reviewed in
the report prior to presenting the analytical approach developed for
purposes of modeling TBL phenomena. The presentation of the method of
approach used in this investigation includes a discussion of rotor-wake
representation and a brief description of the developed computational
procedure, This description is followed by a comparison of theoretical
calculations and experiment, with the technical discussion being concluded
by presenting both the current capabilities and shortcomings of the devel-
oped analytical procedure, as applied to specific flight regimes., Details
pertaining to the developed mathematical model and computational
procedure are given in an appendix,
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CONCLUSIONS

loadings on rotary wings is a feasible task, Although the agreement
achieved between theory and experiment indicates that the major aspects
of transient blade loading phenomena are adequately represented in the
analysis, future refinements of the existing mathematical model will be
required to provide a prediction capability having a high order of
] accuracy. Ultimately, it should prove possible to use the TBL calculation
N procedure to investigate almost any rotor dynamics problem wherein it
is necessary to include an adequate description of the wake-induced
flow field. This work should be looked on as a first step towards the
goal of computing the air loadings on the rotor of a maneuvering helicopter,

i
i This investigation has shown that the prediction of nonperiodic air
L

It is further concluded that;

(1) A wake model consisting only of trailing vortex elements,
trailed as a consequence of a spanwise variation in bound
; vorticity, constitutes a first-order representation of the
wake of a rotary wing.

(2) The radial contraction of the rolled-up root and tip
vortices of a rotary wing must be simulated in order
to obtain accurate predictions of the air load distribution
produced in hovering flight. It would appear that this
conclusion also holds for forward flight at very small
advance ratios,

(3) For the limiting case of steady forward flight, the TBL
computational procedure provides results which are
equivalent to those yielded by the previously developed
SSBL calculations. Identical steady periodic air loadings
are predicted by both procedures provided the tip-path-
plane orientation predicted by the TBL procedure is in
agreement with the orientation specified in the SSBL
calculation, As a result of the integration performed
in the TBL calculation to obtain the total lift on the
rotor, it was observed that nonuniform-.inflow calculations
yield an oscillatory four-per-revolution component of
total shear at the hub having an amplitude of 0.1 g
(approximately) in all cases studied for the H-34,
whereas uniform-inflow calculations yield very little
oscillatory component in the total shear transmitted to
the rotor hub.

(4) The aerodynamic model, in its present form, together
with a model of the kinematics and dynamics of a flapping
degree of freedom, yields flapping and air loading responses

':‘v*’,'; ry e st Tee——



(5)

(6)

(7

caused by a change in collective pitch that are in good
agreement with wind tunnel measurements made on a
full-scale H-34 rotor,

Preliminary and tentative support has br »n obtained for a
hypothesis stating that a wake assumed t have a constant
strength corresponding to the mean total load on a rotor
would produce a reasonable approximation of the velocity
field that is induced in the plane of the rotor disc. A
considerable number of computational studies is required
to place this hypothesis on a firmer foundation.

Although the wake spacing (i. e,, wake pitch) assumed to
exist in the steady state preceding and following a transient
interval has a significant influence on the steady total load
and load distribution achieved in hover, the timewise
variation of loading does not appear to be a highly sensitive
function of the manner in which the wake spacing is
assumed to vary during the transient interval, Since
loadings produced in forward flight do not appear to be
very sensitive to small variations in the assumed value

of the vertical transport velocity, it appears that the
question of how and when the wake spacing changes during
the transient interval is not crucial to the task of making
reasonable predictions of transient air loadings, This
conclusion holds only for the range of conditions studied,
namely, maximum advance ratio and maximum change in
collective pitch equal to 0,287 and 2. 7 degrees respectively,
and may not be valid for more severe maneuvers or higher
advance ratios.

Two deficiencies of the developed TBL model discovered

in the process of conducting this study are the assumptions
that (1) the trailing vortices trail free from the one-quarter
chord and (2) maximum circulation on a rotor blade occurs
at a specific spanwise position on the blade, Calculations
have shown that the former assumption leads to computational
difficulties whenever the control point in a given spanwise
segment falls outside the horseshoe vortex associated with
that segement, With respect to the second assumption,
results computed for certain flight conditions demonstrate
that the location of maximum circulation shifts markedly
along the span with changing azimuth and, accordingly, the
program, as presently constituted, assigns incorrect
circulation strengths to the rolled up tip and root vortices,
These problems can be eliminated, respectively, by trailing
vorticity from the trailing edge of the blade and using
program Jogic that seeks out the maximum circulation for
assignment to the rolled-up wake,

iy~
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RECOMMENDATIONS

The demonstrated ability for computing both periodic and nonperiodic
air load distributions on rotary wings holds forth the promise of,
ultimately, being able to compute (1) the performance, (2) the maneuver
response, (3) the vibratory loading and stresses, and (4) the response
to gust disturbances as modified and controlled by the spiral wake that is
peculiar to the rotary wing, It should be noted that this ''promise"
appears to be more constrained by practical limitations on the develop-
ment of suitable computing procedures rather than by inherent limitations
on the development of a mathematical analog of the phenomenon,
Accordingly, it is recommended that continuing investigations of the
dynamics of rotary wings pay particular attention to eliminating
unnecessary details in the simulation while seeking to incorporate those
refinements in the theory essential to obtaining improved agreement
between prediction and measurement,

Although many different approximations have been made in the develop-
ment of the TBL computational model, they may be grouped in three
general categories: (1) aerodynamic simplifications, (2) wake-modeling
simplifications, and (3) blade-structure and rotor-kinematics simplifica-
tions, Questions still remain as to which of these three categories

of simplifications constitute the primary source disagreement currently
being obtained between prediction and measurement. Accordingly, it

is recommended, that wherever possible, improvements in the
computational model be made sequentially in order to assess the degree
to which a given change in the model influences its level of accuracy.

It is reemphasized that this recommendation 1s motivatecd by a strong
appreciation for the programming difficulties and, more importantly,
the computing time and costs that are associated with predictions of
SSBL and TBL phenomena.

The logical extension to the analysis reported herein would be the
introduction of additional degrees of freedom such that blade loadings and
motions in the flapwise, pitchwise, and edgewise directions, together
with the angular velocity response of the rotor, can be predicted as a
function of transient inputs of blade pitch and/or shaft torque. The
research objective recommended for this study would be the determination
of transient response characteristics of a rotary wing as influenced by

(1) the peculiar blade-wake relationships that exist or (2) the inertial
and/or aerodynamic coupling forces and moments that prevail during

the transient interval associated with changes in blade-pitch control or
changes in mechanical torque applied to the rotor shaft, In the latter
instance, the generated mathematical model would serve as a means

for gaining additional insight into the dynamics of rotors following a power
failure, for example, Ultimately, consideration could and should be
given to including shaft and fuselage degrees of freedom in a TBL

model for purposes of investigating the extent to which improved
performance and stability and control analyses can be made as a result

e SRS i ciss 4



of eliminating the traditional assumption of uniform inflow. Mention
should also be made of the urgent requirements for performing research
that will define the aerodynamic behavior of rotors at very high or
infinite advance ratios. Specifically, the high advance ratios to be
attained by compound and stoppable-rotor helicopter designs will

cause rotor blades to encounter flow conditions in which existing methods
of aerodynamic analysis are no longer valid,
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PRIOR STUDIES OF TRANSIENT AIR LOADS ON ROTARY WINGS

Of the total literature dealing with the transient loadings experienced
by rotary wings, only that portion in which efforts are made to derive
predictive analytical models are of concern here, A review has shn'vn
that in every case in which analytical predictions of transient loadings
have been made, these predictions have dealt with the integrated
behavior of the rotor rather than with "'microscopic' detail, namely,
the time and space distribution of induced velocity and the resulting
air loadings.

The efforts of Carpenter and Fridovich [13] and Rebont, et al, [14]
(as mentioned in the Introduction) are particularly worthy of mention.
In the first work, equations were developed to predict the thrust,
induced velocity, and flapping response of a rotor to a rapid increase
of blade pitch. A combination of blade-element theory and the momentum
theory was used, with the momentum equations modified to apply to a
transient condition where the inflow is being accelerated. This
modification was implemented by considering the mass of air being
accelerated to be equal to the "apparent additional mass'' of fluid
associated with an accelerating impervious disc. The set of equations
yielding the desired representation of the selected physical phenomenon
were as follows:

(1) Instantaneous thrust yielded by blade-element theory
equated to the instantaneous thrust yielded by modified
momentum theory,

(2) The flapping-motion equation, with blades assumed
rigid,
(3) The helicopter motion or lift equation.

Experiments performed on a test tower yielded results which were
compared with computed solutions of the first two equations, the third
equation not being needed since the vertical velocity of the hub was
zero due to its fixed position. The concept of apparent additional
mass appeared to account satisfactorily for the measured average
inflow and thrust response to change in collective pitch,

The second study [14] was similar to the investigation described

above. This latter investigation was concerned with the response to a
change in collective pitch in descending flight (near the autorotation
regime) whereas the former study was concerned with vertical takeoff,

i. e., with zero vertical velocity and zero thrust for the initial conditions.
The concept of apparent mass was similarly employed to modify the
momentum equation to yield instantaneous values of thrust., Flapping
was neglected and the blade-element thrust was combined with



momentum thrust to yield a differential equation having the form of
Riccati's equation., With collective pitch given as a known function, the
resulting equation was numerically integrated for a range of rotor
operating conditions yielding results that bear some resemblance to
those obtained by Carpenter and Fridovich., Data obtained in experi-
ments appeared to verify (qualitatively) predictions made for various
nondimensional rotor parameters; however, these investigators
concluded that the apparent mass defined by C.arpenter and Fridovich
should be doubled in order to account satisfactorily for their experi-
mental results., Both groups of investigators showed that the thrust
response is highly sensitive to the rate of change of the collective
pitch,

Michel, et al, [15] used the principle of superposition to separate the
response of a helicopter to a gust from the periodic response that
exists for an articulated rotor in forward flight, Equations and solution
techniques were developed to yield the transient response of a rotor
upon entering a sharp-edged gust., Aerodynamic loadings were computed
on the basis of a time invariant, uniform inflow. It should be noted that
this study was concerned with procedures yielding overall gust load or
alleviation factors rather than with the details of blade loading, blade
motion, and blade stress. A subsequent investigation [16] constituted
an experimental check on these theoretical results and demonstrated
order of magnitude agreement between theory and experiment. The
experimental results indicated, however, that the blade flapping

and moment response is influenced by the collective pitch setting of

the rotor, in contrast to the assumption made in the analysis [15],
namely, that the gust response is independent of the steady-state
periodic response that exists in forward flight,

Except for the absence of means for computing thc detailed influence

of a vortical wake, Gessow and Crim [17] developed a computing
program (in 1955) that bears a close resemblance to the program devel-
oped in the investigation reported herein. This reference is cited last
since it represents the state of the art prior to the present study for
computing the transient flapping of helicopter rotor blades., In fact,

the procedure as developed by Gessow and Crim (or modified form)

is currently employed by the helicopter industry to compute both the
steady-state and transient flapping behavior of rigid-blade rotors. The
computational procedure is employed mainly for (1) investigating
questions of rotor stability at high advance ratios, (2) determining
steady-state, tip-path-plane orientations, and (3) predicting perform-
ance characteristics., Provision is generally made for determining
blade thrust as a function of lift and drag data obtained from two-
dimensional airfoil tests over a zero-to-360-degree range of angle of
attack. However, no provision is made for introducing the influence

of temporal and spatial variations in induced velocity, since such
variations require that a suitable mathematical model of a rotor wake
be available,




It shouid be again pointed out that the present study is primarily
concerned with the elimination of the traditional assumption of uniform
inflow such that the impulsive and/or high frequency components of
blade loading due to the presence of the spiral, vortical wake can be
determined with reasonable accuracies., Previous research efforts
[12] have demonstrated that this objective can be achieved for SSBL
calculations, albeit at the cost of considerable program complexity
and computing time,



REPRESENTATION OF THE ROTOR WAKE

GENERAL REMARKS

For purposes of computing the transient air loadings caused by changes
in collective pitch, the rotor and its wake are modeled (mathematically)
in essentially the same format that was adopted for the SSBL calcu-
lations described in Reference 12, Namely, each blade of the rotor is
represented by a segmented lifting line (bound vortex) locatcd along the
quarter chord of the blade, and the wake is represented by a mesh

(or lattice work) of segmented, straight vortices, with the strength of
the vortex being constant over the length of the segment, Whereas,
previously, the wake was considered to consist of a large number of
closed '"boxes' of vorticity, constituting a convenient means for
"lumping'' the distributed vorticity in the wake into discrete elements
of shed and trailing vorticity, the wake adopted for the TBL model is
assumed .o consist only of trailing elemeats. Omission of the shed
elements means that we have elected to ignore the influence of unsteady
aerodynamics (associated with the changing circulation on a two-
dimensional segment of the rotor blade) in computing air loadings in the
TBL calculation, This simplifying assumption was adopted as a resulit
of (1) having performed a study of means for simplifying the wake
model (which study will be described below), (2) recognizing that
theoretical means for including unsteady aerodynamic effects in the
TBL model are not clearly established, and (3) the large motivation
that exists for reducing the complexity of the wake calculations when-
ever it appears to be reasonably justifiable, A most important feature
of the wake model that has been employed heretofore for making
calculations of air loadings on rotary wings is the requirement to
specify beforehand the gross geometry of the vortex elements in the
wake., In practice, this has meant that the steady-state wake is
treated as a ''rigid'' wake in which the pitch of the spiral is determined
by a ''transport'' velocity equal to the. mean velocity induced by the
rotor, as yielded by momentum theory. A transient wake, equivalent
to the rigid wake produced in steady, forward flight, is onc in which the
vorticity is trailed from a blade executing nonperiodic rather than
periodic motions in space, Note that a tip-path-plane is not defined.
However, the vorticity, subsequent to being trailed by the blade,
acquires a geometry governed by a priori statements about the steady
and time-varying components of the velocity transporting the vorticity
in a direction perpendicular to the horizontal line of flight.

This a priori specification of the time-varying transport velocity
greatly simplifies the model of a rotor-wake system. In so doing, we
eliminate the necessity to compute the self-induced effects of the wake,
either in terms of how these self-induced effects control (1) the ''steady"
distortion that exists in a steady.(periodic) wake or (2) the time-varying
distortion or geometry that exists for a nonsteady (nonperiodic) wake,.
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Thus we need compute only the velocities induced by the wake at the
rotor blades, having eliminated the requirement for computing velocities
elsewhere in the wake space,

Piziali and DuWaldt [10, 11] have shown that a wake spacing (i.e., of
the skewed spiral assumed to correspond to the wake of a rotary wing

in forward flight) based on a downward-transport velocity equal to the
momentum-theory value of induced inflow yields an azimuthal and span-
wise variation of loading in reasonable agreement with experiment. It
should be recognized that this particular simplifying assumption (adopted
for the SSBL study) is the major feature of the wake model that results
in the approach being a practicable one from the standpoint of tolerable
computing complexity and cost. Accordingly, no consideration was given
towards eliminating this assumption in this study of transient ; ,adings.
Note, however, that the existence of a transient wake presents added
reasons for the removal of arbitrariness with respect to wake geometry,
and accordingly, for the introduction of wake geometry as a dependent
variable in the problem. Approximate means for representing the
variable geometry in the wake, as exists during the transient interval,
are discussed later in this report.

Although the representations of wake vorticity and geometry, as used in
the SSBL and TBL models, are mathematically equivalent, there are
basic differences in the solution format. In the case of the SSBL calcu-
lation, an axis system is placed in the specified (i, 2., known) tip-path
plane. A set of simultaneous algebraic equations are derived in which
-the unknown variables to be determined are the bound vorticities that

" exist on each spanwise bfade segment at a finite number of azimuth
intervals, this number being taken sufficiently large to describe
adequately the azimuthal variation of loading. (This procedure means
that the use of 10 spanwise segments and 24 azimuth intervals, for
example, requires the determination of 240 unknown circulation
strengths.) In the TBL calculation, time.varying loadings cannot be
obtained from a simultaneous solution of equations that are based on the
periodicity inherent to the steady-state loading process. Rather the
bound vorticity existing on the blades at every discrete interval of time
(corresponding to an equivalent azimuthal interval) must be determined
as a function of the total wake that exists at that specific interval of time
Since at any given time interval, the number of unknown circulation
strengths that must be determined is the product of the number of span-
wise segments and the number of blades, it is seen that, with respect

to the requirement for solving a set of simultaneous equations, the

TBL calculation is considerably less involved in this regard, On the
other hand, whereas the SSBL calculation requires that a solution of

a very large set of equations be obtained only once, the mathematical
analog of the TBL phenomenon requires that the equation set be solved
for each time interval for as many time intervals as are required to
define the transient response to a given input of blade-pitch control.
This particular feature of the TBL calculation requires that the induced-
velocity coefficients of the wake (as defined in Reference 12) be
recomputed at each time interval. Note that a SSBL calculation requires
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only a single determination of these coefficients, Accordingly, a TBL
calculation procedure must pay a significant penalty in computing time
as a consequence of the nonexistence of periodicity in the phenomenon,

The development of the TBL calculation procedure to its present state
has required the adoption of the following simplifying assumptions in
addition to the above-mentioned (1) neglect of shed vorticity and (2)
requirement for specifying wake geometry:

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

The continuous, spanwise distribution of bound vorticity
existing on a real blade, as well as its continuous
variation with time, can be satisfactorily defined by
using a sufficient number of blade segments and azimuth
intervals, over which segment and interval the vorticity
is assumed to be constant,

The vortices trailed into the wake are equal to the
differences in the strengths of the bound vorticity on
adjacent segments of the blade,

The effects of viscous dissipation on the wake-vortex
strengths can be neglected.

The angle of attack of a specific blade segment is the
""effective'' angle of attack computed at the three-quarter
chord point,

The circulation trailed into the wake behind a stalled
section is the circulation corresponding to the lift
produced at the stall angle,

The velocities induced by a rotor wake can be adequately
determined by application of the Biot-Savart law,

It is necessary to compute only that component of
velocity induced perpendicular to the horizontal line of
flight,the lateral and longitudinal components being
deemed to be relatively unimportant,

It is permissible to neglect the bound vorticity on the
blades in computing the velocities that are induced in

the rotating coordinate system since the influence of
bound vorticity is negligible at zero forward velocity

and remains negligible for low solidities and low advance
ratios,

q should be recalled that these coefficients are functions only of
wake geometry and rotor position,
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(11) The rotor blades are structurally rigid and have only
a flapping degree of freedom. '

(12) The rotor revolves at a constant angular velocity
throughout the transient interval,

(13) The hub of the rotor continues to translate in level,
forward flight at constant speed during the short
time interval of interest,

Further simplifications that have been introduced into the analysis
pertain to the computation of the effective aerodynamic angle of attack
and the total aerodynamic force created at a given blade segment, For
example, the TBL calculation (in its present form) linearizes the
relationships that exist between circulation and induced velocity by
assuming that (1) the airflow angle, ¢ , is small, namely, that
-f Up ~ Up

¢ = tan U—T - U—r »
where Up and Uy are as defined in the Lict of Symbols, and (2) lift is
linearly related to the angle of attack up to an assumed angle of stall,
above which the lift coefficient and circulation remain constant. This
linearization was incorporated into the SSBL model described in
Reference 12 and has been retained here for purposes of simplifying
and expediting the solution of the equation set yielding the unknown
bound vortices,

DEVELOPMENT OF A SIMPLIFIED WAKE MODEL

As part of the overall effort to develop a method for predicting the
nonperiodic air loadings on a helicopter rotor, considerable attention
was directed first towards achieving means for simplifying the
previously developed wake representation, The motivation was two-
fold. First, it was essential that the computation time associated
with computing the velocity coefficients of the wake be minimized —
particularly in view of the additional computing that is introduced by
the step-by-step procedure associated with the TBL process. Second,
it appeared desirable to introduce modifications to the original format
in order to obtain a more realistic simulation of the rolling-up process
that occurs in the wake developed by a rotary wing. To this end, an
investigation was made to determine the extent to which the original
wake representation, diagrammed schematically in Figure 1, could be
simplified and/or modified,

The following wake modifications were examined for their influence
on the induced-velocity and loading distributions occurring in forward
flight:

13
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(1) Elements of shed vorticity in the wake were neglected
at progressively closer points to the blades while retaining
a complete mesh of trailing-vortex segments; see Figure
2 (a).

(2) Beyond the shed-vortex truncation point of (1) above, the
trailing-vortex segments were concentrated (''rolled up'')
into a tip and root vortex; see Figure 2 (b). Provision was
also made for positioning the root and tip vortices to
simulate wake contraction,

(3) Beyond the shed-vortex truncation point of (1) above, the
trailing-vortex segments were concentrated into a single
tip vortex; see Figure 2 (c).

Calculations were made for the two-bladed HU-1A helicopter flying at
110 knots. Comparisons were made with respect to the azimuthal
variations in loading and induced velocity and the harmonic content of
these variables up to the tenth harmonic. Typical results (aerodynamic
loading plotted versus azimuthal position for a specific spanwise
station) are shown in Figure 3 for the following wake configurations:

(1) A complete grid of trailing and shed vorticity.

(2) Shed vorticity truncated at one-quarter revolution
behind blade, grid of trailing vorticity retained,

(3) No shed vorticity, grid of trailing vorticity retained.

(4) Shed vorticity truncated at one-quarter revolution
behind blade, trailing vorticity rolled up into a root
and tip vortex one-quarter revolution behind the
blade,

(5) Shed vorticity truncated fifteen degrees behind
blade; trailing vorticity ''rolled up'' into tip vortex only,

Shown also in Figure 3 is representative of similar plots made for

other spanwise stations and collectively, these plots demonstrate that
the shed vorticity, as represented by the wake model used in the study
reported in Reference 12, does not significantly influence the resulting
loadings on the blades. The difficulties encountered in adequately
representing the shed vortex sheet by discrete vortices located at equally
space azimuth intervals behind the blade are reviewed and discussed

in Reference 19,

Shown also in Figure 3 are experimental loadings obtained with the

HU-1A helicopter [18]. It appears that a wake model consisting only
of trailing-vortex elements, trailed as a consequence of a spanwise
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variation in bound vorticity, does account for a major portion of the
loading phenomena observed in forward flight, Since considerable
questions still remained as to the adequacy and necessity of means for
representing the shed-vortex sheet, a decision was to drop shed
vorticity from the wake model incorporated into the TBL program,
Some reservation must be retained, however, as to the adequacy of
this simplification when very rapid changes of bound vorticity are
produced as a result of (1) very rapid changes in collective pitch, and/
or (2) very rapid changes in the induced-velocity field, Admittedly,
more calculations are in order to assess the quantitative role of shed
vorticity in those flight conditions in which unstcady aerodynamic
effects would be accentuated,

During the wake-simplification study, a few calculations were made to
investigate the influence of wake contraction on the air loadings produced
on a HU-1A rotor at an advance ratio of 0,18, These forward-flight
calculations were inconclusive in that no definitive indications could

be seen as to whether the simulation of the contraction in the rolled-up
wake yields improved correlation with experiment, Subsequent
calculations made for hovering flight, on the other hand, produced
just the opposite result, namely, that simulation of wake contraction
is a feature of a wake model that is essential to the prediction of the
aerodynamic loading in hover. A few remarks relative to this point are
in order,

Since the objective of the SSBL research program was the development
of means for predicting the highly variable .oadings produced in forward
flight, no attention had been directed to hovering flight. Thus, no
knowledge was available as to the ability of the SSBL wake model to
predict total loads and load distributions of reasonable accuracy for a
hovering rotor. In this investigation the response of a hovering rotor
to rapid changes of collective pitch, was however, a matter of interest,
It was, therefore, necessary to obtain a steady-state loading in hover
for purposes of representing the initial condition that prevails prior to
the initiation of the transient input. Calculations showed that a wake
model without any contraction assumed for the rolled-up portion yielded
both a total load and spanwise distribution of loading that were in poor
agreement with the results measured on an H-34 helicopter [20].
Figure 4 shows the nature of this discrepancy and presents also the
considerable improvement in the calculated result when the rolled-up
tip vortex is assumed to be located at r/R = 0. 825 and the rolled-up
root vortex is assumed to be located at r/R = 0, 425,

It is concluded that realistic predictions of loading during hover can be
obtained only if the wake geometry is suitably specified to approximate
the actual contraction of the wake, Further, the limited wake studies
conducted in this investigation indicate that the variable loadings
produced for forward flight in the vicinity of = 0.18 are caused by
geometrical features of the wake that can be described satisfactorily
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irrespective of small errors in the estimates of (1) the degree of wake
contraction and (2) the value of the vertical-transport velocity, The
spanwise load distributions produced during hovering, on the other
hand, are sensitive functions of geometry of the wake — in particular,
the pitch of the vortex spiral and the diameter of the spiral formed by
the rolled-up tip vortex,

THE COMPUTATIONAL MODEL

A mathematical analog of an articulated rotor, with rigid blades flapping
in the induced-velocity field created by the vortical wake of the rotor,
consists of several major parts, These are as follows:

(1)

(2)

(3)

(4)

(5)

(6)

The equations that yield the geometry of the wake, i, e.,
the spatial location and orientation of elements of vorticity
in the wake relative to the blades of the rotor at each and
every instant of time, (Wake geometry is determined by
the specified flight condition and rotor configuration, the
motions of the rotor blades, and the vertical-transport
velocity. This latter variable is specified as a constant
for calculating steady-state loadings anc as a function of
time when computing transient loadings.)

The application of the Biot-Savart law to compute the
induced-velocity coefficients corresponding to the wake
geometry existing at a given instant of time, (These
induced-velocity coefficients represent the velocity
induced by a given segment of wake at a specific location
in the rotor disc per unit strength of vorticity in the wake
element.)

The assignment of circulation strengths to each element
of wake at each instant of time as a function of all the
vorticity that has been trailed at earlier instants, These
vorticities are functions of the bound vorticities that
existed at earlier times,

The summing of induced-velocity contributions from all
elements of the wake except for the elements of unknown
strength immediately adjacent to the blades,

The equations defining the angle of attack of the blade
segments as a function of the kinematics of the rotor and
the velocities induced by all of the vorticity in the wake,
except the vorticity being trailed at the given instant of
time,

The set of simultaneous equations that relate at the given
instant of time the unknown bound circulations (and
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likewise the trailing vorticities adjacent to the blades)
to those values of circulation corresponding to the
angles of attack determined in (5) above,

(7) The equations defining aerodynamic loading, moment about
the flapping hinge, and angular acceleration of the blade
about the flapping hinge,

(8) A numerical integration procedure to obtain the angular
velocity and dsplacement of the blade about the flapping
hinge.

Figure 5 is a2 schematic of the above-outlined mathematical analog.
(The details of the complete mathematical model are presented in
Appendix 1,) It is sufficient to note here that the computations
indicated in Figure 5 are carried out for as many time intervals as
may be necessary to (1) establish a periodic loading and wake and (2)
determine a complete time history of the transient response to a
specified change in collective pitch, that is, until the loading and wake
again become periodic with time,

The calculations diagrammed in Figure 5 require that an axis system
be defined for describing both the flapping response of the rotor and the
geometry of the wake, Figure 6 shows the y.¢y-3 axis system adopted
for this purpose. Note that the origin is placed at the hub of an
articulated (flapping) rotor, with the » axis directed rearward, parallel
to the horizontal direction of flight, It should be recalled that the
analysis is restricted to level-flight operations or to the situation that
prevails when the rotor hub is held fixed in a wind tunnel, Figure 6
shows that the rotor shaft has been assumed to be tilted only in the z-%
plane. Thus we ignore any lateral tilt of the rotor shaft, since this

tilt angle is usually small during trimmed, level flight. A conventional
shaft axis system is used to describe the flapping and feathering of the
blades and the motions and displacements of the blades (as seen in the
shaft axis system) are transformed to equivalent quantities in the -y-3
system. Only the j-axis component of the total induced-velocity vector
is included in the analytical model, as was indicated earlier, In
accordance with the adopted axis system, velocities induced in the
negative 3-direction are designated as negative quantities,
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COMPARISON OF THEORY AND EXPERIMENT

STEADY-STATE LOADINGS

The measured air loads used to test the adequacy of the TBL
computational model for predicting periodic loadings in steady flight
were obtained from two sources: full-scale flight tests of the H-34
helicopter [21 ] and wind-tunnel tests of a full-scale H-34 rotor [22].
The first set of data is a portion of the data originally used to evaluate
the adequacy cf the SSBL calculation procedure [12]. Data obtained at
one specific flight condition (s# = 0.18; V=118 fps) are employed herein
to examine the extent to which the current SSBL and the TBL computa-
tional procedures yield results in agreement with each other and with
experiment., Although it is patently true that the successful prediction
of transient loadings requires, a priori, a model that correctly predicts
periodic loadings for steady flight, it was felt that steady-state
comparisons are also mandatory to demonstrate that the TBL procedure
yields periodic loadings for steady forward flight equivalent to that
calculated by another computational method.

Figure 7 presents the aerodynamic loadings at seven spanwise stations
as a function of azimuth, as obtained by measurement and by computa-
tion with the SSBL and TBL programs. The differences between the
results produced by the two computational procedures can be attributed
to the differences that exist between first-harmonic flapping, that is,
the tip-path-plane orientation, It should be noted that the SSBL calcu-
lation procedure described in Reference 12 requires that the tip-path-
plane orientation be known and specified as an input to the program. In
the TBL calculation, however, the blades are free to flap and the steady-
state orientation of the tip-path plane is a computed quantity. Small
differences between specified and computed first-harmonic flapping of
the blade result in significant differences in the first-harmonic

variation of angle of attack. These differences in computed angle of
attack caused by small discrepancies in first-harmonic flapping are
responsible for the discrepancies in computed loadings seen in Figure 7.
Notwithstanding this failure of the SSBL and TBL calculation procedures
to agree on first-harmonic components of the air loading, a comparison
of the measured and computed loadings in Figure 7 shows that theory
predicts the higher frequency variations in measured load reasonably
\Vello

Figure 8, a plot of induced velocities versus azimuth for seven different
spanwise positions, demonstrates that the SSBL and TBL calculation
procedures yield, for all practical purposes, the same induced-velocities
in the plane of the rotor disc. This figure is included for purposes of
demonstratiag that the differences between the calculated loadings
presented in Figure 7 cannot be attributed to a lack of equivalence in the
induced velocity field yielded by two different calculation procedures,
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The question as to why the TBL computaticn yields a tip-path-plane
angle of 4.2 degrees in contrast to the angle of 3,0 degrees specified
as the input to the SSBL computation cannot be answered in a precise
manner. There are many approximations and simplifications (as well
as inaccuracies of measurement) that lead to small differences in load
and load distribution which, in the aggregate, can cause differences in
blade motion of the magnitude obtained. It should be emphasized that
while accurate prediction of blade motions is necessary to obtain
accurate predictions of blade loadings, it is by no means sufficient,

Figure 9 is a comparison of calculated periodic air loadings (i.e,, in
steady forward flight with data obtained in full-scale wind-tunnel tests
[22]. The loadings plotted in this figure correspond to the initial steady
state achieved in Run 1 (see table on the following page for listing of
test conditions - Runs 1, 2, and 3) prior to the initiation of a collective-
pitch change, In general, the agreement between theory and wind-tunnel
test appears to be as good or better than that achieved with full-scale
flight data (see Figure 7)., Since the agreement that is obtained is, in
part, a function of the advance ratio and total force, it is not possible

to draw any firm conclusions as to whether the improved agreement
reflects more accurate input data or is the result of the air loadings
being less sensitive to the wake for this particular flight condition, It
should be noted, however, that the comparisons made in Figure 7 involve
calculations in which no wake contraction was introduced whereas the
tip and root vortices were assumed to roll up 45 degrees of azimuth
behind the blade at the 0, 90 and 0. 375 radial stations, respectively,

in the calculations plotted in Figure 9. No calculations have been made
without wake contraction being assumed for the test conditions
corresponding to the results presented in Figure 9.

RESPONSE TO CHANGE IN COLLECTIVE PITCH

The measured air loads used to test the adequacy of the TBL computa-
tional model for predicting the transient response to a change in
collective pitch were obtained in wind-tunnel tests, as indicated above,
Data were obtained at two ''flight'' conditions. For the first condition,
one transient response was produced by a rather slow increase in
collective pitch. In the second condition, two transients were produced,
one in response to a more rapid increase in collective pitch, a

second in response to a rapid decrease, Data pertaining to the wind-
tunnel test conditions are tabulated in the table,*

Originally a more exhaustive test program was planned, but
instrumentation difficulties forced the curtailment of the
transient-response tests.
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In order to facilitate a comparison between theory and experiment, it
was necessary first to rcduce the test data for purposes of determining
the cyclic-pitch settings and time history of collective pitch., Since
blade pitch was measured on blades separated by 180 degrees of
azimuth, collective pitch could be resolved by summing the output of
these pitch transducers. Cyclic pitch was then determined by
subtracting collective from the pitch of the instrumented blade.

TABLE |
WIND TUNNEL TEST CONDITIONS

RUN | RUN 2 RUN 3
AVERAQGE TEST VELOCITY, FT./SEC. 181.0 186.0 186.5
ROTOR ANGULAR VELOCITY, RAD./SEC. 23.2 23.2 28.2
ADVANCE RATIO 0.202 0.286 0.2087
SHAFT ANGLE OF ATTACK, DEG. 10 5 5
AVERAGE AIR DENSITY, SLUGS/CU.FT. 0.0022 - 0.002276 0.002272
INITIAL TOTAL LIFT, LBS. 8710 85 8718
FINAL TOTAL LIFT, LBS. 12182 : 2037
TOTAL COLLECTIVE-PITCH INCREMENT, DEG. 1.775 1.607 -2.663
VERARESMETE T | es | we |

*NO WIND-TUNNEL BALANCE READING BECAUSE OF EXCESSIVE VIBRATION.

The above procedure worked very well with respect to determining the
relative variation in collective-pitch settings, but the absolute values
of collective pitch, as indicated by the measured traces and the supplied
calibration data, were so small that negative thrust would result in a
subsequent computation, It proved expedient to resort to the charts
presented in Reference 23 to determine appropriate settings of
collective pitch and to utilize further that portion of the TBL program
which operates with a specified inflow to check these settings for
suitable accuracy. Subsequent to this step, as made necessary by the
invalid experimental data, three complete transient responses were
computed for comparison with actual measurement,

Figures 10, 11, and 12 present comparisons of measure and predicted
transient air loadings for seven span positions for test runs 1, 2, and
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3, respectively, * Shown alsc are predicted and measured flapping, the
time history of collective pitch (as measured and as used for the input
to the calculation), and the assumed variation in the mean induced
velocity, W, governing the spacing of the wake during the steady and
transient interval. The assumed timewise variation in w was based on
the results of hovering calculations that are discussed in the following
section of the report, As a result of this hovering study, there is
reason to believe that the computed air loadings would not be modified
significantly on assuming a different time variation in #., Instead, it
appears that wake distortion arising from self-induced effects, in all
likelihood, contributes errors in the description of wake geometry that
are considerably more significant than the errors that result from the
very approximate means used to simulate the time-varying spacing of
the wake spiral during the transient interval,

Figures 10, 11, and 12 show that the TBL model developed in this
study simulates in remarkably good fashion the overall behavioxr of a
rotary wing subjected to a change in collective pitch, Although the
computations do not produce precise agreement with the measured
time histories of air loadings, there are many areas of qualitative
and quantitative agreement, It is seen that certain portions of the
high-frequency content in the loadings are predicted by theory
remarkably well. Note should be taken of the agreement between theory
and experiment as reflected by the different patterns of loading that
occur at the various radial positions on the blade., Note also the
agreement achieved between measured and predicted flapping,

These comparisons of measured and calculated responses would
appear to indicate that continued refinements of the analysis with
respect to (1) the aerodynamics, (2) improvements in the description
of wake geometry, and (3) expanded modeling of the rotor structure
will lead to an even better prediction capability., It is concluded that
the wake model, in its present form, together with a model of the
kinematics and dynamics of a simple articulated, rigid-blade rotor
simulates the essential components of the TBL phenomenon resulting
from typical changes in collective pitch, Admittedly, additional data
are needed at lower and higher advance ratios in order to further
confirm or qualify this conclusion,

* It should be noted that a ~/# = 0,95, the calculated response
corresponds to r/R = 0,96 as a result of a requirement (to be
discussed later) to compute the loadings at eight spanwise
segments,
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A comment is in order with respect to the total thrusts that are
predicted by a nonuniform-inflow calculation, As was mentioned above,
the collective pitch was adjusted until a uniform-inflow calculation
yielded a calculated total thrust equal to the total thrust measured in
the wind tunnel., In actual practice, allowance was made for the fact
that the integration (trapezoidal) of load along the span yields calculated
total blade loads that are less than the true load., For example, the use
of eight spanwise segments in the calculation results in a th:"ee-percent
reduction from the load yielded by the use of nine segments, Accordingly,
the initial collective pitch was set in Run | to produce an average load
of 8450 pounds, with the uniform-inflow computation indicating a four-
per-revolution oscillatory component of approximately 60 pounds, It
was found that the steady total load, as yielded by a nonuniform-inflow
calculation, is approximately 8150 pounds and has a four-per-revolution
oscillatory component of approximately 755 pounds. Two observations
can be made:

(1) The average total lift resulting from a nonuniform -inflow
calculation is less than that yielded by a uniform-inflow
calculation,

(2) A significant level of oscillatory total shear at the rotor

hub is predicted by a nonuniform-inflow calculation
whereas very little oscillatory component is predicted
by a uniform-inflow calculation,

The above comparisons have significance with respect to calculations
of rotor performance and transmitted shears,

Note that Figures 10, 11, and 12 do not readily indicate whether
discrepancies, if any, exist between the calculated and measured
mean loadings. The calculations, as performed, yielded mean total
thrust approximately 4 percent less than the initial and final mean
steady-state thrusts measured for all three runs with one exception —
the calculated average 'hrust for the final steady state achieved in
run 3 is approximately 2600 pounds (i. e., about 30 percent greater
than the measured value), These discrepancies in the mean thrust
levels obviously do not detract from the basic validity of Figures 10,
11, and 12 for demonstrating the ability of the TBL model to predict
variations in air loading, either with respect to spanwise position on
the blade or azimuthal location in the rotor disc.
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ADDITIONAL NUMERICAL INVESTIGATIONS

The development of a method for computing the transient air loadings

on rotary wings has necessarily resulted in several additional numerical
studies, The results obtained in these studies have yielded additional
insight on (1) the nature of the blade-loading phenomenon and (2) the
capabilities and shortcomings of the developed analytical procedure,
Several of these results will be discussed in this section of the report.

Consideration of the blade-load prediction task shows that there are
several sources of error. One source is the erroneous contribution to
the angle of attack of a blade segment that results from geometric
angles of pitch and blade pitching/plunging velocities that are not in
accord with actuality as a result of assuming that the blades are rigid
or as a result of insufficient rigor in modeling either the elastic structure
of the blade or the kinematics of the hub. A second source is the erron-
eous induced-velocity field that results from our inability to model the
wake, both its geometry and strength, with sufficient exactitude, With
respect to the first source of error, studies are underway in several
organizations (including CAL) to determine the extent to which pre-
dictions of blade loading can be upgraded by appropriate modeling of the
elastic properties of rotor blades [19]. With respect to the second
source of error, the extent to which improved modeling of the geometry
of the wake will yield significant gains in load-prediction accuracies is

a matter of much concern, On the other hand, there is considerable
motivation (as was pointed out earlier) for simplifying the model of the
wake in order to reduce the program size and the amount of computing
time that is currently required, Further, questions of the adequacy of
wake models become considerably more involved when transient
(nonperiodic) loadings are of interest rather than the periodic loadings
produced in steady, forward flight, Accordingly, consideration is
given, in this section of the report, to certain aspects of wake modeling,
both for the steady-state and transient fligiat regimes,

The coatgibution of the wake in causing blade-load variations of high
harmonic order is graphically demonstrated in Figure 13, Computed
total lifts on an H-34 rotor blade are shown plotted versus azimuth. The
dashed curve is the total load that is computed when the inflow is assumed
to be constant. The solid curve is the resuit that is obtained when the
inflow is a function of the velocities induced by the vorticity in the wake,

Although the vorticity distribution in the wake corresponding to the lift
on the blade represented by the solid line is significantly different from
that associated with the lift on the blade represented by the dashed line,
we find that the induced-velocity distributions produced are very similar.
Figure 14 shows the spanwise variation of induced velocity on four blades
if the computation is made at an instant of time at which all the vortex
elements in the wake have strengths corresponding to the load variation
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represented by the dashed line in Figure 13, Figure 14 also shows the
induced velocity versus span that results from a wake having the vortex
strengths associated with the solid line in Figure 13, It appears
reasonable to conclude (at ijeast on a tentative basis) that the velocities
induced in the plane of the rotor disc are more sensitive functions of
wake geometry than of the vortex strengths, These calculations appear
to lend support to the hypothesis that a wake having a constant strength
corresponding to the mean total load on a rotor would produce a good
approximation of the velocity field that is induced in the plane of the
rotor disc. Additional numerical studies are required to confirm this
hypothesis fully and to establish the degree of approximation involved.

The problem of modeling rotor-wake geometry during the transient
interval that is associated with a change in collective pitch has been
mentioned previously, Note that it is theoretically possible to account
for both the steady-state and transient distortion in a wake by computing
the velocities that are induced everywhere in the wake space. However,
the realities of required computing time and cost rule out this approach
to the problem. Fortunately, reasonably good predictions can be made
of the periodic loadings in steady, forward flight when the self-induced
distortions in the steady wake are ignored [12]. On the other hand, it
is not possible to ignore, a priori, the time-varying geometry of the
transient wake since the assumption made with regard to a uniform and
constant velocity transporting wake elements in the downward direction
may no longer be admissible. A short numerical investigation of this
point was made,

Since the mean velocity induced by the wake is greatest in hovering
flight, it was hypothesized that the transient loadings resulting from a
collective-pitch change introduced during hover would be most sensitive
to transient spacing in the wake spiral, Accordingly, a series of
calculations were made for a H-34 rotor at zero flight velocity in order
to investigate the importance of transient wake effects. Responses to
both positive and negative changes in collective pitch were obtained.

Figure 15 is a time history of loading, total thrust on rotor, total
thrust on blade, flap angle, circulation, and induced velocities as
caused by a change in collective pitch of approximately four degrees,
The solid curves were obtained for a wake whose spacing remains fixed
at its initial steady-state value, The dashed curves were obtained when
the mean value of induced velocity, transporting the wake, was assumed
to vary with time as shown. * Note that the collective-pitch ramp is

As a result of an error in the computation of the aerodynamic
moment about the flapping hinge, all hovering computations predict
a coning angle that is much too large., Conclusions drawn with
respect to loading and the effects of transient wake geometry are
still valid, however.
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completed in a time interval required for the rotor to rotate through

60 degrees of azimuth, The blade-pitch rates that exist during the
input interval are quite large and the observed discontinuities in the
loading time histories, etc., result from the effective angles of attack
caused by the high rate of blade pitch that exists over the input interval,
We observe that the total thrust on the rotor reaches its peak value
approximately three-.quarters of a revolution after initiation of the
collective-pitch ramp. It should be noted that the overall behavior of
the rotor, i.e,, the predicted total thrust and flap response, is similar
to the experimental results obtained previously by Carpenter and
Fridovich [13].

Of particular interest to this investigation are the changes in loading
and load distribution that result from a transient input and subsequent
variations in the geometry of the wake. Note that the loadings do not
reach their peak values simultaneously; specifically, the center-span
blade segments reach their peak loading prior to segments near the tip
of the blade.® This result is caused by differences in the timewise
variation in induced velocity at the various radial positions, The time
histories show that the induced velocities change immediately following
the initiation of the input at those stations located at the tip and root ends
of the blade. At the median stations, there is a time delay before any
significant change is exhibited by the induced velocity.

When the mean induced velocity, # , varies as shown by the dashed line**.
we find, first, that the final steady state is attained at an earlier time
since the increased wake spacing decreases the influence of the '"older"
wake elements, Second, we observe, as expected, that the final total
thrust on the rotor is increased, Third, the time histories of blade
loading are similar to those computed previously, with the exception
that at /R = 0,55, 0.65, and 0,75 we ot:iserve (1) an "undershoot'' as
well as an ""overshoot'' in loading, and (2) greater percentage differences
in the final steady-state loading, Fourth, these observed changes in
load distribution along the span are accounted for by the different
induced-velocity field that results when the wake spacing is assumed to
increase in the manner shown., It is seen that the increased wake
spacing causes a relatively small increase in the velocities induced
near the tip of the blade, whereas at /R = 0.55, 0,65, and 0. 75 a
significant reduction occurs in the velocities induced by the wake, In
general, it may be stated that it is primarily the mid-span locations on
the blade that exhibit a change in steady-state loading due to a specified
change in wake geometry and these locations likewise exhibit the largest
transient effects that depend or the manner in which the mean value of
the induced velocity is assumed to change,

* The loading at the 25-percent span position remains constant since
this segment of the blade is stalled.

** The final value of # is based on a prior estimate of the final total
thrust,
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The response of a hovering rotor to a reduction in collective pitch is
presented in Figure 16, The mean induced velocity, W , was assumed
to vary in the manner plotted, This assumption was based on a prior
estimate of the final value of total thrust to be achieved with the reduced
collective pitch, with the timewise variation being based on the induced-
velocity responses computed for the increase in collective pitch,

Another aspect of the wake model, deserving of consideration, is the
assumption that the trailing vorticity streams rearward (with the local
velocity vector) from the bound vortex located at the one-quarter chord.
This assumption has created a computational limitation in that an upper
limit exists on the advance ratios that can be treated, this limit being
a function of the spanwidths specified for the blade segments used in
the computation, The limitation arises from the '"lumping" process
used to represent the trailing vortex sheet, Specifically, the
representation of the trailing wake by discrete vortices implied
selection of control points for computing induced velocities that

are midway between trailing vortex filaments. Under the present
assumption of vortices trailing free from the one-quarter chord, it is
possible for the three-quarter chord point on the blade to fall outside
the horse shoe vortex associated with that particular blade segment,
This resultant geometry can occur for a cornbination of very narrow
segments (usually taken at the blade tip) and high advance ratios, The
computation will fail whenever this situation occurs since the trailing
vortices do not act to restrain the bound circulation at this segment,
but rather become a destabilizing influence in the solution for the
unknown bound circulation strengths,

Previously, Queijo has shown [24] that a better representation of
spanwise-flow effects on a sideslipping wing consists of trailing

vortex elements that remain fixed in the wing (parallel to the chord-
wise direction) until they stream free at the trailing edge, a geometry
originally proposed by Weissinger [25]. Experience with the TBL
computational procedure indicates that modification of the TBL model
to incorporate the trailing-vortex geometry first proposed by Weissinger
[25] will have a twofold benefit, First, the existing restriction on
advance ratio and segment widths will be removed. Second, the
approximation introduced by dividing the blade into a finite number of
spanwise segments will be improved, since the problem associated
with calculating induced velocity at points exceedingly close to a vortex
element will be eliminated.

A final comment with respect to the adequacy of the adopted wake
model bears on the question of the circulation strengths assigned to the
rolled-up root and tip vortex, Calculations made during the wake-
simplification study, for one specific rotor and flight configuration,
indicated that the maximum circulation on the blade did not move
radially to any significant extent, Further, the circulation distribution
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tended to be relatively flat near the peak, Accordingly, it appeared
reasonable to assign the circulation strength computed at the specific
radial station bracketing the average location for peak gamma, I , to
the rolled-up root and tip vortices, This procedure obviated the need
for program lopic to seek the maximum value of /" along the blade span
and thereby simplified the computational procedure., Calculations made
for the purpose of comparing theory with data obtained in the NASA.Ames
Tunnel have shown, however, that "'flight'' conditions can exist wherein
the location of peak /" moves almost from root to tip in an erratic fashion
during one rotor revolution, It appears that the scheme adopted herein
for assigning circulation strengths to the rolled-up wake is not always

a good approximation, Thus, an error of uncertain magnitude has been
introduced into the transient-response computations performed during
this investigation, Future modeling of rotor-wake systems should

make due allowance for the fact that the spanwise location of maximum
circulation is not as stationary as was assumed in this study,
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Figure |. PICTORIAL EXAMPLE OF THE INITIAL PORTION OF THE WAKE OF A
TWO-BLADE ROTOR DIVIDED INTO FOUR RADIAL SEGMENTS.

/ZH} /I/E\ = H\I\l

—
—— "._
——_

/ ////// / / //]-
(b) / (c)

Figure 2. WAKE MODELS EXAMINED IN A WAKE-SIMPLIFICATION STUDY.
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Figure 16. TRANSIENT RESPONSE TO A RAPID DECREASE IN COLLECTIVE PITCH;
CALCULATED FOR THE H-34 ROTOR IN HOVERING FLIGHT.
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BLADE i

TWO BLADED ROTOR DIVIDED INTO FOUR RADIAL SEGMENTS

Figure 17. INDEXING PROCEDURE USED TO DESIGNATE BLADE AND WAKE GEOMETRY.

45



SET FOR SET_UR MAIY PROGRAM TABLES:
TINE CNECK R,V1,V2,V8, V4, VS, V8, WT, VT

READ FRON TAPE | 1
m:on'ﬂ'mn f’ @ WRLTE HEADING PAGE
RESTART PROGRAM AT OUTPUT TAPE
STEADY-$ '
DEFINITION

;

READ IN _TRANSIENT INPUT 1 ION
F STEADY-S

BEV; R Wik, v

1

wWJ,1) = WIn(J)
((J=1,LE0),1 = 1,N8)

0 L
CALL COMTHE
COMPUTER 0,0
= :E:D: .Ao:‘ 1 2 "’Ems'ﬁgzm
|

Gvi¥)

ML "@

Figure 18(a). CONDENSED FLOW CHARTS: MAIN PROGRAM - "BLADES".
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SHIFT TABLES 0
A D) e AT
' T ' :t ]
POATE TAPLE
e :‘ R'!u .%%T.o‘?i‘e'&}p’ ; 'e
?
COMPUTE_CURRENT
Fp,
]
2600 OUT Wy
LTRIT ’
. COMPUTE CONTRIBYTION OF
L_.] UPDATE TASLES o~ ROLLED-UP WAKE __
Sy Son (1) CHECK FOR TIMER OVERFLOW
" (2) COMPUTE: a"v{ ;
MBLM+ IS BSNANRS |
SONPUZE. CURRENT (3) SUM: Wet(Fy.or)
';' ' (%) IF DESIRED: OUTMUT o~
T
STORE CURRENT ¥ !
il COMPYTE CONTRIBUT{ON OF
¥ SR RONROCLEC U WARE
CONPYTE_BLADE_GEOMETRY (1) CHECK FOR TIME OVERFLOW
x.y,2 FOR ALL (J,1) (2) COMPUTE: a;:'% .
25 R SNBN
CALL OUTPUT (3) 1F: W2, SUM: We=t(Fyp,00)
0.x.y.2 IF: =2, SAVE: °FOR /| TERATION
(£:.5 ) (4) IF DESIRED: OUTPUT o
(€

Figure 18(b). CONDENSED FLOW CHARTS: MAIN PROGRAM - "BLADES".
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Ag A8
COMPUTE INITIAL GAMMA T

. A SHIFT:

(1) COMPUTE: Up.Uy AND SAVE cONTROL Iy TABLE
FOR PROCED SUR.

(2) compuTE: /3=1(Up,U1.90)

'

PREPARE g5 MATRIX FOR $INSOL SHIFT: |

................. en TABLE
(1) INPUT: o FOR B=2

(2) coMPUTE: o3=f(BJ, o, i.],ib.2) -—‘-i
1

|
SLVE FOR_CURRENT oAMiA couru%%%’ns-
(1) CHECK FOR TIMER OVERFLOW roa, G, TMe, .
(2) INITIALIZE £y =t (94, 00,Uq) B.5.4. 118,10
(3) PREPARE SIMSOL: 0%= - My STORES: /yp. Ty }
(¥) CALL SIMSOL FOR I, ¢
(8) Sum: w=¢( /%) ' f
(6) COMPUTE CURRENT 7 =f(a7.8J,Ur,W,) !
(a) IF ANY ap >0, PREPARE FOR i
PERCENTAGE TEST ON &

(b) 1F_PERCENT -TEST FAILS
RETURN TO (3

(c) IF ALL TESTS PASSED, [, 1S
FINAL SOLUTION AND m’(‘q,.w‘)

STORE:

i(l), i=|.'.

l |

1) TEST: FOR STEADY-STATE
(" iCHIEVSl‘&T ‘
2) SAVE: PROGRAM COMDITIONS
g, ]| A |
RESTART, THEM EXIT REENTRY TAPE | i
(3) STORE: AOF BLADE 1 IN -
A STEADY-STATE ’
0N RESTART TEST TABLE

e el
"o
&

Figure 18(c). CONDENSED FLOW CHARTS: MAIN PROGRAM - "BLADES",
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SET ALL PATH CONTROLS

AS A f(mtl) UNTIL

o+l > NANRP + MSSA

WHERE: NANRP = NA®NR+!
MSSA = m AT WHICH

STEADY STATE 18
ACHIEVED

R TS T

- e g T BT

TEST FOR A0 DELAY
(1) IF NONE, €0 TO 2.b

() 17 2ty T e
() IF O, RETURN TO A9

(b) 1F YES, SET CONTROL
FOR START OF A0

R
-

Figure 18(d). CONDENSED FLOW CHARTS: MAIN PROGRAM - "BLADES".
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ZERD OUT SUMS AND SET
RUNGE-KUTTA CONTROLS

Boum = "l = ‘,i
.w. = .T = ‘i
‘ =£_“ B, = §

at 2 T

l

SET TABLE INDEX FOR

COMPUTED IN /" I TERATION

()

COMPUTE: (9; ;. J=1.LCN)
AND AB. WHEN APPLICABLE

—

COMPUTE: Ah, My Bhg

OF BLADE i FOR USE
IN COMPUTATION OF

h.o u" UT

@ FOMPUTE: '

'.l = f(Vqs,”'\F. .|)

1

SUBROUTINE:

(1) COMPUTES @,Uy, /™, WHEN NEEDED
(2) coMPuTES C,TT
(3) SAVES 7, TT,a@,C ON BINARY

TAPE WHEN REQUIRED

Fig.re 19(a). CONDENSED FLOW CHARTS:
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COMPUTE:
(“rj-“rj' J=1.Lem)

SUBROUT INE - "COMEQU".




J— TTIE - _ -

PRINTS I, T, €,

!

STORE: [y TABLE = #(/7)
It FOR STATION Jso
SM: TTS; = ¢(TT,R,RBL)

YES ’( CALL OUTPUT SUBROUTINE )

COMPUTE: M, = f(TT,R,RBL)
.T = f(“."l)
k = t(by,aT)

3rd B=h+tat* hy
.23i<r*k

o Py T PPy T I I VT T —

and "
1 Bsun = Boum * 2k
1
2
t STORE_ FOR OUTPUT
A=
]
PU'I’E:_
(1 ”‘p‘“‘r’. = $(y (n+f))
(2) Bhg = (W (m+),0(n+))
AND A® WHEN APPLICABLE
] ¥
By = by *+ & = -

Figure 19(b). CONDENSED FLOW CHARTS: SUBROUTINE - "COMEQU".
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3

BETADy = by + %(im + k)

.ET“' s .T +40t°* .'T +e.1

CALL OUTPUT SUBROUTINE
PRINTS M., 5,8 AT

STORE: B, = BETAD;
b= 1,n8

l

CALL OUTPUT SUBROUTINE
PRINTS: (TTS,, | = I,N8)

TR

)

m

SAVE ON BINARY TAPE
(T8, i = 1,08), TTR

&

Figure 19(c). CONDENSED FLOW CHARTS: SUBROUTINE - "COMEQU".
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R

ENTRY

A

e L

LE
Ch

&, Ur. [7 COMPUTED IN I
ITERATION, SET PATH: KWAY = 0

| COMPUTE: a, Uy, fy

SET PATH: KWAY = +|

SET:
dj = C"‘
COMPUTE: YES T, =V
= f(0gxoUp .Uy ) ol i KK
a; = (0 Pl 1, -r““
= 1(1.90,@, N0 (3] 5,
¢, =1 ) |dj|.<.'3 e &, = ts.73.4))
L J
o = 1(0;,VU7.
YES
NO

)= )+l

IF_STEADY-STATE ACHIEVED A
M st EMSEKUTTA EXTHY, Lo e Gt
h &

Figure 20. CONDENSED FLOW CHART:
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A WO

RN S —

SET: 180T =0
TO BYPASS 40

SET O_ONTIOL
----- _FOR AW _START_

1SWB = +|
COMPUTE A9

CONTRIBUTION TO K

0.
!:; = (0,0, )at

-l

-
[} ]

"

1059y, .9.) [ = 1]

Figure 21. CONDENSED FLOW CHART:
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COMPUTE :
.k = f(.r. V.j)

SUBROUTINE - "COMTHE".




ENTRY

av = £(W,¥,, 1)

e

V=VW+aV

1

COMPUTE WAKE CONTRIBUTION
we = 1(W.at)

RESET 8 CHECK PATH, I88A = +!
SET AW BYPASS SWITCH, ISWB = O

Figure 22. CONDENSED FLOW CHART: SUBROUTINE -~ "COMwB".
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APPENDIX

THE MATHEMATICAL MODEL AND COMPUTATIONAL
PROCEDURE USED TO CALCULATE TRANSIENT
BLADE LOADS

INDEXING NOMENCLATURE

A concise format for the equations forming the mathematical analog of
a multibladed rotor generating a vortical wake requires the use of six
indices, These indices are used both as subscripts and superscripts

with the variables in the equations. Their purpose is to designate the

time and spatial dependence of each variable under consideration.

The indices arem, ¢ , j , «6 , 7, and4. They designate, respectively
(1) an instant of time, (2) a blade of the rotor, (3) a spanwise location
on a blade (corresponding to the midpoint of a designated segment), (4)
the wake trailed by blade /, (5) an azimuthal position in the wake and
(6) a spanwise position in the wake (corresponding to the endpaints of
the segments into which the blades have been divided), Figure 17
pictures the manner in which these indices are used to designate blade
and wake geometry, for example, Although the time index, », does
not appear on the Figure, it should be understood that a value of mis
associated with the azimuthal position of a blade designated as the
reference blade (usually blade ( = 1) since time and azimuth are

equivalent variables for a rotor rotating at a fixed r.p. m,

INPUT DATA

The input data required to compute transient air loadings fall into the
following categories:
(1) Data specifying the geometry of the rotor and its wake,
including the specification of the number of calculation
points,
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(2) Data specifying the equilibrium flight condition, inciuding
the trim values of collective and cyclic pitch.

(3) Data specifying the mass properties of the rotor.

(4) Starting values for flap angle, flapping angular velocity,

and induced velocities.

(5) Data specifying the variation in collective pitch and

in the mean, induced downwash with time,

(6) Data necessary to control the operational logic built into

the digital-computing program.

WAKE.-GEOMETRY COMPUTATIONS

The coordinates of the midpoints of the blade segments (at the three-
quarter chord) in the adopted x-y-3 axis system (Figure 6) are
designated as ["'.0'.4' b Umai,; f"'u'..i]' Similarly, the coordinates
of the endpoints of the elements of trailing vorticity, in this same

axis system, are designated, as [{m.“‘ 5.4 Imibms i Sm,ibm 2 ]
The azimuthal position in the wake at which the wake is assumed to roll
up into two vortices (i, e., one at the blade tip and one at blade root) is
designated as m = M/8.LM., With this notation, it becomes convenient to
write a separate set of equations defining the geometry of the nonrolled
wake (M s M8.4/) and the rolled-up wake (2 mMoLN),

With the aid of the definitions of 7; and 7 (given in Figure 17) and of
the nomenclature called out in Figure 6, and on further defining

w,

5 mean induced downwash governing the vertical transport

of the vorticity in the wake (# is a function of time)

7(4=1,2)

radial distance to spanwise location of rolled-up root
and tip vortex,

we obtain the following set of equations for (2, 4,3 ] and [{,9.C ):
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[xﬂ.;— ] of Blade-Sigment Midpoints (at 3/4 chord)

Bm,i " i Ve * b; sin "m.s’ - (".i -€) Xy P,

Ime; " 0§ sn Vm,i = b;c08¥m,

¥mej ® (r; -€)Py; -4 Omijt iX cO8Y, . +ba,und,

[ £.2: & ] of Vortex-Segment Endpoints; Nonrolled Wake

ms MBIM;, mSm

Al Smismt "8V - (-6 p,

_ . an
m>7 . ;m,ib,ﬂ.l d zn-'.ib, Mat, 4 +A(NA) 7

m21: rlm"'b’ﬁ" . a-"." wm-h‘vol.ib

WL Gmitms = (%-6)Pm s + s, cos ¥y 4

P o 2” -—
M>1 it b = Sm-t,ib, 1,4 T (NAY "m-i-t
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[ 3. #. & ] of Vortex-Segment Endpoints; Rolled-Up Wake

MBLN = m S NA(NR)+1 , mEm

= . -
e MOLM: B, b, M1, 8 " TLCO8Y o tgiiter,ib - (Ps-0) B0 morsaet,id

amw
+(uam-r)mm)v

_ . 2w
MmO>MOLM: £, io%,4 = Em-1,ib, 1,4 " ava) v

WEZMBLN: Ny ip it = T %in Vo pet, it

F K ”Bl“: ;m,"b,”.l.ﬂ.l s (’J ")‘m- MNOLMN*!, (b ¢ a a‘ cos ’”-”‘L"". )

2w
. (NJLH-I)m AN

. 2w _
B MOLM: G itm, 8 = Sm-t,i0,5-1,4 "% Qi) "m-me!

where:
Vomiib = Vi s Pmis * Bm
Voot b = Vm-Met,i
Voertoirte1,i6 ® Vm-moimet,s
PurBet,id ® Pm-Bet,s

P mbirtot,is ® Pm-moere1,i
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COMPUTATION OF - MATRIX

The Lsiot-Savart law yields the relationship

ve oy
for the velocity induced in the 3 direction by an arbitrarily oriented
straight vortex filament of constant vortex strength, y. The coefficient
o is a function only of the coordinates of the point where the velocity
is being computed and the coordinates of the vortex filament endpoints,

i.e.,
o H{[Smisi  maisi 3 bmisi]s [Zom, it 25 Nensins, 85 Eomyinym, 2]]

A complete set of o coefficients represents the influence of 2ll of the
elements of vorticity in the wake (of unit strength) at all of the load

calculation points on each blade,

It is convenient to indicate the coefficient, o, applicable to a specific
element of trailing vorticity and to a specific segment calculation point
as a":';ll . The superscripts, m, { , and j, indicate the specific
location, as given by its (2, ; i ¥m,,,j i ¥mi,; ] coordinate, at
which the induced velocity is being determined. The subscripts, ib, & ,
and £ indicate the element of vorticity in the wake, as given by the
(Smis.m2 i Tm.ub,% ¢i Sm, b7 4] coordinates at both the fore and
aft ends of the element. The notation is such that the aft end of the
vortex element is located at the azimuthal position, #, with the forward
end at the azimuthal position, m - 1. Accordingly, no value can exist
for a"';:';"" when # = 1.

For m22, application of the Biot-Savart law yield
(a*rs)(Lo Mo ~4s ma)
CTry ry(ra vy +8ady + my m, *ngm)

-, ..cj
TomaL "

where
4 < "“-'. .‘..J' - ‘.o‘.‘o'ol
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me = Ym,e,i ~ T ib, ™, 4

Na. * ¥m.i,y ~ cm,o'b.ﬁ'.l
¢y = Xmie,j = Sm,ib, M-1,8
M " Ym,y = Mmib H-1,4
" * fmiy; = Smib -1,4

:
rl 8, +mlen?

ry o 2 +n) +nt

The above formulation for g~ is unnecessarily lengthly for vortex
elements located at a large distance from a blade segment, Thus the
above equation is used for r:< r"f' » where m, is an input quantity to

the computer program. For

TF L.y -Lym
2 2 e me,g ™ "My,
’ﬂ' s ". < r‘,.. o 0"""'“ L] ’r’.
] . .".’j
a2m;, - ToWm4 " o

INDUCED-VELOCITY COMPUTATION

For purposes of implementing the TBL computation, the contributions
of all vortex elements to the total velocity induced at a blade-segment
location are summed over the entire wake with the exception of the
elements located immediately adjacent to the blades, It should be
noted that the vortex strengths of the latter elements are a function of
the bound-vorticity distribution on the blade and, thus are unknown
quantities prior to the determination of these bound vorticities,

Rather than require the program to search for the maximum value of

circulation on the blade for eventual assignment of these strengths to
the rolled-up root and tip vortices, we arbitrarily specify that the
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circulations associated with a given spanwise segment be assigned to
the rolled-up wake, Past experience is employed for guidance in
selecting that spanwise segment which, on the average, sees the
maximum circulation along the span. We designate the incomplete
summation for the induced velocity as w, and, in accordance with the
above remarks, express w, as:

N8 {nun teNey

e
rml"‘.

"‘.' med y '
NACNR) v 1

) m".". ¢
o fot.n-ﬁo‘ﬁl,JSG [fu.n,r = a-c'b.ﬁ.‘l]}

'a..'J.

w4 [,-c'b, m-me2,4 " fz‘b.--x:n.c-v]

meNBLNV
where:

mez2

and oy m-Me2,4 = Tmiiy With miem-me2,60ib, i=d

rib,m-ﬁo:,,{-f s /',,,:."'J' with m'sm-m+2,62éb,,248-)
ro'b,m-ﬁ+2, 6 FM,'.G';J. with ms m-#¢2,i20b, 55 IS
N8 = number of blades
LCN = number of blade load points
NR = number of revolutions of wake
JSG = blade station associated with maximum circulation,

ROTOR KINEMATICS

For a given blade segment, ; , located at a distance, r; » from the

center of rotation, the aerodynamic angle of attack, measured in a
plane perpendicular to the blade span, can be expressed as
-

. O . . + "8 el
aM,G,J d m,e,J ’ml‘IJ
where

e, oS is the geometric pitch angle of the blade section

measured with respect to the shaft plane

and
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WL
@, i = tan” Dt
r”’i‘.nl.
The 'perpendicular'' and ''tangential'' components of the airstream

relative to the blade, at the three-quarter chord, are:

U’m,i.j <Vt Wl lem,iLi -[V‘ Wem,i,j st u’m,i,j] Pm,i €03 ¥y, ¢ |
|

B V."""' "':6. Sin ¢~"‘ "("J’ ")ﬂ.ﬂ."' ¢+ b‘- {é.m'n [6"3&.0 an" - 9'. cos dln“]}

Ur...'d- - [V#w .. a‘ +* w,,;"-]un ¢m," -Vm‘..“i coé Wm S +ﬂrJ

””’- ": J.

of the velocity induced by the wake at time, m, at

are the z, y, § components, respectively,

blade, ¢, and station, .

é, is the rate of change of collective pitch (a function

of time)

6 and §, are the cosine and sine components of cyclic pitch,

respectively,

and i

a, and 8 have been considered to be small angles.
It should be noted, that whereas some of the terms in the equation for

Up may be significant at very low advance ratios, at moderate flight

speeds we have
w, v <<V

wa, << V

up, vl << Va,,w
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The equations for Up and Ur thus simplify to the following set:

Uopij ® “Va4 + Won(,; = VP, €08 Vi ¢ (1; - 6) S ;
+b; {0..., -n[a,c sind,, ; -6, cos ¢,,'.-]}
Tmi; = V¥, +Qr;

As was done in Reference 12, the velocity component, {, , is
considered to consist of (1) the velocity induced by the wake, i.e., w,
and (2) the velocity caused by the '"effective plunging'' velocity of the
blade. Thus we have that

Vewiri = "misi P,
where - .
Pmij = Vs + VB, o cost,; + (r, -€)p,,
-b; [a,m -0 [9,‘. Sin ¢,,,.‘- -6, cos ¥,, J}
Finally, we note that the geometric pitch angle, 9,,"-.5 ,» of a given

blade segment is given by the following kinematic relationship:

A6

Om, i, j ™ 6," ot E)c €08 Yy, ; t+ 6, Sin ¢y, ,
where
6, is the collective pitch setting at the blade root (or
”m
at any specified spanwise location) and
Akg is the twist (assumed linear) of the blade (rad/ft)

SOLUTION PROCEDURE FOR UNKNOWN CIRCULATION STRENGTHS

As was discussed in the body of the report, the determination of the
unknown bound vorticities, /1, ; J is facilitated by linearizing the

rotor kinematics, namely by assuming that

Up_ .. Up . .
& = tan~! b g P

”l‘ll Urn"o'J. Urn.‘."'
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e -

On so doing, we have that

U ..
lmii = bja [Urm,.',s Om,i,j + Us, ,—I‘-,:"'—“-l '
my
where t
J -
a ‘25‘ (considered as a constant with no m, ¢ , or J
dependency). *

Since Up, 3¢ is a function of w, which, in turn, is a function of

mrés
all the 7/, ‘(‘i' e,, for all ¢ and j ), th:e above equation contains, in an
implicit fashion, all of the unknown circulation strengths existing on the
blades at time, m . A set of equations relating each /,, ; H to all of the
Lo V 's existing at time m, must thereby be solved simultaneoully to
determine the unknown circulation strengths,

In order to facilitate this simultaneous solution, we define several of
the existing variables or quantities in terms of the accumulated contri-
bution of the wake with the exception of the trailing elements adjacent

to the blades, Thus, we employ the previously defined incomplete
summation for the induced velocity to obtain the following expression for

the bound circulations due to the following known quantities:

b; v [Vrm,i i
r’m,i,j " L I Tm.,y

Gr,,, e Up,,,.w Ur,,. :
)

where
Ubm,ii = "rmij ~hm,ij -
The equation for /,, ; : can now be written as

me,4

NS
~, 8,4
r..“.lj = r;ﬂhilj 4 bjw‘.‘z., Jz'l’ ,‘.l“‘bl [r ;“ .o-“: l"].

1f we further define

"j o (4 od (] .‘ ]
Tins = ~bja ["':-o,:,’f - 0‘;: f;"u]
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where

i kiy

and
‘:j ."'nj "n‘..J.
oo =/ 'bj“'["'i'b-.',:,.l-,; = u-.‘,;,zu.jn]

the iz, set of equations for I',". ., €an be written in matrix notation

6d
[it){mis] - (s}
The desired solution can be expressed as

(i} = [ {5 }

This solution procedure (2s outlined above) holds for a linear

relationship between lift and angle of attack wherein no accounting is
made for the influence or effects of aerodynamic stall, It is
possible, however, to introduce the effect of stall in an approximate
manner, In this study, it was assumed that @ = 5,73 and that the
blade segments stall at fourteen degrees with the lift and circulation
remaining equal to the value existing at &= 14 degrees at any angle
of attack in excess of fourteen degrees.

Berund circulations were limited to a maximum value by computing
the angle of attack of each blade segment and introducing a limiting
function on /g _ . ;e The blade segment angles of attack are:

6 U’no‘.o" + NA ﬂo‘.L

@ iy vr,,

¢ . =
~m,e,4

od

where the veiocities induced by trailing elements adjacent to the

blades are designatedas w, ., and are given by
m, e,y
N8 lew iy .
+ 8y, »M,s
L P =2 X2 Y ["I'o,:,i - u.:,)"u]o
ébet Lot



Note that [, ;, ;, are unknown quantities until the equation set has

been solved at least once. Accordingly, the &, are first

6
evaluated with ar..”.j assumed to be zero. If any of the initially

determined a,; ; exceed the specified stall angle, we solve an
equation set of the form

. .yt
rmii) i) 5. <)
where
P~‘“.-". [ b" lUTm.‘-"- I (‘i’ﬂ a.."'.") G{I am"""l - a“‘n}

subject to the requirement that
”am.o',j I = “u.u} z0

Only one solution of the simultaneous equation set is required if all
the /,, .. are equal tozero, If this quantity exists, the equaticn

m,,J
set is solved and the /'gm .. are redetermined, The solution

Il
procedure is repeated until the changes computed for /,, . ; are less

than a specified percentage,

BLADE.FLAPPING DYNAMICS

The aerodynamic loading is designated as 7, o) and under the

assumptions made in the study can be expressed as
Toij “PYmii (i

The moment about the flapping hinge caused by the aerodynamic
loading, when expressed as a continuous function, is

[
Map i -‘[ (r-€)T(r)dr

and for the purposes of this study was numerically evaluated by means
of a trapezoidal irtegration procedure., The resulting aerodynamic
moments are used in the blade-flapping equation:
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to obtain the angular-flapping accelerations at each instant of time,

It should be noted that the Runge-Kutta integration procedure, used to
integrate ﬁ:;’.- to yield p',,“,.‘ and A,,,, ,» utilized predictions over
the half and full interval with "romi. assumed to be constant over
the time (azimuth) interval, No attempt was made to include the wake-
geometry and induced-velocity computations into the Runge-Kutta
integration since this procedure would have been prohibitive in terms
of computing time and cost. Since the coupling between w»y and blade
flapping during a single time interval is very small, the errors intro-
duced by removing the wp calculation from the Runge-Kutta procedure
are believed to be negligible,

DIGITAL-COMPUTER PROGRAM

The above outlined mathematical model was programmed by means of
the IBM FORTRAN IV language for the 7044 computer, The limited
storage capacity of the 7044 required that a small portion of the
coefficients be computed and then used immediately to compute their
contribution to w,. Since the o-coefficients for the elements adjacent
to the blades must be saved for use in the simultaneous solution
procedure, lack of sufficient storage capacity required that these
coefficients be read out on tape., Although this requirement has been
a significant factor in determining the computing time per azimuth
interval, the major time-consuming portion of the program is the
wake geometry and o"-calculation phase, For the case of a four-
bladed rotor with three revolutions of wake, the program in its
present form, requires approximately 0, 64 minutes-per-azimuth
interval when no iterations are required, Since 100 time intervals is
a typical example of.the number of intervals required to compute either
a steady-state or transient response, a typical computation requires
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approximately one hour,

Condensed flow charts for the main program and the subroutines are
presented in Figures 18 through 22, These flow charts can be compared
with Figure 5 to show the manner in which the developed mathematical
analog was augmented with additional logic to facilitate numerical

computations,
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