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ABSTRACT 

In this paper we describe a method for deriving 2-level canonical 

expressions for NAND and for NOR logic using complemented and uncom¬ 

plemented variables. Both expressions may be obtained directly from the 

truth table of the given Boolean function. Furthermore we prove that the 

Quine-McCluskey minimization technique can be extended to minimize the 

proposed 2-level canonical expressions. 



CANONICAL AND MINIMAL FORMS FOR 

NAND AND NOR LOGIC* 

by 

M.A. Marin^and M.A. Melkanoff-^ 

I. INTRODUCTION 

The NAND, NOE expressions of Boolean functions and their minimization 

have become important in the synthesis of switching circuits because of 

their easy implementation with integrated circuits. 

It is well known that if a Boolean function is given in terms of AND¬ 

OP logic it is possible to transform this function directly in terms of NOR 

logic by means of the Shaeffer function, or in terms of NAND logic by the 

Pierce function [l]. Recently a synthesis technique has been developed [2] 

which makes it possible to implement a combinational logical expression by 

means of an all NAND or all NOR structure having a maximum of three logical 

levels. In this paper we propose to show that if a Boolean function is given 

in the form of a truth table it is possible to write directly from this truth 

table a 2-level canonical expression in terms of NAND and a 2-level canonical 

expression in terms of NOR. Furthermore we prove that the Quine-McCluskey 

minimization technique can be extended to our canonical forms if we allow 

complemented and uncomplemented variables and therefore this yields a minimal 

2-level NAND or NOR expression. 

II. CANONICAL FORM FOR NAND & NOR LOGIC 

Shaeffer has proven that five postulates are sufficient to define a 

Boolean algebra [3]. From these postulates we can conclude that the opera¬ 

tion NAND and the complementation operation are sufficient ,o generate any 
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Boolean function of the n variables a., a....., a . 
12* * n 

Definition 1. We define a NAMD elementary term as follows: 

NAND[a1, a2,..., an] is 0 if and only if all ^ = 1 (i = 1,...,n), 

NAND[a1, a2,..., an] is 1 if any ai * 0 (i * 1,...,n). 

Similarly a NOR elementary term is defined such that 

NORta^, a2,..., aR] is 1 if and only if all a4 = 0 (i * l,...,n), 

N0R[a1, a2,..., an) is 0 if any aA = 1 (i = 1,...,n). 

If we represent by a bar the complementation operation, it follows 

that 

ÜÕR[a1, a2,..., an] * NAND[ã^, Ig,..., ãj (l) 

for indeed the left-hand side of eq. (l) is equal to ORta^ a2,..., an] while 

the right-hand side is equal to the complement of ANDta,, ã„,..., ã ] which 
12 n 

is OR[, a2,..., an]• 

The properties of the NAND and NOR elementary terms as defined above 

suggest a procedure for writing the NAND expression or the NOR expression 

directly from the given truth table. 

We will show the procedure by an example. Suppose that the function f 

of two variables is given by the following truth table: 

a 

0 
0 
1 
1 

b 

0 
1 
0 
1 

f 

0 
1 
1 
0 

We can decompose the set of values of the function f into a number of columns 

such that each column contains only one entry with a value 1. 

Mûr *. - . 



table i 

Pnotion Decomposition 

f e d 

0 

1 

1 

0 

0 

1 

0 

0 

0 

0 

1 

0 

According to Definition 1, column e of Table I corresponds to the elementary 

term NOR[a,b], and column <1 to the elementary term NOR[a,b]. If we consider 

these two elementary terms as Boolean variables, say e = NCR[a,b], d = N0R[a,b] 

we can construct the function 

NÕR[e,d] = NÕR[N0R[a,b], N0R[ã,b]]. (2) 

It is clear that the function NÖR[e,d] will take the value 0 only when both 

e and d are 0 and therefore it realizes the given function f. Moreover, 

using eq. (l) the function f can be written in terms of the NAND operator: 

NÕR[N0R[a,b], NOR[ã,b]] * NAND[ÑOR[a,b], NÕR[ã,b]] 

= NAND[NAND[ã,b], NAND[a,b]]. 

Hence, the NAND canonical form of a function given by its truth table is 

given directly by the following rules: 

1) Take the set of values of the variables for which the function is 

1. 

2) In this set of values replace the I's by the corresponding literals 

and the 0's by the corresponding complemented literals. 

3) Join each group with a NAND operator, and Join again those NAND 

elementary terms with a NAND operator. 



Example 

a b c f 

0 0 0 

0 0 1 

0 10 

0 11 

10 0 

10 1 

110 

111 

1 

1 

0 

0 

1 

0 

0 

0 

Application of the rules stated above yields 

NAND[NAND[ä,b,c], NAND[ã,b,c], KAND[a,b,c]]. 

Similarly it is possible to write the NOR expression for the function f ac¬ 

cording to the following rules: 

1) Take the set of values of the variables for which the function is 

0. 

2) In this set of values replace the 0's by the corresponding literals 

and the I's by the corresponding complemented literals. 

3) Join each group with a NOR operator and Join again those NOR ele¬ 

mentary terms with a NOR operator. 

Thus, in the previous example the NOR canonical form of f is 

N0R[N0R[a,b,c], N0R[a,b,c], N0R[ã,b,c], N0R[ã,b,c], N0R[ã,b,c]]. 

As there is no difficulty in generalizing the NOR and NAND operators 

applied to n variables, the above algorithm may be used with any number of 

variables. 

III. GENERALIZATION OF THE CANONICAL FORMS 

The generalization of the proposed canonical forms is straightforward 

using the concept of mapping [4J of a set An into B, where B * {0,1} and AR 

is the set of the 2n possible distinct states described by the Boolean 



variables a^, a2,..., an» Thus, for example, * {00, 01, 10, 11}. We 

2n n 
will show that the 2 possible mappings of A into B admits a canonical ex¬ 

pansion in terms of the HAND mapping or the NOR mapping as defined in Defini¬ 

tion 1. 

Let us first consider the mapping of A* into B 

al 
f(a1) *0 

sal sal 
*1 

0 
1 1-¾

 (
-¾ 

I-
1 
o
 

0 
0 

0 
1 

1 
0 

1 
1 

2 
The 2 possible mappings can be expressed by means of Definition 1 in the 

form 

f(a1) = NAND[NAND[f(0), ãj, NAND[f(l), aj]. 

.2 

(3) 

(5) 

(6) 

C. 
Similarly all possible mappings f(a^,a2) of A into B can be represented as 

follows : 

f(a1,a2) * NAND[NAND[f(0,a2),I1], NAND[f(l,a2).aj] (L) 

f(0, a2) * NAND[NAND[f(0,0),I2J, NAND[f(0,l),a2)] 

f(l, a2) = NAND[NAND[f(l,0),ã2], NAND[f(l,l).a^]] 

where we have used successively eq. (3) on the variables a^^ and a2. Substitu¬ 

ting eqs. (5) and (6) into (U) wt obtain the 4-level canonical expansion 

f(a1,a2) = NAND[NAND[NAND[NAND[f(0,0),I2], NAND[f(0,l),a2]], ^]. 

NAND[NAND[NAND(f(l,0),r2], NAND[f(l,l) ,a2]], aj]. 

which can be transformed into the following 2-level canonical expression (cf. 

Appendix): 

f{a1*a2) NAND[NAND[f(0,0) jã^.ãg], NAND[f(0,l), 

NAND[f(l.O) ,a^,a2], NAND[f(l,l) . 

(7) 

(P) 
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We might presume that the 2-level canonical expansion of the mapping 

.n 
A into B may be written, in a similar fashion (7)» as follows 

f(&^^2,•,a^) — NAND[NAND[f(0,0,...,0),a1,a2,...,an], 

NAND[ f ( 1,0, • ,0) ,a^ ,&2 » • • • ^ » 

NAND[ f ( 1,1, • ,1 ) ,e. ,6._, • ,a ] 
i c n 

We shall now prove eq. (9). 

We define the symbol 

n 
N [fUJ.a^V] = NAND[f(l),a.(il),a^i2),...,a(in)] 
£*1 ^ X ¿ n 

(9) 

(10) 

and the symbol N n as the NAND'ing of the 2n possible elementary functions 
ICA 

corresponding to each distinct state of An thus 

N [F(I; aj1!5, a^)i2).a^n^ « 
ICA ^ ¿ n 

NAND[F(0,0,...,0; a^.a^,... ,a^ ), 

F(1,0,...,0; a^,a^,...,a^0)). 

F(i i I- a(l)’a(l) a(lhl f V *x,... ,1, ,a2 ,. •. ,an 

In particular, therefore, 

N N [ftD.a'V] 
I«A l»l 1 

N [KAND[ f(I) ,a! il) ,a< .... .a^n' ] ] 
--a** X C n 

(ij 
IcA 

NAND(NAMD[f(0,0.0),a[0),a^0).a<0)], 

NAND[f(l10.Oj.aj11^01.a^0)], 

NASD[f(l,l.l)ia[1),a*1).40>]1- 

(11) 

If we add the condition 
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a(i^ = a if i = 1 

= ã if i « 0, 
(12) 

then eq. (11) is identical to eq. (9) and therefore, represents in condensed 

notation the 2-level NAND canonical form of the 2n possible mappings of An 

into B. 

We pro-^ now expansion (9) or (11) by mathematical induction. Consider 

the mapping 

f(a1,a2,...,an,an+1) 

n+i 
of A into B, then according to eq. (M, 

f(a^»eg, • ,a^,a^+^) = NAND[NAND[f(a^,a2, • • • »a^jO) ,an^], 

NAND[ f(a^,a2,.. • ,an,1) »a^^] ] • 

which can be written by means of eq. (11) as 

nakd[nand[ Nn[ N [fd.ol.a^t1]], In+1], 
IcAn 1=1 

KAND[ Nn[ N an+1]l 

(13) 

IcAn 1=1 

Equation (13) represents the 4-level canonical form. It is possible to re¬ 

duce this expression into a 2-level form by the procedure outlined in the 

Appendix and therefore expression (13) can be written as 

n+1 

f(al»a2»•••»an»an+i^ = N n+1^ ^ [^(1)» a^ £^]]. 
IcA £=1 1 

(14) 

Equation (l4) represents the 2-level NAND canonical expansion of the 2n+1 

possible mappings of A iito B. Thus eq. (11) with condition (12) is valid 

for any value of n. 

The NOR canonical form can be also generalized for any number of vari¬ 

ables in a similar fashion. 
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It is obvious from Definition 1 that there exists a duality between the 

NAND and the NOR definitions; therefore replacing in eq. (11) the N opera¬ 

tors by similar operators defined in terms of NOR 

Mn[F(I;a'il),a'i2).a^n1)] = 
IcAn 1 ¿ n 

(0) (0) 
N0R(F(0,O,...,0;a^')a^'.a‘0)), 

F(l,0,...,0¡a^,a*0*.an°*>' 

F(l 1 l*a^ a^^)1 ni,l,...,l,a1 ta2 » • • • »an )J, 

n 
(ij 

M [ftD.a^i7] 2 N0R[f(I),a1(il),a^i2),...,aUni] 
*■ i ¿ n 

,(i J 

and replacing condition (12) by its dual 

a^ = ã if i = 1 

= a if i * 0 
(15) 

the 2-level NOR canonical expansion of the 2n possible mappings of An into 

B becomes 

f(a1,a2,...,an) =1/1 ^ [flD.aJ1»1) • 

IcAn 1=1 

= NOR[N0R[f(0,0.0),a<0),a^0),...,a^0)], 

N0R[f(l,0.O.a^’.a^01.a^0)], (16) 

NOR [f( 1,1.l)^:L),a<1).a^11 ] ]. 

IV. MINIMIZATION 

The problem is now to minimize the two suggested canonical forms. In the 

following we will prove bi extending the concepts of SUBSUME and CONSENSUS 
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introduced by Quine [5] and McCluskey [6], that any minimiser of AND-OR 

Boolean functions can be used to minimize the NAND or NOR canonical forms.^ 

According to the previous section, any Boolean function may be written 

in its NAND canonical form as: 

NAND[NAND[a1,a2>... ,a^], NANDta^a^,... ,a^+k],..., ^ 

NAND[as »as+1,...>aa+1l1• 

Definition 2. Given two NAND elementary terms 

¢) = N ANUÍ jUg j • • • »a^ ] 

s NAND [ a^, tig » • • • » » • • • »1 a i P » 

we say that ÿ subsumes 4» if all the literals of 4 are contained in 

Theorem 1 

If the NAND canonical form of a Boolean function f contains a NAND ele 

mentary term subsumed by another NAND elementary term, the subsuming NAND 

elementary term cam be removed without altering the function f. 

Proof 

f * NAND[NAND[a.. ,a0,... ,a ], NAND[a1,... ,a ,... ,a ], 
1 2 p i p n 

NAND [ a^, . , ]»•••» NAND[ a^, • • •, aj,^.^ 11 » 

let b1 * NAND[a1,...,ap] 

bg s NAND[a^,...»ftp,...,an] 

b3=NAND[as,...,as+k] 

b^ = NANDta^,... »a^^l 

The function (18) can be written as 

f = NAND[b1,b2,b3,...,bt]. (19) 

Depending upon the values of bj^ (i = 1,...,t) two cases may occur: 
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1) f = o 

If f = 0, then according to Definition 1, all ^ * 1 (i * l,...,t). 

Thus 

= NAND[a^,...,a^] = 1 

bg — NAND[a^,...»a^,...»a^] — 1 

But according to Definition 1, 

b^ = 1 if any a^ = 0 (i * 1,...,p) 

b2 « 1 if any aj = 0 (J » 1,... ,p,... ,n) 

Since the set i is a subset of set J, the function f will still be equal to 

0 if we suppress b2 from expression (19). 

2) f = 1 

If f s 1, then according to Definition 1, one or more of the b^s 

must be 0 (i = l,...,t). 

A) . Suppose that all the terms b^ are equal to 1 except b^. But 

if b2 = 0, then b^ = 0. 

Proof 

b2 * NAND[a1,...,a ,...,a ] * 0 if and only if all a * 1, 

(j * 1,... ,p, • • • ,n) 

b^ = NAND[a^,...,ap] * 0 if and only if all a^ * 1, 

(i * 1,...,p). 

Since the set i is a subset of J the condition b2 = 0 is a sufficient condi¬ 

tion for b1 to be equal to zero. Hence, f will remain equal to 1 if we 

suppress b2. 

B) Suppose that all the terme ^ « 1 except b1, then the suppres¬ 

sion of b2 will still leave f = 1, because the sufficient condition for f to 

be 1 is that at least one of the terms bi is equal to zero (Definition 1). 
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Definition 3. If two NAND terms a and ß 

a = NANDta^ap,... ,a ] 

ß * NAI*iD[ »Up,.. • »a^» • • • »a^], 

where a^ is the truth variable and a^ is the complemented variable, contain 

one and only one variable, which is complemented in one term and not in the 

other, then, the consensus of these two hAND terms is the NAND term formed 

with the variables of both NAND terms a, ß, excluding the variable that is 

opposed. Thus the consensus of a, ß, which we will denote by C(a,ß) is 

given by 

C(a,ß) = NAND[Sp »a^,...»a^,...,an]. 

Theorem 2 

Given a function in its NAND canonical form, this function will not 

change by inserting the consensus of two of its elementary NAND terms in¬ 

side the main parenthesis. 

Proof 

We have to prove that the following two forms of f have the same truth 

table 

f, = NAND[ NAND [ a, , a_,... »8- ] » NAND[ a. ,a„,... * • • • 1 » 
1 J.¿pn ¢20) 

NANDI as,.. ,] » • • • ,NAND[a^,... ^ * 

f2 = NAIID[NAND[a2,...,ap,...,an], NAND[a1,a2,... ,ap], 

NANDIa^,a2,... ,ap,... ,a^], NAND[a^,... ,a^^],..., (21) 

NAND[ar,...,ar+1]]• 

For simplicity we define 
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b = NAND[a ] 
• X p 

b2 = NANDfä^ 

b12 = IIAîJD[a2 

» • • • » 

b * NAND[a 
Xi r » • • • ! 

Equations (20) and (21) can now can be written as follows 

f1 = NAND[b1,b2 » • • • » (20') 

f2 = NAND[b (21') 

1) If tx = NMD[b1,b2,...,bt] * 1 then 

f2 = NAND[b12,b1,b2,...,bt] = 1. 

Proof 

By Definition 1 

f1 = 1 if any bi = 0 (i = l,...,t). 

But by Definition 1 

f2 = 1 if any bj = 0 or b12 * 0 for (J = 1,... ,t ). 

As the set j is a subset of set i we conclude that if 

f^ - 1 then f2 = 1. 

2) If f1 = NAND[b1,b2,...,bt] * 0 then 

f2 = hAND[b12,b1,b2,...,bt] = 0. 

Proof 

By Definition 1 

f^ * 0 if and only if all = 1 (i * lf...,t), 

then in all b^ * 1 (J = 1,...,t) because set i is equal to set J, thus the 



value of f2 will be decided by the value of b12; but b12 cannot be equal to 

zero for 

b12 = NAND[a2,a^,...,a^,...,an] = 0 if and only if all ^=1 for 

i * 2,...,p,...,n, and therefore all ai = 1 for i = 2,... ,p,...,n. Thus 

either b^ or b2 are 0 but not both, which is in contradiction with the hypo¬ 

thesis f^ « 0. Hence, we conclude 

* = f 

1 " 12' 

The properties of the SUBSUME and CONSENSUS operations as discussed 

above, suggest a method to reduce the set of NAND elementary terms. This 

consists in forming the iterated consensus2 NAND terms, inserting them in¬ 

side the main parenthesis of the given NAND expression and removing all 

subsuming NAND terms. The resulting expression contains less number of 

NAND terms than the original canonical form. 

For example, the function described by Table I, 

f = NAND[NAND[I,b,c], NAND[I,b,c], NAND[a,b,c]], 

can be written as a simpler expression by iterative application of the con¬ 

sensus and subsume operations in the following way: 

The consensus of NAND[I,b,c], NAND[a,b,c] is NAND[a,b]. According to 

Theorem 2, 

f = NAND[NAND[ä,b], NAND[ã,b,c], NAND[ã,b,c], NAND[a,b,c]]. 

Since i|»1 = NAND[a,b,c] and ^ i NAND[a,b,c] subsumes $ i NAND [a,b], both ip 

and ip2 can be suppressed. Hence 

f = NAND[NAND[I,bh NAND[a,b,c] ]. 

This completes the first iteration of the consensus. 

The consensus of NAND[7,b], NAND[a,b,7] is NAND[b,7]. According to 

Theorem 2, 
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f = NAND[NAND[b,c], NMD[ã,b], NAND[a,b,c] ]. 

Since ip s NAND[a,b,c] subsumes ¢) = NMD[b,c] the term ÿ may be removed, and 

f = NAND[NAND[b,c], NAND[a,b]]. (22) 

Since no other consensus term can be formed, the simplified expression of f 

is given by eq. (22). 

With the application of iterative consensus and subsume operations it 

is possible to determine a set of simplified NAND-terms which we will call 

here NAND prime implicants using the terminology introduced by Quine[5] and 

McCluskey [6], 

The simplified NAND expression of the given function obtained by the 

above method does not necessarily yield the minimal3 NAND form because, in 

some cases, it is still possible to suppress one or more NAND prime impli¬ 

cants without changing the truth table of the given function. This is a 

consequence of Definition 1. Effectively, the necessary condition for f to 

be 1 is that all ai = 1, i = 1,...,n; while the condition for f to be zero 

is that at least one ai = 0 which is only a sufficient condition. Therefore 

it is clear that a NAND term bi of the set of NAND prime implicants may be 

removed without altering the function f. 

In order to find the minimal NAND expression of f it is necessary to 

determine the minimal set of NAND prime implicants. 

D_efinition k. A NAND irredundant expression f# for a given function f is an 

expression such that 

1) every NAND elementary term is a NAND prime implicant 

2) no NAND elementary term can be eliminated from f* without 

changing the values of the function f. 



Theorem 3 

The minimal NAND expression f* of a given function f is a NAND irredun- 

dant expression. 

Proof 

Suppose that the minimal NAND expression is not irredundant, then by 

Definition I* two cases occur: l) not every NAND elementary term of f* is a 

NAND prime implicant. In this case there exists at least a NAND elementary 

term which subsumes another one, and using Theorem 1 a shorter expression 

can be obtained. 2) a NAND elementary term can be eliminated from f* with¬ 

out changing the value of the function f.. In this case f* is also not 

minimal. 

Theorem 

If f# is a NAND irredundant expression for f then each term of the 

canonical NAND expression for f subsumes at least one HAND elementary term 

of f*. 

Proof 

If f* is a NAND irredur.dant expression, then uy Definition 1+ every NAND 

elementary term is a NAND prime implicant; and every NAND prime implicant 

has been derived from the canonical NAND expression either l) by application 

of Theorem 1, and this means that the obtainea NAND prime implicant subsumes 

a NAND term of the canonical form, or 2) it is identical to a certain term of 

the canonical NAND expression. Since a NAND term subsumes itself, the theorem 

holds for this second possibility. 

Theorem U suggested a method similar to that used by Quine [5]-McCluskey [6], 

to reduce the set of NAND prime implicants. Effectively, the minimal NAND ex¬ 

pression will be formed with those NAND prime implicants which satisfy Theorem 

l*. 

■UNRF* ‘ 
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It is possible to prove in the same way as we have done for the NAND 

canonical expression that the came Theorems (1,2,3,^) hold for NOR canonical 

expressions and therefore the same minimization technique can be applied. 

Let us consider for example the following function 

a b c f 

0 0 0 

0 0 1 

0 10 

Oil 

10 0 

10 1 

110 

111 

0 

1 

1 

1 

0 

0 

0 

0 

Considering the 0's of the function and applying Rule 2, we find that the NOR 

canonical form is 

N0R[N0R[a,b,c], N0R[ã,b,c], N0R[ã,b,c], N0R[ã,b,c], N0R[ã,b,c]]. 

Applying the consensus operation and eliminating the subsumed terms we obtain 

N0R[N0R[b,c], NORta.c"], N0R[ã,b]]. 

The consensus C(N0R[b,c], N0R[a,c]) = N0R[b,a] therefore 

f = N0R[N0R[b,c], N0R[à,c], N0R[ã,b], N0R[b,ã]], 

but C(N0R[a,b], N0R[b,a]) = NOR[a], therefore 

f * N0R[N0R[b,c], N0R[I,c], N0R[a,b], N0R[b,I], N0R[I]]. 

Since ^ £ N0R[a,c], ^ £ N0R[a,b] and £ N0R[b,a] subsume NORfa], 

and can be eliminated. 

The final NOR function is*4 

f = N0R[N0R[b,c], N0R[a]] = N0R[N0R[b,c], a] 

And the minimal form becomes 

f = N0R[N0R[b,c], a]. 
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V. CONCLUSION 

From the above presentation we can conclude the following: 

1) Given the truth table of a Boolean function we can directly write 

two canonical forms, one corresponding to NAND logic and the other 

to NOR logic in terms of the truth variables and their complements. 

2) The suggested technique for writing the functions in terms of the 

operators NOP or NAND leads directly to the actual circuit which 

realizes the function. 

3) The Quine-McCluskey minimization process can be applied to the 

canonical forms to obtain the minimal NOR and NAND implementation 

of the function. 

U) The two minimal forms obtained by the method, i.e. the NOR and 

NAND minimal forms of the given function, can be compared and a 

decision can be made as to which implementation needs less elements. 

The present algorithm is being extended to those cases where fan-in/ 

fan-out limitations appear as constraints. Furthermore a computer program 

is being prepared which yields the minimal forms as defined in this paper for 

any number of input variables less than 26. 
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APPENDIX 

In this Appendix ve prove that eq. (7) and (8) are identical. 

Using the following equations 

NAND[a^.a^,... .a^] = ORta^ag,... »a^] (1A) 

NAND[a^,a^,...,a^] — AND[a^,a2»••«»a^] (2A) 

successively in (7) we obtain 

f(ara2) = OR[ÑAÑD[NAND[NAND[f(0,0),r2], NAND[f(0,l) ,a2] ], , 

ÑÁÑD[NAND[NAND[f(l,0),I2], NAND[f(l,l) ,a2] ], a^^]]. 

f(a1,a2) = 0R[AND[NAND[NAND[f(0,0),â2], NAND[f(0,l),a2]], I], 

AND[NAND[NAI'ID[f(l,0),I2], NAND[f(l,l) ,a2) ], a1J]. 

And applying again eqs. (1A) ana (2A) we obtain 

f(a ,a ) = OR[AND[0R[AND[f(0,O), ã j, AND[f(0,l), a_]], Z]t 
(3A) 

AND[0R[AND[f(l,0), a2], AND[f(l,l), a2]], a^^]]. 

Using the distributive law for AND/OR operators inside the main parenthesis 

of eq. (3A) we obtain 

f(a1,a ) = 0R[0R[AND[f(0,0),r ,ä ], AND[f(0,l),a I ]], 

_ {kA) 
0R[AND[f(l,0),a2,a1], AND[f(l,l) ^.aj ] ]. 

The associative law of the OR operator applied to eq. {kA) yields finally 

f(a1,a2) = ORtANDifiO.O),^,^], AND[ f(0,l) ,a2 ,a^], 

AND[f(l,0),I2,a1], AND[f(l,l),a2,a1]]. 

If we use now eqs. (1A) and (2A) substituting NAND for OR according to eq. 

(1A) and NAND for AND according to eq. (2A) we obtain: 

f(a1,a2) = NAND[NAND[f(0,0),a2,a^], NAND[f(0,l),a2,a^], 

NAND[f(l,0)>r2,a1], NAND[f(l,l) ,a2,a;L] ]. 

Thus the transformation of eq. (7) into (8) is valid. 
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FOOTNOTES 

1. Reference [2] states that "A rigorous proof has been made for the equi¬ 

valence of any two-level NAND structure to the corresponding AND-OR 

structure. Minimizing techniques used in series-parallel synthesis can 

therefore be used on the two-level NAND structure." However we have 

been una’le to obtain the internal memorandum referenced in [2]. 

2. The iterative consensus is used here in the way described by Samson [7] 

and Quine [i>]. 

3. We understand here by minimal NAND expression that expression which con¬ 

tains the least number of NAND elements. 

k. We have used here the equality NAND[a] = N0R[a] = ä which follows from 

Definition 1. 
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