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NOTICES 

Disclaimers 
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official Department of the Army position, unless so desig¬ 

nated by other authorized documents. 
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PURPOSE 

—. 

OVERALL OBJECTIVES 

The purpose of the overall program, of which the project described here is 

the major constituent, is to develop an improved land-surface fallout model, the 

Department of Defense Fallout Prediction System, that is being designed to serve 

as the basis for the next generation of fallout prediction models. The improved 

predictor will account for the effects of nuclear cloud rise and growth dynamics 

and the transport of debris through a three-dimensional time variant atmosphere. 

The model will be programmed for digital computer computation in a flexible, 

highly modular fashion and will be coded in a macro-symbolic language (FORTRAN) 

that basically is independent of any particular computer system. 

The overall model is intended to be a research system which, in accurately 

predicting fallout, can be used to test the sensitivity of a fallout pattern to the many 

parameters (nuclear, thermal, atmospheric) which enter into the development of a 

fallout pattern. The range of yields considered is from 0.01 kT to 100 MT and 

heights of burst from one fireball radius above ground to a scaled depth of 20 ft 

below ground. 

The research effort on the DOD Fallout Prediction System has been divided 

into the following major tasks: 

1. Specification of a set of critical initial conditions in the fireball 

2. A dynamic description of the nuclear cloud rise and growth 

3. Assignment of radiological properties to the fallout material 

4. Simulation of the transport and settling of fallout through the 

atmosphere 

5. Programming and coding of the analytical results and simula¬ 

tions for digital computer computation. 

The project reported here is concerned with tasks 2, 4, and 5. Task 1 is being 

done by Technical Operations Research under contract to the Nuclear Defense Labo¬ 

ratory (Contract DA-18-035-AMC-346(A)); task 3, by the Naval Radiological Defense 
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Laboratory. Most of the project subtasks are unfinished at the time of this writing, 

so that only occasionally is it possible to present completed discussions. For the 

most part, this report presents the status of the various subtasks at the half-way 

point in the effort. 

CLOUD RISE DYNAMICS 

Nearly all of the currently available fallout predictors begin with a fully 

formed and stabilized cloud. Since there has been very little basis for the con¬ 

struction of these stabilized clouds, except visual observations of nuclear test shot 

cloud profiles, the assignments of distributions of particles and activity to them 

introduces artificialities that result in severely limited prediction capabilities. To 

give the DOD System increased range of applicability with regard to yield and height 

of burst and to introduce realistic means for generating nuclear clouds for use in 

further research, a dynamic cloud rise and growth submodel will be an integral 

part of the prediction model. 

The cloud rise submodel will account for the thermodynamics of adiabatic ex¬ 

pansion and entraimnent by an analysis similar to that of Huebsch,1 and for the ef¬ 

fects of organized vortex circulation by a model similar to that described by 
2 3 Norment. ’ Effects of vortex circulation on both the cloud rise dynamics and on 

distributions of particles will be included. This submodel will yield a distribution 

of particles in space in the vicinity of ground zero. These data will be smoothed 

and expanded to an essentially continuous distribution in space, and the cloud will 

be sectioned three-dimensionally into cells. The center of each cell will be as¬ 

signed an appropriately weighted spectrum of particle sizes. During the ensuing 

transport calculations, each size fraction from each cell will be transported 

independently. Particle activities will be assigned by the Particle Activity Module 

program being developed at the Naval Radiological Defense Laboratory. The cell 

center coordinates, particle size, particle activity, and activity decay constant are 

the primary inputs to the atmospheric transport portion of the model. 

2 BURLINGTON MASSACHUSETTS 



ATMOSPHERIC TRANSPORT 

The most important of the major divisions of the prediction system with regard 

to determination of the final fallout pattern is the atmospheric transport submodel. 

As with each of the other overall model parts, the transport submodel is being con¬ 

structed to provide the greatest practicable amount of flexibility and generality of 

usage. The model is designed to transport fallout particles through a three- 

dimensional time variant wind field. An outline of the gross features of the sub¬ 

model is as follows. 

A Cartesian coordinate system with origin at ground zero is established. With 

reference to this coordinate system, grid nets are specified in horizontal planes at 

arbitrarily spaced intervals in the vertical direction. The grid intervals of differ¬ 

ent nets are mutually independent. The user provides a data set of wind vectors, 

arbitrary in number and independent of the grid system, that then is expanded and 

smoothed to yield interpolated or extrapolated wind vector components (wx, wy, wz) 

at each grid point. Three interpolation options are available for use in the data 

expansion calculations. In addition to this so-called macro-wind description sys¬ 

tem, provision is made for representation of certain special local circulation sys¬ 

tems by analytical models. Specifically, models for mountain winds and sea breezes 

will be provided. The regions controlled by these models are bounded by planes 

perpendicular to the coordinate axes. Inside these regions, wind vectors are com¬ 

puted for specified circulation model parameteis. 

Particle trajectories through the atmosphere are computed in jump steps be¬ 

tween boundaries defined by the grid-array lines and planes. Lateral particle 

motion is taken as equal to that of the air currents. Vertical motion is taken as the 

sum of vertical air current motion and the terminal settling velocity computed for 

a sphere. 

Temporal variation of the wind field is achieved by periodically replacing the 

entire wind field description data set. The period of data replacement is specified 

by the user. Topographic /ariation of ground height is accomplished by specifying 

elevation heights of blocks in a grid system that can be subdivided indefinitely to 
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yield any resolution of detail desired. Topography of mountains covered by a 

mountain wind model cell is described by an analytical mountain shape function. 

Ground level activity is the sum of activities of deposited cloud cells. A variety 

of output map options is provided. 

COMPUTER PROGRAMMING 

The highest practicable degree of modularity is being used in the program 

construction. This is to allow the greatest possible freedom in providing optional 

modes and methods of computation, both at the present and in the future. This 

applies at all levels of organization and construction. Coding is being done ex¬ 

clusively in FORTRAN language. FORTRAN II (IBM 7094) is being used for 

debugging but this will be converted to FORTRAN IV in the polished version of 

the program. 

4 BURLINGTON • MASSACHUSETTS 



ABSTRACT AND SUMMARY 

A new concept in fallout models, the DOD Fallout Prediction System, is being 

designed and constructed to serve as a basis for the next generation of fallout pre¬ 

diction models. The model considers in detail the dynamics of cloud rise and 

growth and provides for fallout particle transport through a three-dimensional time 

variant atmosphere that includes analytical wind models of local circulation systems 

such as mountain winds and sea breezes. The model is being programmed for 

machine computation in a highly modular and flexible fashion to facilitate research 

usage of the program. Coding is being done exclusively in FORTRAN language. 

Our research effort during the period 1 April to 31 October may be summarized 

as follows: 

1. Cloud Rise Dynamics. The Tech/Ops cloud rise simulation model is com¬ 

posed of two major parts. One accounts for the thermodynamic and hydrodynamic 

aspects of the cloud rise and growth and provides the basis for simulating the more 

gross aspects of cloud development. The other accounts for kinematic effects of 

circulation on distributions of particles in the cloud. An analysis has been developed, 

that in some respects is patterned after the cloud rise model of Huebsch, to serve 

as a basis for the dynamic portion of the model. This analysis takes into account 

thermodynamic effects of the soil content of the cloud, the effects of adiabatic ex¬ 

pansion accompanying rise through the hydrostatic atmosphere, the effects of en¬ 

trainment, and a seemingly important influence of large-scale vortex circulation on 

cloud rise and growth rate. In support of an investigation into this latter effect, 

which is a novel contribution to cloud rise dynamics, we have undertaken an exten¬ 

sive study of the variation of vortex circulation strength with altitude. 

Studies of the computation methods that form the basis of our circulation 

kinematics treatment have been performed with the objective of increasing compu¬ 

tational efficiency. These studies have resulted in reducing trajectory computation 

time by a factor of approximately twenty-five. 

2. Transport. A static representation of the wind field is provided by an 

arbitrary three-dimensional array of three-dimensional wind vectors, and temporal 

variation is achieved by updating this array at selected intervals. To aid the 
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researcher in his task of preparing wind data, we have provided a number of alter¬ 

native methods for incorporating extensive sets of real or hypothetical meteorolog¬ 

ical data into this array. When data are very sparse, the array grid point vector 

may be given the value of the nearest data point. When data are more extensive, 

one can use a preferential weighting scheme in which the closest input data are 

favored. When even more extensive data are available, a three-dimensional least- 

squares method may be used. 

An analysis of the motion of fallout particles in the wind field has shown 

that the effect of particle inertia at the boundaries between cells can be neglected 

under all physically realizable circumstances. This work also has resulted in jus¬ 

tification to equate the lateral particle velocity to that of the wind velocity. To 

provide the model with the best means for estimating particle settling rates, a com¬ 

prehensive review of methods for computing particle settling rates has been per¬ 

formed. The method of Davies (Ref. 6, Appendix A), which is pertinent to spheres, 

has been selected as most appropriate. A drag slip correction of the form of 

Cunningham’s factor has been adopted. 

Local circulation phenomena such as orographic effects and the sea breeze 

have been investigated in detail. We have been able to derive general expressions 

for the wind flow over variable terrain and have applied the theory to a single moun¬ 

tain and to a mountain ridge which makes an arbitrary angle with respect to the flow. 

Within the context of the theory, valleys are treated as inverted mountains. We 

have also derived expressions for the trajectories of fallout particles over a two- 

dimensional mountain ridge and have employed these functions to assess the effect 

of the mountain range's presence on the down-wind deposition of fallout. 

A complete review of existing sea-breeze theories has been performed, 
15 and the decision has been made to use Defant's linearized model for the fallout 

computations. We have rendered his theory compatible with the proposed computer 

program, and we are in the process of developing the numerical procedures that 

are to be used in the program. 

3. Computer Programming. The complete DOD Fallout Prediction System 

will consist of five semi-independent modules that will be exercised serially. Two 
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of these are being prepared independently of this project: the Fireball Module and 

the Particle Activity Module. The Fireball Module is being prepared by Technical 

Operat ons Research under contract to the Nuclear Defense Laboratory. It supplies 

a starting time for the cloud rise simulations, an average cloud temperature at the 

starting time, the soil burden of the cloud in both the vapor and condensed phases, 

and particle size distributions of condensed phase soil particles. The particle 

activity program is the responsibility of the Naval Radiological Defense Laboratory 

and will not be discussed here. 

Work on the Fireball Module has been completed. The computer program 

is particularly simple and will require only a nominal time for execution. The cal¬ 

culation involves serial exercising of a group of subroutines, one for each param¬ 

eter to be provided in the output. 

Because the Cloud Rise Module is still in the research phase of develop¬ 

ment, it has not been possible to begin detailed work on the cloud rise simulation 

computer program. Nevertheless, a broad outline of programming strategy has 

been devised. It is planned to program the cloud development and the particle ki¬ 

netics portions of the model for closely linked parallel computation. The simula¬ 

tions will be done by following the course of the cloud growth and particle trajectories 

through a succession of short-time steps. Conventional numerical time-step inte¬ 

gration procedures will be used. Significant progress has been made in upgrading 

the computational efficiency of the particle trajectory computation computer program. 

The Transport Module has been divided into three major programs, each 

of which makes up a separate chain link: 

Link 1 - Initialization and control 

Link 2 - Wind field description 

Link 3 - Particle transport. 

At this time preliminary and abbreviated versions of Link 1, 2, and 3 are 

operative. Link 1 is essentially completed and debugged. Certain computational 

options remain to be added to Link 2, although the currently available options and 
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modules are capable of fully exercising the programs of Link 3. Link 3 program¬ 

ming requires a few minor additions and changes for improved efficiency and useful¬ 

ness. The testing of certain routes and options in Link 3 still remains to be done. 

It is the task of the Output Processor Module to accept descriptions of 

grounded cloud subdivisions, interpret them into a two-dimensional memory array 

or map image, and then print the resulting array in a form suitable for direct con¬ 

touring. The interpretation processes required of the Output Processor are the 

computation of: (1) dose rate Mnormalized" to H + 1 hours, (2) dose rate at a 

specified time, (3) dose accumulated between two specified times, and (4) particle 

mass deposited per unit area. Programming and debugging of the Output Processor 

Module are completed, and an initial draft of the documentation for the Processor 

has been written. 
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Table 1 is a summary of the conferences held during this reporting period 

(1 April 1965 to 31 October 1965). 

TABLE 1 

SUMMARY OF CONFERENCES 

Date Attendee 
Agency ^ 

Represented 
Conference 

Location 
Purpose 

2 April 

W.Barr, W.C.Conover, 
M.Lowenthal, H.Wetckmann 

H.G.Norment, T.Schwenke 

ASL 

TOR 

ASL, 
Fort Monmouth, 

N J 

Introductory coordination 
meeting between ASL 
and Tech/Ops 

8-9 April 

M. Morganthau 

W.Barr, W.C.Conover 

R E. Peterson 

L M.Hardin, R.C Tompkins 

S. H.Cassidy, E.C. Evans, III, 
I .O. Huebsch 

W.D. banning, E.T. Clarke, 
C. Hauer, H.G. Norment, 
T. W. Schwenke, H.J. Tiller 

J P.Gerrity 

AMC 

ASL 

DASA 

NDL 

NRDL 

TOR 

TRC 

TOR, 
Burlington, 

Mass. 

Contractor's coordination 
meeting on DASA subtask 
NWER 10.058 

24 May H G Norment TOR 
Pentagon, 

Washlngton.QC. 
Present status report to 
the Fallout Panel 

12 August 

W Barr 

J W. Cane 

L Hardin 

E.T Clarke, C Hauer, W ing, I 
Kohlberg, H.G.Norment, T Schwenke, 
H. Tiller, J.Zuckerman 

ASL 

DASA 

NDL 

TOR 

TOR. 
Burlington, 

Mass. 

Status report on DASA 
sub' isk NWER 10.058 

30 August 

R. C. Tompkins 

S. Cassidy 

W Ing, H.G.Norment, T. Schwenke, 
H.Tiller, J. Zuckerman 

NDL 

NRDL 

TOR 

TOR. 
Burlington, 

Mass. 

Coordination conference on 
computer programming 

15 September 
I. Kohlberg, H.G.Norment 

J. P.Gerrity, J.D Kangos 

TOR 

TRC 

TRC. 
Hertford, 

Conn 

Discussion of mutual Inter¬ 
ests and progress In attempts 
to prepare mathematical 
models of sea-breeze circula¬ 
tion systems 

23 September 

W.Barr, W.C.Conover 

J. W. Cane 

L. Hardin. R.C. Tompkins 

R.C Mason, R.C Simmons 

E.T. Clarke, C. Hauer, H.G Norment, 
T.Schwenke, H.Tiller 

ASL 

DASA 

NDL 

NMCSSC 

TOR 

TOR, 
Burlington, 

Mass. 

Conference on fallout model 
user requirements 

19 October 

R.C. Tompkins 

R.R Rapp 

H G Norment 

NDL 

RAND 

TOR 

RAND, 
Santa Monica, 

Calif. 

Discussion on progress of 
DASA subtask NWER 10.058 

20-21 October 

R. C. Tompkins 

E C . Evans, HI, 1.0 Huebsch, 
S. C. Cassidy 

H G. Norment 

NDL 

NRDL 

TOR 

NRDL, 
San Francisco, 

Calif. 

Contractor's coordination 
meeting on DASA subtask 
NWER 10 058 

*AMC = Army Materiel Command NMCSSC = National Military Command System Support Center 
ASL = Atmoepheric Sciences Laboratory NRDL = Naval Radiological Defense Laboratory 
DASA - Defense Atomic Support Agency TOR » Technical Operations Research 
NDL = Nuclear Defense Laboratory TRC = Travelers Research Center 
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FACTUAL DATA 

CLOUD RISE DYNAMICS 

INTRODUCTION 

A basic model has been devised that describes the rise and growth of a nu¬ 

clear cloud during the entrainment controlled phase of its development. This 

model takes into account thermodynamic effects of the cloud rise through the 

hydrostatic atmosphere and entrainment of ambient air; it also includes effects 

of organized vortex circulation on both the cloud rise and disposition of fallout 

particles in the cloud. Vortex circulatory motion in the cloud is simulated by a 

three-dimensional ring vortex. ' ’ The model depends heavily on observed 

nuclear cloud rise data for characterization of the kinematics of cloud 

development. 

We have found it convenient and appropriate to divide the development of a 

nuclear cloud into four phases. These are (in temporal sequence): 

1. A fireball phase 

2. A pseudo-hydrostatic cloud rise phase 

3. An entrainment controlled cloud rise phase 

4. A final expansion phase leading to stabilization. 

Figure 1 shows these phases with reference to the cloud center height. The fire¬ 

ball phase covers the interval from the detonation time until radiative growth of 

the fireball has virtually ceased. The prompt effects, including the electromag¬ 

netic pulses and the close-in blast, have largely subsided by the end of this period. 

During phase 2, the fireball is still hot, in fact the second temperature maximum 

usually occurs early in this phase, but not hot enough for radiation to dominate 

the cooling process. The fireball begins to rise, and owing to vigorous circulation, 

to entrain appreciable amounts of ambient air. This causes rapid cooling. In 
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Figure 1. Intervals of the Four Phases of Cloud 
Development Shown in a Typical Plot 
of Cloud Center Height vs Time 

spite of this entrainment, the cloud appears to rise in a manner that resembles 

an air bubble rising in water; therefore, we have labeled it the pseudo-hydrostatic 

rise phase. (It also has been called the hover period. ) This behavior results 

from the fact that the disparity in densities of the cloud and ambient gases 

^ambient ^cloud > causec* by the high temperature of the cloud, is suffi¬ 

cient to prevent effective momentum transfer from the circulating cloud gases to 

the surrounding air. At approximately the time of the beginning of phase 3, 

however, the combined influence of lowered temperature and circulation vigor 

are sufficient to cause an interaction between the cloud gases and ambient air that 
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profoundly affects cloud rise and growth. Organized vortex circulation, the struc¬ 

ture of which is illustrated in Figure 2, causes an increasingly vigorous engulfment 
* 

of ambient air into the cloud. This process continues throughout phase 3. Sub¬ 

sequent to phase 3, cloud behavior is dependent on weapon yield and height of burst. 

For small detonations at low altitudes, buoyancy and circulation subside together 

at a time prior to encountering the tropopause. For large detonations, the tropo- 

pause is encountered during the cloud rise, and the cloud passes into the strato¬ 

sphere where the ambient temperature increases with altitude. This so-called 

temperature inversion results in a rapid loss of cloud buoyancy and causes the 

cloud rise to cease, while circulatory action (vorticity) and entrainment continue 

to persist. The residual vorticity then is dissipated by lateral expansion, while 

the cloud height remains fixed. 

Detailed discussions of the physics of vortex rings and the efficacy of vortex 

ring geometry and circulation to fit observed nuclear cloud behavior have been 
2 3 presented by Norment. ’ 

THE INITIAL STATE OF THE NUCLEAR CLOUD 

Currently available cloud rise models, including the model presented herein, 

are applicable only as early as the beginning of the phase 3. Therefore, we have 

taken the beginning of the phase 3 period as our starting time. Using cloud rise 

data from Ref. 5, we have determined that the initial time, t., is given approxi¬ 

mately by 

56 W -0.30 
» 

where t2m is the time of the second temperature maximum, and W is the yield in 

kilotons; tg can be evaluated as a function of yield by the equations of Hillendahl^ 

or by the relations given in Ref. 7. 

* 
This so-called entrainment process is more appropriately described as a 

"fluid" uncoiling of the cloud vortex into the ambient air. Magnificent photographs 
of cross sections of an entraining column of smoke that clearly illustrate the en¬ 
trainment mechanism have been published by Magarvey and MacLatchy.18 
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Figure 2. Perspective View of a Rising Nuclear Vortex Ring (Cloud) 
from a Position Below and to the Side of Ground Zero 
(Circulation is indicated by the arrowed lines.) 

Equations by which the temperature at the initial time and the soil burden of 

the cloud as a function of yield and height of burst are calculated also have been 

developed. (This work was supported by the Nuclear Defense Laboratory under 

Contract DA-18-035-AMC-346(A) and by the Office of Civil Defense under Contract 

N228(62479)-67712 with the Naval Radiological Defense Laboratory.) The results 

will be published soon in a final report to the Nuclear Defense Laboratory and, 

therefore, will not be repeated here. 

THE BASIC DYNAMIC MODEL 

At times subsequent to t., we assume that a nuclear cloud is a buoyantly rising 

entraining bubble of hot air in pressure equilibrium with the hydrostatic atmosphere 
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and that radiative loss of heat is not significant. With these assumptions we 

derive the following general equations from energy balance considerations and 

the ideal gas equation of state: 

and 

S = - <T - t-> 

_1 dm i_e _g_ 
' P e'm dz M 

dV _ 1 dm V / dT 
dz p dz T \dz + 

_e _g_ 
P ^ 9 

where 

V = cloud volume 

T = average cloud temperature 

~e = ambient temperature 

z = altitude above mean sea level 

m = cloud mass 

p = average cloud density 

p = ambient density 

g = acceleration of gravity 

Cp = molar specific heat at constant pressure 

M - molecular weight of air 

Æ = universal gas constant. 

(1) 

(2) 

* 
This is essentially the same as Eq. (3.4D) of Ref. 1 and Eq. (21) of Ref. 8. 
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Equations (1 and 2) can be combined and solved for the mass entrainment rate to 

yield 

dm 
dt 

fdV Y& ' 
pe\dz ~yPpe 

(3) 

where t is the time; P, the ambient pressure; y, the specific heat ratio; and v, the 

cloud rise velocity. We can estimate dV/dz by making use of a well known and 

widely observed result for entrainment controlled rise of buoyant bubbles through 

an atmosphere: 

R = o:(z - z') , (4) 

where R is the bubble radius, a is a constant, and z' is the value of z at the virtual 

origin of R as implied by Eq. (4). If we assume that cloud shape similarly is main¬ 

tained throughout the rise period, we have 

dV = 3V 
dz z - z' 

and Eq. (3) becomes 

dm 
dt 

(5) 

Except at very late times, when the cloud is approaching stabilization, the term 

gp /yP is negligible compared to 3/(z - z'), and we may write 
G 

dm 
dt 

(7) 

1 9 
Equation (7) is similar to others reported in the literature. 

To describe a model of the mechanics of cloud rise, the nuclear cloud can be 

considered either as a bubble of buoyant gas or as a growing vortex ring. Both of 
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these aspects are important; indeed, they provide complementary representations 

of the cloud rise and we shall consider both. 

A bubble of gas lighter in density than the surrounding ambient air rises because 

of the buoyancy force on it, whereas its rise is retarded by pressure drag. As the 

cloud rises, its mass increases by entrainment of ambient air so that the net force 

on the cloud must be determined by time differentiation of the cloud momentum. 

The force balance equation of the cloud is 

d(mv) 
dt V(pe - P) g - |pev2ACD (8) 

where the first and second terms on the right hand side are respectively the buoyancy 

and drag forces, A is the cross-sectional area of the cloud projected in the direction 

of motion, and CD is a dimensionless constant called the drag coefficient. The drag 

coefficient is a function of both Reynolds number and ellipsoid eccentricity; its 

value is expected to lie between 1/2 and 1. 

After expanding the left hand side of Eq. (8), evaluating A in terms of the cloud 

radius, and rearranging to the form of the equation of motion of the cloud, we obtain 

dv _ K r2 dm 
dt \p LJ s 2pV ' m dz (9) 

2 H m 
We see that the mass entrainment contribution, — effectively adds another 

m ciz 
drag term to the equation of motion. 

To express the equation of motion of a nuclear cloud in terms of vortex ring 

dynamics we make use of an equation for the impulse of a ring vortex in an ideal 

fluid given by Lamb. Justification for application of ideal fluid mechanics steady 

state theory to nuclear vortex rings has been given in Ref. 2 (Chapter II, paragraphs 

2 and 3). According to Lamb, the impulse P of a ring vortex of density p and radius 
$£is given by 

P = TTpr^2 , (10) 

where F is the velocity circulation of the ring vortex. For an ellipsoidal shaped 

nuclear cloud this may be approximated by the relation 

P = 7re2prR2 . (11) 
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For a growing nuclear cloud with changing density and constant eccentricity the net 

force on the cloud is given by 

or 

dP 
dt 

2 D2 7re pvR 
dR 
dz 

1 dß. 
o dz 

dT 
dz 

dP 
dt 

2 r>2 7re pvR 
dgn(R2o) 

dz 

and the equation of motion of the cloud is 

(12) 

(13) 

dv. 
dt 

2 n2 TTC V R 
V 

, df n(R“p) 
dz 

dT 
dz l'“ J m 

dm 
dz (14) 

Equations (1, 6, and 9 or 14) are simplified versions of the basic set of equations 

required for describing the cloud rise. The major problems remaining are to 

determine the variation with altitude of the various quantities in Eqs. (9 and 14). 

First, however, we shall consider the additional matter of accounting for the 

presence of soil material in the cloud. A preponderate proportion of the soil mate¬ 

rial will be in a condensed phase and therefore will serve mainly to ballast and to 

increase the heat capacity of the cloud. Under the assumption that all soil material 

is in a condensed phase, Eqs. (1, 2, and 6) can be revised to yield 

dT 
dz 

m + m q 
a s^ 

m 
_1_ dm ^e g 
m + m q dz p C ’ 

â. S • 

(15) 

and 

dV _ 1 dm V (dT pe Ma \ 
dz pa dz + T l dz + pa £ g i ’ (16) 

dm 
dz 

^ + 
m + m q 

a s 
P-a.M 
p pe / 

.(17) 
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v/here the symbols are as defined in Eqs. (1 and 2) except that the subscripts a and 

s denote air and soil, respectively; the unsubscripted quantities refer to the total 

cloud, q = M /M and C is the average specific heat of the cloud. 
a. S 

VARIATION WITH ALTITUDE OF CLOUD RISE PARAMETERS 

To determine the cloud growth parameters of Eq. (14), we are making exten¬ 

sive use of cloud rise data in Ref. 5 that have been obtained from movie films of 

nuclear test shots. (These observed data also are vitally important in checking the 

efficacy of the theoretical model to reproduce observed cloud behavior.) 

During phase 3 of the cloud development (see Figure 1), cloud growth and rise 

have been observed empirically to proceed by the relation given by Eq. (4), 

R = a(z - z') , 

and by 

(18) 

where a, k, and n are constants that are unique to each individual shot but can be 

roughly correlated with weapon yield. Both of these equations, but especially Eq. 

(18), have been found to fit the observed data with extremely high correlation. 

(One of the remaining subtasks for the second half of the effort is to relate these 

equations to atmospheric structure in a useful fashion.) 

If we restrict our attention to a particular test shot for which the parameters 

of Eqs. (4 and 18) have been determined, the only unknown terms in Eq. (14) are 

those involving F, the vortex circulation. To obtain a relation from which F and 

its rate of change can be determined, we may equate the right hand sides of Eqs. 

(8 and 12) to obtain 

dF | [ 1 dR2 | 1 dp 
dz \ j^2 dz p dz 

or 

F = f(z) . (19) 

V is obtained by differentiation of Eq. (18) with respect to time. 
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Equation (19) can be integrated to yield 

t*ch op» 

z 

FpR2 - y f(z)pR2dz + r0P0R2 , (20) 

zo 

To apply Eq. (20) to determine the change of F with time and altitude, it is apparent 

that an independent estimate of F0 must be obtained. A means for accomplishing 

this, as well as the results of the application of the method to several nuclear test 

shots, are described in considerable detail in Ref. 3. This procedure, however, 

is too laborious and demanding of data quality to yield sufficient information to 

establish variations of F over the range of yields and heights of burst desired. 

More simplified methods, also described in Ref. 3, or others that may be developed, 

will be applied during the coming months to obtain independent estimates of F for as 

many shots as possible. 

Equation (20) was programmed for machine digital calculation to obtain a first 

order estimate of the behavior of F with time and altitude. Values of F0 from 

Ref. 3 in conjunction with estimates of the other model parameters from rise data 

for real test shots were used in several partial rise simulations. The model has 

been exercized sufficiently to determine that F increases as the cloud rises and 

grows. This appears to be a physically appropriate result. No results of a final 

nature, however, can be reported at present. 

CLOUD CIRCULATION 

The large-scale circulation in a nuclear cloud can be simulated by a three- 
4 dimensional ideal fluid vortex ring as described by Lamb. Equations of motion of 

particles entrained in the cloud have been derived and programmed for machine 

computation. ’ Trajectories of particles of any size moving under the influence 

of the vortex circulation can be computed. These trajectory comnutations provide 

a means for determining the effects of cloud circulation on distributions of particles 

in the cloud according to particle size and location. It is intended that trajectories 

of representative particles be computed during the cloud rise and growth simula¬ 

tion phase of the DOD System computations. Since the details of the basic circula¬ 

tion and particle trajectory computation models are adequately presented in Refs. 2 

and 3, we shall not repeat them here. 
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ATMOSPHERIC TRANSPORT OF FALLOUT PARTICLES 

INTRODUCTION 

The fallout transport module of the DOD Prediction System can be character¬ 

ized by the terms atomistic, deterministic, and discrete. It is atomistic because 

the basic element of the module calculations is the fallout particle and, at least in 

concept, the end results of the model are based on the summation of the effects of 

individual particles. It is deterministic because the trajectories of individual 

central particles falling through the atmosphere are uniquely determined by par¬ 

ticle and atmospheric properties. It is discrete since the distributions of particles 

in space, particle size, and radioactivity are divided into discrete parts, the effects 

of which are associated with representative central particles. The macro-scale 

atmospheric description used within the transport module is also discrete in that 

the atmospheric volume of interest during a given time period is divided into sub¬ 

volumes (cells). Everywhere within a cell the atmospheric properties are con¬ 

sidered to be uniform. Thus, the transport module is discrete in space, time, and 
particle size. 

There is within the DOD model more than one system for the description of 

atmospheric flow. First, we have the macro-scale atmospheric description. In 

the macro-scale description relatively large cells are employed, and the totality 

of cells includes a vast volume of atmosphere often on a macro-meteorological 

scale. Second, we have meso-scale circulation systems. In the meso, or local, 

atmospheric systems more freedom is allowed in the mode of description. Either 

much smaller cells, or even a continuous description, may be used. Within each 

local circulation system, separate and possibly unique particle transport proced¬ 

ures will apply. For practical reasons the DOD model restricts the user to a 

small number of local circulation systems that are defined within specified bound¬ 

aries. Where meso- and macro-description systems overlap, the former take 

precedence since they are capable of greater precision. 
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WIND CELL CALCULATION METHODS 

Transport in a Single Wind Cell 

To promote an understanding of the transport calculations of the DOD System, 

we shall first discuss the transport of a single particle through a single wind cell. 

Let us consider the two-dimensional example represented in Figure 3 to determine 

Gravity 

Figure 3. The Wind Ceil 

the point and time at which a particle originally located at any point x , z at time 

t will exit from the cell in which it is located. The only forces acting on this 
P 

particle are gravity and wind drag. Given the particle’s size and density, we can 

compute the particle’s terminal velocity (a vertical component). Assuming that 

the particle’s total velocity is equal to the sum of the velocity of the wind and the 

particle's terminal velocity, we can compute the particle's resultant velocity 

within the wind cell, and thereby its in-cell trajectory is fully defined since all 

forces on a particle within a particular cell are taken as constant and independent 

of position within the cell. 

In actual computation we obtain the particle velocity components normal to the 

bounding planes of the wind cell. We then compute the time at which a boundary 

intercept would occur in each of the (three) component directions. The earliest of 

these (three) intercepts indicates the time of exit and also the coordinates of the 
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exit point. The computation is illustrated, as follows, for the case of a wind 

vector directed in the positive x axis direction. The distances to boundaries in 

the x and z directions are given by 

- x ) and (z 
P P 

For the particular situation illustrated in Figure 3, the times of flight to the x and 

z bounding planes are 

(x2 - x) V i 

t = —=7-ancJ t = ~— 
x V z (V x 

(y-' - y 
F+ Vz> 

where V is the x component of the wind velocity, V is the z component of the wind 

velocity, and Vp is the terminal velocity of the particle and is treated here as a 

negative quantity. The time increment until exit from the cell is, therefore, 

t£ = min (tx, tz) , 

and the particles exit coordinates are 

* 

* 
z 

P 
= z + t 

P € 
<vz ♦ vF) 

This procedure can be generalized easily to account for: the third dimension, 

the time limit on the applicability of the current wind description, and particle 

impact on the topography. Since there are no restrictions placed on the signs 

and magnitudes of wind vectors, the treatment above is typical but not general and 

a simple check must be performed at the outset of a computation within a particular 

cell to determine the proper calculation procedure. 

Transport in the Macro-Wind Field 

Transport of a single particle through the compartmented wind field is merely 

an iteration on the single particle-single cell logic. The particle coordinates at 
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exit from one cell become its initial coordinates for transport through the next 

cell. In the computer program, transport is always carried out for single par¬ 

ticles such that the particle ends up grounded on the topography or positioned in 

space at a time boundary where it awaits the updating of the wind field description. 

CONSTRUCTION OF THE MACRO-WIND FIELD FROM METEOROLOGICAL 
DATA 

The primary source of wind data to be used in the construction of the wind- 

field description is derived from atmospheric soundings. The task of converting 

atmospheric soundings (samplings) into a comprehensive, although discrete, 

description of the atmosphere is closely analogous to procedures used for weather 

prediction. Of course, the problem of predicting (in the literal sense) the weather 

is not new, and fairly sophisticated techniques exist for forecasting purposes. 

They cannot, however, be relied upon to depict the wind-field description on a 

meso-meteorological scale. The existing techniques are applicable over large 

distances in which short-range variations of the wind field are smoothed over. 

For example, models based on the geostrophic wind approximation attribute the 

curvature of the wind to the Coriolis effect, which is a relatively large-scale 

phenomenon (more sophisticated models improve on this approximation). Further 

investigation on existing models is desirable for the purpose of rendering them 

suitable over relatively short distances. Because of the extreme complexity of the 

dynamical weather prediction equations, ^ however, it seems highly unlikely that 

tangible results are forthcoming in the near future. Despite the limitations of the 

existing weather prediction models, they can be used to obtain estimates of the 

wind field for an extremely coarse mesh, say three or four grid points over the 

entire close-in-fallout range. More expedient methods must be employed to obtain 

suitable fine-grid wind-field estimates. In the discussion that follows, we present 

three alternative schemes for expanding a set of input data to a complete three- 

dimensional wind-field description. The method selected for use in a particular 

case will be determined by the quantity of data available. The notation used is as 

follows: 
> th 

R. = position of i observed wind velocity vector relative to the 

wind-field-array grid point RQ 

i 
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Vj = measured wind velocity at position R. 

V = wind velocity at a wind-field-array grid point R . V is to 
o oo 

be determined from R. and V.. 

The Closest Station Method 

In this method the velocity at the grid point is assumed to be the same as that 

of the closest datum point. This »/ill probably be a good approximation if the loca¬ 

tion of a measurement is sufficiently close to the arbitrary point. 

The Preferential Weighting Method 

In the preferential weighting method, Vo is computed as a weighted average of 

the velocities at the N nearest data points. The relationship between Vo and V. 

is given by 

N 

i = 1 

(21) 

where f.(îi., R9 
11 ¿à 

t • • • Rn) is a weighting factor normalized by the formulation 

N 

(22) 

i = l 

A reasonable choice for f. is 
i 

(23) 
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in which \ = \ + Yj + » and N = number of sounding stations; a is a constant 

chosen to be less than unity, so that preferential weighting is given to those sound¬ 

ing stations which are closest in altitude to the arbitrary point. We anticipate much 

larger variations of the wind velocity in the vertical direction than in the horizontal 

directions. 

The Least-Squares Method 

Here, we assume that each velocity component is an analytic function of posi¬ 

tion. Since the wind velocity in the macro-wind field will not undergo very great 

spatial variations in a short distance, it becomes possible to approximate each 

component of the wind velocity by the first few terms of the Taylor expansion taken 

about the grid point as origin. We then can write 

u = uQ + (Vu)o • R 

V = vQ + (Vv)o • R , 

(24) and 

w = wo + (Vw)o • R , 

where uq , vQ, and wq are the x, y, and z components of the wind velocity at the 

origin. By least-squares fitting of Eq. (24) to the data points,’ we can determine 

the twelve unknown constants uQ, vQ, wq , (Vu)Q = A , (W)0 s B, and (^w)o = C . 

Actually, the computation breaks down into three separate parts involving (uo> A), 

(vQ, ÏÎ), and(wQ, cf). To illustrate the procedure, we shall outline the method for 

computing uQ . If U. denotes the x component of wind velocity at the i**1 sounding 

station, the i^ residual is given by 

(25) 

The constants uq , Ax, A^, 

by minimizing the functional 

and A are determined by the least-squares method 
z 

11 

N 

(26) 

i = 1 
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with respect to these four parameters. The four linear equations so deduced are 

lr = 0 = • I ui+ I <%+ * • iv . (27) 

= 0 = - I Uixi + I <Uo + r ' ®i)xi • (28) 
X 

^ =0 = - ^Uy + ^(u +A .R)y (29) 
y 

and 

=0 = - ^U.yi+ ^(uo +A -R^z. . (30) 
z 

Introducing the averaged quantities 
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gives the following matrix equation for u and A : 

tmch op* 

'1 X y z 

~2 — — XX xy xz /:° \ 
- — 2 — Y xy y yz 

i_ / \ y 
- — — 2 

,z xz yz z W 

(32) 

By use of conventional matrix inversion techniques, Eq. (32) can be solved for uQ . 

We have 

uo = + y 2^ + W + V2 4 ’ 
(33) 

where 

y i = 
B 11 

B 

?2 = 
B 21 

b| 

(34) 

and 

= 

B 
31 

B 

B 

41 

B 

in which IbI denotes the déterminent of the matrix Eq. (32). The quantities B 
ki 

;ne matrix tq. (özj. me quantities a 
\ + lr 

are the cofactors which equal (-1) times the complimentary minor of the matrix 

element Bki. It is easy to show that the y and z components of velocity are given by 

vo = y + y2vx + r3vy + y4VZ (35) 
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and 

wo = y+ y+ y^y + y4wz . (36) 

where the averaged quantities in Eqs. (35 and 36) are of the same nature as those 

shown in Eq. (31) with the replacement of U. with V. and W.. 

Discussion of Methods 

On a purely mathematical basis, it would be desirable to use the least-squares 

method because it is based on tried and proven experience. However, a minimum 

of four independent measurements is necessary to render this method applicable. 

Also, its workability is contingent upon the abundance of closely-spaced sounding 

stations located in and around the area of interest. 

Although the preferential weighting approach is not deduced by rigorous mathe¬ 

matical techniques, it serves to bridge the gap between the least-squares method 

and the closest-station method. Admittedly, other choices for the weighting func- 

tion besides (1/£ ) are possible and, in fact, should be explored. The preferential- 

weighting method will be used when the number of sounding stations within the 

preassigned range is more than one and less than or equal to four; otherwise, the 

single station approach will be used. It is anticipated that the three alternate 

methods of computing the wind field on a grid contain sufficient flexibility to render 

the prediction system a useful research tool. 

PARTICLE KINETICS 

Motion of Fallout Particles 

The fundamental equations which describe the motion of a fallout particle are 

the momentum equation, 

and the position equation, 

d r 
dt V. 

P ’ 
(38) 
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where V and V are the particle and wind velocity, G is the gravitational constant 
l p y | 

-G k, and ¢(1 Vn - Vw| ) is a friction function so defined that the frictional force 

per unit mass between the particle and the wind is given by 

F = -<Vp-V> . 

Equation (37) is simplified by introducing the relative velocity 

(39) 

in lieu of V . When Eq. (40) is inserted into Eq. (37), we obtain for 4 
P 

= - £ ¢(1 ! I ) + G - 
3 V 
ãf-[(vw+Õ-v 

W 

(40) 

(41) 

Except in most unusual and extraordinary cases, the apparent acceleration terms 

due to the temporal and spatial changes of the wind field are less than G, the 

gravitational, accaleration. Thus, Eq. (41) reduces to 

= -T'Mltb + G . (42) 

In Appendix A we show that both the relative acceleration, d | /dt, and the 

horizontal components of the relative velocity, (4 . 4 ), are negligible. The X y 
vertical component of relative velocity is 

A commonly used expression for ¢ in the pressure flow regime is 

1 CE> a 
* = 2-¿r pA V -V = K V -V p w1 1 p w 

while in the Stokes' law regime ¢ is a constant. 
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where Vp, the so-called terminal fall velocity, is given by the solution of the 

equation 

Vf0(Vf) = G . (43) 

Under these circumstances the components of the particle velocity are given oy 

(44) and 

where U, V, and W are the x, y, and z components of the wind velocity. In essence, 

we have been able to solve the momentum equation for the fallout particle, thus re¬ 

ducing the dynamics of the transport problem to the solution of the position equation. 

Since originally it was thought necessary to solve both the momentum and position 

equations, the analytic solution of Eq. (37) reduces the digital computation by a 
factor of two. 

Particle Settling Rates 

We have performed a comprehensive survey of methods used for computing 

particle settling rates, given both in the open literature and in the literature on fall¬ 

out prediction methods. On the basis of this survey, we have öoncluded that the 
12 

equations of Davies for spheres are most appropriate for use in the DOD Fallout 

Prediction System. The following procedure is used: 
o 

1. The dimensionless quantity CpR , where CD is the drag coefficient 

and R is the Reynolds number, is evaluated by the equation 

(45) 

30 B U N G O N M A 



t) 

tBch opa 

k 

i 

where g is the acceleration of gravity, p and pp are the den¬ 

sities of air and particle, d is the particle diameter, and rj 

is the dynamic viscosity of the air. 

2. The Reynolds number is evaluated from Davies’ polynomials 

R 
CdR 

24 
- 2. 3363 X 10 

- 6.9105 X 10 CdR2 < 140 

(46) 

or 

log10R = - 1.29536 + 0. 986 ^log10CDR2^ - 0. 046677 ^log1()CDR2^ 

+ 0. 0011235 (log10CDR2^ , 100 < CpR2 < 4. 5 x 107 . 

(47) 

3. The settling velocity Vp is computed from 

y =M 
VF pd 1 

(48) 

4. For small particles at high altitudes, the settling velocity must 

be multiplied by a drag slip correction, f, where 

f = 1 + 2.33 x 10 -4 

dp 
(49) 

and d and p are in microns and grams per cubic centimeter, 

respectively. 

We conclude that methods used in the past to correct particle fall rates for 

shape effects in fallout prediction calculations are incorrect. Particles of spherical 

shape fall at a rate that is the maximum for particles of equivalent volume of all 
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shapes. In addition, irregularity of shape can cause deviation of particle trajec¬ 

tories from the vertical in still air. It is known that both of these effects become 

more pronounced with increase in Reynolds number. Unfortunately, so little ex¬ 

perimental work has been done for particles in the pressure flow range (i. e., for 

large Reynolds numbers) that the importance of these effects to fallout prediction 

calculations cannot be precisely determined. Additional studies of these effects 

should be performed to resolve the issue. 

Appendix B presents the details of our study and a comparison of particle 

settling rate computation methods. A cursory treatment of turbulent diffusion 

effects on fallout particles are also included. 

LOCAL CIRCULATION SYSTEMS 

Orographic Effects 

It has been recognized for some time that orographic effects influence the ulti¬ 

mate distribution of radioactivity resulting from a tropospheric nuclear explosion. 

The vertical lifting of light debris over mountains can extend the fallout range 

beyond the usual expectations. Gradual but extended depressions will shorten 
it. 

The need to develop a mathematical model of orographic flew which can be 

rendered compatible with machine computations of fallout arises principally from 

the lack of sufficient meteorological data, at this time, to yield a satisfactory time 

and space dependent picture of the wind field. Although sounding stations at 14-mile 

intervals are planned in the near future (Army Integrated Meteorological System), 

it is questionable whether even this will be sufficient to account for local variations 

of the wind field. 

A perturbation theory based model has been developed to compute the changes 

in the wind field caused by orographic effects, such as mountains and valleys. The 

model is predicted on the assumption of the existence of a uniform, steady velocity 

field which would otherwise exist in the absence of the ground disturbance. The 

vertical attenuation constant of the perturbed velocity field is coupled to the 

periodicity of the ground variation through a dispersion relationship derived from 
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a system of linear differential equations with constant coefficients. In general, 

the dispersion relationship is of 2nd degree in k , the vertical attenuation con- 

stant. and its dependence on kx and k^,, the wave numbers for the horizontal 

ground variations, becomes greatly simplified upon neglect of the Coriolis effect. 

Roughly speaking, this limits the applicability of the theory to ground variations 

less than (4 u^^) in extent, where u^^ is the unperturbed horizontal component 

of wind velocity in miles per hour. For most practical cases involving tropospheric 

fallout, this restriction is not severe since sounding stations are presumed to exist 

at reasonable distances from each other. Moreover, for small u^^, orographic 

effects can be neglected since the motion of a fallout particle will be nearly vertical, 

descending with the so-called terminal velocity, Vp . 

From a theoretical point of view, this investigation is a modified extension of 
13 14 the earlier work of Queney, * but there are differences which render somewhat 

different results. Although both models utilize perturbation theory to include the 

effects of variable terrain, there is a distinct conceptual difference between them 

arising from the choice of the dependent variables. Queney deals with the displaced 

trajectories of the streamlines as the fundamental physical quantities of interest 

(which seems to introduce extra degrees of complexity into the problem), while we 

treat the changes in the velocity field. Our method of attack permits more refined 

criteria for establishing the validity of the calculation and leads quite naturally to a 

generalization to three-dimensional systems, which are more frequently encountered 

than the two-dimensional idealizations of Queney. Moreover, we show that a pertur¬ 

bation theory model for the hydrodynamics does not necessarily imply the applica¬ 

bility of superposition of ground disturbances, a result which does not seem to have 

been recognized earlier. This is a distinct problem. However, we are able to 

demonstrate that the superposition hypothesis can serve as the basis of an iterative 

scheme for computing the velocity field to an arbitrary degree of accuracy con¬ 

sistent with the initial premises of the perturbation method. In certain two- 

dimensional cases, there does not appear to be much difference between Queney's 

results and ours. 

The relevancy of this model for fallout prediction is considered in the sense 

that it renders a description of the wind in regions where meteorological data are 

not readily available. In order to use the theory, it is necessary to deduce an 
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appropriate wind velocity, uQ, which is supposed to exist in the absence of the 

particular topographical disturbance. The quantity uq either can be obtained by a 

direct measurement from a single meteorological station or suitably constructed 

from the measurements of a group of nearby sounding stations. 

The overall validity of the model is based upon the applicability of the non- 

turbulent hydrodynamics equations. Consequently, the theory will not yield an 

accurate description of the wind field within the boundary layer at the earth's sur¬ 

face. There is much uncertainty as to the extent of this layer since it depends on 

a multitude of physical processes acting in conjunction with each other. For 

example, the height of the boundary layer over an ocean surface is around 300 ft, 

the magnitude of which is manifested by the patterns of soaring gulls. If we tenta¬ 

tively use this as a measure of the magnitude of the boundary layer over "non¬ 

violent" topographical effects, then for practical purposes, it becomes possible to 

render the theory applicable over all space since the fallout pattern will not be 

substantially modified by wind field uncertainties in the lower few hundred feet. 

Soluble mathematical models of airflow in the troposphere must in some 

measure be removed from reality because of the enormous complexity of the actual 

physical system. Despite this inherent limitation, the non-turbulent models of air¬ 

flow can be useful for fallout calculations if they at least semi-quantitatively describe 

the salient features of the particular aerodynamics. The utility of such models can 

best be evaluated by comparison with suitable experiments. 

A detailed analysis, describing the theory of airflow over mountains, valleys, 

plateaus, and similar terrain under stationary and quasi-stationary wind conditions, 

is included in Appendix C of this report. We describe the pertinent geometrical 

details, the perturbation theory, the applications of the theory to specific geometries, 

and the relevance of our results to the general problem of fallout. In addition, cal¬ 

culations of fallout particle trajectories are made for a two-dimensional mountain 

ridge, thus permitting some assessment of the importance of this obstacle on the 
downstream distribution. 

Here, we shall present the results for a single mountain and a mountain ridge 

whose crest-line is not perpendicular to the flow. The x direction points along u 

(the direction of the unperturbed flow), the y axis is perpendicular to uq , and the 
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z axis points in the direction of the zenith. The functions u(x, y, z), v(x, y, z), 

and w(x, y, z) denote the x, y, and z components of the wind velocity. 

Investigations have shown that a suitable representation for a mountain is 

z = f(x, y) = hill 
(a2+r2) 

3/2 
(50) 

where z is the elevation of the mountain, h is the maximum elevation of the mountain, 

a is the width, and r is the horizontal distance from the center of the mountain, i. e., 

2 2 2 r = x + y (51) 

The components of velocity are given by 

u(x, y, z) = u 
■ * 

(r2+X2) 

(52) 

v(x, y, z) = 3u (a2h) -^ 

(r2+X2) 
572 (53) 

and 

w(x, y, z) = -3uo(a h) Xx 

(r2+\2) 
572 (54) 

where 

\ = (z + a) 
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A limitation of the theory is that the ratio (h/a), which is, roughly speaking, the 

average slope of the mountain, must be less than unity. 

In the case of a three-dimensional mountain ridge not perpendicular to the 

flow, the line depicting the crest of the mountain is at an angle y with respect to 

the direction of the unperturbed flow (see Figure C-2 in Appendix C). The crest- 

line is assumed to be of infinite length, and in the rotated coordinate system 

(x', y') it is parallel to the y'axis. The elevation of the ridge, z, is given by 

1 + (x'/a) 

where h is the maximum elevation of the ridge, and a its width; x and y are related 

to x'and y'by the equations 

x = x' cos y - y' sin y and x' = x cos y + y sin y , 

and (56) 

y = x' sin y + y' cos y and y' = - x sin y + y cos y . 

Using the previous notation for the components for u, v, and w, we have 

2 
u = uq - uQ(ah) cos y (57) 

v = - uQ(ah) cos y sin y 
2 ’ 

(58) 
2 2 cosy + y sin y)*" + \ 
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and 

(x cos y + y sin y) 

w = - 2 uo(ah) \ cos y 

(x cos y + y sin y) +X 

(59) 

where 

X - z + a . 

It should be noted that u, v, and w really depend on x7 = x cos y + y sin y, so that 

the origin of the (x, y) coordinate system can be located anywhere along the crest- 

line. For convenience it will be located at the center of the crest-line in the 

actual computations. 

The Sea Breeze 

An extensive evaluation and review of existing sea-breeze theories is rendered 

in Appendix D, the results of which may be summarized as follows. 

15 The linearized model of the sea-breeze as developed by Defant has been 

selected as the most suitable model for the sea-breeze for two reasons: (1) it 

gives good agreement with experimental observation, and (2) the resulting analytical 

expressions for the components of the sea-breeze are relatively simple from a com¬ 

putational standpoint. Defant approaches the sea breeze circulation problem in the 
16 sense of Lord Rayleigh's convection theory, the dynamics of which are governed 

by the continuity equation, the three momentum equations, the equation of state, 

and the heat-diffusion equation. By neglecting density variations in the continuity 

equation, and including them in the momentum equations since they modify the action 

of gravity, it becomes possible to construct a vorticity function from which the com¬ 

ponents of velocity in a plane perpendicular to the coast can be determined. Included 

in Defant’s model is the assumption of an infinitely long coastline which points in the 

y direction; variations of velocity in this direction are neglected. The x axis is 

perpendicular fo the coast and positive inland, while the z axis denotes the vertical. 
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Although the fundamental equations which describe the system are non-linear, 

in the sense that they depend on products of the dynamic meteorological variables, 

it becomes possible to linearize the equations by a perturbation theory technique. 

As pointed out in Appendix D, this procedure cannot unequivocably be justified, but 

apparently it leads to results which are consistent with observation. The perturba¬ 

tion methods lead to a set of coupled linear pai tial differential equations with con¬ 

stant coefficients, which can readily be solved by the variables-separable tech¬ 

nique. The boundary conditions are: 

at z = 0, 0 = e^AT sin Ax, w = 0 

atz = °°, 0 = 0, w = 0, 

where A equals tt/L, L is the extent of the sea breeze, Œ is the frequency of the 
-5 -1 sideral day which equals 7.3 x 10 sec , AT is the temperature differential, and 

X extends from -(L/2) to (L/2). The theory leads to the following expressions for 

the potential temperature 0 and for u, v, and w, the x, y and z components of the 

wind velocity. 

r "So2 _giz 
0 = AT sin Ax e cos(S2t + hgZ) + e A cos(Œt + h^z + ¢) 

-¾2 - e A cos(i2t + hgZ + ¢) 
(60) 

u = - AT cos Ax 

-g2z 

r "giz i B Pj^e cos(i2t + h1z + ip - 

(61) 
- P„e cos(S2t + h z + ^ - S9) , 
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V cos(S2t + hjZ + ip - ) AT cos \x BQ Ple 
"Si2 

-g2Z - P2e cos(fit + hgZ + ip S^) 
(62) 

[e'glZ g2Z w = AT sin XxB e cos(£2t + hj^z + ip) - e cos(fit + h^z + ip) (63) 

The constants which appear in the foregoing expressions are determined from the 

physical parameters in the system such as L, Í2, the Guldberg-Mohn friction 

parameter o, the Coriolis parameter f, the kinematic eddy viscosity K, and the 

unperturbed potential temperature and potential temperature gradient. 

THE COMPUTER PROGRAM 

SYSTEM PHILOSOPHY 

A model for use in fallout prediction research musr. be extremely flexible if it 

is to be successful. One of the prime objectives of a research model is sensitivity 

testing to identify and to some extent quantify the variables that are important for 

the prediction of fallout effects. The paucity and inconsistency of observed data on 

fallout effects and the fallout environment dictate that the model must provide a 

framework for analysis, and, therefore, it must be given the capability of pro¬ 

viding a detailed theory of fallout prediction. 

Design requirements have called for flexibility in regard to the extent and pre¬ 

cision of the prediction, the research objective, the submodels used, and also speed 

of operation. In regard to computer programming, we must interpret flexibility to 

mean the ability to deal with various overall forms of the whole model, alternative 

submodels and submodel programs, variable extent and precision in input and output 

data sets, and submodel options for modeling, computation, and display. This in¬ 

terpretation implies that the program of the DOD fallout research model must have 

all the attributes of a computational system, rather than merely a computer pro¬ 

gram. Specifically, there must be a program execution monitor system or program 

BURLINGTON • MASSACHUSFTTS 39 



which provides the data environment for all other programs of the whole model. 

As the system executive of the DOD model, we make use of the FORTRAN 

Monitor System's CHAIN link feature. The CHAIN feature, which is given only 

terse description in most FORTRAN manuals, basically allows one to link a 

number of FORTRAN programs (with subroutines) together in any sequence or 

in loops and sequences. 

The task of the DOD Fallout Prediction System is to provide a detailed 

modeling of events beginning with a nuclear detonation and ending with radio¬ 

active decay of ground deposited debris material. A physically reasonable and 

scientifically defensible division of the complete modeling task is clearly required, 

since the events taking place are complex and an extensive treatment of each is 

needed. We have chosen the subdivision scheme illustrated in Figure 4 to repre¬ 

sent the required total model. This figure shows a sequence of logically separate 

modules which in total cover the complete phenomenon of interest. The Fireball 

Module begins with basic weapon and environmental parameters and ends with the 

beginning of entrainment controlled cloud rise. The Cloud Rise Module then develops 

from these results a description of the distribution of fallout particles after cloud 

rise circulation is no longer important. The Particle Activity Module assigns radio¬ 

activity to the particles on the basis of information supplied by the preceding models. 

The Transport Module accounts for the effect of atmospheric motion and results in a 

distribution of fallout debris on the ground. The Output Processor Module interprets 

the results of the Transport Module in light of user requests for particular tabula¬ 

tions. We also have established a set of intermediate results that follow each 

module computation. Some computation modules may be bypassed entirely by 

simply replacing them with intermediate results generated synthetically or by a 

previous calculation. 

In the DOD model computer system there is a group of programs correspond¬ 

ing to each of the major subdivisions shown in Figure 4. These program groups 

are executed essentially in the sequence shown to make a fallout prediction. How¬ 

ever, since each of these program groups requires extensive computation and is 
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Figure 4. DOD Model Computer System 
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expensive to execute, experience dictates that the sequence be arranged so that 

it might be stopped and restarted anywhere in the chain of models. Thus, while 

the basic program execution sequence is that shown in Figure 4, a more complete 

picture of the model is given by Figure 5, which shows the intermediate results 

produced and the inputs required at each stage of the model. Figure 5 and its sup¬ 

porting documentation define the linkage between the modules and indicate, as 

well, the stop and restart points that have been designed into the DOD model. 

In the following sections, we shall discuss the modules. The Fireball Module 

and the Particle Activity Module are being constructed independently of this con¬ 

tract; nevertheless, the Fireball Module will be described in sufficient detail to 

clarify its position in relation to the overall model. The Particle Activity Module 

will not be discussed. 

THE FIREBALL MODULE 

The purpose of this module is to supply a set of initial conditions to serve as 

primary inputs to the Cloud Rise Module. These are an initial time, average 

cloud temperature at the initial time, mass of the soil burden in the vapor and 

condensed phases, and size distribution parameters of fallout particles. The cal¬ 

culation involves serial exercising of a group of subroutines, one for each param¬ 

eter to be provided in the output. Input is weapon yield, height (or depth) of burst, 

and soil category (siliceous or calcareous). Both the analysis and programming 

are being done by Technical Operations Research under contract DA 18-035-AMC- 

346(A) to the Nuclear Defense Laboratory. 

THE CLOUD RISE MODULE 

The Tech/Ops Cloud Rise Module can be considered to consist of two component 

parts: (1) the dynamics submodel, and (2) the particle circulation submodel. These 

submodel! are closely linked, however, with flow of considerable information from 
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the dynamics portion to the particle circulation portion. Starting with the initial 

conditions specified by the Fireball Module, the differential equations of cloud rise 

and growth in the dynamics submodel and the differential equations of particle motion 

in the circulation submodel are solved numerically at each step of a succession of 

short time-steps. In this manner, the time profile data on cloud size, height, tem¬ 

perature, and content, will be accumulated at the same time the particle trajectories 

are determined. As implied above, the two submodels will be run in parallel. 

Upon reaching a condition that has been selected as representing stabilization, 

i. e., when the cloud rise is complete and turbulence has subsided to a low level, the 

particle data obtained from the circulation program will be smoothed and expanded 

to an essentially continuous distribution in space, the cloud will be sectioned three- 

dimensionally into cells, and then each cell center will be corrected for horizontal 

cloud drift. The center of each cell will be assigned an appropriately weighted 

spectrum of particle sizes. During the ensuing transport calculations 

each size fraction from a cell will be transported independently. Particle 

activities will be assigned by the Particle Activity Module program being developed 

at the Naval Radiological Defense Laboratory. A preliminary flow chart of the 

Cloud Rise Module organization is shown in Figure 6. Theoretical studies on the 

dynamics portion of the model are incomplete at the time of this writing, so that 

programming of this submodel is still in the planning stage. On the other hand, the 

particle circulation submodel is in an advanced stage of development. 

THE TRANSPORT MODULE 

The specific purpose of the transport program is to accept a list of fallout par¬ 

ticle properties and positions, and mathematically transport these particles through 

a temporally and spatially varying wind velocity field until they land on the ground 

or until the researchers interests are satisfied. The transport module has been 

divided for sake of flexibility and ease of construction into three major programs, 

each of which makes a separate chain link. These three links have the following 

general purposes: 

Link 1. Initialization and control 

Link 2. Wind field description 

Link 3. Particle transport. 
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Figure 6. Preliminary Organization Flow Chart for the Cloud Rise Module 
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Figure 7 shows the arrangement in which the computations required during the 

transport period are grouped for execution. Note that final exit from Link 1, the 

transport executive, is made via a subroutine to a fourth and final chain link, the 

Output Processor. Figure 8 is a flow chart of the general program logic of the 

transport module. This simplified representation shows in some detail the hier¬ 

archy of computation loops that make up the transport logic. A simpler represen¬ 

tation of this hierarchy is given in Figure 9, which shows a nested set of five loops. 

In the outermost loop, there is a test to determine if the specified temporal extent 

of the transport has been achieved, and, if not, an updated version of the wind- 

field description is computed. In the next lower hierarchy level, a part of a multi¬ 

part wind-field description is brought into the computer (if a multi-part description 

is in use) in order to transport particles which have gone beyond the in-core part 

of the description. In the third level of the hierarchy, the topographic description 

is treated like the multi-part wind description (if required). In the particles aloft 

list loop, individual particle descriptions are given sequential attention, and in the 

actual transport code the individual fallout particle is transported until it reaches 

either the ground or some boundary at which in-core data are insufficient to move 

it further. Figure 10 represents schematically the flow of information from 

secondary (tape) memory to primary (core) memory and back during an extensive 

run of the transport program. Using Figure 10 as a guide, let us consider the 
sequence of data flows. 

Initially, only the particles (input) and topography tapes contain any informa¬ 

tion, and only the transport codes themselves are in primary memory. The 

initialization and control program (Link 1) reads identification information from 

the particles (input) tape, writes comments on the system output tape, and then, 

if required, loads the topography arrays from a previously prepared topography 

tape. At this point the wind-field description program (Link 2) is called and a 

wind-field description is generated. This description is generated directly (and 

completely) into the wind arrays in primary memory by the current versions of 

* 
A special program has been written to aid the researcher in preparing topog¬ 

raphy tapes from topographic maps or other sources. The user may, however, 
specify a planar topography and bypass the use of a detailed topographic tape. 
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Figure 7. Chain Link Arrangement for Transport Module 
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Figure 8. General Flow Chart of Transport Program 
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WIND FIELD TIME VARIATION LOOP 

WIND FIELD SPECIFICATION SUBDIVISION LOOP 

TOPOGRAPHIC SPECIFICATION SUBDIVISION LOOP 

PARTICLES ALOFT LIST LOOP 

TRANSPORT CODE 

Figure 9. Transport Module Loops 

Link 2. However, if future requirements warrant, a modified version of Link 2 

might produce a more extensive description of the wind field ^nd be forced to store 

part of it on tape. In either case, when Link 2 is completed, the wind arrays are 

loaded and a "map" of the wind tape (if any) has been produced and stored in 

primary memory. 

Next, we enter Link 3, the actual transport program, and read a part of the 

particles (input) tape into primary memory. The particle descriptions are then 

transported one at a time until one of five possible conditions arises. These con¬ 

ditions, which may be thought of as boundaries, are: 

1. The particle drifts beyond the area for which a topographic 

height has been specified in core. In this case the particle’s 

description is marked so that it will be eventually written 

onto the "off-topo” tape. 
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2. The particle drifts beyond the region for which the wind velocity 

field has been specified in coi o. In this case the description is 

marked to go on the nout-of-wind-fieldn tape. 

3. The particle encounters neither of the previously mentioned 

boundaries and is still aloft at the time when the wind field 

description must be updated to achieve discrete temporal vari¬ 

ability of the wind field. In this case the description is marked 

to go on the "time boundary" tape. 

4. The particle becomes grounded on the topography. In this case 

the particle description is marked so that it eventually is written 

on the "program output tape" which is used as an input to the 

Output Processor. 

5. The particle drifts beyond the entire secondary as well as 

primary memory region of specification for either topography 

or winds. In this case the description is marked to be written 

on to the "system output tape" and is removed from the trans¬ 

port process. 

When the entire block of descriptions has been read into memory and processed, 

the next block of particle descriptions is read into memory and processed. After 

all particle descriptions on the original input tape have been processed, treatment 

of the data (if any) on the three recirculation tapes begins. First, if any descrip¬ 

tions were written on the "off-topo" tape, a new block of topographic data is read 

in, and the "off-topo" tape is put into the position (symbolically) of the original 

particles input tape. Processing continues as before, and eventually the condition 

will obtain that at the end of a pass no descriptions will be found on the "off-topo" 

tape. Under this condition we proceed to consider the "out-of-wind-field" tape in 

a manner analogous to "off-topo. " The treatment given to the "time boundary" 

tape is similar, but when all particles that are still aloft are on the "time boundary" 

tape, a new description of the wind field must be computed. Before each call of the 

wind-field program (Link 2) a check is made to see if the transport time limit has 

been exceeded, and if it has been, a termination procedure is executed co record 

the final status of memory. 
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Obviously, many details and options have been omitted in the foregoing dis¬ 

cussion. At this time it must suffice to say that there is still some development 

work to be done to the main transport loop, and upon its completion the detailed 

documentation of the transport program can be carried out. 

THE OUTPUT PROCESSOR MODULE 

The Basic Operation of the Output Processor 

The Output Processor of the DOD Fallout Prediction System is a very flexible, 

highly modular computer program for use in the interpretation of data representing 

grounded subdivisions of the radioactive cloud. It accepts descriptions of grounded 

cloud subdivisions, interprets them into a two-dimensional memory array or map 

image, and then prints the resulting array in a form suitable for viewing as a map. 

The interpretation processes required of the Output Processor are the computation 

of: (1) dose rate "normalized" to H + 1 hour, (2) dose rate at a specified time, 

(3) dose accumulated between two specified times, and (4) particle mass deposited 

per unit area. 

The apparent simplicity of the foregoing task specification may lead one 

erroneously to believe that the Output Processor is a straightforward and even 

trivial program. However, the requirement for flexibility and adaptability in 

dealing with large input and output data sets has led to a rather large and complex 

but hopefully useful program. The approach that was followed was dictated both 

by our contractual work statement and also by our own understanding of the status 

of fallout prediction research. The following statements outline this approach: 

1. Great flexibility in program use should be sought in terms of the 

nature of computations and tasks and in terms of the degree of 

precision in both modeling and display. 

2. The Output Processor should be capable of handling a large set 

of grounded particle data; the size of this set might exceed avail¬ 

able memory space by many times. 

3. The position and scale factor of the map should be under the 

direct control of the researcher. (This gives the user or re¬ 

searcher the ability to produce maps of any desired scale 



factor for superposition on other maps and enables him to 

achieve either a microscopic or a macroscopic view of the 

fallout field. ) 

4. The Output Processor should be capable of handling output maps 

containing a Larger number of map grid points than can be 

represented in the computer memory at one time. 

5. hi general, it was desired that the Output Processor be simple 

to use and be reasonably foolproof and automatic with respect 

to its internal operations. (Since the sizes of input and output 

data sets were assumed to be widely varying, this led us to a 

certain amount of essentially wdimension free" programming 

with the objective of making it unnecessary in most situations 

for the user to explicitly modify memory allocations (dimension 

statements) and recompile programs in order to change the 

program's scale of operation. ) 

Flexibility and Modularity 

Flexibility of a kind can be achieved in complex computer programs through 

the use of modular construction. To provide the user with a program having a 

functional modularity of construction allows him great latitude in making modifica¬ 

tions within the context of the defined set of subroutine functions or purposes. How¬ 

ever, modularity can generate considerable inter-program communication and de¬ 

bugging problems particularly if there are few logically simple functional subdivi¬ 

sions in the task to be accomplished by the program. From the practical point of 

view, in conventional FORTRAN systems the achievement of program flexibility 

through module replacement means that the user must frequently modify the com¬ 

position of decks of binary and symbolic cards, which is both time consuming and 

costly. 

To achieve program flexibility through the coding of a number of options into a 

single program is sometimes wise. Such attempts, however, often fail because the 

programmer must anticipate user requirements (which arc often not even known to 



the user), and he often guesses wrong. Yet, where important options are seen to 

be needed and alternative treatments are available, internal program options are 
very practical. 

For a prediction system, one which is to be capable of aiding the researcher 

in his many and varied tasks, no single approach to flexibility is sufficient; con¬ 

sequently, we have designed the system of programs with three modes of flexibility. 

These are program modularity, parameter controlled options, and as a mid-ground 

between these two, prepared code insertion points. In the basic model of the fallout 

process, and where possible within its programs, functional subroutines have been 

defined to operate wherever functions can be clearly seen. For example, within 

the Output Processor there is a subroutine (CALC) with the primary function of 

interpreting grounded cloud subdivisions into a two-dimensional e rray, and a 

separate subroutine (MAP) with the function of composing and displaying the com¬ 

putational results. These functional subroutines may be relatively easily replaced 

by other modules having similar purposes. As an example of the second mode of 

flexibility, in CALC all currently required computational tasks have already been 

accounted for and these computational alternatives are treated as parameter- 

controlled options within the program. In order to select one of the available com¬ 

putational options, the user need only punch on an input card the appropriate nu¬ 

merical value for an input parameter, in this case the parameter NREQ (see 

Appendix E). Furthermore, provision has been made in the CALC option selection 

procedure (as well as in those of other programs) for the future inclusion of other 

computational option codes with little or no modification to the control programming 

within the subroutine. Such insertion points are noted in the flow charts and card 

listings and represent the third mode of program flexibility. 

Use of the Output Processor 

A preliminary version of the card input description of the User's Manual for 

the Output Processor is presented in Appendix E. The primary input to the Output 

Processor is the magnetic tape of grounded particle descriptions that is produced 

by the Transport Module. For each included central particle which represents a 

cloud subdivision, this tape contains the two horizontal coordinates of its impact 
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point, its time of input, the central particle size, and a particle class identification 

number. The tape also contains a table of particle properties indexed on the par¬ 

ticle class identification number. These properties are: 

1. The mass per horizontal unit area covered by the cloud sub¬ 

division at the time of its definition 

2. The dose rate increment that would be observed at the center 

of the subdivision at time H + 1 hour 

3. The radioactivity decay rate of the particle class. 

In addition to this primary input, the user must communicate to the program his 

wishes regarding the kind of output computation and its form of presentation. He 

must also provide run identification information and information on certain im¬ 

portant computer features. Thet e latter inputs are necessary to allow the program 

to adapt to some degree to different computer environments. 

The following algebraic sentence characterizes the Output Processor: 

Particle impact data 

+ computer characteristics and run identification 

+ presentation characteristics 

+ computation option specification 

+ display option specification 

i-desired presentation. 

By computer characteristics we mean simply the identifiers of magnetic tape units 

that are available for temporary use by the Output Processor and the character 

spacing constants for the off-line printer. The run identifier is an arbitrary 71 

character symbol which the user can set to identify and associate outputs and in¬ 

puts. The presentation characteristics are at this time merely the description of 

the geographical limits and data point density of a map which is to be produced as 

output. Computation option means the choice of which of the six (at this time) 

alternative output quantities should be computed and displayed. Display option 

means the choice of a particular printer map format or eventually some format on 



another kind of output device. A listing and brief discussion of each of the major 

options for computation and display which exist in the Output Processor are: 

1. Printed Descriptions of Impacted Particles 

Under this option the content of the grounded particles tape may 

be printed in a form analogous to that in which it exists on the 

transport tape (IPOUT). While this option is valuable in check¬ 

ing the execution of experimental transport codes, it is also 

useful in providing a hard and readable copy of the result of 

transport production runs. 

2. Computational Options 

a. Count of grounded cloud subdivisions. This optional com¬ 

putation was of primary value in debugging the Output 

Processor but may also be of considerable value to the 

researcher in assessing the statistical validity of a com¬ 

puted map quantity at any particular point on the map. 

b. Dose rate "normalized" to time H + 1 hour. This is the 

recognized standard mathematical construct for the com¬ 

parison of fallout patterns. 

c. Dose rate at time H + Tl. This is actually the estimated 

dose rate at the specified time taking into account the im¬ 

pact times of all cloud subdivisions. 

d. Dose accumulated from time H + Tl to infinity. This is 

the estimated dose as integrated from time H + Tl or 

particle impact time, whichever is later. 

e. Dose accumulated from time H + Tl to time H + T2. This 

is the estimated dose as integrated from time H + Tl or 

particle impact time (whichever is later) to time H + T2. 

f. Total mass deposited. This is the estimate of the mass of 

fallout, both radioactive and inert, deposited on the map 

during the entire fallout period. 
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g. Total mass deposited between times Tl and T2. This is the 

estimate of the total mass, both active and inert, dejjosited 

during the specified interval. 

3. The Undistorted Map Option 

In specifying the scale factor of the output map, it is possible for 

the user to specify separate grid point intervals for the North- 

South and East-West directions. Thus he may in general obtain 

as an output a distorted mapping of the situation represented by 

the fallout model. By using the undistorted map option the user 

requests the assistance of the program in setting the grid inter¬ 

vals so that a conventional undistorted map will be produced. 

However, he must still specify the map's scale factor. 

4. Display Options 

Two display options exist at this time in the Output Processor. 

These options, which can be characterized as the two-line 

E-format and the two-line F 11.3-format, are explained and 

illustrated below for a single data point. 

a. The two-line E-format 

NNNNNN 
±V. VVV 

interpreted as 

±V. WVxlO 
NNNNNN 

b. The two-line F11.3-format 

NNNNNN 
±v. wv 

interpreted as 

± NNNNNNV. VW . 

The Output Processor has been arranged to accept as input a sequence of re¬ 

quests for processing. This was deemed appropriate because of the large number 
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of different quantities which might be of interest to the researcher now and after 

further development of the program and also because of the usual turn-around 

time delays which plague the users of computer centers operating in the batch 

processing mode. Rather than handling requests on a one-per-run basis, unlimited 

sequences of requests are accepted. Figure 11 shows the general flow logic of the 

Output Processor. 

The user may specify the geographical limits for a sequence of output maps, 

and for each set of map limits he may specify a sequence of computation requests. 

Thus, the card input deck is hierarchical in construction with two levels in its 

hierarchy. Because of the severe limitation of high-speed memory space during 

the output processing, it was not practical to process more than one map request 

at a time. At present, the grounded particles data tapt must be passed once for 

each map request. If and when non-map requests are added to the list of possible 

processing tasks, it may become desirable to remove this one-pass-per-request 

restriction. 
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CONCLUSIONS 

Substantial research and development progress has been made on the design 

of an improved land fallout prediction system. Research on cloud rise dynamics 

is advancing satisfactorily, and the research effort in atmospheric transport of 

fallout is essentially completed. An overall strategy for preparation of the com¬ 

puter program has been devised, and the coding and debugging are well advanced 

in the areas of atmospheric transport and output processing. 
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PROGRAM FOR NEXT INTERVAL 

CLOUD RISE DYNAMICS 

In the remaining period of this effort, the cloud rise and growth model must 

be upgraded to account for effects of variation of yield, height of burst, and soil 

burden. To do this requires that the variation with these quantities of many of the 

critical model parameters be studied and quantitatively determined. The final phase 

of the cloud development, phase 4 in Figure 1, also must be studied and represented 

by an appropriate physical model. Finally, the several models must be combined 

and programmed for machine computation as a link in the computing system of the 

DOD Fallout Prediction System. 

TRANSPORT 

Subtasks planned for completion in the remaining six months period are. 

1. Complete the verification of the sea-breeze model. 

2. Develop sub-routines for incorporating the orographic-effects 

model and the sea-breeze model in the computer program. 

3. Investigate the effects of air turbulence on the transport of 

fallout particles. Up to now, this aspect of the problem has 

been neglected under the assumption that the dispersion in the 

trajectory of an individual fallout particle caused by the ran¬ 

domness or turbulence of the air is small. Arguments have 

also been rendered to the effect that although turbulence may 

cause a significant trajectory smearout for a single particle, 

the net effect will average out to zero. We will evaluate these 

conjectures during the remaining period of the contract. 

COMPUTER PROGRAMMING 

The programming efforts to be carried out on the DOD Fallout Prediction Sys¬ 

tem are summarized as follows: 

1. Virtually all of the programming on the cloud rise program 

remains to be done. 
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2. In relation to the three major programs of the transport module, 

only minor adjustments need to be made in the Link 1 program, 

and documentation remains to be written. Two wind vector 

interpolation options must be added to the Link 2 program. 

The orographic-flow model and the sea-breeze model must be 

programmed in their entirety. In the Link 3 program, testing 

of the existing code operating with a horizontally and temporally 

variant wind description remains to be done. Minor modifica¬ 

tions must be made to the basic transport loop of the program 

to allow for the inclusion of one or more local wind system 

programs. This is primarily a matter of establishing com¬ 

munication and control conventions between Links 2 and 3. 

After making these programming modifications and additions, 

the Link 3 documentation will be written. 

3. No important additions or modifications to the Output Proces¬ 

sor (Link 4) are foreseen. Only final testing in assembly with 

other DOD Model programs and second draft documentation 

remain to be done. 
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APPENDIX A 

THE MOTION OF FALLOUT 
PARTICLES IN A WIND FIELD 

INTRODUCTION 

In the following sections, we render a simplified way of treating the motion of 

fallout particles in wind fields usually encountered in the migratory period from 

cloud rise to ultimate delivery on the earth's surface. In particular, we demon¬ 

strate that the horizontal components of the relative acceleration of the fallout par¬ 

ticle with respect to wind velocity are negligible at every point in space and time. 

It will be shown that the foregoing assertion permits the horizontal displacement of 

the fallout particle to be determined from the equations 

and 

dx 
dt 

= u 

& = y 
dt 

r (t), t 

r (t), t 

while the equation for the vertical displacement is given by 

(1) 

(2) 

(3) 

In the above notation, T = Tx + "Jy + is the particle position; u, v, and w are 

the X, y, and z components of the wind velocity; and VF is the so-called particle 

fall velocity defined later in the text. 

The description of the particle trajectory as given by Eqs. (1 to 3) represents 

a substantial reduction (by at least a factor of two) in machine running time as 

opposed to the system of equations that would have otherwise resulted. In general, 

the motion of a particle is determined from the six equations, 

f = -VF+W 
r(t), t 

(dV./dt) = F., (i = X, y, z) 

(dX./dt) = V., (i = x,y,z) . 

(4) 
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The reduction of Eq. (4) to the set given by Eqs. (1 to 3) results from the approxi¬ 

mate solution of the force equation. The uncertainties introduced by our treatment, 

which are evaluated in a later section, are found to be quite negligible for rea¬ 

sonable wind fields. 

THE DYNAMICS OF PARTICLE MOTION 

The motion of a fallout particle in the wind is given by 

and 

dV (t) 

dt (t) - V w (5) 

where 

(6) 

0(|V -V I) p w ' 

particle velocity, 

wind velocity, 

gravitational force = -Gl<, 

a friction function defined in such a way that the frictional force 

per unit mass between the particle and wind is given by: 

?■=-(? - V ) 0 . 
p w 

A common expression for ¢, valid for large Reynolds numbers, is 

^ ! n?pA "'wl =K'VVWI ' <7> 

whereas in the Stokes' law regime ô = constant. Here CD is the drag coefficient, 

p is the air density, m is the particle mass, and A is the cro^s-sectional area of 

the particle perpendicular to its direction of motion. 
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Equation (5) is simplified by introducing the relative velocity 

(8) 

from which we obtain the equation for the relative acceleration: 

(9) 

Although Eq. (9) may seem rather imposing, the uredominance of the gravitational 

force as opposed to the other terms in the expression, coupled with the negligibility 

of the inertia term as compared to the friction force, renders a relatively simple 

solution. We shall show in the next section that 

(d£ Alt) ~ 0 , 

(10) 

where is the fall velocity which satisfies the equation V„(i)(Vt,) -- G. These r r t 
assertions imply that the horizontal components of fallout particle velocity are 

given by 

the vertical velocity, by 

V - -V^ + w . pz F 

SIMPLIFICATION OF THE FORCE EQUATION 

Since the analytic justification for the neglect of the relative acceleration is 

difficult to achieve in the differential equation form (as given by Eq. 9), we shall 
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show that the relative acceleration is indeed negligible by breaking up the velocity 

field into cells and looking at the dynamics in each cell (see Figure A-l). For 

mathematical simplicity, we shall consider a two-dimensional cell structure in 

which the positive z axis is the vertical and the x axis is the horizontal. 

Figure A-l. Cell-Particle Motion 

Consider two adjacent cells of length, L, and height, H. The diagonal lines 

are the direction of the wind field. We assume that within each cell the velocity in 

a particular direction is uniform, but can change with time in a preassigned way. 

The mathematical description of the velocity is thus given by 

Ur U2 = x comPonent winc* velocity in cells 1 and 2, 

wr W2 = z comPonent ot winc* velocity in cells 1 and 2, 

au1 8u2 aw^ aw2 au1 au2 aw1 aw, 

ax " ax " ax “ ax “ az ~ az “ az ~ az 

_a_ 
at 

Since the spatial derivatives are absent within each cell, the equation of motion is 

dvp(t) 

dt (11) 
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Introducing the relative velocity 

(12) 

gives 

d_£ 
dt = - £ 0(1 £ I) - “HT- + G • 

dV (t) 
W , 7f 

(13) 

If we assume that (d£ /dt) is negligible, we imply that the relative velocity in each 

cell is determined from the equation 

£¢(111) = G-dVw(t)/dt . (U) 

The solution of Eq. (14) gives | as a function of t. We denote the solution of the 

foregoing algebraic equation by Tß(t), and one possible criterion for the negligibility 

of (dT/dt) is the comparison of (d~(^/dt) with the other terms in Eq. (13). This is 

not, however, an ironclad rule since a very steep ramp function for (dVw(t)/dt) will 

render a time independent Tgil). whose derivative will be identically zero. On the 

other hand, the exact solution to Eq. (13) will give time dependent transients whose 

derivatives may be substantially different from zero. 

For reasonable values of (dV^/dt), we shall initially show that (d £ /dt) is neg¬ 

ligible by comparing Eqs. (13 and 14) for a proposed digital solution to the problem 

in which the time variation of (dVw/dt) is given by a series of step functions. We 

write Eq. (13) in its component form: 

(15) 

(16) 

where 
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Let us suppose that at time t = 0 the fallout particle enters cell 1 with initial 

relative velocity components, £zo and For a period of time the compo¬ 

nents of wind velocity are assumed not to change, so that the equations of motion 
are: 

= '^<1*1) ■ G’ (17) 

d4x 
“dt" = -lx0(UI). for 0 < t < Tx . (18) 

Let us take for our initial conditions £ = 0, and £ = 0. Thus, the only 
xo zo * 

equation to be solved is 

d£ 

■ar= • 
Using a proposed form of 0(| £ | ) equal to 

z 

and letting 

give us 

or 

|^pA|{zl = K |f I , 

X = -fz > 

-f =X2K-G 

A 

.f 
dV 

G - KX ,2 = t , 

(19) 

(20) 

(21) 
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from which the solution becomes 

«Z - -VF tanh (^) , (22) 

where V„ is the so-called fall velocity, determined from the solution of the equation 
F 

KVp = G . (23) 

This, of course, is the solution of Eq. (17) when (d¿ /dt) = 0. The asymptotic value 
Zt 

of £z will be reached when (Gt/Vp) ~ 2 (tanh 2 ~ 0.96), or a time tc equal to 

t ~ 2(Vp/G) = 2tc; tc = (Vp/G) (24) 

For a 1000-n particle at 10** ft, (Vp/G) = 0.806 yielding 1.6 sec for t, while for 

the lightest particles it will assume values in the millisecond range. The vertical 

displacement in time t is given by 

d = V, Í tanh (¾) dt' 

v2 Gt/V p 

' i G 
VF tanh xdx = -pr log (cosh x) , (25) 

which for t = 2t is approximately given by c 

d-— = t V a G cVF 

We thus see that for times less than two seconds the equilibrium fall velocity 

is reached; this is achieved in distances small compared with the other pertinent 

dimensions in the system. On the basis of these calculations, we can now relax 

the imposition that the horizontal components of velocity change in stepwise fashion, 
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and seek to solve Eq. (16) almost exactly. This equation permits a relatively sim¬ 

ple solution in the case where | turns out to be much less than V In this case, 
X I* 

4>(| £ ! ) is with good approximation given by 

* 

Equation (16) thus becomes 

(26) 

£ ’X _ X 

dt _ t c 

du 
dt (27) 

Using the initial condition, £ = 0, we find that the solution of Eq. (27) is given by xo 

The first term in Eq. (30) is the solution of Eq. (27) when (d| /dt) = 0. The second 

term in Eq. (30) becomes small in any event for t > t , while the last term will 
2 2 c 

always be small because (d u/dt ) is itself a small quantity. Moreover, even for 
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a finite number of discontinuities in (du/dt), the exp(-t/t ) factor renders the last 

term in Eq. (30) negligible for t > t,. The validity of Eq. (30) is predicated on the 
c 

supposition that | £ | be less than VF, which is mathematically stated as 
X a 

t c 
du 
dt (31) 

or 

1_ 
G 

du 
dt ^ 1^1 < 1 (32) 

The foregoing inequality is well satisfied without exception. 

In summary, we find that the neglect of (di/dt) and (df /dt) is well justified 

after an insignificantly small time. The axial and horizontal relative velocity com¬ 

ponents are given by 

and 

t Xi du 
Çx G dt 

(33) 

(34) 

For Eqs. (33 and 34) to be meaningful, the size of the first cell must be substan¬ 

tially greater than the distance corresponding to the damping time for the transients. 

That is 

and 

L > ut , c 

H > (V„ + w) t (44 ft for a 1000-p particle with w = 0) . (35) 
1' c 

We now consider what happens when the particle crosses a vertical interface, 

as shown in Figure A-l. At the 1-2 interface, there are discontinuities both in 

u and w, so that both | and 4 experience discontinuous changes. These dis- 
X y 

continuities result from the physical requirement that the particle velocity remains 
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have continuous. If time t = 0 is now established at the boundary, then £ and X 
initial values which are different from zero. It readily follows that 

* z 

*xo = u(1) ' u(2) = Au (36) 

and 

*zo = "VF + w(1) ' w(2) = “VF + Aw ’ (37) 

where Au and Aw are the discontinuous changes in horizontal and vertical wind 

velocity at the 1-2 boundary. In order to easily demonstrate the negligibility of 

transient effects resulting from the inclusion of (d£ /dt) and (d£ /dt), it is desirable 

to make Au and Aw less than Vp so that ¢(1^1) is still given by 

¢(141) = 
F 

This permits an analytical solution for £ and £ . As in the previous case, the 

result, of course, gives transients which diminish in less than a few seconds. How¬ 

ever, Au and Aw are not really independent parameters; they depend on the curva- 
% 

ture of the wind field. We have 

au = (IVl ' (38) 

and 

Aw = {dt)AL « 
(39) 

r 

Strictly speaking, we should write 

— (I>L+(IV- 
= lr>L + ÜV 

where Az' is the vertical distance traversed in cell 1. However, there is no loss 
in generality since the pursuant arguments which apply to Eqs. (38 and 39) are also 
valid when the more exact expressions are used. 
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where (au/ax) and (aw/ax) are the average partial derivatives over cell 1. The 

condition that 

Au « VF and Aw « Vp (40) 

thus becomes 

— V — V au F aw F 
ax <<: l'; ax << L 

(41) 

On the other hand, we have L » ut (from Eq. 35), which thus establishes the c 
inequalities, 

(au/ax) 
» ut c 

and 
(aw/ax) 

» ut ; c 

or in simpler terms, 

u(3u/ax) << G and u(8w/3x) « G . (42) 

These inequalities will be easily satisfied with the possible exception of the most 

violent tornadoes and cyclones. 

The analysis just presented for the transition across a vertical interface can 

be shown to be applicable when applied to a transition across a horizontal interface. 

CONCLUSION 

By proposing a cell model for the solution of the equations of motion for a fall¬ 

out particle, we have been able to show that the relative acceleration of the particle 

with respect to the local wind velocity is negligible. The relative velocity is 

greatest in the vertical direction and is, with very good approximation, given by 

VF0(VF) = G . 
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The friction function 0(VF) depends on z through its dependence on air density. 

Hence, the fall velocity, VF, depends on z. Also within the framework of a cell 

structure, we find that the horizontal component of the relative velocity is given by 

V 
t __F du 

X " G dt • 

The relative displacement associated with ¿;x is 

l 

=i £ dt = 
-X G 

o 

u(t) - U(J) 

which is extremely small since t = (V^/G) is at the most a few seconds. On the c t 

other hand, the absolute horizontal displacement is 

X 

t 

J u(t) dt + Ô 

o 

We readily see that the relative displacement will be small compared to the total 

displacement, so that 4 itself can be considered negligible. 

The conclusions derived from the proposed cell model solution to the problem 

can be considered quite general, because the model is supposed to accurately rep¬ 

resent the wind field. We therefore conclude that the displacement of a fallout par¬ 

ticle is given by the solution of the equations 

dx 
dt 

u r (t), t 

dy = 
dt r(t), > 

dz 
dt -vF(Z) + w r (t), t 

(43) 
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APPENDIX B 

PARTICLE SETTLING RATES 

INTRODUCTION 

A detailed examination of the current generation of fallout models reveals that 

there is a great multiplicity of methods for calculating particle settling rates. In 

fact, there are about as many particle settling rate calculation methods as there 

are fallout models. We have made a survey of these methods as well as a survey 

of the open literature, and we have concluded that this multiplicity is unwarranted. 

The open literature on the subject of particle dynamics is extensive and provides 

results of excellent and comprehensive studies that are readily applicable to fallout 

work. Much of the best work in this field has been almost completely ignored by 

workers charged with fallout prediction calculations, which undoubtedly has re¬ 

sulted in the confusion and multiplicity of methods. 

In this appendix, we shall consider those problems of the settling of spheres 

and irregular particles through the atmosphere that pertain to fallout transport 

calculations. In addition, we shall briefly discuss the effects of turbulent diffusion. 

Results of computations of particle settling rates by four methods are presented so 

that comparisons between them can be made. 

SETTLING OF SPHERES THROUGH THE ATMOSPHERE 

The dynamics of terminal settling (i.e., steady-state settling) of a sphere 

through a fluid is amenable to treatment by the principle of mechanical similarity. 

That is to say, the unique properties of the particular fluid and particle under con¬ 

sideration can be combined to yield dimensionless numbers that adequately express 

the state of the system but effectively remove many of the experimental particulars. 

In this manner, a particular experiment can yield a result of much wider range of 

applicability than would be possible otherwise. The dimensionless parameter of 

most interest here is the Reynolds number: the ratio of inertial force to viscous 

force. 
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For a sphere in motion relative to a fluid, the Reynolds number R is conven¬ 

tionally given as 

(1) 

where p and rj are the fluid density and dynamic viscosity, d is the sphere diameter, 

and V is the velocity of the sphere relative to the fluid. For cases where the 

Reynolds number is small (R <_ 0. 05) viscous forces predominate, and the force 

of resistance of the fluid to the motion of the particle (i. e., the drag force) is 

given by Stokes ' law 

D = STTTjdV (2) 

or in terms of the Reynolds number 

D = (3) 
P 

For steady-state settling under the force of gravity, the drag force for a particle 

of mass m must equal the gravity force, mg, so that for a particle of density p 

I d3g(pp-p) = 37TTjdVF , 

where g is the acceleration of gravity. Therefore, we find that when Stokes’ law 

holds, the terminal velocity varies as the square of the particle diameter according 

to the simple relation 

g(pp-p)d2 

187) (4) 

This relation can be solved for the diameter as a function of Reynolds number 

to yield 

d « (5) 

Since Stokes’ law is accurate for Reynolds numbers no larger than about 0. 05, a 

critical diameter d is readily found from Eq. (5), by using representative particle 
C 
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and atmospheric properties, that is the maximum particle size for which Stokes’ 
_o 

law holds. Assuming p = 2. 25 g cm" along with atmospheric properties of the 
Pi 

U.S. Standard Atmosphere, 1962, we obtain the critical diameters given in 

Table B-l. It is apparent that most particles that contribute significantly to local 

TABLE B-l 

CRITICAL PARTICLE DIAMETER VS ALTITUDE 

fallout have diameters larger than the critical diameter. Unfortunately, there is 

no method as simple and direct as Stokes’ law for obtaining terminal velocities for 

large spheres, and it is necessary to employ experimentally determined data to 

obtain settling rates of the required accuracy. 

For cases where the Reynolds number is large, inertial forces (pressure) 

become dominant in determining the drag, and the drag force is given by Newton's 

law 

D = i pV2SCr) , (6) 

where S is the area of the particle projected in the direction of motion and Cn is 
u 2 

a variable dimensionless quantity called the drag coefficient. The quantity pV /2 is a 

measure of the so-called dynamic pressure on the particle, so that its product 
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with S yields a measure of the inertial force of resistance on the particle. For a 

sphere, Eq. (6) becomes 

„ 7T ,,2,2,- 
D = 8 pV d CD • 

In terms of the Reynolds number, the relation becomes 

D = l ^cdrÍ 

(7) 

(8) 

For terminal gravity settling of particles, we can equate D with mg and ootain 

directly from Eqs. (7 and 8) the relations 

and 

(9) 

4gppdc 
r =_ P . 
Cd 3,2 

(10) 

where we have taken (p - p) « p . In Eq. (9) we see that the terminal velocity now 

varies as the square root of the diameter, and in Eq. (10) we have a relation for 
2 

cdr that is independent of the particle velocity. This latter equation is of great 

importance in calculating terminal velocities for spheres for Reynolds numbers 

beyond the range of Stokes' law. The reason for this will become apparent a little 

later. 

As mentioned earlier, the drag coefficient is not constant. Indeed, it varies 

over many orders of magnitude as a function of the Reynolds number. Aerodynami- 

cists long ago made many measurements of fluid drag on spheres, and these data 

have been accumulated in several references and used to determine consensus curves 
o 

relating CD with R. Figure B-l represents one such plot. It is apparent that the 

agreement of the many determinations is excellent and that as a result drag coef¬ 

ficients are adequately known for spheres. The downward break in the curve at 

about R = 100, 000 is the so-called drag crises. Reynolds numbers of this magnitude 

are not encountered in fallout calculations, so we need not be concerned with it. 
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A fruitful scheme for determining particle settling rates is based on the rela- 
2 

tion of CpR , as expressed in Eq. (10), which is independent of velocity. Thus, 

by making use of the data of Figure B-l, we can express R as a function of C^R2. 
2 ^ 

Since CpR is readily calculated from known properties of the particle and fluid, 

the Reynolds number can be determined, and hence the velocity (see Eq. 1). This 

procedure was discovered independently by many investigators.° The work 
n 

that is both most useful and most accurate is that of Davies. Davies fitted two 

least squares polynomials to selected data in such a manner that Stokes' law is 

approached at the low end of the range, and high accuracy is maintained out to 

R = 10, 000 at the high end. These polynomials are 

R = 
CDR 

24 - 2.3363 X 10 

- 6.9105 X 10 

-4 

-9 

(?y)‘ + 2.0154 X 10 -6 
lCDR 

(cdr2)4 ’ R < 4 or CpR < 140 

(11) 

and 

log10R = - 1.29536 + 0.986 (log10CDR2^ - 0.046677 ^og1()CDR2^ 

+ 0.0011235 
(log10CDR) ’ 

(12) 

3 < R < 10,000 or 100 < CpR2 < 4.5xl07 . 

COMPARISON OF METHODS CURRENTLY USED 

Several alternative methods currently in use for calculating terminal velocities 

are as follows. The fallout models developed at The RAND Corporation use empiri- 
7 

cal equations devised by Hastings: 

VF = 
|^2. 9527 X 103 + 6.199r3^2 exp(- 1.148 x 10_4z) 

(13) 

shown 

V 
Note that as CDR becomes small R « CDR /24. This relation can easily be 
i to be equivalent to Stokes' law. 
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where r is the particle radius in microns, z is the altitude in meters, and VF is 
8 r 

the terminal velocity in meters per second. Recently, Hedman published a unique 

procedure for calculating settling velocities for spheres that, like Hastings' method, 

requires knowledge only of altitude and particle size. Hedman's equations are 

B p d sKp (14) 

where 

53.17p 1^3d 

Dr -D2- ’ s 

X = 0, when D < 53 ju r — 

= 0. 074230 (log Dr)2 -0.120553(logDr)-0.013022, when 53 p < Dr< 800 p 

= 0. 009011 (log Dr)2 + 0.231346 (log Dr)-0.483577, when 800 p< Dr<_5500 p, 

B = 10_4(0-5762 X 10_4z2 + 0.4938 X 10"2z + 0.9984), for 0<z< 36.2 
s 

= 10"4(0. 0050 X 10_4Z2 - 0.0165 x 10-2z + 1. 2578), for 36. 2 < z < 65.6 

= 10”4(0.0178 x 10_4z2 - 0.1796 x 10_2z + 1.3593), for 65.6 < z < 100 , 

D = 26. 92 x 10"4z2 + 31.67 x 10_2z + 52.41, for 0 < z < 36. 2 
s 

= 106. 90 x 10_4z2 + 28.12 x 10_2z + 43. 38, for 36. 2 < z < 65.6 

= 187. 50 x 10“4z2 - 66. 08 x 10_2z + 77. 77, for 65.6 < z < 100 . 

In Eq. (14) d is in microns; z, in thousands of feet; pp, in grams per cubic centi¬ 

meter; and , in feet per second. Average atmospheric conditions are assumed. 
r 

An equation, used for many years at the Naval Radiological Defense Laboratory 
9 * 

and in the Anderson D-Model fallout predictor, is attributed to Ksanda: 

VF = log30 (bd + 1.163) , (15) 

The derivation of this equation has never been published. 
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where 
p 

2gP(Pn - P) 

Equation (15) is reported to yield settling rates for irregular particles (cylinders 

of diameter d and length 2d falling lengthwise without tumbling). ^ 

To compare the accuracies of the methods described above, we have calcu¬ 

lated terminal velocities over ranges of particle size and altitude appropriate for 

fallout work. The results are given in Table B-2. Davies' values are taken as 

our standard. The most surprising feature of these results is that the Ksanda 

equation overestimates the settling rates for small particles by as much as a fac¬ 

tor of two. Since the Ksanda calculations are for irregular particles (cylinders), 

the velocities should be underestimated because, as we shall see later, falling rates for 

spheres are greater than for bodies of equal volume of any other shape. Actually, 

in obtaining the results reported in Table B-2, the diameters given in the column 

headings were used directly in Ksanda's equation. If the diameter for a sphere of 

equivalent volume is used, the settling rates computed from Eq. (15) becomes 

even higher. Redman's equations yield results that agree quite well with those 

of Davies, while Hastings' results are good for the small particles but are signifi¬ 

cantly in error for the larger particles. Of course, in using the methods of Redman 

and Hastings, there is the disadvantage that the atmospheric properties cannot be 

altered since these have been incorporated in the empirical equations. 

SETTLING OF IRREGULAR PARTICLES THROUGH THE ATMOSPHERE 

An excellent discussion of the effects of particle shape on settling rate is given 

by Fuchs. According to Fuchs, theoretical studies of the settling of non-spherical 

particles have been carried out only for ellipsoids and for viscous flow (Stokes' law) 

conditions. A few experimental studies have been made, however, for particles of 

a variety of shapes, as well as for ellipsoids, and for both viscous flow and pressure 

flow conditions. The next four paragraphs are based on the discussion in Fuchs' 
book. 

1/3 

in CGS units . 
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TABLE B-2 

PARTICLE SETTLING RATES (cm sec“1) AS A FUNCTION OF SIZE 
AND ALTITUDE BY FOUR METHODS 

(Properties of the U. S. Standard Atmosphere, 1962 are used.1 
The settling rates are not corrected for drag slip, which 
becomes important at high altitudes for small particles.) 

Altitude 
(m) 

Method 

Particle Diameter 
(M) 

10 50 100 500 1000 

2, 000 

Davies 

Hedman 

Hastings 

Ksanda 

0. 710 

0. 709 

0.831 

1.442 

16.65 

16.91 

17.51 

23.68 

53.83 

52.39 

53.25 

64.16 

372.9 

393.9 

278.6 

361.3 

693.2 

709.2 

430.7 

628.0 

5, 000 

Davies 

Hedman 

Hastings 

Ksanda 

0. 753 

0. 751 

0.836 

1.551 

17.84 

18. 24 

18.44 

25.82 

58.33 

57.21 

59.71 

71.07 

422.2 

447.3 

373.0 

412.3 

793.7 

813.7 

595.4 

722.8 

10,000 

Davies 

Hedman 

Hastings 

Ksanda 

0.841 

0.838 

0.840 

1.782 

20.24 

20.97 

19.54 

30.25 

67.84 

67.23 

68.53 

85.65 

530.2 

563.0 

582.6 

525.2 

1017. 

1045. 

1002. 

936. 

20,000 

Davies 

Hedman 

Hastings 

Ksanda 

0.862 

0.857 

0.845 

2.157 

21.37 

21.42 

20.62 

36.21 

80.66 

82.95 

78.78 

114.3 

851.3 

936.8 

1153.3 

899.1 

1786. 

2014. 

2518. 

1728. 

30, 000 

Davies 

Hedman 

Hastings 

Ksanda 

0.831 

0.823 

0.846 

2.844 

20.74 

20.57 

20.99 

39.15 

81.99 

82.28 

82.71 

134.35 

1244. 

1275. 

1673. 

1414. 

2902. 

3147. 

4839. 

3006. 
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Fuchs defines a dynamic shape factor, x, that is the ratio of the resistance of 
a given particle to that of a spherical particle of equivalent volume: 

D 
X D/ u V ' (16) (sphere) 

Shape factor values, calculated for ellipsoids under viscous flow conditions, n-12 

indicate that in extreme cases X can be as high as 15. For small velocities an 

ellipsoidal particle can maintain any orientation in flow. For a case where the 

motion is directed toward or near the direction of the ellipsoidal major axis, X can 

be less than one. On the other hand, for a large number of particles in random 

orientations, the average x is essentially always greater than or equal to one.12 

For particles less symmetrical than an ellipsoid, only special orientations are stable. 

A feature characteristic of the settling of non-spherical particles is that the re¬ 

sistance force is not co-Unear with the direction of motion. Thus, in general, for 

a non-spherical particle in an arbitrary orientation, an unbalanced torque will 

develop that will tend to rotate the particle toward a position of torque balance. 

Apparently, this preferred orientation is the one of maximum drag resistance. For 

example, plates and needles tend to orient with their sides of maximum dimension 

perpendicular to the direction of flow, and regular polyhedra orient with one face 

perpendicular to the direction of flow. This orientation force increases with 

Reynolds number until at R values from 10 to 100 the orientation is complete. Vari¬ 

ation of x with Reynolds number at large values of R (i. e., under pressure flow 

conditions) has not been adequately studied. According to Fuchs it is known, how¬ 

ever, that X remains constant up to a certain value of R and then begins to increase 

rapidly. This increase is caused by the creation of vortices and, therefore, begins 

sooner for particles with sharper edges. For cubes and octahedra, it begins when 

R is about 100, whereas it begins at about 10 for tetrahedra and thin discs falling in 
the horizontal position. 

On the basis of the work summarized above, it is possible to make the general¬ 

ization that spherical particles settle with less drag resistance than particles of 

equal volume of any other shape. This means that of all particles of a given volume, 
the spherical particle will settle with maximum velocity. 
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In addition to its influence on settling speed, particle shape has a significant 

affect on the settling trajectory. As R becomes larger, the deviation of the re¬ 

sistance force from that of the direction of fall becomes larger until finally the 

particle trajectory begins to deviate from the vertical. For sufficiently large R, 

the particles begin to slip sideways or glide, and the trajectories become spiral 

or zigzag. The average deviation of coal ash particles from the vertical during a 

fall of 100 cm was 0.45 for a particle of 80~n diameter and 1.4 cm for a particle 

of 300-^1 diameter. (Of course, this dispersion is in addition to that caused by 

turbulent diffusion. ) 

13 Rapp and Sartor performed particle settling experiments using simulated 

irregular fallout particles. The particles consisted of large plastic spheres with 

smaller plastic spheres or hemispheres adhering to them. Settling times of the 

particles through mineral oil were observed. Their results correspond to a range 

of fallout particle sizes with an upper limit of about 100-/x diameter under sea-level 

atmospheric conditions. They detected no significant deviation from the consensus 

CD vs R curve (given in Ref. 14) with the exception of several extremely irregular 

particles, which happened to be rather small, for which the fall velocity was found 

to be about 80% that of spheres of equivalent volume. The effect of surface rough- 
15 ness on flow resistance of spheres is discussed by Hoerner. The value of R at 

the onset of the drag crises (see Figure B-l) is markedly influenced by surface 

roughness: the greater the surface roughness, the lower the R value at which the 

drag crisis occurs. Otherwise, there does not appear to be an appreciable effect. 

In several of the currently used fallout models, attempts are made to correct 

particle fall rates for shape effects. The Anderson D-Model uses an equation that 

is designed to give settling rates of cylinders of diameter d and length 2d. The 

effectiveness of this equation is discussed on pp. B-7 et seq. A fallout model 
16 developed by the Ford Instrument Company multiplies particle settling velocities 

by a shape factor, S, that is computed from the equations: 

S = 0. 71465 + 0. 010277 in(R) , 10-4 ^ R < 0. 24 

S = 0.73518 + 0.024673 Jin(R) , 0. 24 < R < 800 (17) 

S = 0.820788 + 0.011858 in(R) , 800 <_ R <. 104 . 
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From a value of about 0.62 at the low end of the R range, S increases to a value of 

about 0.92 at the upper end. Apparently these equations are derived from some 
17 results quoted by Dallavalle, who, in turn, obtained his results from the work 

of Martin.18,19 

Martin performed his experiments on a pilot plant scale, using quartz sand 

powdered in a tube mill. Sand batches varying in weight from 75 g to 45 lb were 

size fractionated in air elutriator tubes. Figure B-2 shows the essential features 

DEFLECTING CONE 

AIR OUTLET-* y 

COLLECTING BOX-» 

SAND PARTICLES 

COMPRESSOR 
RESERVOIR 

PRESSURE REGULATOR 

FLOW REGULATOR VALVES 

METER 
TEMPERATURE 

REGULATOR 

ELUTRIATING 
TUBE 

NOZZEL 

DETACHABLE CONE 

Figure B-2. Elutriator Apparatus (According to Martin 
in Ref. 18) 

of the apparatus. The elutriator tube inside diame> ers varied from 2 to 6 in. ; 

lengths were 5 to 6 ft. The experimental procedure was as follows. A batch of 

powdered sand was placed in the cone at the bottom of the elutriator tube and then 

blasted by a regulated jet of air from the nozzle. The airflow rate was carefully 

adjusted and controlled so that the finest portion of sand in the batch was barely 

able to lift over the top of the tube and then settle into the collector at the top. 

Flow was continued until separation was complete. In this manner a batch of 

powdered sand was separated into a large number of size fractions. Size measure¬ 

ments of each fraction were done microscopically by a method that today is a classic 
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in its field. Using Eqs. (1 and 10), we have calculated Reynolds numbers and drag 

coefficients from Martin's data, which he grouped under two categories, streamline 

flow and turbulent flow, and these are plotted in Figure B-3 along with the consensus 

Figure B-3. Comparison of Martin's Data for Irregular Quartz 
with Consensus Curve of Figure B-l (The plotted 
points represent Martin's data; the crosses are 
for streamline flow, and the circles for turbulent 
flow. ) 

curve of Figure B-l. Relative to spheres, Martin's quartz yielded lower settling 

velocities, and consequently higher drag coefficients. Calculations of the Reynolds 

numbers for airflow in the elutriator tubes shows that for the turbulent flow data 

the critical Reynolds number (R » 1000) is exceeded, whereas for the streamline 

flow data it is not. 
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Martin's results were interpreted as being caused by the effect of irregular 

particle shape. No doubt, irregularity of particle shape is a contributing factor, 

but the major contributor most probably was from another source. Martin's ex¬ 

periments were performed under conditions that ensured the presence of extremely 

vigorous turbulence even forthe cases of "streamline flow." The entire stream of 

air was jetted into the bottom of the elutriator tube to stir and carry aloft the sand 

collected there. The fact that the Reynolds numbers were below the critical value 

forthe "streamline flow" cases, merely ensured that the turbulence eventually would 

damp out at some downstream point-provided that the tube was long enough. For 

the turbulent flow cases, vigorous turbulence certainly prevailed throughout the 

length of the elutriator tube. In a turbulent stream of air of the sort that prevailed 

in Martin's elutriator tubes, one would expect that air velocities within the eddies 

would be higher than the velocity computed using the volume throughput and tube 

diameter. Since Martin used the latter method, his velocities are too small, and 

it is apparent immediately why his results differ so greatly from the results of 

other investigators who performed their experiments under truly streamline flow 

conditions. No correction of the data for the effects of turbulence was made by 
Martin. 

Alpha quartz is a polymeric silicon oxide with three dimensional cross-linking 

of silicon-oxjfgen chemical bonds. There are no outstandingly pronounced preferred 

cleavage planes, such as is found in mica, for example, so that after crushing in a 

ball mill one would expect particles that are irregular but with a fairly compact 

shape. In such a case, shape effects on particle settling rates would be expected 

to be more of the "surface roughness" type and would not be expected to cause 

deviations as large as those found in Martin's data. Furthermore, we would expect 

the effect to increase with Reynolds number, not to decrease as required by the 
Ford Instrument Company corrections. 

We conclude, therefore, that the deviation of Martin's results from those ex¬ 

pected for spheres is caused mainly by the effects of turbulence, not particle shape. 

This interpretation is supported by the results of Rapp and Sartor13 which overlap 
those of Martin but do not show a comparable effect. 
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Because of the paucity of studies in the area of shape effects on particle 

settling rates, it is not clear at this time just how important these effects are in 

determining deviations in settling speed and trajectories of the larger fallout par¬ 

ticles. On the one hand, one might be tempted to ignore these effects since most 
21 22 

radioactive fallout particles observed thus far are fairly compact in shape; 

on the other hand, the larger particles are radiologically the most significant, and 

available information indicates that these are affected by particle shape the most. 

It is apparent then that these problems need additional study. 

DRAG SLIP CORRECTION 

When the mean free path of gas molecules is the same order of magnitude as 

the particle size, as can happen for small particles at high altitudes, the drag re¬ 

sistance becomes less than that predicted by Stokes’ law. To correct for this 

effect, the Stokes’ law terminal velocities are multiplied by a factor f of the form 

f = 1 + ! (a + Be"br^ , 

where r is the particle radius and i is the air mean free path. Experimental 
0 

determinations of the constants are summarized by Davies. The equation selected 

by Davies as best representing the data is 

f = 1 + 
K1- 

257 + 0.400 e 
-1.10r/i 

) (18) 

The mean free path, i, can be obtained from 

i = 
1 

_ 2 9 
\/ 2 7m cr 

(19) 

where n is the number of gas molecules per unit volume and a is the molecular dia¬ 

meter of gas molecules. If we assume air to be composed of 28.1% nitrogen, 

20.1% oxygen, and 1% argon, we obtain a weighted average value for a of 

3.42 X 10~8 cm. (Molecular diameter data are from Ref. 23. ) In terms of air 

density the mean free path becomes 

„ 0.927 x 10 (micron) . 
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At an altitude of 30 km (98, 000 ft), ¿ » 4. 5 /u . It is apparent that the exponential 

term in Eq. (18) can be neglected since particles smaller than approximately 25 n 
radius are not considered to contribute significantly to local fallout. 

We arrive thus at the slip correction equation, 

f = 2,33 X 10 
dp (20) 

where d is the particle diameter in microns and p is the air density in grams per 

cubic centimeters. Equation (20) has the form of the Cunningham slip equation 
(Ref. 11, p. 25ff). 

TURBULENT DIFFUSION OF FALLOUT PARTICLES 

The study of diffusion of free falling particles in the atmosphere by turbulence 

and convection is still in its infancy; this is probably the main reason it has re¬ 

ceived so little attention in fallout studies. In referring to methods for calculating 

settling rates such as those presented above, Fuchs (p. 34, Ref. 11) emphasizes 

that the formulas must be used with caution, because the presence of turbulence 

and convection currents completely changes the nature of settling. From this we 

might infer that turbulent diffusion of fallout particles is a matter of considerable 
significance. 

It has been found that a close analogy exists between macro-turbulent diffusion 

and Brownian molecular diffusion. T lerefore, we can express the relation between 

the mean displacement of a particle caused by turbulent diffusion, x, and time, t, 
by an equation of the form 

X2 = 2Dtt , (21) 

where Dt is defined as a coefficient of turbulent diffusion. This equation is pertinent 

to a frame of reference that is stationary relative to the ground. It does not properly 

account for the movement of atmospheric turbulence on an overriding air current. 

Accordingly, a relative eddy diffusion coefficient, D^, has been defined that is 

pertinent to a frame of reference moving with the prevailing air currents. 
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Sutton2^ has shown that for large scale diffusion in the atmosphere, the 

molecular diffusion type of law should be replaced by an equation 

X2 = C2(Ut)m , (22) 

where C is a generalized diffusion coefficient, m has a value of about 1. 75, and U 

is the prevailing average wind velocity. C and are related by the equation 

r2 
DL = 4 (Ut)in U ' (23) 

The available theory and data appear to be applicable only to the lowest portion of 

the atmosphere. Extensive additional work (especially experimental) is necessary 

to determine realistic values for these diffusion coefficients. 

An interesting equation reported by Fuchs (see p. 286, Ref. 11) and due to 
o r 

Davies gives the concentration distribution in a deposit of coarse particles that 

originated in a cloud at height H: 

, , Qcos 0 
n<x- = ~XÍÍ 

TTC L 
exp 

2 
Íl¬ eos 

C2L 

Q + X 

m 
(24) 

where x and y are coordinates on the earth’s surface with the origin at the center 

of the cloud. Q is the mass of the cloud; 0, the angle between the line of descent 

of the cloud and the vertical (0 = tan"1 U/Vo ); L, the length of the path ( = H/cos 0); 

and C, the averaged Sutton coefficient. Experiments with clouds of water droplets 

(r « 0. 5 mm) descending from heights of 300 to 1500 m in a normal gradient were 

claimed by Davies to be in good agreement with Eq. (24); C was determined from 

special experiments. 

The importance of turbulent diffusion to fallout predictions is a somewhat con¬ 

troversial issue. So little quantitative information is available that there is insuf¬ 

ficient basis for rendering a decision on the matter, and sufficient additional work 

in this area should be done to resolve the issue. 
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CONCLUSION 

Fall velocities in any specified atmosphere should be computed by the method 

of Davies:6 

V = 
VF pd ’ 

where, according to Eqs. (11, 12, and 10), 

,2 
-4 R = ——- 2.3363 X 10 ^ 24 (cdr2Y + 2.0154 X 10 -6 

(Cdr2) 

(25) 

- 6. 9105 X 10"9 (cdR2^ , R < 4 or CqR2 < 140 ; 

log10R = - 1. 29536 + 0. 986 (jog10CDR2^ - 0. 046677 ^log^CpR2) 

+ 0. 0011235 (íog10CDR2^ , 3 < R < 10, 000 or 100 < CDR2 < 4. 5 x 107 ; 

4gpp d“ 
r* R22-P 

D ' 3,2 

To correct for drag slip at very high altitudes, the velocity computed from Eq. (25) 

is multiplied by the factor (Eq. 20), 

f 2,33 x 10~4 
1 dp 

where d is in microns and p is in grams per cubic centimeters. 

Methods of correcting fall velocities for particle shape effects employed by 

currently available fallout models are incorrect. It is known that the effect cf shape 
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and surface irregularities is such as to decrease the settling rate below that of 

spheres of equivalent volume in all cases. Furthermore, at high Reynolds num¬ 

bers, unsymmetrical particles are known to deviate from vertical trajectories. 

These effects must be studied further to determine their degree of importance in 

fallout predictions and to provide data for use in accounting for them. Additional 

work also should be done in the area of turbulent diffusion of fallout particles. In 

particular, estimates of coefficients of turbulent diffusion of fallout particles in 

the atmosphere should be made. 
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APPENDIX C 

THEORY OF OROGRAPHIC FLOW WITH APPLICATION 
TO TROPOSPHERIC FALLOUT 

GEOMETRIC CONSIDERATIONS 

The geometric origin of our coordinate system is established at "ground 

zero, " the point at which the detonation occurs. The x direction points from 

west-to-east; the y direction, north. The z axis is the direction of the zenith. 

The components of the earth's angular velocity along the x, y, and z directions 

are given by 

£2 = £2 sin 0 , 
z 

£2 x = 0 , (1) 

£2 
y 

£2 cos 0 , 

-4 -1 
where 0 is the latitude, and £2 equals 0. 73 x 10 sec For the problem of 

short-range fallout, £2z and £2^ can be considered constant, which is consistent 

with neglecting the curvature of the earth. If u, v, and w are the x, y, and z 

directions of the wind, then the corresponding components of the Coriolis force, 

F 2v x £2 , (2) 

are given by 

Fx = 2(v£2z - w£2y) = 2£2(v sin 0 - w cos 0) , 

F = - 2u£2 = - 2£2u sin 0 , 
y z 

F = 2u£2 = 2£2u cos 0 . 
z y 

(3) 

In many situations, the orographic effects are better described in a coordinate 

system which is obtained from the established system through a rotation y about 

C-l 



the z axis. This is shown in Figure C-l where x and y are the new rectangular 

axes. The components of ñ in this coordinate system are given by 

= ny cos r ’ 

ñx = fiy sin y , (4) 

ñ = S2 . z x 

The components of the wind field are related to each other by the well known 
formulas 

u = u cos y + V sin y and u = u cos y - v sin y , 

V = V cos y - u sin y and v = u sin y + v cos y , 

w = w . 

(5) 

The components of the Coriolis force in the x, y, and z system are readily given 

by application of Eq. (2). 

y y 

Figure C-l. Rotation of Coordinate System (x, ÿ, z) 
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The perturbation method for treating orographic effects, as outlined in the 

next section, is greatly simplified by orienting the axis so that the undisturbed 

flow points in the x direction. After the perturbed velocity field is computed, it 

can be related to the established coordinate system by the relationships previously 

established. For brevity, the coordinate system used will be labeled x, y, z 

instead of its true designation, x, y, z . 

THEORY OF OROGRAPHIC DISTURBANCES 

The description of airflow over variable terrain can be realized by assuming 

that the changes in topography can be treated as a small perturbation on the wind 

field. It is postulated that if the ground were flat, the wind velocity, u, would be 

constant both in position and time. Orographic effects, such as mountains and 

valleys, then cause the wind field to change in a determined way, as computed 

from the perturbation theory. 

The origin of the coordinate system is established at a suitable point in the 

vicinity of the region whose orographic effects on the wind field are to be com¬ 

puted. Assuming that for all times the thermodynamic process which describes 

the flow of air is isentropic, the relationship between pressure P and air-mass 

density p is given by 

where P„, p^, and T^, are the pressure, mass density, and temperature at the 
ii, ill ill 

origin in the unperturbed case. These quantities are further related to each other 

by the ideal gas law, 

(7) 

”16 “1 where k is the Boltzmann constant (k = 1.38 x 10 erg deg ), and m is the mass 

of the air molecule. The two equations which describe the aerodynamics are the 

continuity equation and the momentum equation: 
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+ V • (p7) = o 

and 

(8) 

= 2v X S2 - Vi/» + G (9) 

where G is the gravity force and is equal to -Gk, and ¡/» is a potential obtained by 

combining the term, (1/p) VP, with Eq. (6). 

(10) 

We assume that a steady state exists in which there is only one uniform (spatially 

homogeneous) component of velocity, uo, which is parallel to the x direction. The 

system of equations then reduces to 

(11) 

0 = -2u £2 o z 
djj) 
dy ’ (12) 

0 = 2u ^ - G . o y 9z (13) 

The general solution to Eqs. (11 to 13) is given by 

¡/» = Ay + Bz + C , (14) 
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which, when substituted into the foregoing equations, gives 

A = -2u £2 o z ’ (15) 

B = -G + 2u fi “ 
o y 

-G , 

C = 4>(y = 0, z = 0) 

= cg /(Y " 1) * 

(16) 

(17) 

4 -1 where c is the speed of sound and equals 3. 4 x 10 cm sec under STP conditions, 
s 

The coefficient A has the dimensions of acceleration but is several orders of 

magnitude smaller than G, thereby showing that the predominant density change is 

in the z direction. For a 100 mph wind, uQ = 4400 cm sec 1 so that the accelera¬ 

tion (- 2uoi2z) is at the most 0.64 cm sec'2 , a rough measure of the y dimension 

over which density variations become important can be obtained from the relation¬ 

ship (with y = 1.4) 

iÇi 11. 6 x IO8 
yc “ 'A 1 (0.4)(2u£2 ) 

29X IQ8 I 

. 2uS2z / 
cm (18) 

Using the maximum realizable value of 2uft =0.6 gives 

yc ~ 0. 5 x 101U cm ~ 0.3x10 miles . (19) 

On the other hand, the characteristic z dimension over which density changes 

become important is likewise given by 

z 
c 

» 
29x10 8 

3 x 106 cm = 20 miles . 
980 

(20) 



i 

The orographic effects considered in the close-in fallout problem are presumed to 

extend not more than a few hundred miles so that horizontal variations in the steady 

state caused by the Coriolis effect can be neglected. This will not necessarily be 

true in the perturbed case where the curvature of the wind field caused by the 

variable terrain becomes important. 

The initial state of the system is given by 

7 = fuo (21) 

and 

P = P0(z) = PE(1-z/zc)^r-1) = pE(l-az)*1^7"1) , (22) 

where 

a = ~ = —= 0. 3 X 10"6 cm"1 (for 7 = 1.4). (23) 
Zc 3 X l(r 

6 
If attention is further confined to the troposphere (z 2 miles = 0.32 x 10 cm), 

the variation of density with altitude is approximated by 

P0<2> “ PE [' * (A) = PE(1 -/*z) « pEe 
-/3 z 

(24) 

where ß is defined as the tropospheric density attenuation constant, 

■ (a) - - 5a = 0. 75 x 10“6 cm'1 (25) 

Actually, ß is given by 

(a)¿- mG 

c ^kTE ’ 

which is observed to be not very sensitive to the choice of y between 1 and 1. 4 

(the range of polytropic processes). 
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We now assume that the three components of velocity and density become 

modified by the topographical nonhomogeneities. The perturbed quantities are 

assumed to be related to the unperturbed ones by 

up = uo + “ ' 

Vp = V , 

W = w , (26) 

pp = P0 + P ' 

Op = ¢0 + ♦ • 

Substituting Eq. (26) into Eqs. (8 and 9) and neglecting second order effects, 

such as p w and vw, give, under stationary conditions (3/3t = 0), 

^o(l+|+f) + %¿^»¿^o = 0- <27> 

uo!=2(*V»ay)-i ■ (28> 

“ol = 2(50x-<)-#y <29> 

% ! =2(“Viax)-fi • (30) 

For mathematical convenience, it is desirable to deal with a function, ï? , 

related to the initial density pQ by the formula 

V (31) 
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In terms of rj, $ is given by 

4> = *Hp0 + p) - <P(P0) 

7-1 
o V 

Using the exact expression for p , 
o 

V1 = » 

gives 

_ YkTF 
t (l-az)rj; 

(32) 

while the derivatives of ¢/ are 

dj 
3x 

VkTE 
m (l-az) il. il = ykTE 

9x ’ dy m (1 -OfZ) in 
9y ’ 

and 

ff - -(r-l)Gi)+^p(l-az) fl . (33) 

The object at this point is to reduce Eqs. (27 to 30) to a system of linear equa¬ 

tions with constant coefficients. This can readily be accomplished by restrictiRg 

the calculation to values of z much less than zc so that (1 -<*z) = (1 -z/z^) « 1. 

Also, within this range, In pQ = lnpE - /3z, thereby reducing Eqs. (27 to 30) to the 

following set: 



' fc 

I 
I 
! 

i 

•4 

i. 

! 

( 

) 

I 
i 

\ 
l 

t9ch opt 

u aü 
O 0X 

2^E\ 32 
m y ax ’ 

(35) 

u dv 
o 3x 

(36) 

aw u -r— o 3x 
+ (y - 1)Gtj - (37) 

where 

ß = 
mG 

ykTE or lklE 
m 

G 

Equations (34 and 37) relate the perturbed quantities to one another, while the 

absolute scale of the perturbations will be obtained from the new boundary condi¬ 

tions. We now assume that each of the perturbed quantities can be expressed by 

an expansion of plane waves. 

u = y A(k) e^ * r d3k , 

V = C B("k ) e1 k ’ r d3k , 

_ (38) 

w = y C(1T) elk * r d3k , 

rj = y D(IT) ei ^ * r d3k , 

where 

d3k = dk dk dk . X y z 
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Substituting Eq. (38) into Eqs. (34 to 37) leads to the dispersion relationship be¬ 

tween the ffallowedn wave numbers. Thus, we have 

The only non-trivial solutions to Eq. (39) occur when the determinant of the matrix 

equals zero. This establishes a connection between k , k , and k . The so-called X y z 
dispersion relationship can be interpreted in several ways depending on which com- 

ponent(s) of the wave vector k can be preassigned. It is at this point that the 

pertinent physical factors are introduced into the problem. Since the topography 

can be resolved into periodic components of x and y, we must necessarily regard 

k and k as real numbers. The dispersion relationship is then interpreted as x y 

\= Vv V • (40) 
For each set of values (kx> k^), there will be two solutions of Eq. (40), cor¬ 

responding to the roots of the equation which results when the determinant of the 

matrix (Eq. 39) is set equal to zero. Since the number of solutions of Eq. (40) is 

finite, we can contract the description of the Fourier components of the field 

quantities. For example, w now becomes 

ST CC ikxx ikvy ikz(kx’kv)z 
w(x, y, z) = 2 )) W ky)e e ^ e dkydkx , 

M=l, 2 
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where stands for the pP root of Eq. (40). Setting the determinant of Eq. (39) 
z 

equal to zero leads to the dispersion relationship 

ak + b(ik ) + c = 0 , 
z z 

(41) 

where 

a = a (2 2 n2 2\ 
Ik u co , \ X 0 X y ’ 

b = a Y/3kV + 2nkxkyu0cox + n2 ^2ikxco7cov + 2iktrcor,co„ -yßJ^ 'z~x y 2 y 

c = k2u2 [a(k2 + k2N) - U2k2 + (1 -y) aß' X 0 \x yy ox ' 

+ Slßa 2k^yuo - y (a;yuok^ - co^k^ 

+ £2 4k2u2 - crikco + kco) - co2(l -y)vß2‘ X o V X X y yy ' ' 

(ik co \ X > -ßcrylikcoco +ikco ,co„ K I V v^x^y ywy z 

in which 

2Six 
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We shall now examine the coefficients in the dispersion relationship namely 

a, b, and c-to determine the conditions on the velocity and wavelength for which 

the Coriolis effect can be neglected. Since we are primarily interested in short- 

range effects, we shall freely make use of the assumed inequality, 

/k2 + k2 » ß = 0. 75 X 10'6 cm"1 , (42) 
V X y H 

which signifies that the wavelength of the horizontal variations in the terrain is less 

than the 2nß~*, or approximately 50 miles. 

The Coriolis effect can be neglected in the coefficient a provided that 

|k |u » S2 , (43) 
1 X1 o 

or equivalently 

u o » (44) 

where L is a representative wavelength in the x direction. The distance (uQ/fi) 
X 

equals 

IT = d = (60 x 104 umph) cm = (3.8 umph) miles , (45) 

where u vis the wind velocity in miles per hour. We shall assume the inequality 
mph 

of Eq. (44) to hold in our analysis. Equation (44) will not be satisfied when the un¬ 

perturbed velocity is too large, or both a small uQ and large Lx are combined. 

However, these conditions are not important relevant to fallout considerations. If 

L is large, the disturbance cannot be considered as a local effect; hence, addi¬ 

tional meteorological information will be available, thus precluding the utility of 

the perturbation methods considered here. If uQ is small, orographic effects will 

not be important since the motion of the fallout particle will be essentially vertical, 

descending with the so-called terminal velocity (i. e., the irregularities in the 

terrain on the fallout particles will not have far-reaching effects). 



The importance of the Coriolis effect in the second coefficient of the dispersion 

relationship, b, can be assessed by independently comparing the magnitude of the 

first-to-second terms, and the first-to-third terms in the foregoing expansion of b 

in powers of The magnitude of the first-to-second term is 

, 2 2 yßk u 
T ^ X o 

2nik ; k i U CO 
I y I ox V « J \\\\ (46) 

neglecting the unimportant numerical factors. Unlike the simple inequality depicted 

by Eq. (44), Eq. (43) will be greater than unity when a combination of conditions is 

met. Substituting Eq. (45) into Eq. (46) gives the following inequality which must 

be satisfied for neglecting the Coriolis effect. 

0.46 » 1 . (47) 

For one-dimensional problems in which the transverse ground variations are 

neglected P(Ly/Lx)—, Eq. (47) is obviously satisfied. Even when (Ly/Lx) 

is less than unity, the inequality of Eq. (47) can still be maintained with reasonable 

wind velocities. Since, in the applications of our theory, we treat only those cases 

for which 

L > L , 
y - X ’ 

(48) 

we accept the validity of Eq. (47). Using Eq. (42) together with the assumed rela¬ 

tionship L > Lx gives for the ratio of the first-to-third terms in the expression 

for b 

k2u2 \ _ /0 . ,2 X o ß _ (27r)d 
L ß (49) 

The relationship between the unperturbed wind velocity and wavelength L is thus 

given by 

^(i. 8)umph »Lx (50) 
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The cases for which Lx > 27r(l. are physically uninteresting for the same 

reasons discussed in reference to Eq. (44). Recalling that 

G = (980) 

ß 0.75xl0"6 
1. 3 X 10^ cm ^ sec ^ 

which is overwhelmingly larger than u^ |jr » u^ , and using Eqs. (42 and 49), 

neglecting minor numerical factors, we have the following approximate expression 

for c in powers of £2: 

° “ kXUoa(kx + ky) + n^Uokx + n2ffkx • 

Examination of this expression shows that the Coriolis effect can be neglected if 

and 

cxUofkx + kl) u (k2 + k2) xo\x yj o\x y) 

£2/3u k2 
^ o X 

£2/3 > 1 

2 2/^2 . 2\ 2/^2 . 2\ 
lkv + k u (k + k ) 

{°\x y/ °\x yy 

n2k2 
X 

> 1 
£2 

(51) 

(52) 

Equations (51 and 52) are readily observed to be satisfied in light of the previous 

discussion. 

Henceforth, although we shall restrict our calculations to the regime where 

the Coriolis force is negligible, the mathematical techniques which will be 

developed for treating orographic flow can be extended to include this effect. 
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Since Eq. (39) is homogeneous, the absolute magnitudes of the functions A(k), 

B(k), C(k), and D(k) cannot be determined, but their relationship to each other 

can. For mathematical convenience, it is desirable to eliminate D(k) and deal 

only with the Fourier transforms of the velocity components of the wind velocity. 

Thus, we obtain the equation 

(53) 

where the b^’s are the elements of a matrix b and are given by 

b,, = ik ^ + iu k ñw , 11 X* o X y 

b12 = V -iuokxn"x • 

b13 = + <“okx>2 ’ 

b01 = (ik u )^ + ik (rfico , 21 ' X o'* X y ’ 

t>22 = - (ikx0‘)S2iljx , (54) 

b0r) = fleo I - (ik 0^)(^ u ) , 23 y v X M X o ’ 

b31 = + (iky^J^Wy , 

b32 = Vo1 - <V)ñ“x > 

b33 = + kxVUo • 

in which I = (1 ~y)G + (ik cr) and a = (G//3). 
Lt 
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The dispersion relationship derived by setting the determinant of b equal to 

zero is necessarily the same as that previously derived. Using Eq. (53), we 

deduce the general relationship between the Fourier transforms of the velocity 
components, 

A ^b12b33 ~b13b32^ 

*b12b31 'bllb32^ 
- T(kx, ky)C(kx, ky) (55) 

and 

B = ‘ (b^b^-b11^3) C S ky) 
'°12d31 D11D32 ' X y x y 

(56) 

Setting Í2 = 0 in the dispersion relationship Eq. (41) gives 

+ <%) °yP + ff(kx + ky) - + -T^/î2 = 0 . (57) 

We now let 

X (58) 

anticipating an exponential decay with altitude. This results (recalling that 
cr = (G/ß ) » u^) in the equation 

X2 + Xyß - kx - ky + (y -1)/32 = 0 . (59) 

The roots of Eq. (59) are given by 

2 
(60) 

f 
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(61) 

When + k2 » ß2, the two roots of Eq. (60) are 

\ = ± +k2, 
y 

where only the positive root is acceptable on physical grounds since this quarantees 

that the perturbations will dampen at high altitudes. Using the plus root of Eq. (61) 

in Eqs. (55 and 56), and consistently neglecting £2 in the expressions for thebe's, give 

-ik 
T(k , k ) = x’ y' 

K 
+ k 

(62) 

ik 

U<kx’ V = 

K 
+ k 

(63) 

From Eqs. (61, 62, and 63), we deduce the following expressions for the 

perturbed velocity components: 

+ OO + OO 

w(x , y, z) = [ y C(kx, ky) e 
i(k x + k y) 
\ x yJ ' + k2 z 

y dk dk , (64) 
x y 

- 00 - 00 

+ 00 + 00 

«¡oc, y, z) = y y (-ikx)(kx+ky) 
2 ,2V1/2 i(kxX+V> 

- 00 - oo 

+ k2 z - /i? _ 

GOCx. Ve VX y ^x^y ’ 

(65) 

Y0 Y0 /2 2V1/2 i^x+k V) 

= J J <-V^+ky) e V(x, y, z) 
- 00 - 00 

-J' 
fk2+k2z 

C(kx’ V e " X y ^x^y • 

(66) 
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The function C(k , k ) is determined by application of the perturbed boundary X y 
condition. Let 

4>(x, y, z) = 0 = z - f(x, y) (67) 

be the equation of the earth's surface. The normal to this surface is V<¿>: 

T* af -7* af -r 
= - 1 T*-> 3y + k (68) 

On physical grounds, we must necessarily demand that the wind velocity be parallel 

to the surface z = f(x, y) at every point. Thus, the boundary conditions are mathe¬ 

matically stated as 

[■ 
(v • V<p) = 0 

along z = f(x, y) , 
(69) 

where 

v = iu+jv + kw = iuo+(iu+jv + kw) . (70) 

Inserting Eq. (70) into (69) gives 

w(x, y, z = f) = u0(fí) + ü(x, y, z = f) + v(x, y, z = f) (^) . (71) 

Using Eqs. (62 to 66) in Eq. (71) yields the integral equation for C(k , k ): 
y 

Í if1" T!kx’ ky* (fx) ■ U(kx’ ky) (ly) 
k k 

* y 

X cvy 
c(kx, ky) e e y e 

2\1/2 

X ‘yj ik..x ik y [-(kv + kr,) £(x.y) 
dk dk 

X y 
(72) 

f f ikxX ikvy = U0 \ \ /ib- \ Vflr b- \ o A o J 

k k 
X y 

(¾) FOCx. ky) e e ^x^y ’ 
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whe^e 

and 

/ \ 2 p p - ik X - ik y 

^x’V = (2^) Jjf(x’y)e Xe ydxdy’ 

f(x 
p p ik X ik y 

,y) = )) F(kx, ky) e x e J" dkxdky . (73) 

The solution for C(kx> k^) is impossible to achieve by direct means because of 

the dependence of the integration of the left hand side of Eq. (72) on f(x, y) and on 

the derivatives of f(x, y). However, a systematic perturbation method for com¬ 

puting C(kx, kv) can be deduced. The approximation to C(k , k ), achieved by Jr- -, x y 
setting exp - Jk2 + k2 f(x, y) equal to unity, is equivalent to assuming that the 

maximum elevation, fmax» is small compared to the wavelength of the horizontal 

oscillation; or in simpler terms, the slope of the terrain is small. On the other 

hand, the neglect of u(3f/8x) as compared to uo(3f/8x) is necessarily consistent 

with the initia1 premise of the perturbation method used in this analysis, namely 

that the change in the velocity field be small compared to the initial velocity. This 

obviously must apply when comparing u to uq . The neglect of v(8f/8y) as com¬ 

pared to uQ(8f/8x) is somewhat difficult to justify, under all cases. Although v is 

assumed small compared to uQ, we must also be sure that (8f/8y) is not sub¬ 

stantially greater than (8f/8x). 

The a priori assumption, 

“(©+"(§9 < “o© • (74) 

is equivalent to neglecting -T(8f/8x) + U(8f/8y) as compared to unity in Eq. (72). 

The systematic method for computing C(kx, k^,) is based upon Eq. (74) coupled with 

the previously mentioned approximation, 

exp u k2 + k2 f(x, y)^ = = F » 1 (75) 
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Introduction of the functions 
00 

« =i-r = -1 £ ■ <76> 
n = l 

where 

* = ' H + ky f(x' y> ’ 

and 

T = T0CX,V(Í)+ U(kx.y(f-y)- 

permits Eq. (72) to be written as 

y C(TT) eik* r die = uo y HílT) elk‘ r dt + ^ AC(ir) elk ‘ r dt ; 

(77) 

(78) 

(79) 

A = (t + £ - £ t) = A(t, X, y) 

H(k) = ikxF(k) , 

t = Tkx + Tky , 

d"k = dk dk . 
X y 

Multiplying Eq. (79) by exp(-ilT# • T) and then integrating over 7 give: 

0(7') = 0^(7') + y y Ait, 7) C(7) ei<k " k ) * r d7 d7. (80) 

7 7 
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The perturbation scheme is developed by regarding the second tei m on the right 

hand side of Eq. (80) as small. The first approximation to C(k), denoted by C^, 

is deduced by completely disregarding the second term of the right hand side. Thus 

C(1)(t') = u0H(ki) = u0(ikx) F(k) . (81) 

Since F(k) is the sum of individual contributions to the topography, we see that the 

principle of linear superposition is also reflected in C^(k). The second approxi¬ 

mation is obtained by using Eq. (81) for C(k) in the integral expression. 

C<2)(t') = U0H(k') + (^) C J AOT.T) u0H<r)j ei(k - k') • r d7 d7 . (82) 

■¡t'r 

th —► 
It follows by inspection that the n 11 approximation to C(k) is given by 

Cin)(lT#) UqHíIT') + y y Aík'.'r) C(k) el(k "k ^ r dkdr , (83) 

k r 

with 

c(°> = o . 

The corresponding Fourier transforms of the perturbed x and y components of 

the wind field, A(k) and B(k) respectively, are found from Eqs. (55 and 5G) to the 

same order of approximation. The ultimate validity of this perturbation method 

can be evaluated only posteriorly by comparing the calculated change in the mag¬ 

nitude of the wind field with uq . Mathematically, the developed theory is valid so 

long as 

-2 -2 —2 2 u + V + w < u . o 

The prescription for calculating the wind field due to orographic effects is 

summarized as follows. Equation (83) is used to compute the Fourier transform 

BURLINGTON • MASSACHUSETTS tC-2l 



of tlie vertical v/ind. The Fourier transform of the change in the horizontal com¬ 

ponents of the wind field is then determined by Eqs. (55 and 56). Finally, the 

inversion formula, 

ik X ik V - /k^ 
e x e ^e ^ x 

Is employed to compute u(r), v(T), and w("r). 

The value of computing C(k) beyond the first approximation is worthwhile, 

even though the hydrodynamics model considers only the first correction to the 

flow, because the iteration scheme can more precisely establish the range of 

validity of the first approximation to C("k) and the dependence of C("k) on the char¬ 

acteristic features of the terrain. Most topography is complex and, as such, 

cannot always be represented by a simple periodic structure, but rather by a sum 

of frequencies. The higher corrections to C(k) take into account the interaction 

between the Fourier components of the ground structure and, consequently, must 

be evaluated to more firmly establish the validity of the superposition principle 

implicit in the first approximation. 

In the following section, we shall apply the first order theory to compute 

changes in the wind field caused by specific orographic effects. However, 

presently, we shall consider a simple two-dimension periodic struçture to ex¬ 

hibit the method for computing higher-order corrections to C(TT). 

Let 

f(x) = h e 
ik X o 

(85) 

from which it follows that 

(86) 
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and 

H(k) = ikhô(k-ko) = ikohÔ(k-ko) , (87) 

where <5(k) is the Dirac delta function. The first correction to the Fourier trans¬ 

form of the vertical velocity field is 

C(1)(k) = ikuoh<5(k-ko) = iuo(koh) ô(k-kQ) , (88) 

which yields 

w(x, z) = y ikuQhô(k-ko) e” dk ^9) 

ik0X -lk0U 
= ik hu he e . (90) oo 

Since T(k , k = 0) = -ik/|k| , it follows that X y 

ik X - I k I z 
ñ(x, z) = + u0( I kQ I h) e e . (91) 

Within the confines of the first approximation, the inequality of Eq. (84) reduces to 

*yr<ik0ih) « i. (92) 

which basically shows that the slope of the terrain must be less than unity. The 

second approximation to C(k ) is given by 

C(2)(k') = iu0(k0h)ô(k'-k0) + y y A(k, x) |iuo(koh)ô(k-ko)j ei(k_k )xdkdx, 

k X (93) 

where 

A(k, X) = T(k)(|i) - J l^(|k|On+T(k)(fí) J 4f(|k|f)n. 

n = 1 n = 1 (94) 
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Inserting Eq. (94) into Eq. (93) and performing the integration over k and x 

give the following expression for C^(1T#). 

C(V') = iu0(k0h)i(k'-k0) + iu0<k0h)2a<k'-2k0)8gn(k0) 

oo 

-KW I ii^(lkolh)n'5[k''(n"1)ko] 
n = l 

(95) 

00 

iUo(koh)2sgn(ko) ^ ^(ikolbj ójk'-<n+2)k0] , 
n = l 

where 

sgn(V.0) = 

It is easy to show that the vertical component of velocity corresponding to C^^(k#) 
is given by 

w(x, z) = iuo(koh) e 
(v- lk0lz) 

2 - e 

- Ikjh exp (ikox- Ikjz) 

+ sgn(ko) iuo(koh) e 
2(^ox- lkolz) - |k0|hexp(íkox- |ko|zj 

e 

(96) 

Examination of the second term in Eq. (96) shows that the uncertainties intro¬ 

duced in the computation of w(x, z) by neglecting higher-order terms are of the 

order of (kQh) for a one-dimensional periodic structure. The degree of accuracy 

to which one may choose to compute the velocity field for fallout computations 

should be consistent with the uncertainties introduced in other aspects of the 
calculation. 
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APPLICATION OF THE THEORY TO SPECIFIC GEOMETRIES 

In this section we shall apply the first-order theory to a two-dimensional 

mountain ridge in which the flow is perpendicular to the mountain; a three- 

dimensional mountain; and a three-dimensional mountain ridge which is not per¬ 

pendicular to the flow. Within the context of the theory, valleys are considered 

as "inverted" mountains. For all cases considered, the perturbed components of 

velocity are computed. 

TWO-DIMENSIONAL MOUNTAIN RIDGE 

Queney* has shown that a one-dimensional mountain ridge can be represented 

by the equation, 

z = f(x) =-2 
1 + (x/a) 

(97) 

The Fourier transform of the mountain ridge function is 

Using the inversion formula (Eq. 84) gives 

(99) 

(100) 
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(101) 

%<ah) 
+ «O 

u(x, z) = —— y -i pr (lk)e““e dk , ,ikx - |k|(z + a) 

- 00 

00 

u(x, z) = uo(ah) y k cos kx e + dk 

o 

=“o^x-d ji [, 2]. 
l-(z+a) + X J 

(102) 

u(x, z) = - u0(ah) 

[x2 - (z+a)2J 

[(z + a)2 + x2 J 

(103) 

The total horizontal velocity is 

r 
[x2 - (z + a)2 J 

u(x, z) = u ( l-(ah) 

j"(z + a)2 + x2l 
V. L 

(104) 

Using Eqs. (100 and 104), we find that the magnitude of the perturbed component of 

velocity is 

-2 -2 1/2 uoiah) 
(u + w2) - 0 

x2 + (z + a)2 
(105) 

the requirement that this be less than uQ is given by 

. _ ah 
P o 9 

x + (z + a.) 
<< 1 . (106) 
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According to the perturbation theory, p(x, z) must be less than unity in the 
o 

region z > f(x) = h/(l + (x/a) ). For a given value of a, the precise point at which 

p(x, z) maximizes, in the region z > f(x), will depend on h, or equivalently (h/a). 

Application of Eq. (106) should then establish the conditions on h which will ensure 

us that the magnitude of the perturbed velocity is less than uq. It is not necessary 

to perform a detailed analysis on p(x, z) for the purpose of evaluating the perturba¬ 

tion scheme. Consider the value of p at the top of the mountain ridge (x = 0, z=h). 

p(x = 0, z=h) = pb = ah 

(a + h)2 

(Va) 
(1 + h/a)2 

(107) 

Clearly, pt is always less unity regardless of the ratio (h/a). Thus, post¬ 

examination of the velocity field shows that the first-order perturbation will work 

even for an infinitely steep mountain ridge. The results deduced from Eq. (107) 

are also borne out by the more extensive analysis of p(x, z) previously mentioned. 

Apparently, higher-order corrections to the Fourier transform of the vertical 

wind, as computed by the iteration scheme of Eq. (83), are necessary to more 

firmly establish the range of validity of the first-order perturbation theory. 

When the theory is applied to a valley, in which case h is replaced by - |h| , 

and the ratio of the perturbed velocity is then compared to uq at the bottom of 

valley (x=0, z= -h), we obtain the following expression for p^, 

P 
alhl 

(a - |h| )2 ‘ 
(108) 

The condition that 

P b << 1 , 

for this case, is obviously satisfied for a small slope, |h| << a. 

(109) 
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THREE-DIMENSIONAL MOUNTAIN 

Investigations have shown that a suitable representation for a mountain is 

z = f(x, y) V) 
93/2 

+ r) 

(110) 

with 

2 r = 2 , 2 
X + y 

Although one can construct several mountain functions which are similar to 

f(x, y), this particular function was selected because i* ultimately yields analytic 

expressions for the perturbed components of the wind field. The Fourier trans¬ 

form of f(x, y) is 

F<kx. ky) = 
A 

<2ir)2 

+ 00 + oo 

Í f .-1^7 
-oo - oo 

1 
2 3/2 

+ r2) 

dxdy 

A 

<2*>2 

2t oo 

! Í 
0 0 

- ikr cos ó e ^ 
~19 3/2 d*rdr - 

+ r2) 

00 

F(kx. kJ = F(k)-^7 f 
rl/2 1/2 

3/2 J0(kr) W eir 
(a2 + r2) 

(111) 

with 

k = V1^ + ky • 

"3/2 
The integral in Eq. (Ill) is recognized2 as the Hankel transform of r1^2(r2+a2) 

so that F(k) becomes 

m = 2^ e-ak (112) 
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If uQ is the unperturbed velocity, it follows that the first-order correction to the 

vertical component of the wind is given by 

w(x, y, z) = uo y J* (ikx) F(k) e 
i(k x + k V) . 

x e I« 

27T 00 

= u o 8x [ y F(k) e~kz eikr 008 ^ kdkd^ 

o o 

= 27TU 
_a_ 

o 9x 

w(x, y. z) = y e“ (a + z)k Jo(kr)kdk . 

y F(k) e'kz Jo(kr)kdk , 

0 

oo 

(113) 

Again from Ref. 2, we find that 

u A a 
w(x, y. z) = — H 

(r2^2) 
3?2 

-3XAuo X 

a ~ I 9 5/2 
(x2 + y2 + \ 2) 

-3\a2hxu o 
572 

(r2 + \ 2) 

(114) 

where 

X = (z + a) . (115) 
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The changes in the x and y components of velocity are determined from Eqs. 

(65 and 66). Thus, we have 

u(x 
-y-z> = -% íÍ 

= - u 
_a_ 

0 9x2 

(ikxHUO i(kx+kv) , 
-£— F(k) e r e kz dkxdky 

2y » 

y ) F(k)elkrcos'f'e-kzdkd0 , 

O 0 

(116) 

and 

v(x 
r r (ik )(ik ) i(k x+kv) _k 

, y, z) = - uo J J y - x r 0 KZ k F(k) e 

2tt 00 

e dk dk 
x y 

= - u o 9x9y 

00 
C C w/l V ikr cos 0 -kz ,, j . \ \ F(k) e r e dkd0 . 

(117) 

o o 

Using Eq. (112), the integral in Eqs. (116 and 117) becomes 

2ir 00 

n 
o o 

oo 

F(k) e“-- v e ™ dkd0 = £ fj e~(z + a)k JQ(kr)dk 
ikr cos 0 -kz 

(118) 

with 

\ = (z + a) . 

Inserting Eq. (118) into Eqs. (116 and 117) gives the following expressions for 

ü(x, y, z) and v(x, y, z): 

ü(x, y, z) = - uo(a2h) ~ (r2+ X2) = ^(3%) (y +X : <119) 

Bx (r2 + X 2) 
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(120) 
2 o o "1/2 3u0(a2h)xy 

v(x, y, z) = - uo(a h) ^ (r +X ) = —-• 

(r2+X2) 

The magnitude of the perturbed velocity is given by 

<u-2 + v-£+w2)1/2 = (a2h>U°5/2[9X2x2My2+X2-2x2)2,9xV] 

(r2 + X 2) 

1/2 

(a2h)u 0 0 0 1/2 

(121) 

(r2 + \ 2+ 3x2) 

(r2+\2) 

r 2 which reduces to jja h)uQ /(h + a) at the top of the mountain. 

THREE-DIMENSIONAL MOUNTAIN RIDGE NOT PERPENDICULAR TO 
THE FLOW 

In this case, the perpendicular to the line depicting the crest of the mountain 

is at an angle y with respect to the direction of flow, as shown in Figure C-2. 
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The Fourier transform of the mountain ridge function is 

"vv - (¿nr "'’W (122) 

Since k • r is invariant under an orthogona] transformation, Eq. (122) becomes 

TK- kp = (¿)2 J J f(*'. y') « 
- ik'x ik ' y ' 

dx'dy' , (123) 

where 

X = X ' cos y - yf sin y , 

k = k ' cos y - k ' sin y , a X y 

y = x'sin y + y'cos y , 

k = k ' sin y + k ' cos y . 
y * y 

In terms of the new coordinate system» the equation for the mountain ridge is 

z - 
1 + (x #/a)‘ 

(124) 

which when inserted into Eq. (124) gives 

k;> = (f) 
-Ik'la 

e x 0(k') . (125) 

Using the inversion formula (Eq. 84) with C(kx> k^) = ikxuoF(kx, kj yields the 
following egression for w(x, y, z): 

_ n n ik x ik v 
w(x. y> z) = u0 J J (Ik^ e e r F(kx, e - 7k-2 + k “Z x y dkdk 

x y 

■".ÃÍÍ 
i^'x^^- k'y') 

e 
- 

F(k'.k')e ^ x » 

(126) 

y dk'dk' . x y ’ 
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where 

F(iex,k'y) = F[kÄk'y),ky(^,kp 

Inserting Eq. (125) into Eq. (126) reduces this expression to 

W(X, y, z) = u0 £ [e x (f) 
- k' a - k# z 

e e dk X 

= u (ah) cos r ãp (72772) 
+ x' ' 

-u^aty^cosyx' 

2 2^ (\%x'2) 

w(x, y, z) = 
- 2uQ(ah)\ cos y (x cos y + y sin y) 

í 
2 2T (x cos y + y sin y) + \ 

(127) 

where 

\ = (z + a) . (128) 

Since in reality a mountain ridge is never infinite, the origin of the system 

could be located at the center of the crest-line. It is also easy to show that the 

perturbed x and y components of wind velocity are given by 

ü(x, y, z) = 
(D •uo(ah) cos y 11 x cos y + y sin y M 

([ x cos y + y sin y 
2 2 

+ \ 

and 

v(x, y, z) 

■uo(ah) cos y sin T ^ x cos y+ysinyj - A 2^ 

([■ cos y + y sin y 
2 2 

+ \ y 

(129) 

(130) 
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It should be noted that u, vf and w really depend on x# = x cos y + y sin y, so 

that the origin of the (x, y) system can be located anywhere along the crest-line. For 

convenience it will be located at the center of the crest-line in the actual 

computations. 

FALLOUT PARTICLE STREAMLINES AND WIND 
STREAMLINES IN TWO DIMENSIONS 

It is of interest to obtain analytic expressions and pictorial representations 

for the trajectories of fallout particles for the purpose of assessing the importance 

of the orographic effects. If Up and wp denote the horizontal and vertical compo¬ 

nents of the fallout particle velocity in a two-dimensional system, it follows (see 

Appendix A) that these quantities are related to the wind velocity through the 

equations 

and 

u = u + u , 
P 0 

(131) 

wp = - Vp + w , (132) 

where is the so-called fall velocity. Strictly speaking, is a function both of 
* 3 * particle size and of altitude, but below 10, 000 ft its variation with z can be 

neglected. Figure C-3 shows the average fall velocity, between 0 and 10,000 ft, 

plotted as a function of particle size for spherical particles with an assumed den- 
_3 

sity of 2.5 g cm (data taken from Ref. 3). 

The flow lines, or trajectories, of fallout particles can be determined from a 
4 

quantity called the stream function, $(x, z), defined by the partial differential 

equations 

wp = " VF + ^ = " If (x’ z) ’ <133> 

and 

up = uo + “ s if <x' z> • <134> 
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Figure C-3. Fall Velocity Vs Particle Size 

On the other hand, the equation for the flow lines is 

— = — or - wdx+udz = 0 , 
u w P P 

P P 
(135) 

which, when used w.th Eqs. (133 and 134), 

dx + 4p dz = 0 or d$ = 0 dx 9z 
(136) 

We thus see that the curves for which 

$ = constant (137) 

I 
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are the streamlines. In the case of the mountain ridge, it was shown that the 

perturbed components of the wind field, ü and w, are given by (see Eqs. 99 and 

102) 

u = - uo(ah) 9 f_(z+ a) 
9z . ^ V2J 2 L (z + a) + X -1 

= *(x, z) (138) 

and 

w = u0(ah) 
a)2 + X2 J 

= *(x, z) (139) 

where the perturbed stream function ^(x, z) is, by inspection, 

-u (ah)(z+a) 
* = —2- 

(z+ a)2 + X2 
(140) 

Using Eqs. (138 and 139), and recalling that uq and Vp are both independent of 

position, enable us to construct the entire stream function, 4>(x, z). The function 

$(x, z), which has as its partial dérivâtes w and u , is 
P P 

* = uQz + * + VpX ; (141) 

and the curves of constant ¢, which are the flow lines, are determined from the 

equation 

u (ah)(z+a) 
constant = C = uoz---- + V x . (142) 

Each value of C describes a different flow line, while a specific value of C is 

determined by requiring that the flow lines pass through a particular point (x, z). 

For computational purposes, it is desirable to cast Eq. (142) in dimensionless 
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form; this is accomplished by dividing both sides of Eq. (142) by (uoa). There 

results 

constant = C ' = z + yx-a 
(1+¾ 
_ 9 _ 9 ’ 

(1+ Z) + X 
(143) 

where 

(X 

y 

h 
a 

X = (x/a) 

z = (z/a) 

ratio of height to half-width of mountain 

ridge, 

ratio of the magnitude of fall velocity to the 

unperturbed wind velocity, uq , 

horizontal dimension in units of a, 

vertical position in units of a. 

In the absence of a mountain ridge, a = 0. and Eq. (143) reduces to 

z (144) 

which is the equation of the straight-line descent of a fallout particle with slope 

- V^/u . On the other hand, the streamlines deduced from Eq. (143) when y = 0 
F o 

depict the flow of the wind field over the mountain ridge. The solid lines in Fig¬ 

ures C-4, C-5, and C-6 show the wind streamlines at various initial altitudes for 

values of a = 0. 25, 0. 50, and 0. 75. The dashed line on each figure is the mountain 

ridge function 

1 

1 + (x/a)2 
<x_ 

1 + (x/a)2 

We can readily observe in all cases that the higher altitude streamlines are less 

affected by the mountains than the lower ones. This is to be expected. It is also 

interesting to note that the wind flow corresponding to the surface streamline 

actually hits the mountain ridge in all cases. This is not unexpected in view of the 
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HORIZONTAL POSITION(*Æ) 

Figure C-4. Wind Streamlines for a = 0.25 

HORIZONTAL POSITION (x/a) 

Figure C-5. Wind Streamlines for a = 0. 50 
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approximate nature of the first-order calculation of the Fourier transform of the 

vertical component, C(k), of the wind. It will be recalled that the perturbed 

boundary conditions were apolied exactly (see Eq. 69 in which we required that 

the wind velocity be parallel to the earth’s surface). However, in the process of 

determining the wind field, an iteration scheme was developed to compute C(k), 

and the results shown in this section correspond to the first approximation 

C(1)(k) = 
u (ah) 

(ik) e - k a 

The uncertainties in the calculation (as noted earlier) should increase in proportion 

to the slope, which in the case of a mountain ridge is typified by the ratio (h/a). 

This is especially well borne out by the results which show that the relative differ¬ 

ence, A, between the height of the mountain ridge and the maximum elevation in¬ 

creases with a corresponding increase in (h/a). We define A by the equation 

A = 
(h/a) - Z om a-Z 

(h/a) X 100 = om 
a X 100 (145) 

where Zom is the maximum elevation of the surface trajectory in unitr^ of a. Fig¬ 

ure C-7(a) shows a plot of A vs (h/a) = . As observed, the relative difference of 

trajectories increases as (h/a), the average slope of the mountain ridge increases, 

thereby reflecting the uncertainties in the calculation attributable to the first-order 

approximation. 

The results also show that the first approximation to the wind field under¬ 

estimates the air lift due to the mountain ridge. This is perhaps better illustrated 

by a comparison of ZQm vs , which like Figure C-7(a) shows that the discrepan¬ 

cies between the actual maximum "lift" and the ideal lift increase with a. (Mathe¬ 

matically, this discrepancy is the Hifference between the 45° ideal lift line and the 

actual curve of Zom vs a . Figure C-7(b) illustrates the necessity of executing the 

iteration scheme for C(k) in order to ensure the proper evaluation of the wind field. 

However, since this may be a complicated process, we can use the results of 

Figure C-7(b) to establish an empirical relationship between calculated trajectories 
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1 
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and the true mountain profile. Thus, suppose we have a mountain ridge whose 

maximum elevation, also measured in units of its half-width, is . 48 (point A in 

Figure C-7b). The curve shows that to ensure that the calculated surface trajec¬ 

tory would actually rise to a maximum elevation of . 48, it is necessary to per¬ 

form the calculations for an « equal to . 7 (point B in Figure C-7b). 

The curves of the fallout particle trajectories shown in Figures C-8, C-9, and 

C-10 depict a mountain ridge corresponding to the maximum elevation Z 
om 

Figure C-8. Fallout Particle Trajectories (Vf/u0= 0.1; 
a = 0.25; Z = 0.2 = adjusted mountain 
height) om 

although, as in the case for the wind streamlines, the calculations were performed 

for the corresponding values of or • Since it is beyond the scope of this report to 

perform a parametric analysis of the stream function (Eq. 13), we present the re¬ 

sults for a fall-to-wind velocity ratio, VF/uo, equal to 0.1; the curves differ only 

in the choice of or, or equivalently, Z . All the curves originate at the 
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Figure C-9. Fallout Particle Trajectories (Vp/uo = 0.1; 
a = 0.50; Z = 0.37 = adjusted mountain 
height) om 

HORIZONTAL AXIS (x) 

Figure C-10. Fallout Particle Trajectories (Vf/uo=.0. 1; 
a = 0. 75; Z •- 0. 5 = adjusted mountain J* . , om height) 
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1 
dimensionless horizontal displacement, (x/a) = -5, sufficiently removed from the 

center of the mountain ridge so that orographic effects would not be felt. Examina- ** 

tion of all three curves for the same initial vertical position of the streamlines 

shows that increases in the mountain ridge height lead to an enhanced downstream 

drift of the fallout particles. For those streamlines, whose unperturbed trajec¬ 

tories pass over the crest of the mountain ridge (e. g., the middle unperturbed 

trajectory of Figure C-10), the mountain ridge causes no permanent displacement 

of the streamlines. We have also constructed a digital program to compute the 

transport times for fallout particles traversing a two-dimensional mountain ridge 

for arbitrary y and a, and applied the code for the cases y = 0.1; a = 0. 25, 0.50, 

and 0. 75 (between the limits - 5 <_ x ^ 5). The results show no additional time 

delay due to the effect of the mountain ridge. On the contrary, we found a relative 

speed-up of between 1 to 2%. Apparently, the increase in path length is slightly 

more than counterbalanced by the increase in velocity. 

The fact that the perturbed trajectories will fail to intercept the mountain 

ridge always end up on the same unperturbed streamline is a general result, as 

can be seen by examination of the stream function (Eq. 143), 

C' = z + yx - \_+ z)_ 
L(! + z)2 + x2 - 

The function in brackets is the contribution to the stream function attributable to the 

mountain ridge; for either large negative or positive values of x, this goes to zero. 

The middle set of curves in Figure C-10 can be used to obtain some estimate 

of the enhanced fallout range caused by the mountain ridge for (VF/uo) = 0.1 with 

(ZQm/a) = 0.5. From Figure C-3, we see that this would correspond to a 100-/i 

particle with uQ = 30 mph, 150-m particle with uq = 50 mph, or a 230-¿t particle with 

uQ = 70 mph, all of which are quite possible situations. If the aciual mountain ridge 

peak were 1 mile, the intercept of the alluded-to trajectory would hit the horizontal 

axis at x = 5, or x = 10 miles. 

For heavy fallout particles, orographic effects are less important since the 

vertical lift decreases. At the other extreme, extremely light fallout particles 

will follow the wind streamlines. 
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APPENDIX D 

THE INCORPORATION OF THE SEA BREEZE 
IN THE CALCULATION OF FALLOUT 

INTRODUCTION 

The effects of the sea breeze will be considered in our calculations of fallout. 

It is appreciated that this local circulation phenomenon can have an important 

affect on the lighter fallout particles, particularly on a clear day, when the tem¬ 

perature-induced circulating winds are larger than the so-called fall velocity, Vp. 

The sea breeze is characterized by relatively large changes in the wind direc¬ 

tion over short distances, and, as such, its internal features cannot be satisfac¬ 

torily analyzed with existing installations due to the unavailability of sufficiently 

dense meteorological observation points in the vicinity of the coastline. We have 

developed, therefore, a suitable sea-breeze model which can be applied in a digital 

computer program leading to the determination of fallout distribution. As in the 

overall DOD fallout model, space is divided into cells, with each compartment 

characterized by a distinct wind field. In the general case, the wind parameters 

for these cells are deduced (by suitable mathematical techniques) from sounding 

stations which are in close proximity to the geometric center of the cell. The con¬ 

struction of the cell's wind field by this method is appropriate throughout most of 

space, where changes in the wind velocity occur over dimensions which are large 

compared to the distance between observation points. The sea breeze, and other 

local circulation systems such as mountain and valley winds, however, cannot be 

treated by this method. Consequently, the geometric region enclosing the sea 

breeze is divided into a special cell which is treated separately. The nature of 

the problem dictates that analytic mathematical functions be used to generate the 

wind field in this cell. These functions, moreover, should be applicable for most 

situations. The specific parameters which describe the cell are discussed on 

pp. D-4 through D-18. 
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REVIEW OF THE SEA-BREEZE THEORIES 

The sea breeze is perhaps one of the best examples of an atmospheric process 

which can be treated analytically with a degree of success. Jeffreys1 was the first 

to treat the problem in an exact way, although his results were not in full agree- 
2 

ment with observations. As pointed out by Schmidt, the former's model led to a 

solution in which the daily wind variation was in phase with the daily temperature 

curve. This was not always consistent with the measured results. In Jeffreys' 

model, the only forces that are taken into account are the two due to friction and to 
3 

the pressure gradient resulting from the unequal heating. Haurwitz classifies 

such a model as an equilibrium theory of the sea breeze; a theory which neglects 

the inertia of the wind and, consequently, the temporal changes of the wind that are 
_5 

of the order of Œ = 27r/(sidereal day) = 7.3 x 10 ' sec. In retrospect, the main 

flaw in Jeffreys' treatment was not so much his neglect of the inertia of the wind 

( as will be shown later, this can be justified in some cases) but rather his deletion 

of the Coriolis terms which account for the veering of the wind in the course of 

time. This effect was included in the subsequent papers. 

Both Schmidt's and Haurwitz's works were less concerned with rendering a 

complete theory of the sea breeze than with clarifying the characteristic phenomena 

of the land and sea breezes, such as the phase shift between wind and temperature 

or the influence of the earth's rotation. These investigations did much to improve 

our understanding of the sea breeze, but they cannot be considered as complete in 
4 

the usual sense. (A more thorough critique of their work is given by Defant, who 

also discusses research performed by other investigators.) 

In analytical treatments of the sea breeze, it is necessary to make simplifying 

assumptions in order to obtain mathematically tractable equations. We can cate¬ 

gorically say that all the analytical treatments are based upon linearization of the 

equations of motion which describe the sea-breeze circulation. The more complete 

analytical treatments of the sea breeze have been successful in accounting for the 

large-scale characteristics of the sea-breeze circulation. Notable among this group 
4 5 6 

are the investigations of Defant ’ ' and Haurwitz, which form the basis of the sea- 

breeze model used in our fallout computation. (A more extensive discussion of their 

work is given in the following section of this appendix.) Generally, the terms in 

D_2 BURLINGTON • MASSACHUSETTS 



the dynamical equations which deal with the horizontal advection of temperature 

are omitted, although in the Defant-Haurwitz models, vertical advection of tem¬ 

perature is retained, and the diffusion of heat upward by turbulent processes is 

included. Despite the approximations resulting from linearization, the linear 

models yield a satisfactory reproduction of the fundamental field of motion of the 

sea breeze. 

The development of high-speed numerical methods has made possible a more 

refined treatment of the sea breeze which can account for not only horizontal advec¬ 

tion but also the spatial variation of the viscosity and turbulent diffusion constants. 
n 

Pierce was perhaps the first who succeeded in integrating by numerical methods 

a set of non-linear sea-breeze equations. The main drawback in Pierce's model 

was his introduction of a somewhat artificial mechanism to transfer the heat ab¬ 

sorbed by the earth to the atmosphere. The physical consequences of this are 
8 more fully discussed by Fisher. As pointed out by Fisher, the most important 

feature of the numerical method lies in the fact that the non-linear advective terms 

in the equations may be retained, thus allowing the feedback effect of the wind field 

itself on the sea breeze to be studied. Fisher's model is conceptually identical to 

the linear model of Haurwitz, and may be considered the most definitive work in 

the field inasmuch as it includes not only the non-linear horizontal advection but 

also the spatial variation of the transport parameters. This solution shows the sea 

breeze in the stages of development and decay and succeeds in reproducing the gross 

features of the wind system and many of its small details as well. 

The main drawback in applying Fisher's model to the fallout problem is its 

sheer complexity, particularly in view of the fact that, as pointed out by Fisher 

himself, its principal contribution is its ability to describe the fine structure in the 

sea-breeze development. Although we can justify the incorporation of the sea breeze 

in fallout models, we are hard-pressed to justify the inclusion of its subtleties. 

Other effects such as th í irregularity of the coastline, the presence of a prevailing 

wind, and uncertainties in the transport coefficients would completely overshadow 

any improvement attributed to incorporation of the sea-breeze fine structure. (Re- 
9 

cently, an attempt was made by Travelers Insurance Research Laboratory to 

employ Fisher's observed data for calculation of fallout in a sea breeze. In view 
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of the extensive amount of "function-fitting" employed, it becomes difficult to 
appraise their model. ) 

SEA-BREEZE MODEL 

WIND FIELD PARAMETERS 

In this section, we shall present the expressions for the components of the 

wind field, used in our sea-breeze calculations, which are identical to those de¬ 

duced by Defant. 5 The derivation of our final results, however, closely resembles 

Haurwitz's treatment of the sea-breeze circulation, because it shows more clearly 

the assumptions which are made concerning the pressure variation. 

Defant’s approach to the sea breeze problem is based on Lord Rayleigh’s con¬ 

vection theory. The dynamics of Defant's model are governed by the continuity 

equation, the three equations of motion, the equation of state, and the heat-diffusion 

equation. By neglecting variations in density, except in so far as they modify the 

action of gravity, it becomes possible to construct a stream function which is used 

to describe the motion in a plane perpendicular to the coast. The mathematical 

equations are based on the assumption of an infinitely long coastline which we desig¬ 

nate as the y axis. Variations of the meteorological equations in this direction are 

ignored. The x axis is perpendicular to the coast, and positive inland, while the 

z axis denotes the vertical. The equations which describe the system are: 

_aji aw 
ax az u * (i) 

at + u ax + waz _fv - ~p at ' au ’ (2) 

3v ^ 3v J 3v r 
'ãt uãx w'ã7 + tu = 'orv> (3) 

9w i n 9w i w 9w 1 9£ 
3t 3x 3z p dz &uw> 

P = pRT , 

(4) 

(5) 

1Ï + u li + w 9T-K 8"T 
8t + U 8x + w a2 -K~T 3z 

(6) 
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where u, v, and w are the velocity components along the x, y, and z axes, respec¬ 

tively; p denotes the pressure; T is the temperature; p is the mass density; g is the 

gravitational constant; K is the thermal diffusion constant; and R is the gas constant. 

The quantity f = 2Í2 sin 0 is the Coriolis parameter, while the effect of friction is 

taken in account through the Guldberg-Mohn friction parameter, a. To be sure, 

this is the simplest way to incorporate the effect of viscosity into the theory. 

(Haurwitz offers an alternative approach to turbulent dissipation, but, as we shall 

discuss later, this has its drawbacks.) With the exception of Eq. (1) (the continuity 

equation derived by setting (dp/dt) = 0, see Ref. 8), all the others are non-linear, 

in the sense that there are terms which involve multiplication of the dependent mete¬ 

orological variables. Application of the following boundary conditions suffices to 

determine the problem in all cases. 

w(z = 0) = 0 , 

w(z —■ °°) = 0 , (7) 

T(z = 0) = Tq + T(x, t) . 

The function T(x,t) is the surface temperature differential, defined as the difference 

between the actual temperature above the water or land and a suitable reference 

temperature, Tq, which we take to be the temperature along the coastline. In the 

theory of the sea breeze, T(x,t) performs the role of the "driving-force” in that it, 

alone, is responsible for the circulation. 

Equations (1 to 6) can be simplified by introducing two new variables, the 

stream function ip and vorticity 17, which are related to the x and z component of the 

velocity by 

u 9£ 
az’ (8) 

0u 9w 
v ~ dz ax (9) 
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By operating on Eq. (2) with (3/8z), and on Eq. (4) with (8/ax), and then sub¬ 

tracting the resulting second expression from the resulting first expression gives 

us the following equation for tj: 

93 
at + 9£ 9£ _ 9£ d¿\ 

Bz 9x 3x 3zJ - arj . (10) 

The first term on the right hand side is what Haurwitz calls the solenoidal term, 

S, which can be simplified by use of the ideal gas law p = pRT. 

S 9£ _ a£ ap\ _ R f ax aja ax ap\ 
az ax ax dzj p \^ax az “ az dxj • (ii) 

Since the first part of S is much larger than the second (see Ref. 6), then 

(12) 

As is commonly done in dynamic meteorology, we now replace (l/T)(3T/ax) in 

Eq. (12) by (l/0)(d6/dx), where 0 is the so-called potential temperature. In 

Eq. (6) we replace T by 0 ; thus, 

u a_0_ 
dx w¿i = K¿-9 8z K .2 dz 

(13) 

Note in Eqs. (6 and 13) that only the vertical heat conduction has been taken into 

account, since the vertical temperature gradient is generally much larger than the 
horizontal gradient. 

At this point, the system of equations is linearized. That is, the meteoro¬ 

logical variables are assumed to consist of an unperturbed part, that contribution 

which exists in the absence of the temperature differential T(x, t); and a smaller 

perturbed part, attributed to the driving force. Since in the system we consider 
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all the initial velocities equal to zero, u, v, and w are themselves the perturbed 

velocities. For the potential temperature, we write 

y = 0q(z) + 0(x, z, t) , (14) 

where 0Q and 0 are the perturbed and unperturbed parts, respectively. We then 

arrive at a set of linearized equations: 

_a 
9t <vVfii= + £7v2^ (15) 

9v _ f v 
at 1 az v ’ (16) 

M +ril = K — 
at 1 ax * a 2 ’ az 

(17) 

where 

Specifically, the convection terms, such as u(3u/ax), u(3w/ax), and 

w(au/az), have been neglected in the derivation of Eqs. (15 to 17). The justi¬ 

fication for this can be examined by a comparison of their importance with the 
corresponding friction term. For example, let us compare the anticipated 

"numerical value" of the convection operator Du = u(a/3x) + w(8/az) with a, the 

Guldberg-Mohn parameter in Eq. (2). Roughly speaking, can be assigned a 

value approximately equal to: 

(18) 

where u and w are suitable average values of the respective velocity components, 

and L and L are characteristic dimensions of the horizontal and vertical extent 
X z 
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of the sea breeze. L is a given quantity in that it is known a priori, while L is 
z 

determined from the theory. The landward range of the sea breeze is estimated 

by many observers to lie in the range 15 to 50 km in the temperate zones, while 

in the tropical regions it can extend from 50 to 65 km and even as high as 124 to 

145 km in the interior.4 Representative values for different locations are in* 

eluded in Table D-l. The vertical extent of the sea breeze, L , varies with 
z 

TABLE D-l 

TYPICAL SEA-BREEZE VALUES 

Range 
(km) Location 

16-32 

15 

20-30 

30-40 

40-50 

up to 50 

40 

>50 

New England 

Flemisn Coast 

Baltic Sea 

Holland 

Sweden 

Jutland 

Albania 

Northern Coast of Java 

location, but it is substantially smaller than the horizontal dimension. Its altitude 

varies from 150 m over medium-sized lakes to 200 to 500 m over large lakes and 

the coastal regions, and rises to more than 1000 m in warm climates. It is also 

a characteristic feature of the sea breeze that the horizontal velocity greatly ex¬ 

ceeds the vertical component. Under a set of conditions which gave results con¬ 

sistent with observation, Defant found an average horizontal velocity component of 

û = 2 msec for every centigrade degree of temperature difference as opposed to 

a corresponding value of w = 2 cm sec"1 ^-1. If these results are used in Eq. (18) 

with Lx = 20 km, Lz = 500 m, and a maximum temperature differential of 5°C, we 
obtain for Du the value, 

D « u 
10 

20x10' 

. 0.1 _ ,-4 -1 
+ 500 “ 7 x 10 sec (19) 
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-4 Unfortunately, this is greater than a realistically high value ofcr=2.5xl0 ,so 

that we cannot unequivocally disregard the non-linear terms based upon the rough 

estimate of Du. It is possible that phase differences between the constituents of 

the operator Du(u, 3/3x, w, 3/3z) can lead to cancellations, thereby precluding the 

use of a meaningful average. Despite this seeming contradiction, the remarkable 

feature of Defant’s model is that it works. Apparently, the non-linear terms do not 

significantly alter the main features of the sea breeze. 

Within the altitude range for which the sea breeze is important, the potential 

temperature 0Q can be considered constant in Eq. (15), and its derivative at 

equilibrium, F, a constant in Eq. (17). This procedure renders Eqs. (15 to 17) 

linear with constant coefficients, and thus amenable to a solution by separation 

of variables. 

Since the temperature varies as exp(iS2t), it will drive the other meteorological 

variables at the same frequency in the equilibrium situation. Thus, the partial 

derivative operator (3/3t) can be replaced by iß in Eqs. (15 to 17). Next, we 

assume that the spatial behavior of the variables is 

0 = A(z) sin Ax, 

= B(z) cos Ax 
- 3i/»/3z = - cos Ax B'(z) 

dtp/dx = - A sinAxB(z) , 

V = C(z) cos Ax, 

(20) 

(21) 

(22) 

in which A is the separation constant for the x direction and is given by 

X - JL 
X " L ’ x 

(23) 

where Lx is the size of the circulation cell. This cell extends equallj m the positive 

and negative directions up to a maximum value L /2. When Eqs. (20 to 22) are in- 

serted into Eqs. (15 to 17), the resulting set of coupled equations is 

(o+ ifi)(B"-A B) + fC'= +<*AA , (24) 

(<r + ifi) C = fB' , (25) 

BURL I N G T O N MASSAC H U S E T T S D-9 



iS2A - APB = KA'7 , (26) 

where 

Eliminating C from Eq. (25) gives 

and 

2 2 
B " = —3- ^ 

(q2+f2) 
B + 

(q2+ f2) 
(27) 

(28) 

where 

q = iS2 + cr . (29) 

For computational purposes it is more convenient tc deal with a function W(z) 
defined by 

W(z) = - X B(z) , 

in terms of which the velocity components become: 

w(x, z) = W(z) sin Xx , 

u(x’z) = k (®) . 

V(x. z) = - ^ u . 

(30) 

(31) 

(32) 

(33) 
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Inserting Eq. (30) into Eqs. (27 and 28) gives 

2. 2 
w" = Ü — 

(q2 + f2) 
w - 

(q +f) 

— A = rx W - r2A (34) 

and 

A" 
+ £W = r3A+r4W 

(35) 

If we now let 

A = A e o 
az 

(3G) 

ana 

WWW WWW Q-Z 
W = W e 

o 
(37) 

and then substitute these expressions into Eqs. (34 and 35), we derive the following 

matrix equation which must be satisfied in order to obtain a non-trivial solution. 

(a ■r1 ) 

<a -V -r4 

'a' 
0 

\W 
\ °/ 

= 0 . (38) 

As is well known from matrix theory, the only non-trivial solutions which 

exist are those for which the determinant of Eq. (38) vanishes. This condition 

sets the "allowed" values of 

2 
H = a , 

which are determined from the solution of the quadratic equation 

p2-(rl+ r3)+ (Vg+r^) = 0 . 

(39) 

(40) 
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The two roots of n are denoted by and and are given by 

Mi = 
- (rl ^ r3> + /ri ^ r3>" ' 4<rlr3 + r2r4> 

2 

and 

= 

_ <vr3> - 7^ri+r3>2-4<rir3^vv 

(41) 

(42) 

Before delving into the numerics of Eqs. (41 and 42), it is important to discuss 
2 

their features with regard to a . Each equation has two roots, both of which will, 

in general, be complex. Thus, 

/ 2 2 Í0! _i 
Mi - M1R + iMn - (^m+MnJ e , 01 = tan (Mn/M1R) ; 

/ 2 2 1 
M2 = M2R + iM2I = \ 2R+ ^21 ) e ’ ^2 = tan~ ^2I/m1R> ' 

The subscripts I and R distinguish between the real and imaginary parts. From 

Eq. (39) we observe that there are four roots. 

a = ± and a = ± , 

with 

'/^1 " (flR+Mll) jcos(</)1/2) + isin^!^) 

and 

*y^2 = (M2R+^2l) jcos(02/2) + i sin(02/2) 

(43) 
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Only those roots which have a negative real part, however, are acceptable, since 

they lead to an exponential decay with altitude. There will bt, c o such roots, 

or - and or - which we shall henceforth call a^^ and a2. The 

spatial parts of the vertical velocity and temperature become 

0(x, z) = sin Xx 

w(x, z) = sin X X 

/ alZ 
(aie + A 

/ a z 
(SiAi e + 

(44) 

(45) 

where 

and 

Now we apply the boundary conditions at z = 0 . 

and 

w(x, z = 0) = 0 

0(x, z = 0) = AT sin X X , 

(46) 

(47) 

(48) 

(49) 

where AT is a specified temperature differential; in reference to the previous dis- 
* 

cussion, the surface temperature is given by 

0 (z = 0) = T + AT 
iiit . . 

L sin Xx 

At the earth’s surface the potential temperature equals the kinetic (usual) 
temperature. 
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Using Eqs. (48 and 49), we obtain 

In principle, the sea-breeze problem is solved at this point. However, the 

actual, physical solution is obtained by taking the real or imaginary parts of the 

derived expressions (see following section). 

Before proceeding with our discussion of the final computations of the wind 

field, it is appropriate to review a variation of the sea-breeze model as rendered 
by Haurwitz. 

The difference between Haurwitz's model and Defant's lies in the method of 

treating turbulent friction. Instead of using the Guldberg-Mohn friction parameter, 

o-, to describe turbulent dissipation, Haurwitz employs kinematic viscosity. Thus, 

in lieu of the terms, -cru and -ov, which appear in our Eqs. (2 and 3), his cor¬ 

responding friction terms are Kd2\i/dz2 and K92v/9z2, where the kinematic 

viscosity K is assumed to be independent of position. Haurwitz also neglects the 

viscous effects on the vertical wind component; we do not. When viscosity is in¬ 

troduced by the expressions Kd2n/dz2 and K92v/az2, which are then used with the 

boundary conditions u(z = 0) = v(z = 0) = 0, we arrive at a sea-breeze model in which 

a boundary layer (in the sense of Schlicting and Prandtl) is built into the theory. 

In such a situation, the horizontal components of velocity increase with altitude 

from a minimum value of zero at the land-and-water surface. According to 

Haurwitz's model, the distance over which this buildup occurs is of the order of 

the characteristic height of the sea breeze. This seems to be somewhat incon¬ 

sistent with the everyday experiences at the ocean front, where strong horizontal 

D-14 BURL I N G T O N M A S S A C H U S E T T S 



tmch op* 

winds are evident a few feet from the ground. Strictly speaking, when boundary 

layer theory is used, the temperature of the moving fluid at the boundary is the 

same as the surface temperature. Thus, if the theory of the boundary layer were 

rigorously applied on a clear sunny day in the summertime, we would necessarily 

have to use a land temperature of about 90° to 100°F and a water temperature be¬ 

tween 60° to 70°F. This corresponds to a temperature differential of about 20oC, 

which would produce wind velocities greater than those measured. In addition, 

according to the usual boundary layer theory, this is also the surface air tempera¬ 

ture differential. Again, this is inconsistent with observations. 

Haurwitz's treatment of friction seems to lead to inconsistencies, at least in 

the lower regions of the sea breeze. It is also more complicated, in so far as it 

introduces a much more cumbersome expression for the vertical attenuation con¬ 

stant. Consequently, the fundamental equations which describe our system are 

based on the Defant sea-breeze model. 

FINAL WIND-FIELD EQUATIONS 

The purpose of this section is to present the final mathematical formulas of 

the sea-breeze wind field, which will be used in the computer program. 

The expressions deduced for w, u, v, and 0 (still in complex form) are: 

w(x, z, t) (52) 

AT u(x, z, t) = — cos Xx a. 

v(x, z, t) = -^ u(x, z, t) > 

0(x, z, t) = AT sin Xx 

(53) 

(54) 

(55) 
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The terms in Eqs. (52 to 55) are defined as follows: 

f = 2Í2 sin (p = Coriolis parameter, 

q = (iS2 + <t), 

ax = 

a? = 

r + r rl r3 

rl+r3 

+ R, 

- R, 

R = '/(rl+r3>2-4(rlr3+r2r4) 

r, = q2*2 

«.2+f2) ’ 

'la-'-2 

(q2^) ’ 

ifi 
K ’ 

r „ = — r 
K ’ 

7T 

Lx ’ 

L = extent of the sea breeze, 

or = 

r = 

K = 

cr = 

_g. 
9 ’ o 
d0o 
—fa = unperturbed vertical temperature gradient, 

thermal eddy diffus ivity, 

Guldberg-Mohn parameter , 
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AT = temperature differential, 

al = + (fl 

1/2 1/2 

(As previously mentioned, the choice of the plus-or-minus signs for a^ and 

determined by requiring that their real parts be negative so as to ensure a decrease 

in temperature and velocity with altitude.) 

Since the velocity field and potential are in complex form (Eqs. 52 to 55), the 

remaining task is the resolution of these equations on the real axis. Although we 

are at liberty to take either the real or imaginary parts of w, u, v, and 0, it is 

more convenient to take the real part, with time t measured from 12 noon (this is 

approximately the time when the surface temperature differential reaches its 

maximum). Thus, the equations representing the actual velocity field and tem¬ 

perature are 

(56) 

u 
AT cos Xx 

X 

(57) 

cos(fit+h2z + j/i-s2) . 

v 
AT cos Xx 

X 
+ h^z + tp-t- p-Sj) 

(58) 

cos(nt+h2z + </> + P -s2) , 
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w = AT sin Xx & -g2z 
cos(i2t+h1z+- e cos(fit+h„z+ ty) (59) 

Tlie constants shown in these equations are determined from the relationships: 

al = " gl + ihi » 

~ “ 89 + Íh0 , 

2 2 
2"al 

= /6 e‘P 

a2 -r3 
= a^ , 

tan 

1 =0 eip , q Ä ’ 

S1 = hl/s1 ■ 

tan s2 = h2/g2 , 

P1 = -AÑf 

(60) 

-7¾ + g2 * 
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APPENDIX E 

CARD INPUTS FOR THE OUTPUT PROCESSOR 

The Output Processor, like each of the other major subdivisions of the DOD 

Fallout Prediction System, requires a deck of input cards to identify and control 

its operation. In brief, these inputs consist of: (1) a single set of identification 

and overall control data which will be referred to as initialization data; and (2) a 

series of local data sets each of which indicates the geographic limits of a map to 

be produced by the program. Within each local data set there may be any number 

of individual map requests of the form 

NREQ TI T2 , 

where NREQ is a code integer denoting the kind of computation to be performed and 

T1 and T2 are arguments to be used in deposited mass, dose rate, and accumulated 

dose computations. 

Each map request results in the preparation and printing of a separate map 

showing the output indicated by the request code NREQ. The end of a local data 

set is indicated to the Output Processor by a map request card having a zero in the 

NREQ code field (a blank card will suffice). Table E-l gives details of the card 

formats, program variable names, and the meanings and uses of variables for 

initialization data and local data sets. Note that a final blank card is required to 

indicate the end of the data deck and cause the program to terminate correctly. 

DISCUSSION OF CARD INPUTS 

CARD 1. OUTPUT PROCESSOR RUN IDENTIFICATION 

This card can be used to uniquely identify the current run of the Output Proc¬ 

essor. The content of the card (except Column 1) is made part of the hard copy 

output produced by the run. 
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TABLE E-l 

DETAILS OF THE OUTPUT PROCESSOR DATA DECK 

Card Set 
and 

Number 
Content 

Name of 
Program 
Variable 

Format 

1 

2 
Initialization 
Data 

3 

4 

71 character identifier for the 
Output Processor run 

List of logical tape numbers 
of those tape units available 
for use in sorting 

Overall control variables 

Printer description 

FORMAT 8 

I0T(J) 

IC(J) 

IH, IV 

(IX, 71H) 

(1814) 

(1814) 

(214) 

5 

6 

First Local 7 
Data Set 

8 
• 
• 
• 

Map parameters, limiting co¬ 
ordinates, and grid intervals 

Local control variables 

First processing request on 
current map 

Second request 
• 
• 
• 

Request termination card 
(blank) 

XMAX, 
XMIN, 
YMAX, 
Y MIN, 
DGX, 
DGY 

JC(J) 

NREQ, 
Tl, T2 

(6F10.3) 

(1814) 

(14, 2F10.3) 

blank 

Next Local 
Data Set 

Next map specification 
(see Card No. 5) 

Next local control variables 
(see Card No. 6) 

Next deck if processing re¬ 
quests (see Card No. 7) 

Request termination card 
(blank) 

Final Data Card Data deck termination card 
(blank) 

blank 
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CARD 2. AVAILABLE TAPE IDENTIFICATIONS 

When required, extensive use is made of secondary tape memory so that the 

Output Processor can be reasonably efficient in producing large output maps or 

tabulations. This card should contain the "logicalB identification numbers of all 

tapes which are available for use by the Output Processor. The program checks 

the input values to exclude FMS system tapes and the grounded particles tape; use 

of the remaining available tapes is made only when required for sorting particle 

data. As many as 18 tape numbers may be listed, but at least one is required by 

the program. 

CARD 3. OVERALL CONTROL VARIABLES 

Provision has been made for the specification of 18 unique overall control 

variables whose values are stored in the program in the array ( I C(J), J = 1, 18 ). 

At present, only two of these variables have been giv en functions within the pro¬ 

gram, and the others remain for use in control and interprogram communication. 

The functioning variables are as follows: 

IC(18) Controls the option to print the content of the grounded 
particles tape. 

IC(18) > 0 causes the grounded particles tape to be printed. 

IC(18) = 0 bypasses the printing of the grounded particle 
tape. 

IC(17) Controls the entrance to the Output Processor. 

IC(17) > 0 causes the program to stop without really entering 
the Output Processor proper. (This setting is used if only 
a printing of the grounded particles tape is desired. ) 

IC(17) = 0 causes a normal entrance to the main body of the 
Output Processor regardless of whether or not the grounded 
particles tape has been printed. 

CARD 4. PRINTER DESCRIPTION 

To simplify the production of undistorted maps, the Output Processor needs 

two constants which describe the character spacing of the off-line printer that is to 

be used. These constants IH and IV give, respectively, the horizontal and vertical 

character spacings of the printer in characters per inch. 
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CARD 5. MAP PARAMETERS 

The desired output map is characterized as an input to the Output Processor 

by its limiting coordinates and its grid intervals (grid point spacing). All maps 

are rectangular and North-South and East-West in orientation, with North always 

at the top. The variables XMAX and XMIN indicate the maximum and minimum 

values of the East-West coordinates of the map. YMAX and YMIN similarly indi¬ 

cate maximum and minimum values of the North-South map coordinates. To allow 

flexibility, the scaled spacing between grid points on the output map has been ar¬ 

ranged to be set by the user. The variables DGX and DGY indicate the inter-grid- 

point distances in the East-West and North-South directions, respectively. It 

should be noted that on the printed map the actual physical spacing of the data points 

(decimal points are a handy reference) is fixed by the printer's character and line 

spacing. Map printing formats have been arranged to achieve the greatest reason¬ 

able data point density on the printed page; on IBM printers, this amounts to three 

lines per grid interval in the vertical direction, and six characters per grid interval 

in the horizontal direction. If the user wishes to have a map of some particular 

scale produced by the Output Processor, he must set the parameters DGX and DGY 

to account for both the character spacing of the printer as well as the inter-data- 

point character counts used by the program (3 lines per interval in the vertical 

direction and six characters per interval in the horizontal direction). Obviously, 

zero values should never be assigned to DGX or DGY. 

An option exists within the Output Processor to cause it to adjust the grid inter¬ 

vals put in by the user so as to yield an undistorted map, i.e., a map on which the 

same scale factor applies in all directions . If the user has specified (by param¬ 

eter JC(16)) the automatic undistorted map option, the program makes use of either 

DGX or DGY as the scale factor basis, depending upon which of these two param¬ 

eters will yield the largest undistorted map (smallest scale factor). 

CARD 6. LOCAL CONTROL VARIABLES 

Provision has been made for the specification of 18 unique local control vari¬ 

ables whose values are stored in the program in the array (JC(J), J = 1, 18 ). At 

present, only three of these variables have been given functions within the program, 
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and the others remain for use in control and interprogram communication at the 

local level. The functioning variables are as follows: 

JC(1) Output format control variable JC(1) = 1 results in the 
printing of the output map in a two-line "E" format which 
has the power of ten printed on one line and the associated 
multiplier printed immediately below it. 

JC(1) = 2 results in the printing of a two-line Fll. 3 format 
which has the six highest order characters printed on the 
the first line, and the five lowest order characters on the 
second line. 

JC(16) Automatic undistorted map parameter JC(16) = 0 results 
in the automatic adjustment of the grid interval DGX or 
DGY to yield an undistorted output map. 

JC(16) ^ 0 results in no adjustment to the grid intervals. 

JC(18) Grid interval adjustment control parameter 

JC(18) = 0 indicates the user's permission for the program 
to make a small adjustment to the grid intervals to achieve 
greater program efficiency. This adjustment may result 
in increased map resolution but cannot result in decreased 
resolution. 

JC(18) > 0 indicates the user's wish to have no adjustment 
made to the grid intervals. JC(18) > 0 overvides JC(16) = 0, 
i. e., for an automatic undistorted map JC(18) and JC(16) 
must both equal zero. 

CARDS 7, 8.... PROCESSING REQUESTS 

Table E-2 presents the meanings of the computation codes (NREQ) and argu¬ 

ments (T1 and T2) for currently available computation options. 
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TABLE E-2 

AVAILABLE COMPUTATION CODES 

Computation Code 
NREQ 

3 

4 

5 

6 

7 

0 

Computation Type 
Description 

Count of wafers covering output 
point 

Dose rate normalized to time 
H + 1 hour 

Dose rate at time H + Tl 

Integrated dose H + Tl to °° 

Integrated dose H + Tl to H + T2 

Total mass deposited 

Total mass deposited from time 
H + Tl to H + T2 

Termination of the set of requests 
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