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SYMBOLS FOR HAD! BODY CP REPORT 

Section 2: Hieoreticnl Studies -• LongitudtWaves 

a 

B 

c. 

radius of bar (inches) 

constant 

E 

E-- rr 

E— 
XX 

f 

F 

G 

H 

P(t) 
P- 
r 

P- 
X 

pe 
Q 

(ln./«ec.) « dllataMonal TOve velocity , ^(iTvlp 

= shear wave velocity « f}/p (in./sec) 

« velocity of long waves in a bar * Je/p 

2 
. CP . 2(1 - v) 

7 r^5v 
S 

* modulus of elasticity (lbs./in.2) 

* bar strain as defined 

* bar strain as defined 

c arbitrary function of x and t 

» arbitrary function of x and € 

■» Lame * s constant 

- vK 
c 

radius of gyration of the cross-sectional area of the bar 

P- 
diraensionlese normal axial force » — 

Ea2 

force input function 

radial "bar stress" in cylindrical coordinates 

axial "bar stress" in cylindrical coordinates 

tangential "bar stress" in cylindrical coordinates 

dimensionless shear * -5-. 
Ga 
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$ * "bar stress" in cylindrical coordinates 

r = cylindrical coordinate 

R * dimensionless normal radial force = —s- 
Ea* 

c0t 
t » dimensionless time » -7- 

a 

t » time (sec.) 

u = axial displacement ( in.) 

ur = radial displacement in cylindrical coordinates 

ux » axial displacement in cylindrical coordinates 

u_ » tangential displacement in cylindrical coordinates 
0 

Ü a displacement function in cylindrical coordinates 
V 

V a dimensionless axial velocity of section ■ ~ 

o 

VQ = axial velocity (ft./sec.) 

* radial velocity (ft./sec.) 

vi 
W = dimensionless radial velocity of section » 

CS 

W * displacement function in cylindrical coordinates 

X 
X a dimensionless distance along axis = — 

ã 

X « axial coordinate ( in.) 

y-- *1 shear strain in cylindrical coordinates 
XT 

F-- =* "bar strain" as defined 
xr 

€-- a radial strain in cylindrical coordinates 

C-- = axial strain in cylindrical coordinates 
XX 

e = cylindrical coordinate 

-V- 
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X » lame's constant 

V * Poisson's ratio 

P a density (ib.see^/in.**) 

= variable of integration 

axx ~ axia^ stress 

T = duration of impact (sec.) 

-vi- 
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Section 3: Theoretical Studies -• Bending V/aves 

a * kTc 1) 

£ 

dimensionless cross-section area » .* 
h2( in.) 

b 1 

k J15 

- = bar velocity (in./sec.) 

'Q j«' ! 
shear wave velocity 

E 

G 

h 

H 

k 

o _ square of bending wa^e velocity 
~ square of shear wave velocity 

Q 
p 

modulus of elasticity (lb./in. ) 
p 

shear modulus (lb./in. ) 

diameter (in.) 

constant 

dimensionless section radius of gyration 
radius of f gyration(in.) 

K' 
_ __ average shear stress in section 
a correction factor * 1 r .. > ■ ■"» .. 

maximum shear stress in section 

M 

X 

1 + c 

dimensionless moment 
momert ( in. - lb.) 
-1--L 

Elr (in. - lb.) 

C - 1 
C + 1 

Q * dimensionless shear force ■ fPrce 
Eh¿( lb. ) 

r » integration variable 

-vli— 
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4^2 *X*(*2 - r*) 

J 

>LJF IxJa2 ♦ ra 
ni/2 

"J 

(3), . i 
t 

dlmenalonleoB tine • tl™! a,ei-,) 
™ (eec.> 

,, •- n/a 

(T) 

dlneosloolese trenaveree velocity of element 

r • r2 ♦ rl 
f-5> 
Physical velocity (in./src.) 

crt(ln./8ec.; 1 

dimensionless transverse displacement ■ 
n(ln.} 

dimensionless axial coordinate - —lal (ip ) 
h(in. ; 

J r(R r) 
¿ 1 

o 4 
density (lb. sec. /in. ) ' 

dimensionless duration of applied pulse 

variable of integration 

N 

eL* .-,r? 
2 

dimensionless angular velocity of section 

* Poleai angular velocity (sec.**} 

/Co \/ )( sec. ) 

-viii- 
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.STUDIES OH LONGITUDINAL AND 
ESWDIM CTE? IN LONG EIAgritTBOOS 

by 

H. J. Plasa, Jr., and C. C. Steyer 

1. General Introduction 

The effect on strvMjrtural elements of rapidly varying, suddenly 

applied disturbances has become more significant in recent engineering work. 

Such impacts produce traveling waves in the members upon which they act. The 

prediction of the stresses and displacements associated with these waves la 

too difficult a task if the theory used is the exact theory of elasticity. 

As a result of t.iis, approximate theories have been sought and dovised, which 

lead to results of sufficient accuracy as long as certain limitations exist. 

The simplest approximate traveling wave theory ie that which describee the 

longitudinal waves in a long rod resulting from an axial disturbance applied 

to the end of the rod. It is assumed that the stress on a cross section of 

the rod is uniform and that the lateral motion, e.g., the expansion associated 

with compression, is negligible. It predicts that the time variation of 

stress at some station along the rod is the same as that which was applied 

to the end, except that it is delayed by the time required for the wave to 

travel from the end to that station. If the impacts supplied to the bar are 

sufficiently long in duration, and change gradually with time, then this 

approximate theory gives fairly accurate results. However, when the impact 

has short duration, or does not change gradually, the theory is no longer 

adequate. The reasons for its failure are that the quantities neglected are 

no longer negligible. There is considerable inertia associated with lateral 

motion, and there are shear strains arising in the neighborhood of the rapidly 

changing axial stress. Of course, there is an exact theory which can be uued, 

but in most cases the mathematical complications in employing it for practical 

problems are prohibitive. Some compromises roust be made. A similar set of 
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circumstances exists for the flexural, or bending waves In rods. The 

simplest theory, known as the elementary bending wave theory, Ignores 

rotatory inertia of longitudinal elements of the bar, and shear deformation. 

Exact elasticity theory leads to cumbersome mathematics. Again, compromises 

are in order. 

These theories of intermediate difficulty have already been pro¬ 

posed in the literature. A theory for longitudinal waves in which a 

correction for lateral inertia is included, is found in Love's {Ref. (1)J 

treatise on elasticity. Timoshenko (Refs. (2)(3)1 has published corrections 

for shear and rotatory inertia in the vibratory beam differential equation. 

Further longitudinal wave corrections are those given by Mindlin and 

Hermann (Ref.(4)] and Bishop (Ref.(5)]» Though these theories have existed 

for some time, there has been very little activity in obtaining their 

solutions under sudden load conditions. Some efforts have fceen made by 

Davies [Ref.(6)] using the Love equation for longitudinal waves (in which an 

error has been discovered) and by Uflyand [Rsf.(7)J, Dengler and Ooland 

[Ref.(6)i,Leonard and Budiansky [Ref.(9)], Miklcviti [Ref.(10)] and Boley 

and Chao [Ref.(11)), using the Timoshenko equation. Unfortunately, errors 

have been pointed out in the papers of Uflyand and Dengler and Goland. In a 

recent paper by Go land, Wicke raham and Dengler (Ref.(12)], this error is 

corrected. 

It was felt that more work was needed along the line of obtaining 

solutions to these intermediate equations. It was also thought that more 

experimental results for waves in rods were needed. These two tasks were 

undertaken about a year ago by a sok.ll group at DRL working mostly on a 

part-time basis. The two avenues of approach were coordinated by seeking 

only those solutions whose conditions agree closely with those imposed 

experimentally, and by choosing experimental techniques which give rise to 

boundary and initial conditions easily approximated mathematically. 
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Ripperger [Ref.(l3)l beus investigated experimentally the propagaren 

of longitudinal waves in elastic rods, and in a more recent report [Ref.(14)], 

has extended his experimental studies to bending waves. ïhe present report 

oovers primarily the theoretical phase of the project, although some ex¬ 

perimental results are included for comparison purposes. Except for a 

relatively small proportion of desk computations, used as check values for 

electronic cowputev data, the bulk of computed results was done on the NORC 

computer at the U. S. Kavo.1 Pxxwjng Ground at Uihlgren, Virginia. 
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-2- jbe ore tical Studies - LongituAipal Waveg 

a. Simple Tbeory 

Itoe simple theory [Ref,(15)] for the propagation of longitudinal 

wuves in rods is derived by assuming that piano transverse sections of the 

rod remain plane during the passage of stress waves, and that the stress 

acts uniformly over each section. This simple theory results in tae 

differential equation commonly called the wave equation: 

where 

à2u 
p —rç 

n2 
p 0 u 

òx 
(2-1) 

X * axial coordinate (in.) 

t = time (sec.) 

u = axial displacement (in.) 

E = modulus of elasticity (lbs/in.2) 

P * density (lb.sec.2/in.1*) 

This equation shows that longitudinal waves are propagated along the bar 

with velocity Je7p. The solution of Eq. (2-1) may be written in the 

form: 

u » f(cQ£ - x) 4 F(c0? ♦ x) (2-2) 

where 
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and F and f are arbitrary functions depending on initial conditions. 

The function f corresponds to a wave traveling in the direction of 

inçrwtfling x, while the function F corresponds to a wave traveling in the 
o*** mite 1 i i wild on. 

Now the ratio between axial stress c__ and the axial strain 
du XX 

— a tron^vexo*» element.. 1« ycning,-o modulus so that 
OX 

ÒU 

dx 

By differentiating Eq,(2-2) with respect to x and with respect to t it 
can be shown that 

so that 

du du 
“T ,0 — ; 
dt dx 

om 
XX 

(2-3) 

Thus, Eq. (2-3) shows that a linear relationship exists between the stress 
a-v PoHrt arvi the partióle voloolty. 

Since the velocity of propagation cQ is independent of the frequency 

of the stress waves, a stress pulse, according to the above simple theory, 

will travel down the bar without changing form. 
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Experiments show, however, that the length of the pulse 

continually increases as it travels along the rod. The longitudinal 

expansion and contraction of a section of the rod will necessarily result 

in lateral contraction and expansion. This lateral motion will result in 

a QO^-unifarm distribution of stress across the sections of the rodf and plane 

transverse sections will become distorted. The effect of this lateral 

motion in rods becomes of importano« wbetv the wave lengths are of the saiie 

order as the diameter of the rods. 

Two theories have been developed vnich consider the effect of 

this lateral motion in rods. Love had developed a differential equation 

which considers the effect of radial inertia, while Mindlin and Hermann 

[Ref .(4)] developed a differential equation which includes both radial 

inertia and shear corrections. Experimental results that may be used 

as a basis for comparison are available in a report by Ripperger (Ref.(l3)]. 

b. Love's Equation 

where 

Love [Ref.(1)] developed the following equation: 

p(ÿ - V K2 ^-) - E § , 
Ot òxdt 33c 

(2-4) 

V * Poisson's ratio 

K * radius of gyration of the cross-sectional 
area of the bar about the x-axis. 

This was developed using the energy method. Davies (Ref .(6)] attempted to 

solve this equation using certain geometric boundary conditions. One of 

these boundary conditions is not compatible with this problem. Daviee 

Ignored the fact that certain boundary conditions, not necessarily permitting 



fl 

24 /^.pril 19^6 
-7- CCS:bgh 

physical interpretation, also result from the use of the energy method. 

These boundary conditions must be used in connection with Eq. (2-4) in order 

to £úve compatible results. A detailed development of this is given in 

Appendix A. The Love equation was solved with these boundary conditions 

by the use of the Laplace transform method parallel to the method used by 

Davies. 

The physical conditions consist of a semi-infinite bar struck at 

the end x * 0 with a certain force p(£). The initial conditionr for thir, 

case are, 
u(x,0) « 0 (2-.) 

u^(x,0) » 0 (2-6) 

and the boundary conditions derived from energy considerations are, 

Ö ux€t + u£(0>t) « 

H2u-H (»,t) + u-(«,t) = 0 

where 

H = Æ 
co 

and the subscripts x and t denote differentiation with respect i,o that 

variable . 

(2-7) 

(2-8) 

In order to provide a comparison with experimental results, the 

following assumption was made concerning the force input. 

P(t) = Sin 2Í 
It • 

where 

r * duration oí impact 

B » constant 
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The solutloo obtained by the use of the Laplace transform for this condition 

is: 



s 
I 

cu 

•s 

5 cu leu 
«II 

•«1,1. 

a 

V 
■) 

it 

s 

if- hi «a 

A| VI 

I ! 
tí 

'M'V.- 

5 
o 

cu leu 
«I »V- 

M- 
I lh 

a •H 
03 
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In order to obtain results compatible with the boundary conditions 

xi;t 
direction. Ibis expression is: 

the expression H^u- — u- was used to represent the strain in the axial 

(*’l) + * If 

l/H 

sin 

I 

- ft* 

^ *e 
T 

(sinpt + sin p(t - t)] dp 

(2-11) 

t > T 

i<i 
T H 

Since the evaluation of this integral is very laborious, computations were 

made for only one particular case, namely a sinusoidal force input with a 

duration of k.k. x 10 seconds acting on a rod l/3M in diameter. Simpson's 

rule was used to evaluate the integral of Eq. (2-11). It is believed that a 

sufficient number of intervals was used to obtain results of sufficient 

accuracy to permit comparison with the experimental results obtained by Ripperger. 

Ihese comparisons are shown in Fig. 2-1. 

c. Minalin-Herrmann Theory 

Pochhammer [Ref.(i6)] developed an exact solution of the equations 

of elasticity for waves in a semi-infinite bar of uniform circular cross-section. 

However, the complexity of the Pochhammer solution reveals the impracticability 

of attempting to employ the general equations of elasticity In attacking 

problems of vibrations in bars and rods. The equation developed by Love 

included a correction for radial inercia but no correction for shear. However, 

the effect of shear may be equally as important as the effect of radiax inertia. 

Mindlin and Herrmann took both of these contributions into consideration by 

making certain displacement assumptions and then using Hamilton's principle. 
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In their paper, Mindlin and Herrmann make the follovlng assumptions 

concerning displacements using cylindrical coordinates (r, 9, x, €) for a 

circular rod of radius a : 

u; - T Û(x,t) u0 - 0 u- « &(x,t) 

Four "bar strias components" are defined as follows: 

PF / a-- rdr rr 

a 

6 I aee ^ 

p- > 
X 

0-- rdr 
XX ■J gxf -2.- —— r dr 

Assuming surface traction on the cylinder to be zero, then the use 

of Hamilton's principle gives the following differential equation: 

p- ♦ r2 n2.. r 9 pa d u 
.- -=-T Tr2 Ox a of. 

ÒQ 
(2-12) 

ÒP- 
X 

dx 

PQ, 
2 
--2 0¾ 

ii5 
(2-13) 

In this i^articular case the strains in terms of the stresses become. 

err X + 20 orz - 0-- (2-14) rr 2G(5X + 2C) °ff * 20(31 + 2G) rr 

€xx X -f G 
GÍTmõT 

7-- xr 

O mm rr enrraor oi? (2-15) 

(2-16) 

G are Lame's constants. where X and 
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The "bar strains" are defined as follows and are expressed in terms of the 

ci. placement s : 

a J ? e— df « U¿ 

E-- 
XX 

dQ 
ÒÜ 

P xr 

(2-17; 

Multiplying Eqs. (2-14) and (2-15) by r*iT* tmd integrating, 

differentiating Eqs. (2-1?), and using the definitions for the "bar stresses 

and strains", the follcwing resulte are obtained: 

(2-18) 

r i 
Ê (2-19) 

òl 
(2-20) 
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av 
O 

dt 

where 

àU v àW 

àï ' 0 * dt 

(2-21) 

(2-22) 

These five equations are put Into áimenslonless form by the following 

substitutions : 

P - dimensionless normal - }¿'22±™l force (lb) . 
axial force Ea‘“(lb) Ea2 

R . dimensionless normal . EÈ22i£2^l2«£jLiÜ . 

radial force Ba¿(lb) Ea2 

Q 

V 

w 

dimensionless shear 
physical shear (lb) 

Ga^(lb) 

dimensionless axial 

velocity of section 

physical velocity^in/sec ) 
c^in/see) 

dimensionless radial 

velocity of section 

physical velocity ( in/sec ) 
Cg( in/sec ) 

X 

t 

dimensionless distance 

along axis 

dimensionless time 

physical distance(in.) 

physical tlme(sec) 

ã/cD (sec) 
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vhere 

+ V] j ' ^J= dilatation wave velocity (in/sec) 

■ JT » shear wave velocity (in/sec) 

also we let 

2 
CD 
T 
cs 

2(1 - y 
( l - 2v 1 

üben Eqa.. (2-1Ö), (2-19), (2-20), (2-21), and (2-22) become respectively: 

W - 2(1 - v) 

dV « dP 

— ÒR _ r-w " 

co 5t + 2v 
ÒP 

ÒR 
* 2 3Î + 4v 37 * 0 

S ‘ 4 
da n 
3t 1 0 

dW 4do 16^ » 
37 S + F" <1 + v)R = o 

C C o Jo 

(2-24) 

(2-25) 

(2-26) 

(2-27) 

dV 4(1 tv) dP n 
3ï 37 = ° (2-26) 
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The characteristics in this problem are found as shovn In Appendix B-l. 

The characteristic curves that satisfy the differential equatic»s are: 

dx 

dt 

dt 
Dilatation 

dt -J^dx'l 
rtr- l Shear 

dt 

The partial differential equations used in conjunction with the 

charecteristic differential equation reduce to the following: 

dP dt » 0 

dP MrvvjdV 
fc W vj 0 

2{i - vTd V v) dt * 0 

along dx * 0 

along dt * dx 

dP 
* mrrvs dV 

re w v j 0 
2(\ - v)(l + vl 

0 along dt • -dx 

dQ - . "■ ."i 1? dt » 0 along dt -fl dx 

Pc 

do 4. ÎÎ H1 4 v.2i? dt ■ 0 along dt=* dx 

A 

These last five equations were converted to difference equations by 

the method shown in Appendix B-l. The NOflC Digital Computer was not available 

to perform the vast amou.w of couiputations necessary for a complete study of 

this problem. 
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3• Theoretical Studies - Bending Waves 

In the study of bending waves, two theories have been investigated. One 

theory is the so-called elementary theory, in which no corrections for shear 

deformation or rotatory inertia are included. The other is the Timoshenko 

theory, in which both of these corrections are included in a simple manner. For 

'.ach of these theories a set of results is obtained for a semi-infinite bar 

whose end is either simply supported or unsupported. 

a• Elementary Bending Theory 

Consider an element of a long beam, as shown in Fig. 3-1. It is 

convenient to write the equations governing the motion of the beam in dimension¬ 

less form. The following dimensionless quantities are introduced: 

X * 

w = 

t = 

Q = 

M * 

A » 

k = 

E = 

* bar velocity (in./sec.) 

P « density (lb sec^in.^) 

dimensionless axial coordinate = —i.aA. 
where h -* diameter (in.) Min.) 

dimensionless transverse displacement = ~8-£A.a.^-1 D • ) 
h(in.) 

dimensionless time = ( sec • ) 
h/co ( sec.) 

dimensionless shear force = sheforce (lb. ) 
Eh (lb) 

dimensionless moment = i -D • ~. ^) 

Etr (in. - lb) 

dimensionless cross section area = ) 
h2 (in.2) 

dimensionless section radius * j./ratlcn( in. ) 
of gyration Min.) 

o 
modulus of elasticity (ib/in. ) 
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Usin^ these diraensionleBS variables, the following relations for the motion 

01' th^ brmn jplix: obtained, ignoring rotatory inertia ar.d shear deformation. 

Q ÒM 
= ^ (Equilibrium of moments) (3-1) 

0 (Transverse motion) 

M = Ak 
2 d2w 

(Elasticity law) 

(3-?) 

(3-3) 

On combining these into one differential equation for w(x,t) by eliminating 

V and the following is notainedï 

+ 0 (3-¾) 

This is the dimenaionleaa form of the equation most often used for the study 

of vibration of beams. In this report, Eq. (3-4) is solved for a few cases 

of a semi-infinite beam loaded at its end by means of a pure bending couple 

having a time variation in the forra of a half sine wave. Solutions are obtained 

for both the simply supported and the unsupported end. 

The details of the solution of Eq. (3-4) for both kinds of boundary 

conditions are given in Appendix C. The assumed mojoent variation is: 

M(0,t) = H sin 2Í, (t > 0) 

= 0, (t > 0) (3-5) 
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If the impact end is simply supported, or pinned, the following expression 

for M(x,t) is obtained: 

I+ is possible to obtain the value of the integral in Eq. (3-6) in the form 

of an infinite series. This is shown in Appendix C. If the end is unsupported, 

the following expression for M(x,t) is obtained: 

As is done for Eq.(3-6), the integral in Eq. (3-7) is evaluated by means of series 

expansions. These details ore included in Appendix C. 
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Computations have been made, using Eqs. (3-6) and (3-7) for M vs t 

with X = 2, and x = 4. The results of these calculations are presented *n 

FiR- 3-3(b) and (d), labeled "Eleraentar>' Theory”. 

Timoshenko Bending Theory 

Consider a beam element similar to that used in developing the 

paxtial differential equations of the previous article. Whereas in the previous 

derivation, shear deformation and rotatory inertia are ignored, they are now 

considered in a simple manner. Fig. 3-2 shows an element having shear defor- 
V_ 

mation. That is, the angle if and the slope are not equal. In addition 

to those dimensionless variables introduced in Article 3a, the following will 

also be used: 

Ü) * dimensionless angular velocity of section 

physical angular velocity (sec*^) 

(r-£) ( sec"1) 

dimensionless transverse velocity of element 

physical velocity (in/stc) 
cQ(in/sec) 

2 
co 
“5 = square of bending wave velocity 
Cq square of sh^ar wave velocity 

where 

Í! co = = bending wave velocity 

rí 3 shear wave velocity 
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rte'4 **« ÏkîToI'o» 

and 

E * modulus of elúcticity (lb/in2) 

£> * mass density (lb sec /in ) 

p 
G * shear modulus (lo/in ) 

K* » a correction factor - ?^fa-Sc 3tr6S3 ln section 
maximum shear stress in section 

The e<xua.+,in^ gnverninA the motion and stresses in the beam are as 

follows ; 

ÒM _ , 2 àtü / 
^ - Q * Ak (Botatory motion) 

5x “ A (Transverse motion) 

(3-8) 

(3-9) 

ÒM 
3t 

2 do) 
Ak (Time derivative of moment-curvature 

relation) (3-10) 

c * A(^-- + to) (Time derivative of shear deformation 
relation) (3-H) 

When all but one variable, say M, are eliminated from this set of four 

first-order equations, a single fourth-order equation, known as the Timoshenko 

equation, is obtained. It is: 

.2 34M 

k ¡7 + 
0¾ 

òt 
- K (1 t C) áUM 

òx2òt 
+ k2c 

Òt 
0 (3-12) 

In this report, solutions to Eqs. (3-8), (3-9). (3-10), and (3-11) 

are found for a variety of boundary conditions involving moment, angular 

velocity, shear force, and transverse velocity. In each case, the time variation 

assumed is sinusoidal and similar to that given for M(0,t) in Eq. (3-5). For 



-21- 

2k April 19>6 
HJP:bgh 

the noment and angular velocity inpacts, two boundary conditions are assumed 

for the loaded end, namely simply supported and unsupported. For the shear 

force and transverse velocity impacts the end is assumed unsupported and free 

of any .noment. In nearly all cases the solutions were obtained by means of the 

method of characteristics, the details of which are given in Appendix E. For 

one case only the solution was obtained by Laplace transform for check purposes. 

Except for a few results obtained on desk machines, computations using the 

method of characteristics were done on the NORC (Naval Ordance Research Computer) 

at the U. S. Naval Proving Ground in Dahlgren, Virginia. 

The solution obtained by Laplace transform (see Appendix D for details) 

for the case of the semi-infinite bar with its end simply supported and sub¬ 

jected to a suddenly applied sinusoidal moment 

M(0,t) = 0 for t < 0; H sin for t > 0 is as follows: 

- J for t < C X, 

H 
MÍ X, t ) = 3 

H 
+ 2 

H 
T 

1 - 

1 + 

ft 

-X- 

L 
n 
T 

2 (ft,2 
a + (-) 

At m ., At 
sin T X cos —- + cos T x sin — 

O T O T 

sin S x cos — + cos S x sin —• 
O T 0 T 

1 

J 
J 

1 + f 2-2 
a + r 

(3-13) 

-i?-* cos rt sinh Sx dr, 

(r) - r 

if 

- > b 
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For X < JF 

M(x,t) » I 

if 

1 + 

rt 
T 

2 / JT \2 
a + (7) 

- sin S X cos ~ + cos S x sin — 
o T o T 

£ 
-H / _L_ 

r J 2 ,n b r + (i)‘ 2 2 
a - r 

cos lyoc sinh (î[Çx - rt ) 

+ sin l^x cosh O^x - rt) 

( 3-l]; ) 

dr 

b 
r 

H 
T 

1 + 
2 2 

a + r 

mn~^ ■ ^ cos rt sinh Sx dr 
(-) - r 

!>b 
T 

also for t > JC x 

M(x,t) - I X - 
n 
r 

Ni 
/*\2 

a + (7) 

- sin T x eos ^ + cos T x sin — 
o T O T 

H 
+ 2 

1 + 

JT 

T 

i 2 /n\2 
-> + (7} 

cosh S x sin — 
O T (3-I5) 

b 
r 

H 
T 

1 + 
I 2 2 

+ r 

^- cos rt sinh Sx dr 

(f} -r 

V 
o 

if 

- < b 
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For X < t < j"¿ X 

M(x,t) = I 1 

n 
T 

'la2 + (Ï)2'- 

rtt 
cosh S X sm — 

0 T 

H 
T 

a r , 
2 ,n,2 

r + (7) I 2 2 
va - r 

cos 7^x sinh (T^x - rt) 

+ sin'T^x cosh (TjÇx - rt) 

b 

dr (3- 

H 
T 

1 + 
r~2 2 

^|a - r J (7) - r 

cosh rt sinh Sx dr 
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A comparison between the Laplace transform solution and the 

by characteristics is given in Fig. )-). it lo evident from 

Bolution by characteristics is free from major errors. 

solution obtained 

tills figure tliot 

By means of superposition, the solutions for a single half sine va -e 

input can be found. This has been done in every case studied. The results 

for a variety of impacts and boundary conditions ore presented in Figs. 3-4, 

3-5, . . ., 3-11. in some of the above mentioned figures comparisons are nade 

between the computed (Timoshenko theory) and the experimental results for those 

cases where the assumed conditions are most nearly like those of the experiment 

Perfect agreement does not occur, and ought not be expected, since the actual 

ime variation of input moment is not exactly in the form of a half-sine wave, 

as is assumed for computational purposes. Also, it should be pointed out that 

the Timoshenko theory is, of course, an approximate theory. The determination 

of the degree of closeness to reality of the predictions of the approximate 

theories in question is one of the purposes of writing this report. Comente 

concerning the general conclusions to be drawn from these cornparisont are 

given in Section 4. 

General Conclusions 

The conclusions to be drawn from this study are necessarily limited 

to bendung waves, as too few computed results for longitudinal waves are 

available. The findings concerning bending waves are arranged as follows! 

a. Comparisons between theoretical results, both from elementary 

theory and the Timoshenko Equation, with experimental results. 

b. Comparison of theoretical results (Tinoshem.o Equation) 

for some -ype a impact, but different mota d of support. 

c. Comparison of theoretical results (Timoshenko Equation) for 

similar types of support, but varied impact conditions. 

d. comparison 01 theoretical results (Timoshenko Equation) for 

similar impact and support conditions, but different material 

properties. 
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a* Coraparison of Theory and Experiment 

The experimental results of Rlppcrger (fief. (14).) for monlent inpacte 

having timewise variotions very nearly In the form of a half sine wave are 

selected for comparison with theoretical results. The moments in eveiy case 

were generated by means of the eccentric impact of a small steel ball on thc- 

end of the rod. The longitudinal wave, aleo generated by such an impact, was 

eliminated from the strain measurements by properly connecting diametrically 

opposed strain gages. For such a connection only the bending wave strains are 

recorded. In Fig. 5.5(a), (b), (e), and (f), are shown some strain records 

converted to dimensionless moment records by means of multiplication by'proper 

constants. It is seen upon examining these figures that, except for the 

shortest pulse, the agreement between the theoretical (Timoshenko Equation) 

results and the experimental results is quite good. The theoretical results 

ere those for C « 4, that is, for the bending velocity c equal to twice the 

shear velocity C(}. This is the nearest value to that for circular steel rods, 

according to Timoshenko's assumptions. Hence, the bulk of the calculations were 

made with c => 4. A reduction in the value of C, with fixed c = - , is thus 

equivalent to an increase in the shear velocity c . Such a changé would resu] ï 

in somewhat the aMC fora for the moment-time curves at the various stations 
but a more rapid propagation of that portion of the energy which is primarily in 

the shear mode of transmission. The experimental data agree, as far as time 

relationship is concerned, most closely with the theoretical results for C « 4. 

On comparing the curves of Fig. 5.5(b), (c = 4, t « 2.4) with those of 

FIS- 3-i.0(a), (C ® 5, T = 2.4), it is seen that the large peaks for C • 5 occur 

earlier in time than those for C - 4, as anticipât,!. The fact that experimental 

results are predicted as accurately as they arc by the Timoshenko theory for 

C - 4, Is encouraging. Because of the frequently good agreement, it can be said 

with a fair degree of confidence that the results presented in the other figures 

in which experimental data are not presented are reliable. For impact loads, 

the Timoshenko theory is quite satisfactory; however, in no case was it found 

that the elementar; theory predicts results in agreement with experiment, 
except for a general agreement in amplitude. 
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Comparison of PieoreticGl Results (Timoshenko Equation) for 
Similar Impacis, but Differs^ MetnnKp f / '>! 

The moment-time relations at various stations resulting from half-sine 

moment impacts are shown in Fig. 3-4, (a) through (c), and Fig. 3-5, (a) 

through (f). The curves for Fig. 3-4 are those resulting from assumiiig tac 

end sumply supported, while those of Fig. 3-5 are for an unsupported end. 

Certain similarities as well as differences are noted in comparing figures for 

equal duration impacts [e.g., Figs. 3-Maj and 3-5(b)]. When the impact eu? is 

simply supported the moments do not build up anywhere to values as large as 

those occurring when the impact end is unsupported. During the earliest stages 

of the development of the M - t wave there are, however, only small differences. 

It is also noticed that for the simply supported impact end the largest peaks 

occur la^er in time than for the unsupported impact end. This seems to indicate 

thnt large shear waves are formed more slowly when the end is supported. 

c. Comparison _pf^Theoretical Results (Timoshenko Equation)for 
^Te8^°Impact, Sut Different Methods of Support 

On comparing Fig. 3-5 with Fig. 3-9, for unsupported beams with moment 

and angular velocity half sine impacts, it is seen that the main difference 

n the M t trace at the station under study is in the amount of spreading 

ou of the wave. For moment impacts the M - t curve is less dispersed than for 

ungular velocity inpacte. It should also be pointed out that the two sets of 

curves have opposite polarity, since the definition of positive <o and 

positive H are opposite for the section on which they are assumed to act. 

Similar comparisons for Fig. J-6 and J-7, for unsupported beams with 

eni shear force and end transver« half aine impacte, yield similar results. 

The transverse velocity impact in this case 1. the less dispersed of the two 
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For simply supported bars, moment and orlar velocity impacts are 

compared in Fig. 3-4 and ^-3. Similar conclusions are obtained to those for 

unsupported bars. The dispersion for moment impacts is not as great as that 

for angular velocity impacts. 

No attempt is made here to explain on physical grounds, in terms 

of shear and bending wave velocities, the differences noted between the M - t 

curvea under closely related end impacts. 

d. Comparison of Theoretical Results (Timoshenko Equation) for 
glxnlxãr Impacts and different Material frroperilcs 

Comparisons are made between the curves of Figs. 3-5 and 3-11 for 

unsupported beams with equal duration half sine moment impacts. In one case 

2 
c 

C * 4, and in the other C » 3, where C » ,the square of the ratio of velocities 

CQ 

of bending waves to shear waves. In defining dimensionless quantities, Co 

was used a reference. Therefore a change in the value of C from 4 to 3 

corresponds to an Increase of the shear velocity c^. This could be 

brought about by a change in section shape or a change in material. The 

earliest arrivals of the M - t waves have very little difference in shape for 

these two cases. However, the bulk of the pulse for C » 3 arrives earlier than 

the bulk for C = 4, Indicating that shear type waves, traveling at the lower 

velocity Cq , ore primarily responsible for the large port of the M - t waves. 

It can also be inferred that the early arrival waves are transmitted at the 

bending velocity cq = —. There are not available any experimental results 

reliable enough in the early region to be compared with these conclusions. 

There is some doubt about the speed of propagation c . Certain conclusions 
0 

based on exact theory lead to a conclusion that this speed should be the 

dilatational velocity, c^ , somewhat larger than cq . 
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APFEHDIX A 

S0LOTI0N OF LOVE'S EQUATION 

A-l. Love [Ref. (1)] used Hcnllton's principle to derive a. wave equation 

which talces into consideration the effect of the lateral inertia of the bar. 

This equation is: 

Urr “ C (U“«* + flrU• • r w ) s 0 
tt O N XX xxtt' U-i) 

h 2 E • vie m 
wnere cQ - - , H » c.nd the subscripts x and t denote differentiation 

with respect to that variable. 

Davies (Ref. (6)] attempted to obtain a solution of this equation 

by the Laplace transform method for a bar of finite length (|). Davies assumed 

the following boundary conditions: 

u(x,0) « 0 uj(0,t) = 0 

ut(*,0) = 0 uj(l,t) = ? 

The solution as given by Davies is: 

u 
PI2 
2pl 

PS2 2PI 
mmmmmm -f- 

« c0p n 

n 

(cos (1 -. 
- 
1 + u y 

cos 
nnc l 

0 

n \|r 

where 
nHc 

( A-2) 
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An inspection of Eq. (A-2) shows tho.t the initial condition u(x,0) * 0, assur.ei 

to be true in arriving at the solution, is really not sotisfied. This indie: .jr 

a fundamental error in the original formulation of the problem. That this 

condition cannot be satisfied is also demonstrated by applying a theorem from 

Laplace transform theory [Ref. (1?)]. This theorem states that Lim su (x,s) = 0 

G—► 00 

for the initial condition u(x,t) = 0 to be satisfied, where û and s denote the 

t~» 0 

variables in the transform space. 

Davies has for u, 

Pc 
u 

cosh 
sx 

1 + H2s2 

Es 
sinh 

c.— 
<=0^ * H 6 

si 

c Ji + iPs2 
0\i 

(A -3) 

so that 

Lim sG(x,s) = Lim 

s—» 00 s—» 03 

- 8X 

1 + H2s2 c ' 
o> 

1 + i P a 

Es # C 

sinh 
si 

2 2 
c vjl ♦ H s 

This shows that the initial condition vl(x,t) = 0 cannot be satisfied. 

t-> 0 

The reason for this discrepency is that the boundary conditions assured 

in Davies' analysis are incompatible with the stress-displacement rel-tions 

associated with Love's equation. An analysis based on Hamilton's principle 

now follows which corrects this error. 
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Using the equation ?iven by Love [Ref.(1)] the following expression 

gives the totea energy of the rod (V). 

T1 1 

l J [ 5 i (uï)2 + 1*5“ Uî)2 ] ^df + 2 

where 

Z = Energy due to the load at the end. 

A = Cross-sectional area. 

Tj« Final tic« value. 

Ifcen using Hamilton's principle: 
T, I 

ÔV 
0 ^ ^ * ^ux^ux J + 6Z * C 

Then integrating by ports: 

6Y 

T1 1 

// 

T, / 

{•OAait » ESuj.) Budldt ./ /oítdVajjijflu) aJdt 

-/ 

-7 

pAv^K^u- 
xxt 

T, T 
1 I A1 

J dx + pAv^K^u-^ ôu J J 

-Vu- pAv -|{6u j dt - J EAu-6uJ dl + BZ 
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In varying the integral it is assumed that the displacement clone is 

subject to va.rintion sc that the variation is z-x'O at t = 0 and t = T 

Then 

+ 
- - 2 2 

EAu— + pAv K 
XX 

dxdt 

l 

(PÃV K + E^u”)J 
0 

&u J dt + oZ = 0 

The equation given by Love is obtained by equating the coefficient of ôu 

in the j-irst integral to zero: 

or 

u££ “ co *uxx + ^xxtl) = 0 

'lije foil rawing 1'elated boundary conditions ai^e obtained by equating the coeffj lent 

of ôu in the ••cond integral to zero: 

pv2K2u^(°>t) Eu-(0,t) = 0 (A-5) 

pvVu^dÃ) + Eu-(/,t) * f(t) (A-6) 
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reo :1 tf i -5U- 

or 

® uxt€^0> “^ + ux<0^) * ® at X * 0 (a-7) 

+ * ¾~ at X = I (a-8) 

where f(t) is the unit stress at the impact end. 

The initial conditions are 

u(x,0) » 0 

u|(x,0) - 0 

The transform equation resulting from Eq. (/.-1) is 

2-. 
S u(x,s) - su(x,0) - U£(x,0) 

su(x,0) - U£(x,0) 

The use of the initial conditions, Eqs. (A-9) and (A-IO), in Eq. (A-ll) 

results in the following . >cssion: 

(A-9> 

(A-10) 

(A-ll) 

^TThV) u * 0 
(A-12) 

Considering P constant, the use of the boundary conditions, Eqs. (A-7) and 

(A-S), results in the following expressions: 

u-(0,s) = 0 

u-(i,s) f 

EsU + ^s2) 

(A-l^) 

(A-14) 



-35- 
24 April 1956 
CCSrbgb 

Th« anlut.inn of E*i. (A-12) is 

u4x«s) =» B. Rlnh sx 

c |l t ^fl2 

♦ Bg cosh 
sx 

Jl + H‘ w2 2 vl i ♦ H s o 

From E^s. (A-lj) aad (A-lU) it follows that: 

Bi'0 

and 

T>c. 
B, 

Es Jl + &B2 sinh - sl 

♦ ft2»5 

t>r the final result is: 

Pc cosh—2Ï o 

û(x,e) 
J 1 t i2.2 

Es2 \l ♦ H2e2 sinh - sl 

vJl + H2s" 

In this case it can be shown that the initial condition u(x,0) > 0 is 

since : 

Pc cosh 
0 

sx 

Lim su(x, c) = LL. 

B-+ * er* 

Ji ♦ 82 s 

• Es ^1 + ^s2 sinh .. 

c 41 ♦ H2«2 ft " 

(A-15) 

satisfied. 



24 April 1956 
CCS:bgh 

The inversion theoren is used to determine u: 

(A-16) 

et» ã 

The integrand is a single valued function of s with a triple pole 

0 and simple poles at the points 

-¿1__ ¡71ITF? * inn 

waere n is a positive integer. In addition, as n- « , p- ± i: i.e., the 

set of simple poles has two limit points which arc essential singularities of 

the integrand. 

Considering a suitable closed circuit in the complex plane in the usual 

way, the value of the integral in Eq. (a-16) can be shown by Cauchy's theorem 

to be equal to 2ni times the sum of the residues of the integrand at its poles. 

By excluding the two limit points by small circles and proceeding to the limit 

when these circlea are infinitely small, it can be proved that the limit points 

make no contribution to the integral. 

The value of the residue at the triple pole s = 0 is: 

X I 
2cjr “ zr 

0 0 

+ 
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and the residue at the poles s » 
± innc 

FT 
is: 

2 2 2-2 
n n c H 

0 

-2f cos 
nnx 

/ , vQ 2 2 
(-1) n « c 

COG 

nnc t 
0 

172222-2 
>1 1 *f n n c H 

The following expression for u is then obtained from Eq. (A-lé): 

cos 
2 2 2 -2 

+ n « c H 
0 

(A-17) 

The expression under the 
1 
T except for the tenu, 

1 ♦ n « 

is the same as that found by Davies 

found in the solution of Davies. 

Equation (A-l?) can be used to obtain values of û and Because 

the series converges very slowly this process becomes, however, extremely 

laborious. Also the infinite velocities inherent in this solution cause an 

immediate reflection which contradicts the known physical phenomena. 

A-2. It is believed that a solution for a semi-infinite bar might compare 

more closely with experimental results since this would eliminate the reflection 

of waves with infinite velocities. Also the solution might be more adaptable 

to quicker computations. 
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The following discussion will be an attempt to solve the Love equation 

for a particular force impact that approximates the impact in certain experi¬ 

mental work. 

Again writing the Love equation, 

“tt ' Co (ux* + ^xxif > ■ 0 (A-18) 

The end x * 0 will be chosen as the end at which the impact is 

applied. The force function that is applied is of the half-va/e sinusoidal 

type <*nd is described as follows: 

p(t) .2; sin — 
#1 • 

T 
0 < t < T 

Ht) « 0 
Í t < t (A-19) 

\ t < 0 

l. 

where B is proportional to the impact stress, and t is the duration of the pulse. 

The boundary conditions that result from Hamilton's principle are: 

(0.Í) * uj <0,t) . 

fi2uxíí(“> î> + ux (■> ï) - 0 

The initial conditions are, 

u(x,0) * 0 

(A-20) 

(A-21) 

(A-22) 

u^(x,0) » 0 (A-23) 



-39- 
24 April 1956 
CC8:bgb 

übe required solution is obtained by the use of the lAplace transform. 

As before, the symbols û and • will be used to denote the variables In the 

transform epaoe. The use of initial conditions (A-22) and (A-22) in the 

transform of Bq. (A-I8) lead to 

U-- - 
XX 

8¾ 

^TTiV) 

'The solution of this equation Is 

sx 

u(x,s) - 
rrr?? * r yv ¿v 

Boundary condition (A-21) in the tranafora space beconet. 

(1 + H2*2) Uj (-,6) - 0 

or 

ûj(»,s) « 0 

Boundary condition (A-20) in the transform space becomes: 

(A-24) 

(A-25) 

(1 ♦ ^s2) ux(0,s) 

or 

ü¿ (0,s) (A-26) 
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The use of conditions (A-25) and (A-gê) result in the following value» of 

and B^. 

B3 * 0 b4 

-Be. 

Es 17 
Then 

s2 2 (a2 ^ nc K 
“ 8 V8 + * 

r 

BX 

u(x,s) 
-Be. 

Es 'll ♦ BSeS( s2 + 2g) 
ej 

teo 1 + SV 
(A-27) 

Since Lim su(x,s) * 0, then the initial condition (x,î) « o is satisfied 

” t-*0 

Then the use of the inversion theorem gives the following formula for the 

longitudinal displacement. 
y*i «> 
r' 

u(5'î) * 

Cl(pt - i»L -j 

r-i® p + h252( ? + 

(A-28 ) 

lhe integrand is a multivalued function of p with poles at p * 0, 

p.i-ííP-t - and branch points at p « ± | The contour shown in 

Fig. A-l will be used to evaluate the integral for the particular case 

n 1 
T * T Using the notation as shown in Fig. A-l the following is true by 

Cauchy's theorem, since all poles and essential singularities are excluded. 

Ib + ♦ V W’a, 
♦Is ♦If. + + I. + I- + I 

+ I„ = 0 

A5 aj _a2 '°i ~a4 ' *<i 

f 
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It can be shown that 

I. * I =1.=0 
A1 G1 A5 

ÏO + % - 0 

and I + I = 0 as R 

Also 

- 2«i (Be ) sin — sin O • 

I + I. 
a2 A2 

T \J 1 - 
o 

JUL 

fl2«2 

and 

2«i(2Bc ) 
I +I +X +T a O 
Ajj Oj A|^ itE 

£(¾) 
T 

1 - fl2n2 

1/H 
sin p€ cos £L 

2-2 c0\i 1 - n 

\1 
i n -2 » ! - H p - p ) 

T 
>. J 
O 

But 

I
Q
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so that 
/ 

u(x,t) 
Bc 

. rtt J 
sin — sin 

T 

JtX 

C T o M 1 - 
-Ç r¿ 

-2 
T 

2 
it 

3? S 1 - 
-2 2 
En 

i/fi 
r- 

sin pt cos px 

'o'' 
1 - BSB2 

p(i - h85s)(^ 

TC 
-s2; 

vJ 

(A-29) 
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APPEfOIX B 

SOLüTTüM OF MINDLIN EQUATION BY METHOD OF CHARACTERISTICS 

The development of a solution to the differential equation which 

takes into consideration both radial and shear corrections is based on the 

assumptions made and the equations developed by Mindlin and Hermann [Ref.(4)). 

The development of the solution by the method of characteristics parallels 

that used by H. J. Plass [Ref. (l8)J. 

Derivation and notation of Mindlin and Hermann will be used. This is 

based on a cylindrical coordinate system (r, 6, x, t) with ä = radius of 
rod, where 

u- = displacement in radial direction 

* displacement in angular direction 

u- = displacement in axial direction 

As in common practice the symbols o, €, and 7, with the proper subscripts 

will be used to denote the otreoses and the strains. 

The fbllovJn* nscnmptionp wore made by Mindlin and Hermann concerning 

the displacements 

ur * MiLi! ue - ° ux = P(J,t) 
a 

(B-l) 
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-47- 
24 April 19^6 
CCS:bgh 

(B-2) 

P- 
X 

a-- rdf 
XX (B-3) 

Q 

(B-4) 

(B-5) 

By the use of Hamilton's principle and the above definitions the 

two following equations are obtained: 

¿à. p? ♦P8 + g 
dx a 

(B-6) 

dPx 
— - + aZ 
dx 

(B-7) 

where R Z 0-- 
xr 

r=a r*a 
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For the case of principal interest, namely, the case where no 

forces are applied to the surface of the cylinder, it follows that R * 2 = 

Thus, the equations of motion become ; 

ÔQ _ Pr + P0 oã2 ò2U 

ài ~~T~ ‘ T ¡i5 (B-8) 

= ps! 0¾ 
èx 2 i? 

(B-9) 

From assumption (B-l) the strains in cylindrical coordinates become 

€ 
rr 

U 

a 

òú 
dx 

r© * 0 r du 

a dx 
0 

(B-10) 

Then in the present case: 

XA + 2G€-- 
rr 0ee = XÛ f 2G€99 

XA + 2Ge— 
XX Grxr 

or 

= agg = 2<x + G)£fj; + ^ and P- . P9 

aff * 2X€?f + (X + 2°)¾ 

(B-ll) 

where X and 0 are lame's constants (Ref. (1})] and û is the dilatation. 
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These two equations result in the following relationships: 

€rr * 2G(3X + 2G) °rf “ 2G(3X + 2G) °xx 

£iä * 0xx <S(5x\ ¿0) °rr 

also from (B-ll) 

Defining 

-- oxr 
7xr » —jar- 

E— = / rc--dr 
rr ’s/ 

■/ 

E-- • / re—dr 

rxr -/ 2|_ r-jdr 

(B-12) 

(B-1J) 

(B-14) 

Then using the equations of (B-10) in Eqs. (B-li), it follovs that: 
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Multiplying Eqs. (B-ll) and (B-12) by rdr and integrating, 

using Definitions (B-2), (B-j), and (B-5), results in the following: 

Err " §5(J T&¡) pr * SS(i \ &}) p; (B-16) 

eî* “ söttet p; I a¡) pr (B-17) 

axr 
And the use of 7« * in the last equation (B-I3) results in: 

(B-18) 

Then using the relationship E « "^x t ® 

it follows that: 
2(1 t V) 

E— 
rr 

£.. 
XX 

1 
Ê 

1 

f 

(1 - v) P- - vl£ 

p- - 2vP 
X r 

From Eqs. (B-I5) the equations of continuity become: 

(B-I9) 

(B-20) 

Be— rr 

òt 

ft Bu 
5 ÔÎ 

(B-21) 

Be— 
_XX 

òt 

ã2 
“5 òxdt 

(B-22) 

òr— xr Gã2 B2U b BQ 

7 òxdt Bt 
(B-23) 
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Also 

äE— rr 

èt 

dE— XX 

di 

■ [»■"?'■? i 

1 
Ê dt 

- 2v 51 
dt J 

(B-24) 

(B-25) 

The use of (B-21) and (B-22) in Eqs. (B-24) and (B-25), together with 

Eqs. (B-23), (B-8), and (B-9)# results in the five differential equations 

in the five unknowns, P-, P-, 5, V,, and V . 
X r X o 

5 vi 

, àP- dp- 
f (1 - v) -J- - V —ï 
E ôt ài 

(B-26) 

-2 dV 
a o 
5” 33T 

\ dP- 
1 X 
E dt 

dP- 
- 2 v 

di 
(B-27) 

ds 

dt 

Ga2 dVj 

d^ 
(B-26) 

dQ 

dx 

P- -2 

a 

àVj 

àt 
(B-29) 

Ïï 
a; 

bî2 Ü£ 
dt 

dO 

where 

dû 
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These five equations are put into dimensionless form by the use 

of the following substitutions: 

P * dimensionless normal 
axial force 

physical force (lb) 

Ea¿ (lb) 

P- 
X 

Ea* 

H = dimensionless normal 
radial force 

physical force (lb) 

Ea^ (lb) 

h 

Ea2 

Q * dimensionless shear * Physical shear (lb) ^ ^ 

oS2 (ib) g55 

V * dimensionless axial 
velocity of section 

Physical velocity (in/sec) V0 
~ Cjjlin/sec; c 

W « dimensionless radial 
velocity of section 

Physical velocity (ln/sec) a V1 
cg ( in/ sec ) “ c 

X = dimensionless distance * Physical distance (in,) 

along axis 5/(in.) 

t * dimensionless time * Physical time (sec) a CD^ 

ã/cD(sec) £ 

where 

ri^vKV. v) dilatation wave velocity 
(ln/sec) 

fo 
CS = J p * 8hear V€locity (in/sec) 

also we let 

P
i
|
X
'
 



Ht1 l! I'1 NPN 
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Ihen 

ÜE. ESc dR • àPi 
¡r ' ¿i 

Eâc 
dP 
•MM 

D 5t 

ài 
ôt 

Gac * Cß èw GacD St ' rr- * ~ 
dx a 

à| - OS |3 ; !!à 
dx 

dP- 
X 

dx 

S-x 

dP 
^ Si } 

dt 

dV c 
St 

CsCD dW 

“ ^ 

1d dv 
r ot 

Then Eqa. (B-26), (3-27)# (B-28), (B-29)# and (B-50) become respectively: 

W - 2(1 2v 0 (B-31) 

dV 
S^ 

+ 4v dR 
Si * 0 

dU 
S£ 

dW 
St 

dV 
ST 

Ji 
p- Sx 
Jco 

4(1 + v) 

(1 + v) R 

dP 
S3? 0 

0 

(B-32) 

(B-33) 

(B-34) 

(B-35) 
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To find the characteristics in this problem the following procedure 

was used. let x(ö), t(0), where Q is a parameter, be the equations of a 

curve in the X - t plane. Assume P, R, Q, V, W to be given along this 

curve; then Pg, R^, etc., (where the subscript indicates differentiation) 

can be found, for all points of the curve. That is, 

R xe + ^ te * V etc' 

There are five such equations possible. The five other relations auaong the 

X and t derivatives at the five variables are Eqs. (B-Jl), (B-J2), (B-33), 

(B-34), (B-35). The result is then ten equations for the ten unknowns 

Rx, # etc. 
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The condition that there be no unique solution for all ten is that the de- 

terminant of these unknowns vanish, that is, the characteristics are 

found from the condition that: 

xet9 OOOOOOOO 

* 0 

It can be shown that (B-36) reduces to 



___ ! 
"ÊKÊÊÊÊÊÈtrnmtmÊaÊmiÊmmÊÊmi^k lÜ 
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Thus, the characteristic curves satisfy the differential equations: 

Dilatation 

(B-36) 

Shear 

These curves are plotted in Fig. (B-l). 

Multiplying Eq. (B-JJ) by , and Eq. (B-J4) by x0 and adding the 
two equation results in the following: 

V1© + VV) + = = & + 4(1 -f v) R ^ ^ 
^0 dO - 3x d© ^ v; R d© IT 3î 3© i®“ 

v] ° 

Along the characteristic dt cQdx, 

Let X b 6 so that t * 

39) 

and dt ^|~c*d© « dx » d© 

Then Eq. (B-39) becomes 

1 ÒW 
5 3x + + v) R J o 

TT 
ÔW 
3Î 

è H + Ml + v) R 

dQ * d!7 + 4(1+ v) Rd© 

or 
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or 

dQ Mi -f v) Rdt along dt 

In a similar manner all the partial differential equations used in 

conjunction with the characteristic differential equations reduce to the 

following: 

Along dx 

Along dt 

0, dP - dB + T,/ dt - 0 

vJTw v 

ZoW 

dt * 0 

Along dt =. -dx, dP + j^TvT av * âfl - v)(l ♦ v) dt * 0 (B-40) 

Along dt * co dx, dQ - ^ - M.1 ^ v) dt * 0 

Jco 

Along dt » - fc^ dx, dQ + + + v?^ dt • 0 

ro 

These can be converted to difference equations. An element is chosen 

that is bounded by two pairs of characteristics of the dilatational wave 

families inside of which are two characteristics of the shear families. 

See Pig. (B-2). 
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The difference equations used for obtaining the values of P , R , Q \ 
P P P» 

Wp, the Point P in terns of values at A, B, and C are: 

(Pi • V • (rp - V (V/p + WB) At 

(Pt, - 

(p* - 

0 

V !c 

pa> ' Vri v) (vp - va> ■ ãn-^vKl 4 v) 

pc) + mr^-vT (VP - vc) * 2TiS-vKl , v) à-^)ùt 

(^-^.)-ç(Hp-W ).iíi+vl RA-) At, 

vFo 
+ 5 (Wp - w ,) . - (^—c'jûv 

>põ 

where 
2c. 

At 
CS + CD 

At 
1 + 

At 

Using linear interpolation between B and A or B and G, the 

following values are obtained: 

% + 577¾ <«A - V - «B + (¾ - V 

2c 

S:- * S + 5-¾ (¾ - V * «b + 

and similarly for WA,, V^,, R^,, 

(B-ltl) 

(¾ - V 
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If ve rewrite these equations, with all the terms having P as 1 

subscript on the left side, ve get, 

Pp - Rp + -L- At - Tn 
2v JT 

PP ■ ¢(1 ! v) VP - Hi t vHÍt-vT ût 
Jf>¡ 

'p T HTV V) ^ - Hr’t v)(i - v) ût p_ + 

H, 

<%, -Tr¬ 

ip Ml + v)Rp 

1 + 
/0 

At * T. 

S + r 
W_ 4(1 + v)Rp 

+ ——=SS" At = T. 

where: 

1 B 2v 'Fo 

50VA VsFo WA 
pa - ÎTî'+ v) + HÏ+'7J{T-"vT At 

P , c'ovo , vFoWC 
pc * Mi + v) + M1 + v)(ï ï) ra 

At 

^¡L 
Q» - ir + R • ût 
^ ^ 1 + A O 

T-. 

1 + co L 1 + co 
2 „ , WC Ml + v) . .+ 

mo ^ iri7^At 
+ U.^_) -Üi-Yi 

1+ <=„ 1 ♦ <=„ 

> 

-N 

At 

R- . At 

(•B-42) 

(B-45) 
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Equations (B-42) must be solved simultaneously for Pp# Rp, 

Vp» Wp. Their solution depends upon having previously obtained values at 

A, B, and C by means of these same equations. If values are also known at 

D, we then can repeat the process above for tbe Point R in Fig. (B-3), etc. 

Since new values depend upon previously attained values, there has to be 

a starting point somewhere. 

In this problem, starting values will also be specified along the 

leading wave front t ■ x, and along the t-axls (boundary conditions). It 

is assumed that the time variation of the impact force at the end of the 

bar is not continuous but sinusoidal. The values at the leading wave front 

of both P and V are zero. Since the shear wave is a more slowly moving wave, 

it is assumed that R, Q, and tf are also tero along the leading wave front. 

Mo effect of these waves is felt until later. 

Therefore, 

along t«x, PaQ«RaV»t/«0 

Along the t-axis the boundary conditions (two can be specified) to 

be considered must be satisfied. For example, if the end x « 0 were free 

and the end is subjected to no shear force but only to an axial force 

P(0,t) whose time variation is specified by some function f(t), t > 0, 

Along t-axls (x«0) 

P - f(t) t > 0 

Q J 0 t > 0 (B-44) 
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Also, another condition that might have a physical counterpart is 

the condition that the end x * 0 be tree, subjected to no shear force but 

only subjected to an impressed axial velocity V(0,t) vhose time variation 

is specified by some function g(t), t>0. In this case along t-axis (x = 0) 

V - g(t) t>0 

Q « 0 t> 0 (B-45) 

In order to illustrate the calculation setup. Fig. (B-4) is included 

to illustrate condition (B-44). In this case, at mesh points along the 

t-axis P and Q are specified, and R, V, and \J are to be determined. To 

attain them only the first, third and fifth of Eqs. (b-LZ) ore to be used, 

with Qp * 0, and Pp given its proper values. Then the three equations for 

use along the t-axis are: 

p„ + -— At - Rp „ t3 

» . c0 .. vcoWP _ _ 
pp+ ïïrrvv) vp - m + vj(i - v) * tb 

(B-46) 

Wp 4(1 ♦ v)Rp 
TP* + -7===-=- At « T* 

1 + Fo 

The above equations are then solved simultaneously for Rp, Vp, Wj 

for their values along x ■ 0. 
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APPENDIX C 

SEMI-I 
1,0 ENT IMPACT 

In Section 3 the solutions were given for the moment M(x,t) in a 

serai-infinite beam with its end subjected to a suddenly applied sinusoidal 

impact M(0,t) ® H sin ~ , t>0. Two conditions, simply supported and un¬ 

supported, were assumed for the impact end. The details of the solutions roc 

the two cases are given here. 

C-l. Simply Supported End 

Consider first the case of the simply supported end. For this the 

following partial differential equation for the transverse deflection w(.:,t), 

[Eq. (3-1^)] must be satisfied: 

The boundary and initial conditions are: 

w( 0, t ; = 0 
(C-2) 

(C-3) M(0,t) » Ak^w^i 0, t ) * H sin 

w(°o,t)< « 

v(x,0) = 0 

wt(x,0) * 0 

(C-4) 

(C-5) 

(C-6) 

In the above equations, and in what follows, x and t subscripts indicate 

partial differentiation. 
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Application of the Laplace transformation, with respect to t, in 

Eq. (C-l) yields: 

2-, 

s‘w(x,a) - sw(x,0) - wt(x,0) ♦ * 0 (C-7) 

where 

vKx,s) 
-st 

w(x,t )dt. 

By virtue of the initial conditions (C-5) and (C-6), Eq. (C-7) becomes: 

(C-8) a2w(x,s) ♦ - 0 

The boundary conditions (C-2), (C-3), (C-4) transform to the following: 

w(0,s) - O (C-9) 

(C-10) 
s + X 

w (•,«) < » (c-11) 

where X » ^ . The general solution to Eq. (C-8) Is: 

w(x,s) 

-‘J 
3 

2ic 

¡s) sin (/3)] 

D(s) sin y* J¿yJ(C-12) 

The boundary conditions (C-9) and (C-11) reduce Eq. (C-12) to the 

following : 

w(x, s) * D(s) 
-X 

ak sin (x/i) (C-1J) 
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In order to apply Eq. (C-10), it is necessary to have v , vhlch is: 

The following is then obtained: 

w^Cx,«) * - D(s) (0 -X 

cos (c-lit) 

(c-15) 

Therefore, 

X*,*) - J* (C-16) 

It is convenient to change the form of this expression to the following, 

in order that tables of transforms can be used. 

w(x,s) -(1+i) x^a/2k 
t 

i 
? 
\ 

(C-17) 

This form is like that in Tables of Integral Transforms , Vol. X, edited 

by A. Erdelyi, McGraw-Hill Book Company, I954, Section 5.6, No. 3 and 

No. 11. On using the inversion formulas listed there, the following is 

obtained : 

i H 
w(x,t) = R<i<i -rv 

j P ÍÀ 

00 

-(1+i) x/2 JX/k ^ 

^ cos( Xt 
\ 11 *115 Jr 

. i ¡ 
« \ /O 

* -II, 

W 
0 1 + 1 

-1+2 ^ 2 

sin [(1 + i) xj^ ] d<p 

»ffgpg* -i i 

- cp 
dcp 

(C-lo) 
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To obtain the expression for M(x,t), it is necessary merely to use the 

relation, Eq. (3-3)* which is repeated here for convenience: 

M Ak 
2 

dx‘ 
(C-19) 

After some manipulation M(x,t) is found to be: 

Eq. (C-20) is now reduced further using X - ~ , to obtain the form 

stated in Section 3* Eq* (3-6), namely: 
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lhe infinite integral in Eq. (C-21) is evaluated in a special way. The 

methods used are discussed below. To simply the manipulations, certain 

changes of variable are made as follows: 

(C-22) 

With these changes, the integral (including the prefactor, - in 

Eq. (C-21) becomes: Ä 

" $ T ¢.2 
2 

f + 1 

sin l X § }-06h (xj| ) d§ (C-2J) 

The product siu (Xsj^) cosh (XN Is expanded In a power series 

in (}p) as follows: 

sin 
(x J> 

cosh (X J) = -4- 
Jã J_ 

JT n— + . . 

Therefore, 

, 1 
1 - $T 

e 

«j 

(C-2-) 

1 
“5- 
¢+1 

^ .¿p-¿gL 

xVV» “ I + • . . d $ (C-25) 
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This can be written as follows: 

I - - 
1 

T* 

X' 
o IT XI. + WT II 

X5 X7 
5T x2 ‘ 7T ^ + (C-S6) 

where 00 

- § T ^ 

a 

-i 

+ 1 
dj, n « 0, 1, 2, 3# • (C-27) 

The integral Iq, Eq. (C-27), can be considered as a Laplace transform with 

respect to the variable $ . Its value is given in Tables of Integral 

Transforms , Vol. 1, Erdelyi, Sec. 4.3, No. 9» Using this formula, the 

following is obtained: 

In » n(-l)n+1 <: cos T ♦ (5 + J) * 

« 

+ U , (27,0) , (C-2S) 

5 

where 

U (2T,0) 
-n - 

11m <r^ 

2-4 0 ®*u 

(-Dn (2|) 
2m-n - (C- 

2m-n - 3/2 (a} 

After sane manipulation the above becomes: 

0 . (2T,0) 
-n - f 

T*n ' I 
Ti-n . |) 

T’n + 5 T-n + § 

r(-n.¿) r(-n+¿) 
. . (c-50) 

t 
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Thus In can be evaluated for any T , and substituted into Eq. (C-26) to 

obtain I, the integral in Eq. (C-21). The remaining terms in Eq. (C-21) for 

M(x,t) can be found from tables. 

C-2. Uhsupported End 

In the above discussion the solution and method of computation were 

presented for the case of a sinusoidal impact on the end of a simply supported 

beam, according to the elementary theory of beam vibrations. In this section 

are presented the corresponding solution and the computation method for the 

case of the unsupported end. As for the simply supported end, the differential 

equation to be solved here is the same, namely Eq. (C-l). The difference ia 

only in one boundary condition; for the unsupported end zero shear force Q 

Is assumed, instead of zero deflection. That is, Eq. (C-2) is replaced by: 

Q(0,t) - A^xxxt0»*) * 0 (C-31) 

The other boundary conditions and the initial conditions are exactly the same 

as those given for the simply supported case. They are Eqs. (C-3), (C-4), 

(C-5)# and (C-6). The Laplace transform of Eq. (C-3l) is: 

Ak^OD.s) - 0 (C-53) 

This replaces Eq. (C-9) tn the previous discussion. The use of the general 

solution for the transform, Eq. (C-12), and the present boundary conditions, 

results in the following expression for w(x,s): 
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The transformed moment M(x,s) is obtained from Eq. (C-33) by twice 

differentiating with respect to x, and multiplying by Ak2. The result is: 

M(x,s) « H -¾ X a 
(s2 + X2) 

(C-34) 

For the purposes of inversion, the form of Bj. (C-34) is changed to the 

following: 

M(x,s) « + i) ra1 (x,s) (1 - i) mg 

where 

ñ>2(x, s) 
X -U + D 

s—~s e 
s + X 

(c-36) 

(C-3Y) 

To invert ¿q. (C-35)> use is made of the inversion Integral. Each part is 

inverted separately. The formulas for the inverses are : 

m^Xft) 1 
2x1 

n»2(x,t) 
1 

2xi 

7-M» 

8t m1(x4s)ds 
e A 

7+00 

"st - f a 
e m2(x,s)ds 

(C-36; 

(C-3SÎ 

V 
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where y is greater than the real part of any singularities of m or m in the 

complex s plane. The singularities of and nL are: 

a pole at s « + IX 

a pole at s « - ix 

a branch point at s » 0 

Thus 7 can be any positive real number. 

The path of integration for the evaluation of Eqs. (C-38) and (C-39) is the 

p.th A3 in Fig. C-l, (at end of the »port), for vhlch A and B are aesuned 

to recede farther and further free the real axle. In order to use Cauchy's 

theoren, a closed contour Is formed by adding the parts shown In Fig. c-l to 
AB. since the entire closed contour does not enclose any singularities, oh- 

value of th. integral around the complete path Is zero Another way of 

expressing this conclusion Is to say that the Integral from A to B dong the 

crooked path is equal to the integral from A to B along the straight direct 

path. It can be shown that the Integral along AG + CB, the large circular 

arc, approaches zero when s- -. Therefore, the integral from A to B is 

equivalent to the sum of the integrals dong GF3 and £DC. in each of these 

paths, one circulation In the counterclockwise direction occurs around the polos 

at e - -IX and +iX¡ also one circulation around the branch point at e-0 occurs. 

Since ± IX are not branch points, the total contributions from the vertical 

paths is zero. Thus, 

B 

^ 4e + + 4)+ + 
Ihe theorem of residues can be used for J ^.and /. it is possible 

to show that 0 as the radius of the loop around the branch point at the 

origin approaches zero. The residue at s . IX for or m2 Is given by: 

et_ 
lira ( s - lo>) e. m. 
8 -+1(1) 
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The remainder of the integral for ra^ or is expressed as an infinite 

Integral along the negative real axis* The results, after a certain amount 

of manipulation are: 

m^x^) « £ 
[iXt . (1 - i)x fiX/2k] [-iXt - (1 - i) X 
-  N—  _: 

-iX/2k] 

2«i 

■Kpt 

"5-5 c r X L 

2iœ 

1(1 - i)x J <P/2k -1(1 - ijxjç/âk I 
<2. -e. Jdq> 

u 
o 

(C-40) 

. llxt -(1 - -(14 
dip 

2nl 

-<pt 
mmmmm 

9' + X' 

1(1 ♦ i)x| 
■ III» 

<p/2k -i(l ♦ i)x(f72k j 
^ ^ -J0* 

u> 
From Eq. (C-35), 

M(x,t) * ^(1 + i) m^(x,t) -(1-1) •g(x,t)^ (C-42) 

On using Eqs. (C-40) and (C-4l) in Eq. (0-42), the following is obtained: 

M(x,t) « hI i- 

U* 
/ 

+ 8i/i 

.cos X,JÜ ,ln (? + ¢) 
-x ^p/kr 

4* 

1 
+ 7 

1 V 

xt n 
ir/£» sin x 

- q>t 
*5-*• sinh 

+ X ¿ C®'08 (®> 

kr 

cosh 
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To evaluate the infinite integral en Eq. (C-43), methods are 

used similar to those used in evaluating the integral in Eq. (C-21). The 

same change of variable, as given in (C-22), is used to simplify the manipu¬ 

lations in evaluating the integral of Eq. (C-Uj). The integral, including 

the factor - when rewritten in terms of the new variables X, T, and $, 

becomes 

Hie series expansion for the bracket containing the hyperbolic function and 

the circular functions is: 

h - 7T X7 f7/a + ¿r X11 . . ; 

Urns, the integral 1', a. defined in Eq. (C-W.) is given by the serlee" 

(C-45) 

Ji fx5 ,. X 
1 ■ 7T 

j x 
l37 

J1, - T • a. TI 
’ ^ 13 nr 15 • • • 

where 

{C-k6) 

« 

- *T (t> + 5 » 
> F fTT a§’ - (c-47) 

O 
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Using the same foraula as referred to after Eq. (C-27), after certain 

manipulations, 1' becomes: 
n 

Vn - * COS T + + ç)« 

-n + I 

r( -n + 2) 
(0-½) 

Thus I'n can be evaluated, and substituted into Eqs. (C-46), and (C-43) to 
obtain M(x,t). 



-74- 
24 April 1956 

HJPrbgh 

APPENDIX D 

LAPLACE TRANSFOFM SOLUTION OF THE 

EQUAT1ÜN for a semi-infinue 
SIMPiii aurWto BEAM WITH SINUSOIDAL MOMENT IMPACT 

In Section 3, the equations describing the motion of a beam in 

bending, including the effects of shear end rotatory inertia, are given. See 

(3*8)» (3*9), (3-10), (3-11). They are repeated here for convenience. 

dM 

& Q * Ak 2 du» 3£ 

dM 
37 « Ak 

2 du» 
3x 

(D-l) 

(D-2) 

(D-3) 

(D-4) 

In order to have an independent check on the numerical solutions described 

in Section 3, the above equations have been solved for one particular case, 

using the Laplace transform technique. The boundary conditions assumed aré 

those corresponding to a simply supported end subjected to a suddenly applied 

sinusoidal moment impact, lhat is: 

M(0,t) = H sin — , t<0 

* 0 , t <0 
v(0,t) = 0 

The initial conditions assumed are that all four variables M, <u, v are 

zero prior to the impact. That is: 

(D-5) 

(D-6) 

M(x,0) » tu(x,0) * Q(x,0) * v(x,0) * 0 
(D-7) 
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Application of the Laplace transform to the four linear equation, (D-l), 

(D-2), (D-3)> (D-4), and use of the Initial conditions (D-7) yields: 

- Q * Ak2sõ) 

^ = Asv 

where M(x,s) = 

-N00 

st 
e 

vx * I sQ - CÖ 

M(x,t)dt, etc. 

Vj 
O 

The transformed boundary conditions (D-5) and (D-6) are as follows: 

(D-8) 

(D-9) 

(D-30) 

(D-‘1) 

(D-12) 

M(0,s) » î| 
1 

(D-13) 

v(0,s) « 0 (D-14) 

Substitution of Eqs. (D-13) and (D-14) into the ti*ansformed differential 

equations, (D-8), (D-9)> (D-IO), and (D-ll) with subsequent elimination of 

all but M and its derivatives, the equivalent of Eq. (D-l4) is obtained. 

That is: 

Äxx(0's) 
nH 
T 

2 
s 

(D-15) 

Also, on eliminating all but M and its derivatives in Eqs. (D-8), (D-9), 

(D-10), and (D-ll), the differential equation for M is obtained. It is: 

k^M 
xxxx 

(x,s) - k2s2 ( 1 C)ßXx(X'3) s2(l + k2Cs2)M(x,s) (D-16) 
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Ibe solution of Eq. (D-l6), satisfying the boundary conditions (D-I3) 
and (D-15), is: 

fi(x,s) = M^Xjs) + Mg(x, s ) 

where 

M^Xjs) 
- s2c) ‘V 

X\s(s2 • q2) (s2 

ñgíxjs) = - 
nH 
2t 

- s2C) -V 

" 2 l/¿ p 
- a2) (s2 + 

(D-17) 

(D-10) 

(D-19) 

and where 

\ * i^s2 +X\8 (s2 - a2) 

^s2 -^s(s2 - a2) 

1/2 

1/2 

1/2 

1/2 

(D-20) 

(D-21) 
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The definitions of the symbols used in the above are given in Section 3> 

are repeated here also. 

C * -jj 

CQ 

^ *J — = bending wave velocity 

, « Lk* — = shear wave velocity 
l vj P 

' * Timoshenko shear correcvion factor 

•H 

% 

a « 

1 + C 
2 

C - 1 
C + 1 

k(c": 17 

1 

>cJC 

The formula for M(x,t) is obtained by means of the inversion integral, 

That is, 

M(x,t) » M1(x,t) MgCXit) (D-22) 

where 
7+co 

* àî fl1>2(*,s)e8t 48 (D-SJ) 

7+00 
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In the above integral, y is greater than the real part of any singularity 

of and Mg . Hie singularities of M^ and Mg are: 

Branch point at s * 0 

Branch points at s » ± a 

Branch points at s * ± lb 

Simple poles at s » ± 1^ 

In Fig. D-l is shown the closed contour for which Cauchy's theorem can be 

used. The path of integration is along the vertical line from 7 - ip to 

7 + iß, as ß-* ob. Because of Cauchy's theorem the crooked contour from 

7 - iß, around all the singularities, to 7 + iß is equivalent to the straight 

one. 

For the functions M^(x,s) and Mg(x,8) it can be shown that the 

portions of the Integral contributed by integrating along 1^, L^; 1^, L^, 

ly, Lj, ry Ry r^ and Tg are all zero. This leaves only lg, Lg, 1^, L^, 

1^, Ly r^ and to produce non-zero values. In Fig. D-2 are 

shown the values of s, and certain functions of s needed for evaluation of 

the integrals, along the portions of the contour Just listed. 

Using the results shown on Fig. D-2, it can be shown that for x < t <Jc x, 
the integral for M1(x,t) vanishes. Hence, 

M(x,t) = Mg(x,t) for x < t <Jc~x 

» + 

(D-24) 

M(x,t) 
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After some manipulation, the following results are obtained: 

M^Xit) 

La + 12 + S + *5 

H 
T 

2 ^ /«\2 r + (-) 

-;-r r ■ cos'XvJoc sinh - rt) 

sin*^(j|fx cosh Ctyjx - rt) l dr 

M^Xjt)! 

^ + l3 + LU + Í4 

[M2(x,t)] 

Ij + l2 + Lj + l5 

H 
T 

VJ 
O 

jjMgix^) 
Lj + + L|^ + I|^ 

“2—T5T2 
r + (^) 2 

1 - r 

cos*>^oc sinh CH£x - rt) 

+ sin*)^|fx cosh (*K|£x - rt) t dr 

H 
T 

b — 

1 + 
2 2 

+ r 
/it\2 2 
(-) - r 

cos rt sinh Sx dr 

(D-Ê5) 

(D-26) 

(D-27) 

(D-26) 

O 
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The poles at s = ± i ¿ contribute to ^ and Mg also. Using the fact that 

M1 or M2 is e<lual to 8lun of the residues of M1eSt or MgÄ-8t at the 

two poles, the following are obtained for - > b , 

« 

(¾) 
poles 

H 
I 1 - - sin T X cos — 

0 T 

(Mg) 
poles 

H 
5 1 + f. 

+ cos T X sin -- 0 t 

sin S 3C cos ~ 
O T 

+ cos S X sin 
o 

nt l 

’J 

(D-29) 

(D-30) 

Ihua, on usine Eqs. (D-24), (d-25), (D-26), (d-27), (D-2Ö), (D-29), (D-30), 

there results: 

For t > Cx 

M(x,t) = I 1 - 

n 
X 

c / n X 
NI» * 

nt 
- sin T X cos ~ + cos T X sin — 

O X 0 T 

H 
+ 2 1 + - 

L 4 
£ 
X 

a2 + (Ï)2 

nt 
sin Sx cos ~ + cos Sx sin — 

0 X Ox 

b r 
(D-31) 

H 
X 

1 + 

vj 
2 2 

a + r fn\ < 
- r 

X 

cos rt sinh Sx dr, 

if - > b 
X 
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For X < t < Je X, 

M(x,t) » I 1 + 

n 
T 

- J a2 + (ï) 
sin S_x cob ~ + cos SÄx sin ~ 

0 t 0 t 

H 
T 

H 
T 

r2 + (Î) 
~è-5 
a - r 

cos^tyjrx sinh (T^x - rt) 

(D-32) 

1 + 
~2 ï 
a r 

■f sinT^x cosh (l(Çx - rt) dr 

(Î)2 - r2 

if - > b 
T 

cos rt sinh Sx dr 

If - < b, the corresponding results are: 

For t 

H M(x,t) * £ 

H 
T 

1 - 

•I 1 + 

2 / ä \ 
a + (-) 

It 

T 

- sin T X cos — + cos T x sin — 
0 t o t 

N a2 ♦ (ï) 

cosh S^x sin — 
0 T (D-33) 

1 + nrrjr ,*\2 2 
cos rt sinh Sx dr 
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For X < t X, 

H M(x,t) - § 1 + 

Jt 
T 

\ ^ + (f) 

cosh Sx sin — o t 

H 
T 

H 
t 

r2 + (Í) 
J 
T-5- 
a - r 

co3>f|nc sinh (^x - 

+ sin"N|yx cosh fr(£x - rt ) 

1 + 

i 2 2 la + r 

dr 

/«V t 
(-) - r 

cos rt sinh Sx dr 

if - < b 
T 

where in the foregoing, 

X 

R 

i 

s 

1 + c c - 1 
— '^-cTT' a - g(c-. 1) » b 

vlT-;-«! (a2 - r5) 

1 

kJC 

jr(R * r) ,;£lR--rJ 
^ 2 

1/2 
+ r2 - r ] 

TtjrfTt \Ja2 + r2 + r] ^ 

<S)r - ï 
T 

<TV. i 
T 

rt) 

(D-jU) 
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Ibe integrals appearing in the fonaulas for M^(xtt) and MgCx^t) 

have to be evaluated numerically. First the expressions are rewritten as 

follows: (Only the case — < b is computed) Fcr t > Jc x, 
T 

For x < t x. 

(Doe) 

H 
7 + k2 ♦ 

where 

1 

r2 + 

cos*l|j|fx sinh f!^x - rt)dr (D-57) 

1 

2 
r + 

sin <^ijrx cosh (l^x - rt )dr (D-S8) 

1 + r 

fl 2 ♦ r 

cos rt sinh Sx dr (D-39) 
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Hie integrals and are improper; the integrand of is singular at 

r • a, and the integrand of Kj is singular at r * i (it is assumed that 

- < b; hence, this singularity is between the limits of the integral). The 

integrand of is regular at all points between 0 and a, and hence can be 

calculated directly by means of a numerical integration scheme. The 

integrals and are split into two parts, one of which contains the 

singularity in a convenient integrable form, and the other part regular. 

Consider K1 , first: 

Let, 

f1(r;x,t) * 

r2 + (i)2 
cos sinhO^x - rt) 

Then 

/ 1 
0 y 

Write f^(r;x,t) as follows: 

fjjr^t) 
--dr 

\ 2 2 
a - r 

fj(r;x,t) * f^(a;x,t) + 

Then becomes 

f^(a;x,t) 
dr + 

» 

f1(r;x,t) . f^ajx.t) 

° S' 

Now consider the following limit: 

2 2 
Vja « r 

11m 
r-» a 

fx(r;x,t) - f1(a;x,t) 

vi -2 2 a - r 

(of form §) 

(D-40) 

(r-4i) 

(D-^2) 

dr (D-43) 

X 
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àf3(r;x,t) 

or 

0 since lira 
r -»a 

ôl\(r;x,t) 
-~ ¿r~" is finite. 

Therefore the integral, 

MrjXjt) - f^ajXgt) 

'T) 
. 2 2 

M a - r 

dr (D-44) 

is réguler and can be evaluated \rith standard rrunericol techniques. Thj 

following is obtained after integrating the first terra of Zq.. (l;-43) 

Ki = fi I + h (L-li5) 

where is to be evaluated numerically, 

A similar procedure is followed to obtain a convenient expression 

for evaluating K^. The intermediate steps are omitted, and only the ÜmS) 

result is presented. 

where 

b + —' 
K, * f, ;x,t) —~ In/ -£ )+ L, 

3 3 T 2(i) \ b - f y ^ 
(D-4t) 

fr;x,t) = 1 + 

r~2 2 
\1a + r _ - 

[f?(r;x,t) - f;(¿;x,t)j 

cos rt sinh Sx (D-47) 

/ n \2 2 
(-) - r 

(D-48) 
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The integrand of is regular and hence can be found numerically. Tlic 

case for which computations have been carried out is the following: 

Bar. circular, diameter O.516 inches¿ material, steel 

E « 50 X 106 lb/in.2 

V = O.30 

p s 7«l87 X 10 4 lb, sec2/in.1* 

shear correction factor K'* ^ 

CM C2 
ratio of wave velocities — * 2; thus C * -S = 4 

CQ c2a 
Q 

Impact half period « 4 microseconds, hence t * 2.37358. 

Derived constants: 

^ * I.58II5, X.= O.6OOO, a * 2.66667, b = 2.OOC0O 

s0= 1.23789 

To- 3.20577 

Assumed value of H = 1. 

Values were obtained.for x * 2.0, t * 2, 2.5, 3, 3.5, 4, . . . 12. 

These are plotted on Fig. 3-3, labeled "Laplace Transform". 
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APPENDIX E 

CII/'.RACTEPISTICS SOLUTION FOR TIMOSHENKO EQUATION 

In Section It is stated that the differential equations of the 

variables M, o>, Q, v, along the four families cf characteristics are: 

along dt = dx 

2 
dM + Ak da> * - Qdt , along dt = - dx 

(E-l) 

These are converted to difference equations by making use of the element 

in Fig. E-l# bounded by characteristics of the bending wave family. 

Within this element there are two members of the shear wave family, 

shown dotted. The fifference equations, obtained directly from the 

differential equations, Eqs. (E-l), are: 

(E-2) 
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In the foregoing. 

At 

i+Fc 
At 

Q.. = Q_ + A' 3 1 + 
J5 

* V 

etc., for vA,, vc,, ®A„ ®c, 

A 

(E-3) 

If these equations are rewritten with all the terms having P as a subscript 

on the left side, the following are obtained: 

Mp - Ak2cup - g At^p * S1 

“p 
Ak^íüp 

(E-U) 
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where 

Equations (E-4) are solved simultaneously for Mp, 03^, Qp, Vp. Their 

solution depends upon having previously obtained values of all four 

variables at A, B and C by means of the same equations. If the values are 

also known at D, in Fig. E-2, then the same process can be used to obtain 

the values at R. 

Since new values depend upon previously obtained values, there has 

to be a starting point somewhere. In the problem solved in this report, the 

end of the bar is subject to various types of impacts in the form of half 

sine waves. In all cases, the values along the leading wave front, x « t, 

are zero. That is, M*ttJ»Q*v»0 along this line. Along the t»axis two 

of the variables are specified, say M and v; the others are determined from 

the two equations associated with the right half of the element of Fig. E-l. 

For example, if M and v are specified along the t-axis at the mesh points, 

then the second and fourth equations of Eqs. (E-4) are used to determine u> 

and Q at these points. 
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FIG.3-4 (o): M-* CURVES AT VARIOUS STATIONS ALONG BAR 
WITH PINNED END,' RESULTING FROM 
HALF SINE MOMENT IMPACT; r «2.4 , C*4 ^ 
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FIG. 3-4 (b)! M-» CURVES AT VARIOUS STATIONS ALONG 
WITH PINNED END, RESULTING FROM 
HALF SINE MOMENT IMPACT; T .4.8 , C*4 

BAR 

0«L - UT 
OWC AA 1648 
MjP - CLW 
2-20-36 

f "V 



-04 L 

♦ 04 

♦0? 

M O 

-02 

-04 

♦ 02 

M O 

-02 

-04 

42 

♦ 04 - 

♦ 0 2 

M 0 

-0 2 

-04 

10 14 30 

I * 10 

34 38 42 46 

FIG.3-4(c): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
WITH PINNED END, RESULTING FROM 
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FIG.3-5 (a): M-* CURVES AT VARIOUS STATIONS ALONG BAR 
WITH UNSUPPORTED END, RESULTING FROM 
HALF SINE MOMENT IMPACT; r * 1.2 , C * 4 
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FIG.3“5 (b)! M-t CURVES AT VARIOUS STATIONS ALONG BAR 
WITH UNSUPPORTED END, RESULTING FROM 
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FIG.3-5 (c): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
WITH UNSUPPORTED END, RESULTING FROM 
HALF SiNE MOMENT IMPACT; r = 3.6 , C = 4 
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FIG.3-5 (d) M-t CURVES AT VARIOUS STATIONS ALONG BAR 
WITH UNSUPPORTED END, RESULTING FROM 
HALF SINE MOMENT IMPACT; T:4.8 ,C = 4 
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FIG.3-5 (f ) M-t CURVES AT VARIOUS STATIONS ALONG BAR 
WITH UNSUPPORTED END, RESULTING FROM 
HALF SINE MOMENT IMPACT; t =IO.O, C = 4 
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FIG 3-6 (b)! M-» CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM TRANSVERSE SHEAR FORCE 
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FIG.3-6 (OI M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM TRANSVERSE SHEAR FORCE 

HALF-SINE IMPACT; t = 3.6, C = 4. 
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FIG.3-6 (e) M-t CURVES AT VARIOUS STATIONS ALONG BAR 
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FIG. 3-7(0): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM TRANSVERSE VELOCITY 
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FIG 3-7(c): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM TRANSVERSE VELOCITY 

HALF-SINE IMPACT' t = 10.0 C = 4 
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FIG 3-8(b) M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM ANGULAR VELOCITY 

HALF-SINE IMPACT. 
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FIG 3-8(c): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM ANGULAR VELOCITY 
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FIG. 3-9(0)1 M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM ANGULAR VELOCITY 

HALF-SINE IMPACT. 
END UNSUPPORTED. 
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FIG. 3-9 (c): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM ANGULAR VELOCITY 

HALF-SINE IMPACT. 
END UNSUPPORTED. 

T = 10.0, Cs 4. 0*1- UT 
DWG A4 1696 
HJ* - CLW 
3- 19-56 



♦ I o 

+ 0 4r 

«-0 2 ■ 

M 0 

-0 2 

-0 4 

-0.6 

4-0.4 

+ 0.2 

M 0 

-0.2 

-0 4 

1*6 

X s 10 

FIG.3-10(0): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM MOMENT HALF-SINE IMRACT. 

END UNSUPPORTED, t * 2.4, C ■ 3. 

om.-uT 
owe AA ie«7 
HJW-CUW 
»- *0-5« 



,, I 

FIG.3-I0(b): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM MOMENT HALF-SINE IMPACT 

END UNSUPPORTED, r «IO.O,C« 3. 
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FIG.3-1 l(o): M-t CURVES AT VARIOUS STATIONS ALONG BAR 
RESULTING FROM TRANSVERSE SHEAR FORCE 

HALF-SINE IMPACT; t . 2.4, C*3. 
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FIG. A-i: INVERSION CONTOUR FOR THE SOLUTION 
OF THE LOVE EQUATION FOR 

THE SEMI - INFINITE BAR 
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FIG.B-i: CURVES SHOWING THE FAMILIES 
OF CHARACTERISTICS 

FIG. B-2: CURVES SHOWING FOUR ADJACENT POINTS 
IN THE FAMILIES OF CHARACTERISTICS 
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FIG. B-3: SKETCH SHOWING STEP BY 
STEP PROCEDURE USED 

IN CALCULATIONS 

FIG. B-4: CURVES ILLUSTRATING PROCEDURE 
USED IN CALCULATIONS 
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FIG. C-i: CONTOUR FOR EVALUATION • 
OF EQS. (C-38) AND (C-39) 
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FIG. D-1 : CONTOUR FOR EVALUATION 
OF EQ. (D -23) 
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FIG. 0-2: SIGNIFICANT EXPRESSIONS USEFUL IN 
INTEGRATION OF EQ. ID-23) 

! ORL - UT 
DWG A A i?02 
^ ' D _ r ■ 

i 

i 



•4 

P 

FIG. E-i: ELEMENT USED IN NUMERICAL 
COMPUTATION BY METHOD 

OF CHARACTERISTICS 




