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The disturbing function for an axi-symnetric potential field is expanded
into a doubly infinite Legendre harmonic series, The effect of the general
? harmonic term on the motion of a satcllite in the field is developed by
averazing with respcct to the mcan anomaly of the satellite and applying
Lagrange's planctary equations, ZExpressions for the variation of orbital
clements duc to the main harmonics are listed, the results being applicable
to the perturbations of an earth satellite duc to asphericity of the earth and
luni-solar influence, Goneral expressions for secular and long-period

perturbations are obtained,
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1 INTRODUCTION

In attempting to describe the motion of an carth satcllite the basic
problem is to cxpress anulytically, and with sufficicnt accuracy, the deviation
of' thy motion from the simple path that would be described if the only force
acting werc due to a uniform gravitating sphcre, Three of the actusl perturbing
forces arisc from the asphericity of the earth, from attraction by other bodies -
notably tho sun and moon - and from the pressure of solar radiation, The
effects of these threec sources of perturbation arc studicd in this Report.

Other sources of perturbation, not studied hore, include atmospheric drag and
small forces due to electromagnetic drag and Einstcin's modification of Newton's

law of gravitation,

Since the first satellites were launched in 1957 a spate of papers on
satollite perturbations has appearcd, The effects of the earth's asphericity,
of luni-solar attraction and of solar radiation have customarily been trcated
scparatcly and there is a particularly large literaturc on the first of these.
The object of the present paper is the development of a gencral analysis from
which rcsults applicable to all three sources of perturbations may be obtained,

lost writers of papers on satellite perturbations assume their readers
have a wide background knowledge - in particular an understanding of the
Legendre method of exparding the carth's potential, In the hope of making this
Report more comprchensible to those who lack this background, and to make the
account as completc as possible, the opportunity has been taken to give some

of the fundamental material, mainly in the Appendices and sometimes rather

unconventionally,

Merson1 has investigated the motion of o satcllitec of a parcnt body whose
gravitational ficld is axi-symmetric, by expanding the potcatial at a general
extcrior point as a scries of terms involving Legendre polynondals and ncgative
powers of the radial distance to the point from cn origin on the axis of
symnctry, Taking the carth to be a parent body of this type hc has obtained
thc main effects of the first six paramcters of asphericity - the J cocfficients -

on the orbital clemcenis of an earth satellite,

Cook2 has considered the perturbations of an earth satellite due to the
attraction of a distant body (the sun or moon). He assumcs the distant body
doecs not move during one complete revolution of the satellite and, like Moerson,
describes the perturbations by giving the changes in the orbital elements of

the satellite over such a revolution,
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Now the disturbing field arising from a stationary body, considercd as a
point mass, is axi-synmotric, Hence the effect on satcllite motion may be
obtained by generalizing Merson's theory, using a series of terms, in the
Logendre expansion of potential, with positive powers of the radial distance,
Cook's results being for the . irct term in the series, Such a generalization
is mado in this Report, the potential being cxpressed as a doubly infinite
series, powers of tho radial distance running from -oo to 40 The effect of
the general term of the series is studiud, When results ars applicd to
satellites of the carth, asphericity, lunar and solar perturbations must be
dealt with separately sincc there is a differcunt axis of symmetry associated
with each (the earth's polar axis and axes pointing towards the moon and sun
respectively), It is a straightforward matter, however, to transform results
nssociated with onc axis into the appropriate form relative to another axis

and it is natural to regard the earth's polar axis as the fundamcntal reference,

Apart from a consideration of secular and long-period perturbations in
scction 10, the Report follows the Merson-Cook approach of studying perturbations
over a conplete rcevolution of a satellite, The treatment owes much to the work

3 L

of Groves” and Kaula’, These authors give very gencral accounts of satcllite

motion in the earth's field, with axiel symmctry no longer assumed and the
short-period effect of cvery Legendre term included, In a subscquent paper5
Kaula gives oan equally general development of the lunar and solar disturbing
functions, The very generality of thesc papers, however, involves two
disadvantages: thc analysis is formidable from the point of view of the
average reader, and there is a dearth of concrete results at the end; algebraic
expressions arc given which cover all first-order terms (of the perturbations
of the elements), but it is very difficult to write down specific terms from

thesce expressions,

In this Report, therefore, the aim has been to make the general formulae
as simple as possible and such that the gencration of particular expressions
is always an casy and obvious process, To the former ¢nd, and despite the
cxtension to positive powers of the radial distance already mentioned, the
formulac have becen kept 1less gencral than thosc of Groves and Kaula in that
short-period terms arc averaged out as soon as possible, whilc the rastriction
to axially symmetric terms is itself an enormous simplification, The important
short-period turms corresponding to J2 only - i,cs to the dominant oblatencss
term in the casc of the carth - are listed scparately in scction 10,1 of the
paper. To assist in the derivation of particular rcesults, each of the five

basic functions defined in the Report is tabulated as far as the fourth
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harmonic in the Legerdre expansion. The functional expressions for higher
harmonics are best obtained by the use of recurrance formulae; a list of the
required formulae is given, generalizing some work of Merson ,

From the fornulne for the perturbations of an earth satellite after
one complcte revolution, expressions are derived for secular and long-period
variations valid over many revolutions, Formulae for luni-solar perturbations,
relevant to a not-tos-distant satellite, are given for three situatlons: for
a complete revolution of the satellite, the sun or ioon being considered
stationary; for the average over a revolution of the sun or moon; and for
further averages with respect to revolutions of the perigee of the satellite
and of its line of nodes rcletive to the line of nodes of the sun or moon.

2 PREVIOUS WORK

The considerable literature dealing with setellite perturbations hes
been remarked upon and some of' tho papers (Refs,1-6) mentioned, It may be of
intercst to give a brief survey of some of the more important contributions
to this literature and we start with those which tackle the asphericity
perturbations, Fairly detailed descriptions of, and comparisons between, the
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main theories are provided in useful papers by 4. H, Cook’ and Kaula .

First, historically, was a paper by King-Hele9. His results are limited
mainly by the neglect of higher powers of the eccentricity and by the
assumption that the existence could be postulated of a constantly inclined
"orbital plane" in which the satellite would always lie, The theory of
Brenner and Latta1o provides a natural extension of King-Hele's methods, the
characteristic of this method being its reliance on first principles rather
than on the traditions of celestial mechanics,

Merson's theory1 has provided the basis for all orbital analysis so far
conducted at the R.,A.E., He carries to its logical conclusion the idea of
introducing non-osculating elecments which, as far as J2 is concerned, are as
smooth as possible over one revolution of the satellite, The starting point
is the set of six Lagrangian planetary equations for osculating elements, as
it is also with the theories of several other authors including
Zhongolovitch (see Ref,411) and Kozai12. Kozai's theory is the one used by
the Smithsonian Astrophysical Observatory to analyse Baker-Nunn camera

observations,

Kozai's paper is to be found in a noteworthy number of the Astronomical
Journal which also gives the theories of Brouwer"3 and Garfirﬂcel“". These
authors have more advanced starting points which involve the methods of



Hamilton, Jacobi, Delaunay a:d Von-Zeipel., An intermediate orbit is required -
the basic Kepler ellipse in the case of Brouwer, but a pseudo-ellipse, much
closer to the true orbit, in the case of Garfinkel, Brouwer's theory is used
by the National Aeronautics and Space Administration (NASA) as one basis for
the derivation of orbits,

The classical method of Hansen has been modified by I\dusen15 »16 to give a
theory which is part analytical, part numerical and is intended to facilitate
the practical representation of satellite motion to very high accuracy,
Musen's theory, also, has been used by NASA and formulae developed by Fisher
allow it to be compared directly with Brouwer's,
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No survey would be complete without mention of the series of papers by
Vinti of the U,S., Bureau of Standards, 1In the first18 of the three main papers
of this series Vinti introduced sphercidal co-ordimates in place of the usual
spherical co-ordinates, By this means he obtained separability of the
Hamil ton-Jacobi equation for motion in a field which accounts for more than
99 per cent of the earth's asphericity. In terms of the J coefficients
(see section 4e1) the field is such that Jo = (=1)P*1 Jr21 and J, ., =0, and
hence can represent the dominant J coefflcn.nt completely, residual deviations
being due to the values of J + J2 2, etc. Vinti originally had a
secord free paramecter in the potc.ntml so that J3, say, could be represented by
g O0and d, . = (-1)" J, Jn but this idea was not

pursued beyond the first paper, In the second mam paper 1 the formal 1nt«.;rr::d.s

a choice of origin with J

from the first are evaluated, two possible scts of orbital elements defined
and the exact solution for the intermediate orbit developed, In the third
paperzo Von Zeipel's method is used to obtain the perturbations, relative to

the intermediate orbit, due to Jh. + J‘g and Jy

On passing to the subject of luni-solar perturbations one finds far fewer
papers, The main reasons for this are that for a closc earth satcllite the
perturbations are much smaller than the asphericity perturbations and that the
subject has less obvious novelty amd so, perhaps, less intellectual attraction,
Perturbations of the lunar orbit about the carth due to the sun and other
disturbing bodies have, of course, been studied for many yecars and the theories
of Hansen, Delaunay, Hill and Brown are described in such standard texts as
Refs,21, 22 ard 23, Although the problem of luni-solar perturbations of an
earth satellite is superficially the same, it is actually different enough for
most workers to have attacked it independently of the traditional theories,



The paper of Cookz, alrcady mentioned, considors only the main term in
the Legendre expansion of the disturbing function amd takes the disturbing
body to bo fixed, Allzmzl‘“, using vector methods, considers a further term
in the uxpansion - the parallactic term - and Smi.t;h25 yot another, Smith25
also allows for the motion of the disturbing body and for long-pcriod inter-
action with the sccular effccts of the earth's aaphericity,

Kozz;:i.26 develops the disturbing function for the effect of a disturbing
body at a general position in its orbit, working with the main term only.
Muscn, Bailic and Upt:om27 include the parallactic torm in a similer development,
Ret', 27 includcs short-period terms und requires 13 pages for the expression
of the disturbing function in terms of orbital parameters, With sccular and
long~period terms only it still requires 6} pages; of these, 2% pages cover
the mnin torm in the Legendre expension (Types 1 to 5 on ppe 25-27 of Ref,27)
and agree with Kozai's development (pp. 8-9 of Ref,26) apart from a sign crror
in onc of Kozai's tcrms (line 13 on page 9 of Ref,26),

(After the rest of the present paper was written, the author confirmed
that the crror in the disturbing function just referred to is indeed in Ref,26
ard not in Ref,27, This was done by comparison with a third paper, recently
written by Myrna Lewisl‘z. Her expression for the disturbing function -
equation (18) of Ref.42 - itself cortains a copying error, which is not
transmitted to the rest of the paper, in that the middle term of its third line
should be rmltiplied by 2, Ref,42 goes beyomd Refs,26 and 27 by giving a full
development of seculor and long-period perturbations to the orbital elements,
Ref,27 gives no such development and Ref,26 gives only the secular terms for
Q and ),

3 LAGRANGH'S PLANSTARY EQUATT ONS

e suppose that a satcllite is moving in a gravitational field, the main
effecet of which is an inversec-square-low attraction towards a fixed point, O,
Then if the ficld is conservative, the potential mey be written pu/r + Uwhere r
is the distance from O and g is a constant, The first tcrm is from the central
force and the second term, U, from the rest of the fisld, This term is called
the disturbing function and we shall assume it to be a function of position
but not of time, In the abscnce of perturbing forees, the satollite would
deseribe a fixed Kepler conic section orbit - we suppose an cllipse, The
cllipsc into vhich the actual orbit would "freoeze" if, at time t, the perturbing
force were instantancously rcmoved is called the osculating ellipse at time t.
It can be specified by six clements; if the gravitational field is that of the
earth (centrc 0) these are normally taken as the following sct: scmi-major
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axis a, eccentricity e, inclination i, right ascension o” the node 1, argument
of perigee w and mean anomaly at the epoch (when t = O) Y.

It is important to note, to avoid confusion, that ¥ - as with the other
five elements - is defined for the current time t and varies - like the others -
due to tne perturbing force; the definition, however, involves an cxtension of
the instantaneous "frozen" orbit back to t = O, Usc of this eclement has an
inherent drawback, For if Ay is the change in x between two times t1 anmd t5,

Oy will depond on two extrapolations back to t = O, But for an arbitrary
displaccment of the time origin (say to a systom defined by t' = t + const),
the extrapolations would be back to a different epoch (t' = 0) and so Ay would

have a differcnt value, This is clearly most undesirable,

To avoid this difficulty we replace the element ¥ by another element,
usually denoted by x* but here by o for easc of notation, such that, if n is
3

the mean motion given by n2 a” = j,

t

o‘+/ndt=x+nt, (1)
o

where both sides of this equation give the mean enomaly, M, in the osculating
orbit, The element ¢ itself suffers from the disadvantage that it is not, as
is y, immediately defined, for a given t, from the osculating orbit, By its

23

use, however, it can be shown ~ that the equations for the variations of the

elements arc easier to integrate,

23

These equations, Lagrange's planctary equations 7, may now be stated in

the followving form:=

1o
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da 2 dU
dt ~ na oM ? (2)
de 1 {( 2, U 2,5 dU
_— 1-e) = = (1-e )2 — (3)
dt na2e oM owl| ?
di cosec i { U au}
= = —~+{cos i+ - =} , (4)
& % 2 (10 du N
¢ _ _cosec i  dU (5)
dt na2 (1-82)72 J1 ’
2.1
dw _ 1 {(1-e7)2 30 _ coti aU (6)
it = ~2) e de ( o\g aL| 2
1-6“)
2
o _ 1 ((-e®) ey U
at = T2 { s de * 2 aa} O (7)

In these equations the disturbing function U is assumed to be a function of

a, e, i, 1, w ard 1, where

M:o‘+[ndt, (8)

so that the dependence of n on a does not enter into -g% A

Once the equations have been set up there is no difficulty in picking out
the main first-order terms of the solution, For we simply set a, e, i, 0 and w
constant on the right hand sides, after the partial derivatives have been
formed, To eliminate short-period terms we then integrate over a complete
revolution of i, i,e, over one orbit, (Short-period terms are included in the
very general treatments of Groves3 and Kaula""; for a satellite in the
gravitational field of the earth, however, the only significant short-period
terms arise from J2 - defined in the next section - and these are given

explicitly in section 10,1),

4 THE DISTURBING FUNCTION

Led Form assumed

The earth's gravitational potential may be expressed as
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n
‘:: +U = %[1 + Z(%) PF:" (sin B) (Cn,m cos mh + Sn,m sin m\)

00 n
n=1 m=0
[ X NN ] (9)

This only differs from the form and notation recommended by the International
Astroromical UnionZ® in that U, in equation (9), is used just for the disturbing
function and not for the entire potential, The derivation of the expression

is outlinod in Apperdix A, The notation is as follows: Cn,m and Sn,m are
numerical coefficients, r is the distance from the carth's centre of mass,

R is the mecan cquatorial radius of the earth, § is latitude, N is longitude
measured east and 13:1 (sin B) is the associated Legerdre function defined in
Appendix B, Tho expansion is valid for points outside a sphere containing the
total mass of the carth; neglecting the mass of the atmosphcre, the radius of

the smallest such sphore is only slightly in excess of R,

An inportant special case arises if the assuiption is made that the
gravitational field is symmetrical about the carth's polar axis, With the
same deviation from the recommendations of the I.A.U.28 as before, the

potential may then ba written

E,u - %[1 - iJn (%)n P (sin B):l ’ (10)
n=1

where J is a numerical cosfficient and P (sin B) = P?x (sin B) is Legendre's
polynomial, ZEquation (9) clearly rcduces to cquation (10) on taking

Cn o = -Jn and 211 other C and S coefficients zero,
9

The assumption of polar symnctry gives a very good approximation to the
actual ficld of thc carth, It leads to considerablc simplification in
integrating Lagrange's cquations, One revason for this is that the three
'orientating' clements in the set of orbital clements defined in section 3 -
that is to say, i, 1 and w - are defincd rclative to the essumed axis of

symmetry (the polar axis) and the plane perpendicular to it (the equator),

In this paper, though we arc considering perturbations associated with
arbitrary central ficlds, the standard epplication is to the field of the
carth and it is convenicat to usc the notation which rofers to the carth,

The restriction to axial symmectry is assumed so that the potential, outside
a sphore containing the central nass, is described by cquation (10), However,
hough the generalizction to equation (9) is not nnde, we wish to generalize

equation (10) another way, Gravitating mass is assumed to exist outside a

Cro
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sphere of radius r, as well as inside a sphere of radius Ty The centre of the
two spheres is at O, a point on the axis of symmetry but not necessarily at the

centre of mass of cither region,

Then the potential may be taken to be given by

Byvu - 5—[1 - iJn (%)nPc (sinﬁ):l ’ (11)

N==00

where €=n if n» 0, and € = =n=1 if n < O; R is now an arbitrary fixed value of
r, This expansion is valid at all points between the two spheres, i.c, for
vhich T, < T < The The terms with n > O arisc from the interior mass and the
terms with n < O from the extcrior mass, A derivation of the expansion,

extended to the case of axial non-symmetry, is given in Appendix A,

Three of the J coefficicnts may be climimated very simply, Since P (sinpB)
is constant (+1) J-1 is associated with a constant contribution to U which may
be disrcgarded, Jo will be zero so long as the constant p is equal to Qv‘[i,
where G is the universal gravitational constont and Mi is the total interior
mass; thus Jo may be climinated by rcplacing u, if necessary, by p = GMi.
Finally, J 4 may be made zero by taking O at the centre of the interior mss,
However, it is convenicnt to retain all terms in the cxpansion during the

general development,

Thus the form assumed for the disturbing function is given by

o0
U = Zun p (12)
N==0c
where
n _-n-1 .
U, = -ud R'r E, (sin B) (13)

L,2 Devclopment in terms of clements and mean anomaly

Equation (13) gives U as a function of r and B (A is missing because of
the assumed axial symmetry) at all points of a certain region in space amd
hence at all points of any orbit that lies entirely within this region, In
order to integrate Lagrange's equations, (2) to (7), it is necessary to
replace this function of r and B by a function of the elements a, ¢, i, 2, w
and of the mcan anomaly M for the particulor orbit, This we can do by
cexpressing r and B as functions of a, ¢, i, 2, w and M by the usual rclations
for the Kepler cllipsc, Two stages are required,
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First we replace P, (sin 8) by a function of i, w and the true anomaly V.
We follow Groves3 with minor modifications to the notation and considerable
simplification due to the assumed axial symmetry.

If ¢y is the angle measured from the north apex of the osculating orbit
back along the orbit to the satellite we have

y:%-(w+v) (14)

by definition and
sinf = sinicos ¥y (15)

by elenentary spherical trigonometry. ‘e now apply the cddition theorem for
Legerdre polynomials which is given by equation (C1) of Appendix C, replacing
n, my, ¢, 6', 6 and A by ¢, k, ®/2 -~ B, %/2, i and y respectively. This gives

£
P& (sin B) = Zuk %ﬁ%ﬁg—f,-?i; (0) Plé (cos i) cos ky , (16)
k=0

where uw = 1ifk = 0, alduy = 2if k% Q
Now, from equation (B2) of Appendix B,
dkPc (cos 1)

d (cos i)k

Plé (cos i) = sin” i

’ (17)

where the second (k'th derivative) factor is a polynomial in cos i, This poly-
nomial does not vanish when cos i = 1 (unless k > £ when it disappenrs complctely)

anl in fact
clk‘P6 (cos i) (eak)

= 1
a (cos 1)¥ 2 (¢-x)! k!

wheni = 0 .

Hence it may be normalized - in a certoin useful sense - and we define, for

k<é,
dkP& (cos 1)

a (cos i)*

oK (o)t Kkt
(£+k)!

AIE (1) = : (18)

We now combine equations (13), (16), (17) and (48), writing
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U = Zunk , (19)

where

K
i —‘ﬁ-‘i"’—(o)- ain’i Alz (1) cos ky (20)

T -pJanr
2" ke

nk

The function Alé

a function of cos i and f, where

(1), which is 1 when 4 = 0, is conveniently expressed as

f = sinzi ~

Table 1 gives the particular functional expressions, for £ and k up to
¢ =14, k = 4, A recurrcnce rclation is given in scction 6,2 and derived in

Appendix Do

In the sccord, and nore complicated, stege of the replacement of r and B
by a, €, i, 0, w and ¥ we have to deal with the factors r ™' and cos ky which
occur in the expression of Unk by equation (20), It is usualB’l* at this
point to appcal to Hansen's X function —, by means of which one can vwrite

00

£ cos kg = y e (e) cos {sM + k (w=3x)] (21)

S==00

(vemewhering that y = % = w = v), Expression in terms of a, e, i, , w and

i is clearly conplete if this function is used,

In the prescnt application, however, this approach is unnecessary, though
the form of cquation (21) helps to clarify the following argument, We have |
resolved to clininnte short-period terms in the solution of the Lagrangian
couations, by integrating them (with respect to time) over a complete revolution
of the satellite, But dt is proportional to d&f, by equation (8), Then considera-
tion of Lagrange's equations (2) to (7),in conjunction with the expression for U
in terms of ! using equation (21), shows that it is legitimate, amd certainly
simpler, just to integrate U with respect to M before substituting in the

cquations,

Now if U

rovolution,

nk (av) denotes the average value of U nk °oVer & complete

Py
e
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J

n 2%
w3 R"u PX(0) )
- z k € ° sinky A};(i)[ £ cos k (vew-in) aM
0

en kg
soe0 (22)

by equation (20), But for the Kepler ellipse,

r & 2\=3
a = <;> (1-e“)72 av
(from, for example, Chapter 2 of Ref,23), Hence, using the basic relation

p/r = 1+e cos v, where p = a(1-e2),

2n 2%

—n=1 -n+1
/r cos k (viw=-3m) AN = =%

a“(1-e

= = vees (23)

2)_ (1+e cos v)n-‘I cos k (vewwin) dv

2

4

Kaula™ carries out this last integration for n > 1, but the integration is
equally valid if n € O, Using the binomial theorem for any index, positive or

negative, ard the relation

s
cos® v = 2-SZ(Z> cos (s~2q) v
q-_-O
for s a positive integer, we get
27
/ (1+e cos v)™ 1 cos k (vew-3r) dv
° 2R oo S
1) (8) 37 () cos (s-20) v cos k (vrenin) @
— - S= . JouZ
= s 5 \a cos q cos viw-zR) dv
° s=0 q=0

vese  (24)

where the series in s temdinates if n»> O, and n;1) is defined for n positive,

zero or negative by

S

( -1> = (n=1)(n-2) ceus (n-s)/s} .
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Now, for any x,

s ’<:> cos (8-2q) v cos x }Z(Z) [cos [x+(s=2q) v] + cos [x-(s-2q) v]]

q:O Q=

s
= y<:> cos {x-(s-2q) v{ , (25)
L 2
q=0
since
3\ _ s
q/ = \s-q) °
Also
0o Oggfs o0 o0
FEATEE. e
- L
s=0 q=0 q,s8 q;O s=qQ
From equations (24), (25) and (26), with x = k(v+w=3=n),
2r

[ (1+e cos v)™ cos k (viw=in) dv
o

2R

° q=0 8=

o)

XX ) (27)

But, of the double series on the right hand side, terms for which
k-s+2q ¥+ O integrate to zero, Hemne, since s = k+2q satisfies 8 » q,
equations (23) ard (27) give

2n

a (1-e
0 0

cees  (28)

F5 5 (0) () o o e i+ s v

1
-n=1 1 _ Cah n-1 k+2 q\ k+2q 3
/ r cos k (viw—im) dM = Z(k+2q>< / (Ze) cos k (w-3m) ,
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Now define

S le) = i(;’;q) (k29) o™ (29)

Then from equations (22), (28) and (29),

i (€) cos k (wedm) '

vees (30)

(0)
Unk(av) = -pJn<5-) L’:zc iy k(i)_.(__)_s

= k:

The series given by equation (29) terminates if n» 1, and Snk(e) is then a
polynomial in ez. But for this case k < n (since k € € and £ = n). For k = n the

polynomial vanishes identically but otherwise it has a non-zero leading (constant)

term, viz < -1>. Hence it may be nomalized amd we define, for n > 1,

‘ /
n-1\ .
Snk(e),<k>lf°‘ k € n-1

and . (31) N

-

By(e)

"

Bﬁ(c) O (though this is actually arbitrary).J

A formula for Snk(e), vhenn > 1, in terms of Pkn_1 (1//1-e2) is given by equation
(E13) of Apperdix E,

For n < O the series is infinite, Fortunntely it may be summed in terms
of the Blrcl(e) polynomial defined for n » 1, In Appendix I it is shown that

sde) = () 0=HE S (o) (52)

nk

forn< 0 and O € k < & (where £ = -n~1 ifn<0a1d6=nifn=0).

Sincc it is desirable to retain a single formula for U (av) we scek to
combine equations (31) and (32) before n,tu.rnlng to equation (50) This can
be done by taking the factors (R/p)" amd (1-\, )2, from equation (30), with
Snk(e) and vriting

(f;)n (1-¢2)2 s (o) = (n}:1> @)n (162 B;;(e) ’ o)



19

where

o
"
3
=
"

n, € =% if n» 1

ard

b = a, h==-n+1, €=0 ifnc<coO ,
The function B will now always be referred to with lower suffix h instead of n,
Particular expressions for Bi:(e), up to h = 5, k = 5, are given in Table 2,

A rccurrence formula is given in section 6,2,

Before giving the finnl expression for U nk(a.v), it is convenient to
combine together all the numcricel factors, cach a function of n and k only,

/e define

ct - (34)
n 22k X! k

kX F¢(0) (n-1)

for all integral n, The coefficicent Ci is given in Table 3 for n running from
=4 to +4 and, therefore, as far as k = 4, It is zero if {-k is odd,

Equations (30), (33) and (34) now give
n
U (av) = pJ o (%) B(e) o (1-0%)% KF (1) sin®s C¥ cos k (u-ix)
eoce (55)

and this is the final result in the development of U, It is observed that
Unk(av) is o function of a, ¢, i and @ only; Q and M do not appear,

o) INTEGRATION OI* TUE PLANETARY ZQJUATIONS

Short-period terms having been eliminated from the disturbing function,
correct first-order perturbations to the elements can only be obtained at
interva)s of one¢ revolution, The integration of Lagrange's equations (2) to (7)
over a complcte revolution, from node to node or from perigee to perigee, is
now quite trivial on tnking Unk(av) from cquations (12), (19) anmd (35). If
A%, in the notation of Merson!, imdicates the change in = typicel clement 4

over onc revolution,

A, = _22,1-?; (&V)

n dt ’

where n, here, is the mean motion,

8

T
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The (first-ordor) oxprossion for oach A% can bo written down as a double
sum of torms with index n ruming fran oo to 40 and k fram 0 to s For
simplicity, however, we write

00 R n
A% = thJn <g> % (36)
N==00

and then, as in equation (19),

¢
&, = Zz:nk . (37)

k=0

As a further simplification we introduce, as additional Z Nk’ the quantities
¥, end p_, given by equations (44) and (45) which follow,
ilnen substituting into equations (2) to (7), it must be remembered that b

is a function of a and, wien n > 1, also of e,

The expressions for the & n My now easily be written down as follows:~-

a, = 0, (38)
e, = ke (1-62)5%2 g3,y &5(3) BS(e) sink (a=in) ,  (39)
i, = = e(1-e2)_1 cotie, , (40)
0, = o e (1-02)5F 5ink2 Dif(i) B(e) cos k (v-ix) , (21)
wm(=-0nkcosi+wnk, (42)
T = - (1-e2)% Vo * P ? (43)
v, = C K2 (1_62)T¢ g3k A5(4) E};(e) cos k (w=2x) ,  (44)
P = 2(n+1) c:l:1 e (1-e‘°‘)e ainii A}f(i) Blg(e) cos k (w=3m) , (45)
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where Dj(1) and Ei(e) are defined by

Dg(i) = k cos i A (1) + sini & di c(1) : (46)

Eﬁ(e) {k +(2n-k-1)02] Blg(e) + e(1-e2) ;%e- ﬁ(e) ifn>1  (47)

and
E“;(e) = kBE(o) + eg‘—eBl;(e) ifn<o0 o (48)

Ve cbserve that DS(0) = BX(0) = k, Thus in particular DZ(0) = EZ(0) = 0
and th:.s is why these f'unctlons can not be normalised in the way that A‘((i)
and B) “(e) were, The function D (i) is given in Table L as far as ¢ = 4, kK =4,
ard I“g(e) in Table 5 for n running from =4 to +4 and as far as k = L

6 EXPLICIT EXPRESSIONS FOR THE & nk

6.1 The special cases n = =1, 0 and +1

These special cases have been mentioned briefly in section 4.1 when the
final expression for the disturbing potential was introduced, It may now be
seen from equations (38) to (45) that the Z , have their right values for these
cases, Thus all % , &re zero except that

O'o = Po = “2 @
B J_y
For n = -1, U_1 = =R This is constant and so may be disregarded,
Hd

For n = O, Uo = -7 i,e, with no other disturbing term present, the

full potential is

p{1-J_)
g PPy ARl o et

rt Uo - r
Thus the perturbation may be combined with the central force itself, using -
instead of y - an effective § = p(1-J )e An orbit in the field of force may
be described either by constant 'barred' elements based on | or else by the
ncrmal osculating elements based on pe In the lattecr case we must tolerate

variations in the elements, duc to the perturbation,

—)
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Although the normal osculating clemcnts arc not all constant it is clear =
from the fact that the orbit really is an cllipse - that the changes in
a, e, i, 1 and w over a complcte revolution mst be zero, Ior o, however, the
situation is different, We note that (varying) a is rclated to (constant) a
by the equation

since both sides give the square of the velocity. Thus the osculating mean motion,

n, varies during a revolution., Since the last equation lcads to

/
tg - D) o

it follows fairly easily that the mean value of n, the 'mean mean motion',
excecds n (where Slais 1) by 2 J, n, to the first order, Then equation (8)
leads at once to the secular change given by ¢ = =2,
2 v J1 R sin B
The final special case is for index n = +1, Then U1 = - 5
r
and, with no other disturbing term prescent, the full potential, u/r + U, is

to first order the same as

00

-J, R\q
E‘E ( ] > P (sinB) = = .
= 5 1 .
r 3 1 (r£+J$R2+2rJ1Rsinﬁ)2

q=O

Hence, using equation (A1) of Apperdix A, the potential is essentially the same
as for an invcrse-square-law force directed towards the point r = =J ’ Ry

B = 4, instcad of towards the origin, It follows that there is no change, to
first order, in any of the osculating clcments over a complete revolution,

If the special point r = -J1
new value of J, becomes zero, That the new orizin is in fact the centroid of

1
interior mass is easily scen by considering equation (A7) of Appendix A with

R, B = 3% is used as a new origin, the correspording

the first momorzt, / r') cos 0' = C?, cqual to zero,
matter

6,2 Recurrence rclations

The functions A, B, C, D and B, used in cquations (38) to (45), become
so complicated for numcrically large values of thce index n that it is very
laborious - and indecd dangerous - to work out their cxpansions from first
principles cach time, Now the functions are bascd on Legendrz functions, for
which there exist well-known recurrence rclations, Hence it is logical to

look for such rclations for the functicns A, B, C, D and &,
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Recurrence relations arc developed in Appendix D, The complete set of
rcsults is given here, It should be noted that all but two of the relations
are for the upper suffix (k) fixed,

A}f(i) For given k » O and for cach € » k + 2,
k,. 2{=1 k {=k=-1 Kk
K1) = TRoees 1A (1) - A () . (50)

The starting values are given by

k,. k .
A.k(l) = 1 and Ak+1(1) = cos i o
Bl;(c) For given k » O and for cach h » k + 3,
Koy _ 2h=3 ok _ hek=2 (, 2
Bole) = et Bpa(®) hoiet (1) B}:-z(e) . (51)

The starting valucs are given by

K .y . k - ;
Bk+1(e) = 1 and Bk+2(e) = 1 3

in addition Bi{{(e), for k » 1, may be (arbitrarily) taken as zero,
k

C, (i) n>» 0, For given k » 0 and for each n> k + 3,
k n-1)(n-2) { n+k=-1
Ei=l= n-k)(n<k=1)(n-k=-2) "n-2 °? (52)
also, for k> 1,
X (k+1) (2k+1) Y% k-1
c = (53)
2 ’
42 m Ty G+

with W es definod imnediately after equation (16).

The starting valucs arc given by

k

O, =0 for k> 0; in addition, C0=-1 amd C=0 3if k+0,

o M
02 =73 and o)
(ii) n < 0, Tor given k » 0 and for each n with -n» k + 3,

k (=n+k=2) (~n+k-1) (~n+k)
%n B (-n)(-n—?)(-n—k-?T C1:1+2 i (54)

"



aleso, for k » 1,

P
!

K w1 S (55)

C = - .
2k(ket) U _, -k

=k=1
Tho starting values arc given by

k

C -2

DY(1)

There is no three-term recurrence rclation when k > 1,
However thc casc k = O is tihc most important onc and for this case, for

cach ¢ > 2,

20-1
o1

o Ol 7 v_ 0 /.
Dc(i) = cos i D6_1(1) = == Dy _o(1) (56)
The starting values arc given by

Dg(i) = 0 and D?(i) S =

vhere f = sinzi. It follows immediately that the leading term of D?(i) is
v

=% £(L+1)f cos i if ¢ is ceven and ~3 £(C+1)f if ¢ is odd,

EX(e)

Again, therc is no three-term rccurrencc rclation unless k = O; for this

casc, and for cach n » 2,

B2e) = L0 (o) - L (1-¢%) 50 () . (57)

The starting values arc given by

Ez(e) = 0 and E?(c) e =

-0

It follows that the lcading term of I (e) is % n(n+1)e’,

For n < O, Eg(e) is given at once =~ see equation (323) of Appendix E - by

(e) (58)

o -0
En(e) - D-n-1

Rl

@)
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6o3 g, forns 2

As follows fromn section 4,1 the terms Un’ with n » 2, of the disturbing
function relate at once to the problem of satellite motion about an axi-symmetric

bolys In the case of the earth, the coefficient J2 is of order 10'3 and J}’

Jl.. etc are of order 10-6.

Merson' has givene , 1,0, w and o forn=2 to 6 inclusive; i,e,
he has given synthetic expressions for the Z;n from which the g i Can at once
be picked out, However, Ref,1 gives no gencral procedure for writing down
% o

Such a general procedure is now available from the recurrence rclations
of section 6,2, Thesc rclations and the basic equations (38) to (45) have been
usced to obtain the complete set of non-zero ?;nk’ extended up to n = 9, which
follows, Ior cunvenience, ink’ Wi ard O &re not given, since they may at
e ¥ an«?. Py Using equations (40), (42) amd (43).

It is oubscrved that non-zero Z ok C2n only occur when n-k is even and

once be obtained Irom

0 €k < n=2, In cvery case, of coursc, LN is zero; e, - and hence ink -

is zero for k = O (no secular terms occur for the eccentricity or inclination),

. 1
n=2 QZO = -é’-cos il 5 q’20 = %(1-%1‘), Prg = 3(1_32)2 (1-%f) o

- % (1-e2) (1 -% f) sin i cos w,

3 7

051 = %e<1--1-h2f>cotisinw,

‘1’51 = }2-e4 (1+4 e2)<1 -Z— f) sin i sinw ,
1

P3y = 12¢ (‘l-ez)2 (1 -i-f) sin i sinw .

o = -%(14-%02 (1-5f+582f2> ;
Pho = -%(1-325-(14-‘2102)(1-51‘ 2821’.‘2> -

mal
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i

" 16

2 L
-%%e (1-3f)cosic052w R
-%%(1+%e2>f<1-%f>cos cw ,

1
..%—2@232 (1-¢32)2 f'<1-%f> cos 2w

L o (1-e2) £ (1 -%f) sin 2w ,

5 \1+ T
Jhie <1+'£: en> (1-5;11+1§i f2> cot i sinw ,
-13-3"1 (1;,5'41 ez+g-el"> (1-%f+%—1 f2> sin i
\

2102 5 <1-182f> sin i cos i sin 3w ,

22
2100 e(1+2e2) f (1-% f) sin i cin 3w ,

32
1
- -1—82 e5 (1-32)2 f <1—% f) sin i sin 3w .

8
105/, 5.2 5 W[, 21 . 189 .2 23 3
(1+ e+86/<1-2 f+8 f-16 f g

1
2 (1-€)? <1+5e2+15- et (1--251— £, 152 %22

f3> .
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%—zie(he )(1+-02>f (1-3 f+12%f2> sin 2w ,

%2 e2<1+%-e2> (1-6 f‘+12% f2) cos i cos 2w ,

55_222(1,,12_1,2+%e~)f(1-3f+ggf2>cosz@ ,
M (1-e )é'(1+—e2>f(1-3f+%%f2)cos 2w

50 5(1e)f ( %f)sinhw :

512
B%ehf(1-§%f>cosicos Lw ,
2 2\ .2 1
15511223 <1+£-e>f <--1—6f>cosl..w ’

1
12 b (et o (1= 1) con bu

- 192 (4-e?) (1+§e2+82e‘* (1-%1f+%2f2-% f3> sin i cos w,
-11—%5-e <1+%e2+g-eh'> (1-i—1f+5§2f2-}-2.-1—12 f5> cot i sinw ,

1—02e-1 1+22e2+-2—25-e4+5e6 1-Hf+22f2-£@2f3 sin isinw;
2 8 8 6L
2-

105 e(1-62)% (1 2 e2+ge‘*> (1 Ale, 21 56212 f3) sin i sin w.,

- hf2o e2(1-e2) (1+l ez) f(1--l:-f —ﬂ-f ) sin i cos 3w ,

1001 .2
240

4725 <1+22 ot el*)f (1--1%f+-15%2 f2> sin i sin 30 ,

1
1205 e3(1-e2)2 (1 +2 e2> f (1-32:1- f+-1§%i f‘2> sin i sin 3w ,

)
3
(¢]
N
YN
+
oc] N
[«
SN
N
-
]
o
+
+

)sin icosisinjlw ,

8



- 32:%},%5-8#(1%2) £? (1 -% f) sin i cos 5w ,

Mesf(1-z—g-f>sinicos i sin 50 ,

4096

1
. 22%126 35(1_,\2)2 £° <1 -%g f) sin i sin 50

- }_12<1+21 e2+192e1++2i36)<1-%f+&2f2—mf3)COSi ’

32 2 8 16 5 6l
-13122 1+-i—1-e2+%5-e“+£§e6) (1-18 f+§§1f2-5%2 fa%%ifl*) .
- - 25 (1) <1,21 ezn_gzea;geé)@-wmagw-%zp
s %%f‘*) :

- &61d e(1-e2) <1+%ez+i 31‘){‘ (1-"2—‘|I‘+11—b6:1 fz-miJ) sin 2w

32
- -@262 (1+2€2+i et*) (1-11 1‘4‘5’221'2--1—'1852 f3> cos i cos 2w

128 3 16 16 ’
_ 6615 () 59 2 u85 b L5 6 Ao, Ab3 2 143 3
= 28 1+6e+we+52e f'<1- f+16f-32f os 2w,
_ _595% 2, 23f, 5 2 8 4\of; Ao F43 2 43 3
= 198 e(1‘v) 1+3e +166>f\1-2 £+ 16 f -52 f

H

L 324275 By, 25 [ 3.2\ 02 . 13 5. 13 2\ ..
2043 e(1e)\1+1oe £ (1 5f+8f‘\.,1nz+w

/
- _%je#<1+%e2>f(1-%f+%f2>cosicoshw #

- l21e75 2 <1+ﬁ o= o 2L el") P2 (1 12p, 23 f2) cos 4 w
2048 5 40 \ 5 8

’

= n 1 9]
_ 1091475 el"'(1—e2)2 (1 +L e") f2 (1 -152 f+-1—2 f2> cos L w

4096 10 8



32%2 5(1-e2\ f3(1 if)s:méu ’

63063 6 ;2
~ 32768 ©

2062 L 1
527b8

182189 (1
"~ 32768

22 (1-e? )(

x (1-11 S

_ 315 21
32 e<1+

15 .2
x (1-33 f+-77+§-f' %ﬁ
163

_ 315 1 (*1_213 63 ok, }égi 6 ﬂiee)

32

- 12822 e(1-e2)

“\

S

(1-17—of‘>cos icos 6w ,

2
e )2 3(1--%£f)cos e .

+lez>f3 1--11-%f)cos 6w ,

82+‘28i81+ + &66)

43 2 ]1—25-1‘3+-1-‘f,28lfl')31n1cosw ’

e2+2iel++éz e6>

M )

(2

34»£22 fl"> cot i sinw

32

4 8
X (-11 f+1—1t2f2 mf3 —lth'l")sn.nis:mw §

L 16 128

1
- (14'-“.1 ea-o’%2 eh+é% e6>

/1 11 £+ —léfz-m f5 g&fh) sin i sin w .

128

(HLF 2+1Jge4>f

16 6l

2 (1-%2f+mf2-g-2—1-f3) sinicos 3w ,

128

- 24255 3 (“i.eZ,,.}_eh)

X ( -%2f+

21%2 f2..%%2f3) sin i cos i sin 3w ,

29
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- &;AZE. 3(1-62)2 .

Pos = Pt (102 k) e
X 1-282f‘ —1f2 26213 fj)sinisin 3w .

€g5 = %%el’(1-e2) (1+1I ) (1-2f+ggf )sinicos 5w,
095 = %.%ies (1+1Iez>f(1-lf+ 56 f2> sin i cos i sin 5w ,
¢95 --}-;g%ies (1+-L—1e2+% el*> f'2 (1-2—f+§%1‘2> sin i sin 50 ,
P95 _L:Oig_;iie5(1_e2)—?z (1_',1:32) f2 (1-g-f+§ f2> sin i sin 5w
ey, = %g%%g—e6(1-e2) £’ 1..}% f) sin i cos 74 ,
097 = -5%75e7 f‘2 (1-%?—22f> sin i cos i sin 7w ,

B L5045 10 2\ .2 i VAP,
W97 = 32768 <1+7 e |f 1-161 sin i sin 7w ,
Py = - o2 el(1-6%)7 £ (1-}% f> sin i sin 76 .

-
Gt &nk for ng =2

The recurrence relations of section $,2 and the basic equations (38) to
(45) have been used to obtain the non-zero znk’ extended for negative n as
far as n = -6, Arplication of the results will be considered in section 8 for
n < -3 and in section 9 for n = -2, The remarks of section 6,3, concerning the
listing of results, apply.
3 o(1-62)2
5 e(1-¢") “cot i sinw ,

3
2 (1-e2)2 sinicosw , 0,

n= =2 e_21 =5 -21

]
1]

A 2\F . S 4 ik
%e (1-e")? sin i sinw , -3¢ sin i sinw .,

-
)
-
|

P2y =

1'
n=- 25y = -‘21(1-e2)2(1+%e2>cosi ’

Ja-di(i-20) , ey - 2 (1) (1-30)

V_30
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o]

n

]

M
1 2k o . 15 2., 2\-%
—428(1_e )2 f sin 2w , 0_52 = —l?e (1-€“)"2 cos i cos 2w,
1
1 2
J‘? (1-e2)2 f cos 2w Pozp = - 122 e f cos 2w ,

-4 e(1-e2)-% (1 +£ e2> (1 -13 f) cot i sinw ,
-2 e-1(1-e2)% (1 +2 32) (1 -% f) sini sinw ,

i
gie(u}-ez)( -%f) sini sinw .

: 3
5—25-e2(1-32)2 f sinicos 3w ,
2=t
- ﬁgiej(he‘) 2cosisinisin3ow ,
1
- 56%.2 e(1-—e2)2 fsinisin3w ,

5—22e5fsinisin3w +

- 3 o(1-e?)? (1+%e2)f(1-%r> sin 24 ,
3t (103 ) (13 Y con o 20
-3¢ 02 (e 1 ( -3 ¢)cos 20,

382 (13 &) e (1-F o) om 2o .
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e g, = 1_282 3(1 e2)2 £° sin 4w ,
n__54 = - %)ei e“(1-e2)"% f cos i cos 4w
*_54 = 72%5- e2(1—e2)% £2 cos Lu "
P-51+ = 2%22 e)+ f2 cos Lw

n=-6 e, = -1;%5-(1-e2)% <1+2e2+%eh>(\1-%f+:—‘81f2 sin i cos & ,
g = 2 e(1-e2)7Z (1»,% ®+2 el*> 1-21¢, 120 f2> cot i sinw ,
Vg - % 1 (1-2)? (1 +122 e2+§82 e4)<1 -% f+281- f‘2> sin i sinw ,

Pogr = -%ie<1+gez+%e}+><1-%f+%lfz> sin 1 sin w .

1
e-63 = - %gi e2(1'32)2 <1+% ez) f (1 -%f) sin i cos 3w ,
1
0—63 = g—gzgi 03(1-62)-5 <1 +%e2> (1 -Jéi f> cos i sin i sin 3w ,
A \
V_ogz = -%%gi e(1-—e2)2 (1 +g— e2> £ (1 -% f) sin i sin 3w ,

Pos = --3-15%29 1+g—e2)f 1-%1‘)51:1 i sin 30 ,
e g5 = = %{—giehﬁ-ez)% £2 sin i cos 5w ’
0_65 = ﬂi 5(1-e )'1§ f cos i sin i sin 50 ,
1r_65 = 72%2—41635- e3(1-e2)% £ sin 1 Bin 50 ,
P-65 = 12572%5- e? 28inisin5w .
7 THE ORBITAL PERIOD

The period of an orbit is perhaps its most fumdamental characteristic., A
good estimate of it can be made by use of equipment no more complicated than
a clock, It is desirable, therefore, to consider the effect on the orbital

pericd of the perturbations considered in this paper,
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For an unperturbed orbit there is a unique period given by

T = £, (59)

For an orbit which is changing all the time the period must be carefully
defined; different definitions lead to different quantities associated with

the same orbit, though not so very different if the perturbations are small,

The two most useful definitions lcad to the anomalistic period, the time
between successive passages through perigee, and the nodal (or draconic) period,
the time between successive passages thrcugh the ascending node, Ve are here
mainly interested in the latter, Ty, but a formla for the former is given at
the cnd of" the section,

Following equation (59), one would like to rclate Tb to ) the value
of nn at the node; the latter docs not posscss a first order variation over a

conplete orbit, since Aa = O, Ve write

2% o s R 5
B ORICENE
n=-00

where b is as defined in section 4.2 and expressions for the Tn are to be

evaluated,

A good treatmcnt tc follow is that of Merson1, who observes that, since
the kinetic encrgy per unit mass of the satellite is p (1/ - 1/2a) and the
potential energy is the nogative of the potential p/r + U, the equation of
energy gives

-+ -U = const, (61)
even though both a and U vary. We define a' fram

1 2a U\ _ 4

a<1+“>_a, (62)

and then a' is constant to any - not merely first - order, If, now, n' is

3

defined from n'2 a'” = 4, n' is also completely constant and is given by
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n' = n<1 + 3%) + O(Uz) . (63)

In addition to n' and &', Merson introduccs an auxiliary elecment ¢ of
which the change, 4¢, over a complete revolutior is usefuls We do not nced
¢ since we alrcady have p in section 5 and A¢ = - Ap,

The procedure followed is to write dovm the first-order change over ons
roevolution - node to node - of each side of cquation (8); thus
T

0
AM = Ao‘+[ ndt . (64)

0

Introducing the constant n' by mecans of equation (63), we have

T
0
AM = Ao+ n' TQ-/ L’f—”dt . (65)

Now the change in M over a nodal revolution can be related to the changes,
Ae and Aw, in ¢ and w, using cccentric and truc aronaly as interiediate
variables amd starting from thc relation Av + Aw = 2r, Taking Merson's first-

order terms, wc have

ro\2 a5 r
M = 2% - (1—92)3/2 (}?) bw o+ (1—02)2-9-(1 +—I-)Q> sin w e

P
coso  (66)

where

L.

o)

= 1 +¢ccosw

The integral in cauation (65) can be cxpressed in terms of the Py of
section 5; these p  erose on integrating cquation (7) and in fact
T co
0 n
2 oU R
- ma oa OT = 0P 2n ZJn <b> Pn (67)
o

N==0co

where n denctes mean motion on the L.H.S. and an indicial suffix on the R.H.S.

-n-1

But Un is proportional to a and so we must have

o n 3p
fé-“f-l’at - X{ ('*) '(EU (68)

N==00
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with the game reinarit about the dual use of n, e note that on the R.H,S. of

the above equation pn/r‘m gives o/o when n = -1, Since U, =-u J_1/R we
must conventionally take Py /0 = =2,

By now, from equation (65), we can express n'Ty in terms of the e , w,
o and p ; the p, can be eliminated in favour of 0 since, by equations (42)

and (LJ))
Ok .
pn = o’n + (1-e )2 (wn + Qn cos i) o (69)

To introduce the Tn’ which we are trying to evaluate, we observe that from

equation (63), on substituting for U, from equation (13),
(o 0]

I‘l:-ooQ

Hence, fra. equation (60),

n' T, = 2 { 1 - iJn (%)n (Tn o r%j—npc(o)» ; (70)

0

Thus, combining equations (65), (66), (68) and (70), and picking out the

terms involving 2% J_ (R/b)™ for each n, we have

3 2,3/2 T\
Tn = % 3 n+el) T (icey) (-P_> “n
T\ . 3a b
<1 + ?> sinwe - = Pe(O) > (71)

oy

- (1-e2)—1§

o] ':3'1

where p_ is given by equation (69).

It is remarked that for n = -1 and n = O results are obtained which agree
with those of section 6,1, When n = -1, taking p_1/0 = -2 as earlier and
PO(O) =1, we get T_
T, = 27t/nn, though we note that n, + n'. ¥#henn =0, 0 =p =-2 and so

9]
o §l-a -3

but from equation (49) of section 6,1, a = ay i1+ J, (23./:'Q - 1)} and so if
=2 =3 = - 5 - % . =
n“a’=p=p (1 Jo),-n = 1y {1+ I (4 ja/rQ)], hencf T = 2%/n as
expected; we note that n = n' (1 + JO) so that n, # n' ¢ n,

= 0; so, neglecting other disturbing terms,

F

12 -,
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For completeness we give the formula for the anomalistic period, Tw’ which
correspords to equation (71), If, similar to equation (60),

00

n
27 R
I PRIOER
N==c0
then
3p n
_ n__Jdab
Ton = %" 2(n+1) i+ IZ (sin Bw) 4
w

where r ~is the perigee distance and Bw is its latitude,

8 APPLICATION 70 LUNI-SOLAR (GRAVITATIONAL) PiRfURBATION THEORY

8.1 Introductorv remarks

The (disturbing) gravitational field, produced by a distant body - such as
the sun or moon - considered as a point mass, is axi-synuctric, the axis of
synmetry being simply the line from the main centre of force - the earth - to
the distant body, Hence it is to be expected that a first-order account of
the effects of the disturbing field will be given by the formulae of this paper;
it is only necessary to interpret the values of the J coefficients appropriately

and this is done in section 8.2.

A complication arises in that the axis of symnetry of the gravitational
ficld has hitherto been asswred to liec in the direction of the north pole, “'hen
it lies in another direction - towards the distant body - the fornmilae are only
immediatcly applicable if the 'oricntating' orbital clenents - i, 2 and w - are
assumed to relate to this other direction (and a planc perperdicular to it)
instcad of to the polar axis (ard cquator), The formulae must be modified if
i, 0 amd w are to be used in the normal way and this modification - essentially

a rotation of co-ordirmates - is considered in scction 8,3,

In this application of the basic formulac of the paper it is first assumed
that thc gravitational field does not vary, i,c¢, that the disturbing body is
stationary. If account is to be paid to thc motion oi' the disturbing body in
its own orbit rclative to the main centre of force, the results for a stationary
body must be averaged with respect to the body's mcan anomaly, This subject is
discussed in scction 8,4 Yet another axis is suggestod, once that is perpendi-
cular to the orbit of the disturbing body, but thec average field is not symmetric

with respect to this axis unless the orbit of the disturbing body is circular,

(@]
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Consideration of long-term sccular peirturbations, derived by a further

averaging process, is postponed until section 10, 3.

8,2 Internrotation of the J coeflicients

The disturbing body is itself a centre of force and we suppose that the
. strength of its ficld is given by the parameter Hgs taking the local potential
to be d/rd where Ts is the distancc from the body, However this is not the
. disturbing potential at a satellite in orbit about the main centre of force,
since the main centre is itself attracted towards thre dicturbing centre,

Taking r and R to be the distances of the satellite and the disturbing
body, respectively, from the main centre of force and introducing vector
rotation based on Fig,2, we have

r. = =R ;

d ~

~

the accelerations of the satellite and main centre, respectively, towards the

disturbing body are then

' Hg £a . Uy B
= 3 an _-3— .
r3 R

It may be secn at once, on varying r, that thesc accelerations correspond to

potential terms

n M, T cOS ¢
S amd
d R

respectively, where ¢ is the angle between r and R, Hence the disturbing

potential, U, is given by

U = A _rcosge
= Hg Ty R2 *

llow from Appendix A,

00 " -0 n
1 z r’ P.(cos Z s
= —~—7P, Q) - P,(cos ¢) ,
5:0 N==~1

so that

0= 2Y (E) 7o o) (72)

where the summation covers n = =1 and =3, =4,e0ee =co,
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Hence the disturbing potcential may be roprescnted by equation (11) with the

interpretation: Jo=0if n=-2am 0, 1, 4s0s, 005 J == pd/p if n=-1amd

n
=3, =lty eveey =003 R is the distance from the centre of force (carth) to the

disturbing body.

The term with n = -1 is constant and mmay be disrcgarded as stated in
scction 6,1, Thc terms with n = -3, =4 etc are associated with Legendre poly-

nomials of order 2, 3 e¢tc in the normal way,

8,3 Perturbations caused by a stationary disturbing body

/ith the interpretation of the J. just imde, the perturbations of the
elements arc given at once by cquations (36) to (45) if i, 0 and w are taken as
clements relative to the pseude-cquatorial planc for which the 'north pole! is
in the direction of the disturbing body, Since we »roi'er to have the perturbations
of the usual cloments - with i, Q and w relative to the truc cquatorial planc -
it is convcnicont to procecd by first adding dasiucs to i, Q and w when uscd as
sbove, so that the poriurbations given by cquations (38) to (45) arc to 2, ¢,

i', ', w' and 0; they involve i' ard w' in their cxpression,

To convert to formulne involving the usual clements, rclations between the
dashed and undashed elenents are required, They may be obteined by meons of the
axis transformations of Anperdix P, To give the results here we make usc of a
system of axes Oxyz defined as follows: Ox is towards the (true) ascending node
of the satellite, Oy is towards its apex and 0z is norimal to the orbital planc,
Since fixed axes arce rcquired, this definition must be regarded as strictly valid
at onc instant only, due to the variation of i end Q, With the notation of Cookz,
we take the dircction cosines of the disturbing body to be A, B and C in the

Oxyz system,

Now, although i' is at once defined as the angle between the pseudo-cquator
and the orbital plane (the xy-planc), Q' is not defined, since its origin is
arbitrary, The tronsformations involve a (instead of Q'), where a is the angle
in the xy-planc from Ox (the dircction of the truc nodz) towvards the pscudo-node,
Then i' and @' may be eliminated in favour of A, B amd © by mecans of the

rclations

which is obvious, amd

(-sin i' sin a, sin i! cos a, cos i') = (A, B, C) , (74)

proved in Appendix F,
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Apperdix F also gives the required expressions for the perturbations
Ai, AQ and Aw in terms of Ai', AQ' and Aw', The expressions are:

. _ _B , ;
b= orogT LT+ A, (75)
; R, SR P '
8in i 40 = - —f==y 04! + B 4D (76)
and
Aw + MY cos i = Aw' + AQ' cos i' (77)

ile now have all the relations necessary for the conversion of the dashed
versions of equations (39) to (45); equation (38) is, of course, unaffected.
Prom equation (39) we have, since € = O,
1
e = kC5et (1-62)Z B¥(e) A5(it) 8in®i' sink (u'-gr) . (78)
nk n h ¢
Now Ag(i') is a function of cos i' and f' (= sinzi') so that fram equation (74)

we may write

2

k,. k ,,2
Ac(a.') = A, (4~ +B5, C) ,

2

and similarly Dlé(i') = Dlz (A2 + BY, C), where the new function A]g (of two

arguments) is a polynomial, Also, from equation (73),

cos k (w'=ir) cos k (w-3r) cos k& + sin k (w=3n) sin ka (79)
and

sin k (w'~ix) sink (u~3%) cos ke = cos k (w=3r) sinka , (80)

where, by trigonometrical expansion,

cos ka = Z (-1)¢ (; > cosk 2% 4in?lq (81)

q
q(0<2q<k)

and



J sin ka = z (=1)® (2:+1> cont R 2 (82)

8(0<28 +1<k)

On substituting from equations (79) to (82) in equation (78) and using equation
(74), we get

M b e

Ll
= k cﬁ k=1 (1-6°)2 Bf(e) AL (42 & B°, ©)

[oin i (o) ) (07 (X)) 22820
q

+ cos k (w=nr) Z (=1)® (2:;1) e Bk_28-1:l . (83)

nk

For i and 0 we have first, from equations (40) and (41),

i Kk, 2.l j, . cos i Al;(i') . 1
sini' = -k Cl; e (1-e")"2 B, (e) L sin"i' sin k (w'-3x%)
amd
k
il D (i)
Q. = Cl; ek(1'92) 2 Bl;(e) g., sin'i! cos k (w'=im) o

Applying equations (75), (76) ard (79) to (82), these lead to
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3
1, = = ck e"(1-ez)"z B‘;(e)

nk
[sinzk (w=dn) {k AIE(AZ c) Z( -1 ( ) 424 gk-2a+1
A+ B

k ,.2 2842 _k~28~
+ D, (A + B 5 &) Z(-1) (ZM)A B
8

k (w=tn) [, ko 2 | o2 IRVl s
. 0082 (UZL) {k Ac(A + 3B, C) Z (-1) (28.1) A 7 °
8

A"+ B
k,,2 2 k\ 2941 k-2
- D, (A +B,C)Z(-1)q(2q)Aq B q}:l
q

coee (8L4)

and -

o sini = & " (1-62)"2 B (e)
: _1 kK, 2 .2 K\ 2q41 k-2
X [31:2“5;‘;2"‘) {k A, (A + 8%, ) Z (-1)4 (2q>A at gl ¢
- Dk(A . B C) Z( 1)8 (2:..1) 28+1 k-2q}
. 208k (“’?"l {k A (A + B2, C) z (~1)® (25+1) 428+2 gk~28-1,,

A" +B
o2+ 82, 0) ) (-1)3(k ) a%a g2ty
e 2 2q
q

eees  (85)

For the remaining two elements, w and o, we avoid highly cumbersomne
expressions by using -- as in section 5 - the auxiliary quantities ¥ and p.
From equation (77),

Ay = Ay?

and so the usual analysis, starting fram equations (44) amd (45), leads to

..f
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(wnk +0, cos i =) Y, = C‘; Ml (1-02)% Eﬁ(e) Ag(Aa + 132, c)

X l:cos k (w=ir) Z (~1)% (é{q) 229 gk~2q
- sin k (u—n) Z (=1)° <2;<+1> 421 Bk-25-1:|

(XYY (86)

k k k,.2 2
= 2(n+1) Cf & Bi(e) Az (4% + B%, C)

x [cos k (w-7n) ZI: (~1)2 (gq) 429 gk-2q

- sin«x (w_%ﬂ) Z (_1 )8 (2;1) A2:5+1 Bk-23_1:| )
]

XX Y] (87)
For use in the next section, we also give the formula for the potential
component U ., for n ¢ =3, From equation (35), writing J =- pd/p,

k -1-n_n k k,.2 2
Unk(av) = -uy Coa R B};(e) e Ac(n +B5, C)

x [cos % (u-3%) }; (<1)3 (;q) 424 k=2

- sink (u=r) Z (~1)° (2:1) 128+ Bk-zs"‘] : (88)

When n = -3, equations (83) to (86) lead at once to the formulae of
Cook2, on multiplying by the appropriate factor from equation (36), viz
=27 (aL/'R)3 pd/p, and replacing p.d/R3 by Cook's constant K and 8?
n is the mean motion, Ref,2 does not give the fornula for Ao, but this may

2
by u/n", where

be obtained from equation (87), Tor completeness we list all six formulae

(8 = A_j), as follows:-
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Aa = O » (89)
157 p.e (1-e2)%
de = - 2 [ABcos 2¢- 1 (A2 - Bz)sinZ«zI:
.3 2 2
R n
ssns  (90)
3 uy (1-62)72
Al = d 3 2 e [A(2+332+ 532 cos 2”)
2R n 2
+ 5B e sin 24) , (91)
. |
x p, (1-e7)72
80 = i Cl5Ae®sin2w
2R" n sin i

+B(2+ 362 = 5 e cos 23] ,

sess  (92)

2.1
I u, (1-e7)2
2 [5 {2AB sin 2w+ (4%-8%) cos 2w}

Aw+ cos i AN =

2 R3 n2
-f2-3(a%+89)]]
cees  (93)
and
2,1 . T By 2 g .2
Ag + (1-€7)2 (Aw + cos i 4Q) = 3z [(2+43 e°)f2-3(A°+ BY)}

- 15 €2 [2A B sin 2w + (42-B%) cos 24] .

XY (94)

The author has written a Pegasus computer sub-routine based on
fornulae (89) to (94). One point which is worth noting is that the sub-routine
takes these formulae exactly as they stand and does not include the 'second-
order' terms (n = -4) for Aw which Cook adds to equation (93), These terms
are, in fact, no more irportant for the element w than for any other elemernt,
They appear more important because of a factor e in the denomimator, occurring
for Aw only; but this merely reflects the indcterminacy of w when e is small,

If the elements e and w are replaced by elements e sin w and e cos w, then
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'second order' terms for the new elements are of the same order of magnitude as

similar terms for the remaining elements. This must be true since

A(e sin w) sin w Ae + e cos w Aw

and r (95)

A(e cos w) cos w Ae - e sin w Aw "

J

Indeced, if e is small and w large, all perturbations to @ and w must be
incorporated indirectly, instecad of by direct addition to e and w, Using

e sin w and ¢ cos w as intermediate elements, the procedure is (i) to evaluate
perturbations to these elements, given Ac and Aw, (ii) to add the perturbations
to e sin w ard e cos w and (iii) to calculate the now ¢ and w.

Yhen n = =4, equations (83) to (87) lead to formulae which are listed
below (A = A-l;)' The first five of formulae (96) to (101) agree with results
obtained by Allan (end of section 4.2 in Ref.24), who uses a notation by which
they can be expressed more compactly., Allan, like Cook, does not give an

expression for Ag, Our rcsults are:=-
Aa = O ’ (96)

2)3
157 1y a(1-¢%)

i = 5 [(4+36") (4-54%~58°) (A sinw- B coso)
2R n 2 2 2 2 2
+ 35¢° [B cos 3w (3A°-B°) + A sin 3w (3B°-A%)]], (97)
5 (1-¢%)2
157 p, ae(1-e
M » = d 3 C [(4+3¢2)[10A B sinw + (158245B°=4) cos®)
32 R* n
+ 356> [2AB sin 30 + (4°-B%) cos 3u}] , (98)
15% u ae(1-e2)_%
M = - 4 C [(4+3¢%){10A B cosw + (54%+15B°~4) sinw)

32 B* o® sin i s 5 5
- 3% IZAB cos 3w - (A°-B ) sin 3«)}] 5 (99)
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1
157 uy ae™) (1-(:’2)2

32 Rl" n2
x [(4+962)(4-5A2-5B2)(A cosw + B sinw)

Aw + cos i AN

- 35¢° {B sin3w (342-B%) = A cos 3w(35%-A%)}]

eeee (100)
ard
2 i 15m Pd ae
b + (1-e7)2 (Aw + cos i AN) = I 7
16 R™ n

x [3(4+5e2)(5A2+5132-4)(A cosw + B sinw)
+ 35e2 {B sin3w (3A2—Bz) - A cos 3w(332-A2)I]
eese (101)

When n = -5, equations (83) to (87) lead to quite complicaced expressions.
If thesc expressions are expanded in powers of ¢, however, the leading terms are
fairly simple and may be compared with results obtained by Smith25 » Ref,25,
like Refs,2 and 24, does not give Ao, but we get this from equation (87).
Following the point mede earlier, in connection with equation (93) and Ref.2,
wc note that since Ref.25 omits e terms for Ae, all terms should be omitted
for Aw, the effective error being then only O )¢ On this basis we list the

A_5 formulac for all six elements as follows:-

ba = 0 , (102)

de = 0O(e) , (103)
2

8 = = 152:—;‘:2:— AC {1 -% (A2+132)] +0(%) ,  (104)
15% p}az

1]

20 B {1 -1 (A2+32)} + 0(e?) , (105)

2 R5 n2 sin i

Aw + cos i A0 = 0(1) (106)
and
2.1 6"“&"2 2 2 2 2.2 2
bo + (1-€7)% (8w + cos 180) = - —g—5— {1-5(A+B)+232(A+B)}+0(°)-
R°n

ceee (107)
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Equations (102) to (107) agree with Smith's results though there is an
important difference in notation: the direction cosines A,B,C are denoted by
C,A,B respectively in Ref,25, It is important to note that there is no
contradiction in giving, in equation (107), terms of an order which are neglected
in equation (106) ¢ Ac + Aw, when e is small, has to be known more accurately
than Aw, The leading terms for Aw, which we have argued should not be listed
in equation (106), are given by Smith, However his expression contains some
errors which he has confirmed in a private communication, Cu working out the
leading terms for both e and w, we get, instead of (103) and (106),

2
315 u, a'e
Ae = Sd 5 { -%(A2+B2)} [2 AB cos 2w +(132—A2) sin 2w} + o(e3)
8R” n
and
157 By a2
Aw + cos 1 A0 = DO
2R  n

. [{1—5(A2+B2) .42 (A2+B2)2}

- %1 {1 -%(A2+B2)} f2 AB sin 2w + (A2-B2)cos 2w} :|+ O(ez)

The results given in this section, for n = -3, =4 and -5, could be obtained
directly by applying equations (73) to (77) to the explicit expressions listed
in section 6,), instead of by appeal to the general equations {83) to (87).

8,4 Perturbations caused by a disturbing body in a Kepler orbit

In allowing for the motion of the disturbing body - with orbit assumed
to be a fixed Kepler ellipse around the earth - we are for the first time
considering a potential field which varies with time, Over an integral number
of revolutians of the disturbing body the difficulty may be overcome by
averaging with respect to the mean anomaly of the body, i.e. with respect to
time, If thec Kepler ellipse has zero eccentricity the average field is then
axi-symmetric, In general, however, it is not axi-symmetric, though the axis
of the orbital plane or' the disturbing body is still a special direction, The
average field may be thought of as due to an 'ellipse of mass' in the orbital

plane of the body.

The analysis is carried out in two parts, In the first, advantage is

taken of the special axis even when it is not an axis of symmetry - the

018
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disturbing body is not restricted to a circular orbit, As in section 8.3,
special elements may be introduced -~ this time we use double dashes - such that
i", Q" and w" relate to the orbit of the disturbing body as 'equator' while
the special axis points to the 'north pole!,

Now general formulae for all the elements have been given by equations (83)
to (87) of section 8,3, It would be perfectly reasonsble to use these,
introducing the double dash motation and interpreting A,B and C appropriately,
However, an averaging procedure has to be carried out and it is simplest Jjust
to perform this on the potential U nk(za.v) given by equation (88), Lagrange's
equations may then be set up in terms of the new Unk(av, av) and the R,H.S,

of each is constant, as in section 5,

In the second stage of the analysis it is convenient to use a new
notation, Although the A% notation, for each element 4, was convenient for the
change in Z when az/dt was integrated over a revolution of the satcllite, now
that a secomd integration is involved it is preferable to give expressions for
the average rates of change of the Z's relative to a complete revolution of
both the satcllite and the disturbing body. The derivative notation is
appropriate, even though the original equations have been doubly integrated; so

the average rate of change of % is denoted by dZ/dt.

Writing aZ/dt =nz’  d Z nl/dt, the Lagrangian equations formed in the
first stage ol the analysis give d an/d.t, withZ = a, e, i", Q", o" and 0, in
terms of a, e, i", (" and w", The secord stage consists in the replacement,
by means of axis transf'ormations, of i", 1" amd w" by the usual elements i,

Qal'ﬂwo

We start, then, by avcraging U nk(av) with respect to the mean anomaly
of the disturbing body.

Let the axis system Ox"y"z'be similar to the system Oxysz of section 8,3,
except that Ox" is now towards the pseudo-node given by the orbit of the
disturbing body. Define the system 0X"Y"Z by this orbit, such that OX" coincides
with 0x", Let 84y Cgs Wgs Vg and My refer to the disturbing body ard its orbit,
ard let ed be the angle to the perigee measured from 0X". It is clear, from
Fig.4 for example, that 0y = wy - ", measuring 0" from the (fixed) node of
the disturbing body, Then if P is the instantancous position of the disturbing

body, the direction cosines of OP, in the system Ox"y"Z', are given by

(4,B,0) = (cos ug» cos i" sinuy, - sini" sin ud) : (108)
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as may be seen from Fig,.5, u; being (ed + vd) and i" being the angle by which
the x"y" plane is inclined to the X"Y" plane,

Hence from equation (88), with w" in place of w
Unk(a.v)
-{=n _n _k k 2 2 . 2 . .
C:: a R Bh(e) e A, (cos u; + cos” 1" sin” uy, - sin i" sin ud)

[:cos k (w"=3r) Z (-1)1 G(q) cos°d uy coB” C2 10 gip 2l uy
q

. S k 2 o+l k=28-1 , . k=2s-1
~ sin k (w"=ix) Z (=1) (23+1> cos uy cos i" sin ud]
5

eose (109)

Hy

= =} a e)e I (v say, where it is only necessary to show
4 Cs a™™ KM BX(e) & T (v,), say, where it is onl to sh

one argunent of this F, since uy = ed + vy and other quantities are constant,

Then, writing

2
. ay (1-e3)
1+ed cos vy
and, as in section 4.2,
R2 dv
AM, = =3,
d 02 (1=c2)2
d d
it follows at once that
k -1-n k _k n 2\n+1
Unk(av, av) = = g C, 2 e Bh(e) a3 (1-ed) Z
n
’ -n=2
X -217-5 F \vd)(1+e cos vd) dvg (110)
o

Equation (110) can be developed analytically, on the lines of section k.2,
However, the general development becomes complex and we do not embark upon it
here, Instead, we use equation (110) to give expressions for particular cases
of n and k, performing each integration separately, Thec algebra is still
somewhat tedious, but the majority of the terms disappcear on integration, The

particular cases chosen are essentially thosc which received special attention



L9
in section 8,3, viz n = =3, for bothk = 0 axd k = 2; n = =4, for both k = 1

anl k = 3, and n = =5, for k = 0 only (we differ here from section 8,3 in

giving oll terms instead of leading tcrms only),

For n = =3 aml k = 0,

F(vd) = 1-% (c052 uy + cos2i" sin’ ud), where u, = 83 + vy ,
leading to
2,~3/2
vy (1-€3)
U (av, av) = -~ & < I 142 A (13 coszi")
"3,0 8 a5 2
a ceee  (111)

2 2 2
1 9 2 2 ] 21 .
cos 2w" (cos uy - cos i" sin ud) + 2 8in 2w" cos uy cosi’ sinu,

+zj
<
fol}
~r
1}

leading to

-3/
5y (1) 5 o
(av, av) = > a” e” sini" cos 2uw" , (112)
16 aé

U
~3,2
For n = =4 ad k = 1,

2 2., .2
F(vd) = {1-%((:08 uy +cos i" sin ud)}

x (cos u; cos w" + cos i" sin u; sin w")

leading to
150, e (1-:32)“5/2
d d d 3 3.2
U (av, av) = = a’e [1+< e
=l 1 16 ot &
d
X {(1 -‘E sinzi"> cos Od cos w" + (1 -112 sinzi"> cos i" sin Bd
sinw"},
voss (113)

h
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~ For n = -4 anl k = 3,
F\v,) = sin 3 " (3 oba- il eosl 4" sin iy = cosi s.in3 u.)
a’ - d d d

5 2.4 .. 2
" 1"
+ cos 3 w" (cos uy = 3 cos u, cos"i" sin ud) y
leading to

U—h, 3 (av, av)

2 -
525 e, (1=e) 5/2 55 o
= - a’e’ sin“i" (cos B, cos 3w" + cos i" sin O, sin 3uw"),
4 d d
256 ay
seoe (111{-)

For n = =5 and k = O,
F(vd) = 1=5 (0082 uy + cos?i" sin ud) + %i (0052 uy + Gos il st ud)

leading to

U_5’O(av, av)

g1y (1-2)77/2

= 5 a"" <1 +5 e2+ -1-32 el"> {(I +g- ec21> (1 -5 31112i" + 282 sinl"i">

6l a3
+ 1}5- eg sinzi" cos Zed (1 -% sinzi">} .

eeee (115)

For each of these cases, the first part of the analysis may be completed
by writing down Lagrange's planctary equations in terms of Unk(av, av), These
are, in effect, already solved, since every term on each R,H.,S, is constant.
But in the second part of the analysis the usual elements are to be restored,

! Since we aim at listing formulae for d an/at at the end of the section, it is
conveniznt at this point to obtain d i" nk/d‘t and 4 Q;k/dt only, For the

basid e

018
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former, dU(av, av)/00" is involved, so that it is necessary to replace ed by

w.=Q1" before the partial differentiation,

d
For n = -3 and k = 0, equaticns (4), (5) and (111) lead to
a :'in
250 L (16)
and
- -3 2\~% 2
an, G TH (1-e(21) 3/2 (1-¢ ) © (1413 €")
—522 = - - cos i" (117)
4 a n
d
For n = -3 and k = 2, equations (4), (5) and (112) lead to
= 2\~3/2 1
a i 150, (1-€3) 204.62)"2
_Ti%cé‘g = - d 5‘1 = (1;e ) cos i" sin i" sin 2 " (118)
8 a3
and
- 2\=3/2 1
anq" 151, (1-e3) 2 2\-%
—a%g = c 3d g (1-ne ) cos i" cos 2 w" (119)
8 83
For n = =4 and k = 1, equations (4), (5) and (113) lead to
ai" 15u, e.(1-e3) ae(1-e“)"2 (1+ 3 ¢°)
SR e Bt I
22 ad B
X {5 cos i" cos 0, sin " + (7—122 et i") sin Od cos w"} (120)
and
- 2.-5/2 -1
aql, 4 15y e4(t-ey) 72 e (1-2)"F (143 e)
dt 32 alc.l,. n

X {5 cos 1" cos Gd cos w" + <17--£52 ssin2 i") sin Od sin w"} . (121)



For n = =4 and k = 3, equations (4), (5) and (114) lead to

-
T - 2 "5/2 -1
—lt-'-ld - = - 525“‘1 ed(1 d) ae (1-e2 2 gin i"
£s 256 a:'; =
4
1 x §(2=3 sinzi") sin 8 cos 3 w" - 2 cos i" cos 6, sin 3 W'}
T )
and
a fi 525, e.(1-e2)5/2 3 .t
-4,3 a d d ae”(41-e“)"2
B 256 aé" n
x {2 cos i" cos 6, cos 3 w" + (2-3 sinzi") sin 0, sin 3 w"} .
d d
osns (123)
For n = =5 and k = O, equations (4), (5) and (115) lead to
d 1_5 0 _ } 155“& ed(1-ed) 7/ &2(1-82) < (1+5e +JE e )
g 128 a” "
c: 2
e e
x sin i" sin 26d =@ St
Sas (R0}
and
=1 2\=7/2 2/, 2\=% 2 L
a s o Wy (1-e3)™" e (1=e)77 (14 56"+ g €)
dt =7 5 n EOSRL
32 a3
i 2 2 _1 '2'n _é. 2 _1 '2-11
' x{<1+2ed 1 )+31n1 lo-ed cos 26d 351n1 .
oo | (125)
, Ve now give the relations by means of which i",0" and w" may be eliminated
in lfavour of the usual i, 2 amd w, Let i3 and Qd, like ay ete, denote elements
of the disturbing body's orbit; they are referred, like the clements i and Q0
X
w
e
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of the satellite orbit, to the standard (cquator-equinox based) axes., Let a
be, as in scction 8,3, the angle in the orbital plane of the satellite, from

the true rode to the pseudo-node, i.c,, to the interscction with the orbital

planc of the disturbing body,.

Then it is shown in Appendix G that di/dt, d/dt and du/dt are given in
terms of the double dashed derivatives by

P

-g—t- = Ccos & EE_ - 8in a sin i" -5? 5 (126)
sini gy = sinaFr+cos « sin i" =% (127)
and
dw . d dw" ! Y ‘
gt eosigg = Gg +cos in T . {128)

Appendix G also establishes the important transformation equations which
relatec the axis system Oxyz of section 8.3 to the corresponding system Oxdydz d
for the disturbing body, where Ox, points towards its node, In matrix form

d
the cquations may be combined as:

\
x\‘\ = L1 M1 N1\\ X\ s
Y Ly ¥ Nyl (129)
z/; L M} N3 /} z3
where
L, = cos (Q-Qd) » M, = cos i, sin (Q-Qd) » N, = -sini, sin (Q-Qd) y
. L, = =cos isin () , M, = sini; sini + cos i cos i cos (A1) ,
N, = cos iy sin i-sin i; cos i cos (Q-Qd) » Ly = sini sin (Q-Qd) ,
My = sinig cos i -cos ij sin i cos (Q—Qd)
and
Ny = cos iy cos i+ sin iy sin i cos (Q-Qd) .
|
|
m S = = “W
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Some of the elements of the transformation matrix were introduced by
Smith 5 Indeed L L I‘}’ M M2 and M3 are respectively Smith's Y3, Y,
3, X and )(2 the permutatlon of suffixes being in conformity with the

permutatlon of A,B and C as used in Ref,25,

From these transformation equations Appendix G derives, finally, the

rclations by means of which substitutions may be made for i", w", a and Gd.

These are
Ww" = wea (130)
sin i" sina = -N, , (131)
sin i" cos @ = N, (132)
cosi" = N; (133)
sin i" sin Bd = - L} cos wy = M3 sin w3 (134)
and

L, sinw, = M, cos w

5 8in wg = My g e (135)

sin i" cos ©
in os 6

The way is now clear to giving the final exprcessions for the d Zn]/dt, for
the particular cases chosen, introducing the remaining Lagrangian equations (2),
(3), (6) and (7). Every ad Enl/dt is zero and may be forgotten, For d ;nk/dt
and d ﬁnkﬁat,d{;k/at and dﬁ;kﬁat in equations (116) to (125) are used through
equations (126) and (127). Equation (128) may be used in the standard way, each
side being d ;/dt, in the notation of section 5., Thc quantitics L1, ecsey N3
of equation (129) arc used in the final expressions since these quantities
depend only on the orbital parameters of the satellite and the disturbing body.

Forn=-3 and k = 0O,

de
-_iti.g = 0 i (136)
- =3/2
ai, A 3u (1-e)
LS L e N L LY
uadn

ceee  (137)



vy
(1]

af 3u. (1-62)"3/2 g
o I W (1-e2)-§ 142 P\ N, N ’
dt 4 a.3 n sin i 2 "3
d
wens (138)
45 af 3u, (1-e2)"3/2 s
—20.cos 1 —20 - - A (15T (1-3M)  (139)
¥ 8 ajn
and
- 2\=3/2
do B, (1-e%)
d-t},o o v 3‘1 (74 5 o) (1-3 N§) . (140)
8 ajn
Foru==3 audk = 2,
- 2\=3/2
de 15u, (1-e3) A
d-t}‘z = d 3 d e(1-e.2)2 {(Ng-Nf) sin 2w
8ain

a + 2 N, N, cos 2d , (141)

- 2,=3/2
di 150, (1-€3) _1
._thﬁﬁ - - d8 3d 2 (1-02)"Z Ny {N1 cos2 w+ stin2w],
aa n
eoeee (11&2)
= 2,-3/2
an 1505 (1-€3) 1
d.t3'2 = : d} d : e2(1-32) 2N, (Nycos 2w -N, sin2w),
aa n sin 1
ecee (143)
- = 2,-3/2
do_ anf 150, (1-€3) 1
_dtz'g + cos i d-t§,2 = d8 3 2 (1-e2)2 I(Ng-lﬁ) cos 2 w
a, n
@ -2 N N,sin20] (144)
and
2,-3/2
= 150 (1-€3)
49359 o -—2 34‘1 (14e?) I(Ng-xﬁ) cos 2 w
at 8 ajn

- 2 N, N, sin 2w} . (145)



. Forn= -4 and Xk = 1,

= 2,=5/2
de 1 e.(1-e
ol = - 5pd d( d) a(1-62)% 1 '-2 e2
dt 6L alt L
La'n
d
. -r 3 I
X !sinud sinw (LM, )L3N2+15M5N1N3) +cos Wy 8in v (1,L1+5M5N2+15L5N1r5)
- i v - o =5l N
sinw, cosw (M12+5L5N1+15M5N2N5) cosw,; cosw (l.Lz 51151‘J1+15L3N2 3)} ’
cese  (146)
> 2 "'5/2
a LN 1504 ed(1-ed) 2.4 3 2
Tt - T ae(1-e") 1+5e
32 ajn
X {5 sin wdsinw (M1NZNj+Iv12N1N3+M3N1N2) + Scos Wy sinw (L1N2N3+L2N1N3
+ L5N1N2)
. g i 45 B
+ sinwg cosw<2 u.jNgaf > M3N1 'Zn3 1OL2N1
15 L5 o .
+ oS W, CcOs W <2 L5N§+ > L31€-7L5+101n21\41 ’ (147)
an 1 15u, e (1-ez)"5/2 ; .
=l C Z ae(‘l-ez)-"é <1 + & e2>
dt - L T b4
32 aj nsini
1 1 12 Lo X 2_ £
X {s:mwd smw<2 1.3Nﬁ+ 5 A,.5N2 7M3+‘|OL1N2
1 1 15. 2 .}:IQ. '2_ i [4
+ cos Wy sin W (2 L3N1+ > L3h2 7L3 1OI\L1N2
+ 58in wy cOSW (M11\12N3+).'I2N1N§+M§N1N2)
+ 5cos wy cos (L1N2N3+L2N1N§+L3N1Nz)} > (148)

1
e e T —
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dw afl 15u. € (1-e2)'5/2 )
-—d;tl-t‘l+ cos i —=wt _ 4. d _d ae-1(1-c2)§ /1+2 ¢
dt Gl 4 4
+ &d n
x Isinwd_sinw (4M2+5L3n1+15M3N2N3)
+c08 Wy sin w (AL2-5M§N1+15L5N2N5)
+ sinw, cosw (141\11-5[,5N2+151»15N1N5)
+ coswy cos W (KL, +5M;N +15L5N Ny) ] (149"
and
- _2\=5/2
Q9,4 1Hg %5(-e;) -1, 29 2 9 &
3t = L ae 1+ L e +4 e
€l ag n
X isinuh_sinw (4Mé+5L3N1+15M3N2N3) . coswd_sinai(AI?-5M3N1+15L3N2N3)
+ sinw, cosw (m.f1-5L3N2+15I~13N1N3) + COSW; COSW (hL1+5M3N2+15L5N1N5)}.

eees (150)

For n = =4 and k:},

- 2\~5/2
de ) 5 1575H; ey(1-ey) 2, 2%
at = }+ ae (1-6 )
256 aj n
x {sine_ sin3u (3L5N2-M3N1N3-M.T1N§) - coswy sin3w (5M}N2+L3N1N3+AL1N§)
- sinw; cos 3w (3L5N1+M§N2N3+l.Msz) + cOs Wy cos 3w (31-‘[‘,,N1-L3N2N_3

"'hl‘zNi)] ?
ceee(151)
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2.-5/2
a 2
._I:.‘nl - 52%:‘1(1 %) a0>(1-¢2)"%
d¢ 256 af; n

x {28in wy8in 3w (L1N1-L2N2+5M5N1N2) - 2008 W, 84n 3w (M1

+ 8inwy cos 3 w (2M3+m3N‘3-5M5N§-AL2N1)
- cos wd cos 3w (21.5-5L31‘321+3L3N§-W1N2)] ’

dﬁ_! 5 525 e,(1~e

dt 256 a{d" n sina

-5/2
3)5/

1--
ae’ (1 o’ )"e

x [sinu, sin3w (2M}+m3n;-5M3N§-z.L2N1)

- cos ugy sin 3 v (2L3-3L5N§+3L3N§-1.M1N2)

- 2eduwgcos 3u (L1N1-L2N2+5I.-15N1N2)

+2 coswd cos 3w (M1N1'MZN2‘3L5N1N2); ’
- 2,~5/2
—-li'-|-2d o + cos i 2 6'4‘5 = 1579 ed(1-ed) ae(1-e2)%
dat dt = N
256 a; n
x {sinug sin3u (3L3111+M5N2N5+u421vf)
- cos uy sin 3 0 (3NN, LN N,-LLN)
2
+ 8inug cos3 wisi( 5L3N2-r.13N1N5-1.M1N5)
- COS8 wd cos 3w (5M§NZ+L3N1N3+LL1N§)}
and
d 0'_ 1575“& ed(1-e§.)-5/2 ( 2)
——ii-zdt = = i ae(1+e
256 ay n

X isinwd sin3w (3L5N1+M$N2N3+L.M2Nﬁ)

- cos u sin 3 (3M3N1-L3N2N3-4L2Nf)

+ Sinwd cos 3 W (3L3N2-M3N1N3-W1N§)

- cos Wy cos 3w (3M5N2+L3N1N5+4L1N§)1 .

N, =M, - 3L M)

(152)

(153)

(154)

(155)
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de
—T;i'g = 0 ’ (156)
T 2,~7/2
a1 135py (1-e3)
_d"'tin.o. - a ‘_d a2(1-e2)'% (1 + 502+ 182 el")
128 a"i n
32 2 2 g} 1
X [(1 +2 ed> NN (1 -%NS) + 65 {L1L5 s + £ LN,
2
+ %N1N3 (Lj-Mg)} cos 2 W,
2 A g . 2
+ ey {L1M3+L5M1 + 55 Lkl Ny + %Nz(mi-x.})} sin 2wd:| y (157)
Al o 10y DT, 2 154
---dii‘— = ———Sp———a (1-6°)"2 (1+56 +-850 )
128 ajn sin i

y .2 o2 L), &2 e -£
(D) dlamde .

2 1L 2
+ e {L2M}+L5M2+ 55 LM N %N1(L3-M§)} sin 2"’&] , (158)

- = 2,-7/2

._5%5.:_ + cos 1 —== = - ggjn a“(1-e") (1+£ e )
x [(1 ‘2 eﬁ) (1-10N§+2}i N§> + 25 (1-75)

x {(L%—Mg) cos 2 g + 2L3M3 sin2 wd]] (159)

armd

- _.2y-7/2
Lo BRI p(.g2.5d

dt = 256 “2 . 12 12
X [(1 +% 0‘21) (1-10‘1§+2}2 Ng') + % eg (1-7N§)

x {(L%—Mg) co82 uy + 2L,M;y 8in2 wdl:l ) (160)
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These exprossions have boen compared with those given by Sm:l.t:h25
as comparison is possible - Ref,25 negleots cubic and higher powers of a/ad, e
and e;, Most of the terms compared agreec but there are some discrepancies for
dw/dt, as thore were for Aw in seotion 8, 3, and one disorepancy for each of
de/dt and al/dt, In a private commnication Smith has agroed that the errors
are in Ref,.25,

as far

The details of the algebra required to reach tho above expressions have
boen omitted, The analysis is fairly siraightforward, but one peint of
difficulty is worth mentioning, In applying equations (131), (132), (134) and
(135) to eliminate a amd 65, negative powers of sin2i" are temporarily
introduced, They must be cancelled by factorisation of the polynomial expression
in LB’ M3’ N1, N2 and N3 which also appears, That this factorisation is possible
is not always evident and an exanple is now given of the factorisation for one
of the polymnomial e xpressions. The nethod cmployed is to eliminate N1, N2 and
Ny first, using relations of the type Nf = 1-L§-M§, N"N3 = - (L1L5+M1M§) and
N, = L.M,-L ,M,, then to regroup terms, to factorise and finally to simplify

2 A3
by re-introducing N,, N, and N

17 "2 3°
As our cxample we extract the factor sinzi" (= L§+M§) from the expre:sion
L N2+M,N N, which occurs, multipliod by sinw, sin3w/sin°i", in the evaluation

327313 d
of de /dt. Ve have
"’10-,3

CJPP T M Vas32a2  \at2.
LNaNIN, = Ly(LoM, L M) (1-L5-125) - 14, (L, Lot 1) (113 ur':-)

2.2 .2 2,0 +2 2/, +2
L1L3L13(L1+h1+L2+1~€-2) +M, lL5(1-L2-M,§) - 1\3(1-L1-Nﬁ)}

£ (L§+M§) - M%( 1-La-; 'Li"’é)!

(vl 2,, .2
-L,L.M (L3+M§) + M1{L5(1-L2-M§) -1y

17373

2 2 | 2 .2\ ,2
-L1L3M}(L3+M§) - M,V 5(L5+M§) +M, (1= 2-1»2) (L3+M§)

2 2
(L3+M§)(M1N2-L1L3M3-M1M§)

(L§+M§) (M1N§+M3N1N5) :

9 APPLICATION TO SOLAR RADIATION PRESSURE (NO SHADOi!)

It is intcresting to note that, of the results for the complcte range of
values of n (-0 to +o0) covered by the general theory of scctions 4 to 6,
interpretations hove been fourd for every case but one; for n = 2 to o the
results apply to the gravitational field outside the earth, for n = 1,0 and -1




the results are triviel and have been interproted in section 6,1,and for
n = =3 to ~o the results apply to luni-solar (gravitational) perturbations,
This leaves the results for n = -2 umusod and it so happens that it is just
these results which are relevant to the study of the perturbations due to

solar radiation prossure,

It is necessary to assume that the satullite romains in sunlight, since
in shadow the radiation pressure disappeiars abruptly. Equivalently we may
think of the carth as transparent, so that it is possible to have a conservative
field everywheroe, Then, nvglecting any asymmotry in the shape or surface
finish of the satellits, ard taking the sun to be at an infinite distance, the
radiation pressure is a constant force - diructed always away from the sun, The
direction of the sun is an axis of symmotry and th: potential function is given

by

U = Froosop , (161)

where ¢ is the angle, subtonded at the centre of the carth, betwoen the
satellite and the sun; F is the (constant) force per unit mass towards the sun -
using the notation of Cook2 - and is always nogative,

Thus

on taking J_, = - F R%/i; herc J_, is positive and the interprotation of the
distance Il is unnccessary since it will be cancclled ocut in obtaining the

perturbations AZ,

The troatment of section 8 is row immediately applicable (with n = -2) and
therc are again two cases, according to whether or not we average over a year,
If the sun is assumed fixed we use the A,B,C of scction 8,3, Instead of working
from the general formulae we take advantage of the formulae for ?;_2 in
section 6,4, It is necessary to bear in mind that thesc equations must be taken
as referring to the dashed clements of section 8,3, To obtain normal elements
we usc equations (74) and (79) to (82). Since

2 2
a 2r F a

we get, very casily, the following roesults:
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ba = 0 , (162)
2
de = zﬂ—:lza (1-02)% (Boos w= Asinw) , (163)
#
' L = - %Eaze(hoz)’} Cooow (164)
1
sin 1 AQ = =~ %Faze(hez)’z Csinw , (165)
| BE 21, 2%
i Aw + cos 1 A0 = = ae (1-e“)? (Acos w+ Bsinw) (166)
]
and
AC = %—F‘az(e-ue) (Acos w+ Bsinw) (167)
Thoe rosults of equations (163) to (166) agree with those given, in a
different form, by Allan - equations (14) of Rcf,2l4,
Passing to the consideration of the mean effects of solar radiation over
onc year, it is advisable to interprct R as the (variable) distance of the sun
f from the earth, If we then assume that F R® - const = Foag, where ay is the
semi-major axis of the sun's orbit, we mey pursue the analysis of section 8,4,
Double-dashed elements are based on the ecliptic as reference plane,
With n = -2, k takes the value 1 only, On replacing g by Foag equation (88)
gives
3 a\’
U_z(av) = -gF ae G—) (sinw" cos i"sin (6d+vd)+cosw" cos (6d+Vd)) .
vees (168)
Hence
2n
U .(av, av) = - 2p ae(‘l-ez)'%-L {sinw" cos i"sin (0,+v,)
2% - 2 o d 2% d'd
. 0
[ ]
+ cos W" cos (ed-o-vd)l d vy
- 0 o
Thus
d 2_2 -
—= = 0 ., (169)

for every element,
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10 SECULAR AND LONC-PERIOD PERTURBATIONS

10,1 Introductory remarks

The bulk of this paper has been devoted to the first-order perturbations
of a satellite orbit over a period of one revolution of the satellite, The
perturbations have been 'first-order' in that each term of the perturbing
potential U, given by equation (11), is treated quite separately, The
integration of Lagrange's equations (2) to (7) has been carried out with the
elements on the right hand sides held constant, DPerturbations over many
revolutions are assumed to be given by multiples of the perturbations over one

revolution,

This treatment would be adequate for dealing with the potential field
of the earth if it were the case that each J (n » 2) were of the order 10~ e
say. The actual position, however, is that J2 is 0(10° -3 ) and the other J,,
with n > 2, are 0(10” ) Thus it is in some ways more logical to regard
J2 toerms, only, as first-order and the terms for later Jn’ together with Jé
terms, as second-order, Up to the present we have preferred, for the sake
of gencrality, not to do this, but now it is desirable to consider matters in

the light o' the actual geopotential field,

The key cffects of the dominant J2 term are on ! and w, these elements

being given sccular, i.e, non-periodic, changes, If the rates of secular
motion arc denoted by il amd respoctively - the dot notation is used nowhere

elsc in this Report - then

2 . RZ
= J2n<%) 020 and W = Jzn(;) Upg 9

where n is the nean motion arnd 020, Wyq &re given by section 6,3; thus

2
9] - % J, n (%) cos i (170)

amd

Ee
{

55,0 (8) (1-27) (171)

where £ = sinzi. The clement ¢ also has a secular component, 0, but this has
not the importance of {! and «,
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In section 10,2 we consider long-period effects arising from the inter-
action between @ and the (previously-called) first-order perturbations associated
with Jy, J, eto; Jg perturbations are introduced and their interaction with
considered also, In seotion 10,3 we consider, similarly, the interaction of o
ard & with luni-solar perturbations,

These introductory remarks are concluded by a brief mention of short-
period perturbations, Until now these have not arisen because Lagrange's
planetary equations have always been integrated over a complete revolution of
the satellite, Short-period terms are those which arise during a revolution
but vanish at its enrd, The only short-period terms which are significant are
those associated with J2. A good way to derive them is to integratethe Lagrangian
equations using true anomaly v as argument instead of mean anomaly M,

Merson1 has applied this method and his results (for the standard osculating
elements) are given for integration from the ascending node of the satellite orbit
as initial point, Stern029 gives results which apply for integration from any
point of the orhit, the node being one obvious choice and perigee another, le
follow Sterne and list here, for refeerence, the complete J2 perturbations -
integrated to a general point of the orbit = for each of our six standard clcments,
using v as argument, The elements on the right hand sides of equations (172)
to (177) should be taken to refor to conditions at the chosen initial point of the
orbit (when t = 0) and the functions F(e,i,w) must be chosen to make the
exprcssions vanish at this point; e, g. for integration from the node,

Fn(e,i,w) = 6w +8 e sinw, The expressions agrec with those given by Merson
and Sterne, To obtain purely short-period terms, it is only nccessary - for
1, w and 0 - to replace thc initial sccular v by v-li

J2 R2 a2 2 2
Sa = —63—- [12 (2+ 3e°)fcos2 (wev) + 6o (4+e“)(2-3F) cos v
16 p
+ 9 (Mez)ffcos (2w+v) + cos (2w+3v)) & 1262 (2-3f)cos 2 v
+ 18¢° ¢ cos 2 (w+2v) + 305f fcos (2w-v) + cos (2w+5v)}
+ 2e° (2-3f) cos3v - F_o(e,40)] (172)
2
Jp R 2 2
S¢ = ——x [6 (4+e”)(2-3f)cosv + 3(4+11e”)f cos (2uw+v)
32p

& (28+1732) £ cos (2uw+3v)

+ 12¢(2-3f)cos2v + 6ef [10cos 2 (wsv) + 3cos 2 (w+2v)}
+ 3 e2r fcos (2u-v) + cos (2uw+5v)} + 2e2(2-3f)cos 3v - Fe(e,i,w)] "
coen (173)
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2

JZ R sin21
81 = 3 (30082 (wsv) + 3ecos (2wsv) + ecos (2w+3v)
°p - Flo4,0)], (1)
J, R
2 cos i
n = 7 [-6v + 38in2 (k+v) = 6esinv + 3esin (2w+v)
hp + osin (2w+3v) - Fn(e,i,w)] ’ (175)
2
Jp R -1 2
bu = S5 [2h (b-58)v + 67 [4 (2-32)+ 0" (14-171)] sin v

32 p -
- 33-1{z.f + 02(8-15f)]sin (2w+v) + o L 1281‘-92(8-191’)]

x sin (2w+3v)
+ 12 (2<3f) sin2v - 12(2-5f)s8in2 (w+v) + 18f 8in2 (w+2v)

- 3ef 8in (2w=v) + 2e (2-3f)sin3v + 3ef sin (2w+5v)
- F (e,1,0)] (176)

ard
2/, .2\% '
o = fot (1; ) [21. (2-3f)v - 6e'1(h.-502)(2-3f) sinvy

2P -1 2 -1 2
+ 36 (4+17e°)fsin (2u+v) = o (28-13e°)f sin (2w+3v)
- 12(2-3f) sin2v

+ 36f8in2 (w+v) =~ 18fs8in2 (w+2v) + 3o f sin (2w-v)
- 2e(2-3f)sin3v -~ 3ef sin (2w+5v) - Fo,(e,i,w)] .

coee (177)

It is to be noted that Sternc does not give, as his sixth expression, a
formula like equation (177). He gives, instead, a formula which is more
convenicnt for the derivation of M, the quantity actually required, From
equation (8),

£
M = b0+ / nt ;
o

using the constant n' introduced in section 7 amd equations (63) and (65), with
the indicial suffix n = 2, we thon have

M = n't+060c =38 . (178)
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With tho expression for 8p available (it is - ¢ of Merson1) we got

7, R2(1-02)%
32 p?

[50-1(H2)(2-5f)sinv - 5e'1(z.45e2)r sin (2w+v)

+ 0 1(28-6°)f sin (2wsdv) + 12(2-3f) sin2v
+ 18f sin 2(w+2v)

M = n't -

-« 3efsin (2u-v) + 2e(2-3f)sin 3v
+ 3ef sin (2w+5v) = FM(e,i,w)] .

cese  (179)

Tor the pure short-period behaviour the n't term must, of course, be dropped.

The % 8p term in equation (178) does not arise if Merson's smoothed
elements are used instead of osculating elements, The short-period expressions
of equations (172) to (177) then become very iuch simpler; in particular, terms
L disappear, though we have already - in section 8,3 - made the point that
such terms are not of undue significance,

in e

10,2 Sccular and long-period perturbations associated with J},Jh_ etc and witth

There is a conceptually straightforward method, associated with the names
of Poisson and Poicaré, which it is possible to apply in order to obtain
perturbations associated with successively higher powers of the J coefficients,
The method has becn applied by Merscn1 to obtain the Jg perturbations, but
alrealy at the expense of much laborious calculation, For higher powers, e.g.
Jé J3, it becomes quite unmanageable, but it is nevertheless worth mcntioning
briefly,

The principlc of the method is an iterative onc based on the assumption
that the complete perturbation of cach element, ¥, may be expressed - in terms
of the elements a , ¢ , i and w_ at epoch (t = 0) and of the true anomaly v -

by a Taylor-type series of the form

S, S5 8,
8¢ = ZJZ T2 3, e T80 sene (2, e, i, v, v) , (180)

5
where v is not confined to values within one revolution of t = O (we ignore
convergence questions, of which there is a short discussion at the end of

section 4, 6 of Ref,29), For S5, = 1 and 83 = SL\ = esee = 0, the functions f
are precisely those implied by equations (172) to (177)s For 85 =1 and
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8, = S)+ = seee = 0, tho full first-ordcr J3 perturbation could be obtaimed; and
so on, Lagrange's equations for thess first-arder perturbations being intogratod
with the elemonts on the right hand sides held fixed at 8, &, °tc. Socond-
order perturbations (with £3 j= 2) could then be obtained by substituting, on
tho right hard sidus of the lagrangian equations, functions of the clements

with first-order porturbations included. Procceding in this way perturbations

of any ordor are in principlc determimte,

Mcz'sson‘| has used this method to obtain Jg torms for osculating elements,
Although he does not derive short-period tcrms (for which a paper of Kozaiso
may be consulted) thc method is alrcady extremely laborious at the Jg level,
The Merson Jg expressions are given for the variation from node to node; from
perigee to perigee the variations are differcnt (unlike the situation for 509,
ctc variations) due to the J2 variation in w, The perigee-to-perigee expressions
are used later in the section and are 1listed below; AZ,U is the secomi-order
ohange associatod with the firat-oider cliange given for J, by equation (36) with
elenents in equations (38) to (45) taken at perigee,

ba, = =& 2 R%W2p™ (15e)” £(4-5t) sin 20 (181)
L
bc = - % Jg G—:—) (1+e) £ [4(4-5¢) (5+7e) + e(1-c)(14-15F) sin 20 |, (182)
i 2 (R b 2
iy, = 559, (;) 8in2 i [(14-15¢) e ~ 4(4~5¢) (3+4e)}sin2 0 , (183)
L
M= -7 (%) cos 1 [4(9-10F) + 6 (4s5E) - [8(3ske)(2-5¢) = 26°(7-15¢)]
cos 2w] ,
cees  (184)
2 B\ 2, 2 2
bu, = é% > \5-) [2(192-112f + 21507) + €° (56-36£-L45¢F)

v [32671 £ (4-5¢) - 4(48~322£431562) - Gue (42642562
+ 26%(28-158£4135¢2)] cos 2 u] (185)

and
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4
80, = 5"% 3 (-g-) (1-62)~% [2(&8-116f+67f2)+ 126(2-3£)% - 262 (16-52¢ +59£2)
+ 4o (2-3¢)2 - e"(ss-w . %2 f2)

-f t16e'1 (4=5f)-2(170-213F )=4e(146-187f)
+ 802(#9-57f)+h35(106-1 31f)-e‘*(106-111f)l cos 2w
- -193- ot £2 coshw] . .(186)

Some general, but lengthy, expressions for Jg perturbations have been
given by Claus and Lubowe3 1. These expressions refer to a complete revolution
of the satellite from v+w = © o o 0 °+27t, using the notation of Ref,31, For
Oo = 0, Merson's expressions are confirmed, For eo =W however, v changes
from O to 2x-Aw and so we do not get our equations (181) to (186), It is
interesting to observe that for this case (6 1L E; wo) Ref, 31 leads to a Jg

perturbation of semi-major axis equal to zero,

The general method outlined above is impractical then, The following
point about it should be noted, however; its significance will appear later,
Just as (secular) terms in v appear in the perturbations associated with
J2,J3, eves and J‘g, tt21ere similarly appear - as dominant terms ox}rer a long
interval - terms in v associated with Jp Jj’ JéJL) e ceeee and J,; for still

higher powers of the J coefficicnts there appear higher powers of v,

A suitable treatment, which takes account of the main higher-order terms,
is in fact rathcr obvious and will now be described, Leaving Jg terms until
the end, we consider the perturbations due to J 5,J L9 etc; we work gencrally
ucing J 20 where £ is appropriate as the gencral suffix since caly positive
values arc required and we want n to denotc the mcan motion, Since there is
no long-period or secular variation of scmi-major axis we start by considering

eccentricity, e,

We climinate short-period tcims by using 'barred' clcments and write, from
equations (36) and (37),

- I )
de Do, R

Hence, abbreviating cquation (39) to

e, = G&k(e,i) sin k(w=3%)

ek
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where the function G&k(e,i) ie thoreby definod,

de _ J 3&0 (o,1) 8in k(w=in,
dat = ") “e\p) “ex'\® g
¢,k

Now our interest is in the interaction of J, (¢ > 2) with J,, Since
a, ¢ and i arc constant to order J,, the variation in e is given by

%
2
bc = nZJc (%) G&k(e,i) [ sink(w-#x)dt .,
o

¢,k

Taking the J2 variation of w to be given by equation (171), we may write (since
only tcims with k > O occur)

nJ A
e = = Z-vaﬁ (%) Gy (,1) fcosk (w-ix) - cosk (wo-%"‘)l . (188)
¢,k '

Here t does not appear so that 8e is not secular but long-periodic (by implied
definition of 'long-periodic'),

Two points may be obscrved about equation (188), They apply also to the
perturbations for the other elements,

First, if cosk (w~3x) is expanded by Taylor's theorem (valid for w of
any magnitude) with W= = 95 (v-vo) , short-period terms being neglected, then

¢ —1r) o - - - . 10)
= fcosk (u=%r) - cosk (wo ) = (v vo) sin k(v -3}

W "2
+ -,1;-1%- (v-vo) cosk(wo-%ﬂ) + ceceve o

With the first term here we have recovered the appropriate contribution to 6%
in equation (180) with S, = 1 and the other S j= 0. With the second term we
have precisely the dominant (quadratic) term ol those associated with J,J o
of which thc significance was foreccast, Similarly, successive terms are

associated with dominant terms in v3 ,vl" etc associated with Jg J o) Jg Je eto,

The secord point to be observed about equation (188) is that the lower
limit Wy corresponding to t = O, appears in it The ten1n21n W, is often
omitted for simplicity, for example in the work of Kogai =, The variation in
e is then given from its velue at some time for which w is such that
cosk (w-3%) = O, The present author feels that one may then be only too easily

confused by what happens when & is small, This occurs when sinzi is close to
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4/5; 1.6, when i is about 63°,4 or 116%,6, the so-called oritical inclinations,
If the w, term is dropped from equation (188), then when & is small the value
of ssek is in general going to be large (re¢'itive to Je) and there appears to
be a singularity, The trouble is, of course, that when w is small the perigee
is moving so slowly that the time at which cosk (w=3%x) = O, if it exists at
all, may be a long way from the time at which the porturbation is of interest,
Many papers have been devoted to the subject of the critical inclinations,
e.,g. Refs, 32, 33 and 34,and some rather advanced mathematics is involved, It
is perhaps sometimes overlooked, however, that the situation is in some ways
simpler than for non-critical inclinations, For if & is zero, w is no longer
a different type of element from e and i in its J2 behaviour, The integration
of equation (187) then leads simply to

- R\
de = nZJ&({;) eth 5

e,k
to which equation (188) reduces as w = 0,

The long-period perturbation to the element i, corresponding to
equation (188), is given by

_ ndJ e
8T = Z-}:f(%) e(1-32)~1 coti G{’,k(e'i) fcosk (w=ir) - cosk (%-%’")!-(189)

e,k

For the elcments 1, w and o there is a complication arising from their main
J, secular perturbations. For Q, we start by writing (cf, equation (41))

= e
dn R
3t = 0 E I, (;) Hek(e,i) cosk (w-im) |,

3
O,k

1
where H&k(e’i) cosk (w-3%) = Q0

For each £ > 2 and k = 0, we get a secular temm contributing

)
—) H, (e,1) ¢ (190)

R
nJc<p

to 81, For k > O, we get the long-period contribution, corresponding to
equation (188), given by

nd <
k_'w& (%) H&k(e,i) [sink (u=3n) - sink (wo-%‘"-)] (191)
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but it will now be seen that this term may be combined with part of the main

secular (f}) term for € = 2 and k = O, The latter is given by equation (170),
which it is necessary to write more precisely, with n' in place of n, We have

2 2
n'J2 (%) Hzo(e,i) = 0 = --%n'J2 (-E-) (1-32)-20051 ,

so that

2
3—2- -6n'J, (%) e(1-ez)"‘| cos i

and

2
5—‘2- - %n'Jz (%) sini .

Hence, using equation (40) and writing n' only where necessary,

2 2
f = - %n'J2 <§R—) cosi - Jéin J, (%-) e(1-62)~1 cos 1 68
o
and so
t 2 2 t
/ﬁ at = - %n'J2 (-5—) cosi t - 125-n Jy (%) e(1-92)-'1 oosij be dt ,
o
o 0

But, from equation (188),

t nJ e
f bedt = = Rg (%) Gck(e,i) [1%5 {sink (w-3r) - sink (vo-%ﬁ)l

bk - tcosk (wo-iﬁa .

Hence the combination of the J2 secular term and the terms of type given by
equation (491) - those withk > O - may be represented by a secular tem

- %n'J2 (—g—)zcos i, {1 + 56(1-62)-1 Z% (%>& GCk(e,i) cos k (wo-v}ﬂ)}t (192)
’,k

o

together with long-period terms
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Z“J (R> [ek(e 1)+2 2 12: 213 Gck(*”i).-.l Istnk (s-k) - stnic (oo}

cece (193)

The oomplete perturbation &1 is made up from the contributions (190),
(192) amd (193). The presence of the second term in the square brackets of
(193) explains, for the case ¢ s 3 ard k = 1, an apparent discrepancy between
formilae of Merson' ard Kozail?; Refs.1 and 12 differ in having factors
(1-15¢/4) and (1-5£/4) respcctively but the discrepancy, noted by A, H, Cook7,
is now seen not to be a real one, Full agreemcnt between Refs,1 and 12 has been
demonstrated in a further paper by Mertson3 5

It is observed that one unfortunate result follows from the separation of
the J& perturbation into secular and long-period canmiponents: near the critical
inclinations cach component becomes very large, though the combination remains
finite (and contimous) always, Thus if @ is near to zero the separation should
not be made,

The perturbation, 8w, of w may bo dealt with in the same way, If I, is
such that

I&k(e,i)oosk (v=zm) = Wo 9
then 8@ has
R\ :
nJ, (5> I&o(e,l)t (194)

arising for cach ¢ > 2 amd k = O, Terms with k > O may be combined with the main
J2 secular term and represented by a sccular term

3J n'( o) f( if )+ % e(1-e )"1 (13-15¢) ZnJ C‘) Ck(e,i) oosk(wo-a}ﬂ)}t

(A X X} (195)

together with long-period terms
/ _a2)~1 K
A (e,1) - 21=2 13A58) ¢ (o,1) | [sink (w-ir) - sink (u ~ix)} .
4

eoee (196)
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Similarly, if ch(e,i) is such that
KCk(e’i) cosk (w=x) = Tpe
thon the perturbation 6c has
B’ (197)
nJ, (5) K&o(e,i)t 97

arising for each ¢ > 2 and k = O, The combination of terms for which k > O
with the main J2 secular term may be represented by a sccular term

% J, n'(i?:)z (1-32 )'15 {(1 - %fo) + 29(1-3‘.:")"'1 zi—g%; (%)O-ZGCk(e,i)cos k(wo-'g‘n)} t

¢,k
eeee  (198)

(with J, instced of @ in the denominator of the summed terms since a factor
(1-5¢/1) has been cancelled), together with long-period terms

nd & 2 _.;. |
$ Z.ﬁé (%) [Kak(e,i) -Z’.U-Te.)_ cac(e,i):] [sink (as=x) - sink (0 —4x)] .
¢,k
YY) (199)

But, as with the short-period torms listed in section 10,1, it is the
perturbation in M, rather than that in o, which is important., To obtain this
we follow the method of section 7, where n' was introduced by equation (63),
Thus it follows from equation (8) that

T

an L do

T n'+-%;f (n-n')dt+a-£- A (200)
o

where

¢ Sp,

Tw
o[ (n-n')at = -%ZJ& (%) D]
¢ .

using equations (63) amd (68). e L&k(e,i) is defined such that

30,
L&k(e’i) cosk (W=-3n) = = ?(&—?IT



du

b
4

L3

then, sinco 1(20(0,1) + Lzo(e,i) = 0, the complication of terms in GCk(e,i) does
not arise, The perturbation 8}t consists of the secular term

)
n! J, (%) fl{&o(e,i) + L&O(e,i);t (201)

for each ¢ > 0 and k = O, the main secular term
n't , (202)

where n' is absolutely constant, and long-period terms

nd, m\é
Z-k-.; @) [k, (0,1) + Ly (e,1)] fsin k (u~in) - sin k (0 ~3n)] (203)
¢,k

We now outline the similar analysis which may be carried out to obtain
secular and long-period perturbations associated with Jg. Here, as has already
been mentioned, the expressions obtained depend on the point of the orbit with
which the orbital elements are associated, If the smoothed elements of
Merson1 or Koza.i12 are used the long-period perturbation for semi-major axis
turns out to be zero, For osculating elecments defined at the node or perigee
this is not the case, Here we give perturbations for elements at perigee, for
which the sccond-order changes over one revolution have been given by

equations (181) to (186),
From equations (181) to (183) the long-period perturbations of a, e and i

are given by

Sa, = ? Z'& Jg Rl;;‘z (1+e)3f'(1 -i—f) (cos2w=~cos2w) , (204)

Sa, = Z_Z":f,'ﬁ <%)I+ (14e) £ {(" '%f) (5+7e) + e(1=e) (%- : f)} (008 2 w- cos Zwo)
eees (205)

and

51, = j—g—'r.]‘z?-@-y sin2 4 {(1 -i—r) (3+l+e)-(-82-:: f)ez} (0082 w- 00824 )
coee (206)
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respectivoly, In the above equations n' is usod since (with g, %92 =0
from section 7)

T—-n +0(J2J oooo) 3

the distinction becomes vital for the perturbations 5ﬂw, 50‘0 and 5% given below,
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