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Th• TaJIB, Statz u4 dellara theery of aul.t1ao4e oaoilla­

tioaa of a Nlid-atate la1er, Wider etatioury c adi ions, has 

bee• extea4e4 to treat the cuea of cavities •1th loaay end n!r' .. 

rora or with trequeaoy-4epea4eat losses. 
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A GENERALI ZATIO OF TANG , STATZ AND dtMARS TF BORY OF MULTI ODE 

OSCILLATIO S I A SOLI STATE LASER 

- In on 

The th ory of mul 1 od oac la one of sold-sate 

la er in Fabry- ero cav y ha beJn develope by T ng Sta z 
2 I 

nd de rs n o basic papers ( ' ). 0 her ork is repor ed in 

R fs o 3 o 6 

In Ref. only long tud al modes are oons dered, h oh 

mp es d ena noe o he f ld n e on ingle ooord na-

, y z h e rans er odes en o co un in Re .2o 

Here e w r !er only o a p of he theory d ve oped in Ref. 

namely to the sat onary o e. 

n Re!. , the !UIIP ion 1 de th& each mode consists 

o p e ve of oo s an aM 1 de, ounohing back and forth 

be een he o end oh an assump on implies that the 

odes do no suffer sub tantial lo ee ooalized at the end mir­

rors but on ya sorp on os e, or, in general, os ea uniform­

ly di tribu ed along he oavi y o In many pra tioal oases, ho ever, 

lo see a he nd ore y be subatutial o Ia May Q-ewitoh ca­

vities , for e, only one airror hashish reflection ooeffi­

oien Aooordin&ly any lon&itudinal mode should be described by 

two lane waves with amplitudes which are ot constant but in­

crease exponen ally in the direo ion of propqation, eo th t the 

net gain per ne of each ave oompe ts for the loeeea a-4; 

he en mirrors 

- -



The ineraliza ion to the oue of lo1ay end mirrors will • be worked ou 1Jl seo.3 • 
.lao er aaaumptio •de 1• Ref.1 ia that the losses of the caTity are tile a- fer all loac111ud1ul. aode1 . oh n assump­tion ia quite well acceptable wha the resonator is o the 1abry­Perot type C0111Pletal.y filled with aotive uterial . But t ia no lon­ger acceptabl e ill other oaaea, for exaaple for the reaonatora desi-• gned fr aode-aelectio pu.rp sea. 
The caee of lo11es depe•dent on frequency will be treated in aeo.4. 

In aeo.2, we will report, sn•wrizea, the theory of Tang, Statz and dellara, 1 a little aore gae:ral fora than in Ref.1, mi­table tor the Kooeaaive applicatiena. The resulta obtained in Ref. 1 are recleriTecl, with aoae aiatr oorreotiona. 

2 - Suppar, of tile p[tTiwa theorz 

The nartiJII poiat of the fa«, Statz ••d deMara theory is repreaea eel b:, the two follewi.q rah equa in.a, relatiq the spa­tially T&r:,1111 41.tfereaoe 1Jl populati a D(z,t) between the upper ud I the lower uaer atatea,witil ~e auaber of photoaa N (t) 1.• the a-th 
• • aocle, u4 the Qatially var7iq e•ra deuit:, P (z,t) Which i cluoea • tile at11111latecl eaiaaie 1a the a-th .aodes 

( 2 .1) 

( 2. 2) a 
-- N ( ) 
at • 

• - ~N (t) + Ds i1n(z,~) P (z, ) dz . oa • • • 

- 2 -



Here i deno es these dy-s ate v ue of· he nvereion of popula­

tion in the abeenoe ot simulated emission ~ he spontaneous r..,. . 

di.ation tiae; g a on t Whioh takes into account the shape of 

• 
he emission line of he aaterial Dg a oonetan r ing the ' 

imula ed • eio o n( z t and P ( z ); a~ ae o l B a 
a ll 

h h akes 1 ac oun h o se o! the oavi yin them-th o-

e The SUIUDAt n e r D8 n ( 2o 1 n ended o be de onr 
. 

11 he 11 ng odes n umbe_ , h le he integr ppea-

r ng in 2 to b de over the leng1~ ot the act v erial, 

tend ng froa z - 0 0 Z - L F n ly he un e are so ohoeen 

h t he to l o ng r e io ho 

2 J i\ .z ) dz= L N 

Und ond I - 0 n( z ) - z) 

e 0 nd 0 0 h e t he po er one der ves 

tro ( 2 ., 
,J 

2 4 z - I t D t j g p z n D I ( j ) g p_ ( z ~ 
• ll ll a ll 

( 2o 2 e wr tte on unt of 2. 4), •• 

( 2 . s) G j 0 
• 

her 

( 2. 6 ) G(j 
=- - nllg. f 

-'l: D I(j) g/,! (z)] (z) dz 

• • 
0 

nd p (z • et ned by 

3 -



P (z) • I J (s) • • • 
:87 pu tiq 

( 2.8) 
Ji p (z) p (z) dz L J 8 • .. 

am r calliag (2.3), Eq_.(2.6) beo •• . . 

( 2.9) 

(2.10) 

G< j > = _ ~ + iDs Lr, _ 'tn 2:Ln , , N 7 • •• • L s a .. aJ 
lor he oeoillatiq ae4••• N , O u4 (2.5) yield■: • 

(for he aoillatinl aodea) 

Porth• ao - aoillatinc ■1411, R • o, Bq.(2.5) d •• o give u-• fonaatiea ab•t G( j), but it ..,•be ahen that ,. 
( 2.11) (for the non-01uillatiq aodee). 

he■ the ,reoe4iq 1patien1 ••• ou derive the nlue a.j of the exoeaa pua;p J•••r, aol'll&lue4 with reapeot to the puap p•wer aeoe■auy to ••t illt ■oillati•• the lmat-thre1h 14 ■ode (the 0 tu •••tal. •. ad4e), a■ a tuaotioa f the auaber j of ■oilla 1q aod••• 

Ia g•eal, the aeruJ.1114 uo••• P•IIP p w,r a 11 related -to a by the expr•••1•• 

iDLg • • - - ■-- - 1 
t. 

- 4 -



yalue of a. for which j aodes oscillate ar,d the next one, the 

(j+1)-th, is jun at threehold. 

To derive the value of «j, one note■ ihat, for ex= uj, 

(2o10) hold■ not eJlly for the o ■oillatill& •odes, but also for the 

( j+1 )-th ■ode which is just at thre■hold. 

:By taking ia1ro aooount (2.9), (2.10) reads 

( • 13) all£ L r1 - 1:D t( j >g F N ] - { 
llL I SUS ■ 

where both indices a..ADa,:a_refe~ -to oscillatins aodee, and 

(2.14) 

for the (j+1)-th aode. :By putting 

( 2 15) '& = f (1+6 ) 
g g • 

0 

and recallins ( 2. 12), Bqa o ( 2.13) and ( 2.14) beoo■e 

( 2 16) n t( j > g P n = 1 - ..!. ( 1 +6 ) 
8 8 ■a 8 1 +a. a 

and 

't D z( j) g l N = 1 - .!.. ( 1 +6 ,. 1 
) 

a a (j+1)a a 1 . "+ 
+a. 

ree-9t,otively. Cl1arl7, ( 2. 16) represent■ • systea of j luear 

•t$ation■ in the j UDknoq f.Bten■itie■ N
8 

of the o■oillatiq ao-

4110 By eolTUII it, one obtaill1 N as a fllnotioa of a.. Upoa ill-
a 

iroduotioa of the aolution1 1f (2.16), (2o17) bee•••• aa equatioa 

for a, whoa• 1olution 11 «j• 

- 5 -



.la already noted, ill Ref o 1 the fo lewing a1u1ua:ptio • were u4• 
a) laoh aod oon1ine of w, pl • wave• •f o t aapli'\udes, b) 'la• quaatity ta ia indeptnden of 1a4e:i a, fa (• 

According o a■8Uaptio a), one has 

( 2.18) 

(2.19) 

p (z) = 1 - oa(2t z) ll ll 

l = l 
8111 

--
' exp{ 21k L) = 1 • 

where le 4• et11 the wavemaber t,f he a- h ao4e , and ~ - 1 m 
•• fer 1 = , d = 0 for a, a o Eq~ ( 2.16 be oaee n 

{ 2o 20) 1 -CD t( j) -- ( +b. ) ~ 'Z'D g N g N = •• " 8 8 • 
which , NlTed for w. , give ( 

( 2. 21) 
• & i~ l 1 

~ 
2 f j\ - ----- --1+ • 2j+ 

" 
Ia new of { 2 o 9 , ( 2. 7 re 4• 

~ t(j ) g N - ( A \.. JJ - -- u ◄ 8 8 I t1 

Iatre4uctioa f ( 2o21 into (2 22) yields 

(2o2J) 
- ---(l (1 ♦A.)l = 1. --- (1+A ) { +a j 

{■) 'l,a ea (2.20) ia easily 1olTed by aoti.Jlg th t over 1a4ex e ie 1.Jlde,ende•t of index• 

6 -

-i 

(1 68)} j 



whioh, solved for~, gives 

( 2 24) (1 = ~ = ( 2j 
j 

Th a express o of j has general for■ o the 

oul cue considered where g a given by 

h r e 6 deno e he half power line wid h of h 1 ser u r a 

( ente ed on the frequen y ~
0

) and he 

qui.space by S o The quantity ~ de d 

po 1 va u of (~ / ~1 )2 ro teaptr 

ode frequeno e ~ are e • 
on he e per ture o A -

4 
e s O o 

ou of (2.25 , nd n e &8 n b one 

b s 

., 26 

e tha for 

ay o d 

y e o 

h 

he aber of oso 11 -

ing aod s 11 

by the d , def ned by • 0 

a 1ng aodee froa ( the o 

g1vea 

he ■-th ode ie spe fied 

- • ~ , he nd ex • var e for 

)/2 o j- /2 Eq (2 o24 the 

{ 2o 27 j 3) 

3 The influ -
l'he the end airror are 1 a y, aeeuapti a) of he 

preoed 118 sec on 1111s be give u and re 1 oed b7 ht aasuap ion 

- 7 -



that the two :pl.all• W&Tes belongS,q o the a-'lh aode gai• ill tran­
lille through the cavity u aaoua1; Which ooapeasa ea for the loaaea 
., 1'he end aiJtrOJ'lo 

With retereaoe to Jig.1, let u1 4ea,te by the (u,11-
tu.de) re:tleotiou o ettioieat ot the lett-hu4 airror and y p" 
"hat et the righ~hand ~or. Purther, 4eaete by w+ ( -) • • • ooaplex aaplitude a the let h 4 {ript-hu4) air.rer et the lett-
to-rilh' (right-t -left) plae wave beloagiq the a-th aode. The 

9" 

----- l -----

F g o - A oonvent1 ona Fabry P rot re ona or. The ( u,pli tude) re­fleo.tioa cbeffio 1 en are p • on the let d ' on the righ • 

coulex aaplitude W (z) of the ■-th ■ode at a poiat z 1aa14e he • res-tor Ylll be written aa 

W ( z) w+ exp ( 1k z p z) + w· exp [: k ( z-L) - p ( z-L )1 . . . . . . ~ 

where P denetea the gai ( in neper) per uait l e th ,, At z == O • 
&Dd z = L, e ha■ 

+ W = p 0 I ITn(ik L+I L) . . -, . ,... 
w• = p' ,+ exp(1.k L+P L) • • • • 
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Aocordingly, one can write, by uaillg (3o6),(3.7) ud (3.4), 

( 3.8) P (z) • I (z) w•(z) • 
• m 

= •:.,:•xp(ik•L+pL) ~ •up( 2pz)+p'' exp (-2P( 11-1)}+2 o■( 21tmz >] 

ReoalliaB (2o.3,) aad (2o7), one ca wri 

Where 

( J.10) 1 1 ( , • ) ( 2~L . ) l = $ P + P e -

er al■o, ii\ view. of the fire of ( 3o4) 

1 1 1 II 1 ] ~ = -~~r - - P + -r - P X -•D\~ p p p 

By ueiq (J.8) ud negleotiJag teru of the order of 
1 It~ 

2 
with re epeot to UD.i tJ, ( 241 8) yiel4• • • 

(3. 12) , .. = t2lm (_p,2+ p~2)(e4PL_,, 

which uy b • wri ttea ae 

( J.1 3) 

- 10 -



where no1' r ' and r 11 deao • the power reflec ion ooef:tioiente of 

the l.ef' h 'nd airror and of the righ -hand airro ep eotively 

(r , 2 r " II 2) o 
p = 

b 0 f ' ( J.1 3) n o ( 2. 6) gv 

( 30 5) 2r 
2 D F ,::( . g N - ~ ) 

gm s 

Hen.ce ( ee he too o e on p r6) 

( 3 6 
1 

m 2 
( !J. 

m 

Then 2o 7· re, 

,, 7 l 
j'.F 1 

- ( 1 6 ) 
j 

h h o to , g .ve 

( 8 a = 
F - -

The r efl o ion- os fun on F/ 2!
2 me out to depend 

on r and r 1 Ho ever, y inepee o of a plot f ' the ourves F/ 2!2= 

= oons ant 1 he p ne r , r 1 ' Fis 2) , t appears ha 1he 

r e:tleo ion o e :tune ion vir --- Y depends only on r or r• ,whioh-

ev r has he e 1 r va u.e . A oor·d ~ ly ~ one o approxiu. e the 

tuno ion F/2f 2 by he t o ion F ( r , sho in 1ig 3, where r 

deno es he " l er o e of th re!' e n oeff o en, e of the two 

ors . 

-



1 2 
" 

:1 " I/ :1 l " 

,, 
f I 

0.8 

0.6 

r" 
0.4 

0.2 

I 

I 
I 

I I 

I 
~, I \! 2.025 . I I • 

I • • I ' ~~-~ ..:..- ~ I I I ' ·- i---

I I I \l 
J I • ~•.os ___,,,. 
I I I ~ L--

i- - - - -
• a ~ 2.1 • . 
I I ·~---- -- ,____. 
I l I -- ~--

''l 1'_2.2 -- --- ~ -- i,--- --,,2.3 ......... 
----~ L-~11-- i,- -· ► -- .... -- ---

I ~3JJ 
' 

3.5'-
0 

0 0.2 0.4 0.8 0.8, 1 
r' 

11.s.2 - Plot ot the •refleot101a-loaa tunc1:1on• 1Jl the plaae r• ,r'' . 
Here r• (:r") 4eaetea the 11ner rlfleotion ooeff1oient of the 2left­
•hu4 (right-had) llirro:r. Sol:44 liJ>es rep:re■ent curves P /2t = 
=conatut, 4a■lie4 liaea repreeat cnirvee F1=coutant. 

Let ua aew couide:r the case when g
8 

ie giv!n b7 (2 . 25) 
ud therefore, oa aooeuat of (2.15), b 11 giTea by ( 2. 26 ) . • Eq. ( 3.18) beoo•• 

(recall that the ( j +1 )-th aode ie -,eoitied by the value a=( j+1 )/ , 
•• already aoted). When P teada to sero, 1/2!.2 te•ds to 2 u.4 
( 3.19) tead1 te ( ~.27). 

- 12 -



4 

3.e 

3.2 \ 

' 
2.8 \ 

\ 
\ 

2.4 .. 

"' ... 
2 

........... 
i'--.. ---- ll 

0 0.2 0.4 0.6 0.8 , 
r 

Pig. 3 - Plo er! the approx1•ie4 reflectiea-loaa fun.otion J 1 , 

ver us t he s .l er one of ._he two refl ection 001:!fioiente. 

Fi« , 4 ahew1 « j v1rn1 j fr• few values of the para■e­

tere . Ia particular the oa1e ! / 2t
2• J . 3 11· co•eideN d, Which 

oorreeponda t o r = 0. 07 , a value ob•inin.g for ru.by; wi th (a, 

l east)oa, ••4 tao, l eft uaooated. 

It appears fro■ J.i'1g. 4, or froll a d11ous111oa of ( 3.1 9), 

t hat, when j aod11 are oscillating at , he aaae -.1.a1, the 1aoreaae 

of orulized exoeaa p wer neoe e•ry to eet o ill ation ht 

(j+1)-th ■ de ha• a higher ue in the i,reaeaoe of 1 01111 thaa 

"the abee ce of l oa1ea . 

- 13 -
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20 1 

14 

12 

J 10 I ...,_ ___________ J ·- · -
8 

6 

t i 2 
--. --.L---~- (~~)=10· 2 

__ _J 
. 

4 I .....,.ir..,. _____ _,..J _ __ ,...J 
2 

0 +---------r-----,..----,.-------4 0 10 20 30 40 50 {0/0) 

oc 
Pig o 4 - N aber of oe .. .--ting • de,s or various nluee of the normal--t.zecl uoesa puap po er in :vi ty The teqera-ture depeade ce oo ure ou.gh he u • .fl ud loea depen-••ce through F (F =2 hi.gh r f .e v ya b the d airrore; F~ 3o3 C O r bo n end 98 1 t ua ted. 

o (3 6) . Wee ily 
ob"ai:a 

( 3, 20) 
fl ) 
ll 

aa4 therefore 

( 3. 21) N I ~b. -fl • 0 • r =- -o g. j 1 

- 4 -
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Thua, the 1n enaity f the a- h aode a he value of 
he pulll) power for whi h the (j )- h aode ia ue a; threshold, 

1• aearly propc,rtioul to the di ff ere ce A j -t.
8

• The fl! tuation 
is aketch14 in 11g.5, where the 4aahed line reJ)reeente 6 plotted • verw.11 •• Wbe• the aode labelled ( j+1) breaks 1A o oacillatioa, 
to fiJld the relative 1: tenai ies of different aodee one has to 

• be 11•• Pj+, P j 1 ; the , he 1• e sity of he a-th ■ode 
ia prop r 1ouJ. o the lencth A■Bao 

It ( 2. 25 ) and ( 2026) hol d, ( 3. 21) uy be written e 

( 3. 22) 

No,te tha l os e e do not appear in ( J o 22) o Henoe, the 
relative 1•teaei ee of the j oe 1 l a i.Jlg aodee do not depend 
o the loae ooettio en e What depeade on. the loss coeftioiente 
e he value of the puap power .eoe9aary to se uto osoilla-
on the tunduental node , as well a he aoraalized exoeee pump 

p wer eoeeeary ~o set 1· o oa latio he j aodes . 

) a. 
1\ 
I \ 
I i\ 

I I I 
I I I \ 
I I I 
I I I I 

I I I I I 
I I I I I 

I I I 1 

0 
m 

i 
11 

'i I 
PJ+t I 

J;.f, I 

I I I 
I I 

I I I I 
I I I 

I I I I I 

Bm l I I I I 

Fig . 5 - Si:etoh illu1tratiD& how to derive the relative inieaeitiee 
of the j oeoillatiq aodee for a=aj, :troa he J)lot of fl• versus•• 

- 15 -



4 - Jreque oz-depeadeat reflectio• loaaes 

Aaauae •ow the refleotioa ooefficieat of oae ■irror, say 
p O , to be adepeadent of the frequency ( wi thou lo " of . eaerali ty, 
.p O u.y be eeuaed o be real) u.d 'ihe o her one , hat e p• , to be 

of the fora (•) 

" p - p'' exp( 1' ) • • 
where iadex a refer a to the a-"h aode, ud p' ie aeauaed to be m 
real with the ea• alp as p • . aoooua of ( 4. ,( ).4) aue't be 

replaced b7 

p1 p11 exp ( 2p L) = • • 

Accor iag o the first lqo(4 o2), it tune out ha (3 5) ceases 

to hold o A&ain, ( 308) 1111s1'1 be replaced by 

( 4c )) 

(•) When a ~•fleo~io coefficient depe de oa the freque cy, in 
gneral its phase ie aot the aa■e at all frequeaoiee, aad there­
fore 1 t auet be wri ttea 1• the fora ( 4. 1 ) o Thie 11 the oa1e, for 
ex&11ple , for he Kleinua and Kialiuk arra114Jeua (1 ) . However, 
the iaflueace of the pha1e '"" regards o 7 the re ou•oe fre­
quencies u.d their spaoing, bu1 ot the refleotioa-loee fuao-
'tio • 

- 6 -



Heaoe oae d riff 1 

( 4. 4) pa( z) • far.' exp( 2p.z) + p~exp (=2p•( z-L)J + 0 01( 21t•z)} 

where 

(4.6) 

where 

(4.8) 

f\; 2- ( p' +p') T,xp( 213 L) - 1 l 
- 2~ L • [ • J 

• 
0a aooowat of ~he firet of (4.2), oae oan write 

1_ ~ ____ ,!_ __ [~. - p,, + !. - p ·J 
- • I ■ I 

f - l.Jl(p•p} p p 

• • • 
The quutity F , defined by (2.B}, 1• aew givea by 

8■ 

P = F• + 2 f f 5 
•• •• 8 • •• 

t t l J I a 1 • • 1 2 
F• == P• • --•~--.. -- • P P + ~ • P' .+ 

•• u - la ( p' P • p• ) p• p • • • P ' 
8" •• 

t t 
8 • 

+ ---------1.Jl( p• /pit) • • 
(terae of the rder of 1/k Lare here aegleote4). Sa.b1titutioa 

• 
of (4 .8) iato (2.16) yiel41i 
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r
(4.9) zu>t^ 1 - -i- (Ui )

1+a

I-k mat b« Aotad mow that a erahataatial differ enoa di­

et iagulahea -Mxe ease hare treated froa the case ef the precedia* 

aeotlea. la the ease ezaalaed la eeo.3, aaa a aoaetoaloally 

iaoreaaia^ ftiaotiea of » ®® that, for j oeclllatia^ aodea,

the fre^neaclea were iaoladed la the iaterval arooad with

(3-1)/2. Here, dne to the depeadeaoe of ^ oa the frequeaoy,

A^ aay oeaae te be a aoaotoalo fuactioa ef

order to aelwe (3.18), eae hae flrat te determiae which are the 

j eaeillatiag aedea aad the (j-»-1)-th mode.

It aeeaa reaaeaable te aaeoae, at least if oeupliag
0

betweea oaelllatiag aad aoa-oaoiUatiag aedea ( ) ia aeglected, 

that the aaqueaee ia which the aodea break into oacillatioa ia 

deteraiaed bj the threshold associated with eaoh aode, if it 

could oscillate aloae. New, the a-th aode is at its threshold for 

siagle-aode oacillatioa whea the steady-state walue a ef the 

la-vsTTiioa of pepulatiea satisfies the relatf >a

(4.10)

aDLg

1

If a^ deaotes ^e valae ef a satisfyiag (4.10),(4.10) says that 

'^/g^ is preportieaal te 5^, or also, recall lag (2.15), that 

1-fA^ -^s preportieaal te a^. The sequeaoe la which the aodes eater 

late esclUatlea Is tterefore deteraiaed by A^ aad aay be derired 

frea the plot ef A^ rersas freqaeaoy. The larger is A , the lar­

ger is the value ef i . Aeeerdiagly, the J eeclUatlag aodes are
B

those associated with the j lowest values of A .

- 18 -



There follows that, for the o o lla g aodee, and at •o'b 
oo high valu a of the pump power, f a d F' do not 41:ffer 8Ub-• .. 

s antially froa oae another. Cone der for xample, :tu.notion 
F ' o The reflection ooetfioiea a p11 d p " on h oh t epe d.s , 

•• a • 
u.y difter subata tially from o • uo°'her, de])• ding on the etruo-
tu.re of ~he reaou or i in the Kleill ad Kialiuk arr eaeat y 
p• uy vaaiah at ao• frequencies u d •~proaoh ty at o her 
:t'requ ciee o However , low valuee of p'' correspond o hi v l ues 
ot , aoo ording to the relatioR (• ) 

( 4 0 1 ) 0 (1 I", p'' \ ) = -- -
L 

her denote the re part of he ref d he 
otive er a l o Aesu.ae for the sake ot' 1 mpl y 'l.\ en.-

a l frequency , 
0 

of the reaon&11.oe line o be aaeooia ·ed wi .th 
he highea1 v l ue p' of p'' ( ot eoe sari y close o ) odes 

0 

w hp- mu h l ower than p' are aaaocia ed with ·ge values ot • 0 

fl• wh e ■ode e 1th p ~ equal o, or not too 111ch l ower han. p~, 
are a ooi•"•d with sull valuea ot b.. If 'bhe onaalized excees • pump power ia ot too high, the oeoillating modes oorreapo•d 
,o value of fl, aa.d heretore ot f , oloat to oae a•o her, which 
illl)liea p~ ~ p~, u4 therefore, t• _ oeaatu.t = t, F•• ~ ooa1iaa =1 

•1 • Aooor41qly, (4o9) cu be ewrit •• aa 

( 4 . 1 2) -1+ 
( 1 fl ) • 

(• ) To verity thi s expreaaion, one oan aake u.ae • g e v ,of Eq {3, 13) 
of Re! 9. 

• 

- 19 -



Eq.(4 .12) e of he eame fora a : 3. 5 ~ Its eolut on 

uy be therefore wr 1r en iJl he tor ( 3 . 6 . E . 3 . 7) 1 ( 3 o 9) , 

( 3 o 20) aad ( J. 21 ) a 111 ho d. her , · hep o of verwe " m 
(or ■) yields a onoe th rel t vein e y of he oao lla ing 

aod e for 1rhe pump :po value h oh r er ed mode he 

( j ·)-th e just hreshol o 

Aa an e.xamp l e ua refe o h reeo:na o . propoeed 

by Kle n and Kia uk: , on s .ng of e e F bry-Per·o 
J 

reeoaator, serie i h the l eer c v (Fig o6 If he 

refleotion ooetfio et p ( aee med .ea ) o! he eecond mirror 

ie equal o that of ·he 

of the seoond oavi 'Y" one hs 

o , ad L deno e he l eng h 

f ' ea ency 

( 4. 3) 
x: 2 • L • - ____ .. __ -
xp 2 °L ) 

where k0 /i deno ·• • he f.re • oe ve mb r of .trequen y • 
Rea e 11 

( 4o 4 

( 4 0 5 0 . / • 
Aooor,diJ18l Y 9 recalling 4 . 2 

(4.16 ) 

d (2 . 5 , one has 

20. 

0 
oe(k L • 

• 



r 

if g 1 1 ill give by (2 o25). Cle l y , u 1 g he o 
• 

• par tio D ~, ( 4. 15) 1111 be n o aooou og h r 1 h 

he aeoo d q .( 4.2) . 

9' 

1 

~ 
L L1-

- liDM1\ d K iuk • 0 

.7 shows 6 pl e • for h fo 0 • 0 J L V e t h p •• r (f / 6 ) 
2 

( 2 / 
' 

\I O 98 F om thia pl 0 • h he e ue ce 
0 

n hioil tile firat few ■ode• break 0 eci a io i : 

1 - o, ' + 2, 1 
' 

2 ea, h h hel p of ( 3. 8) -
e derives the graph oft .a ( sol id 1 e), here j is pl o 

ed Ter e tor the •aa• uee of he par e er o 

I order o • alua e he ■ode proper iee o! he Kle -

... d Kial iuk arraqeae . , le ue ooapare he deTi e sketched 

1 Fig. 6 with a oonTe tio al oavi ty with p - " = 0 98 aad 

i h b aae length L of a e • eri • I! L =( 2µ/ )L, 

a d (d / ~ )
2- 10· 3 for he Kle..-..- K uk devi e ae 

eae y deri s, for he OOllTIB io o vi , ( "f / 6 ) 2 
1.2 0 

- 2 

..... ..!. 



1 
. I 

0.8 ' 
J 

I I 

I 
0.6 \ I 

I ~ r{ 

0.4 

I \ 
' J 

0.2 \ 1 
\._ I 

J 

0 ~ I 
I I 

0 1:8 ±16 ±20 t 24 t28 

m 
Pig . 7 - A plo ot 6- versus a , fo a Kleiaua l\Jld Kial uk 
r9eeu.tor tor the fallowing valuea of th& paraaetere ~ 
( cl -w / 6-. ) 2 = o-3, L - 2J,lL / , p 1 = p ~ 0 • 9 8 ( p O. 8 2) 

The• , with the help o,t ( 2 o 27) oa.e 4eri vea the daehed 11•1 of 

Pig.8, Which llaa o be ooapared ~th he soli d line ot th 

eaae figure. Pig.9 GhOWI N /1' ill the 
• 0 

110 ,0. 

5 - Coaoluaion . 

The Tug, Statz ud, deMara theo.ry of ml iaode 01011-

latioDa ef a sol 14-ah.te laser , uncter , , tioaary ooaditioa1 

- 22 -
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I 
r-- _..J 

r-...J 

I 
r.J 

(ti )\ ~o-3 I 

20 40 60 80 100 120( ¼) 
a., 

8 - m er 01 ilia 1.Jlg aod.es for v uoe values of nor­
.zed exo tHII pu power a, for a Kl.e nmaa aad K aliuk resona­

tor ( solid l e and for a oonve ional r·eeoaa.tor ( dotted lille) 
wi· h eq l en,; ~h of ao11ve 11& eri&lo 

has been ex ended o eat he oa1e■ of cavities with loa::Jy end 
airrore ( eeo ) or 1th fre ue oy-depe•d• t lo see (aeo 4) 

In the caee cf l ossy end 11.irrora, it has beea found 
tha he eaul.t~ ■os ly depe•d on the aull er oae ef he reflec­
t ioa oeffioieate of • 4. • rro e. Substanti loss a ( a l e et ) 

••• 111.d airror changes 1he value of the pullJ) power ece sary to 

•• to oaoillatio the lowea1-threahold • de, but al so he va­

lue aj of the aoru.11.zed excess puap power•• e1u.ry •• iato 
eoi a io j a.ode•. The relative intenei ty of the acillatiag 

aod s wra.e "- no 't depe•d o• he le>aaee o 
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:Pig . 9 - Re~'tlve iateaeiti.ee of oao1llat-ilpB aede1, for Clj e:,11 0 ~ , 
a) 1a a ceaveat1.nal. can.v, b) 1a a neiuu ud Kialluk c,artty. 

Aa a geaeral re11111-., 111 ha• beea feuad that the fwlatio 

6 4efiaed by (2.15) Jlqj ·u i111enut rele. A pl•t •f A TerBUa . ' , . 
frequeacy allows oae to detenau, lhe ••qu1ace ia which the Mde• 

break b.'N oscillatioa, aad the relatiTe iat1a1itie1 ,t the eacil­

l atillg ao4••• The aorullzed exaeea :,up ·:,ewer fer whioh j ae4•• 
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eseillat* fOiila Kh« a«zt oaa la just at thraaheld, la azpreaaad 

la taraa of by Xq^*(3.18).

Aekaowladgfaat

fha aather aa^raasaa bar aekaealadgaaaat to Prof. G« . 

Toraldo dl Fraboia a Da Dr. B. PratAai? tt theIr helpful diaeoa- 

aloma aad aoggaatloaa.
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