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PHONON SPECTRUM OF A SHOCKED SOLID 

By 
Paul Harris 

ABSTRACT: The Boltzmann equation for the phonon distribution 
function is derived for a medium undergoing large strains in 
the hydrodynamic approximation (driving frequency less than the 
collision frequency). The phase space in which the Boltzmann 
equation holds is found to be different from that phase space 
composed of ordinary position and "crystal momentum" spaces 
common to the linear theory. A transformation, involving the 
volume dependence of the sound speed, is shown to relate the 
two different spaces. 

Existing linear theory is reexamined with the idea of develop¬ 
ing a firm understanding of the physics of amplitude independent 
phonon-phonon sound absorption in insulators. This understanding 
of the linear theory is used to develop a collision term which 
is valid in the presence of large strains. It is shown that, 
in the large strain hydrodynamic approximation, it is valid 
to neglect umklapp processes. 

Finite strain theory is used to develop a Hamiltonian for 
a single phonon in the presence of large amplitude deformations. 
Using the Hamiltonian and the collision term, the Boltzmann 
equation is solved in the long wave length approximation with 
temperature and strain as independent variables. The solution 
so obtained is shown to reduce to the linear theory in the 
limit of small strains. The anisotropy of the large amplitude 
solution is discussed with respect to the anisotropy of the 
linear theory and from the point of view of the order of the 
phonon-phonon interactions. 

Thermoelastic equations are developed, and the Burgers 
equation is investigated with the hope of finding simultaneous 
solutions for the strain and temperature (as functions of 
position and time) for substituting into our solution of the 
microscopic physics Boltzmann equation. The concept of an ir¬ 
reversible contribution to the stress tensor, Tj4(l), is used in 
the thermoelastic equations and T^jU) is found for the special 
case of dislocation induced linear internal friction in the limit 
of large time. The thermal part of the thermoelastic equations 
is developed for arbitrary strain, although only a first order 
perturbation mechanical equation is found. 

Based upon our understanding of linear theory, and other simple 
considerations, it is shown that the phonon drift is large only 
in the region of the shock front. The most fruitful area for % 
future work is discussed. 

U. S. NAVAL ORDNANCE LABORATORY 
WHITE OAK, MARYLAND 
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PHONON SPECTRUM OF A SHOCKED SOLID 

This report treats the problem of predicting the mutual inter¬ 
action between a large amplitude shock wave and the phonon 
spectrum of the host solid. The principal result is a relation 
giving the distribution of phonons among the various phonon 
states as a function of temperature, strain, strain gradient, 
Gruneisen parameter, and the angle which the phonon propagation 
vector makes with respect to the direction of shock propagation. 

The work, theoretical in nature, was carried out in the 
Explosion Dynamics Division, Explosions Research Department, 
under FR-52 the Dynamic Properties of Solids, and is based upon 
a thesis submitted to the University of Maryland in partial 
fulfillment of the requirements of the degree of Doctor of 
Philosophy. It is hoped that this work will be of interest to 
those concerned with the shock loading of solids, both from a 
research and an applications point of view. 

The author wishes to thank all of his colleagues at NOL who may 
have read and/or commented on various parts of the work 
presented here. In addition, special thanks go to Drs. R. F. 
Greene and Z. I. Slawsky for encouragement and many useful 
discussions. 

J. A. DARE 
Captain, USN 
Commander 
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FORWARD 

To date there has been no known attempt to describe 

a shock wave in a solid from the point of view of modern 

solid state physics. There had been no attempt to relate 

the spectrum of the thermal excitation quasi-particles 

(phonons) to the time dependent large amplitude strain 

existing in the medium. With few exceptions those 

interested in the theory of shock waves had concerned 

themselves with a study of hydrodynamics, while solid 

state physicists have only rarely been interested in 

amplitude dependent sound propagation. 

A description of shock wave phenomena in the 

vocabulary of modern solid state physics seems very 

appropriate at the present time. It has become apparent 

that pressure is a parameter to be varied in the same 

sense that temperature is varied in solid state experi¬ 

ments, and shock waves are a means of arriving at very 

high pressures. Furthermore shock waves occur widely in 

natures A few causes of shock waves are earthquakes, 

meteor impact on space satellites, and various ordnance 

related effects. Included in the latter group of manmade 

shocks are earth waves due to underground nuclear explo¬ 

sions, the detection of which has recently become a very 

important politico-scientific problem. It was, of course, 

hoped that a better understanding of the basic phenomena 

involved in shock propagation in solids would lead to 

vi 



corresponding advances in the related technology-. We 

roust also mention that an understanding of the phonon 

spectrum of a deforming solid is an important first 

step in the treatment of such problems as the galvanomag- 

netic effects in the presence of shock waves. 

In the development of the theory presented in this 

thesis we have found it necessary to do both macroscopic 

and microscopic physics simultaneously. This was be¬ 

cause we were unable to find a completely self consistent 

treatment on the microscopic level and found it necessary 

to develop and use macroscopic thermoelastic equations 

as an aid in predicting microscopic behavior. Even this 

simultaneous macro-micro approach left something to be 

desired in that we were forced to limit our mechanical 

part of the thermoelastic equations to amplitudes so small 

that perturbation techniques remained valid (the primarily 

thermal equation was under no such restriction). It is 

because of this perturbation limitation that our micro¬ 

scopic treatment of large strain phenomena is rather 

incomplete - i.e. the corresponding macroscopic treatment 

is lacking. 

We believe the most fruitful areas for future research 

in this field to be (a) the derivation of "macro" thermo¬ 

elastic equations which are explicitly consistent with 

the microscopic approach, and (b) the development of 

therraoelastie equations which are valid for large strains. 

vii 



At this time, unfortunately, we are unable to give hints 

on how one should proceed. 

The author would like to acknowledge the assistance 

and encouragement of his mentor, Prof. Zaka I. Slawsky. 

In addition, Dr. Richard p. Greene of the Naval Ordnance 

Laboratory has been an always available sounding board 

and a constant source of beneficial criticism. This 

work was only possible because of the generous funding 

by the Naval Ordnance Laboratory under their Foundational 

Research Program. 
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I. INTRODUCTION 

The thermal energy of a crystalline solid is repre 

sentable in terms of elementary excitations known as 

phonons. For a uniform isotropic harmonic solid that 

representation takes the form1'* * 

i.r- 

r 

Eq. (1-la) 

Eq.(1-lb) 

where the summation is over allowed values1 >aof q* and 

the polarization u. Longitudinal is indicated by 1 in 

EÇ* (1-lb), N^(q,T) s N^(q) h n is the number of phonons 

in the state (u,q) and a and 8 are elastic constants. 

Elastic constants are functions of crystal structure 

(i.e. lattice parameter), and the allowed values of q are 

also structure sensitive. Thus it is obvious that a 

disturbance in the density also results in a disturbance 

in N^(q) and (^(q). One would consequently expect to 

be able to represent the propagation of an elastic strain 

pulse by an equivalent propagation of disturbances in 

Vq) and It: is that concept which has motivated 
the work described in this paper. 

In Chapter II linear theory is used to calculate 

N^(q) as a function of position and time. Chapter III 

presents the macroscopic treatment of strain propagation 

in a nonlinear thermoviscous medium. In Chapter IV we 

* See list of important symbols. 
* References are on page 71. 
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solve the Boltzmann equation in the presence of large 

amplitude strains and consider the attenuation of large 

amplitude shock waves. A discussion and suggestions for 

future work are found in Chapter V. 

2 
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II. LINEAR THEORY 

A. The Boltzmann Equation 

In 1961 Woodruff and Ehrenreich:successfully ex¬ 

plained the observed4>Bdecay of small amplitude hyper¬ 

sonic waves in insulators by employing phonon relaxation 

times appropriate to the phonon-phonon interaction. In 

the process of arriving at expressions for the attenua¬ 

tion they developed a formalism for the disturbance of 

N (q) and hi (q) as a function of time and position. 
u u 

We will present that formalism here, but in a form 

modified to admit strains of arbitrary position and 

time. We consider only isotropic solids. 

Let us restrict ourselves to a one dimensional 

lonqitudinal strain type of problem such that particle 

velocity and propagation are both in the z direction 

and all physical quantities depend only upon z and t. 

We drop the polarization index u and consider only the 

distribution function for longitudinal acoustic phonons. 

The effect of strain propagation on other polarizations 

and branches is mentioned in Chapter VI. As our propa¬ 

gating strain can, at least intuitively at the outset, 

be thought of as composed of a drifting cloud of longi¬ 

tudinal acoustic phonons restricting ourselves to a 

study of the distribution function for such phonons 

should not be frowned upon. 

3 
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It is useful to define three phonon distribution 

functions. 

l 

Eq. (2-la) 

-t 

Eq. (2-lb) 

and N(q? z,t) . The first, N0('Ha,T0), is a Planck type 

distribution function and gives the probability of find¬ 

ing a phonon in the state ('jt)0 ,Te )where the subscript 

zero refers to the undisturbed medium. The second, 

N0('u0,T), ia also Planck type and gives a similar 

probability for a solid which has been deformed and has 

reached a new equilibrium configuration characterized 

by the temperature T(as well as the strain). By assuming 

a phonon mean free path small compared to the shock front 

thickness we will be able to use N0 (mj,t) locally - i.e. 

we will assume that as a shock wave passes over a differ¬ 

ential volume of our solid that differential volume 

passes through a succession of equilibrium states which 

are described by Eq.(2-lb). This restriction on the 

phonon mean free path being small compared to the shock 

front thickness is known as the hydrodynamic approxima¬ 

tion and is employed throughout this paper. N(cf;z,t) 

gives the instantaneous distribution function. 

4 
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The difference between Niq^z^t) and N0 ((d,T) ia 

controlled by the relaxation procesaea of importance 

and has prompted* the invention of a function i(q!Tt,u) 

u is the particle displacement in the z direction., 

n = , and 

= No(un - ÎC'îi'YJ.'U) ; Eq. (2-2a) 

¿K0C^0) 
± =-fiïi.') . Eq. (2-2b) 
^ \ W"i. } 

Let us next consider the Hamiltonian for a single 

phonon* 

H(îaZ,t) = + V-l, (¾ a Z,-t:> =t)O.CÎ > , ***• (2-3a) 

H((4;s , Eq. (2-3b) 

where Hx is the perturbation resulting from strain. 

The functional dependence contained in Eq. (2-3b) is 

consistent as n and u are functions of z and t. As 

N0 («)) is a Planck type distribution function we have 

to first order in 

N CW): e'Kw) 
-i 

Eq. (2-4a) 

VT Eq. (2-4b) 

*The ability to consider the Hamiltonian of a single 
phonon, the justification of Eq; .(2-7), and the identi¬ 
fication of the collision term in the Boltzmann equation 
is treated and made valid in Appendix A. 

5 
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In Eqs. (2-4) we have used He (q) » (q) . Combining 

Eqs. (2-2) and (2-4) gives 

N.t^ -V ( H( - ¢), Eq* i2_5) 

or 

NK > N. +• N((«3., Eq. (2-6) 

where (qy z,t) is the perturbation in phonon occupation 

number. In order to solve for , wnich is now our task, 

we must have an equation of motion for the phonon distribu¬ 

tion. From Eq. (A-16) that equation of motion is given by 

, Eq. (2-7a) 4 L 
'at t 

On an _ 'an 
it 

or to first order 

^ 41 r lü' _ 2üo ^ 
'at t [ 3z. 

» 
3, 11 j 

7t\ 
It 

Eq.(2-7b) 

coH 

where denotes the effect of strain upon a single phonon 

state. In Eq. (2-7a) z, is not an external variable in 

the sense of size, but rather an internal (dummy) variable 

which is canonically conjugate6 to the internal (dummy) 

variable q,. In transforming from z,to position in a 

fixed coordinate system one uses the sound speed which, 

for large strains, is position dependent (see Appendix 

A). For first order theory, however, it is valid to 

consider z, as a position coordinate. Thus, in Eq. (2-7b) 

z may be interpreted as the position of a phonon wave 

packet. 

Aside from the ^-1 term we see that inhomogeneities 

must be present in and in order to have a non zero 

6 
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effect. îliis is equivalent to saying that the presence 

of a shock (wave) front results in scattering, and is 

3Ni 
m agreement with our introductory ideas, rr is non 

O t 

zero only in the presence of an explicit time dependence 

in the perturbed phonon density. Since, in principal", 

we are interested here in a strongly time dependent 

problem the ~ term must be retained. If we can now 

equate jcolli to a known expression for a particular 

scattering mechanism then, since is assumed known, 

we can find $ . 

A theoretical expression7 for the effect of phonon- 

phonon interactions is 

1 N(i?>z,t>- N0(u>, t', VO NÆz.O- 
n Coll. 

, Eg.(2-8) 

which assumes that the return to equilibrium follows an 

exponential law. t and t are relaxation times for the 
M U 

so-called1,a>7normal and "umklapp" processes respectively, 

and N0 (mu >T*, \) is the distribution function which the 

normal scattering processes relax towards with T* being 

the equilibrium temperature. The normal processes conserve 

"crystal momentum" so that it is possible for the phonon 

’gas" to have [« ] a constant of the motion, where 

the sum is over the allowed values of q. . One thus 

associates7,8i® a phonon "gas" drift velocity, X, with 

7 
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the equilibrium density function* 

X) = Eq. (2-9) 

In Eq. (2-8), by writing two different temperatures 

T and T , we nave allowed for the possibility of the 

normal and the umklapp processes relaxing to different 

equilibrium temperatures as well as to different drift 

velocities. By this we mean that an umklapp gas and a 

normal collision gas must necessarily have different 

equations of state. If, however, we allow the possi¬ 

bility that (T - T ) is proportional to the drift 
/ # 

velocity X then, as shown in Chapter IV, f j 

is small compared to unity in the hydrodynamic approxi¬ 

mation. We thus set T « T in the remainder of this 

chapter . 

Let T ■ T0+ (AT) in Eq. (2-9) and expand to first 

order 

)1-1] > Eq. (2-10a) 

Eq. (2-10b) 

♦Conserving "crystal momentum" means conserving cf so 
that for a^three phonon process the normal processes in¬ 
sure q^ + qa • cfc , where the numerical subscripts refer 
to individual phonons. On the other hand "umklapp" 
processes satisfy + q, =- ¾ + G, where <3 is a non¬ 
zero vector in the reciprocal lattice. In Eq.(2-8) X-0 
is taken for the "umklapp" part since X results from a 
Lagrange's Multiplier type of argument which only 
occurs for conserved quantities. 

8 
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M (U5, r', X} 

and 

Notur.T.O) 
Eq. (2-10c) 

Moiw.T', X') 3 N (^)To,0) 1'u)°(Aro)+X^j ' 
Eq. (2-10d) 

In keeping with our first order desires we have sub¬ 

stituted i«0 for 'w in the second term on the right in 

Eq. (2-10d) . We also recognize that N0(<*i;T,o) is 

identical with the distribution function given by Eq. 

(2-4) . Substituting Eq. (2-2a) and Eq. (2-10d) into 

Eq. (2-8) yields 

2n I 
Li.= liiil 

rVkT. 

11 1 
where —e + has been used. 

The following calculations are useful for sub¬ 

stitution into Eq. (2-7c) ; 

9H0 yu) =tvr^ , Eq. (2-12a) 

21ÍS exp Í h" 
31, kx. kT. kTa 

Eq. (2-12b) 

Thus from Eqs. (2-6a) , (2-1c) , and (2-12) 

2ÜI 
^ 'co\l kT#> 

3M, _ 

n ^ m 
Eq. (2-13) 

And, upon equating Eq. (2-11) and Eq. (2-13) we find 

- 4 ^ ■ Eq. (2-14) 2ä._3|_r 31 
lb lb 0 2z 

9 
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Thus we can solve for $ in terms of (AT), X, and a 

model for the perturbation Hamiltonian, . We note 

that Eq. (2-14) is exact to first order. Let us now 

develop a model for Hj. 

Since the energy change associated with a volume 

change is of the form PdV we expect that, for an iso¬ 

tropic solid*, 

3 

AUJC^^Z. t) = Lü#(î)J] Eg. (2-15a) 

or from Eq. (2-3a) 

3 

} Eq. (2-15b) 
ryyfo*\ 

where u^(z,t) is the strain tensor*»10 for small mn 

strains . 

UmnU/O 
\ ( 'ãum 
Z\ ) J Eq. (2-16a) 

and10 

+ 'Ui2.+ Eq. (2-16b) 

Since we are only interested in 1-D wave propagation in 

the z direction, Eq. (2-15b) becomes 

H.lí.z^WÍ^ÍÍ^U,-« =Wy55-n_ > E<3- (2-17) 

where Eq. (2-2c) has been used. V , however, can be 
z z 

related3 to the Grüneisen constant by v a - V as is 
zz 

10 
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shown below. 

The Free Energy1* density, f, of a strained 

anharmonic solid can be written3 as 

2 
tjki. J J 
rr>ft 

Eq. 

-V 

(2-1$) 

Wt 
V. 

2sinfv- 
t 

where the strain dependence of the allowed frequencies 

has been explicitly indicated. V0 is the unstrained 

volume, and an<3 Gijklmn are second and 

order elastic constants3 respectively. If we are able 

to consider a differential volume of our solid as being 

in thermal equilibrium then11, for a given temperature 

and strain, r~- » 0 . Such an equilibrium condition 
umn 

is possible providing that 

(1) ^p>:> • Th** wavelength at which the 

Fourier spectrum of the strain peaks, 

Xp, is large compared to the wavelength 

of the most abundant phonons, q^ 

denotes the wave vector for thermal 

phonons. 

(2) 0t«1. Qp is the frequency at which the 

Fourier spectrum of the strain peaks. 

This allows for the definition of a local 

temperature. 

11 
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Assuming thermal equilibrium then gives 

Co-H\ 
cc* ) 

Eg. (2-19) 

where only first order terms in the strain have 

been considered, and = Gk£ij has been 

employed*. And, upon using 

Eq. (2-20a) 

Eq. (2-20b) 

♦The symmetry relation G * G,#.. is practically 
a matter of definition. -1 Let us split 
®ijki into symmetric and arti-symmetric parts 

But the anti-symmetric part, G., , is easily shown 
to contribute nothing to the stfaTn energy density 
function $ 

e 

“Z G-ijki ^ijqikJL * 

Thus in Eq. (2-18) and beyond we shall only mean 

the symmetrical part of . 

12 
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Eq. (2-20b) gives the stress in terms of the frequency 

spectrum and the derivative of the frequency spectrum 

with respect to strain. And using Eq. (2-15a) in Eq. 

(2-20b) gives 

2V 
0 1 
2 £otk 

'W<p 

2Wr 
Eq. 

But it is simply shown13 that the mean vibrational 

energy in mode "q , E(cf ), is given by 

(2-21) 

E (■ I-) = oj (.q_) CctW [ 1=101(¾¾ 

2.WT Eq. (2-22a) 

•• T, mn 7 • Eq. (2-22b) 

And, to the extent that (q) is independent of q , 

Tc-o 
a 

"¿ rt\ r\ Eq. (2-22c) 

Considering Eq. (2-22c) at some temperature, T0, allows 

us to write 

Z™ Co = - Ct)- bq. (2-22d) 

where in this and all the succeeding formulae the 

temperature dependence of has been neglected. Eq. 

(2-22d) compares with the equation of state1*for solids 

in the hydrostatic approximation 

PCT) - PK Eq. (2-23) 

where Y is Grüneisen's "constant", and and E^ are 

13 
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th® prossur® and energy at the volume V and some 

reference temperatu-e, say Tk. In Eq. (2-22d)V0 is 

the unstrained volume for both (T) and to 

first order in the phonon-phonon coupling (i.e. to first 

order in . If we were considering four phonon 

processes then this approximation would not be possible. 

A similar statement holds for Eq. (2-23). Furthermore, 

we are not concerning ourselves with the volume depend¬ 

ence of since we are considering strains of less than 

10“*. We now wish to compare Eqs. (2-22d) and (2-23). 

Let us define a pressure, P, by 

P 5[t„ + T3^- Eq. (2-24) 

P as defined by Eq. (2-24) is the lowest order non-trivial 

rotationally14 invariant quantity of elastic theory, 

and is thus «qual to the pressure of Eq. (2-23) to 

first order. If we now take the trace of Eq. (2-22d) 

we find 

rH » Y„ + + 
3V„ Eq. (2-25) 

where Eq. (2-24) has been used. Since we are assuming 

an isotropic solid it is true that 

'ii 
Y - Y 
• a sa 

which gives upon equating P to P' 

Yss **Y 

Eq. (2-26a) 

Eq. (2-26b) 

14 
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by comparison with Eq. (2-23) . Eq. (2-26b) must hold 

regardxess of the type of strain18 (one dimensional 

strain, one dimensional stress, or hydrostatic conditions) 

as to first order Y is independent of volume and only a 

function of the medium. In passing let us mention that 

the theory of the Grüneisen constant (or perhaps better 

called the Grüneisen tensor*) is very complicated. Indeed 

one of the experimental facts which must be taken into 

consideration is its strong temperature dependence1*; 

at low temperatures certain materials are known to 

exhibit a negative thermal expansion coefficient1* 

and thus a negative Grüneisen constant. 

Using Eqs. (2-14), (2-17), and (2-26b) thus gives 

?I+c,îl+ I 
t 

V t 
'¿t 

Eq. (2-27) 

But for the most part $ follows the frequency spectrum 

of the applied el**jtic pulse so that < 

* The tensor character of Yj^-ha® been considered by 
Brugger. See K. Brugger, Pnys. Rev. 137. A1826 
(1965). 

15 
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except at the lowest temperatures* where (mut) approaches 

unity from below. Also C ^ is of equal magnitude Z O z 

as compared to ~ so that 

3- + c3 Eq. (2-28) 

and 

$) = hu)o 

And by substituting Eg. (2-29) into Eq 

• L 1 

Eq. (2-29) 

(2-6) 

- t,U) o 

Assuming that a model for t (q) and Tn(<l) exists 

then the conservation principals for energy and 

crystal momentum allow one to determine X and (AT) 

• ^ / 
in terms of the impressed variables g and rrr (see 

o t 

Appendix B). To be consistent we will neglect the 

t term as compared to g for the same reasons as 

we neglected t as compared to § . 

+ 1^O0o 

Eq. (2-30a) 
- _ i 
♦From thermal conductivity measurements and x= - C*a*/ 

where X is the heat conductivity, C the specificJheat, 

a the sound speed, and i the mean free path it is 
found that temperatures for which t = 10"losec. are 

Solid Helium: 2°K 

: 50° K Quartz 

16 

Sapphire: 200°K 

Diamond : 400°K 
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Let us stop for a moment and attempt to justify 

the sign of the dependence of upon ri as given by 

Eq. (2-30a). The sign of its dependence upon (AT) is 

obviously correct. By using Eqs. (2-12b) and (2-30) 

along with t| = ^ gives for the strain part of Eq. 

(2-30a) 

HAi,z/O 

K.CcO 

Corapressional Wave*: . o ^ 

Rarefaction Wave: 
N* C?5 z/t') 
-- > o 

This makes sense since, according to Eqs. (2-17) and 

(2-26b), a compression increases the energy associated 

with each state and N0 (io0 ) is a decreasing function of 

energy. 

Equation (2-27) can be solved by an alternate 

procedure. As at this stage we are considering a 

first order perturbation theory our problem is linear¬ 

ized. Thus it is valid to seek solutions via Fourier 

analyzing Eq. (2-27) with respect to the time. But this 

♦The sign of the strain dependence found here is the 
same as found by T. H. K. Barron for the corresponding 
static isothermal problem. See T. H. K. Barron, Phys. 
Rev. 1¿7, A487 (1965). 
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is in essence the method of Woodruff and Ehrenreich 

who consider the driving strain to have a single 

z' û \ 
frequency component, i and thus derive for their 

equation corresponding to Eq. (2-30a) 

kr. 
tc kk'c)ï')\ 

ÛT 
+ 

r \ ^ < 

l - i (it 

Eq. (2-3 Ob) 

where k is the wave number for the applied strain. It 

is understood that, in Eq. (2-30b), n, (AT), and X are 

all given by a modulus times a running wave factor 

exp [i(kz-Ot)]. If we now take the limit (Ot) 0 we 

arrive at Eq. (2-30a) exactly. Thus, as one would 

expect for the low amplitude part of the problem, we 

are in agreement with Woodruff and Ehrenreich. 

B. The Conservation Relations 

There is not very much practical value in considering 

conservation relations for our linear theory in the 

limit (Opt) —*0. This is because, as shown in Appendix 

B, for the linear theory in the limit mentioned 

AT —- - YT0ti and X3 —*0. It is precisely the value 

of these variables which one hopes to derive from the 

conservation relations. Practicality, however, has 

never been a good physicist's virtue. By studying 

some general aspects of the conservation relations, 

but not quite going to the limiting case of the 

approximations considered above, we hope to learn 

18 
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..«al. 

something for future use. Further mention is made of 

conservation relations in Chapter V. during the dis¬ 

cussion of phonon drift in the presence of large 

amplitude shock waves. 

Consider the crystal momentum P(z,t) and the strain 

energy E(z,t) in our local picture 

PU,t> Eq. (2-31a) 

EU.Ost; j U)lc[ > 2,0 Kci > - t, J u>„ H.Ci') , 

Eq. (2-31b) 
where E(z,t) represents the strain energy contribution 

to the crystal energy as well as any time dependent 

effects contained in N(q;z,t). Integrating Ec^ (2-31) 

over z gives 

O0 

PCO 2 j cU, 

-- O. 

E(t>= ^ E Cz,t)ciz . 
- Oo 

E(t) and P(t) are nice functions because 

Eq. (2-32a) 

Eq. (2-32b) 

and 

AECt> = 
¿t 

¿ntò = £pco 
cit 

ciEW 

At. 'cou. I 
At, » cotí. 1.,- SI 

-^t 

OH. 'TL 

Eq. (2-33a) 

0, Eq.(2-33b) 

where Eqs. (2-33) assume that there are no external 

forces acting on the crystal at the time of observation 

(strain pulse completely contained within crystal). 

Setting ■ 0 expresses the conservation of energy 

while the second part of Eq. (2-33b) is a matter of 

definition; normal processes conserve crystal momentum. 

'"’’"’Sf* 
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It is understood that a sura over the different branches 

is contained in the integrations over q. 

Combining Eqs. (2-31) to Eqs. (2-33) results in 

J Eq.(2-34a) 

where Eq. (2-3a) has been used. Rewriting Eq. (2-34a) 

to first order 

Í-I' q>t 

X. u) Cq) + i «„(?) 
01 ?t t It 

■-0. 

Eq. (2-34b) 

Similarly for the momentum 

OP 

- 0© 7rt 
- :->j . Eq. (2-34c) 

Let us now consider the case when z is not a parameter 

explictly appearing in the problem*. Thus N(q?z,t)--^N(q,t) 

♦Throughout the rest of this paper we shall neglect the 

term in the partial derivative expansion of ^ 

under an integration over q and z. To prove this we 
consider 

0,-tZ. 

to first order. Using Hamilton's equations6and Eqs. 
and (2-26c) we find 

(2-17) 

/3 ) 1)Z 
or to first order 

0, » - t Y 
». >- j 

ciz 

<Az. 

But to this order the integration over wave number is in¬ 
dependent of z so that we need only show (con't next page) 

20 



NOLTR 66-43 

and Eq. (2-34c) becomes 

dP(t) 

J 7t 

so that 

A2- 
7U 
7t ^ <iz dc 

Eq. (2-3 5a) 

drco 
at 

t \ ¿Z 
^ 4t « J 

0. Eq. (2-35b) 

Similarly for the energy, from Eq. (2-34b), 

¿z Uf 
¿H 

¿t 
Co\\. 

0 Eq. (2-35c) 

dK 
If the term in Eq. (2-35c) is negligible than 

Eqs. (2-35b) and (2-35c) agree with the conservation 

conditions of Woodruff and Ehrenreich*. If Up is the 

frequency at which the Fourier spectrum of the strain 

peaks 

w, 41 
'at 

Coll. 

i ^ 
* At 

N. 
T1 W'N- 

Eq. (2-36a) 

(Con't from previous page) 

P Ovt F tv 
to Í Ax = 0 cru eg) 1 ~ ^o^ V>-d<a = 0 . J ^ ; J a 
Condition (s') is fulfilled in the case of a strain pulse 

of limited dimensions in an infinite crystal (the problem 

I am treating). Condition (b) is not fulfilled in the order 

considered as the integrand is an even function of qz and 

the integration extends over both sides of the Brillouin 

zone. Thus the neglect of the ^ term is valid to first 

order in the momentum condition. The ana’ogous treatment 

for the energy conservation condition is fulfilled as the 
corresponding integrand in condition(b) is an odd function 

of qz. In the case treated by Woodruff and Ehrenreich* 
the presence of a driver would seem to violate condition (a). 

Woodruff and Ehrenreich, however, still set the term in 

their energy condition equal to zero - fortunately this 

should only cause a numerical error in the adjustable 

and rather uncertain value of V. 
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and from Eq. (2~l5b) with Yzz = -Y 

<£1 , <u 
it \uu « at "• J. — 

* 

w0U0ilrY^ , Eq. (2-3 6b) 

_Xlp'C 
+• Yy 

1 
Eq. (2-360) 

Since Y is of the order of unity the terra can be 

neglected for OpT « 1 and n < 1. One raav not be able 

to throw the terra away/ however, for fi f ~ 1 although 
IP 

we shall not concern ourselves with this here. The 

dH 
presence of the terra only means that changes in the 

energy levels, as well as changes in the occupation numbers 

are important in determining the energy of the perturbed 

system. We do not neglect the z dependence as Woodruff 

and Ehrenreich* have done because our strain pulse is 

allowed to have arbitrary shape, and because we do not 

wish to exclude the case of strong attenuation. 

To sura up. In the absence of a z dependence the 

conservation conditions to be used with Cl^r « 1 and 

internal pulses are 

oo 

j” 
cUÆ Z,t) 

= 0 Eq. (2-35b) 

where 

t 

- oe 

i - dutîu/tn 
-i— ot 'coU 

a.v\i 
cIKUA 3 2,-t) 

cH: 

Û, Eq. (2-37) 

are to be used 
ell 

from Eq. (2-8) . In our case, however, we are interested 

in a problem with explicit z dependence so that we must 
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consider, to first order, 

dE(t¡ _ 

¿no 
nt 

U)oCi> 
Ht 

t ¿Z i di¡ 
"2>t 

Eq. (2-38a) 

Eq. (2-38b) 

where, in keeping with the previous footnote, 

z,t) 

¿t Ht 
+ 

Hl 
V z ,-t) Eq. (2-38c) 

V (q;z,t) being the drift velocity for phonons in state 

(q;z,t)., With the method of attack presented in this 

paper a model is needed for r|(z,t) and T(z,t) before 

further work can be done. We thus leave this chapter 

and go on to the next where such a model is sought. 
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III. MACROSCOPIC PHYSICS 

In this chapter we would like to supplement our 

microscopic physics with macroscopic physics. By 

assuming a knowledge of coefficients (e.g. thermal 

conductivity and viscosity) in our macroscopic equations 

we might hope to solve for ri(z,t) and T(z,t) for possible 

use in Eq. (2-30a) and subsequent large amplitude work. 

Ideally this should not be necessary as we might hope 

to express the strain and temperature as integrals over 

N(q;z,t) so that Eq. (2-30a) would be transformed into 

an integro-differential equation in terms of the single 

independent variable N(q;z,t). Unfortunately, at the 

present time, the recipe for calculating r|(s/t) and T(z,t) 

from a given N(q;z,t) is not known. Reverting to 

macroscopic physics is a practical necessity. 

We consider two different methods of arriving at 

our macroscopic physics. 

(a) The first combines thermodynamics in 

the presence of irreversible mechanical 

processes with the mechanical equation 

of motion for a nonlinear viscous medium. 

The result is what is usually known as 

thermoelastic1 Equations denoting a set 

of coupled strain and temperature equations. 

While our thermodynamic equations will be 

quite general we shall have to restrict 
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our mechanical equation to a linear 

viscous and third order elastic system. 

In the process of carrying out these 

calculations we shall introduce an ir- 

(l) 
reversible stress tensor, ^ . The 

work done here differs from previous 

work in that we calculate for a 

special case. We find the irreversible 

stress tensor in the large time limit 

for linear dislocation induced viscosity. 

(b) The second method involves the application 

of the Burgers18equation to the problem 

of sound propagation in a viscous, thermally 

conducting, and third order elastic syetem. 

By using the strain energy relation for 

an anharmonic solid we find a number 

characterizing the nonlinearity of the 

system in terms of the ratio of a third 

order to a second order elastic constant. 

Experimental values of the elastic constants 

are used to find the nonlinearity factor, 

and whether weak steady state compressive 

disturbances will form shocks, in a variety 

of materials. 

A. Thermoelasticity in Dissipative Systems 

If we expand19 »30 the volume dependent part of the 

internal energy, U, to cubic terms in the Lagrangian104 
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strain e^j> and also consider viscous and thermal 

effects 

+ T,- cou.i’i-f ^ ^ ^ Eq. (3—1) 
J 

T 

where all the quantities are written with respect to 

coordinates in the undeformed medium (see B. T. Chu, 

reference 17), and 

2ii 
\3X ; 

2 b'j kt1, -^Xj Eq. (3-2) 

We mean for Eq, (3-1) to be only a first order method 

of combining the different contributions to the total 

stress tensor. We shall use Eq. (3-1) to derive our 

mechanical equation. It is presented at the outset 

because it demonstrates the role of elasticity^ viscosity, 

and thermal expansion in our calculations. We now con¬ 

sider the first law of thermodynamics10»11 

» eta - 'j , Eq . (3-3) 

Sq is the heat absorbed per unit volume in the differ¬ 

ential process, and the barred differential sign before 

Q indicates that ÍQ may not be a complete differential 

(i.e. Q depends upon path as well as end points). 

¿S 
ctar T 

O) 

T T 
i 

Du, 
,'ax; 

Eq. (3-4) 

where the superscript R means "reversible" and is 

indicative of the complete differential character of 
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..4'» .»»lim 

the entropy S (by definition). Our thermodynamic 

parameters (independent variables) are T and 

where 

T-T U/O , = Cz^-t). Eq. (3-5a) 

As the internal energy is independent of path 

"Ü = U l T, ,0 ^ Eq. (3-5b) 

while a general thermodynamic quantity, say j> i* 

going to be path dependent so that 

= Tj l T, Eq. (3-5c) 

That is path dependence means explicit time dependence. 

The heat flow equation can be written 

= Eq. (3-6a) 

where x is the heat conductivity (thermal conductivity), 

and W is the heat power generated per unit volume by 

electrical, or chemical, forces (i.e. W is a source 

terra). Let Q ■ Q^+ Q^, where the superscript I 

means irreversible, so that 

~ (IO ex') 

fjL = + ). iq. (3-6b) 
nt ' Tfc ' 

In Eqs. (3-6) it is understood that the independent 

variables are (z,t) . But from Eq. (3-3) 

¿0 Eq. (3-7) 

where T^ = T^^ + Tij1^ has been used. Thus 
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oo 
oQ. C~| J y 

- = + V/ -t- T;; 

r 

L 

We would like to eliminate ^ from Eq. (3-8). To 

do so we utilize the method standard to reversible 

thermoelasticity (see Nowacki, Reference 17). Since 

dU is a perfect differential 

'3 

(R) 

Eq. (3-8) 

-ns = ckr= 2 U 

'ST 
Eq. (3-9a) 

and upon using the perfect differential properties of 

dS we find 

(fn 
T = T 

7>T, 
4 

(¾) 
Eq. (3-9b) 

Combining Eqs. (3-9) with = Cv is the specific 

heat at constant volume and is the mass density in 

(R) 
the undeformed state, gives upon eliminating 

^ t 

. T ^ 4Vy . Eq.(3-lOâ) 

While setting W=0 (the only source of heat density being 

indirectly through an external mechanical mechanism) let 

us revert to one dimensional strain propagation in the 

z direction 
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3T 

'at 

1 

where C, = 

V* 

/Ä’ocv . 

T 
tx-> 

Î3 ' "3T 
3!1 
it 

Eq. (3-10b) 

is the inverse of the thermal diffusivity. 

Eq. (3-10b) is the desired thermal part of the thermo- 

elastic equations. Although Eq. (3-10b) has been 

a 1 
derived elsewhertf we have not succeeded in finding a 

(I) 
published calculation of T9S . We shall proceed to 

calculating for the a special case in a solid 

having dislocation induced viscosity. 

By using 1 9 

r 
9Ta 35 

Ik 

% 
X 

~òt 

pi ¿2 
+- 

K 
3 I'”mm ’ 3 ^ tW 

Eq. (3-lla) 

Eq. (3-llb) 

where u is the rididity modulus, x the compression 

modulus, A, B, and C are third order elastic constants. 

and Eq. {3-1) it is easily19 »30 shown that 

9^3 X _ 9\ 

e 9 2^ 3^-àt 

, T'U, 9123 /5 9T 
+ b-- -- — 

"3 2* 9 2- /0 22. 
>Fq.(3-llc) 

where 
a a 

-5¾ 

mm t ^ S. 5^21 , Eq# (3_12a) 
lJ 9t 

Xl and being the coefficients of shear and volume 

viscosity respectively. Also 

X, Eq. (3-12b) 

Eq. (3-12c) 
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and 

* ^ 

Ce Ä /° 
Eq. (3-12d) 

have been used. Taking the partial derivative of 

Eq. {3-llc} with respect to z gives 

d\ X A yy[ 

?tz « 2z3 
^ n X *.-.- 4- "n — -i- t> 
3z2 

Î5 
"32 

^ 3 T 

Equation (3-13) is the mechanical part of our thermo¬ 

elastic equations and is to be used in conjunction with 

Eq. (3-lOb). Eqs. (3-10b) and (3-13) taken together 

form our set of thermoelastic equations. Aside from 

simultaneous solution our thermoelastic equations are 

complete, for the given process under consideration, 

providing that s uitable method of arrivinq at T y i j 

is known. Such a method can be arrived at based upon 

the concept of path dependence. 

Consider a non-uniform strain which is constant in 

time. From Eq. (3-7) we see that the problem is trivial 

for a uniform time independent strain. We expect that 

by t = ^® the stress will have stabilized to some 

constant value. Assuming that our static strain is 

turned on instantaneously (a highly non-hysical but 

Eq. (3-14a) 

Eq. (3-l4b) 

where and t8 are determined by the radii of convergence 

of the respective series. The coefficients A and B 
n n 

useful model) at time t = 0 we can write 

oo 

A„uyt" , o£t<t, , '33 
0»o 

t,3u/o= tick's 
n*o "t 

t >t2 , 
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are given a position dependence to allow for a variation 

of material properties with strain. One might hope to 

use Eqs. (3-14) to separate T3jR^ and T33^. Let us 

assume the following material behavior under the 

application of a non-uniform static stress at time t=0: 

(a) There is a temperature change with the tempera¬ 

ture approaching to of its final equilibrium 

value in a time t corresponding to the phonon- 

phonon relaxation time. 

(b) There is an irreversible heat flow, and a 

corresponding irreversible contribution to 

the stress tensor. The heat flow starts out 

at t= 0, at som Ime tM reaches a local 

maximum value, and then decreases to zero. 

For a dislocation induced viscosity tM is related*3”38to 

the fundamental vibrational frequency for dislocations. 

The material behavior enumerated above is illustrated 

in Fig. I and can always be achieved simply by making 

the dislocation density small enough. Our assumptions 

allow us to consider the viscosity process as being 

essentially isothermal for times greater than t„. For a 

dislocation induced viscosity tu is related*3”88to the 

fundamental vibrational frequency for dislocations. tM 

for most solids is in the 10”7sec. range while we will 

consider temperatures high enough so that t < 10”l0sec. 

Under such conditions Eq. (3-14b) gives 
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^ R) 

T„ e>oCz) ^ t >tz-tM 3 

i?.'' 5 
T„ lO^tz} £ ___. , t>tx=^M. 

n-i t' 

Eq. (3-15a) 

Eq. (3-l5b) 

The separation made in Eqs. (3-15) is only possible 

because both of the independent thermodynamic variables, 

T and n, are essentially constant for t > tM so that 
M 

(R ) 
TS3 is independent of time. We mean that changes in 

T are negligible in the time range t > If T as well 

as n were strictly independent of t one could not have 

a time varying T^1) . 

Thus we want a model for the viscosity which can 

be expanded in inverse powers of t as in Eq. (3-15b). 

Such a model gives the irreversible and reversible 

contributions to the large time stress unambiguously. 

For the case of isothermal dislocation induced viscosity, 

such a model has been developed by Harris and Greene*8 

from a memory function*6point of view. In the small 

strain limit Harris and Greene find 

____Eq. (3-lGa) 
♦In Reference 4 stress was treated as the independent 
variable and strain the dependent variable. Thus one 
wants to interchange the roles of these variables in 
that paper before application to the problem being treat¬ 
ed here. We feel that strain is a mere fundamental 
variable than stress; an equation of motion is needed 
to relate stress to an observable. 
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where M is an elastic constant, is related to the 

dislocation content in the crystal, Tx is the time 

constant associated with the viscous nature of the 

dislocation motion, and is related to the resonant 

period associated with the vibrational motion of dis¬ 

locations in the crystal. For t > t + TM the inverse 

tangents in Eq. (3-16a) can be expanded as a power 

series in inverse time with the result 

T oo = 
93 

M - M. 'ï Y Z-) 

^ f T,Tm T,1 T2 -t- —£ -h h.O. 

t 'Y1C 
z) 

Eq. (3-16b) 

Eq. (3-16c) 

where h.o. denotes higher order terms, and where Eqs. 

(3-15) have been used. Thus for this dislocation 

problem T93^can be calculated leaving only a set of 

simultaneous equations to be solved. In general, 

however, it would seem like a difficult problem to 

solve for the irreversible part of the stress although 

the following points can be made 

(a) A temperature type creep effect is to be ex¬ 

pected (Coleman, Reference 26) for the same 

reasons that a creep effect exists for stress. 

Thus a non-isothermal theory adds many complica¬ 

tions to Eqs. (3-16). 

(b) The non-linear effects are expected to contribute 

to Tsi1^ in the case of a time dependent strain. 

This makes sense because a change in distribution 
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function is not a reversible effect and be¬ 

cause the higher order processes change the 

distribution of phonons among the states. 

In summary Eqs. (3-10b) and (3-13) form a set of 

thermoelastic equations for our nonlinear viscous system. 

If it made sense to do the problem in the isothermal 

approximation then a memory function38could easily be 

found* which gives rise to the stress-strain law of a 

first order anharmonic medium. And, by using this 

memory function, the characteristics for the problem 

can be found36which when integrated (on a machine or 

otherwise) completely solve the problem. 

When we calculated Ts^1^ in the dislocation 

viscosity case we were forced to consider large time 

*If we consider the problem of 1-D strain and write 
the stress-strain law in the form (from Eq. (2-18) or 
Reference 2) 

where 
G* 

We wish to compare the above expression for gJ3 (ri)with 
Eq. (13) of Reference 25. Upon this comparison we see 
that if the only source of creep present is phonon-phonon 
coupling than the only nonvanishing memory function is 
A, It-r) with a possible solution 

A^t-w = 
51» 

2- Cá» 

where t' is the relaxation time for the system. And upon 
employing Eqs. (8) and (9) from Reference 25 this completely 
solves the isothermal problem. 
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behavior so that the temperature would be essentially constant 

(although the irreversible contribution to the stress tensor 

remains nonzero). Thus, even in the case of dislocation 

induced viscosity we are unable to find the small time behavior 

3 • Consequently either we generate a new recipe for 

calculating the stress tensor or we must approach the problem 

through other than thermoelasticity. At this point it seems 

wise to take the latter course. 

B. The Burgers Equation and Weak Shock Propagation 

It can be shown37that a compressible thermoviscous fluid can 

be described, for first order disturbances, by the so-called18 

Buggers equation 

X ^ 3*. ~ ¿ It* ' Eq. (3-17a) 

for a disturbance propagating in the z direction with particle 

velocity in the z direction (one dimensional strain propagation), 

viscosity-like coefficient, ^ , velocity-like dependent variable, 

-i, and time, t. The coordinate z^ is the distance of a particle 

with respect to the origin of a coordinate system moving at the 

constant velocity a* (the zero strain adiabatic sound speed) in 

the positive z direction. in addition, because we shall use 

experimentally determined elastic constants in this section, the 

z direction is chosen parallel to a cube axis for those cubic 

crystal structures considered. The dependent variable f is 

given by 

£r « 1* ' -i- <X = rur+ ¿I ) = 

where up is the particle velocity with respect to the laboratory 

coordinate system, u^ is the particle with respect to the moving 
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coordinate system, a is the volume dependent adiabatic sound speed, 

and F is a constant determining the nonlinear properties of the 

medium through the equation of state. 

Blackstocka8has investigated the problem of wave propagation 

in an arbitrary fluid by considering a number of different numerical 

values for T. In this paper, however, we will be concerned both 

with what values of T exist in representative solids as well as 

with what these values mean in terras of allowed sound propagation. 

We assume* that the viscosity-like coefficient,v , is known and 

positive. 

One of the reasons this is interesting is, as first shown by 

Hopf * 9 

V j_ 
r X ^z. 

A, 

Eq. (3-17b) 

transforms Eq. (3-17a) into 

Eq. (3-17c) 

* V is known from the work of others. See Woodruff and Ehrenreich 
(Reference 3) or DeVault and Mclennan. G. P. DeVault and J. A. 
Mclennan, Phys. Rev. 138. A856 (1965). 
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to within an arbitrary time dependent factor in^£a. 

Since such a multiplicative factor does not affect Up 

as given by Eq. (3-17b) it is neglected throughout the 

rest of this paper. Eq. (3-17c) is the well known 

diffusion equation of heat conduction. Two possible 

solutions of Eq. (3-17c) are 

-V r rlAati \ 
A. = <*? I —- Cosk- 
a L J L 

PAZ, 

X »(e*+ 0" Ce'-O J è. S > 

where R in 
Xa(z0= -c°) 

^a(z0= 

Eq. (3-18a) 

Eq. (3-18b) 

R can be identified87as 

the Reynolds number for the flow in question. That 

Eqs. (3-18a) and (3-18b) are solutions is easily 

checked by substitution into Eq. (3-17c) . Corresponding 

to Eqs. (3-18a) and (3-18b), from Eq. (3-17b), are 

I =' 
PA z. 

A Í 
L ^ 

Eq. (3-18c) 

and 

Ç =» + 
We -O 

fix' 
r/^t1 2 J 

r 
I - 0*-0 e ds 

Eq. (3-18d) 

38 



NOLTR 66-43 

Up is the particle velocity with respect to a 

coordinate system at rest. By transforming Eqs. (3-18c) 

and (3-18d) with 

Z - zo+- o*t 

we have, respectively, 

Upon considering the behavior of Eqs. (3-18e) and 

(3-18f) we see that (3-18e) can represent a weak steady 

shock propagating in an infinite medium while (3-18f) 

can represent the nonsteody propagation of a pulse in 

an infinite medium. Because of the matheraatic?il 

complexity of Eq. (3-18f) we will consider the case of 

the steady shock, Eq. (3-18c), in the rest of the 

calculations. This is justified as the concepts in¬ 

volved in the propagation of the phonon distribution 

are more important than the form of the strain governing 

that distribution. 

For finite t we require 

Bq. (3-19a) 

ï. 
Eq. (3-19b) 
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"Up 
ru 

C45 .ff) ./í' 
, Z) \ 1 Mf f , Ä*. 

— i-an>v 
2- X 

U-a*t^ Eq. (3-20) 
l-u 

where u is the particle velocity associated with 
P 

the boundary at -®. Since Eq. (3-17) represents only 

a single shock one cannot choose u (f) 0 in Eq. (3-20) 

as that would represent a trivial solution. But 

((+> «1 
Ur ] 
2- / 

If) 

7\Cz,t) = 

or 

i(il 
r f g 

_ em 

»3 \* 

>3 

seek 

seckf 

t 

pTip 

r^’Cz-cri) 

V /°a* 
'n Seek 

2U 

rG3.^4 

•Eq. (3-21) 

¿i , Eq.(3-22¼) 

2f a* 
(z-a jO 

^ Eq.(3-22b) 

In Eqs. (3-22)tlimfc2(z,t)=»0 has been used along with 

the approximation80 

n Eq. (3-23) 

(f) 
ti^ is the strain corresponding to u^ . Eq. (3-22b) can 

be integrated to give 

as 
3» 

2i *' 
taXj- I^tz-aTtV 

33 

2V 
Eq.(3-24) 

Aside from P we now have all the necessary ingredients 

for determining Nx (q;z,t) from Eq. (2-30a). 

We now wish to consider the dimensionless factor V 

which has been claimed to control the nonlinearity of 
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i 

t 

the medium. I should like to show that to a first 

approximation, V can be written* as 

—V. 0.3 (_ Eq. (3-25) 
“-^^4 \ -¡r 4 

Using fi^+a*) ■ (u7+a) and Eq. (3-25) yields 
P P 

0.-^= a*) Eq. (3-26) 
I s 

But the conservation of mass can be written 

/% ( ^'rX = C ^r Eq. (3-27a) 

where the subscript zero refers to unperturbed values. 

Rewriting Eq. (3-27a) to first order yields 

Eq. (3-27b) 

*The adiabatic sound speed, a, is usually written as 

a = (^)s • The form given in Eq. (3-25), however,is 

valid for our special case of one dimensional strain 
propagation. As an example of this consider the revised 
set of Maxwell's thermodynamic equations (the starred 
functions are not the conventional functions). 

dU = TdS-TssdV, 
1/ 

H*»U+TSSV, dH*»TdS+VdT9S, 

F=U-TS, dF = -TssdV-:dT, 

G*=H*-TS, dG*=VdTss-SdT, 

"^T 
V 

^ \ 

^Tl-r ' 
'ï3 

211 

1 
1T 

The correctness of this revised set of Maxwell's equations 
rests only on U,H*,F and G* being valid thermodynamic 
variables-vhich of course they are. These revised equa¬ 
tions also lead11, in a natural manner, to revised First 
and Second TdS equations. Similarly Tsstakes the place 
of P in the equations of motion. This line of reasoning 
leads directly to a as given by Eq. (3-25). 

% 
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It is to be remembered that is the particle velocity 

with respect to a coordinate system moving to the right 

at the velocity a*. Substituting Eq. (?-27b) into 

Eq. (3-26) yields 

a - a. * Eq. (3-28a) 

a=(^) * E(î* (3-28b) 

Eq. (3-28b) is the first order version of Eq. (3-28a). 

Eq. (3-28b) is obviously the correct first order Taylor's 

expansion of the sound velocity about the unperturbed 

density /°9. Consequently, Eq. (3-25) is correct to 

first order. Thus if the equation of state is known 

so is r . 
To evaluate V we consider from Eqs. (2-18) and 

(3-1) 

f 333 a 

^ 333 ^33 •> Eq. (3-29) 

where we are using subscripts and superscripts inter¬ 

changeably on the elastic constants. It can be shown81 

that 

^u3 

^ 33 Eq. (3-30a) 

which gives upon expansion to third order in 

(3-30b) 
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Then, upon usings Eqs. 

find 

r-\- 
G *■»» 

î>3 3 

.33 

’33 

(3-25), (3-29), and (3-30b) we 

Eq. (3-31) 

Were we interested in a gas the expression corresponding 

to Eq. (3-31) would beaa 

r = l + “*> i Eq. (3-32) 

n'’ 

where coefficient of the first nonlinear term 

in an assumed pressure-density relation. It is interest¬ 

ing to note that T =» -1 for a harmonic solid, while 
C +C 

T * ^ v for a perfect gas. The specific heat at 

P 
constant pressure, and at constant volume, is denoted 

by Cp and Cv respectfully. 

It is easily seen, in the process of arriving at 

Eq. (3-20) from Eq. (3-18c), that ^>0 (as expected) 

requires P >0. Experimentally weak shock propagation 

has been observed3*. Thus C >0 is expected to hold, 

for at least some materials, from the known volume 

dependence of the elastic constants. Values of P for 

representative materials38 are 

KCl Cu Ge Fused SiO, 

r 23 9 4 -10 

We thus see that steady compressive weak shock propaga¬ 

tion can occur in all of the representative materials 

except for SiOa. It would appear, however, that in 
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amorphous SiOa rarefactions will shock up*. In 

conclusion, for v >0 and P >0, we have found 

(3-33) 

for the solution corresponding to steady weak shock 

propagation in a anharmonic, viscous, and thermally 

conducting medium. 

♦For a disturbance moving to the right u ^ <0 requires 
P<0 in order to apply the weak steady sBlution demon¬ 
strated by Eq. (3-18a) . >0 is assumed. 
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IV. LARGE STRAINS 

In the two previous sections we have been content 

to analyze the strain-phonon spectrum interaction from 

a perturbation (first order) point of view. We now 

intend to widen our horizons and consider the effect 

of an arbitrarily large compressive strain on the phonon 

distributio. . 

In the course of our calculations we shall continually 

make two assumptions. These assumptions are: 

(1) As in the first order theory, <1. 

(2) We assume that at each equilibrium state 

characterized by the thermodynamic variables 

of finite Lagrangian81 strain and temperature 

the material is linear with respect to small 

disturbances (i.e., the material is harmonic). 

This means that at each equilibrium state it 

is valid to speak of eigenfrequencies of non¬ 

interacting phonons. 

The second assumption is justified here as we are con¬ 

cerned primarily with low frequency phonons ('«<1011 cycles 

per sec) . The long wavelength higher order elastic 

constants are well defined quantities. The high frequency 

difficulty arises because the high frequency modes 

essentially see the nearest neighbor interatomic 

potential which, under compression, may become highly 

anharmonic. The long wavelength phonons reflect a 

45 

•'.„iilSIWpM IffVfPIPflfP 
üélii»** 

«gr-™*- 
“IUI!,- 



NOLTR 66-43 

potential which is smeared out over many atoms. 

With the above two assumptions it becomes valid 

to use Eq. (2-7a) for large amplitudes* providing that 

we substitute a position like coordinate z1, for the 

laboratory position coordinate z. 

+ \ T3h 3n 9 H 
'ft % 1¾ 

with H=H (q;z, t ) = 1\uj (q ; z, t) . So that this equation 

becomes usable we must derive expressions for H and foi 

ôN I 
5it |coll.in terms strain and temperature (which in 

turn are functions of z, and t). Let us first consider 

ÖN I 
ât \col1. 

A. Large Strain Collision Term 

Aside from the definition3involving the conserva¬ 

tion of q, normal processes may be characterized by 

their ability to maintain8'9 a drift velocity for 

phonons. In our case this is meant in the local 

^f!pT<1^ sense so that at any instant the drift is posi¬ 

tion dependent. The so-called unklapp processes would 

tend to randomize such a drift to zero. Thus were one 

able to show that the effects of such a phonon drift 

were small regardless of the strain amplitude when 

compared to the effects of strain and temperature 

variation, then the distinction between normal and 

♦Both assumptions are used in Appendix A in the process 
of arriving at Eq. (A-16) which is similar to Eq. f2-*7a) . 
In that Appendix the second assumption allows us to 
write for the Hamiltonian of a single phonon 
imi5 = Vn (q;z,t) . 

ft (vu 
Eq. (A-16) 
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umklapp processes could be neglected with the result 

toil. 
Eq. (4-1) 

where the relaxation time T(q,r)) is, in general*4, 

strain dependent. However, because the q dependence 

over-complicates matters, we will consider t to be 

only a function of r\. 

In the limit (bpt)—»-O, ctnd for small strains 

(linearized theory) we have seen that existing theory 

leads to 

¢9 

ïHf) 
AT \ f 'V 

-V- — j -4_ 

Eq. (2-30a) 

*To ¡\ 

where X is defined by Eq. (2-9). One can show that 

when the applied strain is sinusoidal in time existing 

theory* leads to 

V . tc YC-fl-r'O'n 

UjO.,/0 - I 
Eq. (4-2) 

and similarly 

t) Eq. (4-3) 

with the result that 

ätV 

-ï. r-\-^ 

% (a?T^ -1 
Eq. (4-4) 

Thus if we assume that (npTu) — 0, then the drift terra 

can be ignored in comparison to the effect of temperature 

variation. This assumption is made throughout the paper. 

““ ’ *" -1 ' —T-. I • iTr. 

47 



NOLTR 66-43 

But it is to be noted that when Eq. (4-3) is sub¬ 

stituted into Eq. (2-30a) the only first order contri¬ 

bution to N(q;z„t) is that due to the phonon drift 

term35. However, if we further assume that the effects 

of temperature variation and energy shift do not cancel 

at large strain amplitudes, we can safely assert that 

Eq. (4-1) can be employed in the large strain limit. 

This reasoning is based upon Eg. (?“M being independent 

of strain. 

B. Large Strain Hamiltonian 

Using our assumption that it is valid to describe 

the equilibrium state thermal vibrations as phonons, 

we have for the change in phonon frequency due to a 

volume variation about an equilibrium point 

Eq. (4-5) 

where V(V,T) is the Grüneisen constant associated with 

the state (V,T). Multiplying and dividing the right 

side of Eq. (4-5) by V0 and transforming14'81 from 

volume to Lagrangian strain via 

V = V0 04-20* , Eq. (4-6) 

gives 

€ 

For later convenience we rewrite this as 

wC z,-0 = R U Eq. (4-8a) 
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\ + 2. 

We note that R is independent of q. Eq. (4-8a) gives 

us a Hamiltonian for use in Eq. (2-7a). Neglecting 

its temperature dependence Y(V) can be found in 

principle by fitting shock wave data1* or by using 

assomed interatomic potentials*8. In the classical 

limit of high temperature it is valid13 to neglect 

the temperature dependence of Y. 

T) 
Eq. (4-8b) 

C. Solutions 

Using Eqs. (4-1) and (4-8a) we will now seek to 

solve Eq. (A-16) for N(q;z,t) as a function of 

and T with the idea that n and T may be found by setting 

up and solving macroscopic thermoelastic equations for 

a material exhibiting phonon-phonon viscosity. 

Rewriting Eq. (4-1) in the long wavelength limit 

gives 

Coll. 

H, 

T 

l 

X 

kT 

tmo.R 
\— R 

T 
Eq. (4-9) 

where Eq. (2-6) has been used. Substituting Eqs. 

(4-8a) and (4-9) into Eq. (A-16) gives 

Nj 

T 

X 

at 
+ RC, 

XI 

X. 

9K, 

kTa 94, 
I ( kT 

u) 

T V-tvoo R 

* X ^ 

l- R 

Eq. (4-10) 
n 

T 

where Eqs. (2-12) have been used and C° refers to the 
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shock propagation 

,0 .^)= b ^pjjs tose An 

( y •> 

l ^ Cx>& 6 

-N V 
) Cotô — Cos1© J ) 

Eq. (4-12a) 

with values of 9 restricted so that l+9cos0#=O, where 

r£-)' 0 = ... f and B is a constant of integration such 
C° T 

that 

Eq. (4-12b) 

For our one dimensional strain, phonons with ‘q 

normal to the direction of shock propagation do not 

have their energy states shifted although they are 

scattered to a new distribution function in the process 

of thermalizing the states having non zero . This 

means that 

N.0.,-0 , Eq. (4-13) 

where the temperature T* is characterized by 

T« £. T* £ T> and determined by the Boltzmann equation 

9 N0U».>T.}j = — Jo') " NJu,0J • Eg^ (4-14) 

In Eq. (4-14) N0 ('w0 ,T) represents the distribution 

function towards which the transverse q's want to 

relax and the sign in front of the right hand side 

has been chosen so that the density of phonons of a 

given frequency is increasing as a function of time. 

Combining Eqs. (4-13) and (4-14) gives in the long 
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wavelength approximation 

'âT* T* T Eq. (4-15) 
Qt t "C 

which requires solutions to the thermoelastic equations, 

and a knowledge of the strain dependence of t, before 

solving. But from Eq. (4-14) we see that in the limit 

(°p )~*“® we ^ave T = T** Thus combining Eqs. (4-12a) 

and (4-13) gives 

NlC<i)6 5z.)s‘t'> = K0^.,T.^j-M exp(-p 

Eq. (4-16) 

I -V 

This equation is correct for each mode of each branch. 

One must simply remember to use the Grüneisen constant 

and relaxation time appropriate for the mode and branch 

in question. The most interesting thing about Eq. (4-16) 

is the presence of directionality effects (cosP). Such 

directionality does not occur in the low amplitude first 

order calculations as given by Ec. (2-30a), for 1.,=0, 

as directionality represents the scattering (at least 

first order) of qxand q8 phonons by nonequilibrium (at 

least first order) q, phonons which results in at least 

a second order process. This directionality is quite 

important physically as it means that the strain gradient 

causes the two halves of the Brillouin zone, ± q*, to 

be occupied differently, in the small amplitude case 

this only occurs for nonzero X, and is simply understood. 
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A nonzero Xs means that it is possible to maintain a 

net crystal momentum. 

It is interesting to note that, regardless of 

amplitude, a strain gradient is necessary in order to 

have an asymmetry*; in the absence of a strain 

gradient Eq. (4-12) becomes 

D. The Attenuation 

To the student of shock waves in solids one of 

the more interesting theoretical quantities is the 

attenuation of shock (strain) amplitude with propaga¬ 

tion distance87>38>89. By using relatively simple 

experimental techniques (e.g. measuring free surface 

velocity as a function of sample thickness) the attenua¬ 

tion can usually be measured. In order for phonon- 

phonon attenuation of a shock wave (at least for small 

amplitudes) to be important it is necessary4>5>40 that 

Op, the angular velocity at which the Fourier spectrum 

of the strain peaks, be in the hypersonic range (greater 

than 2ttx109 radians per sec). This implies that the 

*We are suggesting here that X, is proportional to ^ 
o z 

in the small amplitude case similar to the case of pure 
thermal conduction where it is shown that \s is 
proportional to 9T (see reference 8). This is 

derived in Appendix B. 

T 

KT0 Eq. (4-17) 
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rise time of the shock be less than 10“Bsecs. Such 

rise times, however, are near the current limits of 

experimental high speed camera techniques41 . Perhaps 

electronic means such as probes or piezoelectric gauges 

will better serve the purpose. In any event comparison 

between theory and experiment is presently not possible. 

Experimentalists should note that if two sources of 

viscosity with different relaxation times are present, 

say dislocation induced viscosity and anharmonic 

processes in an otherwise perfect crystal, the observa¬ 

tions must be made before the weaker process (here 

assumed to be the dislocation viscosity) controls the 

thickness of the shock front. 

By attenuation we mean the rate at which kinetic 

energy is converted into thermal energy - i.e., the 

rate at which average particle velocity is transferred 

into vibrational energy of the lattice. The instantaneous 

rate of energy density thermalization can be simply 

written as 

i f 1 
Eq. (4-18) 

J c*U- 

where the factor (2tt)-3 converts from total number of 

particles to the number of particles per unit volume 

of phase space*. It is understood that a sum over all 

♦The total number of phonons per unit (size) volume can 
be written 

Continued on next page. 
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branches and polarizations is to be included in Eq. 

(5-1). However, if W(z,t) is the instantaneous 

kinetic energy associated with the strain wave, the 

really important physical quantity is the number 

0.(2,-0 
oaz.X'i =T. - • 

wu.o Eq. (4-19) 

a(z,t) is a nice number because a ~ 1 means that the 

phonon-phonon processes are important for determining 

the shape of the shock front, with the shape being 

relatively stable, while nr » 1 means that the phonon- 

phonon processes are extremely important for deter¬ 

mining the rise time with an extremely unstable shape 

associated with the shock front. 

W(z,t) can be written 

. Eq. (4-20) 

Using Eq. (4-6) we find that Eq. (4-20) can be rewritten 

/ (¾)^ + >E<Ï- (4-21) 

Continued from previous page. 

where F(q) is the probability that the state "q is 
occupied, and G(q) is the density of states per unit 
volume of phase space. Vie thus find for the number 
of phonons per unit size volume between q and (q+dq) 

where X takes units into account and ( has been used 
for G (q). 2TV 

^ Rather than the usual attenuation coefficient 
(Q(z,t)W” (z,t)U“1 (z,t)), familiar to linear theories. 
U(z,t) is the propagation velocity of the kinetic 
energy. 
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I 
i 

where u (o,t) is the particle velocity in the z 
ir 

direction at z^O. Assuming solutions to the thermo¬ 

elastic equations and a knowledge of the indicated 

boundary conditions thus means that W(z,t) is known. 

From Eqs. (4-1), (4-8a) and (4-18) 

Ql z,t} ' 
r 

Czto'" j 0 
(.q.) I * (4—22) 

Upon using Eq. (4-1®) 

Qcz.t> = 
'Cié') 

j ^ (_ |5 Co&ö Aw 4- 

Eq. (4-23) 

”T* 
C I + 2^3 tosô^ 

\ 4- ß CäSÖ 

In order to integrate Eq. (4-23) we must have B < 1 

because of our condition 1+Bcosfl^O. Treating V as a 

constant we find from Eq. (4-8b) 

2* ^ 
,,¾ 

-az (, 14-2^^ 
Eq. (4-24) 

so that is expected to be positive for positive. 

In the large strain limit é-+- |. One thus expects, for 

constant relaxation time, that 0 can be made as small as 

desired*. Thus assuming that the 1b\<1 we can integrate 

♦Using Eq. (4-8b) we find that, for constant Y, 

ÔÉ 

9R 
92 

94 
92 + 

(2+y) 
so that 0 ^.. »j1^ (1+2^) results 
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Eq. (5-7) to get 

FC* z.ORU.O, Eq. (4-25) 
12TT m m, ' ‘Tit'i 

where q^ F(îm;z,t) is equal to the Integral in 

Eq. (5-7), and is an average radius of the first 

Brillouin zone. If by we mean the isotropic radius 

in the undeformed medium, then 

1 .= ^ l‘. = <. 1Bq. (4-26) 

where Eq. (4-8b) has been used. Thus combining Eqs. 

(4-19), (4-21), (4-25), and (4-26) gives 

(Q1 FCq^zyO RhT. 

£ Ci+zé->|&Ce^z+ ^rCo,of 

Eq. (4-27) 

where G(€) is defined as the mean value of the 

integrand in Eq. (4-21). And for z«0 in the 0—0 

limit 

, (O' 
f?kT 

*© » 

Eq. (4-28) 

where b denotes the number of phonon brandhes in the 

medium, and R an average value of R(necessitated be¬ 

cause Y may depend upon branch and mode) • In order 

to evaluate Eq. (4-28) we must be able to generate 

and solve thermoelastic equations for arbitrarily large 

strains. Since that cannot yet be done we will end 

our development here. 
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V. DISCUSSION 

A. Therraoelastic Equation» 

We were forced to end our discussion of the 

phonon spectrum in the presence of large strains be¬ 

cause we lacked thermoelastic equations which were 

valid in the presence of large amplitude mechanical 

disturbances. While it is not clear exactly how this 

situation can be alleviated there is an interesting 

possibility which must be mentioned. In a recent 

paper by Vedanov and Rudakov43 a mechanical equation 

of motion was found in a manner explicitly consistent 

with the Boltzmann equation in the small strain iso¬ 

thermal approximation. Vedanov and Rudakov have 

arrived at their consistent equations by using varia¬ 

tional techniques simultaneously on the particle posi¬ 

tion and the amplitude of the sound field. It seems 

to us that if one were also able to vary a property of 

the medium, simultaneously with the other two variables, 

then thermoelastic-like equations would automatically 

be generated which would be explicitly consistent with 

the Boltzmann equation. Perhaps in the end large 

amplitude thermoelastic equations which are explictly 

consistent will result. We hope to find out. 
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B. Validity of the Boltzmann Equation 

Eventually we want to be able to treat the case 

(fipT) £ 1 as that would correspond to a shock wave 

before the high frequency components were dissipated 

out. Such a treatment would require a modification 

to our Boltzmann equation approach so as to take into 

account the off diagonal elements of the density 

matrix43. The reason for this is that if, for example, 

we consider a two level system such that (0^1)>1 

yO % Z> 

as compared to because r—■ is given by4® 

Eq. (5-1) 

where Vla is the interaction maxtrix taken between 

the states 1 and 2. Such a density matrix point of 

view has been successfully used by Kohn and Luttinger44 

in their treatment of the quantum theory of electrical 

transport and perhaps can be extended to phonon trans¬ 

port. Perturbation techniques exist for attacking the 

phonon transport problem. Landau and Rumer48 

worked the problem as early as 1937 and recently Maris48 

has given a Green's function approach which is valid 

for all (n t) . 
P 
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C. The Phonon Drift Velocity 

The neglect, during the large amplitude considera¬ 

tions, of the phonon drift velocity was justified by 

an (npT)< 1 condition. As we have just contemplated 

eventually considering (n t)> 1 it seems logical at 
Jr 

this point to attempt to extend the physics of the 

linearized theory to the non-linear with the hope of 

being able to better understand the effect of a shock 

on the phonon spectrum of the host solid. 

Consider a material which has been subjected to 

external forces so that at the time some distribution 

of particle momentum p(z) exists in the medium. If 

we now Fourier analyze the p(z) distribution 

we see that if p(z) is an even (odd) function of z 

then A(q^) is an even (odd) function of q^. it also 

follows that if p(z) does not contain any symmetry 

then one should not expect Afg^) to have any obvious 

symmetry. 

From Eq. (2-30a), for energy dependent relaxation 

times, we see that a nonzero \3 implies an anti¬ 

symmetric contribution to Nx (q;z,t) in q3. For use 

at large amplitudes we shall generalize this to the 

statement that 
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A lack of symmetry of Nx (q;z,t) in implies 

a nonzero X.. 
i 

This statement is less severe than simply taking the Eq. 

(5-2) result over to large amplitude strains and is 

made because we will be interested in A which is 

symmetric in q3for an antisymmetric A(q^. Since 

Nx (q;z,t) is essentially the square of the Fourier 

transformation of particle monentum and particle dis- 

placement47we thus see that a lack of symmetry in 

particle velocity implies the existence of a pi onon 

drift velocity. In general a gradient in particle 

velocity implies a lack of symmetry in p(z) and in 

turn a phonon drift velocity. This conclusion is in 

agreement with the linearized result (Appendix B) 

\ > Eq. (5-Ó, 

where « iO C”1ti has been used along with (0 t )—► 0. 

These considerations must mean that a shock front can 

be thought of as a cloud of drifting phonons. Thus, 

in the presence of a strong phonon drag48effect we 

have a mechanism which makes it valid to also think 

of a shock front as a cloud of drifting electrons*. 

♦This is not to imply that the phonon drag effect is 
the only source of a propagating charge cloud in a shocked 
medium. Duvall and Thomson consider the gradient in 
Fermi energy generated by a shock front. A gradient in 
Fermi energy is a nonequilibrium situation and will give 
rise to an electric current. See G. E. Duvall and R. M. 
Thomson, Physics of Solids at High Pressures (Academic 
Press, New York, 1965), C. T. Tomizuka and R. M. Emrick 
editors. 
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It must be mentioned that equation such as 

Eq. (5-3) relate internal parameters (e.g.X,) to 

•n 
the external parameters (e.g. and in general 

result from solving conservation equations. For 

example, neglecting the zero point energy, and 

letting the instantaneous total energy density be E 

Z, N(3>z,-t}UK^ >2,-t) +- u2r } Eq. (5-4) 
\ 2 

where U(r|) is the purely volume dependent part of 

the strain energy and u is the particle velocity. 
Jr 

If is the energy density of the perturbed un¬ 

equilibrated state, and is the energy density of 

the perturbed (same strain) but equilibrated state, 

then since W =*W, 
a b 

2 iM^z.-o.Eq. (5-5) 

We note that Eq. (5-5) can be put in a more appropriate 

form via 

Î (.5r)~r~—r ^ Eq. (5-60 

where Eq. (4-6) has been used. The point is that Eq. 

(5-5) due to its quadratic nature has been too difficult 

to solve, but will have to be considered further in the 

process of learning more about the phonon drift in the 

presence of a large amplitude shock. 

62 



NOLTR 66-43 

D. Translational Invariance 

Lastly we should like to mention that the region 

of a shock front is a region of translational in¬ 

variance in the direction parallel to the propagation 

direction. If denotes the component of q perpendicular 

to the shock front, then the lack of translational 

invariance means that q^ is not a good quantum number. 

If q.n is not a good quantum number then the conservation 

relations are fuzzy and the scattering probability 

increases. This effect is important as it allows 

longitudinal phonon-longitudinal phonon interactions 

even in the presence of dispersion (such transitions 

would otherwise be relatively forbidden*'49). 
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APPENDIX A* 

DERIVATION OF THE BOLTZMANN EQUATION 

Let N be the density of phonons in some six 

dimensional space 714 ,ua ,Us ) »nd ^ tlle 

rate of phonon creation in that space. Then if V0 

denotes an arbitrary element of our six dimensional 

volume bounded by the surface s0 

-h j Z¿V Eq. (A-l) 

V» • 
where v * , ...,û3). Or, upon using the divergence 

theorem, 

We now let (/^u^) 

Hamiltonian 

3 _ 
H\ 2, Eq* (A-2) 

be chosen such that if X is some 

%7 
3k. 

V' 

in 9 
r¡ Eq. (A-3) 

where X-kot^ 7 i.e., we require that form a 

set of canonically conjugate variables with respect to 

a piece K0 of the complete Hamiltonian. We do not 

require that be physically obvious variables. 

Substituting k0 and its derivatives into Eq. (A-3) 

yields 

9n + ^ 
n 2%y 9pt 

Qk:. 
9^3 9X-3 

Eq. (A-4) 

*The author is indebted to Dr. R. F. Greene for out¬ 
lining the method of attack used in this section. 
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If we restrict our physics to the interior of a 

crystal then the only source of phonon creation is 

thermalization so that y _ I . The remaining 
?^t I coll. 

task is to subdivide K so that k0 does not contain 

any collision terms. The physical interpretation of 

the variables depends upon the physics 

contained in k0. 

It is understood that we have a Lagrangian®1 

coordinate system, (xl/x:>,xs) = (x,y,z), for reference. 

We assume that at any instant may be decomposed 

'k; =Ü--V oí; , t=. Eq. (A-5) 

where u^ is a purely volume depent (low frequency) 

term, and u^ denotes the purely thermal (high frequency) 

fluctuations. Such a decomposition is always possible 

if the relaxation time for the thermal vibrations is 

small compared to the period associated with the 

impressed volume changes. 

If the subdivision contained in Eq. (A-5) then 

the complete Hamiltonian may be similarly subdivided 

K = K + R . Eq. (A-6) 

It is understood that the thermal term in Eq. (A-6) 

can have coefficients which are modulated by a strain 

dependence. Indeed in the limit of third order 

elasticity K0 must be derivable from a Hamiltonian 

given by 

2 c -+- c V^ki-mn ^irnr» Eq. (A-7) 
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where an<^ CijkJmn are secon<3 and third order 

elastic constants3 respectively. Because of our 

condition O^tcI we can consider N to be a constant 

of the notion for time intervals of the order of a 

few relaxation times (i.e., until changes in u in 
mn 

Eg. (A-7) become important). But if N is a constant 

of the motion it is valid to consider the Hamiltonian 

of a single phonon, m(q), q being an allowed value3 

of the phonon wave number (polarization and branches 

included). Let us identify K0 of Eg. (A-3) with m(q) 

and with q^. Since, neglecting dispersion 

K0 = m(5> , Eq# iA_, 

where a similar equation holds for each polarization. 

= kC(z,0 Eq. (A-9) 

If we now consider only the question of one dimensional 

strain, such that u33 is the only nonvanishing element 

of strain with the shock propagating in the z direction, 

then 

= t\Ctz,-t)Cosô C3Cz,t-) , Eq. (A-10) 

where 9 is the angle that q" makes with the positive z 

axis, and C9=Ccos8. Thus, aside from a factor of "K , 

we must show that it is consistent to identify as 

the z component of the phonon group velocity in the 

deforming media. Upon integrating=C9 (z,t) we find 
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t 

^3-J + Eq. (A-ll) 

t. 
where t0 is some constant, and g(z) is an arbitrary 

function of z. ThusXs cannot be identified as being 

simply proportional to z. PC, is a variable which is 

canonically conjugate to the internal^variable q3, 

and thus must be an internal variable itself. 

As the variable conjugate to q3 must be coordinate¬ 

like let X-s szx . Thus 

stiCU.t} — ? Eq. (A-12) 
dZ, iZj 

where in the absence of dispersion we have assumed 

that the phase velocity is independent of the internal 

parameter zx. Since we are doing a one dimensional 

problem = = 0 so that 

= t\C,(z,0 —I 
3Z, 92, Eq. (A-13) 

If, in Eq. (A-13), we now make the substitution 

2 = __J_2 
92, C^U.O -*t ’ E<ï* (A-14) 

then 

+ 
3t 1 Eq. (A-15) 

as desired. Eq. (A-14) says that the phonons 

propagate as plane waves in the internal space. 

* <Ï3 i» an internal variable in the sense that it 
describes momentum with respect to the center of mass 
of the system. 

67 



NOLTR 66-43 

Utilizing all of the above considerations in Eq. (A-4) 

gives 

+a r M ^ Eq. (A-16) 
CcW. 71 Dz» 

Thus we have shown that the Boltzmann equation is 

valid, regardless of the strain amplitude, providing 

only that OpT<l and that we are careful about the 

physical identification of the conjugate variables. 
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„Im... .-«át. 

APPENDIX B 

SOME LINEAR THEORY 

From the conservation of "crystal" momentum and 

energy, Woodruff and Ehrenreich1 derive their Eqs. 

(4-3) and (4-4) which we rewrite as Eqs. (A-l) and 

(A-2) respectively. 

-^(^) + Eq. (B-l) 

= Eq. (B-2) 

where A is the modulus of a running wave Xs , and ri 

and (AT) are the modulii of similar quantities. The 

are integrals which sum over phonon propagation 

directions 

r 
-:-:-, Eq. (B-3) 

and are easily evaluated in the limit (fï t)—>0. Some 
P 

representative values for use in Eqs. (B-l) and (B-2) 

are 

Joo = 2, I1X = - 2/3, 

Ioi= 2, Ia0 » 2/3, Eq.(B-4) 

l!«“ 0, I» *! 2/3 . 

Solving Eqs. (B-l) and (B-2) simultaneously for 

and then using Eqs. (B-4) gives 

69 



NOLTR 66-43 

{YC-û-p^uVn 
Eq. (B-5) 

while substituting Iie from Eq. (B-4) directly into 

Eq. (B-2) gives 

Eq. (B-6) 
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