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The purpose of this paper is to present some useful techniques for 
j solving finite-time filtering problems. In the course of the discussion, we shall 

solve explicitly the three variance equations presented jn referenc s (1) and (2),

VJe begin at time zero, and wind up at a fixed ti:.t3 T, The output of

the filter is X(t), and the input is X (t) N(t), where X (t) is signal and N(t) is
s s

' noise, t is time which varies from 0 to T, We wish to minimize the variance of

5f(T) - X„(T) sub;Ject to certain restrictions on X(t). All random variables are 
0

assumed to have mean zero,

Vfe shall assume a specific statistical model, although it will be clear

hovi to modify the analysis if some other model is used, V.'e assxune that X(t) h^s a

. white power spectral density cp, and ^ (t) nas a white power spectral density
s

We assume that the filter is linear in the sense that we have 

t

(1). X(t) • Af(t,a) Xg(r) + N(r)

Note that we do not assume f(t,T)^^ t^i^^ tpe^usual form f(t - t).

AUG 1 8 1966
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At each time t, X(t) is a linear combination of past information, and it is not 

a priori clear how this linear combination will change if we go to a different 

value of t# What wo wish to do is solve for f(t, t)# 

Because of our statistical assumptions, it is desirable to express 

X(T) - Xfl(T) in terms of Xo(t) and N(t)# To this end we have 
s 

T t 

(2). 1-(1) - Xc ♦ i T + 
S so so 

X (t) dT dt 

Xe + X 
so 

. r 
X T *J 

0 Sn 
(T - ?) XD (t) dT 

obtained by interchanging order of integration. 

Similarly 

T 

(3). ■ xs * T + /(x -u)ï3!u) du' 
OOö 

and 

(li). X(T) - J (T m t) 1 (t) dt, 

since we choose our coordinate system so that initially. 
X(0) - X(0) - 0. 

Next, we substitute (3) into (1); and then (1) into (li), and after 

a fair anount of interchanging orders of integration, we have, using (2), 

(5). X(T) - Xs(T) 

■J^N(T)g(T)dT ♦ Xs 

T 
♦ Xs - T 

•■•T* # 

r rT 
JgWdr - 1 

*I*sM I(u‘ T)g(u)du - T ♦ T dT 
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where 

(6). 
X 

g(T) - /(T - ^)dt 

The significance of g(^) is that it is the weighting function for X(T). That 
is, 

T 

x(*) " J'&i't) [xs(t) N(t)^ dT 

2 
Let a denote the variance of (5). We assume that X and X 

Sq ® 
are random variables, not necessarily independent. All other pairs of random 

variabies^are ashamed independent. We denote the mathematical expectation of 

Xsn ' * Xs *s by ¾ X * °V V ' ^ 2v » respectively. 
° 0 0 0 0, 0 o, o Ao, 0 

Next, we square (5), and take mathematical expectations. 

We get 

(8). * <p r gw <iT+2X 
O 0, c 

I- T 

r 

ig(T)dT - 1 

+ 2 
\ V 

0, 0 

rT 
i 'Pg('r) - T 

_ 'o 

+ <V2v 
0, 0 

Jgt'Odrr - 
’L^ 

■ rT n2 
I 'TgC^dT - T 

+ e J* • ^givijdu - T + T 

Since we are interested in placing a restriction on X(t), we 

need an expression similar to (f>) for X(t). 

drr 

I 
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This is 

(9). 

(11). 

/' 

•A 
X(t) - Xs ¡fCtrfát + &s ^Tf(t,T:)dT 

J"(m - 'rJfitiUjda dz 

dr 

Squaring and taking expectations, we have 

(10). £ [ï2(t)] ■ <5c2x 
0. 0 

~ A -| 2 
+ 2 
\ V o, o 

nr t f f(t,T)dT T ^(t^Jdr 

+ a. V 
o, o 

^ ^ -, 2 
Tf(t,T)d*C /T 

♦ <P f [f(t,T)J dT 

f,t r > 
+ J(u -'cjfft^du dT 

The limitation we shall place on X(t) is that 

T 2 

D./B[x(t)] dt is given. From (10), we have 

T_ % o 
r - 

IIL 

♦ 

f(t,T)dT dt 

r 
J Tf(t,T)dT it 

♦ ^ I 
dt 

dr > dt 

T)f(t,u)du dT> dt 
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We wish to minimize (8) for a given value of ¡Q. Applying 

calculus of variations, we set Vf(cr2) + \ Vf(D) equal to zero, where Vf stands 

for the variation with respect to f(t,T), and 'X is a Lagrange multiplier* 

Now (T - t) factors out of V^(a2), and we compute 

Vf(a2) r* T 

^12^ WT-'t) " + °X 2X f g^u^u " 

°J O /n 

* cc, 
V 

0, o 

[V 
I (t + u 

Jo 
)g(u)da - T - t 

+ \ Vo T 0, 0 

‘Hi 
J*ug(u)du - T 

(t - u)(V-u)g(V)dvJdu 

- Q J (1 - u) ('T - u) du 

(13). 

Also 

V T f 1 V.(3) - - 2 
\ X 

0, o 
/f(t,u)du 

2 r 
V -o ^ + u) du 

0, o 

2 

0,0 
* av 2 V uf(t*u)d^ 

♦ «pfívO 

'fr t 

6/ ~ u)^v-u)i(^V)dV da 

The solution of Vf(c¿) ♦ \ Vf (D) - o for f(t,t) appears quite 

difficult, so we shall content ourselves with some special cases. 
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TH5 CASE 07 NO ACCELERATION RESTRICTION 

Here we set \ ■ o, and we set (12) equal to zerc and attempt to 

solve for f(t,T). However, we notice from (12) that the only thing we can hope 

to solve for is g(T), and from (6), there are an infinity of functions f(t,v) 

which produce the same g(T). Upon reflection, we see from (7) that this should 

be the case. All that is required is that the output of the filter wind up at 

the right place vhen time =* T* This can be accomplished by an infinity of paths, 

since we have placed no restriction on the path. 

g^) can be solved for explicitly. If we set (12) equal to zero, 

differentiate four times, we obtain 

(Ik)« (p [g(T)] + & g (t) - o. 
QfC 

2 We solve (lU), with four undetermined coefficients, and substitution 

into Vf(a ) - o determines the coefficients. We then substitute g(T) into (8) to 

obtain the optimum a , All this is extremely tedious, and the expression for g(T) 

is quite messy. The optimum a is not too bad, so we shall write it down. 

(15>- 2K<p A cosh 2KT * B sinh 2KT * C cos 2KT + ^ sin 2 KT_ 

8kV + 2Íc^ ¿iv - 2X a 2 1+3 cosh 2KT + A sinh 2KT-D cos 2KT 
L o, o o, o o, oj 

+ C sin 2KT 

where 

(17) . 

(18) . 

A - 2 KyOy 2t + U K3. 2X . 
0, o 0, 0 
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(19). 

(20). 

C - - 2 Kipc^ v + liK3<p a.2 
o, o o,Ao 

0« 0 0« 0 0, 0 o, o 

Since wo have a degree of free dora in choosing a filter which will 

produce this optiraa, at tim T, let us pin the filter down by requiring that at 

eny tine, not necessarily T, the output produces the optinm a2 at that tin». 

This filter will produce infinite r.m.s. acceleration, but if we have no accelera¬ 

tion restriction, it is obviously a desirable filter. (It is in fact the case that 

any filter producing the optimun cr at tine T will have infinite acceleration.) 

To denote the functional dependence of g(T) on T, we replace T by t, 
and g(t) by g(t,-r). ^ ’ 

(21). 
(12) now becomes t _ 

¢3(1,1) + ^2X |jg(t,u) du-l] 

r t 

+ \ 7 0, o 
j*('S + u)g(t,u)du - t - 
o 

r t 

+ V ^ . o, o 

r t 

jug(t,u)du - t 

Ö/ " u^v - u)g (M) dV 

A 

du 

(t - u)(t - u) du - o. 

an identity in t and t, and (7) becores 

t 

^22^* *(t) - ^g(t,T) I (t) dT 

where 1(^:) - Xg (t) + N(t) is the total input. 



•WIED PHYSICS U80IAT08Y 
EHE lOHHS HOPKINS UNIVERSITY 
SHYER SPRING UKRYUNO 

(21) and (22) define the output of the filter as a function of tiirn* 

We shall now prove that there exists functions of time which when 

used as gains in the basic second order filter of references (1) and (2) produces 

exactly the above filter. To this end, let us define the two functions hít,^) and 

V(t) as follows: 

. 8 - 
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(23). hit/c) - ^ £g(t/rjj ♦ g (t,t) g (t,T) 

and 

(21*). 
V 

V(t) • ^h(t,T) I (t) d'u. 

the equation 

(25). 

(26). 

Taxing the of (21), substituting (23), we see that h(t,'r) satisfies 
ot 

t p t 

Ohit,^) + 2X /h(t,u)du + 2V /(* * u)h(t,u) du-1 
"o,“o 0 

+ Vo T 0, 0 

tF t 

0. 0 

fa h (t,u)d u - 1 

du + 0 / 1 ^ ^ • u^V - u) ii (t, V) dV 

A 
- 6 I (t - u) d u ■ o 

/0 

Another relation exists between g(t,T) and h(t,T:), namely 

3t l^h(t,T)J = - h(t,t)g(t,T). 

To prove this, we take the ^ of (25), substitute (26)-in the re- 

suit, and we wind up with the identity (21). 

Finally, we show 
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(27) . X(t) - V(t) + g(t,t) [l(t) - X(t)] 

(28) . V(t) - h(t,t) [l(t) - X(t)”j 

Thess reduce to identities if we substitute (22) and (2U) in them, 

and use (23) and (26), This proves (27) and (23)# 

In references (1) and (2), the aoove two equations are assumed, 

with g(t,t) and h(t,t) replaced with unknown functions of time, and the functions 

were chosen to optimize the system by a different method. The statistical 

assumptions were the same as in this paper. In these references, five basic 

equations are derived, which are 

(29) . X = V * ( I - X) 

2 

(30) . 0 - (I - X) 

and velocity estimates. 

We can now prove that (27) and (28) are identical to (29)-(33) by 

substituting all our kno\m functions of time into (29)-(33)> and showing that they 

reduce to identities. (This is indeed the case, but we omit the proof because it 

is tedious.) 
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namely 
As a corollary, we have the explicit solutions to (31)-(33), 

(3li). % X “ ^sit^t) 

2 K<p A f0^h ^ +, B sinh 2xt * c c£s 2Kt + 3 sin 2Kt 
8x\2+ 2 \ vrt" °X X av V Í 

o, 0 o, 0 o. c 
+ B cosh 2 Xt + A sinh 2Kt - D cos 2Xt 

+ C sin2Xt 

(35). °x,vB 

2 K2<p cosn 2K'õ A sinh 2Kt + D cos 2Xt - C sin 2Kt 

ÔK^2 + 2 li 2 2 I 
°X V "°X X °V V I + ^ cos^ 2Kt + A sinh 2Kt 
_ 0, 0 0, 0 0, oj 

D cos 2Kt 

+ C sin 2Xt 

(36). 

a 2 - h x’o - cosh 2Kt ^ 3 sinh 2Kt “ C cos 2Xt - D sin 2Xt 

^’v 

L 
\ v "\2x av% 

0, 0 0, 0 0, 0 
+ B cosh 2Xt + A sinh 2Xt - D cos 2Xt 

+ C sin 2Xt 

where X,A,B,C,D are given by (16)-(20), and where initially cl.2, cr 2 , c:,2 reduce 

2 2 2 * V,V 
10 ^ X 9 ^ V 9 ^ V > respectively. 

o, 0 Oj 0 
I * 

As another corollary, we have proved that (29)-(33) is the best linear 

system for optimizing the error under the present statistical assumptions. Reference 

'3) indicates that it is also optimum for prediction errors. 

rJi interesting special case is when 0 B o. In this case we have 

(37). or 2 p/L 

X + 2t aX V + t“ V 
- Oj 0 0, 0_Q> o_ 

CP' 
,3 

9 <?*t (¾2 a2 
o, 0 Ao/o -5 v0, 0 

rr ^ 2 2 
X V • ¾ X °V V 

0.3 0 0, 0 0., c. 

t1* 
12 

à 2 2 
\ v»' \ X CTV V _ 0, 0 0, 0 0, 0 
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(38). cx2>v- 

9 °X V. + t ^ V 
o, o 0, 0 

2 
n h 2 2 

X,, “ X aV V, 
0^0 Oo o 

9 9 + t a, 
Xo Xn 0 9 0 

¿2 2 + ^ 2 
w °k V 3 °V V 

Ao, o vo,vo 

t 
12 XA vn 

o, o 

T 2 - 2 ■ °x xn °v / 
0,0 0, 0 

(39). 

’2 2 . 

9 y - 9t 
o, o 

li 2 2 
ax V ” aX X ^ V 

0,0 0x0 0x0 
—_x?____✓_ 

V 2 2 
99 + ta, x + t 

Ao, 0 

2 
. \ 
o, o 

_ t* 
r T V 

2 

0,0 

„ It 
\ Vo 0, 0 

2 2 
\ Xn \ Vo 

O, 0 0, 0 

ANOTHER APPROACH TO THE NO ACCELERATION RESTRICTION CASE 

In the discussion following equation (20), we removed the degree of 

freedom by requiring the filter to produce the optimum error at any time, and we . 

were led to a set of differential equations with time varying coefficients which 

defined the filter. 

V.Te can also remove the degree of freedom in other ways, for example 

by requiring the filter to be defined by differential equations with constant co¬ 

efficients. Now we require the existence of a function ÿ(u) such that 

(JÆ). X(t) = ^(t-a)I('c) d'r. 

Comparing with (7^ w© bave 

(la). \y(T-^î “ g(T) (T is a fixed number in this discussion), 

and hence, from (lli), 

if we differentiate (liO) four time s-,• we have 

(li3). X(t) B \Jr(o) I(t) + \¡a(o) I(t) -4-^(0) I(t) + \¡y(o) I (t) + J ^(^)1(^) d-r 
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From (iiO), (ii2), (1*3), • 

(lili). <px(t) ♦ ex(t) (p\Jp (o) I(t) + <pÿ(o) I(t) + ^(o) I(t) + <P?(o) I (t) 

Vie compute from the explicit expression for g(T) (which we have not 

presented here) 

°72y (?) m. t(o) - g(T) - 2*1- 

c;,2Tr(T) 
(li6). Wo) - - g(T) » - — 

<P 

(^7). ’Wo) - g(T) ■ o 

(^8), ^(o) - - g(T) - 
9 

placed by T. 

m. 

2 2 
where (T) and c^^v(T) are given by (3^) and (35), with t re- 

So the optimum transfer function is 

X ^x(T) P3 - °x!y(T) P2 " 6 
-VI- ° -.11 If — — .,. .. < ..... 

(p p^ + 0 

obviously unstable, but producing the optimum error at the specific instant when 

time “ T. 

One could also remove the degree of freedom by looking for homing 

equations, but the author does not at present know how to do this. 
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AN ACCELERATION RESTRICTION 

Once an acceleration restriction has been added, the degree of 

free do .T. disappears, and fit^'r) is uniquely deterrñned. 

Rather than attempt to solve a2) + X V.,(3) » o we shall co 

sider the simpler problem where only the drag due to noise is a restriction. 

ihe variational equation to solve then becomes 

+ (T-t) 2 'r jug(u)du - T 
0„ O *0 

r .T 

0, 0 

and we set 
Inspection of (50) shows that is a function of t alone. 

(51). = (T-t)F('O 

Substituting (51) into (6) we have 

(£2) g(t) . F(t) 
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(^3). 

Substituting (5'1) and (52) into (50), we have 

3 r .T 

WC-r) + (? F (^) + a, 2 

^ Ao/o L 
Jilr^L F(u)du - 

+ V2v 
O. 0 > w l_ 

(-m) y(u)du - T - t 

+ <V V ^ 
0, 0 

F(u)du - T 

+ ai 

r 
'rr Jr 

0 
r(t-u)(V-u) ÍML F(V)dV du 

- ö J (T-u)(T:-u)du * o. 

If we differentiate (53) four timas with respect to “X, we have 

(5li). 
dxc 

XííFÍ'r) + <? FCt) + e Ll'Ç)- f (^) » 0, 

Vie shall not attempt to solve (51) or (53), but vie notice that 

F^) is a uniquely determined function. The differential equation satisfied by 

X(t) is easily determined, Rrom (1) and (51) we have 

(#). X(t) - (T-t) I F(T)I(T)crt 

Hence 

(^6). dS lT=t) F(t)l(t), 

James 2. Hanson 




