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ABSTRACT 

A VLF ray tracing study in a model ionosphere including 

ions is presented. A review of previous VLF ray tracing methods 

is given. The physical meaning of rays and ray paths is discussed 

and it is concluded that for ray tracing in the ionosphere the 

wave packet and Poynting vector approaches give the same results. 

Two-dimensional ray tracing equations are derived for the case of 

a horizontally stratified ionosphere and the derivation of three 

dimensional equations for the curved ionosphere is sketched. 

These ray tracing equations are integrated for the special cases 

of exactly transverse and exactly longitudinal propagation but it 

is concluded that neither case can persist for very-low-frequency 

radio waves in the ionosphere. Also the conditions for reversibility 

of a ray path are derived. It is found that the computer program 

for numerical integration of the ray tracing equations can retrace 

a path to 0.3$ in latitude and 0.02$ in wave normal angle and can 

reproduce known results for the horizontally stratified model. 

Using this ray tracing program the behavior of ray paths 

for variations of frequency, initial latitude, initial wave normal 

iii 



angle, initial altitude and ionospheric model are shown. The 

most important results were with variation of the initial wave 

normal angle; two ray paths for the same frequency can cross and 

rays can turn around at low altitudes for frequencies less than 

the local lower hybrid resonance frequency. Spectrograms of 

proton, helium, and oxygen whistlers as well as negative ion 

whistlers are presented. It is predicted that oxygen whistlers 

can be observed at all altitudes below the oxygen gyrofrequency 

and that negative ion whistlers can be observed below 30 cps 

at altitudes near 300 km. Experimental data on the hook whistler, 

riser and check whistlers, 'transverse* whistlers, and satellite 

observed VLF noise bands are presented and summarized. The hook 

whistler is explained as a multiple path whistler at equatorial 

latitudes for which the earlier trace has increased dispersion 

at low frequencies due to large wave normal angles along the path. 

This increased dispersion gives the characteristic joining of the 

two traces at low frequencies. A calculated hook whistler spectro¬ 

gram is presented. The riser and check whistlers are explained 

as whistlers for which the ray has propagated transverse and nearly 
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transverse to the magnetic field line along its path. The point 

of transverse propagation produces the characteristic riser 

dispersion of increasing time delay with increasing frequency. 

For the check whistler apparently both the upgoing and down¬ 

going rays are observed at the satellite giving a normal whistler 

dispersion followed by a riser-like tail. It is demonstrated 

that previous experimental data on the 'transverse* whistler may 

have been misinterpreted and that the dispersion increases with 

decreasing frequency rather than decreases as previously reported. 

The transverse whistler is explained as a whistler which has 

acquired added dispersion at low frequencies because of propagation 

nearly transverse to the magnetic field along the path. Finally it 

is shown that wa^es can be trapped in the ionosphere between 

altitudes of decreasii.g transverse refractive index. It is proposed 

that these trapped waves can explain the satellite and ground 

observed ion gyrofrequency noise bands. 
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I. INTRODUCTION 

Since the study of very-low-frequency (VLF) whistlers 

and related ionospheric radio noise phenomena first began in 

1894 [Preece, 1894], many experimental and theoretical investiga¬ 

tions have been undertaken to characterize and to explain the 

properties of these naturally occurring radio noises. Helliwell 

[1965] gives an excellent review of whistlers and related 

ionospheric phenomena: the history, the current experimental 

characteristics as determined by ground-based and satellite- 

borne receivers, and the present theoretical interpretations. 

Gallet [1959] has organized the types of VLF ionospheric noise 

phenomena into two broad groups: 

(1) Whistlers, which are caused by lightning discharges and 

for which all frequencies are emitted at once. The 

whistler shape is due to dispersion of the energy as it 

propagates along the path in the ionosphere; and 

(2) VLF emissions, which are not caused by lightning discharges 

but which have a source of energy contained within the 

ionosphere itself and may be due to plasma instabilities 

or to electromagnetic radiation from high energy particles. 
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Several species of whistlers have been reported: electron 

whistlers [Storey, 1953]; nose whistlers [Helliwell et al., 1956]; 

proton and helium whistlers [Gurnett et al., 1965> and 

Barrington et al., I966], subprotonospheric whistlers 

[Carpenter et al., I965, and Smith, 1964], transverse whistlers 

[Carpenter and Dunkel, 1965* and Kimura et al., I965]# and most 

recently the riser and check whistlers [Pfeiffer et al., 1966]. 

Shawhan [I966] has suggested that negative ion whistlers may be 

observable at extremely low frequencies (ELF). The group of VLF 

emissions is itself divided into two types: 

(1) Continuous emissions in both time and frequency which tend 

to maintain a steady state. Hiss [Ungstrup, 1959; Gurnett, 

1966; see also Helliwell, 1965# and Gallet, 1959» ^or more 

references], lower hybrid resonance bands [Barrington et al., 

1963, and Brice and Smith, 1963], and noise bands near the 

ion gyrofrequencies [Gustafsson et al., 1963, and Gurnett, 

1965] seem to fit this type. 

(2) Discrete emissions often with a repetitive and even 

periodic character which tend to be transient. 



Chorus [Allcock, 1957» see also Helliwell, 19^5^ for further 

references], periodic emissions [Helliwell, 1963], and various 

other transient discrete emissions such as hooks, pseudo¬ 

whistlers, and pseudo-noses [see Callet, 1959] have been 

reported. 

A powerful and important analytical method for studying the 

propagation characteristics of both whistlers and VLF emissions in 

the ionosphere is that of ray tracing. In an anisotropic, 

inhomogeneous, but non-absorbing medium, such as the ionosphere 

and magnetosphere, the trajectory of energy flow for an electro¬ 

magnetic disturbance is the ray path for this disturbance. There¬ 

fore, with the ray path method, the trajectory of energy from a 

lightning discharge at the base of the ionosphere or from a plasma 

instability in the ionosphere itself to an observation point can 

be determined. Tris ray path method can be used to produce new 

explanations for the observed characteristics of whistlers and 

VLF emissions, to test existing explanations, or to predict new 

ionospheric noise phenomena. 

Two approaches have been taken for the determination of ray 

paths [see review in Kelso, 1964], the direction of the ray being 

defined by the direction of the Poynting vector (energy flow) or 
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by the direction of the motion of a wave packet disturbance. 

Booker [1936, 1938, 1949] developed a wave-packet method for 

determining ray paths for waves obliquely incident at the base of 

a horizontally-stratified, doubly refracting ionosphere. He 

solved a quartic equation called the Booker quartic, for a 

quantity which completely characterizes the wave behavior in 

each strata. From the variation of the quantity q and the Booker 

quartic with electron density and incident angle, it is possible 

to construct the ray path for the wave packet. Improvement on 

this method was made by Millington [1951, 1954], 

A very important Poynting-vector approach to ray tracing 

was developed by Poeverlein [1948, 1949, I95O]. He assumed a 

plane stratified and non-absorbing model ionosphere. In this case, 

the ray direction is perpendicular to the index of refraction 

surface at a point on the surface given by the direction of 

propagation for the waves. His graphical method consists of cal¬ 

culating the index of refraction surface (a plot of the index of 

refraction vs the angle from the magnetic field direction) using 

the local plasma parameters (concentration and magnetic field 

strength) at a given point on the ray path. At each point along the 

ray path, the component of the refractive index parallel to the 

planes of stratification has to be conserved (Snell's law), therefore 
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the propagation direction is determined. By constructing the normal 

to the index of refraction surface at the point in this propagation 

direction, the ray direction for that point on the ray path is 

determined. Stepping a small distance in the ray direction a new 

point on the ray path is determined and a new index of refraction 

surface is calculated. This graphical method is discussed further 

in Section II. Poeverlein used this graphical method to construct 

ray paths for the ordinary and extraordinary modes for oblique 

incidence on the base of the ionosphere. The two-dimensional 

graphical method of Poeverlein was extended to three dimensions by 

Mullaly [1955]. He also demonstrated that the Poeverlein- 

Mullaly approach is equivalent to the Booker-Millington approach 

for non-absorbing media. 

Scott [I95OJ derived expressions for the components of the 

Poynting-vector. From the ratios of the real parts of these 

components he derived a set of differential equations describing 

the ray path for vertical incidence on a horizontally stratified 

ionosphere. When collisions are included into these equations 

it is found that for vertical incidence there is a westward flow 

of energy which is not found by the Booker-Millington wave packet 

method. This discrepancy was investigated by Hines [1951&> 1951b> 

1951c, 1951d]. He concluded that for a dispersive 
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absorbing, and anisotropic medium the wave packet is better than 

the Poynting vector method. For the case of a non-absorbing 

medium, both methods give the same direction for the energy- 

flow—the same ray path. 

The first calculation of whistler ray paths in a model 

ionosphere was performed by Maeda and Kimura [1956]. They 

developed a ray theory based on Fermat's principle and used the 

quasi-longitudinal approximation for the refractive index as 

given by Storey [1953]. Two approximate solutions for the ray 

paths were derived: one appropriate inside of a sector along the 

ray path and the other appropriate for the transition between 

sectors. The ray path is graphically determined, sector by sector. 

Maeda and Kimura calculated whistler ray paths and whistler 

dispersions (assuming only electrons in the ionosphere) for 

different latitudes. The results of these calculations were 

compared to whistler observations at high and low latitudes with 

satisfactory qualitative agreement. 

With the availability of high speed digital computers, 

Haselgrove [1955] and Haselgrove and Haselgrove [i960] derived 

a set of first order differential equations appropriate for 

numerical integration. The Poynting vector approach was used, 
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based on the differential equations given by Hamilton [see 

Hamilton, 1931] for a general anisotropic medium. These 

differential equations are derived in general curvilinear 

coordinates and then specialized to spherical polar coordinates 

for application to the ionosphere case. Haselgrove [1957] pre¬ 

sented calculations of whistler ray paths using his two- 

dimensional cartesian ray tracing equations, the quasi¬ 

longitudinal approximation to the whistler index of refraction, 

and the assumption of electrons only and of horizontal stratifica¬ 

tion. The resulting ray paths were in reasonable quantitative 

agreement with those of Maeda and Kimura [1956]. 

Yabroff [I961] published the first whistler ray path 

calculations which used the exact expression for the refractive 

index and which included the curvature of the ionosphere, although 

he assumed an ionosphere composed of electrons only. From his 

calculations of ray paths for different frequencies, different 

latitudes, and different initial wave normal angles, he 

graphically summarized conclusions about the behavior of ray 

paths in the ionosphere. An interesting problem which he treated 

was that of ducting of whistler energy along the magnetic field 

lines. He concludes that, for the initial wave normal angle 
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along the field line (and only electrons), ducting by columns of 

enhanced ionization is not necessary for guiding nearly along the 

field line. For other initial wave normal angles, ducting is 

necessary. 

When the effects of ions are included in the index of 

refraction and ray tracing equations, Hines [1957] bas shown 

that for VLF it is possible to have transverse propagation and to 

have rays refracted back toward the earth at low altitudes. Hines, 

Hoffhian, and Weil [1959] did ray tracing including protons for 

the special case of transpolar propagation. Kimura [I966] 

published the first ray tracing results which included effects 

of the three dominant ions in the upper ionosphere H+, He+, and 

0+. He presents ray paths resulting from the inclusion of no 

ions, one ion, and three ions. Comparison of results from this 

present study to those of Kimura is made in Section III. The 

main purpose of his ray tracing study was to confirm the inter¬ 

pretation of the subprotonospheric whistler given by Smith 

[1965]. Kimura found that, for initial wave normal angles of 20° 

to the vertical and for frequencies near 1 kc/s, the ray would 

be refracted back toward the earth's surface at altitudes near 

1000 km. A space probe at an altitude lower than 1000 km could 
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possibly see two different time delays for a given frequency; 

one time for an upgoing ray and one time for a downgoing refracted 

ray. The ray tracing results agreed quantitatively with the 

observational data on subprotonospheric whistlers. This work of 

Kimura represents the first attempt to completely describe an 

ionospheric raudo noise phenomena in terms of ray tracing. 

This nresent ray tracing study has the following three 

objectives : 

1. To develop a physical understanding of ray tracing in a 

model ionosphere, to discuss the derivation of the ray 

tracing equations, and to consider the properties of the 

ray paths for the special cases of exactly transverse and 

of exactly longitudinal propagation, and of reversibility. 

2. To ores ont a representative set of ray paths which vary 

in frequency, initial latitude, initial wave normal 

angle, and initial altitude, and from these paths to 

draw conclusions about the characteristics of ray paths 

in the ionosphere with ions included. 

3. To describe observed ionospheric radio noise phenomena, 

such as those listed previously under whistlers and VLF 

emissions, in terms of ray path behavior in a model 

ionosphere in the manner initiated by Kimura. In 

particular, the proton, helium, and oxygen whistlers, 

negative ion whistlers, the hook whistler, the riser 

and check whistlers, the 'transverse' whistler, and 

trapping of waves to produce noise bands are discussed 

in terms of ray paths. 
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In Section II the physical meaning of rays and the validity 

of ray theory in an anisotropic, inhomogeneous medium such as 

the ionosphere is discussed. Based on this theory, the two 

dimensional ray tracing equations are derived by combining the 

Haselgrove and Poeverlein methods. The conditions for 

reversibility of a ray path and the solutions of the ray tracing 

equations for the cases of purely transverse and purely longitudinal 

propagation are derived in Section III. A description of the ray 

tracing computer program and of its special features is given in 

Section IV and Appendices A and B. Computational accuracy and 

program performance and limitations for special cases are discussed. 

Comparison of results is made to those of Yabroff [1961] and 

Kimura [I966]. Section V presents a set of ray paths calculated 

for a model ionosphere including ions. The characteristics of 

these ray paths for different frequencies, initial latitudes, 

initial wave normal angles, initial altitudes, and ionospheric model 

are summarized. It is these general ray path characteristics which 

are intended to suggest solutions to specific ray tracing studies. 

In Section VI, features of ion cyclotron whistlers are 

treated. Calculated spectrograms of proton, helium, and oxygen 

whistlers with altitude are presented and the behavior of the 
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wave normal as the wave frequency becomes nearly equal to the 

proton gyrofrequency is studied. The frequency for which the 

proton whistler delay time is a minimum is compared to the cross¬ 

over frequency as a function of proton concentration. Spectro¬ 

grams of negative ion whistlers are also presented. Sample 

spectrograms of hook whistlers, both observed and calculated, are 

presented and discussed in Section VII. A treatment of propagation 

nearly transverse to the magnetic field is given in Section VIII 

and theoretical fe tures of the riser and check whistlers are 

compared to experimentally observed spectrograms from Injun III. 

A calculated riser spectrogram is also presented. In Section IX 

the experimental data on 'transverse' whistlers are re-interpreted 

and a new explanation proposed. Finally, a discussion of the 

propagation of VLF emissions and of wave trapping to produce VLF 

noise bands is given in Section X. 
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II. DERIVATION AND DISCUSSION OF 

RAY TRACING EQUATIONS 

The energy associated with electromagnetic wave propagation 

in a plasma is divided between the electromagnetic fields of the 

wave and the coherent particle motions. The velocity which 

describes the propagation of the electromagnetic wave energy is 

called the group velocity and, as reviewed in the Introduction, 

can have two inteipretations: the velocity of propagation of the 

energy in the electromagnetic fields (in the direction of the 

Poynting vector) or the velocity of propagation of the wave 

packet itself. Hines [1951 a, b, c, d] demonstrated that, for an 

inhomogeneous, anisotropic, dispersive, but non-absorbing medium, 

the constructive interference maxima of a wave travels in the 

direction of the mean Poynting vector (direction of propagation of 

electromagnetic field energy). For an absorbing medium however 

the wave packet interpretation gave the more physical results. 

Mullaly [1955] demonstrated the equivalence of the Poeverlein- 

Mullaly Poynting vector method and the Booker-Millington wave 

packet method for a horizontally stratified, non-absorbing 

ionosphere. In this present ray tracing study the ray tracing 

equations of Haselgrove [1955] and Haselgrove and Haselgrove [i960] 



13 

axe employed. These equations ere based on the assumption that 

the direction of the Poynting vector gives the direction of the 

group velocity which is a valid assumption for most regions of the 

ionosphere. The direction of the Poynting vector (group 

velocity direction) is called the ray direction. Finding the 

ray path through a given medium is equivalent to finding the 

trajectory of energy flow or of the wave packet for a non¬ 

absorbing medium. 

In an anisotropic and inhomogeneous medium such as the 

ionosphere, the directions of the normal to the wave fronts 

(wave normal) k ( = ou n/c, where | n | is phase index of retraction, 

U) is the wave frequency, and c the speed of light in a vacuum) and 

the direction of the normal to the surface of constructive maxima 

of these wave fronts (ray normal) p are different. Stix [I962] 

has reviewed the concept of group velocity which is defined by 

V 
g *k *k 

? 1 
Y V 

Ô0) 

St (1) 

/\ —4 -at *-4 

where t is the direction normal to k and in the v , k plane. 
T 8 

Letting a be the angular difference between k and v^, a is 

defined by 
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tan a 1 dou / du) 
k ò\1í ; ök (2) 

Using the definition of the phase refractive index, 

n = clt/u, , 

(2) can be written 

tana = -¿ |H . n df (3) 

With the use of Figure la it is shown that the group velocity 

direction (ray direction) is the normal to the index of refraction 

surface at a point determined by the wave normal direction. In 

Figure la is shown the intersection of an index of refraction 

surface with the plane contsdning the static magnetic field vector 

and the propagation vector £ = naj/c; a plot of the index of 

refraction as a function of angle from the static magnetic field 

direction in the (n, Bo) plane. For an infinitesimal change in 

this angle of df, the index of refraction changes by -dn along 

n and by ndÿ perpendicular to n . The angle a is then given by 
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equation (5)• Because the unit vector p is perpendicular to the 

line tangent to the curve at n, a also is the angle between p and 

n. Therefore, a gives the angular difference between the wave 

normal (k or n) and the ray normal (p). For the index of refraction 

surface shown in Figure la, a can become zero for n lying along 

the magnetic field direction or perpendicular to the magnetic 

field direction. Consequently the ray direction and the wave 

normal direction are parallel for these two wave normal directions. 

A wave normal surface can be drawn for any point of interest 

in the medium and is determined by the local plasma parameters 

(concentrations and magnetic field strength) at that point and by 

the wave frequency. In Figure 2 are shown index of refraction 

surfaces at one point in the ionosphere (1000 km, 45° magnetic 

latitude) but for different frequencies. The surfaces for 450 cps 

are appropriate for frequencies below the local proton gyro- 

frequency but above the crossover frequency [see Smith and Brice, 

1964]. In this frequency range two modes can propagate correspond¬ 

ing to the two branches of the refractive index. For ^=0 these 

surfaces correspond to the right and left hand polarized waves. 

[See Stix, 1962, for discussions of allowed modes and of 

characteristic frequencies.] For ^ = 90° only the extraordinary 
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wave can propagate. Between the proton gyrofrequency and the 

lower hybrid resonance frequency, one mode can propagate for all 

values of \|i as illustrated by the index of refraction surface for 

2000 cps, and for 10 kc/s. The index of refraction has a finite 

value at ij[ = 900 because of the inclusion of the ion terms in 

the expression for the index of refraction [see Appendix A]. 

This possibility of transverse propagation was first pointed out 

by Hines [1957]* For frequencies above the lower hybrid resonance 

frequency (12 kc/s) one mode can propagate but only for angles 

less than ill as shown by the index of refraction surface for 

100 kc/s; therefore, transverse propagation cannot occur for 

frequencies above the lower hybrid resonance frequency. 

Combining the graphical ray tracing method of Poeverlein 

[19^8, 19^9, and 1950] and the mathematical expressions of 

Haselgrove [1955]> a set of two dimensional ray tracing equations 

can be derived. These cartesian equations describe a ray path in 

a horizontally stratified ionosphere, but, by deriving them insight 

into the formulation of the general three dimensional equations can 

be gained. From Figure lb Poeverlein's graphical ray tracing method 

can be illustrated. In Figure lb is shown an index of refraction 

surface and a wave normal direction to the local z axis given by A. 

Poeverlein chose the x axis to be parallel to the planes of 
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stratification. For entrance of a wave from below the ionosphere 

the component of the refractive index parallel to planes of 

stratification is given by sin where is the incident 

angle. By Snell's law this component must be conserved along 

the ray path. For each point along the ray path an index of 

refraction surface is drawn and the direction of n determined 

by the surface and by Snell's law, n sin & = sin 0^. The 

direction of the ray is given by the normal to the surface at n. 

After moving an increment along p, a new index of refraction 

surface is computed and the process continued. 

This Poeverlein procedure can be generalized and used 

to derive a set of ray tracing equations. In Figure lb we let 

zbe in the direction perpendicular to the eaxth's surface 

and allow the planes of stratification to be at an angle 0 to 

the z axis. The direction between the z axis and n is given 

by A, between the magnetic field and n by \|r, and between the 

z axis and the ray direction p by x* By the local stratification 

direction we mean the direction for which 7 n is zero for n in 

A 
a fixed direction. If 1 is a unit vector given by 0 then we 

have 
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7 n • 1 = O 

( X + z) • ( sin 0 X + cos 0 z ) = 0 

sin 0 + || cos 0 = ° . (4) 

For the special case of 0 = 90% have òn/òx = 0 which was the 

assumption of Poeverlein. By the chain rule of differentiation 

dn _ òn dx òn dn dA /c\ 
ds - òx ds ds ds ' 

since n = n (x, z,A). From Figure lb ? c can be seen that 

dx 
ds 

dz 
ds 

sin X 

cos X 

(6) 

where ds is an element of length along the ray path. Equation (5) 

can then be written 
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dn 

ds 

òn 

öx 
sin X + 

òn 
òz 

cos X + 
òn dA 
òA ds (7) 

By Snell's law the component of the refractive index along the 

direction of stratification must be conserved along the ray path. 

Therefore 

~ (n cos (0 - A)) = 0. (8) 

Equation (8) is differentiated with the assumption that 0 does not 

change along the path (d0/ds = 0): 

~ cos (0 - A) + n sin (0 - A) ^ = 0 . (9) 

Putting equation (7) into equation (9) and dividing through by 

cos (0 - a)> we obtain 

|£ sinX + cos X + ff ( H +n tan (x - 0)) = 0 

(10) 



Equation (lO) can be written in terms of A and of 

derivatives oí the index of refraction by eliminating the angles 

X and 0. From the previous discussion we demonstrated the angle 

Q! between the wave normal (k or n) and the ray normal p was given 

by equation (3) 

tan CL 
1 ôn 

n òi|f (3) 

From Figure lb it is also seen that 

X = k + a . 

Also from equation (4) we have 

tan 0=- òn/ôz dn/dx • 

(n) 

(12) 

By noting that òn/dA = - òn/ôf and by using equations (3), (ll), 

and (12) in (10), we obtain a differential equation describing the 

variation of A along the ray path: 
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Differential equations for the variation of x and z along the ray 

path are obtained by using equations (ll) and (3) in equation (6): 

dx 
ds 

n sin A + òn 
M. 

(-)2) 

cos 

1/2 

A 

dz 
ds 

n cos A - 
an 

(-)2) W } 

sin A 

TJT~ 

(14) 

(15) 

Equations (13), (l4), and (15) can be given in terms of an 

independent parameter, the phase time, by considering the phase 

velocity along the ray path. The projection of the phase refractive 

index along the ray path is given by 

n = n cos a r (16) 

where nr is called the ray refractive index. Therefore, the ray 

velocity is written 

ds 
dt n cos a 

(n is!Ï! 
n 

(17) 
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Multiplying both sides of equations (13), (l4), and (15) by (17) 

we obtain a set of two dimensional equations capable of describing 

a ray path in a horizontally stratified ionosphere with a constant 

magnetic field direction: 

dx 

dt 

1 àn 
“ (n sin A + fr cos A) 

dz 1 , An » 
dt ~ ~~2 'n cos A - -rr sin A) 

n 

(18) 

It was these ray tracing equations with the quasi-longitudinal 

approximation for the refractive index that Haselgrove [1957] 

used to calculate sample whistler ray paths. 

In order to derive the set of ray tracing equations (l8) 

two assumptions were made which are not valid for the case of 

an ionosphere with a centered dipole magnetic field and with con¬ 

centration gradients in altitude and latitude. First it was 

assumed that the direction of the planes of local stratification, 

given by 0, was constant along the ray path (d0/ds = O). Second, 
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it was assumed that the direction of the magnetic field was 

constant (õn/ôi)r = -ôn/ôA) • 

Haselgrove [1955] and Haselgrove and Haselgrove [i960] made 

an important contribution to the problem of ray tracing by deriving 

a closed set of first order differential equations in general 

curvilinear coordinates. This general set of equations can be 

written in spherical polar coordinates and both the centered 

dipole magnetic field and the concentration gradients can be 

treated without the assumptions used in deriving equations (l8). 

Because these differential equations are first order in an 

independent variable (phase time), they are readily integrated 

numerically in a digital computer. Fermat's principle of 

stationary time is the starting point for the Haselgrove derivation: 

6 j nr ds = 0 (19) 

path 

where n is the ray refractive index given by equations (l6) and 
r 

(IT) and ds is an element of path length. Equation (I9) states 

that the time of travel of the phase front of the wave along a 

particular ray path between two points is a maximum or a minimum 

for small variations of the path. General functions are then written 
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to describe the two surfaces: (l) the refractive index surface in 

terms oi the three spatial coordinates and the three components of 

the refractive index (vector), and (2) the ray surface in terms of the 

three spatial coordinates and the three components of the ray 

velocity• It is found that these two surfaces are the reciprocal 

surfaces of Hamilton [see Synge, 1954]. From the properties of 

these reciprocal surfaces and from Fermat's principle it is found 

that the expressions for these two surfaces satisfy Euler's 

equations. By considering a special case for Finsler spaces, 

Haselgrove [1955] writes the equations for a ray path in terms 

of the Christoffel symbol of the second kind which includes the 

curvilinear metric. By using the metric for spherical polar 

coordinates, a three-dimensional set of ray tracing equations 

appropriate for tracing ray paths i a model ionosphere is 

obtained: 

dr 1 , 

dt " 2 'pr 
n 

d© 1 , 

dt 2 tp© 
n 
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« 

dt n ôr 

(20) 

1 
sin ô - r 

dt r sin ö 

where r, 0, 0 are the spherical polar coordinates, n is the phase 

refractive index, p^, p^, p^ are the components of the index of 

2 2 2 2 
and t is the phase time along refraction vector n = Pr * pe * 00 

the ray path. 

One important feature of ray tracing with spherical polar 

coordinates in the ionosphere not emphasized by Haselgrove [1955] 

is that there is no generalized form of Snell*s law. Only in the 

case that v n is a constant vector for a given n, can a form of 

Snell's law be derived from this generalized coordinate treatment. 

» -..w'wrr™ V 
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In carlesiai coordinates e i»iahions (4) and (8) for our two- 

dimensional case can be recovered under this condition. 

For this present ray tracing study, the equations (20) are 

specialized to expressions for ray tracing in a magnetic meridian. 

Neglect of deviations of the ray path in the 0 direction is a good 

first approximation when a centered dipole approximation for the 

magnetic field is used, and when the magnitude of concentration 

gradients in the 0 direction is considered. The expression for a 

dipole magnetic field has no 0 dependence, therefore the 0 

component of V B is zero. Also, the longitudinal (diurnal) 

gradients in the electron and ion concentrations in the ionosphere 

are generally much smaller than the gradients with radial distance 

and with latitude and, too, the index of refraction is greater 

perpendicular to the magnetic meridian so that lightning energy 

tends to be refracted into the magnetic meridian. Therefore, the 

refractive index has a small 0 and p0 dependence and the ray path 

would not be expected to deviate appreciably in the 0 direction. 

For the case that p0 = 0 initially and where ôn/ô0 = 0 and 

gn/öp0 = 0, the ray must stay in the magnetic meridian. The two 

dimensional ray tracing equations used in this ray tracing study 

are 
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dr 

dt 
n 

ôn_ 

dô 

dt 
n 

òn s 

âpe J 

1 

ñ ör 
dô 

pe dt 

dpQ 1 / 1 òn dr V 

dt = r ^ n öe “ p9 dt J 
(21) 

where the expressions for n, ^—, —, and — are given in 
opr oPq or de 

Appendix A based on the formulation of Stix [1962] for a cold 

plasma. In addition, differential equations for the path length 

along the ray path and the group delay time are given by 

Has elgrove [I95 5]: 

dS _ 1_ 

dt ' 2 
n 

tí. (|í>!)w 

dT _ 1 /-, . UJ ôn \ 
dt “ c ' ïï dou ' 

(22) 

(23) 

where i|i is the angle between the magnetic field direction and the 



28 

index of refraction vector n (see Figure lb), uj is the wave 

frequency in rad sec"\ and c is the velocity of light in a 

vacuum. 
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III. SPECIAL CASES OF RAY TRACING EQUATIONS 

The two dimensional ray tracing equations (21) cannot in 

general be integrated in closed form for the case of a curved 

ionosphere with a centered dipole magnetic field. There are, 

however, two special cases for which the ray trajectory and the 

direction of the index of refraction vector n along this trajectory 

can be completely specified analytically. From Figure la we saw 

that the angle a between the wave normal direction (n) and the 

ray normal direction (p) became zero for propagation exactly 

perpendicular and exactly parallel to the magnetic field direction. 

Since the phase index of refraction can be finite for \|i = 0° 

and ÿ = 90° (for frequencies less than the lower hybrid resonance 

frequency, see Hines [1957])> it must be the case, from equation (3), 

that 

òn 

òijí 
0 . (24) 

The fact that ôn/èiji must be zero can also be seen from the explicit 

equations for òn/dty (AIT) and (Al8) in Appendix A. Both dA/ö\|i and 

depend on the product sin \|i cos i|f so that they are zero for 
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Ÿ = 0o, i)i = 90° and consequently òn/ôi)i = 0. Then by equation (A15) 

in Appendix A, 

0Pr 

I2- = 0 . (25) 
âpQ 

With the expressions (25) the two dimensional ray tracing equations 

become 

dr 
dt 2 

n 
(26) 

dO 
dt 

dpr 1 an pe 
dt “ n ôr ^ 

r n 

(27) 

(28) 

_ 1 / 1 ôn pr pe X 
dt ” r ' n Ò9 ” 2 } n 

(29) 

These equations can now be integrated for tie cases of exactly 

transverse and of exactly longitudinal propagation. This develop 

ment is similar to that of Hofftnan [i960]. 
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A. Exactly Transverse Propagation 

Just as propagation nearly longitudinal to the magnetic 

field lines was found to occur at high latitudes in the case of 

electron whistlers [Storey, 1953], one might expect that at the 

equatorial latitudes, effects due to nearly transverse propagation 

would occur. In the equatorial region energy from lightning sources 

coupled into the ionosphere nearly radially has initial wave normal 

angles (i|r) that are very close to 90° to the magnetic field 

direction. Because of the observational data from the Injun III 

satellite near the equatorial plane presented by Pfeiffer et al. 

[1966] and Pfeiffer [I966] suggest transverse propagation, we 

consider the case of propagation exactly transverse to the magnetic 

field lines. 

For a centered dipole geomagnetic field we have by equation 

(A36) in Appendix A that 

tan 7 = ,| tan 0 (30) 

where y is the angle of the magnetic field direction at a point 

on the ray path with respect to the radius from the center of the 

earth to that point, and 0 is the colatitude angle. As shown in 
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Figure lb, A is the angle between the index of refraction vector 

(n) and the radius so that 

Pr = n cos A 

Pe = n sin A . (31) 

Because propagation is exactly transverse to the magnetic field 

lines A = 7 - 90° and equations (3l) can be v/ritten 

Pr = n sin y 

p0 = -n cos 7 . (32) 

Using equations (32) in the specialized ray tracing equations (26) 

and (27) we obtain 

dr 

dt 

1 
n 

sin 7 

d9 

dt 7 

1 

and therefore 
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1 dr 

r dt 
= - tan 0 

dQ 

it 

and from (30) 

1 dr 1 
dt = - à t“ « 

de 
dt (33) 

Equation (33) is an exact differential equation in which the 

variables are separated and can be written 

It 1“ r = - § tan 9 § 

for which the solution *is 

or 

In r 
1 
o In cos e + const 

r = Kx cos1/2 9 (34) 

Equation (34) is the trajectory of the ray which propagates exactly 

transverse to the magnetic field lines; parameterizes a set of 

curves that are everywhere perpendicular to the dipole magnetic 

lines of force. 
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From equations (28) and (29) the required variation of the 

phase index of refraction (n) along the ray path in order that 

transverse propagation be maintained can be obtained. From the 

definition of the angle A in terms of p and p. 
I* 

A = cos 
-1 k6 

1/2 

(Pr + P«> 

it is found that 

dA _ 1_ / 
dt 2 ^ ^r dt 

n 

dp 
Kr \ 

pe dt ^ 

and using equations (28) and (29) and the relations (32) 

dA _ 1 / siny òn , dn . n cosy x 

dt n v r S9 ' òr x ' 
(35) 

Also from the relation of y and A and the relation of y and 0 

we have 

dA 
dt 

-2 

1+3 cos Q 

= equation (35)• 

(36) 
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Equation (36) can then be expressed 

a 2 _ ft 2 1 + cos 0 
- tan Ö In n - 2r tt In n = 12 -w 

00 ar 1+3 cos^ 9 

(37) 

Following the usual procedure for the solution of partial 

differential equations we must solve two of the following equations 

dQ _ _dr 

tan 9 ~ -2r 

12 

, ! 2 
d In n_ 

2 
1 + cos 9 

, 2 
1+5 cos 9 

(38) 

The solution to 

d9 = dr 

tan 9 ” 2r 

(39) 

and 
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dQ 

tan Q 

d ln n 

12 
1 + cos Q 

1+3 cos 6 

has the solution 

2 . 6 .. 
n sin 9 

, * 2 „ 
1+3 cos 9 

(40) 

With the relations (39) and (4o) the most general solution to the 

partial differential equation (3?) is obtained: 

2 . 6 
n sin 

. , 2 
1 + 3 cos 

9 

9 

^ / sin 9 \ 

f (775-) 

or 

2 
_2 „ 1 + 3 cos 9 ^ / sin 9 X \ 

"t = ¾ . ¿ a— f (T/r> (4l) 
sin 9 r ' 

where n^, is the transverse phase refractive index, Kg is a 

const, f ( ) is an arbitrary function of its argument, 

and 9 is colatitude. This expression (4l) for the transverse 

refractive index along the trajectory differs from the 
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expression given by Hoffman [i960] since he incorporated into 

his arbitrary constant (A^) constants of the form (39)• 

The interpretation of equations (34) and (4l) are as 

follows : If, for a wave propagating in the ionosphere, the wave 

normal angle with respect to the magnetic field direction \|i 

becomes 4 90% the ray will maintain a path exactly transverse 

to the magnetic field lines, given by (34), if and only if the 

transverse index of refraction squared along this path is given by 

equation (4l). Any deviation from (4l) means that transverse 

propagation would not be maintained. 

Hoffman [i960] concluded that the refractive index given by 

(4l) did not appear to be appropriate to the ionosphere. In draw¬ 

ing this conclusion he considered two properties of his equivalent 

expression to equation (4l). First, he equated the expression for 

the transverse refractive index from magnetoionic theory 

(equivalent to n^, = RL/S in Stix's formulation, see Appendix A) 

to equation (4l) and specialized to the case of free electrons 

only. We emphasize, as Hines pointed out [1957]> that when only 

electrons are considered, propagation transverse to the magnetic 

field cannot occur at any frequency. The index of refraction 

surface for all frequencies is like the one for 100 kc/s in Figure 2; 

the index of refraction is imaginary for transverse propagation. 
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Hoffman's case was therefore unphysical and his conclusion about 

possible transverse propagation in the ionosphere invalid from 

that consideration. Second, Hoffbian argued that the angular 

dependence required by equation (4l), f ( sin 6 
772“ 

), was symmetric 

about the equator but not the north pole. We point out that any 

even function of sin 0/^^2 is symmetric about both the equator 

and the north pole. Again the possibility of transverse propagation 

in the ionosphere cannot be eliminated on the symmetry argument. 

In the section on riser whistlers (Section VIII), however, we 

consider again this problem of transverse propagation with the effects 

of ions included and for frequencies less tnan the lower hybrid 

resonance frequency. In that section we find that exactly transverse 
« 

propagation is not possible over appreciable path lengths near the 

magnetic equatorial plane. 

B. Exactly Longitudinal Propagation 

By a completely analogous procedure to that of part A, the 

ray path and the index of refraction variations along the ray 

path to maintain exactly longitudinal propagation are determined. 

For the case of exactly longitudinal propagation A = 7 and we 

can write 
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pr = n cos y 

Pe = n sin y . (J+2) 

The two dimensional ray tracings equations (26), (27), (28), and 

(29) become 

dr n cos y 
dt " 2 (^3) 

dô n sin y 
dt " 2 

r n 
(44) 

_ 1 dn sin^ y 
dt - n âr r (45) 

dpg 
dt 

1 dn 
rn ô9 

sin y cos y 
r (46) 

Equations (43) and (44) are solved for the ray path which is given 

by 

sin2 6 r (4?) 
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and which is just the equation of a magnetic field line as 

we would expect. Equations (45) and (46) are combined to give 

dA/dt and then equated to -dy/dt. The solution of the resulting 

partial differential equation is made up of the functions 

cos 6 
2 r 

2 
n 

2 
1+3 cos 6 
-3- 

cos 6 

°4 

from which we obtain 

2 
2 1+3 cos 0 * / cos 6 \ 

n = -- f \ —2— ' * 
cos^ 6 r 

(^8) 

For propagation exactly along a field line (equation (47)) the 

longitudinal refractive index must be given by equation (48). 

Considering both the case of the Alfven fast mode and the 

whistler mode refractive indices, it appears th¿ neither of these 

modes could maintain longitudinal propagation. For the Alfven 

fast mode we have [Stix, I962]: 
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2 
n 

2 2 

n2 

n 
, e 1 + .. 

n2 
e 

(49) 

and for the whistler mode [Storey, 1953] 

2 
n (50) 

2 1/2 
Since «e a (1 + 3 cos ô) and the electron density falls off 

approximately as r”^ or r ^ along a field line [J. J. Angerami, 

private communication], it seems that a function of cos ô/r does 

not exist to satisfy either (49) or (50) and (48). Indeed, in 

Section V we find that ray paths for different frequencies do not 

follow the magnetic field lines nor even the S3me path. 

C. Retraceahility of Ray Paths 

One last special case of the general set of ray tracing 

equations (2l) is that of the requirement for exactly retracing a 

ray path. From the symmetry of the index of refraction surfaces 

about the magnetic field direction such as those in Figure 2 and 

the Poeverlein construction method in Figure lb, it can be expected 

that the changing of the wave normal direction by l80° would 

cause a ray path to be retraced exactly. This retraceability 

requirement can be deduced from the general ray tracing equations. 
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On rotating A and \|) by l80° we have 

p = n cos A - n cos A 
r P. r 

P, e n sin A - n sin A 

and cos i|r - cos y 

sin - - sin \(i 

so that 
dn 5n 
aï: - - 

by equations (Alô) and (A15) of Appendix A. Giving a similar 

consideration to dn/cfc^ in the form given by equation (AI9) it 

is found that òn/ôx^ do not change sign. Therefore for ïî 

(wave normal direction) rotated by l80° at any point on the ray 

path, the ray tracing equations transform as follows: 

dr 

dt 

dr 

dt 

dô 

dt 

de 
dt 

dPr dPr 
■y    —♦    

dt dt 

dt dt (51) 



43 

The ray path would be retraced. This retraceability feature is 

important in determining the integration accuracy of the ray 

tracing computer program. 

With Sections II and III we have met the first objective 

of this ray tracing study. We found that, for an anisotropic, 

inhomogeneous, but non-absorbing medium such as the ionosphere, 

the Poynting vector and wave packet methods of specifying a ray 

path were identical. By ray path we mean the trajectory which the 

energy associated with an electromagnetic wave takes through the 

medium. Based on a generalized form of Poeverlein's graphical 

ray tracing method with index of refraction surfaces, a two 

dimensional set of ray tracing equations appropriate for a hori¬ 

zontally stratified medium, was derived. In the derivation we 

illustrated the use of Snell's law and described the use of index 

of refraction surfaces for understanding ray behavior. Solutions 

were obtained to the ray tracing equations for the two special 

cases that can be solved in closed form; propagation exactly 

transverse and exactly parallel to the magnetic field direction. 

Also it was determined that a ray path would be exactly retraced 

if the wave normal were rotated by l80° (n - n). 



IV. RAY TRACING COMPUTER PROGRAM 

In the preceding section the two-dimensional ray tracing 

equations (21) were integrated for the very special cases of 

exactly transverse and exactly longitudinal propagation with 

respect to the magnetic field direction. For the general case 

in which the angle with respect to the magnetic field \|i is not 

initially 0 or 9O1 and can also vary along the ray path, the 

equations (21) can be integrated numerically on a digital 

computer. Haselgrov*. [1955] derived the equations in the 

particular form (21) for numerical integration. 

A. Brief Description of Program 

A computer program capable of integrating the ray tracing 

equations (21) has been written for this ray tracing study. The 

integration routine is started by the fourth Runge-Kutta routine 

and these starting points are fed into a modified Adam-Bashforth 

fourth order routine for the bulk of the ray path calculations 

[Abranowitz and Stegen, 1964]. Starting values for altitude, latitude, 

initial wave normal direction A with respect to the radius vector, and 

wave frequency are required. Also, the reference altitude, electron 

density, fractional ion density, and temperature at this reference 
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pltitude must be specified for the particular diffusive equilibrium 

ionosphere desired (see equations (A27) to (A32) in Appendix A). 

For each point along the ray path the program computes and prints 

out radial altitude, latitude, wave normal angle with respect 

to the radius A, r-component of the refractive index p^, 

0-component of the refractive index p^, total path length to that 

point, total time delay to that point, the wave normal angle 

with respect to the magnetic field direction, and any other 

desired quantities for the specific ray tracing problem. In 

Appendix B a block diagram of the computer program is explained 

and the special features of the program discussed. In Appendix C 

the model ionospheres used for this ray tracing study are 

illustrated and discussed. 

B. Comparison with Previous Results 

Two other ray tracing studies by numerical integration of 

the ray tracing equations (21) have been carried out. As reviewed 

in the Introduction, Yabroff [1961] considered the case of 

electrons only. Kimura [I966] was the first worker to publish 

results of ray paths in the ionosphere with the effects of ions 

included to explain observed phenomena. Below we compare the results 

of this ray tracing program to those of Yabroff and Kimura. 
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1. Comparison with Yabroff [I96I] 

In order to compare the results of the present program and 

those of Yabroff we expressed the electron density as a function of 

geocentric distance in the same form used by Yabroff: 

ne = 1-8 X 105 exp (-4.183119 (r - 1.0471)) (52) 

where r is in earth radii from the center of the earth. The 

specialization of the program to the case of electrons only was 

accomplished by limiting the summation of terms for the refractive 

index and the various derivatives given in Appendix A to the 

electron terms only. The program was otherwise unchanged from 

the program including ion terms. Ray paths were calculated 

starting at 45° latitude and 300 km altitude with an initial wave 

normal angle to the radius vector of AQ = 0° and for frequencies 

of 5 kc/s to 500 kc/s. 

For frequencies above 200 kc/s the calculated ray paths were 

nearly coincident; within 100 km and 2°. For frequencies below 

20 kc/s, however, the calculated ray paths reached higher altitudes 

(by 1000 km) than those presented by Yabroff. We argue that this 

discrepancy can be resolved by the following facts : 
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a. Yabroff reports that he used an Adams predictor-corrector 

integration method and that the corrector was applied 

only every five or ten points. This present program, 

however, uses both the predictor and corrector for every 

point. For frequencies below 20 kc/s the path lengths 

were longer than for the higher frequencies therefore in 

Yabroffs program appreciable integration error could 

accumulate for the longer paths. 

b. He also reports that his integration interval was one- 

half an earth radii. This present program, however, 

used a much smaller integration interval of approximately 

15 km which improves the integration accuracy. From a 

numerical integration argument it appears that the 

present computer program would have much less integration 

error and should calculate more exact ray path since 

the corrector is applied for every point and the integra¬ 

tion interval is much smaller. 

c. From a physical argument it would seem that the maximum 

altitude of a ray path should increase with decreasing 

wave frequency. From the 100 kc/s index of refraction 

surface in Figure 2 we see that for all wave normal 

angles, the ray propagates very nearly along the magnetic 

field line. Assume that a similar index of refraction 

surface is obtained when u)/fi ~ the wave frequency- 

electron gyrofrequency ratio is equal to a given value. 



48 

With guiding along the field line a ray would reach a 

maximum altitude for this frequency ratio near the 

equator and then tend to follow the field line down. 

Therefore, for a lower wave frequency iie would be 

lower and the maximum altitude would be higher. 

Yabroff’s ray paths exhibit, however, a constant maximum 

altitude for frequencies less than 20 kc/s. In the next 

section it is found that with ions included the lower 

frequency ray paths do reach a higher maximum altitude. 

2. Comparison with Kimura [I966] 

To compare the results of the present program including 

ions to those of Kimura, a diffusive equilibrium model ionosphere 

similar to Kimura's was used. The model had the following 

parameters at the reference altitude: 

Reference altitude: 

Temperature : 

H+ percent: 

He* percent: 

Electron density: 

500 km 

1000° K 

O.156 

I.96 

58000 cm"5 

Comparison of the two ray paths starting at 50° magnetic 

latitude with an initial wave normal angle of Aq = 0 (radially 

upward) for a frequency of 1 kc/s is made in Figure 5. To a 
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latitude of approximately 30° S the ray paths are nearly coincident. 

Our ray path attains a higher altitude presumably because the 

electron density chosen for the model (3.8 x 10 cm at 500 km) 

was not exactly the value used by Kimura. Another reason for this 

difference may be due to slightly different integration routines. 

At 30° S latitude, however, the two ray paths differ quite 

markedly. Kimura's ray path is refracted to higher altitudes and 

reflects back and forth between approximately + 30° latitude while 

increasing in altitude. The maximum altitude of 3 Kimura 

reports to be the altitude at which the lower hybrid frequency 

is equal to the wave frequency (l kc/s). Our ray is not, however, 

refracted upward but continues downward and intercepts 300 km 

altitude at a latitude of approximately 55° S (much in the same 

manner as Yabroff's results). We present the following arguments 

to justify our result: 

a. On the ray path of Kimura the wave lormal direction was 

not indicated. From our ray path, however, we can obtain 

the behavior of the wave normal since if the wave normal 

angle variation along our ray path were very much 

different than along the path obtained by Kimura (to 30° S), 

the ray paths would also be significantly different. 
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At the altitude and latitude in question (approximately 

500C km and 30° S) we find that the wave normal with 

respect to the magnetic field i|r is at 45° and that the 

radial component of the index of refraction pr has gone 

to zero giving a wave normal angle with respect to the 

radius of 90 • From the index of refraction surfaces in 

Figure 2 for 2 and 10 kc/s we see that the ray could 

not possible turn around for = 45°• Transverse 

propagation and abrupt changes of direction can occur 

only when i|f goes through 90°. We suggest that, as p 
'r 

went through zero in Kimura’s program, the sign of p 
Kr 

did not change, therefore, the wave normal i|r changed 

discontinuously with respect to the magnetic field and 

the ray began propagating upward. 

In order to test the consistency of our program we 

reversed the ray direction by l80° at the final 

altitude and latitude. From the reversibility condition 

derived in Section III we expected that the ray would 

retrace its path which it did to within a few tenths of 

a percent in ending latitude and wave normal direction. 

In the following sections we present the explanations of 

several observed VLF noise phenomena based on our ray 

tracing program and for the case that the ray is not 

refracted as shown by Kimura. Since these explanations 

exhibit quantitative agreement with the observed phenomena 

we conclude that our program is correct. 
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Comparisons of ray paths with Kimura for larger initial 

wave normal angles (&o) and for paths from 30° have been made. 

For = 20° (with respect to the radius vector) the two programs 

agree within 50 km and 0.5° latitude for a ray refracted at 

approximately 800 km [see Kimura, I966, Figure 8]. In this case 

the condition for iji = 9O0 was reached before A = 90° (pr -4 °) 

indicating that the two programs are in agreement except for the 

problem discussed above. 

C. Self-Consistency of Computer Program 

To obtain the quantitative accuracy of the computer 

program and its self-consistency, two tests were performed. 

First, the program was converted to perform ray tracing in a 

horizontally stratified medium for which the results are known 

analytically, and second, several ray paths were retraced. 

1. Horizontally Stratified Ray Tracing 

As demonstrated by our derivation of the two dimensional 

ray tracing equations for a horizontally stratified ionosphere 

(18) in Section II, Snell's law is applicable. For any ray path 

in a horizontally stratified ionosphere, the component of the 

refractive index along the direction of stratification must be 
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conserved. To test the ray tracing program but to maintain its 

polar coordinate system a coordinate transformation was performed: 

X = r cos ö, Z = r sin 0. B was chosen constant in the Z-direction 

(parallel to the equatorial plane) and the ion and electron 

densities consequently varied only in the Z-direction. The 

geometry for the ray tracing is depicted by the insert in 

Figure 4. In terms of the coordinate transformation the X component 

of the refractive index is given by 

px = p0 sin © - Pr cos 0 (53) 

and it is this component which should be conserved. 

In Figure 4 are shown three ray paths, two for 2.5 kc/s 

with A0 = 30° and 0°, and one for 100 kc/s with = 0°. The 

direction of stratification and of the magnetic field lines are 

indicated in the coordinate system of radiad altitude and 

magnetic latitude. As indicated in the insert and on the drawing, 

the starting latitude was 30° N and altitude 300 km. Curve A for 

100 kc/s indicates that the ray did not propagate along the field 

line but did continue upward with no marked refractions. Curve C 

for 2.5 kc/s (again A0 = 0°), however, turned around at 665 km 
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since this wave frequency was less than the lower hybrid resonance 

frequency and transverse propagation was possible. This turning around 

occurred exactly at the altitude where p was equal to the phase 

index of refraction n as predicted. Note that the index of 

refraction surfaces in Figure 2 illustrate that transverse 

propagation and therefore refraction (\|i -• 90°) can occur for 

2 kc/s but not for 100 kc/s. The ray given by curve B was 

launched exactly along the field line and continued to propagate 

along the field line to 4000 km where the integration was stopped. 

This result is predicted since the strata were exactly perpendicular 

to the magnetic field direction. 

Quantitative evaluation of the integration accuracy can be 

obtained from the variation of p along the path. For the eleven 

cases of different frequency, and initial wave normal angle 

the maximum deviation of p along the path was 1.0% and the 

minimum 0.04% with the average being 0.3%. This constancy 

of p to 0.3%, the refraction of curve C, and the guiding of 

curve B along the field line indicate that the ray tracing program 

is consistent with ray theory in a horizontally stratified media. 

We therefore expect this same program to give valid results for the 

curved ionosphere with a centered dipole field. 
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2. Reversibility of Ray Paths 

Since in Section 3 we showed that if the ray is reversed by 

l80° it must retrace the same ray path, we have the means for 

testing the integration accuracy of th- program in the case of 

the model ionosphere. Starting at 30°, 300 km, and A0 = 0, 

a ray path was calculated and then reversed at 300 km in the 

other hemisphere. After 1330 integration steps and a path 

length of 44,000 km, the ray returned to within 0.2° (0.6%) 

of its starting latitude and within 0.06° (0.03$) of its initial 

wave normal angle at 300 km. The one way integration error would 

be one half these values which is quite acceptable error for any 

quantitative evaluation. 
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V. CHARACTERISTICS OF RAY PATHS 

In the preceding sections we have developed a physical 

understanding of ray paths and have briefly described a computer 

program capable of computing ray paths in a diffusive equilibrium 

model ionosphere with a centered dipole magnetic field. In this 

section we establish the basis for using ray paths as a tool for 

predicting new VLF noise phenomena, for explaining observed 

phenomena, and for testing previous explanations of observed 

phenomena. Yabroff [I961] graphically summarized the 

characteristics of ray paths in a model ionosphere which contained 

only electrons. He presented ray path characteristics for varia¬ 

tions of frequency, initial latitude, and initial wave normal 

angle. We now summarize the characteristic behavior of ray path 

^ Hr “fr 
in a model ionosphere which includes electrons and 0 , He , H 

ions in diffusive equilibrium. These characteristics are 

parameterized by a five parameter set : frequency, initial 

latitude, initial wave normal angle, initial altitude, and the 

diffusive equilibrium model, i.e., f, Qo, Aq, Rq, and model. 

To exhibit the ray path characteristics, four of these parameters 

are held constant and the fifth parameter varied. Most of the 
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characteristics of the resulting ray paths are illustrated in 

Figures 5 through 17. In the next five parts each figure is 

briefly discussed and the important characteristics summarized. 

A. Variation with Wave Frequency f 

In Figure 5 are shown ray paths for 5> 10, 20, 50, 100, 

200, and 500 kc/s for an initial latitude of Qo = 50°, an initial 

wave r.ormal angle of = 0°, an initial altitude of Ro = 500 km 

and for the mid-latitude diffusive equilibrium model ionosphere 

(see Appendix C). In Figures 6 and 7 are plotted the final 

latitude, maximum altitude, total path time delay and wh.\stler 

dispersion, and wave normal i]i along the path all as a function of 

frequency. We note that the ray tracing equations as given in 

Appendix A are equally valid for all frequencies for which the cold 

plasma approximation is also valid. We, therefore, summarize the 

characteristics of ray paths as a function of frequency. 

1. From Figure 5 and Figure 6a it is seen that the higher 

thr frequency, the shorter the ray traveled in latitude when it 

reached the starting altitude of 500 km. The 5 kc/s ray rea-hed 

53° S magnetic latitude while the 200 kc/s ray reached only 

25° S latitude. Rays for frequencies in between fall on the 

curve of final latitude vs frequency given in Figure 6a. 



Yabrcff's results for electrons only [Yabroff, I96I] indicated 

some latitude focusing for frequencies near 30 kc/s for rays 

started at G = 45°. In Figure 6a no latitude focusing is 
0 

apparent. 

2. From Figure 5 and 6b it is seen that the higher the 

frequency, the lower the maximum altitude and the nearer to the 

starting latitude this maximum altitude occurs. The 5 kc/s ray 

reached 60OO km at 9° S latitude whereas the 200 kc/s ray reached 

only 19OO km and at 10° N latitude. Yabroff [1961] found that 

with electrons only frequencies below the 'nose' frequency 

(1/4 minimum electron gyrofrequency along the path) attained the 

same maximum altitude. Figure 6b indicates that the maximum 

altitude-frequency curve is flatter at 5 kc/s but this frequency 

is very much below the nose frequency (25 kc/s) for this path. 

3. The 500 kc/s ray in Figure 5 achieves a maximum 

altitude of 600 km at 22° N latitude, begins to fall, and then 

bends up quite rapidly. From the 100 kc/s index of refraction 

surface in Figure 2 it is seen that for large wave normal angles 

\|r, the normal to the surface, which gives the ray direction, can 

be pointed away from the magnetic field line in a direction opposite 

of that of the wave normal. For a wave normal angle of approximately 
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♦’Lo.* the ray can make an angle of -ß to the magnetic field direc- 

tion causing the ray to propagate upward in altitude as seen in 

Figure 5. 

4. In Figure 7a is shown the total path time delay and the 

Eckersley's whistler dispersion 

D = t f1/2 

as a function of frequency. With increasing frequency the delay 

time decreases, but the whistler dispersion D tends to increase. 

For the 5 kc/s ray the dispersion is 36 sec1/2 and for the 

200 kc/s ray 43*5 sec1/2. This dispersion characteristic for the 

ray paths shown in Figure 5 indicates an interesting feature about 

whistlers. It would be possible to place a ground VLF receiver 

at 470 S and to receive a whistler from 5 kc/s to 50 kc/s for 

which the Eckersley dispersion constant varied only 5.% over 

this frequency range. Note that the ray paths for these different 

frequencies did not follow the same path, nor were the paths 

guided or ducted nearly along the 30° magnetic field line as was 

assumed by Storey [1955] and is assumed by others [as in 'nose’ 

whistler analysis, see Smith, I96I]. The final wave normal angles 

Aj. (see Figure 7b) were all within 5° of vertical so that the rays 

could penetrate the lower ionosphere. 
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5. Figure 7b illustrates the behavior of the wave normal 

angle with respect to the magnetic field direction 1(1 along the 

path. In Figure 5 the wave normal direction for the 50 kc/s 

ray is indicated by the arrows. A positive value is given to \|f 

if it is southward of Bq in the northern hemisphere. Initially 

\|i is -4l° and increases to almost -50° for 5 kc/s and to only 

-44° for 200 kc/s. As the rays approach their final latitude 

the wave normal is refracted in such a wave that the final wave 

normal angle with respect to the radius vector Af is very nearly 

1800; for 5 kc/s Af = 176.3° and for 200 kc/s, Af = 175-1°• 

B. Variation with Initial Latitude, 0Q 

In Figure 8 are shown ray paths for 0Q = 5, 10, 15> 20, 30, 

40, 45, and 50° latitude with f = 5 kc/s, Ao = 0°, Ro = 300 km, 

and for the mid-latitude model ionosphere. The maximum altitude, 

total path time delay and dispersion, and final latitude are 

plotted against the initial latitude in Figures 9a, 9b, and 9c. 

We conclude the following for the characteristics of ray paths 

with variation of initial latitude: 

1. From Figure 8 and Figure 9a it is seen that the higher 

the initial latitude, the higher the maximum altitude for a ray. 
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The ray from ?° initial latitude reached 600 km whereas the 

ray from reached 17>250 km. Note that as can be seen by 

comparing the 50° field line and the ray for 6o = 50° in 

Figure 8, the ray does not travel along the field line. 

2. With increasing latitude the path lengths of the rays 

become longer and consequently the total path delay becomes 

longer and the Eckersley dispersion D becomes greater. For the 

ray from 5° the dispersion was 12 sec^^ and from 45°, l4o sec"^ 

as shown in Figure 9b* 

3. Besides the increasing maxir. am altitude dith increasing 

initial latitude, Figures 8 and 9C illustrate that the range in 

latitude also increases. The ray from 5° reached a final latitude 

(at 300 km altitude) of 9° S while the ray from 45° latitude 

reached 68° S. 

C. Variation with Initial Wave Normal 

Angle Aq. 

In Figure 10 are shown ray paths for A0 = -10°, -5% 0°, 

5°, and 10° with f = 4 kc/s, eo = 30°, Rq = 300 km and for the 

mid-latitude model ionosphere. Figures 11a, 11b, 11c summarize 

the variation of maximum altitude, path time delay and dispersion, 

and final latitude with initial wave normal angle. 



6l 

1. From Figure 10 and Figure 11a one sees that the maximum 

altitude is higher for A0 = 0° than for A0 = + 5% + 10°. 

2. Figure 11c illustrates that the range in latitude for 

A0 = 10° is longer than the range for = 5°. Since the maximum 

altitude was higher for the = 5° ray, the two ray paths must 

cross as shown in Figure 10 at -8.5° latitude and 1050 km. 

In Section VII we find that it is this effect of two distinct 

ray paths for one frequency leads to the explanation of the 

hook whistler. 

5. Another characteristic of ray paths is illustrated by 

the path for û0 = -10° in Figure 10. At an altitude of 2j80 km 

the ray was refracted to a higher latitude. The wave normal 

directions along this ray path are given by the arrows. At the 

top of the ray path i|r = 90° and the ray begins to move transverse 

to the magnetic field lines returning to the earth at a higher 

latitude. This same sort of refraction was found to occur in 

the horizontally stratified ionosphere illustrated in Figure 4. 

The turning around of rays at low altitudes is an important 

characteristic and is discussed again in Section VIII on the riser 

and check whistlers. This refraction at higher latitudes is also 

the basis for an explanation of the subprotonospheric whistler given 

by Smith [1964] and Kimura [I966]. 
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4. Because of the difference in path lengths, the time 

delays for the ray paths are also different as shown in 

Figure 11b. The sharply refracted path (Aq = -10°), however, has 

proportionately more time delay because it traveled part of 

its path very nearly transverse to the field line (see 

Section VIII). 

D. Variation with Initial Altitude R 
o 

Figures 12 to l6 illustrate the characteristics of ray 

paths for a source of VLF energy located at 4 R^, (Rq = 19113 km) 

and at the equator ©o = 0°. Figure 12 shows the behavior of 

ray paths for f = 1, 5, 10 kc/s and for A0 = -90°; Figure 14 

and Figure 15 show the behavior of ray paths for 5 kc/s and 

1 kc/s, respectively, with Ao = -30°, -60°, -9O0, -120°, and 

-150°. The arrows in Figures 12, l4, and l6 give the wave normal 

direction along the path. From these plots we conclude the 

following : 

1. For an initial wave normal angle of A0 = -90° 

(\Jf = l80°), rays for 1, 5, and 10 kc/s traced trajectories given 

in Figure 12. From Figure 13a we see that the time delay was a 

minimum for 5 kc/s which is very dose to the nose frequency 

(3 kc/s) for 4 R^, and therefore this result is expected. 
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2. Figure l3b indicates that the 10 kc/s ray would be 

seen at a lower latitude 55-5° N (at 300 km) than would 

1 kc/s (63° N). If a source of VLF energy were at 4 R^, and 

emitted all frequencies at AQ = -90% we would expect to see 

the higher frequencies first with increasing latitude. 

3» In Figures 14 and 15 are shown ray paths for a range 

of values and for 5 kc/s and 1 kc/s respectively. Figure l6a 

illustrates that the time delays for the two frequencies are 

proportionately the same = ^01, a11 values °£ 

Ao except = -150°. This 5 kc/s ray propagated up in altitude 

with its wave normal nearly transverse to the magnetic field. 

Consequently the time delay was longer for this ray than 

derived from the Eckersley dispersion law for longitudinal 

propagation. 

4. Figures l4 and 15 and Figure l6b show that the 1 kc/s 

ray paths spread out further in latitude at 300 km than do the 

5 kc/s paths. The 1 kc/s paths cover from 43° to 75° latitude 

while the 5 kc/s paths cover from 47° to 690 latitude. 

5. To obtain any quantitative correspondence between ray 

paths from a source at high altitudes and VLF noise phenomena 
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observed at low altitudes, the frequency-time and wave normal 

direction-time behavior of the source has to be known or assumed. 

E. Variation with Model Ionosphere 

For the previous calculations, the mid-latitude model 

ionosphere has been used. This model is discussed in 

Appendix C (see also Figure 31 and Figure 32). To obtain ray 

tracing results that can be compared quantitatively to experimental 

observations of VLF radio noise, one must also know the effects of 

the particular ionospheric model on these results. In Figure 17 

the variation of maximum altitude, final latitude, and time delay 

and whistler dispersion with frequency are shown. These ray paths 

have 0Q = 30°, A0 = 0°, Rq = 300 km, and f = 5> 10, 50, 100, 

500 kc/s. The diffusive equilibrium model ionosphere used was 

the equatorial model discussed in Appendix C (see also Figure 33)• 

On comparing Figure 17 to Figures 6 and 7 for the mid-latitude 

model ray paths we find the following characteristics: 

1. Comparison of Figure 6b and Figure 17a indicates that 

the maximum altitude vs frequency curves for the two models agree 

within 200 km. 

2. On comparing Figures 6a and 17b we find that the final 

latitudes for all frequencies agree within 3° for the two models. 
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3. The significant difference between these two models 

is shown by comparing Figure 7a and Figure 17c. The total path 

time delay and therefore whistler dispersion differ by a factor 

of 2, with the time delay being higher for the equatorial 
model. This increased time delay is discussed in Section VII in 

connection with hook whistlers. 

In this and the preceding section we have satisfied our 

second objective of this ray tracing study as given in the 

introduction. In Section IV we briefly described a computer 

program to numerically integrate the ray tracing equations for a 

model ionosphere, including ions, with a centered dipole magnetic 

field. In this section we exhibited the variations of ray paths 

with frequency, initial latitude, initial wave normal angle, 

initial altitude, and ionospheric model. We found that with 

decreasing frequency the maximum altitude of a ray was higher 

and the range of latitude greater while the whistler dispersion 

was nearly constant. With increasing latitude, the maximum 

altitude, range in latitude, and time delay all increased. As 

the initial wave normal angle was varied, it was found that two 

ray paths for the same frequency could cross and that turning 

around of the ray at low altitudes could also occur. For a source 
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of VLF energy at high altitudes emitting at all initial wave 

normal angles, the lower frequency rays were found to spread 

more in latitude at low altitudes than the higher frequency rays. 

For different frequencies at one wave normal angle, the higher 

frequency ray path ended at a lower latitude. With a different 

ionospheric model it was found that the rays were nearly the 

same but that the time delay for a given frequency was twice as 

long. 

It is these characteristic features of ray paths that are 

needed to formulate the explanations for observed VLF radio 

noise phenomena. We give several examples of the capability and 

utility of this ray tracing method in the next five sections. 

I 



6? 

VI. ION CYCLOTRON WHISTLERS 

With this and the next four sections we illustrate the 

capabilities and the limitations of the ray tracing method for 

predicting new VLF radio noise phenomena, for explaining newly 

observed VLF phenomena, and for testing existing explanations. 

A. Proton and Helium Whistlers: 

Prediction of Oxygen Whistler 

Smith et al. [I965] announced discovery of an 

ion gyrofrequency VLF phenomenon observed in Injun III and 

Alouette I satellites. This phenomenon was explained by Gurnett 

et al. [1965] and Gurnett [1965] as an ion cyclotron whistler 

associated with the existence of protons (H+) in the 

ionosphere. This proton whistler represents the first 

distinct VLF phenomena due to the presence of ions in the 

ionosphere. Shawhan [1966a] has studied the occurrence of proton 

whistlers in the Injun III data. These Injun III proton 

whistlers have been used to obtain the fractional concentration 

of H"1’, the H+ number density, the electron density, the proton 

gyrofrequency, and the proton temperature at the satellite 

[Shawhan and Gurnett, 1966; Gurnett and Shawhan, I966; Gurnett 
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and Brice, 1966]. Based on the explanation of the proton whistler 

Gurnett et al. [I965] and Gurnett [I965] predicted that a helium 

whistler and possibly an oxygen whistler should also occur because 

of the existence of He+ and 0+ ions in the ionosphere. Following 

the launching of Alouette II satellite with a VLF frequency 

response as low as 50 cps a helium whistler war. indeed discovered 

[Barrington et al., I966]. As yet observation of an oxygen 

whistler has not been reported. 

With the ray tracing method we have the capability of testing 

the explanation for the observed proton and helium whistlers and of 

obtaining information about the existence of the oxygen whistler. 

In Figure l8 is shown calculated ion cyclotron whistler spectrograms 

for the mid-latitude model ionosphere shown in Figure 31. The ray 

paths were started at 100 km and 45° magnetic latitude with an 

initial wave normal angle of = 0°. We find at all three 

altitudes (500 km, 835 km, and I500 km) that not only the proton 

and helium whistlers occur but an oxygen whistler can also 

occur. 

This altitude sequence of calculated proton whistlers is 

comparable to the altitude sequences of observed proton whistlers 

given by Shawhan [1966a]. The ratio of the crossover frequency 
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(frequency at which the proton and electron whistler traces are 

joined) to the proton gyrofrequency (designated in Figure l8) 

decreases with the increasing percentage of H+ in agreement with 

theory and observation. The characteristic of the calculated 

helium whistler can be compared to the helium whistler observed 

by Alouette II and shown in Figure 19 [Barrington et al., 1966]. 

From the proton and helium whistler crossover frequencies, the 

percentage of all three ions was deduced in the manner given 

by Gurnett et al. [I965], Gurnett [I965], and Shawhan and Gurnett 

[1966]: H+, 89$; He4, 3.8$; and 0+, 7-2$. Note that the time 

and frequency scales are different in Figures l8 and I9. 

Since Figure l8 is in quantitative agreement with observed 

proton and helium whistlers, we can use it to deduce characteristics 

of oxygen whistlers : 

1. The resonance frequency for the oxygen whistler is 

1/4 the helium gyrofrequency as expected from the ion 

mass ratios. 

2. With the assumption that mode coupling [see Gurnett et al., 

1965, and Gurnett, I965] can occur below the peak in the 

electron density where 0+ is the dominant ion we find 

that no crossover frequency occurs and that the lowest 

frequency for the oxygen whistler is zero frequency. 
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3. With no crossover frequency, the oxygen whistler is pre¬ 

dicted to be observable at all altitudes for frequencies 

lower than the local oxygen gyrofrequency. If mode 

coupling does not occur and ions heavier than 0+ exist 

below the satellite, then a crossover frequency must 

exist with the same characteristics as the H+ and He+ 

crossover frequencies . 

Figure 18 represents the first ray tracing calculation of ion 

cyclotron whistlers and predicts the existence of an oxygen 

whistler. 

B. Behavior of Proton Whistler 

Wave Normal Along Path 

An example of the use of ray tracing to examine a theoretical 

hypothesis of wave propagation is given by this discussion of the 

I 
behavior of the proton whistler wave normal near the resonance 

altitude. Near the resonance where the wave frequency is nearly 

equal to the proton gyrofrequency, the index of refraction becomes 

very large. In Figure It it can be seen that in order to conserve 

the component of n parallel to the planes of stratification, the 

<9 

wave normal must become nearly perpendicular to these planes. 

Also near resonance the gradient of the refractive index (A19) 

is dominated by the magnetic field (gyrofrequency) terms. 
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Very near resonance, therefore, we expect that the wave normal 

direction and direction of V Bo (approximately perpendicular to the 

planes of stratification) should coincide. Figure 20 shows the 

behavior of the angle a with altitude along the path, where a is 

the angle between the wave normal and the VB direction. For 
o 

three different values of the initial wave normal angle, the 

curves illustrate that a becomes large along the path but as the 

resonance altitude is approached, a goes nearly to zero. The 

largest value of a for the last point calculated was 5*25° where 

the maximum deviation of all the paths was 960. Verification 

of the anticipated wave normal behavior near a resonance therefore 

has been given using the ray tracing method. 

C. Crossover Frequency of 

Proton Whistler 

In deriving the relations between the proton whistler cross¬ 

over frequency and the fractional concentration of H+ at the 

satellite, Gurnett et al. [1965] and Gurnett [1965] assumed that 

the propagation was directly along the magnetic field line. If 

this assumption is valid then the frequency at which the proton and 

electron whistlers are joined on a spectrogram is exactly 

the crossover frequency as defined by Smith and Brice [1964] and 
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Gurnett et al. [I965]. From Figure 20, however, we see that a 

may become very large which implies that the wave normal angle 

with respect to the magnetic field \|i may also become very large. 

By using ray tracing we can determine the effect of large wave 

normal angles on the experimentally observed crossover frequency 

and consequently the errors that might result in deducing the 

fractional concentration of H+. 

In Table 1 are shown ray tracing results for different 

initial wave normal angles, A0 = 0, + 5% + 15° • In this table 

we compare the fractional concentration of H+ as deduced from 

the actual model, from the frequency for which the theoretical 

crossover occurs (D = O), and from the frequency for which the 

proton whistler has the minimum delay time (the observed crossover 

frequency). We have chosen a wave frequency of 520 cps for which 

the resonance altitudes are near 78O km and the concentration of 

H+ is approximately 30$. For all the cases, the frequency for 

the theoretical crossover (D = O) gives the fractional concentration 

of H+ to 5$ of the actual concentration at that altitude. The 

frequencies of the minimum delay time--the observed crossover 

frequencies—give concentrations of H+ that differ by only O.OO7 

and 0.004 for A = 0° and -15° but which can differ by as much as 
0 
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0.123 for A0 = 5°* It appears, therefore, that, if the wave 

normal approaches angles near to the field line, the added 

delay time for frequencies near the crossover frequency (D = 0) 

can shift the observed crossover frequency lower which consequently 

might result in errors in the determination of as large as 

+47%. Two facts, however, indicate that the observed crossover 

frequency is very close to the theoretical crossover frequency: 

1. From ray tracing, for higher altitudes, it is often found that 

the rays which have large initial wave normal angles turn 

around before they reach the altitude for which D = 0. 

Therefore, only rays with initial wave normal angles 

near 0° become proton whistlers. 

2. From experimental observations it is found that the 

ordinary whistler trace is observable at the crossover 

frequency. Gurnett [1965] has shown that if the 

ordinary whistler trace is observable then mode coupling 

must ha-ve occurred at the satellite. For mode coupling 

to occur at the crossover frequency, the wave normal 

angle must have been near 10° to the field line. There¬ 

fore, the observed and the theoretical crossover frequency 

must be nearly the same. 

We conclude that if the ordinary whistler trace is observed at 

the crossover frequency then the wave normal angle i|i must be 

near 10° which means that the initial wave normal angle AQ was 
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near 0°. From Table 1, therefore, we see that the observed and 

actual H* concentration may differ by only 0.2%. 

D. Negative Ion Cyclotron Whistlers 

Positive ion whistlers have been observed and are due to 

the presence of positive ions in the ionosphere. Measurements of 

negative ions such as those of Whitten et al. [19^5] have 

indicated significant numbers of negative ions at low altitudes 

(50-100 km). Shawhan [1966b] has considered the effects of 

negative ions on ELF waves in the ionosphere and has sketched 

spectrograms of these resulting negative ion whistlers. With 

the ray tracing method we can actually calculate negative ion 

whistler spectrograms and can compare these with the sketches 

given by Shawhan [1966b]. 

In Appendix C the negative ion concentration profile deduced 

from the measurements of Whitten et al. [I965] is discussed. This 

negative ion profile, with the assumption that the negative ion 

was 0“, was incorporated into the ray tracing program. Calculations 

for ray paths in the model ionosphere of e , 0+, and He were 

started at 50 km and 45° magnetic latitude with AQ = 0°. 

In Figure 21 is shown the calculated negative ion spectrogram 

for an altitude of 500 km. For a wave that was initially 
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left-hand polarized at 50 km we find a right-hand polarized 

negative ion whistler with the delay time becoming infinite at 

the gyrofrequency (22 cps). Also there is a left-hand 

polarized 0+ whistler above 24 cps which has an increasing delay 

time near the 0+ gyrofrequency (44 cps). For a wave that was 

initially right-hand polarized, the electron whistler trace 

(not shown) approaches large delay times for frequencies approach¬ 

ing the R = 0 cutoff (5000 cps) when mode coupling and collisions 

are not considered. Also there is a left-hand polarized wave 

which stops at approximately 21 cps. This trace has a nose at 

18 cps (minimum delay time). For more explanation of negative 

ion whistlers and the corresponding theory, Shawhan [1966b] 

should be consulted. On comparing Figure 21 to Figure 8 of 

Shawhan one finds that the calculated negative ion whistlers 

exhibit the predicted features for O“ substituted for He" and 

0+ substituted for H+; particularly for the spectrograms given 

by Shawhan [1966b] at altitude B in his Figure 8. 

Figure 21 can be taken as a quantitative prediction for 

negative ion whistlers being observable at rocket altitudes up to 

approximately 500 km and "’or frequencies less than approximately 

25 cps. 



77 

VII. HOOK WHISTLERS 

Another new whistler has been found in the Injun III VLF 

data at equatorial latitudes and it has been named the hook 

whistler because of its characteristic shape on a frequency-time 

spectrogram. Examples of hook spectrograms are shown in 

Figure 22. This new VLF phenomenon was announced for the first 

time by Gurnett, Shaw, Shawhan, and Pfeiffer [Paper 4-4-1, 1966 

Spring URSI Meeting, Washington, D. C., April 18-21, I966]. 

The explanation of the hook whistler that follows is the one given 

by Shawhan [Paper 4-4-2, I966 Spring URSI Meeting, Washington, 

D. C., April 18-21, 1966] based on the ray tracing method for the 

explanation of observed VLF noises. 

A. Summary of Experimental Data 

We summarize the frequency-time characteristics and the 

occurrence of hook whistlers given by Pfeiffer [I966]: 

1. As shown in Figure 22, hook whistlers consist cf two 

electron whistler-like traces having the same lightning 

source but joined at the lower frequencies. The dis¬ 

persion vs frequency of the two traces is different. For 

the trace occurring later in time the whistler dispersion 

(D = tf"1/2) is nearly constant but increases slightly at 

lower frequencies; for the earlier trace, the dispersion 
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increases appreciably with decreasing frequency. Many 

hooks can be observed on a pass mixed in with ordinary 

electron whistlers. 

2. The time delay difference between the traces At tends 

to decrease with increasing frequency above 5 kc/s and 

with decreasing frequency below 5 kc/s. Values of At 

that have been observed range from 7 msec to 0.22 sec 

at 5 kc/s. 

3. Hook whistlers have been observed to occur up to 50° 

magnetic latitude but are generally observed below 30°. 

These whistlers tend to occur fairly uniformly in 

altitude (observed to approximately 28uO km). None 

were observed, however, below 1200 km and below 10° 

latitude. 

4. Pfeiffer [I966] also shows that hook whistlers occur at 

all local times but do not seem to occur between 16OO 

and 2400 km during local afternoon nor between 300 and 

17OO km during the local night. However, for latitudes 

less than 4o°, the hook whistlers occur nearly uniformly 

in local time. 

B. Calculated Spectrogram for 

Hook Whistler 

In Section V we found that it was possible for two ray paths 

to cross and suggested that this crossing of ray paths for the 

same frequency leads to the explanation of the hook whistler. To 

obtain a full frequency-time spectrogram of a hook whistler the 
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ray tracing program as described in Appendix B was used. Ray 

paths were started at 300 km and 15° N latitude. The stopping 

coordinates (satellite position) were 850 km and 25° S latitude. 

Ray paths were calculated starting with = -10° for a given 

frequency and AQ was stepped until a ray path came within 15 km 

of the satellite position. Then A0 was stepped again to find any 

other ray paths between these two points which occur for AQ values 

up to +10°. It was found that two ray paths reached the satellite 

for a frequency range of 7 kc/s to 2.5 kc/s and that the differing 

% 

time delay along these paths gave two traces that were joined at 

low frequencies. This calculated spectrogram is shown in 

Figure 23 along with a spectrogram of an observed hook. 

At 5 kc/s this calculated hook whistler has a time delay 

difference between the two traces At of 11 ms>.c and the whistler 

dispersion is approximately 13 sec1/2. The observed hook whistler 

l/2 
also has a dispersion of approximately 13 sec ' and a time delay 

difference of 12 msec and 5 kc/s. Although the observed hook 

whistler occurred at 2700 km and 13° latitude, the two agree 

in dispersion and time delay difference. For the calculated hook 

whistler the two traces became indistinguishable at approximately 

2 kc/s whereas the traces seem to be joined at 1.5 kc/s on the 
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observed hook whistler. We expect that for a larger whistler dis¬ 

persion the time delay difference would tend to be larger; this 

tendency is supported by the observational data as suggested by the 

spectrograms in Figure 22. In Section V we found that ray tracing 

in a different model produced nearly the same ray paths, but an 

increa .n dispersion and time delay by a factor of two which 

would give At = 22 msec for the calculated hook and longer time 

delays for longer path lengths. These ray tracing results, there¬ 

fore, are in quantitative agreement with observed hook whistlers 

in typical whistler dispersions and typical time delay differences 

between the two traces. 

The calculated ray paths for the mid-latitude model and for 

different frequencies are shown in Figure 24. For initial wave 

normal angles near -5° a bundle of ray paths occurred in the fre¬ 

quency range of 2.5 to 8.0 kc/s. These paths (Path l) reached 

a maximum altitude near 1370 km and produced the earliest trace 

in time. The second bundle (Path 2) attained an altitude of 

approximately 1890 km for initial wave normal angles near 0° and 

because of the longer path length produced the later trace (Trace 2). 

Note that the wave normal behavior along the path, given by the 

arrows, is different for the paths in the two bundles. For Path 1 
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the wave normal angles along the path give \|i < 50°; for Path 2 

the wave normal angle approaches 80°. In Sections VIII and XI 

we will see that for wave normal angles near 80°> the time delay 

gets longer at lower frequencies and therefore Trace 1 joins 

Trace 2. For the frequency of 2.5 kc/s the delay times become 

nearly equal even though the ray paths are different. For 

frequencies much less than 2.5 kc/s, the ray paths in the oundle 

for A ~ -5° do not reach within 15 km of the satellite but 
o — 

the delay times of the two traces have already become nearly 

equal. 

Using the ray tracing method we have developed an explanation 

for the hook whistler based on the behavior of ray paths and the 

behavior of the wave normal along the path for different initial 

wave normal angles. Using the calculated example we find that 

from the point of entrance of the energy into the ionosphere 

from a lightning discharge, two ray paths can exist to the 

satellite position for frequencies from 2 kc to 8 kc. The time 

delay along these two paths is different so that two whistler 

traces appear at the satellite. For decreasing frequency, the 

delay time difference becomes shorter and finally only one path 

can reach the satellite. This decreasing in At is due to the 
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increased dispersion of the first trace at low frequency and 

yields the joining of the two traces at low frequencies. Fermat's 

principle, which was used to derive the ray tracing equations (21), 

does not limit the number of solutions in an anisotropic 

medium. Therefore the fact that two ray paths can occur between 

two points is not surprising. From the bottom hook whistler in 

Figure 22 it appears that even three paths may occur. Three ray 

paths have been obtained also from the ray tracing calculations. 

From knowledge of the hook whistler ray paths we can 

understand the occurrence data on hook whistlers. From Figures 8 

and 10 we see that lightning sources at latitudes between 0° 

and 45° produce some rays with significant path lengths in the 

Injun III altitude range (to 2800 km) and that these rays range 

to approximately 60° latitude. But almost all of the ray paths 

for sources below 30° latitude would fall into the Injun III 

altitude range, therefore we expect to see more hooks below 30° 

latitude and expect them to be distributed uniformly in altitude. 

For both traces of a hook to appear, the energy at the point of 

entry must have wave normal angles (a) up to at least 5°* 

During the afternoon and early morning it may be that there is less 

wave scattering in the D-region of the ionosphere. It appears, 
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however, that hook whistlers are observable at all local times. 

For altitudes higher than those of Injun III, these same types of 

hook whistlers should be observable over a larger latitude range 

centered near the equator. We note that Storey [1953] on the 

ground observed whistler 'pairs' which seemed to consist of two 

closely spaced whistler traces of comparable amplitude. Both 

whistlers came from the same lightning discharge but the dispersion 

ratios ranged from 1.4 to 2.0 (not echoes). We suggest that 

these 'unexplained' whistler pairs are just the multiple path 

hook whistler that has reached the ground. 
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VIII. RISER AND CHECK WHISTLERS 

Pfeiffer et al. [1966] have announced two new types of 

VLF whistlers observed at equatorial latitudes with the Injun III 

satellite. These whistlers are called the riser and check 

whistlers because of their characteristic shapes on a frequency¬ 

time spectrogram. Examples of riser whistlers are shown in 

Figure 25a and 25b. An example of a check whistler is shown in 

Figure 25d. More examples of riser and check whistlers are given 

by Pfeiffer [I966]. In this section we present a summary of the 

experimentally observed spectral characteristic and occurrence of 

riser and check whistlers, discuss propagation nearly transverse 

to the field lines, and present an interpretation of the riser and 

check whistlers based on ray tracing results. 

A. Summary of Experimental Data 

A more detailed discussion of the spectral and occurrence 

characteristics of riser and check whistlers is given by Pfeiffer 

[1966]. We present the following summary: 

1. Riser whistlers (risers) appear as a rising tone on a 

frequency-time spectrogram. This riser starts at a fre¬ 

quency which varies between 2.9 and 4.1 kc/s and rises 
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to the upper limit of the Injun III VLF receiver 

(approximately 7*0kc/s) in about 0.2 seconds. This 

rising tone can appear to be parabolic as in Figure 25a 

or linear as in Figure 25b. Neither the lower frequency 

nor the shape seem to be correlated to altitude, latitude, 

or local time. Every riser seems to look like every other 

riser. 

2. The check whistler (checks) appear in time as a descending 

tone like an ordinary electron whistler which joins 

smoothly to a rising tail having the same frequency-time 

slope as that of a riser (see Figure 25d). This lower 

frequency of the check ranges from 5-2 to 5*8 kc/s and 

the check occurs in approximately 0.15 seconds. No 

correlation has been found for this lower frequency with 

altitude, latitude, or local time. Only 15 examples of 

checks have been found which is 1/15 the occurrence of 

risers and they are usually found on passes where risers are 

occurring. All checks appear nearly identical. 

3. Except for the number of examples, the risers and checks 

seem to have the same occurence characteristics in 

altitude, latitude, and local time. They have been observed 

for magnetic latitudes of less than 30° and have occurred 

nearly uniformly in altitude above 705 km. They tend to 

occur nearly uniformly in local time for all altitudes 

with the exception of 2200 and 0600 hours when they 

are found only above 1700 km. Occurrence of risers and 

checks is nearly uniform in local time for magnetic 

latitudes up to 30°. 
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B. Riser Dispersion and the Transverse 
Refractive Index 

The riser dispersion characteristic shown in Figures 25a 

and 25b departs markedly from the ordinary Eckersley dispersion 

law (t = Df for ordinary whistlers. Pfeiffer [I966] has 

argued, however, that this riser is a whistler as defined in the 

Introduction on the basis that VLF emissions have not previously 

been observed at equatorial latitudes and that he is able to 

associate spherics observed in VLF ground data with several 

risers observed with Injun III. Assuming, therefore, that the 

riser and check are whistlers [Gallet, 1959] we consider the 

explanation of these phenomena based on theoretical considerations 

and on ray tracing results. 

In Figure 26 is shown the group refractive index as a 

function of the wave frequency to helium gyrofrequency ratio for 

different values of the wave normal angle \|i. This figure is 

appropriate for the plasma parameters at 1000 km and 0° latitude 

based on the mid-latitude model ionosphere (see Figure 3l)• 

The curves given are for \|i = 90°, 89*9% 89% 8^% 0°. For 

decreasing values of i|i the resonance frequency increases. The 

resonance frequency for \|i = 90° is called the lower hybrid 
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resonance frequency and for i|( = 0° the electron gyrofrequency 

[see Stix, 1962]. Consideration is being given to the group 

refractive index since the delay time for a particular wave fre¬ 

quency is proportional to the integral of the group refractive 

index along the path. From Figures 25a and 25b we observe that 

the time delay for the riser increases with increasing frequency 

from approximately 5-5 kc/s to 7 kc/s—a factor of two in fre¬ 

quency. In Figure 26 we see that only for = 9^° does the 

group refractive increase with increasing frequency for a factor 

of two in frequency near the lower hybrid resonance frequency (12 kc/s). 

We conclude therefore that, over at least a portion of the path 

from the lightning discharge to the satellite, the wave must have 

travelled exactly transverse to the magnetic field lines. 

Since it appears that transverse propagation is a significant 

feature of the riser and check we now derive an expression for the 

transverse refractive index, the transverse group refractive index, 

and the time delay for frequencies near the lower hybrid resonance 

frequency. According to Stix [1962] the transverse refractive 

index is given by 

2 
nm 

RL 

S 
(54) 
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where R, L, and S are given by equations (AT), (a8), and (All) 

in Appendix A. Making the assumptions that « 1 and 

üü/ne « 1 we can expand R and L to obtain 

R = 1 + 
ne 

fie 

ne 
cufi 

nk 

0) 

2 
nk fi3 

“T~ 0) 
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fi 
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4,2 2 ^ On taking the product RL we find that the term -n /ou fi is on 

the order of 1836 larger than the other terms. For (5^) we can 

therefore write 
4 

-n 

2 
2.2 w fie 

(56) 
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or for all ions 

"t 

2 - ,-l/2 
[K ^ ] 

^e 2 
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Î/2 (57) 
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where is the fractional ion concentration 

mass ratio and flTtTD the lower hybrid resonance frequency given 
Lnn 

by Smith and Brice [1964] and Gurnett [1965]* 

, the ion-electron 

fi, n 1 e 

(¾ + a2/4 + ayi6) 

[1 + (VV2 ] 
(58) 

Equation (5?) is the same expression as given by Kimura, Smith, 

and Brice [1965]. We can expand equation (57) for frequencies 
P 

much less than the lower hybrid resonance frequency (u)/nTirD) « 1 
Lnn 

and obtain 

2 
“t 

(59) 

We compare equation (59) to the expression we derived for the 

transverse refractive index for persistent transverse propagation, 

equation (4l). 

2 143 COS Q 

sin^ 0 

„ / sin 0 V 
f (Õ7^) 

eq. (59) 
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Assuming that a = 1, that ft /tt ~ 1 and that fl. a r" , equation 
•i. 6 G ■,l" ^ 

(59) has the following radial and angular dependence: 

¿ a a ^ a --—r— . (6o) 

fiLHR n 1+3 cos 0 

It appears impossible to find a function of sin Q/r1/2 which 

could give the angular and radial dependence required by (6o). 

We conclude with Hoffman [1960] therefore that exactly transverse 

propagation is not possible even over limited path lengths. Near 

the equatorial plane, however, the angular dependence in equation 

(4l) can be neglected since sin and cos 9 2 0* Therefore 

2 c 
n^, would have to go only as r for transverse propagation according 

to equation (60) and to go as f (r ^2) to satisfy the general 

equation (57)* Consequently, very near the magnetic equatorial 

plane, exactly transverse propagation may be possibly over path 

lengths long enough to give the riser dispersion characteristic. 

If we assume that the frequency-time characteristic of the 

riser is determined predominantly by exactly transverse propagation 

along an appreciable portion of the path, we can derive an expres¬ 

sion for the time delay for frequencies close to the lower hybrid 

resonance frequency. 



91 

By definition 

t (co) 
1 

c ds (6l) 

where the transverse group refractive index N^, is derived from 

equation (57) 

önT 

kt = "T + ^ ãJ- 

N_ 
\ r1/2 

e k “k 
6 ( E # ) ' Cd- 

-1/2 

2 p p -3/2 

* f- » /4r) 
nLHR 

(62) 

By assuming that NT is very large for exactly transverse propaga¬ 

tion and that Au/^ = "* 0, it can be shown that 

t (u)) 

rr 
e 

c ÇI Í2' 
LHR 

2 

ÜTF75 

where m = ôfiTm5/ôs evaluated along the exactly transverse 
LHR LHR 

2 2 
portion of the path. For ûu) 'large' t (id) goes as tu giving 

a parabolic time-frequency shape. For frequencies very close 
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2 -1/2 
to iîTljri, t (cu) goes as (Au) ) giving infinite time delay at 

LnK 

tu = flTIrD. This time delay characteristic qualitatively agrees 
LnK 

with the risers in Figure 25a and 25b. 

C. An Interpretation of Riser 

and Check Whistlers 

From the likeness of the transverse group refractive index 

plot against frequency for \|[ = 9Ü° the riser whistler spectro¬ 

gram, we conclude that the riser ray must have propagated exactly 

transverse to the field line at some point along the ray path 

since it could not have propagated exactly transverse along the 

entire ray path. We note from Figure 26 that N^, is an order of 

magnitude or more greater for i|i = 90° than for ÿ = 890 for fre¬ 

quencies within a factor of 2 of the lower hybrid resonance 

frequency. Therefore the delay time characteristic of the riser 

for frequencies between 5*5 and 7 kc/s could be almost entirely 

determined at the region along the ray path where \|r -* 90° and for 

frequencies near iîTUT3 as given by (64). For the altitude range 

of 800 km to 28OO km the lower hybrid resonance frequency is 

greater than the upper frequency of the Injun III VLF receiver 

(6.5 kc/s) and ranges only between 7 and 10.2 kc/s for the 

equatorial model ionosphere (Figure 53)• If, therefore, a ray 
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path can reach 2800 km and then turn around for \|t -♦ ^0°, the 

time delay characteristic would be determined primarily by the 

local plasma parameters at that turning point. Since the plasma 

parameters (particularly nearly constant from 800-2800 

km we would expect the risers to appear nearly identical. 

A riser spectrogram has been computed and is shown in 

Figure 25c. In Figure ZJ we show three of the ray paths which 

produced this riser spectrogram. The ray paths were started at 

large wave normal angles, = 32° to 25°, which are within 6° 

of the magnetic field line for Qq = 33°, RQ = 300 km, and the 

equatorial model ionosphere. The ray path reaches nearly 

25OO km for 7 kc/s and then is turned around as ^ 900 reaching 

the satellite at 178O km and l6.7°* For this refracted 7 kc/s 

ray the time delay was 0.361 seconds; at least three times the 

time delay of a direct ray to the satellite position. Rays of 

6 kc/s and 5 kc/s are refracted at lower altitudes and the time 

delay obtained from the transverse and nearly transverse 

propagation is less than the time delay for 7 kc/s. For 

3 kc/s, the ray turns around below the satellite altitude so 

that that frequency would not be observed at the satellite. 

This lowest frequency of the riser is the frequency for which 
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the ray refracts just at the satellite (4.5 kc/s). It is not yet 

determined, however, why this lowest frequency is nearly constant 

for all the altitudes, latitudes, and local times that these risers 

have been observed. The check whistler appears to consist of the 

riser-like ray and the direct upgoing ray which would give the 

nearly Eckersley appearance earliest in time followed by the 

riser-like tail. This lowest frequency would be the frequency 

for the ray that refracted at the satellite position. 

We summarize our interpretation of the riser and check 

whistlers as follows: The riser is caused by rays which initially 

propagate along the field lines at equatorial latitudes but which 

become refracted transverse to the field lines at altitudes between 

800 km and 3000 km (\|i - 90°) • Since the rays propagate transverse 

and nearly transverse along the paths, the time delays become 

large and exhibit the dispersion characteristic for transverse 

propagation giving the rising tone (see Figure 26 and equation (63)). 

The lowest frequency is the frequency for the ray that became 

transverse at the satellite position. For the check whistler, 

both the upgoing ray and downgoing nearly transverse ray are 

observed by the satellite with the lowest frequency being the 

frequency of the ray that becomes transverse at the satellite. 
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Because two rays for the same frequency are being observed it is 

expected that the check would occur less frequently. The equatorial 

occurrence of both of these VLF pehnomena is understandable since 

only at equatorial latitudes can the rays travel a significant 

portion of their path transverse and nearly transverse to the 

field line. 
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IX. 'TRANSVERSE' WHISTLERS 

In the previous two sections we have used ray tracing to 

explain new VLF whistler phenomena. In this section we use ray 

tracing to re-evaluate the interpretation of the experimental 

data on 'transverse' whistlers given by Carpenter and Dunckel 

[1965] and to test the explanation of this phenomena given by 

Kimura, Smith, and Brice [1965]. We show that they have 

apparently mis-interpreted the experimental data and that the 

theoretical explanation is therefore implausible. Based on ray 

tracing we submit a new explanation for the transverse whistler 

which agrees quantitatively with the experimental data. 

A. Previous Experimental Data and 

Explanation of Transverse Whistlers 

Carpenter and Dunckel [I965] have reported a dispersion 

anomaly in whistlers received on the Alouette 1 satellite. An 

example of this anomalous whistler is given in Figure la of their 

paper. By comparing this observed whistler to curves with constant 

Eckersley dispersion (D = tf1/2) of D = 1? and D = 20 sec1/2 they 

conclude that the frequency-time curve of this whistler can be 

represented by the relation 
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t = D f-1/2 + T (l) (6l+) o 

where D ~ 17 sec1/2, independent of latitude and r is a number 
o ” 

that varies linearly with dipole latitude at the satellite, 1, 

rising from zero at about 30° to about 0.22 sec at 44 . From 

the alignment of ground station records received at Stanford 

and the Alouette 1 spectrograms they determined the 'causative' 

atmospheric fron, which the dispersion of the whistler as a function 

of frequency can be determined. We have scaled the whistler given 

in Figure la of their paper and we list these dispersion values 

in Table 2A under the column titled 'Reported Dispersion'. From 

this table we find that the ratio of the dispersion for 4 kc/s 

to that for 1 kc/s is 1.19 which agrees quite well with the 

ratio of 1.2 reported by Carpenter and Dunckel [1965]* These 

dispersion values given in Table 2 increase with increasing 

frequency in agreement with equation (64) if we consider an 

effective frequency dependent dispersion constant 

Deff (f) = D0 + T (¾ f1/2 . '.65) 
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Table 2 

’Transverse1 Whistler Dispersion 

A. Observed 'Transverse' Whistler 

[Carpenter and Dunckel, 1965] 

Frequency, 

kc/s 

Reported 

Dispersion, 

New 

Dispersion, 

6.5 28.6 14.23 
5.0 27.O 14.85 

4.0 26.5 15.8 

5*° 24.5 17.2 

2-0 23.2 17.5 

1.0 21.5 19.4 

B. Calculated 'Transverse' Whistler 

Frequency, 

kc/s 

Reported 

Dispersion, 

New 

Dispersion, 

sec 

7.0 13.05 13.8 
6.0 13.0 13.75 
4.0 13.0 13.75 
3.0 13.13 13.75 
2.5 13.52 13.9 
1.0 14.30 14.30 
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Kimura, Smith, and Brice [19^5] have offered an explanation 

for this whistler which they have called a 'transverse' whistler 

(based on their explanation): It is suggested that this whistler 

is initially a normal ducted whistler propagating q.uasi-longitud¬ 

inally. The whistler is then reflected from the base of the 

ionosphere or an irregularity, such as a sporadic-E layer causing 

a transition from quasi-longitudinal (QL) to quasi-transverse 

(<}T) propagation. For frequencies much less than the lower 

hybrid resonance frequency, the time delay is approximately 

constant with frequency. Therefore, the portion of the path which 

is «¿T gives the added constant delay t (l) in equation (64). 

The energy then leaks away from the *iT trajectory which then 

propagates in the «¿L mode to tne satellite. We now show that the 

experimental data may have been mis-interpreted by Carpenter and 

Dunckel [I965] and that the explanation of Kimura, Smith, and 

Brice [1965] must be re-examined in terms of ray tracing results. 

B. Ray Tracing Explanation of 
Transverse Whistlers 

Storey [1953] introduced a method of finding the dispersion 

of a whistler and the time of the causative atmospheric by plotting 

the time delay from an arbitrary time origin for a given frequency 
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against the inverse square root of the frequency. The slope of 

the straight line drawn through these points gives the dispersion 

-1 '2 
constant D and the time delay at infinite frequency (f ' = 0) 

gives the time of the initiating atmospheric t^. To obtain 

the whistler dispersion as a function of frequency the slope for 

two points can be determined by using 

D (66) 

We used equation (66) to determine the dispersion as a function 

of frequency for the whistler given by Carpenter and Dunckel 

[1965] and the results are listed in Table 2A under the column 

entitled 'New Dispersion'. We find that the dispersion decreases 

with increasing frequency rather than increases as found by 

Caroenter and Dunckel [I965]. We find also that the average 

dispersion is l6 sec1/2 not 25 sec1/2. If Carpenter and Dunckel 

had found the time of the causative atmospheric correctly, the 

two methods should give the same dispersion characteristic with 

-I/2 
frequency. By plotting t against f ' we find that the causative 

atmospheric had to occur near 0.15 sec on the time scale given by 

Carpenter and Dunckel [1965* Figure la] not at 0.0 sec. 
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If they had chosen to compare the delay time of their whistler 

to that of a D = 14 sec1/2 curve, they would have found increasing 

time delay for all frequencies as implied by the new dispersion 

measurements. We submit, therefore, that Carpenter and Dunckel 

mis-interpreted the experimental data and that the dispersion for 

these whistlers actually increases with decreasing frequency. 

The significance of this increasing dispersion with 

decreasing frequency is emphasized when we look at the results of 

ray tracing. For examples of two whistlers that were calculated 

with the ray tracing program we take the two components of the 

hook whistler shown in Figure 23 and discussed in Section VII. 

Ray tracing was started at 300 km, 15° latitude and ended at 

850 km, -25° latitude. The dispersion values vs frequency are 

listed in Table 2B for the earlier and later traces (Trace 1 

and Trace 2). For both traces the dispersion increases with 

decreasing frequency. There can be no question of knowing the 

time origin since the ray tracing is started at t =0. Dispersion 

ratios for 4 kc/s to 1 kc/s are 1.10 and 1.04 respectively for 

the two hook whistler traces. The ratio for the new dispersion 

measurements of the Carpenter Dunckel whistler is 1.22 (at higher 

latitudes). Some whistlers scaled from the Injun III data also 

exhibited increasing dispersion with decreasing frequency. 



Since we can produce 'transverse' whistlers with the 

ray tracing program, we have the information needed to explain 

this phenomena. We use Figure 26 and Figure 24 to explain the 

increased dispersion at lower frequencies. In Figure 26 the curve 

for \|i = 0° gives the group refractive index for purely longitudinal 

propagation from which the Eckersley dispersion law is derived. 

For wave n nal angles near 80°, however, the group refractive 

index increases by a factor of 2 for frequencies less than 40 times 

the helium gyrofrequency or approximately 2.5 kc/s. Above 2-5 kc/s 

the curve for i|/ = 80° follows the Eckersley curve closely. From 

Figure 24 we see that the wave normal for Path 2 stayed nearly 

along the field line over the entire path (i|i < 50°); for Path 1 

however the wave normal angles approached 80°. We therefore 

expect that the Trace 2 would have only a slight increase in 

dispersion at the lower frequencies and that Trace 1 would have 

a much larger increase in dispersion which is the case as given 

in Table 2B. This increased dispersion in Trace 1 is the feature 

which causes the joining of the two traces to form the hook 

whistler as discussed in Section VII. 

The suggestion of Kimura, Smith, and Brice [I965] that 

transverse propagation is involved in the explanation of the 
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'transverse' whistler is substantially correct but the model 

which they gave is seen to be implausible and not appropriate. 

Rather than an abrupt transition between and propagation 

caused by reflection or scattering, we have demonstrated with 

ray tracing that the wave normal, at equatorial latitudes, is 

initially at large angles to the magnetic field and approaches 

angles near 90° along the path. For propagation not exactly 

but nearly transverse to the magnetic field lines (we showed 

in Sections III and VIII that exactly transverse propagation 

could not persist), the time delay and therefore the dispersion 

increases with decreasing frequency for some single whistler traces 

in agreement with data from Alouette I and Injun III. We would not 

expect to see these 'transverse' whistlers at high latitudes since 

the rays tend to have small wave normal angles with respect to the 

magnetic field and consequently would appear to follow the 

Eckersley dispersion law. 
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X. WAVE TRAPPING AND VLF NOISE BANDS 

Smith et al. [I966] suggested the possibility of wave 

•trapping in regions of the ionosphere for wave frequencies near 

the local lower hybrid resonance frequency. Gurnett, Shawhan, 

and Burns [1966] propose that waves can also be trapped in 

regions of the ionosphere for frequencies near the ion gyro- 

frequencies. We feel that this wave trapping is the key to the 

explanation of the VLF noise bands which occur at frequencies 

near the ion gyrofrequencies. In Figure 28 we show two examples 

of noise bands apparently associated with the presence of ions 

in the ionosphere. Both examples are from Injun III VLF data; 

the pertinent parameters are given on the figure. The proton 

and helium gyrofrequencies are indicated by and respectively. 

It appears that possibly three noise bands are occurring, the 

third just above the oxygen gyrofrequency (l/4 G2). Preliminary 

ray tracing results indicate that trapped waves could produce 

such noise bands. 

In Figure 29 we show plots of the transverse refractive 

index 
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against altitude for wave frequencies of 635, 650, and 700 cps, 

using the mid-latitude ionospheric model and = 700 cps at 

400 km. For all three frequencies n,p decreases with altitude to 

a minimum and then becomes infinite at the ion-ion hybrid 

resonance (S = 0, see Stix [1962]). At the altitude where L = 0 

[see Stix, 1962] is zero but increases to a maximum and then 

falls off with increasing altitude to a minimum and then begins 

to increase again (not shown in Figure 29)• Between S = 0 and 

L = 0 an evanescent region exists and transverse waves cannot 

propagate. We note that with increasing frequency, this 

evanescent’region becomes narrower and decreases in altitude. 

It is the range of altitudes above and below the maximum 

of n^, in which waves can be trapped because of the decreasing 

index of refraction above and below which can cause reflections. 

Figure 30 shows the ray tracing results for waves of 635, 65O, 

and 700 cps which were started at 600 km with an initial wave 

normal angle of i|r = 900. For convenience in identifying the 

altitudes for which S = 0, L = 0, D = 0, and L = «> [see Stix, 

1962, and Gurnett, 1965] we have removed the latitude dependence 

of the magnetic field* The 635 cps ray was started very near 

the altitude where the maximum in n^, occurred; therefore, this 
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ray was trapped between 596 and 6OO km. The 65O cps ray was 

trapped between 6OO km and the altitude with the same index of 

refraction value below the maximum, 5^1 km. This ray propagated 

down below the altitude for which L = ®, the proton gyrofrequency. 

For TOO CPS the ra-y is trapped between 600 km and 391 km as could 

be predicted from the corresponding index of refraction plot in 

Figure 29. With the latitude dependence included we find that 

the trapping altitude range decreases with decreasing latitude. 

For initial wave normal angles other than i|i = 9Ü% the ray 

propagates up in altitude until \|i = 90° at which point it reflects 

and moves down in altitude until ÿ = 9O0 again due to the decreasing 

index of refraction near the L = 0 altitude. 

These preliminary ray tracing results can be interpreted 

to predict that waves can be trapped in the ionosphere in an 

altitude range determined by the wave frequency and the wave 

normal angle on entering the trapping region. For a given point 

in the ionosphere frequencies can be trapped that range from 

the L = 0 frequency at that altitude to a frequency above the 

ion gyrofrequency which produces the minimum in ^ (above the 

evanescent region) at that altitude. In Figure 23 we see noise 

bursts which range in frequency above and below the proton gyro ■ 
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frequency but which seem to have a cutoff before the next lower 

ion gyrofrequency as would be expected from the existence of the 

evanescent region. We suggest therefore that these ion gyro- 

frequency bands observed in satellites are due to wave trapping 

of the type we have produced with ray tracing. Also, we suggest 

that the 800 cps noise bands seen by Gustafsson [1963] on the 

ground may be due to wave trapping. We noted that as the wave 

frequency increased the evanescent region became narrower and 

moved to lower altitudes. It is hypothesized that for high 

enough wave frequencies, like 800 cps, trapped waves can 

'tunnel* through this very narrow evanescent region at altitudes 

where the collision frequency is large and can be seen on the 

ground. 

With the last five sections we have met our third objective 

as stated in the introduction. We have shown how this ray tracing 

method can quantitatively reproduce spectrograms of proton and 

helium whistlers, can predict the oxygen whistler and negative 

ion whistlers, can explain the hook and transverse whistlers, can 

provide the explanation of the riser and check whistlers, and 

can demonstrate the trapping of waves in the ionosphere to produce 

VLF noise bands. 
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XI. CONCLUSIONS 

In the Introduction (Section I) we listed the prominent 

types of VLF radio noise phenomena which fall into the broad 

groups of whistlers and VLF emissions. Also a review of ray tracing 

techniques developed to explain these VLF phenomena was given. 

In Section II we discussed the physical meaning of ray paths and 

concluded that, in a non-absorbing medium such as the ionosphere, 

the wave packet approach and the Poynting vector approach both 

gave the direction of energy propagation--the ray direction. A 

two dimensional set of ray tracing equations were derived for the 

case of a horizontally stratified ionosphere and the method of 

derivation of three-dimensional equations appropriate to the 

ionosphere was sketched. In Section III we considered three 

special cases of these general ray tracing equations integrating 

the equations for exactly transverse and exactly longitudinal 

propagation and giving the reversibility conditions for these 

ray tracing equations. A computer program capable of integrating 

the ray tracing equations and its special features were discussed 

in Section IV and Appendices A, B, and C. In Section V we used 

this ray tracing program to obtain the general behavior of ray 



109 

paths in the ionosphere with variation of frequency, initial 

wave normal angle, initial latitude, initial altitude, and the 

ionospheric model. Based on these ray paths characteristics we 

were able to explain, make predictions, or test the previous 

explanations of the following VLF phenomena: ion cyclotron 

whistlers (Section VI), hook whistlers (Section VII), riser 

and check whistlers (Section VIII), transverse whistlers 

(Section IX), and VLF noise bands (Section X). The conclusions 

reached in Section V to Section X are summarized: 

1. With decreasing frequency the maximum altitude of a 

ray was higher and the range of latitude greater while 

the whistler dispersion was nearly constant. With 

increasing latitude, the maximum altitude, range in 

latitude and time delay all increased. As the initial 

wave normal angle was varied, it was found that two 

ray paths for the same frequency could cross and that 

the ray could also turn around at low altitudes. 

For a source of VLF energy at high altitudes emitting 

at all initial wave normal angles, the lower frequencies 

were found to spread more in latitude at low altitudes. 

For different frequencies at one wave normal angle, the 

higher frequency ray path ended at a lower latitude. 

With a different ionospheric model it was found that 

the ray paths were nearly the same but that the time 

delay for a given frequency was twice as long. 
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2. From ray tracings at frequencies below the proton gyro- 

frequency, spectrograms of proton, helium, and oxygen 

whistlers with altitude were produced. The properties 

of the proton and helium whistlers agreed quantitatively 

with observed proton and helium whistlers. With mode 

coupling below 300 km, the oxygen whistler is predicted 

to exist for all altitudes below the oxygen gyrofrequency. 

With the inclusion of 0~ ions into the ionospheric 

model, spectrograms of negative ion whistlers were 

produced and these agreed with the previous predictions. 

It was found that the proton whistler wave normal became 

nearly parallel to the 7 B0 direction at the altitude 

where the wave frequency was equal to the proton gyro- 

frequency. Also, for the case of large wave normal angles 

along the path, the observed proton whistler crossover 

frequency may give values of = n (H+)/ne in error by 

45%, but with mode coupling this case cannot occur. 

3. For the hook whistler we found that two ray paths could 

exist between the lightning source and the satellite and 

that the whistler arriving earliest in time suffered 

increased dispersion at the low frequencies due to large 

wave normals along the path. This increased dispersion 

causes the two hook traces to appear joined at low fre¬ 

quencies. A hook whistler spectrogram was produced which 

agreed quantitatively in dispersion and time delay 

difference with an observed hook whistler. 
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4. From consideration of the group refractive index as a 

function of angle we concluded that the wave normal of 

the riser and ch^ck whistlers must pass through 90° at 

some point along the path. A riser time delay relation 

was derived for frequencies close to the local lower 

hybrid resonance frequency. A riser spectrogram was 

computed which shows that the riser is made up of rays 

which have turned around above the satellite and are 

observed as down-going waves at the satellite. The 

riser dispersion comes from the propagation transverse 

and nearly transverse along the path. The lowest fre¬ 

quency observed corresponds to the ray that just turns 

around at the satellite altitude. We concluded that 

the check is just a special case of the riser in which 

both the upgoing and downgoing rays are observed at 

the satellite. 

5. We concluded from new dispersion measurements of a 

’transverse' whistler that the data had been previously 

misinterpreted and that the proposed theory was in¬ 

appropriate. These new dispersion measurements illustrated 

that the dispersion of the 'transverse' whistler increased 

with decreasing frequency rather than decreased. Also, 

ray tracing whistlers showed this same inciease in dis¬ 

persion. It was proposed, therefore, that the transverse 

whistler is caused by propagation at large wave normal 

angles along the path which gives added time delay at 

the lower frequencies as is observed. 
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6. Consideration of the transverse refractive index as a 

function of altitude for frequencies near the ion gyro- 

frequencies, has shown that a wave trapping region may 

exist. Spectrograms from Injun III show distinct noise 

bands associated with the ion gyrofrequencies at the 

satellite. With ray tracing we have trapped waves in the 

ionosphere. At a given altitude, the frequencies trapped 

can range from each L - 0 frequency to frequencies above 

the ion gyrofrequency. It is concluded that these 

trapped waves may cause the observed ion gyrofrequency 

noise bands observed in satellites and on the ground. 

With this ray tracing study we have shown that the ray 

tracing method provides an important and powerful tool for under¬ 

standing radio noise phenomena in the ionosphere. 



XI!. APPENDICES 

A. Expressions for Ray Tracing Equations 

In deriving the explicit forms for the quantities in the 

two dimensional set of ray tracing equations (21), Yabroff [I961] 

and Kimura [I966] used the Appleton-Hartree formulation for the 

index of refraction. In the appendix we present the expressions 

for n |E- |]1 and in the cold plasma formulation of 
opr oPq or7 d© ou) 

Stix [1962]. 

1. Phase Index of Refraction n 

2 
According to Stix n is the solution to the quadratic 

equation 

4 2 
An - Bn C = 0 (Al) 

in the form 

n 

B + F 

~~2k 
(A2) 

A 

B 

C 
„2 

2 2 
S sin \|i + P cos i|i 

2 2 
EL sin \|i + PS (l ♦ cos 1(1} 

PEL 

(RL - PS)¿ sinH ^ + 2 ■ 4j^d2 cos2 ^ 

(A5) 

(A4) 

(A5) 

(A6) 

where 
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and 

R 

L 

P 

D 

S 

1 - Z 

k 

V 
U) 

1 - Z 
k 

U) 

1 - Z 

k 

\2 

ou 

è (R - L) 

I (R + L) 

1 

^+ fck V 
1 

(u; - ek V 

(A7) 

(A8) 

(A9) 

(A10) 

(Ail) 

In the expressions (A?) to (A9) we have used 

2 
4tt n, e 

k 

mk 
plasma frequency squared (A12) 

gyrofrequency (Ä3) 

sign of electronic charge (Al4) 

and the summation index k represents all ions and the electrons. 

Therefore is the mass and nk the number density for the kth 
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constituent. The sign to be used in equation (A2) for the phase 

refractive index is determined by the particular region of the 

CMA diagram and by the desired mode [see Stix, 1S62]. For the 

electron whistler mode [uj > £^] the minus sign gives the correct 

branch. 

2. Derivatives of the form dn/dp^ 

Derivatives of this form can be derived from the expression 

dn _ dn ôjfc_ 
äpj^ a» api (A15) 

(a) 1¾ 
Noting again that p and pQ are the components of the index 

ï* w 

of refraction in the r, Q directions respectively, dn/^ is 

derived from the definition of the angle \)i: 

cos \|r 
p B + p. B Kr r K0 6 

pB 

which yields 

_ B c°s ♦ pi - p Bj, 
dp. 2 _ . . p B sin i|r 

(Alô) 
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w I 
An expression for ôn/òi|i is obtained by differentiating 

equation (Al) with respect to \|i: 

òn n ÔA 
d'il 

- n 

T 4An 

2 ÔB ÔÇ 

- 2Bn 
(A17) 

From differentiation of (A3), (A4), and (A5) with respect to i|i 

we have 

^ = 2 (S - P) sin i|i cos if 

SB 
TT = 2 (RL - PS) sin \)[ cos i|r 

ÒC 
òijf 

0 . (A18) 

The expressions (ai8) are used in (Al?) and the product of (Al?) 

with (Alô) gives Bn/Bpi. 
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3. Derivatives of the form òn/ôx^ where = (r, 0) 

The general expression for ôn/ôx^ is given by 

2 
an _ _an an_ an ai_ 

k an^ axi ^ ank 8xi a* ax. ' 
K 

(A19) 

Each term of (A19) must now be evaluated. 

òn 
(a) 

ÒK 

In the same manner as for (Al?) we obtain 

òn 

ònf 

òA n2 ÒB , ÒC 

ò\ ò\ ÒTTk 

kArP - 2Bn 
(A20) 

where (A3), (A4), and (A5) are used to obtain the derivatives: 

ÒA_ 

ònf 

1 / ÒR ^ ÒL N , 2 , ÖP 2 , 
— ( —- + —2 ' sin ^ + —2 cos ^ 

ÒTT, òn. òn,. 

ÒB 

an,2 

/.ai T an , ,2 , ^ , i „ / as ^ ai ^ ^ c ap , 
—õ + L —p J sin i|r + ( ^ P ( —- + —- ) + S - > 
ònk ònk ònk òn^ òn 

ÒR OJ 



118 

2 
times (l + cos i|f) 

¿2- = p(r5L+l ) + EL (A21) 
âTik 9¾ äTTk 

where the derivatives of R, L, and P are obtained from (A7), 

(AS), and (A9) : 

1 

+ ek ^k) 

1 
o)(ou - ek fik) 

- V«)2 • (A22) 

Equations (A22) are used in equations (A2l) to give the expression 

(A20). 

dR 

ÔL_ 

ÒP_ 

(b) 
Sn 
sak 

As for (Al?) and (A20) 

Sn 

»k 

n 4 Jl 
Sf2, 

n2 |2- + 
Sfy, 

SC 
ank 

(A23) 

UAn5 - 2Bn2 
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and 

ÒA 

ST |(5r + lr) sln2 + 
k k 

ÖB / 9l t \ -2 1_/ BR BL \ 

= (R + L ?r >sin *+ ap ( Sr+ sr} 

£ 
(l + cos ÿ) 

ÒC _ /T 9R 5L \ 

^ = P(L^:+ E ^ 

(A24) 

and for (A24) 

BR_ 
òfi,, 

ÒL 

5¾ 

2 
nk €k 

a) (a) + ek nk)‘ 

2 
* \ 6k 

u) (ou - ek nk) 

ÔP_ 
an, 

= o . (A25) 

The equations (A25) are used in (A24) to obtain ön/ößk by (A23)• 
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It is assumed, though not necessarily so, that = 0. 

With more experimental measurements it may be found that the 

gradients of concentration with latitude are significant. For 

this present ray tracing study, they are assumed to be zero. 

From (A12) we have that 

4rr2 ôn 
_e_ __ÍS 
\ ar 

(A26) 

Modifying the work of Angerami and Thomas [1904] for a diffusive 

equilibrium model of the ionosphere, we have 

n (z) ev ' 
n 

eo 

where z is the geopotential height 

(A27) 

z = ro <r - ro)/r ■ i*28) 

for r0 being a reference altitude at which the fractional concentra¬ 

tions of the ions with respect to the electrons is given: 
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n. 
ko 

o n 
eo 

(A29) 

th 
is the scale height for the k ion 

»k = kT/\ g0 
(A50) 

and g is the acceleration of gravity at r . o o 

From these relations we obtain 

n = n . 
e eo 

1/2 

„ -z/Hk -1/2 n, = n OL e ' k ^ / 
K eo KO 

(A51) 

Finally 

ÒTT 
__6 

dr 
r "o s2 1 1 2 
^ r ^ 2 4 dz e 

àr 
. ( 1. )2 ( + i i « ) n2 

v r ; ^ IL 2 *1 9z ; k 
(«2) 

where 
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¿i 
òz 

I e-z/Hk f 

k=l ^ 

(d) 
0¾ 
òx. 

The magnitude of the centered dipole magnetic field is 

given by 

rP 3 0 1/2 
B = 0.312 ( ^ ) (1+3 cos¿ 0) (A33) 

where r^, = 63?! km, so that 

3 cos Q sin 9 

(l + 3 cos2 9) k 

From the expression 

(A34) 

ôj[_ = M Í2L 
dxi Ò7 òxi (A35) 
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d^/àx^ is obtained, where y is the angle between the magnetic 

field direction and the radius vector r and is defined by 

tan y = ^ tan 0 . (A36) 

From (A36), therefore, for a centered dipole field 

= 1 

2 cos2 s^n2 0 

fz = 0 . (A3T) 
dr 

Since Br = B cos y 

B0 = B sin y (A38) 

the definition of is used to obtain 

_ Pr Be ~ PQ Br 

Ö7 - p B sin i|t 
(A59) 

Equations (A35), (A5U), (AJ2), (A26), (A23), (A20), and (A17) 

are used to evaluate (A19)• 



k. Derivative dS/dt 

2 
The expressions for n and ôn/ôiji to be used in equation 

(22) of the text are given by (A2) and (Al?). 

5. Derivative dT/dt 

For equation (23) of the text we have 

dn 
du> 

4 ÖA 
Ò(U " 

2 ÒB 
n Sou + 

- 2Bn‘ 

ÒÇ 
duu 

(A4o) 

and 

ÒA 1 , ÒR ^ ÖL V , 2 . ÒP 2 
5Ï = 2 ( si + âï > sln * + si cos + 

ÒB 
duu (E i+ L ü} sin21+ ( 5 p ( H - lê ) + sâP 2 ' ôo; du) Ò0) 

(l + cos ^) 

aç 
am p(R!i*Lii> + ^ I (Aia) 

for which 
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^ . 
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ÔL 
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k 

"k 2tt) + ek \ 
2 / _ sí 
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ÒP, 

du) 
2£ = 2 E 

2 
nk 

k õ? 

(A42) 

The equations listed in this Appendix A are the expressions 

necessary to calculate the ray path (r, 0), the r and 0 components 

2 2 l/2 
of the index of refraction vector n = (pr + pe) ' , the total 

path length S, and the total time delay along the path T, for 

a given frequency and a given initial wave normal angle 

(p /p and pQ/p specified). Tt should be noted that these exprès- 

sions are equally valid for all frequencies. For HF, however, 

the equations can be simplified and computation time shortened. 

For ELF care must be taken in the computer program to avoid 

addition and subtraction of very large quantities. 



126 

B. Ray Tracing Program Logic 

In Table 3 a general flow diagram of the ray tracing 

program is presented. The program is written in Fortran IV and 

is run on an IBM 7044 computer. With the present program 

(June, 1966) and the 7^44 computer approximately 9*5 points of 

the ray path are calculated per second. We now describe the 

major parts of the ray tracing program and point out the special 

routines which are included. Discussion of the detailed program 

including notation used is given by Shawhan [1966c]. 

1. Read in Data 

This part of the ray tracing (see Table l) is comprised of 

reading in the card input data for the program and of writing 

this data on the output listing along with the proper column 

headings. 

a. The polar coordinates r, 0 are read in for the starting 

point of the ray path. One or more wave frequencies are 

also read in and the program can calculate a ray path for 

each frequency in sequence. 

b. Values for the reference altitude and for the electron 

density, fractional concentration of IT*- and He+ and 

temperature at the reference altitude are read in for use 

in equations (A27) to (A32) in Appendix A. 
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c. When the program is used to calculate ray paths for 

different A values from the specified starting point to 

a specified stopping point, values for the stopping 

altitude and latitude, for the starting and 'ending value 

of A (wave normal angle to radius vector) and the 

increment size of A must be read in. 

2. Runge-Kutta Routine 

Once all of the starting parameters have been specified 

the fourth order Runge-Kutta integration routine is used to obtain 

the next three points along the ray path and the values of the ray 

tracing differential equations (21) at each point. It is these 

first four derivatives and values r, 0 (polar coordinates), 

Pr> Pq (r-, ©-component of index of refraction), S (path length), 

T (group time delay) that are needed to start the fourth order 

Aiams-Bashforth integration routine. Values of the derivatives for 

the current values of r, ©, pr, pQ, S, and T are obtained by 

transferring to Part 5, Ray Tracing Expressions. For the Runge- 

Kutta routine three predictors and one corrector for the next point 

must be evaluated [Abranowitz and Stegen, 1964]. For the Adams-Bashforth 

routine, however, only one predictor and one corrector is calculated 

so that this latter routine is faster and therefore used for the 

bulk of the integration. 
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3. Adams-Bashforth Routine 

Equations for the Adams-Bashforth integration routine are 

given by Abranowitz and Stegen [1964]. This routine can be used 

once the first four starting points have been obtained with the 

Runge-Kutta routine. 
* \ 

a. To insure that quantities in Fart 5 are not changing 

too fast between integration steps, the preiictor is 

compared to the corrector. If the percentage difference 

is greater than O.l'/o, then the integration interval is 

halved and a new predictor and corrector calculated and 
.3 

checked until they agree to 10 for all quantities 

being calculated. Kimura [i960] tested only one 

predictor-corrector pair. 

b. In Part 5 the values of p and pQ are corrected in the 
1 w 

manner suggested by Yabroff [I96I] in order that 
2 2 2 Pr + pç = n . In Part 3 the values of the predictor 

and corrector are also corrected for p and p_ so that 

no integration error can accumulate. This correction 

routine has been added to the standard Adams-Bashforth 

method and has yielded improvement in the integration 

accuracy. 

c. When the wave normal angle with respect to the magnetic 

field becomes close to 90% the index of refraction 

increases markedly for frequencies near the lower hybrid 

resonance frequency. To keep the integration accurate, 

the integration step interval is reduced by 1/4 for 

85 < U I < 90°. 
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Values of r, 0, pr> pQ, S, T, A, and ÿ calculated for each point 

are read out after each integration. 

4. Point-to-Point Routine 

A unique feature of this ray tracing program is its capability 

of finding one or more ray paths between two specified points. 

This point-to-point routine can produce frequency-time spectrograms 

at a specified point (r , 0 ) for a source (lightning or VLF s s 

emission) at another specified point. For a given frequency, 

the parameter which is incremented is the initial wave normal 

direction to the radius vector A0* 

a. For each point on the rp„y path started with an initial 

wave normal of the distance between the satellite 

position (r , 0,) and that point is calculated, x. . 

b. The magnitude of xn is tested for each new point and the 

ray path is stopped when x^^ is a minimum XMINj and is 

positive if radially above the satellite and negative if 

below. 

c. For the next ray path ^ is incremented by M and XMIN2 

calculated. 

d. The signs of XMD^ and XMIN2 are testedj if the same, 

then both paths are either above or below the satellite. 

Then ^ - A-^ XMIN2 - XMII^ and A^ is again incremented 

by AA until the signs are different. This condition 

implies that the two ray paths bracket the satellite. 
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e. For this condition a new A is obtained by a linear 

approximation from XMIN arid XMIN0: 

a3 = Ap + XMIN2 (A1 - A2)/(XMHi1 - XMIN2). 

f. When XMIN^ is less than 15 km from the satellite the 

ray path from the startinc point to the satellite point 

has been determined for that frequency. Values of Ay 

XMINy the frequency and the time delay are then 

printed out. 

5- Ray Tracing Expressions 

It is this Part 5 in which the expressions for the gyro- 

frequencies, plasma frequencies, index of refraction, and all of 

the necessary derivatives given in Appendix A are calculated. 

From the current values of r, 0, pr, pe, S, T, the derivatives 

given by the ray tracing equations (21) are evaluated for use 

in obtaining the next point. Step d is the correction of o 
Kr 

and pe with respect to the calculated value of the index of 

refraction as suggested by Haselgrove [1955] and Yabroff [I961]. 

After finding all the ray paths for a given range of A 

and for a given wave frequency, the entire program can be repeated 

for a new frequency. A plot of the time delay T vs frequency 

then yields the calculated frequency-time spectrogram. 
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TABLE 3 

RAY TRACING PROGRAM FLOW CHART 

1. READ IN DATA 

c. Initial values : r, Q, freq. 

b. Diffusive equilibrium parameters : 

V neo' “lO' a20» temPerature 
c. Satellite coordinates, A range, 

and A increment : 

V es> V Aend' M 
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(p cp (“) 
WEITE FOR EACH POINT 
r,e,A,Pr,Pe,s,t,t 

4. POINT-TO-POINT ROUTINE 

a. Calculate X1 from ray path to 

satellite for A^. 

b. Stop path when obtain XMIN^. 

c. Increment, Ag = + AA, 

calculate XMIN^. 

d. Continue increment until paths 

bracket satellite. 

e. Linear approximation for new A 

Aj = Ag + XMIN2 (A1 - AgJ/iXMIN^XMINg) 

f. Continue until XMIN, < 15 km 

WRITE: Ay XMINy 

freq, time delay 

© 
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C. Model Ionospheres 

In this appendix we briefly discuss the mid-latitude and 

equatorial concentration models used in the ray tracing studies 

and compare these two models with experimental observations. 

1. Mid-Latitude Model 

In the lower portion of Figure 31 is shown the electron 

density, H density and He density profiles for a diffusive 

equilibrium model ionosphere (see Appendix A, equations (A2T) to 

(A32)). The reference altitude, percent H+, percent He+, electron 

density, and temperature at this reference altitude are given on 

the figure. Below the reference altitude the electron density 

peak is given by the expression 

n^ = 4 X 10^ exp ( - (R = 6696)2/8lOO) (Cl) 

which gives the peak at 325 km altitude and an extremely small 

concentration at 90 to*1* Below 90 km the profile for is 

indicated based on the measurements of Whitten et al. [1965]* 

In Figure 32 the fractional concentration of H+ for this model 

is compared to the observed H concentration from Injun III 

proton whistler analysis for daytime and nighttime [see 

Shawhan, 1966a; Shawhan and Gurnett, 1966; Gurnett and Shawhan, 
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1966]. The chosen temperature is also appropriate for mid-latitudes 

as deduced from proton whistlers [Gurnett and Brice, I966]. This 

model agrees quite well with observed H+ concentrations and there¬ 

fore is appropriate for mid-latitudes in studying Injun III VLF 

data. For this model the lower hybrid resonance frequency is 

also shown [Gurnett, I965]: 

(C ) 

where 

"eff ne 

a 
LHR 9 9 V2 

[tt + G ¿] 
e e 

TT 
Un n ec 

e 
eff m 

prot 
1¾ 

°2 
r 

a 
+ 

'3 
Ï6 (C2) 

and QL are the fractional concentrations of H+, He+, 0+, 

respectively. 

In Figure 33 is shown the equatorial model ionosphere. This 

diffusive equilibrium model was obtained from the measured equatorial 

electron and ion density profiles and ion temperature by Farley 

[D. T. Farley, 1966] at the Jicamarca Radar Observatory. These 
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profiles and temperature were measured on 17 August 1965 at 

approximately 17OO local time. August, 1966, represents 

approximately the same time span after solar minimum as the 

1962-1963 period of Injun III VLF data acquisition was before. 

Therefore this profile should be appropriate for analysis of 

Injun III data. The reference parameters for the diffusive 

equilibrium model are indicated on Figure 33. To obtain the peak 

in the electron density profile at 325 km, the diffusive 

equilibrium electron density was multiplied by another 

exponential function: 

ng = ng (diff. equilib.) (l - exp ( - (R - 646l)2/32^)). 

(C3) 

The lower hybrid resonance frequency vs altitude plot in Figure 35 

was determined by equation (C2). 

I 
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Figure 30. Trapped VLF Waves. 

Figure 31. Mid-Latitude Model Ionosphere and Lower Hybrid 

Resonance Frequency. 

Figure 32. Model H+ Concentration Compared to Proton Whistler 

Values. 

Figure 33. Equatorial Model Ionosphere and Lower Hybrid Resonance 

Frequency. 
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Figure l8 
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G66-926 

Figure 27 
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Figure 29 
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TRAPPED VLF WAVES g 66-485 

Figure 30 
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ABSTRACT 

(continued) 

variation of the initial wave normal angle; two ray paths for 

the same frequency can cross and rays can turn around az low 
altitudes for frequencies 1 )ss than the local lower hybrid 

resonance frequency. Spectrograms of proton, helium, and oxygen 

whistlers as well as negative ion whistlers are presented. It 

is predicted that oxygen whistlers can be observed at all altitudes 

below the oxygen gyrofrequency and that negative ion whistlers 

can be observed below 30 cps at altitudes near 300 km. Experi¬ 

mental data on the hook whistler, riser and check whistlers, 

'transverse' whistlers, and satellite observed VLF noise bands 

are presented and summarized. The hook whistler is explained 

as a multiple path whistler at equatorial latitudes for which 

the earlier trace has increased dispersion at low frequencies 

due to large wave normal angles along the path. This increased 

dispersion gives the characteristic joining of the two traces at 

low frequencies. A calculated hook whistler spectrogram is pre¬ 

sented. The riser and check whistlers are explained as whistlers 

for which the ray has propagated transverse and nearly transverse 

to the magnetic field line along its path. The point of transverse 

propagation produces the characteristic riser dispersion of 

increasing time delay with increasing frequency. For the check 

whistler apparently both the upgoing and downgoing rays are 

observed at the satellite giving a rormal whistler dispersion 

followed by a riser-like tail. It is demonstrated that previous 

experimental data on the 'transverse' whistler may have been 

misinterpreted and that the dispersion increases with decreasing 

frequency rather than decreases as previously reported. The 

transverse whistler is explained as a whistler which has acquired 

added dispersion at low frequencies because of propagation nearly 

transverse to the mrgnetic field along the path. Finally it is 

shown that waves can be trapped in the ionosphere between altitudes 

of decreasing transverse refractive index. It is proposed that 

these trapped waves can explain the satellite and ground observed 

ion gyrofrequency noise bands. 



KEY WORDS 
ROUE WT ROLE WT ROLE WT 

Ray Tracing 

Very-Low-Frequency 

Whistlers 

VLF Emissions 

Injun 3 VLF Data 

INSTRUCTIONS 
1. ORIGINATING ACTIVITY: Enter the name end address 
of the contractor, subcontractor, grantee, Department of De¬ 
fense activity or other organization (coiporat» author) iaauing 
the report. 

2a. REPORT SECURITY CLASSIFICATION: Enter the over- 
ell security classification of the report. Indicate whether 
"Restricted Data" is included Marking is to be in accord¬ 
ance with appropriate security regulations. 

2b. GROUP: Automatic downgrading ia specified in DoD Di¬ 
rective 5200.10 and Armed Forces Industrial Manual. Enter 
the group number. Also, when applicable, show that optional 
markings have been used for Group 3 and Group 4 as author¬ 
ized. 

3. REPORT TITLE: Enter the complete report title in all 
capital letters. Titles in all caaea should be unclassified. 
If a meaningful title cannot be selected without classifica¬ 
tion, show title classification in all capitals in parenthesis 
immediately following the title. 

4. DESCRIPTIVE NOTES: If appropriate, enter the type of 
report, e.g., interim, progresa, summary, annual, or final. 
Give the inclusive dates when a specific reporting period is 
covered. 

5. AUTHOR(S): Enter the name(s) of authoKs) as shown on 
or in the report. Enter last name, first name, middle initiaL 
If military, show rank and branch of service. The name of 
the principal author is an absolute minimum requirement. 

6. REPORT DATE: Enter the date of the report as day, 
month, year; or month, year. If more than one date appears 
on the report, use date of publication. 

7a. TOTAL NUMBER OF PAGES: The total page count 
should follow normal pagination procedures, i.e., enter the 
number of pages containing information 

7b. NUMBER OF REFERENCES: Enter the total number of 
references cited in the report. 

8a. CONTRACT OR GRANT NUMBER: If appropriate, enter 
the applicable number of the contract or grant under which 
the report was written. 

8b, 8c, & 8d. PROJECT NUMBER: Enter the appropriate 
militory department identification, such as project number, 
subproject number, system pnmbera, task number, etc. 
9a. ORIGINATOR’S REPORT NUMBER(S): Enter the offi¬ 
cial report number by wltich the document will be identified 
and controlled by the originating activity. This number must 
be unique to this report. 
9b. OTHER REPORT NUMBER(S): If the report has been 
assigned any other report numbers faither by tha originator 
or by tha aponaor), also enter thia numberfs). 

imposed by security claaaification, using standard statements 
such as: 

(1) "Qualified requesters may obtain copies of this 
report from DDC." 

(2) "Foreign announcement and dissemination of this 
report by DDC is not authorized. " 

(3) "U. S. Government agencies may obtain copies of 
this report directly from DDC Other qualified DDC 
users shall request through 

»9 

(4) "U. S. military agencies may obtain copies of this 
report directly from DDC Other qualified users 
shsll request through 

M 
mammmmammuammmmmm^maumauuam—^^maam^mmmmm^m^maaaamammmmma—imammam^a* 

(5) "All distribution of this report is controlled Qual¬ 
ified DDC uaera shall request through 

99 ..8 

If the report has been furnished to the Office of Technical 
Services, Department of Commerce, for sale to the public, indi¬ 
cate this fact and enter the price, if known. 

1L SUPPLEMENTARY NOTES: Use for additional explana- 
tory notes. 

12. SPONSORING MILITARY ACTIVITY: Enter the name of 
the departmental project office or laboratory sponsoring (pay 
ing (or) the research and development Include address. 

13. ABSTRACT: Enter an abstract giving a brief and factual 
summary of the document indicative of the report, even though 
it may also appear elsewhere in the body of the technical re¬ 
port. If additional space is required, a continuation sheet shall ‘ 
be attached. 

It is highly desirable that the abstract of classified reports 
be unclassified. Each paragraph of the abstract shall end with 
an indication of the military security classification of the in¬ 
formation in the paragraph, represented ss (TS). (S), (C), or (U). 

There is no limitation on the length of the abstract. How¬ 
ever, the suggested length is from 150 to 225 words. 

14. KEY WORDS: Key words are technically meaningful terms 
or short phrases that characterize a report and may be used aa 
index entries for cataloging the report. Key words must be 
selected so that no security classification is required. Identi¬ 
fiers, such as equipment model designation, trade name, military 
project code name, geographic location, may be used as key 
words but will be followed by an indication of technical con¬ 
text. The assignment of links, rales, and weights is optional. 

10. AVAILABILITY/LIMITATION NOTICES: Enter any lim¬ 
itations on further dissemination of the report, other than thoae 

DD .1473 (BACK) UNCLASSIFIED 

Security Classification 




