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THE WATER ENTRY PROBLEM WITH BIBLIOGRAPHY 

Prepared by: 
W. E. Parr 

ABSTRACT: Thia report la a survey of the water entry problem and Its various 

mathematical formulations. Included are discussions on the incompressible 

case, the compressible case, the linearized incompressible, the linearized 

compreasible, reflected linearized incompressible, Lagrangian, two-dimensional 

and axially-symmetric cases. Also discussed are the source and dipole for¬ 

mulations, calculation of added masses, similar solutions, problems related 

to water entry, and a note of caution concerning the conservation of mass in 

an infinite region. Finally, a fairly extensive bibliography is given pri¬ 

marily covering theoretical work on the water entry and related problems. 
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The Water Entry Problem with Bibliography 

In thia report the mathematical formulation of the water entry problem is 

presented. A number of different physical assumptions are made and the 

mathematical model for each set of assumptions is derived. This work will 

serve as an aid for future work in both the analytical and numerical treat¬ 

ment of the water entry problem. This work was sponsored under task number 

ORD 035 105/R109 01 01 Prob 003. 
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1. INTRODUCTION 

Physically speaking, the problem of water entry Is the problem of deter¬ 

mining the forces, moments and pressures acting upon a body during its initial 

impact with the water surface. Since the forces are quite high during the 

initial Impact phase, these forces can have important effects on the missile 

shell, its internal components and on the subsequent trajectory of the missile. 

The physical problem of water entry can be expressed in mathematical terms 

in many different ways according to the assumptions made. This report is in¬ 

tended to present several mathematical formulations of the physical water entry 

problems. After these formulations are made, various aspects of the problem 

are discussed such as added mass, similar solutions, and various problems 

related to water entry. Finally, a bibliography is given which is a fairly 

complete list of theoretical papers on water entry plus some references to 

experimental work. 

2. INCOMPRESSIBLE FORMULATION 

The assumptions for the mathematical model we wish to consider first are: 

(1) the water is non-viscous 

(2) the water is Incompressible 

(3) surface tension is negligible 

(4) the air density is negligible 

(5) the air-water interface is at constant pressure 

(6) the entering body is rigid 

(7) the entering body’s trajectory is prescribed and the body is not 

rotating 

(8) the water is undisturbed at great distances from the entering 



NOLTR 66-173 

body. 

Assumption (1) gives us s velocity potentiel 4> in D, the interior 

of the fluid, l.e. q ■ -76* Assumption (2) and the equation of continuity 

(V • q • 0) give us Laplace's equstion, 72$ «0 in D, for the velocity 

potential. Assumption (6) gives us the boundary condition on S-, the sur- 

face of the entering body: - -v(t) • n. The vector n is the unit 

vector pointing into the fluid and normal to the body surface. The vector 

v(t) is the velocity of the entering body as given by assumption (7). For 

coordinates fixed relative to the water, v(t) would be a non-zero vector. 

Assumption (5) (and related assumptions (3) and (4)) with Bernoulli's equa¬ 

tion for unsteady flow gives: 

(2.1) ^ + |(74)2 - |i - gz . C(t) on SF, 

where Sg, is the air-water Interface or free surface, p is the density 

of the water, g is the acceleration due to gravity, z is the distance 

from the initial plane (with down being positive) and c(t) is a constant 

with respect to the spsce variables. Using assumption (8) and normalizing 

the air pressure to zero, ve obtain 

(2.2) i(V*)2 - |i - gz - o. 

We need one more condition (a kinematic condition) to determine the 

shape of the free surface with time. Suppose the free surface has the 

equation F(x, y, z, t) - 0. Consider at time t any fixed point (x, y, z) 

on Sp (satisfying F ■ 0). The velocity at this point is well defined, 

say (u, V, w). At time At later, the point (x, y, z) will be at the 

point (x + uAt, y + vAt, z + wAt). This latter point is on the free surface 

2 
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at time t + At, i.e., it satisfies 

(2.3) F(x + uAt, y + vAt, z + wAt, t + At) ■ 0 

If F ir a smooth surface, i.e. FcC, then 

(2.4) F(x + uAt, y + vAt, z + wAt, t + At) ■ 

F(x, y, z, t) + At + |“(u4t) + 1^^1) -*• |^(wAt) + R(At) 

where 

0 or At 0. 
At 

3F + (1) 
Therefore, letting At -*• 0, we have * VF ■ 0 which must be satis¬ 

fied by F(x, y, z, t). This plus the initial condition F(x, y, z, 0) - 

f(x, y, z), (a known function)completely determine F. 

(1) 
For alternative forms of this equation, see Appendix A. 
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1 

1 

Summary: Incompressible flow; coordinates fixed in water 

6 = 0 for t ¿ 0 

V26 - 0 ln D 

♦ 0 as R • for any t 

(2.5) 1* 
■ —V • 

3n 
V • n on S. 

2 (V4)2 - ff - «* ■ 0 on S 

3F 
^ + 76 . Vp 0 on S. 

F(x, y, z, 0) - f(x, y, z) on SF (f given) 

Alao see Fig. 1. 
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D 
Fig. 1 

V2$ - 0 

q - -V<|> 

Bernoulli's equation: ^ (V^)2 - ^ - gr 
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Ab an alternative to coordinates fixed in the water, one may use coor¬ 

dinates fixed relative to the entering body. In the latter case, the solid 

then has a zero velocity while the fluid has a velocity -v(t) at infinity. 

For the velocity v(t) with components (v , v , v ), we may consider 
X y z 

the following change of variables: 

X ■ X - V t 
X 

y - y - v t 
y 

Z - Z - V t 
Z 

t - t 

♦ - $(x, y, z) - (v X + v y + v z). 
X y z 

Note that the change in the dependent variable $ was such that the gradient 

of i gives the velocity of a particle as measured in the moving coordinate 

system. An alternative change is $(x, ÿ, z, t) - <t>(x, y, z, t) wherein 

the gradient docs not directly give the velocity. 

Now for Bernoulli's equation: 

(2.7) 

and 

(2.8) 

In (2.8) 

systems. 

(2.9) 

3t H at at ax at aÿ at + iz at 

3i 
af 

_ lï v _ là .- V 
3x X 3y y 

. li v 
az vz 

a^ a $ 
ax 3x X 

il ax liix i¿ii . il 
ax ax aÿ ax az ax x ax* 

a* " 80 gradient is unchanged in form in the two 3x 3x 

Therefore, rewrite (2.7) as: 

Ü - -¾ - v • VÏ at aï 9 

6 
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and (2.8) as: 

(2.10) V<|> • y + . 

Thus Bernoulli's equation becomes: 

(2.11) ~ (7Í + v)2 - + V • - g(z + v^t) ■ 0 

All equations are easily summarized. Bars are dropped. 

7 
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SuBmary: Incompressible flow, coordinates fixed in body. 

V24 - 0 in D 

♦ -*■ -v(t) • R as R -► » 

If * 0 “ SE 

(2.12) j(76 + v)2 - + V • V<fi - g(z + v^t) - 0 

+ (?♦ + v) • VF - 0 on Sp 

F(x, y, z, 0) - f(x, y, z) on Sp 

Also see Fig. 2. 

8 
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Fig. 2 

* 0 

q « -7d) 
nni 

9 
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3. COMPRESSIBLE FORMULATION 

All of the assumptions used for the Incompressible formulation are re¬ 

tained except, of course, that assumption (2) is replaced by: 

(2b) the water is compressible. 

Two additional assumptions are convenient: 

(9) gravity effects are negligible 

(10) p - f(p) (e.g., an Isentroplc fluid) 

Assumption (9) Is for simplicity and is nearly true. If assumption (10) (the 

polytropic assumption) Is not used, it is necessary to add an equation of 

state and an energy equation to the system. 

The following set of equations may be obtained: 

(3.1) q - -V$ (viscosity neglected) 

(3.2) 7 ' Dt^ (continuity equation) 

W^ere dt *8 derivative ~ - + q • V 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

72* “ ' p Dt and 3*2) 

*2 S Dp (d®^0!^00 of sound velocity) 

a2 ■ f'(p) (polytropic assumption (10)) 

I5£«ID£D£.11D£.1 
P Dt p Dp Dt p a7 Dt ä7 

72* " ï7 Dt 0,3 and 3*6)* 

(3.4 where P = / -^) 
ut P 

From integration of the momentum equation we have Bernoulli's equation 

(gravity neglected by assumption (9)) 

10 
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(3.8) + ½ q2 “f^“ C(t) . 

For conditions at rest at Infinity, we have: 

(3.9) p +1 q2 . |i . c . 

Then 

(3.10) 

(3.11) 

DP 

Dt 

DP 

Dt 

+ Tt'b2 + If) + 5-v(iq2+ 11, 

"3F + 3T(2(1,<l) + <l-7( 
3 $ 

) + q • 7 ( V ) 3t ' ’ M ' x 2 

The second and third terms on the right are both equal to q • ; thus: 
91 

(3.12) 72* + _ 

Equation 3.12 may be written throughout in terms of ¢. Using three 

dimensional cartesian coordinates and expanding 3.12, we may summarize. 

4 
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Suamary: Compressible flow, coordinates fixed In fluid, gravity neglected, 

polytropic fluid. 

°-i3) &(>-ÿ)+ 0(i-£) + 0(1 
KK KK KK 32* . ? -=v*- —— + 2 - + z„x _ 
sz 3x3y a2 3y3z a2 3z3x 

♦x ♦ v 32^ 32^ 

+ 2 a7 3x3t + 2 a^ 3y3t + 2 a7 3z3t 

1 

ln D. (cf. von Mises [78], p. 72). 

Boundary conditions are as In the Incompressible case: 

also: 

♦ = 0 for t s 0 

-► -► 
-V • n on S 

ii 
3n E 

(3.12) 

$ -► 0 or R 

2 V»2 * 0 on S. 

3F 
H + V$ • VF 0 on S 

F 

F(x, y, z, 0) » f(x, y, z) on S 

p - f(p), a2 - f'(p), 

/11 t + y <v*>2 - ë 
p. 3t 

surface pressure). 

0 at all points of the fluid (ps * 

12 
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4. LINEARIZED INCOMPRESSIBLE FORMULATION 

In the analysis of Incompressible water entry, the boundary condition 

on Sp may give difficulty becuase of the non-linear term (V$)2. Conse¬ 

quently, a linearized formulation is of some interest. 

The problem may be linearized in several ways with respect to time, with 

respect to velocity, with respect to slenderness of the body, or with respect 

to several of these simultaneously. For the incompressible case, time seems 

the most logical. 

Therefore, we linearize with respect to time, i.e. find a solution which 

is valid for small values of time. We assume a solution 

(4.1) <Kx, y, z, t) - Ul(x, y, z, t)T + u2(x, y, z, t)T2 + e(T3). 

where r is a small but fixed interval of time and t is restricted to 

0 £ t < T. Then V2(|> ■ 0 implies V2u^ ■ 0, 72u2 *0, ... 

(4.2) $(*) ■ 0 Implies u^(®) «0, u2(“) ■ 0 

(4*3) " "lïï1 + t2I?’ + 0(t3> “ -V * £ . 

■* ■+ + + Su, 
Expand v in powers of t, v - v.t + v0t2 + 0(t3) and « v • n 
3u2 ^ ^ 12 3n 1 * 

3n " v2 • n, ... For v(t) * v(0) + v'ÍOjt + 0(t2), we are free to close 

3u- 3u 
v2 = v(0), v2 ■ v'(0), ... In this case, we have » Vq • n , ■ 

vo’ • n, ... On Sj,: y (V$)2 “ “ 0 (gravity neglected) becomes: 

(4.4) j (t7u1 + t2Vu2 + 0(t3))2 - - t2 + 0(t3) - 0 

or 

13 
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^**1 ^u2 1 2 
(4*5) Tt - °* at - * - 

Integrating the condition on u^, we have ■ constant for all time. How¬ 

ever ♦ = 0 for t < 0; therefore, the constant is zero end 

u. = 0 -on S for ell t. 
1 P 

The equation + 7$ • VP ■ 0 after expanding F as 

(4.6) F(x, y, s, t) - tF^x, y, z, t) + t2F2(x, y, z, t) + 0(t3), 

becomes 
aP. aP2 , , 

(4.7) T—^ + T2^*- + 0(t ) • -(TVUl + T<VU2 0(t',))*(tF1+x2F2 + 0(t3)) 

a?! ap2 
Therefore ■ 0, jp ■ ui * on sp* That A»» i» invariant 

in time. Taking F^ to be the initial plane, ve have that F^ is always the 

initial plane. 

14 
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Summary: Linearized, Incompressible, gravity neglected 

First approximation 

Uj = 0 for t s 0 

V Uj^ - 0 ln D 

(4.8) Uj^») - 0 

Sui - * 
sT ■ -v0 * n on SE 

u. = 0 on S_ 
1 Fi 

F, - i ï 0 for S- 
1 F1 

3u. 
Bernoulli’s equation becomes ^ + -r-*- ■ 0 

p at 

Second approximation u^ 

u- E 0 for t < 0 

V Uj ■ 0 in D 

(•'‘.9) 

u2(») 

3u« 
- vQ’ • n on SE 9n 

3u2 1 2 
sT ‘ 2 (,U1) on SF 

Ü2 
at - ^ • F1 on SF 

Bernoulli's equation becomes 
o + i <7"1>2 + ir 

15 
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Linearising assumptions used above may be summarized as: 

♦ ■ «J* + UjT2 + 0(t3) 

(4.10) y ■ VqT + VqV2 + 0(t3) 

F - FjT 4- FjT2 + 0(t3) . 

Alternatively, one may linearize with respect to velocity. Let 

and 

(4.11) 6 - + u2V2 + 0(V3) 

(4.12) V ■ VjV (where |v^| < 1) 

(4.13) F - FjV + F2V2 + 0(V3) 

If we linearize with respect to body slenderness S where S ■ 

angle or ratio of width to length for a finite body, we have 

(4.14) ¢- UjS + u2S2 + 0(S3) 

(4.15) V - Vj^S 

(4.16) F - F1S + F2S2 + 0(S3) 

The final equations for u^, using V and S are the same as 

for the condition on v. The latter condition becomes: 

9u. 

(A*17) JT m ^ ‘ “ 

for the cases using V and S. If desired, the linearization 

V = max Iv| 

cone or wedge 

for T except 

T also may 

16 
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use the same condition. 

In the second approximation 

du, 
(4.18) ^ - 0 

for the V and S linearizations. 

5. LINEARIZED COMPRESSIBLE FORMULATION 

In considering compressible water entry, these are non-linear terms 

appearing in both the boundary condition on Sp and in the equation for $ 

in the interior of the fluid. One may linearize with respect to t, V, or 

S as for the incompressible case. The resulting equations may be summarized. 
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Sunury: Linearised, compressible, gravity neglected 

First approximation: 

2 1 3ul 

- V ^ ' 0 

u. • 0 for t á 0 

3ul -► m -y • n on Sg (-Vq • n for t If desired) 

(5.1) UjO») - 0 

« 0 t > 0 on Sg 

F. - X = 0 for S_ 
1 F, 

du. 
Bernoulli's equation becomes fp -2- - —A 

p, » 8t 

ps 3ul 
0 (or P ■ — - t-“ ) 

Pa 3t 

Second approximation: 
du* 

o2 1 13 .2 
7 U2 " 2 3t " 2 3t ^“l5 

A â 

Uj ■ 0 for t £ 0 

(5.2) 

U2(") 

du2 

3n 

du2 

3t 

0 on S (- -Vq' • n for t if desired) 

2 (7ul)2 on SF 

Ü1 
dt 7ul * F! on SF, 

18 
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6. REFLECTED LINEARIZED FORMULATION (INCOMPRESSIBLE) 

Since the free surface is Initially a plane and remains plane in the 

linearized problem, and since the value of the potential is zero on this 

plane, the potential u^x, y, z, t) may be continued into the upper half 

plane by reflection. That is suppose that x is the vertical coordinate 

and the positive direction is downward. Let 

(6.1) G(x, y, z, t) = - u^-x, y, z, t) for x < 0 

ü(x, y. z, t) i u^x, y, z, t) for x ¿ 0 

then û will satisfy Laplace's equation in the exterior of Sr and its 
£» 

reflection S. 

The above formulation has a physical interpretation. Consider the velo¬ 

cities obtained from the u(x, y, z, t) potential: 

ulx(x» y* 

uiy<xi y* *. O x * o 

uiz(x» y. z* t) 

^Ix*- /» z, t) 

-uly(-x, y, Z, t) X < 0 

-ul2(-x, y, z, t) 

Thus at a point (x, y, z) below the surface and at the corresponding point 

(“X, y, z) above the surface, the v^ components are exactly equal and the 

Vy* vz components are equal in magnitude but opposite in sign. 

The boundary conditions for on the reflection can be obtained 

from the above velocity equations. Since the problem is linear, the velocity 

vx " ux(x* y» z» tî 

(6.2) vy - Gy(x, y, z, t) 

v2 - üz(x, y, z, t) 

vx " ux(x* y» z* t) 

(6.3) vy - üy(x, y, z, t) 

vz " Gz(x* y» z» t) 

19 
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Vq can ba broken Into horizontal vH and vertical vv components which 

can be treated independently. The normal n may be similarly broken into 

Ojj and nv. Then v - vH + vv on Sg becomes v - vH - vv on Sg', and 

n ■ tijj + Hy on SE becomes n ■ -n^ "♦'Hy on Sg’. We, therefore, obtain 

(6.4) il I 
3n ISg’ • n|s , - -(vH - vv) • + nv> 

E 

■ % +îv ■ -'h • "Is' + ’v ' "I S_* • 
E E 

The case of vertical entry (vH - 0) for t fixed is then the same 

boundary value problem obtained from a completely immersed body S S' moving 

through a stationary fluid with a velocity v^. The case v^ ■ 0 is the 

same problem as that obtained from a body with S_ moving with a velocity 
E 

Vg and Sg moving with a velocity -v^. If the coordinates are transformed 

so that the fluid is moving, then the vertical entry case corresponds to a 

fluid moving upward with velocity v^. The case v^ ■ 0 corresponds to a 

fluid moving with velocity v^ in one half of the space and with velocity 

-Vjj in the other half, for either moving or stationary fluid the general 

entry consists of the superposition of the two flows. 

An advantage of the reflected problem is that a mixed Neumann-Dirichlet 

problem becomes a pure Neumann problem. An advantage for the vertical entry 

case is that the problem is reformulated in terms of an equivalent problem 

whose solution may be known. 

20 
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Sunnnary: Linearized, Incompresalble, reflected 

û = 0 for t < 0 

V2u ■ 0 ln D and D' 

(6.5) ü(«) ■ 0 

du -*• -*• 
iS ■ -v0 • D 0n SE 

8u , 
3n “ -VH • n + vV * n on SE * 
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7. TWO-DIMENSIONS AND AXIAL SYMMETRY 

In the tvo-dlmensional and the axlel-syoanetrlc cases, a stream function 

can be Introduced. For two dimensions, a stream function may be defined 

by 

(7.1) 

I Ü . v . .11 
p 3y X 3x 

.1 11 . v . . 11 
P 3x y 3y 

This change of variable la possible with either the exact and the linearized 

boundary conditions and either compressible or incompressible flow. In the 

case of the reflected, linearized problem for incompressible flow, the trans¬ 

formation converts the Neumann problem to a Dlrichlet problem. 

The techniques of complex variables may be applied to the two-dimensional 

case by Introducing the complex potential w ■ $ + 1 1^. 

For the axlally-symmetrlc case, the stream function may be defined by: 

(7.2) I 11 . v 
r 3r z 

I it 
r 3z 

v 
r 

This change of variable is possible with either the exact or linearized 

boundary condition for Incompressible flow. Such a change of variable does 

not appear feasible for the compressible case. 

8. LAGRANGIAN FORMULATION 

In the Lagranglan formulation of fluid mechanics, one sets up a coor¬ 

dinate system which follows the motion of the particles. One may visualize 

the problem geometrically by considering a coordinate system, say (x, y, z) 

22 



... i 

NOLTR 66-173 

cartesian coordinates, embedded in a fluid. As the fluid moves the embedded 

system distorts into another coordinate system. At any later time, a given 

fluid particle can be represented either in the distorted coordinate system 

in a coordinate system which has remained fixed with time. The problem is 

a Lagrangian formulation is to find the equation of transformation between 

the distorted system and the fixed system. Let (x, y, z) be the initial 

coordinates of a particle and let U, n, O be its coordinates at time t. 

Then we wish to find Ç, n, and ; as functions of x, y, z and t: 

C - £(x, y, z, t) 

(8.1) n ■ n(x, y, z, t) 

; - c(x, y, z, t) 

In addition to the dependent variables Ç, n, C, we also take the density 

p and pressure p as dependent variables: 

(8.2) p - p(x, y, z, t) 

p ■ p(x, y, t, t) . 

Five equations necessary to define £, n, C, P and p can be obtained 

from the conservation of momentum (3), conservation of mass (1), and a poly¬ 

tropic relation p ■ f(p) between pressure and density (1). 

2 2 
Considering the velocities (-1^-, -^-), the accelerations "l^* 

32C. 
t—y ), and forces (pressure and potential forces Ff, F , F per unit mass) 

s n ç 

which act on a differential element of volume, we obtain by conservation of 

momentum: 

I 

23 
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(8.3) 
Un 

It7 

It7 

F - 
n 

Ã 9p 
P 3n 

_1 3p 

P 3C 

(cf.Lamb [63], p. 12) 

To eliminate the derivatives of p with respect to dependent variables, 

we can proceed in two ways. For fixed t, (8.1) can be considered as a 

change of variables from (x, y, z) to (Ç, n, O and conversely. Then: 

(8.4) |£-l£ii + i£lll + i£3l 
3C 3x 9n 3x 9ç 3x . 

Multiplying the equations (8.3) by ^ and |i, respectively, and 

adding yields Similarly to obtain equations In and 

As a second approach, we write out all equations (8.4) 

Í£.Í£Ü + Í£ÍÜ,Í£Ü 
3C 3x 3r, 3x 9X 

(8.4) i£ 
3y 

i£ 
3z 

Í£Ü + ÍE3H+3£3í 
3C 3y 3n 3y 3; 3y 

£2 li + ÍE in 3¿ 
3C 3z 3n 3z 3ç 3z 

Considering this as a linear system of equations in the unknowns 

, i£ 3p 3px 
( n' 3n* 3?’ we 8olve: 

(8.5) 

i£ 
3Ç 

i£ 
3n 

n. 0 / -HÇ, n. O 
3(x, y, z) / 3(x, y, z) 

P. / Ml. n. t) 
3(x» y. z) / 3(x, y, z) 

24 
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?£. 
a; 

. Mf. Hi P) / ILL Hjl 
3(x, y, z) / 3(x, y, z) 

where the term ^ is the Jacobian of the transformation from (x, y, 

to U, n, 0. 

Thus the momentum equations (8.3) can be written: 

. F ) a.í^. n». 
W 3(x, y, z) 

1 3(P. Hi 0 
p 3(x, y, z) 

(8.6) (1¾ 
v3t7 

p \ ?Sáj. Jit..Q 
n 3(x, y, z) 

I ACL. Pi .Q 
p 3(x, y, z) 

(1¾ F ) ILLl. .Oi. i) 
3(x, y, z) 

1 ,3,(^1 P? 
p 3 (x, y, z) . 

The conservation of mass can be obtained from the fact that the differ¬ 

ential volume element dx dy dz under the transformation (8.3) becomes 

.’ll Ç) ¿x ¿y ¿¡J Thus the conservation of mass becomes: 
3(x, y, z) J 

(8.7) 
P0 

s Q ILLi_lu_Ll 
P 3(x, y, z) 

where pQ is the density at time t = 0. Using (8.7), (8.6) may be written 

in a simpler form as in the following summary. 
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Sununary: Lagrangi&ns formulation, polytropic fluid 

3(p. n« ^ 
3(x, y, z) 

3U. P» O 
3(x, y, z) 

àlLuh. pJ 
3(x, y, z) . 

plus the polytropic equation 

(8.9) p - f(p) 

yield five equations for the five dependent variables £» n, C, p, p. 

26 
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(8.7) p, Hi 
P 3(x, y, z) 

(8.8a) 0 - 

(8.8b) - Fr 

(8.80 1^- - F; 

Equations (8.7) and (8.8) 
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- i, ■ 
I 
i*» . 

In cases where the polytropic equation (8.9) is not available, it is 

necessary to add one more dependent variable representing the energy, one 

equation for this variable (conservation of energy) and one equation to 

replace (8.9) (equation of state). In the use of numerical methods, it is 

also advisable to add a von Neumann-Richtmyer artificial viscosity (to spread 

out shock discontinuities). 

The boundary conditions involving p - constant on the free surface and 

normal component of «elocity on the body are easily handled in the Lagrangian 

foimulation. The movement of the free surface itself is obtained simply by 

following the motion of particles originally on the free surface. 

The CYCLONE code at the Naval Ordnance Laboratory can handle a axially- 

symmetric body entering vertically into a compressible fluid. This code makes 

use of an equation for energy, an equation of state, and an artificial vis¬ 

cosity. The disadvantage of using a numerical treatment of the Lagrangian 

equations is the lengthly computing time required, (cf. [91]). 

9. SOURCE AND DIPOLE FORMULATION 

For a body entering an incompressible fluid, the water entry problem is 

one in potential theory. By Green’s third identity (see Courant-Hilbert [31], 

p. 257 or Kellogg [59], p. 219), any harmonic function in a region can be 

represented as the sum of a source and a dipole distribution of the boun¬ 

dary of the region providing the harmonic function has a continuous derivative 

up to and including the boundaries. By considering the exterior and interior 

boundary value problem for the same boundary, we may eliminate the dipole term. 

In fact, for a infinte domain, we may specify that the source or dipole terms 

occur either alone or in any combination. 
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If we chose a source distribution, we are thus able to write the solu¬ 

tion to our problem as: 

(9.1) *(x, y, 2) - ¡J QU. Rx.Q - d0 = f f 2á£ 
e +s /(x - £ ^ + (y - n)^ + (z - C,)¿ n r 
SE+SF B 

where (x, y, z) is a point in the fluid, U, n, O ia a point on the 

boundary (S^ + S^,) = B, da is the element of surface area, and Q(C, n, O 

is the unknown source distribution per unit area. 

The representation for $ will automatically satisfy Laplace's equation 

in the interior of the fluid. To solve fer Q it is necessary to substitute 

(9.1) into the boundary conditions for SE and SF and to solve the result¬ 

ing integral equations. For the solution of these Integral equations a numer¬ 

ical approach is desirable. The advantage of solving the problem in this 

form (numerically or otherwise) is that the unknown source density Q is a 

function of only two variables for a full three-dimensional problem and a 

function of only one variable for a two-dimensional or an axially symmetric 

problem. The saving in computer time and storage is considerable. 

10. OUTPUTS AND ADDED MASS 

Once the velocity potential ¢1 has been obtained, the pressures, forces 

and moments acting on the solid body can be calculated. Bernoulli's equation: 

(10.1) ^ + "2 - gz ■ 0 

can be used to calculate p, the increase over atmospheric pressure, at any 

point in the fluid, and, in particular along the solid body. Integration 

over the body surface then gives the total forces and moments acting on the body. 
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1 

Other items of interest obtainable from the solution are the shape of 

the free surface, the contact angle (angle between the solid body and the 

free surface at the point of contact), and the added mass. 

The added mass is of special interest because it provides an alternative 

method for calculating the total force on the body. We define energy added 

mass as follows. First, calculate the total kinetic energy of the fluid due 

to the introduction of the solid body, i.e. 

(ID-2) I I I i P(W2 dx . 

D 

Then the energy added mass mE is defined to be that mass of water which if 

moving with the velocity of the solid body has the kinetic energy given by 

(10.2) . Expressed mathematically, mE must satisfy: 

(10.3) y mEv(t)2 = ///1 p(V(» dT # 

D 

(Virtual mass may then be defined as the sum of mE and m, the mass of 

the solid body.) 

Conservation of energy gives: 

(10.4) 1 mv02 = i mvit)2 + y mEv(t)2 

The total drag force Fp (opposite in direction to v(t)) is: 

^10,5^ Fd = ~'dt 

Differentiation of (10.4) gives: 

00.6) 0 mvdv 
dt 

vdv 
dt 

1 2 
T' 

dm JE 
dt 
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Solving for — and substituting into (10.5) gives 

, dn^ 

(10.7) F 2 V dt 

™r 
1 + — 

m 

Alternativelyt since v - and rewriting (10.4) as 

(10.8) ,02 / (! + 3 ) . v2 ( 

we have: 

1 2 

ao-,) rD ■ frh^ 

To put (10.3) and the calculation of nig into more convenient form, we 

apply Green's first identity: 

(10.10) /// (7*)2 dT « -/// *(V2*) dt - / / $ do 

R SF+SE+SR 

Where ãí " ‘ n* n is the uni* normal to the surface directed into the 

fluid, Sp is the free surface, S£ is the surface of the entering body, 

SR is the underwater surface of a large sphere of radius R enclosing S 
E 

and VR is the fluid volume enclosed by S , S and S 
F E R' 

The first integral on the right-hand side of (10.10) vanishes since $ 

is harmonic. If * and approach zero at infinity at least as fast as 

a point source, then 

(10.11) //$ do + 0 as R -* °° . 

Thus combining (10.3), (10.10) and (10.11), we have: 
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(10.12) ^ J / t d0 . 

SF+SE 

One may extend the added mass concept in several different ways. An 

added mass due to momentum may be defined in a way similar to (10.3) (see 

Schiffman and Spencer [108]). Also the added mass may be considered as a 

tensor in either the energy or momentum formulation (see Birkhoff [10] and 

[11]). 

11. GENERAL DISCUSSION 

One should note that a solution to the water entry problem has applica¬ 

tions in several connections. Of course, the most obvious application is to 

a torpedo or a missile striking the water surface. Another application is to 

the forces and moments acting upon a pontoon during seaplane landing. A 

third application is to ship slamming, that is, the forces exerted on the 

hull of a ship during heavy seas when the bow of the ship is alternately 

lifted out and slammed into the sea. 

Several alternatives to the source-sink formulation are available. One 

could assume a dipole (or vortex) distribution over the free surface and the 

body surface. That is, assume 4> is of the form: 

(11.1) * “ J J Q (7>d° 

Substitute into the boundary conditions and solve for the unknown dipole 

strengths Q. Again, one could assume a dipole distribution over the body 

surface and a source distribution over the free surface or a dipole 
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distribution over free surface and a source distribution over the body sur¬ 

face. There are certain reasons for preferring the latter. Again, one could 

assume the superposition of a source and a dipole distribution over all sur¬ 

faces. Then by imposing one added condition on either the dipole or the source 

distribution (or some combination), one may solve for the remaining distri¬ 

bution. This is the most general situation for this class of solutions. The 

previous cases correspond to an added condition that certain distributions 

have zero strength. 

For some body configurations and some trajectories, it is possible to 

transform the water entry problem to one wherein time does not explicitly 

appear. These are the quasi-steady state or ^111)113^1 solutions which apply 

to the wedge or the cone (in two or three dimensions, respectively). If ^ 

wedge is entering the water at a constant velocity, it seems possible that 

the free surface at a time 2íq should be the same as the free surface at 

t^me t0 excePt f°r an »agnification by a factor of two. The absence of a 

characteristic length also suggests such a similar solution. One may verify 

by a change of variables that there, indeed, is a boundary value problem 

whose solution is the similar solution indicated above. Let us change vari¬ 

ables from (x, y, ¢, F) to (£, n, ¢, F) in the following way: 

X - VU 

y ■ Vtn 

(11-2) 2 - 
¢- V ÛU, n) 

F - VtFU, n) 

The first two transformations (11.2) are suggested by the magnification vary¬ 

ing linearly with time. The second two transformations are suggested by 
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dimensional consideration of 4, and F. Substitution of the new variables 

into the differential equation and all boundary conditions verifies that the 

water entry problem transforms into one whose solution is independent of time. 

The solution of the transformed problem is the similar solution. 

In a corresponding way a similar solution may be described for a cone in 

three dimensions. This class of similar solutions can be obtained in either 

two or three dimensions for either vertical or oblique entry and even for 

compressible as well as incompressible flow. Another class of similar solu¬ 

tions is obtainable for the wedge or cone when the body is subjected to a 

constant acceleration. In the latter case, gravity may be taken into account 

since this is another constant acceleration term. The transformation is 

2 
of the form x ** at £, ... . This second class of solutions may find some 

application in the water exit problem (with constant thrust) whereas the first 

class is more appropiate for water entry. 

An analytic but approximate solution for the total force acting on an 

entering body can be obtained from the added mass. Direct methods of the 

calculus of variations may be used to get approximations or bounds for the 

added mass. Then time differentiation of the added mass will give a total 

force estimate. Von Karman's approximation (the expanding plate approximation) 

may be obtained in this manner. 

A complete analytic solution is possible for the wedge in linearized, 

incompressible flow. In this case, the techniques of conformal mapping are 

used. A Schwarz-Christoffel mapping takes the wedge into a straight line. 

The solution in the transformed plane plus the mapping yield the complete 

solution in the original plane. This solution is complicated by inconvenient 

functions and their inverses occurring in the mapping. 
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The various formulations of the water entry problem given in this report 

can be broadened to include still other effects. The effect of air density 

has been ignored so far except for the requirement of constant surface pres¬ 

sure. If a non-zero air density is assumed, then we have a two fluid problem 

with the Bernoulli's equation at the free surface replaced by the continuity 

of the pressure and by the continuity of the normal velocity component at the 

surface. Another effect which may be included is the coupling between the 

trajectory of the body and the forces acting upon it. Use of a six-degree of 

freedom trajectory problem would allow for rotations and accelerations in 

all dimensions. The water entry formulation would have to be modified to 

include all of these possibilities. Another effect which might be included 

is the elasticity of the body. Vibrations and small deformations may not be 

too difficult. Crushing might be handled by some discontinuous change in 

body geometry. 

Problems related to the physical problem of water entry are (1) the fluid 

body impacting on a fluid surface (hydroballistic impact as for v-;ry high 

velocity iron pellet striking an iron plate), (2) a solid wedge of included 

angle a striking a fluid wedge of included angle ß (the usual case is 

ß ■ 180*; a similar case is a ■ 180°; other cases might correspond, physically, 

toawedge striking a water wave, (3) the water exit problem (one should note 

that the linearized water entry and linearized water exit problems are equi¬ 

valent in the sense that for corresponding boundary and initial conditions 

one is the time reversal of the other); (4) jets, cavities, and underwater 

explosions (these are similar problems in that they involve free surface and 

constant pressure boundary conditions); (5) the richochet problem (under what 

conditions will the entering body richodiet on the water surface). 
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With the possible exception of certain singular points, the source and 

dipole formulation should be able to describe the forces acting upon a body 

not only during the initial impact phase but also during the phases of cavity 

formation, fully developed cavity, and full immersion. These calculations 

of the forces coupled with a trajectory calculation would give a fairly com¬ 

plete picture of water entry. Some of the singular points giving mathematical 

difficulty might be the point of contact between the rigid body and the free 

surface and the point of cavity closure. There may also be mathematical 

instability in the full cavity phase related to the physical instability as 

the body strikes the cavity walls. 

A note of caution should be observed concerning the conservation of 

mass. A number of writers on water entry have stated that the conservation 

of mass for an imcompressible fluid is equivalent to the statement that the 

mass of fluid appearing above the initial plane is equal to the mass of fluid 

displaced by the body below the initial plane. As first pointed out by 

Charles Weber, in private communication, this equivalence is certainly true 

in the finite case, i.e. where the amount of fluid is contained within a large 

tank or other container. However, in the case where we have an infinite 

ocean, there is no a priori assurance that some of the fluid does not flow 

off to infinity. The simplest example of fluid flowing to infinity without 

creation or destruction of mass is that of a bubble expanding in a ocean 

which is infinite in every direction. A way of side-stepping this question 

would be to consider the problem of water entry into a large body of water 

enclosed in a tank. In this case, however, the boundary value problem must 

be modified. Boundary conditions must then be specified on the walls of the 

tank (no fluid penetration) as well as the body surface and the free surface. 
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APPENDIX A 

The kimematic surface condition 

(A.1) + q • VF - 0 

may be put into several alternate forms. First, suppose that we have Car¬ 

tesian coordinates (x, y, t) fixed relative to the water and the equation 

of the surface is given in the form 

(A.2) z - g(x, y, t) 

where z is in the vertical direction. Then 

¿I _ la. 
at at 

(A.3) F = g(x, y, t) - z 

Thus, 

(A.5) |i . V, . (Î U + J . ¢,. 

If we introduce n, the unit normal pointing out of the water, we have 

(A.6) n 
-tg, - jgv + t 

,,(il57-+—<orT_r 
* y 

and thus, 

(A. 7) 
/(gx)!¿ + (gy)¿ + 1 

Noting that: 
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(A.8) k • n - + (g )¿ + 1 , 
X y 

we finally obtain: 

(A.9) (kgt) • n - -V4> . n . 

The last equation has a geometric interpretation. The vertical velocity 

(kg^) of the surface has its normal component equal to the normal component 

of the velocity of the fluid particle. 

As a second illustration, suppose we have spherical coordinate system 

(r, 6) fixed relative to the body (moving velocity v). Let us further 

assume that the flow is symmetric about the z-axis so that the motion is 

independent of the \p coordinate, and that the equation of the surface given 

as 

(A.10) r - g(6, t) . 

Thus, 

(A.ll) F 5 g(8, t> - r, |f ■ 

(A.12) VF « -i + 
r r ae * 

and 

(A.13) q « -VQ - v 

We then obtain: 

-► 

(A.U) (V* + v) • (4r + -1 |¿) 
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or 

(A.Í5) I» - + ^ fl ff) + (-vr) 
36 ) 

The last equation gives the explicit dependence of the time rate of 

change ( ^ ) the r-coordinate in terms of the particle velocity 

(-$r» “ j ff). the slope of the free surface (|^) » and the negative 

of the body velocity (”vr» -v0)* 

BIBLIOGRAPPY 

The following bibliography is a rather complete listing of those papers 

and reports (primarily theoretical) on water entry which have come to the 

writer's attention. Also included are papers which discuss topics closely 

related to water entry. The list of papers on the experimental side of 

water entry is quite brief. Only a few of the well-known reports have been 

included here. 
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