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ABSTRACT

The chjective was to investigate the hinging mechanism in under-reinforced concrete beams
subjected to static or dynamic loads. Two test series on simply supported beams with a 6-foot span
length were conducted. In one series, 11 beams were subjected to two concentrated loads symmet-
rically placed 18 inches apart; the primary variable was the magnitude of the step load pulse (1.0
to 1. 4 times the static yield load). In the other series, 15 beams were subjected to a concentrated
load at midspan; the primary variables were the type of load (static or dynamic), the amount of
tension reinforcement (p = 0.9, 1.3, and 2.0; p'/p = 0.67), and the size of the transverse rein-
forcement (1/8- and 1/4-inch rouad bars and No. 3 deformed bars).

Hinge development was similar in the statically and dynamically loaded beams ang resulted
from the formaticn and propagation of a yielded zone or zones in the tension reinfiorcement. Strain
hardening of the tensicn reinforcement increased the static resistance above the yield value; the
increase ranged from 5 to 60 percent.

Although decreasing the amount of tension reinforcement mcreased the deflection at certain
stages, the ultimate rotation capacity was not significantly affected. In addition, the size of the
transverse reinforcement had a negligible effect on the ultimate rotation capacity.

train hardening of the tension reinforcement and the ductility of confined concrete were
considered in the analysis. Good correlation was obtained between the computed and experimental
static load-deflection relationship as well as the static moment-rotation relationship for the
centrally loaded beams. However, for the beams subjected to two loads, the deformation capacity
beyond the crushing stage was not predicted.

The dynamic resistance was established using the computed static resistance and the measured
strain rate at yield. The computed dynamic resistance and beam response were generally in
reasonable agreement with the measured values.
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INTRODUCTION

Hinge formation refers to the ability of some flexural memb:rs to ratate at sections of high
moment with little or no change in the momant resistance of the section. The importance of the
hinge mechanism in the design of indeterminate structures is evident in limit desigr of reinforced
concrete and plastic design cf steel. Both methods are based on the occurrence of a redistribution
of moment at high lcads, 2s a result of the formation of hinges at distinct locations.

Under the auspices of the European Concrete Committee, several investigations of hinging in
reinforced concrete beams have been conducted at various laboratories. Reference 1 contains a
summary of the results from some of these studies as well as results from other investigations of
hinge formation in reinforced concrete. Based on these studies, the primary factors affecting hinge
rotation are considered to be the depth of the compression zone, the maximum compressive <train
of the concrete, and the amount of trans+erse reinforcement.2:3:4 These factors, in turn, are
influenced by other parameters such as the amount of tension and compression reinforcement,
mechanicai properties of the reinforcement, concrete strength, axial load, beam geometry, and
moment gradient in the hinge zone.2,3,4,5,6 Although considerable progress has heen made in
investigating the relationship between the various parameters, the mechanics of hinge formation is
still not completely undevrstood. Furthermore, all previous studies have been concerned with
hinging under static loads. The effect of dynamic loads on hinge formation ha. received little
attention.

The objective of this study is to obtain a better understanding of the hinge mechanism in
reinforced concrete beams subjected to static and dynamic loads. The method used to achieve this
objective consists of measuring the magnitude of the angle of hinge rotation and correlating resisting
moment with the angle of deformation for beams subjected to dynamic loads. The results are
intended to aid in the development of procedures for predicting the ultimate load capacity of
reinforced concrete structures.

Phase I of this investigation6 was concerned with the effects of compression reinfcrcement,
load configuration, and type of load (static or dynamic) on the hinge mechanism.

In this report, Phase II, the results of two series of tests are presented. One series was
conducted on beams with a uniform moment region to determine the effect of dynamic loads on hinge
development. The primary variable was the magnitude of the dynamic load, Similar beams had
been tested previously and it was found that under dynamic loads the hinge did not develop uniformly,
as it did under static loads, prior to crushing of the concrete at the extreme compressive surface
of the beam.6 The present test series was conducted to investigate further the nonuniformity of
hinging under dynamic loads.

In the second series of tests, hinging at beam-column connections was studied by means of
tests on beams subjerted to a single concentrated load at midspan. The primary variables were the
amount of tension reinforcement and the size of the transverse reinforcement; both static and
dynamic tests were conducted.

In all tests, the beams were under-reinforced so that yielding of the tensicn reinforcement
occurred before the concrete in compression failed. Also, the beam dimensions and the ratio of the
amount of compression reinforcement to that of the tension reinforcement were the same in all
cases. Transverse reinforcement (closed stirrups) was provided to prohibit a shear failure.

The test results are presented first and discussed in relation to the development of hinge
rotation in the beams. The static and dynamic test data are compared. Next, the analysis of the
test results is presented, and then the computed and experimental data are compared. A list of
symbols is provided following the main body of the report.

EXPERIMENTAL WORK

Two series of tests were conducted; one on beams subjected to two equal concentrated loads
located 9 inches on each side of midspan, and the other on beams subjected to a single concentrated
load at midspan. A sketch of the test beam is shown in Figure 1; the geometry is similar to that
used previously.
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For the tests on beams subjected to two concentrated loads, the primary variable was the
magnitude of the dynamic load which ranged from 1 to 1. 4 times the static yield load. Eleven beams
were tested in this series, and they were all reinforced with a No. 5 deformed bar in tension and
a No. 4 deformed bar in compression. Three of the 11 beams were loaded statically and the
remainder dynamically.

In the series of tests on beams loaded at midspan, six were tested statically and nine
dynamnically. J‘he primary variables were the amount of tension reinforcement and the amount of
transverse reinforcemant. The Type B reinforcement arrangement was used in 14 of the beams
and the Type A in one of the beams. Reinforcement arrangements similar to Type A were used in
the earlier tests.® The percentages of tension steel reinforcement were 0.9, 1.3, and 1.9 percent.
The ratio of the amount of compression to tension reinforcement was equal to 0.7 in all tests. The
amount of transverse reinforcement was varied by changing the size of the stirrup bars in the
center one-third of the beam. No. 3 deformed bars, 1/4- and 1/8-inch round bars, were used.
The transverse reinforcement was varied only in those beams in which the percentage of tension
reinforcement was 1.9 percent.

The yield strength of the reinforcement was approximately 50, 000 psi except for the yield
strengths of the No. 2 deformed bars and the 1/8-inch round bars (stirrups) which were 60, 000 and
85, 000 psi, respectively. The average concrete cylinder strength was 5, 000 psi.

Dynamic loads were applied with the Naval Civil Engineering Laboratory (NCEL) 10, 000-pound
rapid load machine. The load was applied by a differential pressure acting on a piston connected to
a load strut. Static loads were applied with a 20, 000-pound hydraulic jack reacting against a steel
test frame.

Measurements were taken of the applied load, reactions, deflections at midspan and the load
points, strains in the tension and compression steel, and concrete strains on the top surface of the
beam. In addition, rotations at various locations along the longitudinal axis were measured with
devices which consisted of two linear potentiometers connected between two aluminum brackets
which were secured to the beam at sections 6 inches apart. In some tests, the end rotations were
measured with an angular differential transducer.

A complete discussion of the material properties, test equipment and procedure, and
instrumentation is presented in Appendix A. .

TEST RESULTS

The results from both series of tests are considered collectively except in the discussion of
the effects of the test variables. The order of presentation is as follows: (1) static load-deflection
behavior; (2) dynamic resistance-deflection behavior; (3) hinge formation under static and dynamic
loads; and (4) effect of test variables.

Static Load-Deflection Behavior

Five stages were noted in the behavior of the statically loaded beams, and these stages are
marked on the load-deflection diagrams in Figure 2. The first stage was that at which cracks
developed in the concrete in tension (cracking stage, cr). Because cracking slightly decreased the
stiffness of the beams, this stage is characterized on the load-deflection diagrams by a slight break
in the slope of the curve. The cracks developed when the maximum moment reached
15 to 20 inch-kips.

The yield stage, y, is the one at which yielding begins in the tension reinforcement. Since
the steel was an intermediate grade with a yield plateau, an abrupt and significant change in the
slope of the load-deflection diagram occurred at this stage.
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The crushing stage, c, indicates th: stage at which the concrete at the extreme surface of the
compression zone started to fail. No manifestation of this stage was noted on the load-deflection
diagrams, and as a result the crushing stage is difficu't to establish exactly. Generally, this stage
is defined by either visual inspection of flaking or cracking during the test, or by the reversal of
the concrete strain gage readings. In the present study, visual observation of the onset of crushing
during the dynamic tests was not possible, even with the aid of high-speed movies. Hence, for
consistency in both the' static and dynamic tests, the crushing stage was defined by the reversal of
the concrete strain gage readings. A diagram of deflection versus concrete strain at midspan was
used in this determination. Examples are shown in Figures 3 and 4; the deflections at crushing are
marked, and for comparison the deflections at which spalling or flaking of the compressed concrete
was first observed in the static tests are marked. Boeth values were about equal for the beams
loaded at two points, but for the centrally loaded beams the values based on visual observations
were as much as 40 percent greater than those based on the concrete stralnsgage data. Difference
between the results obtained by the two methods has been noted by others.*2:° The method used in
this study provided a lower bound.

The point on the load-deflection diagram corresponding to maximum load is identified by m.
In some cases, this stage and the ultimate stage, u, were coincident. The ultimate stage is defined
in this report as the stage at which the load began to decrease rapidly with respect to deflection or
that stage at which the resistance dropped below the yield resistance, whichever occurred first.

Photographs of a statically loaded beam from each test series are presented in Figures 5
and 6 to show the crack pattern, crack size, and genera! appearance of the beams at various stages.
The applied loads, deflections, strains and rotation measurements are presented in Appendix B for
the yield, crushmg, maximum load, and ultimate stages.

Failure of the beams resulted from either (1) the fracture of the tension reinforcement, ~
(2) buckling of the compression reinforcement, or (3) failure of the concrete in compression. The
centrally loaded beams failed by either (1) or (2), whereas the beams subjected to two concentrated
loads failed by either (2)or (3), usually (3). The mode of failure for each beam is given in Table B-4.

Dynamic Resistance-Deflection Behavior

Experimental measurements of the dynamic resistance were computed by using the
acceleration and load data in the equation

Q =P -m, — oy

In the computations the high-frequency vibrations were neglected. An equivalent mass »f the beam
equal to one-half the actual mass was used. For the beams subjected to two concentrated leads, an
additional mass equal to one-half the actual mass of the distributing beam (which was approximately
10 percent of the beam mass) was assumed to be concentrated at each load point.

Typical resistance-deflection diagrams are shown in Figures 7 and 8, which also include
static test data for comparison. The effect of strain rate on the beam resistance is apparent.

The beams usually were not loaded to collapse, but rather to a deflection equivalent to the
maximum load deflection in the static tests. When a beam did collapse the collapse deflection was
equal %o or greater than the ultimate deflection of a corresponding bean tested statically. This
result is in agreement with previous findings.”:

The appearance of a dynamically loaded beam was similar to that of a corresponding beam
loaded statically to a deflection equal to the maximum dynamic deflection. For the centrally loaded
beams, crushing of the concrete under the load-bearing plate occurred in some dynamic tests,
whereas it did not in the static tests. This crushing resulted from the impact of the load ram and
the beam. A comparison of the appearance of those beams which collapsed under dynamic loads
with that of the statically loaded beams after failure would not be meaningful because greater
damage resulted in the dynamic tests. The beams loaded dynamically were forced beyond the actual
collapse deflection and they usually struck the safety blocks; both circumstances caused additional
damage not sustained in the static tests.

The dynamic test deta are summarized in Appendix B. The values of deflection, strain, and
rotation at the yield and crushing stages and at maximum deflection are listed.
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Hinge Formation Under Static and Dynamic Loads

Hinge formation under static loads is discussed first and then the effect of dynamic loads.

At the yield stage the strain in the tension reinforcement at midspan increased abruptly from
the yield value to a value corresponding to the upper limit of the yield range in the static tensile
tests (approximately 1.5 percent strain). This is shown in Figure 9 for one of the beams loaded
at two points. For these beams yielding did nct propagate symmetrically about midspan. As shown
in Figure 8, yielding occurred at sections 7 inches each side of midspan (within the maximum
moment region) at different deflections.

The change in deflection was small as the strain increased through the yield range because
the gage length of the strain gages was short (0.5 inch); although the strain increase was large,
the total deformation was relatively small and had a negligible effect on the deflection of the beam.
If a longer gage length had been used, the increase in strain would have been less abrupt.

These results indicate that hinging is in part a propagation of the yielded zone or zones
throughout the maximum moment region. For the beams with a = 18 inches, there was a relatively
long span subjected to maximum moment. Little additional load beyond the yield ioad was needed
to propagate the yielded zones through the unifcrm moment region, but the propagation of the yielded
zones resulted in a considerable change in the deflection of the beam. Thus, the lo..d-deflection
diagram (Figure 2) or the moment-rotation diagram (Figure 10} for these beams can be represented
by an elastoplastic load-deformation relationship,

For the beams subjected to a concentrated load at midspan, the deflectiondid not increase much
beyond the yield stage without a relatively significant increase in applied load (Figure 2). because
there was no uniform moment region. The strain at midspan increased abruptly; however, due to the
moment gradient adjacent to midspan, additional load was continually required to propagate the yielded
zone. Thus, strain hardening of the tension reinforcement came into effect at or just beyond the
yield stage. The moment-rotation diagram for these beams is similar to that shown in Figure 10.
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Figure 7. Dynamic resistance versus deflection - beams with uniform moment region.
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Actually, for either load configuration, the increase in resistance above the yield value was
primarily a result of strain hardening of the tension steel. This is shown in Figure 11. The solid
line represents the tensile stress-strain relationship for the reinforcement. The experimental data
indicated by the other two lines represent the relationship between moment and tension steel strain
at midspan for one beam {from each test series.

Beyond the crushing stage, hinge rotation was usually confined to the section where crushing
first developed. For the centrally loaded beams, hinge rotation was not noticeably affected by
crushing because the hinge was essentially concentrated at one location, midspan. However, for
the beams subjected to two loads, crushing could occur at any location in the uniform moment region.
When crushing did occur at a section, the stiffness at that section decreased, thus causing
subsequent deformations to result primarily from rotations at that section. However, near the
ultimate stage, extensive horizontal cracking developed at the level of the compression reinforce-
ment in the uniform moment region. This cracking propagated horizontally from the flexural
cracks and sometimes resulted in the detachment of the top cover of concrete. The curvature
distribution will be discussed further in the next section.
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The spread of the yielded zones was related to the moment gradient as shown in Figure 12.
Permanent deformations occurred over that portion of the beam resisting a moment greater than
the yield moment. Also, the magnitude of the permanent strain at a section was about proportional
to the magnitude of the maximum moment beyond the yield moment, at that section.

In the dynamic tests, hinging developed in 2 manner similar to that observed in the static tests.
However, as a result of the strain rate effect, the strain values at the limits of the yield range were
greater than the static values (Figure 13).

For the beams loaded at midspan, the curvature distribution within the hinge zone was similar
for the static and dynamic cases. At large deflections, the average curvatures at midspan in the
dynamically loaded beams were slightly greater than those in the corresponding statically loaded
beams, as shown in Figure 14. This difference was attributed to the crushing of the concrete under
the load-bearing plate in the dynamic test; this crushing apparently slightly reduced the stiffness of

he beam at midspan.

Hinge formation in beams subjected to two concentrated loads will be discussed in the next
section.
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Effect of Test Variables

Beams Subjected to Two Concentrated Loads. In the corresponding Phase I beam tests, the
crushing stage deflections in the dynamic tests were less than in the static tests.® This difference
was attributed to an apparent concentration of hinge rotation in the dynamically loaded beams.
However, the test results presented herein indicate that this concentration was not any more severe
than that in the static tests.

In Figure 15, the deflection and concrete strain data are summarized for the beams subjected
to two concentrated loads. Results from the Phase I tests are included in this figure. Fo1 the
beams in which crushing occurred during the second or third dynamic test, the cumulative values of
deflection and strain were used. As shown, the average concrete strain at midspan was equivalent
for both the static and dynamic tests, but the deflections were not. The values of the critical
cenerete strain are within the range of previous test data.®»¥ The results in Figure 15 indicate the
average dynamic crushing stage deflection to be 25 percent less than the average static value.
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Figure 15. Crushing stage data.

To determine whether hinge formation at the crushing stage was similar under static and
dynamic loads, the ratio of maximum measured curvature (¢, @., or ¢) to the average
measured curvature (@, + @, + #,)/3 was computed from the crushing stage data. This ratio
provides a measure of hinge concentration; a value of one indicates that the curvature at the middle
and at the extremes of the maximum moment region are equal. The values of this ratio versus the
corresponding crushing stage deflections are plotted in Figure 16. Based on these results, the
premature crushing stage apparently is not a result of a concentration of rotation within the
maximum moment region. For both the static and dynamic test results, the ratios of maximum to
average rotation are within the same range (1.1 to 1.5), except for the two extreme values, one of
which is a dynamic test result and the other a static test result.

Even though the onset of crushing occurred at a lower deflection in the dynamic tests than in
in the static tests, no immediate effect on the resistance-deformation relationship was observed.
This result is similar to that observed in the static tests.

Centrally Loaded Beams. The static load-deflection diagrams for the beams in which the
tension reinforcement percentage was the primary variable are presented in Figure 17. The
increase in the crushing stage deflection with decrease in q, and in these tests q - q’, is known.
Essentially, this increase results because decreasing the amount of tension reinforcement decreases
the compression zone depth required to satisfy the equilibrium of internal forces for a given
maximum fiber strain. fince curvature is inversely proportional to the depth of the compression
zone, kd, the average curvature increascs and results in a greater deflection.

These statements are also appropriate {or the subsequent stages. As shown in Figure 17, the
deflection at maximun: load and at the ultimate stage increased as the amount of tension reiniorce-
ment decreased. However, at the ultimate stage, ductility of the tension reinforcement and
stability of the compression reinforcement are important parameters which also must be considered.
For example, Beamn C-7 failed because the tension steel fractured; if the ductility of the tension
steel had been less, the difference between ultimate deflections of Bearms C-1 and C-7 would have
been less and perhaps negligible considering the dilference as a percentage of the ultimate deflec-
tion. Furthermore. for one set of conditions, two beams ere tested; one {C-8) failed when the
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Figure 16. Curvature distribution at crushing stage.

tension reinforcement broke and the other (C-11) failed when the compression steel buckled. The
difference in the ultimate deflections between these two beams is equivalent to the difference in the
ultimate deilections of Beams -1 and C-7. Therefore, the effect . f the amount of tension
reinforcement on rotation capacity is not completely defined by these results.

Based on the occurrence of tension steel failures in these tests, similar beams (p'/p = 0.67)
with p < 1 percent will probably fail by fracture of the tersion reinforcement, and beams with
p > 2 percent will probably fail in a flexural compression mode. A transition zone would be
between these limits. Moreover, inthese beams, the ductility of the tension steel was being
utilized completely, so that the addition of more compression reinforcement would have a negligible
effect on the rotation capacity of the beams.

The effect of transverse reinforcement size on rotation capacity was negligible, as shown in
Figure 18. The beam in which 1/8-inch round stirrup:; were used exhibited a lower maximum load
and ultimate deflection, but the difference was small compared to the magnitude of the total deflec-
tion. Beam C-1 failed by buckling of the compression reinforcement, whereas the other two beams
failed when the tension reinforcement broke. Since the ductility of the tension reinforcement was
exhausted in two of the beams, a further increase in th2 amount of transverse reinforcement should
have no effect on the rotation capacity of the beams.

The behavior of two beams with similar properties except tor the size and arrangement of the
reinforcement are compared in Figure 2. The results apparently indicate the effect of confined
concrete, Both beams had well-tied compressicn reinforcement, but in one case the area of
compressed concrete circumscrib=d by the transverse reinforcement was negligible. For this beam
the load did not increase much beyond the value at the crushing stage. The deflection at ultimate
load for this beam was 30 percent less than that for the other beam. The difference in maximum
resistance was approximately 20 percent.
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ANALYSIS

This section is divided into two parts: (1) an analys:s of the yield stage and (2} ar: analysis of
post-yield behavior. For under-reinforced beams, such as those tested in this investigation, the
relationship between moment and curvature or moment and deflection is approximately linear prior
to the yield stage; thus, prediction of thc moment, curvature, and deflection at yield provides a
description of the pre-yield behavior, as well as the stage at which hinging begins.

The post-yield deformations are dependent primarily on the hinging mechanism and are
discussed separately. To provide a comparison between the actual and computed hinge character-
istics, both the erd rotation and deflection of the beams were calculated. The end rotation provides
a measure of the magnitude of hinge rctation, because the increase in the end rotation beyond yield
results primarily from hinge rotation. In computing deflections, the locaticn of the center of
rotation must be considered; thus, deflection calculations reflect the magnitude of hinge rotation
and the hinge geometry.

The vehavior of beams under dynamic loads will be considered in each part of the analysis.

Yield Stage

Static Tests. The vaiues cf moment, curvature, and deflection at yield were computed by the
conventional straight-line theory, which requires the following assumptions:

1. A linear distribution of strain over the depth of the beam.

2. A linear stress-strain relationship for the concrete. The modulus of elasticity of the
concrete, E., was defined® as

e . 3000 .
0.006 M

3. No tensile stresses in the concrete,

The stress-strain relationship for the tension and compression reinforcement was obtained
from static tensile tests. A modulus of elasticity equal to 29, 000,000 psi was used in the analysis.

Figure 19 shows the stress and strain distributions at the yield stage. By satisfying
equilibrium conditions and utilizing the assumptions listed previously, the depth of the compression
zone, kd, can be computed. The equation for k is

k = Jz[pn + P - 1)%'] + fon + 0@ - D]% - [pn+ p- 1) @)

Referring to Figure 10, the yield moment can be computed by taking moments of the internal
forces about the level of the tension reinforcement:

M, - Cc(d - %d) + C @ - ) @)

To satisfy equilibrium,

C. = Ty - Cg = Al - A/, (5)
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Figure 19. Stress and strain distributions at the yield stage.

and, therefore, Equation 4 becomes

\ A} E ' A} - r
My = (Asfy - A fs)( - 3) + Asfs(d d’) (6)

The average stress in the compression reinforcement is

'-kd_'i < '
fs_d—kdfy—fy )

Based on the strain distribution at yield (Figure 19), the curvature at yield is

€

by = F(T'HF (®)

The deflections at yield were computed assuming a linear relationship betwecn moment and
curvature. Thus, the distribution of curvature was the same as that for moment, ¢y being the
maximum value of curvature. The midspan deflection at yield, then, is

¢ L . a la2
L H AR 1) )

For the centrally loaded beams, a was assumed to be equal to the width of the load-bearing
plate, 2 inches.
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Based on the results of previous investigations (References 3, 4, 5, 8, and i1), the value of
deflection comgpul<a by the straight-line theory generally can be expected to be less than the
measured value as shown by the results in Figure 20. The diiferences between the computed and
measured yield deflections have been attributed, in part or entirely, to the following:

1. The modulgs of elasticity, Eg, based on the nominal area of the reinforcement being less
than 30, 000, 000 psi

2. A derarture from a linear stress-strain relationship for the concrete 4,8
3. E. being less than the assumed value 8

4. The effect of a strain gradient across a secticen of the tension reinforcement on the
magnitude of €. at yieldG

5. Additional rotation resulting from the formation of diagonral tension cracks in the region of
maximum moment

To provide more accurate estimates of the yield deflections, some investigators have
developed empirical procedures to correct the values computed by thke straight-line theory.4:
Burns and Siess 4 increased the value of the yield strain in Equation 8 by 0. 0003; thus,

e + 0.0003
¢y = T (10)
where
H
=
€y = 30, 000 (11)

The computed deflections were in good agreement with the measured values. Burns and Siess
noted that Equation 10 would not be valid for beams with high q-values. In their tests, q varied
between 0. 10 and 0. 27,

Subsequently, Yamashiro and Siess 9 found that this procedure provided computed deflections
greater than the measured values for beams with small p-values (p = 0.67 percent) and computed
deflections less than the measured values for beams with large p-values (p = 3.33 percent). They
attributed the difference between the measured and computed values to an additional beam rotation
resulting from the formation of diagonai tension cracks adjacent to the maximum moment region.
Using their test results and those in References 4 and 11. they developed a procedure for computing
this additional rotation, which was found to be dependent on €y, fsAg/Z0, and 1/2. They were
then able to obtain good correlation between the experimental and computed values of yield deflec-
tions for their results as well as those in References 4 and 11.

To determine the correlation between certain parameters and the diiference between the
nieasured and computed values of yield deflection, a stepwise regression analysis procedurs was
used.10 The dependent variable was

(Yy)ex

v -1 (12)
y)comp

The independent variables were fy, {.', Ag, £0, and £; b and d were used to develop
dimensionless parameters. Values of the dependent and independent variables were obtained from
References 3, 4, 5, 6, 8, and 11, and the present tests.
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The tests described in References 4, 5, and 11 were conducted on simply supoorted beams
loaded through a column stub at midspan. In the deflection calculations. the distribution of curva-
ture across the stub was assumed to be uniform and equal to d'y (Equation 8); this is the same
distribution as that assumed ir References 4 and 11.

The results of the analysis indicated that

pf,
Q=T}7

C

had the best correlation, using data from all the references. As q increases. nonlinearity of
stress in the compregsion zone is more likely. and therefore deviation between experiment and
thecry would be expected. Thus, q is a reasonable parameter. The analysis revealed, further,
that there were other factors causing the difference noted. However. these other factors could not
be established from the parameters investigated. Further study is required invoiving new param-
eters and different forms of the parameters used previously.

YJsing the results of the regression analysis, Equation 8 was modified for beams in which
q 2 0.1 as follows:

€ €
¢ = ar-p e < L6grTy (13)

For q < 0.1, Equation 8 can be used unchanged. Althrough q varied from 0. 06 to 0.95 in the test

results examined in the regression analysis, there was only one case in which q exceeded 0. 6.
Equation 15 is not valid for p > 0.04.

Dynamic Tests. The yield stage for the dynamically loaded beams was computed using the
same procedure as that for the statically loaded beams, except that the dynamic yield strength of
the reinforcement was used in the computations. The increase in the yield strength was determined
using the experimental strain rate data and results of dynamic tensile tests reported in Reference 6.

By differentiating Equation 8 with respect to time, a relationship between strain rate and
curvature rate is obtained:

de
—S . -k ¢
d - el = 1) dt (14)
Prior to yielding, the maximum curvature rate can be related to maximum deflection rate by
differentiating Equation 9:
.2 2
dY _doL_ a_1fa
a " a|'tT 2(L> s)
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Comoining Equations 14 and 15 yields a relationship between strain rate and deflection rate:

de
S

12 d{1 - k) aY
= == — 2L (16)
dat 2 2] dt
L"},,a_lfa
L 2\L

The strain rate at yield was computed by using the measured deflection rate at yield in
Equation 16. The value of k was determined by Equation 3.

The relationship between strain rate and percent increase in yield strength was assumed to be
that shown in Figure 21. The measured deflection rates, computed strain rates. and percent
increase in yvield strength are listed in Table 1.

Table 1. Percent Increase in Yield Resistance - Dynamically Loaded Beams

Beam No. Meaﬁ;: :}Dg::;gtlon (isnt.r/?ii:. ?:;i) Yigg I;:;ssiit?nce

(in.,/'sec) (%)

C-4 80 0.66 34
C-5 88 0.70 34
C-6 91 0.72 35
C-9 89 0.82 36
C-10 100 0.84 36
C-12 119 1.01 38
C-13 111 1.09 38
C-14 97 0.76 35
C-15 138 1.08 38
4-17 71 0. 46 31

' 4-8 76 0.49 31
4-9 76 0.50 31
4-10 78 0.51 32
4-11 92 0.60 33
4-14 123 0.81 36
4-15 121 0.78 36
4-16 81 0.54 32
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Post-Yield Behavior

Static Tests. The moment-curvature relationship beyond the yield stage was computed on the
basis of the following assumptions:

1. The stress-strain relationship for the tension and compression reinforcement is as shown
in Figure 22,

2. The concrete carries no tension.

3. The stress-strain relationshio for the compressed concrete may be represented by the
diagrams shown in Figure 23.

4. The confined concrete is that concrete within the shaded region shown in the cross section
sketch of Figure 23.

5. The distribution of strain is linear across the depth of the beam.

The reinforcement stress-strain relationship in the strain hardening range is a modified form
of the relationship presented in Reference 4. An ultimate strain equal to 0. 15 inch/inch and = ratio
of ultimate tensile strength to yield strength equal to 1.63 is assumed in the equation in Figure 22.
These two values are averages of the tensile test data of the present study and those of
References 4 and 8. In Figure 22, test data from two reinforcement bars on which strain gages
were used are compared with the assumed relationship, and the correlation justifies the use of the
equation.
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Figure 22. Tensile test data.

The stress-strain relationship for the unconfined concrete up to maximum stress is based on
the data obtained previously from standard cylinder tests.® The limiting itgan'é of the unconfined
concrete has usually been found to be between 0. 003 and 0. 005 inch/inch,?”*® and this was true
in the present study. In this analysis, a value of 0.004 was assumed. Therefore, the stage at
which €. reaches 0.004 inch/inch corresponds to the crushing stage which was def'bmfg earlier.

The increase in concrete ductility resulting from confinement is well known.” However,
little is known about the stress-strain characteristics of concrete under various degrees of confine-
ment, and therefore, inthe present study, it was assumed on the basis of the best knowledge
available. The maximum stress was assumed to be equal to that for the unconfined concrete, and
the limiting strain was determined using the experimental moment-end rotation data for Beam C-17.
A good fit between the experimental computed values was cbtained by trial and error.

With the assumed stress-strain relationships for the concrete and the linear strain distribu-
tion assumption, the neutral axis must move downward after crushing occurs
(ec > 0.004 inch/inch) in order to attain equilibrium. However, test observations reveal that
flexural cracks continue to expand throughout the loading sequence. Therefore, these assumptions
are subject to reconsideration. They were made to provide a simple but adequate model of beam
behavior. Further study should be conducted using higher maximum stresses for the confined
concrete; higher stresses would relieve the necessity of the neutral axis moving down after
crushing. .

The values of moment and curvature were computed on an IBM 1620 computer. The quantity
€. Wwas incremented by 0. 001 starting with €, = 0.001. For a given value of €cy @ trial
compression zone depth was selected. Then, the strains in the tension and compression
reinforcement were computed. Next, the forces in the reinforcement and concrete were calculated.
If the internal forces were not in equilibrium, the compression zone depth was incremented up or
down as required, and the forces for the new conditions were recomputed; this process was
continued until the difference between the compressive and tensile forces was within the prescribed
limits.
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After equilibrium was obtained, the resisting momernt was computed by taking moments of the
compressive forces about the line of action of the tensile force. The curvature was determined by

€

$ = E% (17)
1

Then, €. was incremented and ihe procedure of establishing equilibrium and computing M and &
was repeated. The value of €, was incremented until (1) the computed moment was 10 inch-kips
less than the previous maximum value, (2) the tension reinforcement strain reached 15 percent,
which neant that the ultimate strength of the reinforcement had been attained, or (3) the strain at
the extreme fiber oi the confined concrete core reached 0. 030 inch/inch (value of ultimate strain).
In some cases, just beyond the crushing stage, the moment decreased approximately
5 percent or less and then increased again, as shown in Figure 24. This decrease resulted from
a reduction in the magnitude of the moment arm. As noted earlier, after crushing occurs and the
compression reinfiorcement yields, equilibrium requires that the depth to the neutral axis be
increased. This increase :zsults in a corresponding increase in the depth to the center of gravity
of the compressive force, and the magnitude of the moment arm is thereby reduced. The amount
of decrease in moment was dependent on the amount of tension reinforcement and the value of d'.
In computing the end rotation and deflection of the beams, this temporary decrease in moment
after crushing was neglected. A linear relationship between moment and curvature was assumed
through this region, as illustrated in Figure 24. Furthermore, a linear distribution was assumed
between all other points cn the M-¢ diagram. Symmetry about midspan was also assumed.

150
?.'_ assumed line ."_b’_‘_.—.—o-
:; \ ‘.’.-d.‘—.-—..—
' 100 X _’._.;—0“"*
.‘_: .‘—'.'-" .’”
< P »
s —o—"2
E computed line
§
=
2 50
£
| =4
&

% 4 8 12 16 20

Curvature, ¢ (10-3rod/in.)

Figure 24. Moment-curvature relationship.




Referring to Figure 25, a hypothetical M-¢ diagram is shown in (a). For a given moment
diagram (c), the curvature diagram is shown in {(¢). A general expression for beam rotation
between any two points in the region between the support and the applied load is

o.+¢.
_ i i-1 .
4 = ( 2 ) ()‘i X 1) (18)

where

M
__i(L-a L-a
X s Mn( 2 ) £ 73 (18)

For example, the beam rotatior between points Xg and Xj (denoted as 63) is the area under the

curvature diagram between these two noints,

5o (57 (o %) on

where

The rotation across the uniform moment region is ¢ a

The magnitude of the end rotation is equal to one- hal?the area under the curvature diagram.
Therefore

n

o %+Z(¢ cb‘")(xi-xi_l) (21)
1

and, for example, if n = 3,

% = %[‘# a+(3+¢2)(x3 - %) (B, 4 ) (%, - X1)+¢1X1]
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The midspan deflect!~ is equal to the product of the area of the curvature diagram between
midspan and either support muiiiplied by the distance from the support to the centroid of the area.
By considering the moments of the area between each set of points, the equation for midspan
deflection may be written

n
L. a 2 2
(2 - 4) * E [¢i(2xi - XiXio1 - X )
1

2, .. 2
coa (X7 xx - )] B

Dynamic Tests. For the centrally loaded beams, the post-yield behavior was represented by
a bilinear relationship which is based on the computed static load-deflection diagram, as shown in
Figure 26. Point y cn the dynamic resistance diagram corresponds to the yield stage which has
already been discussed. Point O is established by first computing Q4 by assuming that

Qdm - l'lem (23)

in those beams in which the computed stress in the tension reinforcement at maximum bean:
resistance approaches the ultimate strength of the reinforcement. Equation 23 is based on the
results of dynamic tensile tests on intermediate grade reinforcing steels \i'gich have shown that the
increase in ultimate strength is small. usually in the range of 10 percent. Point O, then, is the
point at which the difference between Qg,, and Qg is equal to the difference between the dynamic
and static yield resistance.

In one centrally loaded beam (C-14) the computed maximum static resistance was developed
at a tension steel stress ahocut 10 percent greater than fy. In this case, the maximum dynamic
resistance was assumed to be equal to

Q
Q. = o2 Q (24)

The deflection at which Qdm was reached was assumed to be the same as that at which Qsm was
reached.

For the beams subjected to two concentrated loads, the measured static ioad-deflection
diagram indicated an elastoplastic resistance dingram to be a reasonable assumpticn. The value
of Qdm was assumed to be equal to Qgy-

The dynamic response curves were computed by numerical integration procedures, assuming
an undamped single-degree-of-freedom system and using tne idealized resistance diagrams and the
load data given in Appendix B. These numerical integration procedures are described elsewhere.
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COMPARISON OF EXPERIMENTAL AND COMPUTED RESULTS
Yield Stage

Static Tests. In Table 2, yield moments computed using Equation 6 are compared with the
experimental yield moments (beam weight is included). Good agreement was obtained between the
experimental and computed values; the ratio of experimental to conputed yield moment ranged from
0.94 to 1.06 with a mean value of 1.01. Thus, the straight-line theory nrovides an accurate
procedure for predicting the yield moment of under-reinforced beams.

The measured and theoretical yield curvatures are also compared in Table 2 and Figure 27.
The vield curvatures wcre computed by modifying the value of yield curvature calculated using the
straight-line theory. As shown in Equation 13, the correction facter is a function of q. Experi-
mental curvatures were calculated using the tension and compression steel strain data. A good
correlation between the measured and computed valuzs was obtained. In Table 2, the ratios of
experimental to theoretical curvature are between 0.94 and 1. 04 with a mean of 0.98. This
correlation is as good as that for the yield moments. In Figure 27, experimental data obtained
from Reference 3 are presented; computed values were obtained using Equation 13. For the data
from Reference 3. the correlation is not as good as that for the present data, the possible error
being approximately +15 percent.

Table 2. Experimental and Computed Yield Stage Data - Static Tests

Bending Moment Curvature 1/ Midspan Deflection
at Yieid, My at Yield, ¢y_ at Yield, Yy
B;zm (in. -kips) (10-3 rad/in.) (in. )
Exp. Comp. CEé))rcx;:p Exp. Comp. %p_ Exp. Comp. %r%p'
C-1 78.9 81.3 0.97 0. 62 0.65 0.95 0.27 0.28 0.96
C-2 82.3 80.9 1.02 0.61 0.65 0.94 0.26 0.28 0.93
C-3 78.17 79.5 0.93 0.60 0.64 0.94 0.26 0.28 0.93
Cc-1 41.0 41.3 0.99 0.57 0.55 1.04 0.22 0.24 0.92
C-8 52.6 56.4 0.94 0.56 0.58 0.97 0.26 0.25 1.04
C-11 53.2 52.5 1.01 -- 0.55 -- 0.26 0.24 1.08
4-5 75.9 71.5 1.06 0.61 9.60 1.92 0.33 0.31 1.06
4-12 70.9 68.2 1.04 0.56 0.58 0.97 0.35 0.30 1.17
4-13 70.2 £8.4 1.03 -- 0.58 -- 0.34 0.30 1.13
Average 1.01 0.98 1.02
0.94 0.94 0.92
Range to to to
1.06 1.04 1.17
V== =
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Figure 27. Comparison of measured and computed maximum curvature at yield.

Yield deflections were computed using Equation 9. The ratio of experimental to computed
yield deflection varied from 0.92 to 1. 17; the mean value was 1.02. In Figure 28, the correlation
between measured and computed yield deflecticns is shown. Data from a large number cf tests are
presented. Although the correlation shown in Figure 28 ic iess than desired, it is better than that
shown in Figure 20 The yield deflections in Figure 20 were computed using yield curvatures
determined by the cunventional straight-line theory, Equation 8.
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Figure 28. Comparison of measured and computed yield deflections.

Dynamic Tests. The experimental and computed curvatures and deflections are compared in
Table 3. For hoth quantities. the range of the ratio of experimental to computed value is greater
than that for the cor: esponding static data. This difference is to be expected, because the accuracy
of the reduced data 15 not as great as in the static tests. Considering the degree of correlation for
the static test re:.ults. the agreement between the measured and computed dynamic curvatures and
deflections is very good. The data presented in Table 3 are also given in Figures 27 and 28.

The experimental and computed dynamic resistance at yield are not compared here but
considered in the next section where the response of the dynamically louded beams is presented,.
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Table 3.

Experimental and Computed Yield Stage Data - Dynamic Tests

Curvature"at Yield. ¢yl ‘ Midspan Deflection
Be'am {1079 rad/in.) at Yield, Y, (in.)
No. y
Exp. Comp. —Cpo—xn% Exp. Comp. EEo—xn%.
C-4 0.80 0.81 0.99 0. 40 0.36 1.11
C-5 0. 87 0. 86 1.01 0.42 0.37 1.13
C-6 0.82 0.82 1.00 0.35 0.35 1.0C
C-8 0.74 0.81 0.91 0.31 0.34 0.91
C-10 0.76 0.75 1.01 0.36 0.33 1.09
C-12 -- 0.73 -- 0.33 0.32 1.03
C-13 -- 0.76 -- 0.37 0.33 1.12
C-14 -- 0.71 -- 0.36 0.31 1.16
C-15 0.86 0.82 1.05 0.41 0.36 1.14
4-17 0.80 0.79 1.01 0.43 0.41 1.05
4-8 0.74 0.80 0.92 0.41 0.40 1.02
-4 0.73 0.78 0.94 0. 42 0.40 1.05
-1 0.78 0.78 1.00 0. 42 0.40 1.05
4-11 0.81 0.80 1.01 0.48 0. 42 1.14
4-14 -- 0.72 -- 0. 46 0.38 1.21
4-15 -- 0.73 -~ 0.40 0.38 1.05
4-16 -- 0.74 -- 0.42 0.38 1.10
Average 0.98 1.08
0.91 0.91
Range to to
1.05 1.21
€ + €'
V¢ =S

Post-Yield Behavior

Static Tests. Results for the centrally loaded beams are considered first, and then the

results for the beams subjected to two concentrated loads.

For the centrally loaded beams. comparisons between the experimental and computed load-
deflection relationship and comparisons between the experimental and computed moment-rotation

relationship are given in Figures 29 through 34. The value of moment in these figures includes the
dead load moment. The experimental and computed curves coincide within reasonzble limits.

deviation between the experimental and computed values of moment is greatest for Beam C-7,

Figure 32.
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The experimental and computed values of moment, deflection, and end rotaticn at the crushing
stage for these beams are compared in Table 4. The ratio of experimental ‘o computed crushing
moement ranged from 0.97 to 1.07 with a mean of 1.0i; this is a good correlatior. For the crushing
deflections, the ratio of the e: nerimental to computed value varied from 1.02 to 1.69 with 2 mean
of 1.37. For the end rotation at crushing, the ratio was between 0. 86 and 1. 56 with a mean of :. 26.
Thus, the correlation for deflections and rotations is not too satisfactory. However, as noted in
a previnus section, the crushing stage was an arbitrary one in these tests. No indication of this
stage was observed on the load-deflection diagram. Furthermore, the reserve rotation capacity
beyond crushing up to maximum: load, expressed as the ratio of Y, to Y., ranged from 3.3 to 4.8.
For these beairs, an accurate prediction of the deformation at this stage is not required.

Table 4. Experimental and Computed Data at Crushing Stage - Static Tests

Bending Moment Midspan Deflection L o .

at Crushing, M, at Crushing, Y, at Crushing, El - E2
Beam s .
o (in. -kips) (in.) (10-3 rad)

Exp. Comp. Comp. Exp. Comp. Comp! Exp. Comp. Tomp.

C-1 §9.8 92.6 0.97 0.97 0.77 1.26 34.4 26.8 1.28
C-2 93.5 87.6 1.07 0.95 0.58 1.64 30.4 20.8 1. 46
C-3 30.8 86.6 1.05 1.00 0.59 1.69 32.3 21.1 1.56
C-1 50.6 51.2 0.99 1.55 1.10 1.41 48.2 37.1 1.30
C-8 66.2 68. 4 0.97 1.05 1.02 1.03 29.6 34.5 0.86
C-11 64. 4 63. 4 1.01 1.20 0.99 1.21 31.7 33.3 1.13
Average 1.01 1.37 1.26
4-6 83.7 81.2 1.03 1.90 1.51 1.26 -- 53.2 --
4-12 74.4 72.3 1.03 1. 63 1. 50 1.09 44.6 51.7 0. 86
4-13 76.5 71.9 1. 06 1.80 1.23 1. 46 60.1 42.9 1. 40
Average 1.04 1.27 --

However, closer correlation could have been obtained by assuming that the maximum
computed curvature at crushing was uniformly distributed over that region of the beam resisting
a moment greater than M,,; this assumption was used previously.6 This assumption was not used
in the present study because it was not in agreement with the measured curvature distribution and,
at later stages of deformation, resulted in excessively large values of deflection.

In Figure 35, the measured and computed curvature distributions are plotted fcr the crushing
stage. As shown, the measured curvature (6-inch gage length) at midspan is greater than the
computed value, but the distributions of curvature appear to he similar.

In Table 5, the experimental and computed values of moment, deflection, and end rotation at
maximum load are compared. The experlmental and computed moments are in good agreement;
the ratio of the experimental to computed value ranged from 0.96 to 1. 04 with a mean of 1. 00.
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Table 5. Experimental and Computed Data at Maximum - Load-Static Tests

Bending Moment Midspan Deflection sadRtetion s
t Ma
a x Load, M., at Max Load, Y, at Max Load, El E2
Beam 3 . " 2
No. (in. -kips) (in.) (10-3 0
Exp. i Exp. Exp.
Exp. Comp. Comp. EXp. Comp. Comp. Exp. Comp. Comp.
C-1 113. 4 117.0 0.97 3.40 3.95 0. 86 112 126 0.89
C-2 115.3 111.0 1.04 4. 60 3.70 1.24 140 118 1.19
C-3 113.2 111.3 1.02 4.60 3.95 1.16 142 126 1.13
c-1V 61.1 63.6 0.95 5.20 5.26 0.99 150 1€6 0.90
C-8 85.7 §7.5 0.98 4. 20 5.19 0.81 112 165 0.68
c-11d 82.6 §2.3 1.00 4.60 5.66 0.81 136 179 0.76
Average 1.00 0.98 0.93
4-6 -- 82.0 -- -- 1.68 -- -- 59 --
4-12 7.7 76.0 1.02 2.43 1. 89 1.29 70 65 1.08
4-13 77.8 71.9 1.08 Z.24 1.23 1.82 74 43 1.72

1/ The computed values correspond to the stage at which €, = 0.15, the assumed ultimate
strain for the reinforcement.

In the discussiou of the test results. the increase in moment beyond M,, was found to be
primarily the result of strain hardening of the tension reinforcement. The good agreement between
the computed and experimental maximum moment.*therefore, was possible because strain hardening
of the tension reiriorcen:ent was taken into account using the relationship given in Figure 22.

The ratio of experimental to computed maximum deflection ranged from 0. 81 to 1.24; similar
results were obtained in the comparison of the experiniental and computed end rotations at maximum
load. This correlation is thought to be good tor this advanced stage of deformation; the deflections
at maximum load ranged from 12 to 25 times the yield deflection.

Because the analys s is empirical and all the beams had the same transverse reinforcement
spacing, the results cannot be generalized to include other transverse reinforcement arrangements.
As shown in Figure 35, the computed curvature distribution at maximum load is in good
agreement with the experimental curvature measurements obtained with the mechanical rotation
gage. In addition, the computed curvature distribution is also compatible with the distributicn of

permanent tension reinforcemert strain {Figure 12).

A further comparison between the experimental and computed results is shcwn by the typical
data in Figures 36 and 37. The development of the computed tension reinforcement strain
(Figure 36) is similar to that for the experimental case. The strain gage became defective at a
high strain, but the strain continued to increase. For this example, the computed strain was
approximately 7.5 percent at maximum load.

The difference between the experimental and computed compression steel strains (Figure 37)
can be attributed to the strain measurements being taken at midspan directly below the load-bearing
plate. The crushed section was adjacent to this plate and, therefore, the actual strains in the
crushed zone probably increased more rapidly than those shown.
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