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ABSTRACT 

Conventional multivariate statistics examine in considerable depth the significance 
of relationships existing in data as shown by the mean and the covariance matrix. 
Shortcomings of this approach are briefly discussed. 

"Cluster-seeking techniques" are discussed as alternatives to conventional multi­
variate methods. Thirty variants of cluster-seeking techniques, the total number 
presently known to the author, are divided into seven categories: probabilistic, signal 
detection, clustering, clumping, eigenvalue, minimal mode seeking and miscellaneous. 
These larger classes are contrasted and, within each class, the techniques are sum­
marized and compared. 

A composite technique that combines the best. features of the various approaches 
is proposed. -
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A COMPARISON OF SOME CLUSTER-SEEKING TECHNIQUES* 

SECTION I 

INTRODUCTION 

The advent of the relatively inexpensive digital computer makes iterative cluster­seeking methods of analyzing complex multivariate data practical when they could not be seriously considered before. These "cluster seeking" techniques provide a way of viewing multivariate data that differs from factor analysis and discriminant analysis. 

Cluster-seeking techniques are best suited to examining problems where the data is multi-modal. They provide a way of detecting isolated data points that are not "close" (relative to the data set) to any other points. These techniques can be used to show the relationship of a single data point to the entire set of data -- thus allowing an examination of the details in the data. Large numbers of data points can be struc­tured and related to each other in the original high dimensional space. 

We feel that the techniques described below provide a useful adjunct to other methods of analyzing multivariate data. We compare and describe below, a number of these methods reported in the literature. 

We present an improved version of the ISODATA cluster-seeking technique that incorporates aspects of other techniques in ways that appear to overcome certain difficulties that arise in each of the te0hniques that have been suggested thus far. Finally, we speculate on the ramifications of a widespread use of these cluster-seeking techniques . 

*Previously published under the title, DATA ANALYSIS IN THE SOCIAL SCIENCES: WHAT ABOUT THE DETAILS?, in the Proceedings of Fall Joint Computer Conference, 1965. 
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SECTION II 

STATISTICAL ANALYSIS OF SOCIAL SCIENCE DATA 

In statistical data analysis, much use is made of the covariance and the correla­
tion matrix. For example, the correlation matrix is used in a central way in principal 
components analysis, in f..1ctor analysis, and in canonical correlation analysis. 

In Figure 1 we show three sets of data that, when plotted, appear to be very dif­
ferent. (The second data set consists of samples drawn from a normal distribution. 
No truncation of the data set should be inferred from the figure.) The interesting fact 
is that all three of these data sets give rise to the same covariance matrix and hence 
to the same correlation matrix. If the data points were specified by a different 
coordinate system, the covariance matrix would be modified in the same way for all 
the data sets. Hence we see that these data sets are indistinguishable if only the first 
and second moments and cross-moments are used to describe the data. The fact that 
these very different data sets lead to the same covariance matrix is rather unnerving 
when, for example, with the principal components analysis, it is realized that fre­
quently no use is made of the original dat.a except to abstract the means and the 
covariance matrix. It therefore seems reaBonable to ask how the detailed structure 
of the data might be taken more accurately into account. 

Before examining this question in some more detail, let us examine two other 
aspects of utilizing only the covariance matrix and the mean. Four factors seem 
particularly significant here: 

1. The effect of erroneous data points, caused, for example, by card punching 
errors, can be rather considerable in a particular covariance matrix. Unless 
these erroneous points can be determined and removed from the data set, the 
statistics based on the entire data set will be considerably affected. 

2. A second effect arises from the need to estimate the covariance matrix using 
a set of sample points. Dr. David Allais3 has shown recently that the number 
of samples should roughly equal 10 times the number of dimensions in ol"der 
to estimate adequately the covariance matrix. 

3. More than one modal point in the data also causes the covariance matrix to 
be an inadequate description of the data. Thus, if the data is described as 
being the sum of two Gaussian distributions and a single overall covariance 
matrix is computed for the entire data set without taking the bi-modality of 
the probability distribution into account, then this covariance matrix depends 
critically on the distance between the means of these two modes. Intuitively 
this is rather unsatisfying as a description of the data. 

4. Predominant subsets in the data can overwhelm subsets that occur less fre­
quently, i.e., the significant but rare event, may no t be singled out. 

This is not to say that a principal compon.ents analysts or factor analysis does not 
have its place. The point seems rather to be that if these techniques are to be used, 
then the data ought to have characteristics that in some way satisfy assumptions of 

3 
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Gaussian distributions; that is, the covariance matrix should be a good description of the characteristics of the data. 

A useful descripti'ln of all the data can be plotted using the axes found by factor analysis or principal components analysis. Even this may not be as meaningful as desired as can be seen by examining Figures 2a and 2b where we see that two quite different two-dimensional probability distributions both give rise to marginal distri­butions that are uniform along vertical and horizontal axes. We can see that this inability to distinguish between these different distributions can be resolved by using more axes to describe the data (as shown by the marginal distributions along the diagonal axes). Relating events on the different axes, particularly when the data are high dimensional is difficult, however. The major problem, then, is that two sets of data that are quite dissimilar can appear to be quite similar when viewed by data analysis techniques implicitly oriented toward Gaussian distributions. 

It therefore appears to us that there is a need to treat local regions in the data space rather than projecting down on to a line or a plane from over the whole space. That is, there is a need to be concerned about the details. We feel that a set of techniques that have been developed primarily over the last five years provides a satisfactory direction for finding an answer to this need to examine the details. Much work remains to be done on these techniques, but it does appear that the particular point of view that they offer can be very helpful. 
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SECTION III 

CLUSTER-SEEKING TECHNIQUES 

The essential characteristics of the techniques that we will be describing is the sorting of the set of data patterns into subsets, such that each subset contains data points that are as much "alike" as possible. The methods for arriving at the subsets differ in a variety of ways. We will, in the following paragraphs, attempt to describe the known existing techniques and to point out ways in which they are significantly different. We finally attempt to construct a technique that is a composite of the best features of some of these techniques and ISODAT A. 

1 . Historical Background 

In Table I we have arranged the papers by type (e.g., probabilistic, signal detec­tion, etc.) and by date. We have made no attempt to determine how much the develop­ment of one technique depended on another. They are arranged in chronological order in a way that appears reasonable to us at this time, without attempting to accurately establish priorities. As far as we have been able to determine, nearly all the tech­niques with the exception of the factor analytic techniques and some lumping techniques originated after 1960. Since most of these techniques require a considerable amount of computation, it seems probable that only the advent of inexpensive digital computa­tion has allowed these techniques to be developed. 

2. Definitions 

In order that certain terms to be used over and over again in this paper should not be confused, it seems important to define them: 

a. Measurement - By measurement we mean a component of the pattern vector; that is, it is one c ~ st..•veral numerical values (related to a property of the pattern) used to define a pattern - for example, one out of several answers on a questionnaire. 

b. Pattern - By pattern we mean the collection of measurements considered to be a single entity in the clustering program for example, the answers to a set of questions on a questionnaire. 

c. Parameter - By parameter we will not mean measurement in this paper. Rather, we will mean a number used to control the operation of one of the clu ter- seeking techniques - for example, the threshold used to control lumping in the Ball-Hall technique4 is a parameter. 

d. Clu ter - A cluster of patterns is , in our mind, a set of patterns contained in a high-dimensional space where the density of patterns is large compared to the den ity in the surrounding volumes. It is not yet a rigorously defined on ept but rather one that depends on the nature of the data. Attempts are being made to d fine this more exactly. 
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e , Mode - A mode is a cluster of patterns that belong to a single cl ass of pat­
terns. (This definition varies from the more precise statistical definition of 
a mode as the most frequently observed value of a random variable.) 

Class of 
Technique 

Probabilistic 

Signal 
Detection 

Clustering 

Before 
1960 

Table 1. Cluster-Seeking Techniques 

Year First Reported 

1960 1961 1962 1963 

Daly 

Jakowatz Brennan Hinnich Spilker 
et al Glaser 

Okajima 
et al 

Sebestyen 
Hyvarinen 

1964 

Fralick 

Turner 
Smith 

Ball & 
Hall 

Clumping Michener Rogers & Needham Bonn~r 

Eigenvalue I 

Eigenvalue II 

Minimal 
Mode­
Seeking 

Miscellaneous 

& Sokol Tani- Parker-
(1957) moto Rhodes 

Sawrey, Abraham 
Keller, 
& Con-
ger 

8 

Fortier & 
Solomon 

Nunnally 

Cooper Mattson & 
Dammann 

Fir~chein 
& Fisch­
ler 

Steinbuch 
& Piske 

Block, Bledsoe 
Knight 
& Rosen­
blatt 

1965 



SECTION IV 

COMPARE AND RELATE CLUSTER-SEEKING METHODS 

In the following paragraphs we describe and discuss each of the aspects of cluster­
seeking techniques that we consider particularly significant. 

1. The Use of Iterative Techniques 

It generally does appear that iterative techniques allow a more detailed examina­
tion of the data than do techniques that require the calculation of a single function of 
all the data (e.g., the covariance matrix). Iterative techniques can allow the exami­
nation of iteratively selected subsets of patterns where the selection of one subset 
depends on the results obtained from a previous selection. This examination increases 
the sensitivity of the methods to variations in patterns and the structure of the data 
without the assumptions that are usually necessary in non-iterative methods. 

2. The Use of Categorization Information to Cause Mode-Seeking 

It is possible to use classification information to determine the "modes" in the 
data. When this is done, it then becomes important that all the classes that are to be 
classified be represented in the data. In Figure 3 (upper half) we see that it is pos­
sible that two modes of Class 1 be sufficiently remote from Class 2 to be considered 
one mode by these methods. Yet later (as shown in Figure 3 (lower half)), when other 
classes are introduced, a new class, Class 3, can lie exactly on top of what was con­
sidered the ''description" (the average point) of the previously determined mode of 
Class 2 and yet still be completely separable from Class 1. 

The use of classification information can be extremely helpful in cases where the 
finding of the most economical cluster description is important, and where all the 
classes are initially available. 

3. Constraints on the Applicability of Cluster-Seeking Techniques Imposed by 
Various Factors 

Five factors primarily constrain the applicability of a given technique. These 
are: 

• Com utational complexity 
• Memory requirement 
• Sample size requirement 
• Nature of the data 
• Availability of categorization information 

The computational complexity of iterative methods is usually determined primarily 
by the computations performed in the inner computational loop of the program. Another 
factor affecting the utility of the method in terms of computation is the ease with which 
the required computations can be performed by methods other than the conventional 
general-purpose digital computer. Distance calculations that require the computation 

9 



0 

0 

\ 0 
\ (t- rca CUii I 

\ -- --­---\--
\ 

0 

0 

/■JLOCATIOII 
~

1

0,CLAHl-

0 

Figure 3. The Result of Introducing New Classes Later in Mode-Seeking Techniques 

of either a correlation or Euclidean distance can be performed using optical correla­
tion techniques.• 

The memory required by a given technique may be so great that the technique is 
uneconomical. High-speed random access is costly (although disk files make fairly 
high-speed random access comparable in cost to tape) and it is primarily for this 
memory requirement that the various iterative techniques should be examined. 

The sample size requirement relates to any quantities that must be estimated 
(in a statistical sense) from the set of sample patterns. Allais3 showed that this re­
quirement cannot be taken lightly. He shows that given N samples the estimation of a 
covariance matrix of dimension greater than N/10 usually increases the probability 

* The calculation of Euclidean distance between vector P and vector M by using a 
correlation operation can be shown by the following argum,:;nt: 

The square of the Euclidean distance is (P - M) • (P - M), where P is the pattern 
and M is the mask, or weight vector. This expression can be expanded into three 
terms: P • P, M • M, and P • M. If the mask, or weight vector, is not changed 
after each pattern, then M • M can be considered to be a constant over an entire 
iteration through all of the patterns. The quantity P • P can be calculated using an 
optical device that squares a picture in magnitude element by element. And finally the 
P • M term can be de ermined by usual optical correlation technique . 
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of error for predictions based on that covariance matrix as compared with predictions using a covariance matrix of fewer dimensions. Small sample sizes seem to require that simpler quantities be estimated -- such as the means of clusters, or only the largest eigenvector of the covariance matrix. 

The nature of the data is not easily specified. H the data is time-varying it will frequently be more effective (and possible necessary) to use a different technique from one suitable for stationary patterns. The degree to which the data exists in isolated clusters as opposed to being in "amoebic smears" (i.e. , all in one contiguous mass of data) is also important. One of the important research tasks yet to be done is the establishment of better means of classifying data into broad types that suggest the technique that could be most successfully used to further analyzt, them. 

Where categorization information is available and reliable, use of it to constrain the clustering seems advised. 

4. Measures of Similarity Used by the Techniques 

In relating techniques, consideration should be given to the measure of similarity that was or could be used. Correlation usually requires normalization of the pattern vectors with respect to magnitudf'. Euclidean distance does not. Euclidean distance is considerably affected by the scale factor associated with each pattern dimension -particularly when these dimensions are not commensurate in units of measurement (e.g., feet vs inches or, worse yet, feet vs seconds). 

The measures of similarity used in the papers reported on are given in Table 2. Additional measures of similarity are given on pages 129-130 of Sokal and Sneath. 40 

5. Criteria for Adequacy of Clustering Used by the Techniques 

Some techniques depend critically on the criteria of clustering used. The clumping techniques described below are particularly sensitive to this, since only one iteration is performed and each decision as to the cluster with which a pattern is associated teoos to be final. 

In iterative techniques this dependence is reduced by allowing the algorithm several iterations in which to associate patterns into clusters. Hence changes can be made based on information obtained in the initial clusterings. 

Table 3 gives a list of criteria for clustering used by various authors. In this table Ne represents th number of clusters. 

6. Lumping of Clusters 

The convergence of cluster seeking techniques is related to the way in which clusters are allowed to form. In particular, if clusters can be created, then some mechanism must be provided for either (1) tightly controlling the formation of new clusters, or (2) "lumping" them together. Without these mechanisms the number of clusters could grow until each pattern was in its own cluster, which would obviously not be very useful clustering. Therefore it is important to examine for each of the clustering techniques the way that the number of clusters is changed. (Note tl .t 
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Table 2. Comparison of Measures of Similarity 
Measures of Similarity 

Dot Product 

Similarity 
ratio 

Weipted 
Euclidean 
distance 

Unweighted 
Euclidean 
distance 

Measure for 
binary variables 
taking into ac­
count pairwise 
correlation 

Boolean "and" 

Weighted 
Boolean "and" 

D 
P • W = t p w = I Pl I WI cos 

i=l i i 
(P, W) 

where 
Rij = pi • PJ 

Rij 

when pkl = 0, 1. 

uses dij = -log Sij as "distance." 

Block et al (1962) 
Steinbuch (1963) 
Mattson & Dammann (1965) 
Michener & Sokal (1957) 
Jakowatz et al (1960) 
Spilker et al (1963) 
Glaser (1961) 
Smith (1964) 

Rogers & Tanimoto (1960) 

D 
2 Bonner (1962) 

D a /l = t ki (Xia - Xi a) 
fJ i=l fJ Sebestyen (1962) 

D 2 
D a a = t (Xia - Xi a) Ball & Hall (1964) 

fJ i=l fJ 

D D 
Saa = t l: rij [1 - lxai - Xail] Bonner (1963) 

fJ i=l J=l fJ 

• [ 1 - X aj - X {3j ] 

• [ 1 - 2 xai - xaj ] 
r ij is correlation coefficient 

between measurements i and j 

D Needham (1961) 
siJ = t Pi n PJk 

i=l 

where n denotes Boolean "and" 

D 
s = t 

kl j=l 

rj' X kj = X lj 1 0 

1, X kj • X lj = 0 

0, otherwise 

rj is number of levels of J
th 

measurement (finite for his data) 

12 
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Table 2. Comparison of Measures of Similarity (Continued) 
Measures of Similarity 

Normalized 
correlation 

The following 
six measures of 
similarity are 
from Kochen 
(1963) p. 15, 
and refer pri­
marily to 
information 
retrieval. 

V (Pi • Pi) (Pj • Pj) 

D 
where Pi • Pj = ~ Pn pjl 

J =l 

_-n_in_j log l' nij • N I 
N2 (ninj) 

where N is the total number of 

measurements and ni is the 
number of ones in (binary) 

pattern Nij is the number of 
measurements in which 

pattern i and pattern j are alike. 

13 

Okajima et al (1963) 
Nunnally (1962) 

Stiles (1961) 

Luhn (1959) 

Baxendale (1961) 

(King-) Tanimoto (1960) 

Kochen & Wong (1962) 

Abraham (1962) 



Entropy 

Average distance 
from nearest 
cluster center 

Square (used for 
deviation from 
single signal) 

Value for a cluster 

Table 3. Criteria for Clustering 

r 
H = -l: f( Xj) log f(xj) 

j=l 
where f ( • j) ,:s discrete frequency 

distribution function. 

N 
1 C 

N l: Ni AVEDSTi 
i=l 

where ~ is the number of patterns 
in the i cluster, AVEDSTi is the 
average distance of patterns in the 
th -i cluster from the cluster mean, 

N c is the number of clusters and N 
the total number of patterns. 

D - 2 
~ (Pj - Pj) 

j=l 

N 
1 C 

I - -N t I where 
xx R y=l xy 

a=N 
1 

I = N N t 
xy X y a =l 

X 

where N is the number of mem-x 
bers in cluster y, s

0 
/3 is 1 if 

member a of cluster x is similar 
to member /3 of cluster y; or O if 
they are not similar. I is the xy 
percentage of possible s imilarity 

"links " which are actually present 
between the members of cluster x 
and the members of cluster y. 

14 

Hyvarinen (1962) 

Sebestyen (1964) 

Ball & Hall (1965) 

Brennan (1961) 

Bonner (1964) 



Coefficient of 
belongingness 

Total entropy 

Probability of 
error (when 
defined) 

Table 3. Criteria for Clustering (Continued) 

Nc pij lcorrell. 
1: 1: coeff. 

k=l i, J £ ck cluster ck 

N 
C 

'I: 1:Pu 
k=l i,j lCK 

Fortier & 
Solomon (1965) 

En[ (dij)] = d [ d ]Rogers & -! 'I:'. __ i...,J_ 1
0

g ij Tanimoto (1960) 
2 ij T [(d.j] 2 T (di.) n 1 n J 

where 

T n[ (dill] = ½ r; dij 

where t' means summation only of 
the finite terms after repeated rows 
and columns of the distance matrix 

have been removed and dij = -log2s1j 

where Sij is the similarity ratio 
given by Tanimoto in Table 2. 

tcorrect 
= 1-----

ttotal 

Firschein & 
Fischler (1963) 

clusters can be "thrown away'' if they become too small, and that this is one addi­
tional way of controlling the number of clusters.) 

7. The Nature of "Convergence" of Cluster-Seeking Techniques 

Considerable experimental evidence exists for the convergence of these techniques. 'ome analytic work has been done, notably in the probabilistic and signal detection 
classes of technique . Nevertheless, we feel it fair to characterize the understanding of "convergence" for clu ter-seeking techniques as minimal - particularly with respect to real, non-Gaussian data. 

In a general way, it appears that if the data is ind1Jed clustered then the final 
clusterings will tend to be unique. If, however, the data is "smeared" and "amoebic" then a greater variety of clusterings can exist. Finally, if the data is uniformly 
placed in data pace th n no real table cluster are found - which is to us intuitively satisfying ince 10 lusters really exist in the data. 

15 



8. Shortcomings of Cluster-Seeking Techniques 

In examining the shortcomings of various clustering techniques, it seems impor­tant to ask what affects the way the data is clustered. In Figure 4 we show that for clustering techniques, the scaling of the various dimensions will undoubtedly affect the way that the patterns are clustered together. 

It is, however, possible to normalize the various scales in a way that will lend to a uniqueness of scale with respect to a particular set of patterns. A straight­forward way of doing this is to divide each of the measurements by the standard deviation of the marginal distribution for that particular dimension calculated for a given sample of data. Linear transformations of the data, that is, rotations and translations, have different marginal distributions than the same data not transformed. Therefore the scaling on these modified dimensions will be different. It seems probable that in some cases this difference will affect the way that a clustering occurs. Again, most of these statements are qualitative in the sense that if well­defined distinct clusters exist in the data, moderate scaling, rotation and translation probably will not affect the clustering greatly. lf, however, as is frequently the case, the data is not tightly clustered but has clusters blended into each other, then these effects become more pronounced. 
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Clustering techniques that depend on a correlation measure of distance can be greatly affected by the translation of the data. For example, consider a t of data lying on a hypersphere, surrounding a central point. If the origin is moved outside of the hypersphere then data lying along a given angle from the origin will not consist of a unique part of a hypersphere, but rather of two parts of the hypersphere, and in fact, rather remote portions of the data will be clustered together, if only direction from the origin is used to determine pattern similarity (as is the case with correla­tion). 

The distance measure used to determine similarity or closeness has a consider­able effect on the way data is clustered together. For example, if Euclidean distance is modified by having constant multipliers times the various components, where the constant multipliers differ from cluster to cluster, it is then possible to have rather peculiarly shaped volumes assigned to the same cluster. In Figure 5 we see that it is possible to have a large dispersed cluster surrounding a small, rather compact cluster. The "distance" in Figure 5 is determined by the value of a Gaussian proba­bility density. If the purpose of clustering is classification, then this peculiar shape of cluster may be acceptable. If, however, the purpose is to describe the data, then it seems that convex clusters would be most useful. 
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SECTION V 

MAJOR CLASSIFICATIONS OF CLUSTER-SEEKING TECHNIQUES 

The various cluster-seeking techniques have been broken down into seven cate-gories: 

• Probabilistic 
• Signal detection 
• Clustering 
• Clumping 
• Eigenvalue 
• Minimal mode seeking 
• Hscell aneous 

Th salient characteristics of each of these classes is described in the following 
paragraphs and summarized in Table 4. 

Table 4. Techniques for Finding "Similar" Subsets in Data 

Type Proponents 

Probabil istic Daly (1962) 
Fralick (1964) 

1gnal detection Jakowatz, Shuey & White (1960) 
Glaser (1961) 

Cl u t ring 

Clu m 1ng 

Spilker, Luby & Lawhorn (1963) 
Smith (1964) 

Okajima et al (1962) 
Sebe tyen (1962) 
Hyvarinen ( 1962) 
Ball & Hall ( 1964) 

1ich ner ( l 957) 
'okal ( I !->57 ) 
Hog· r · T nirnoto (l !-JGO) 

eeclha 111 (l l G2) 
·awrey, K ll e r on r (l 62) 

Bonn r (l ' G ) 

Salient Characteristics 

Estimation of probability of oc­
currence of a pattern using deci­
sion theory and then using weighted 
combinativns of patterns to esti­
mate probability distributions. 

Detection of presence of signal 
using energy detection, then 
estimation of parameters of 
matched filter (correlator). 

Finding of minimum distance (or 
maximum correlation) between 
pattern and one "clus ter center' ' 
out of a set of cluster center . 
Iterative improvement of the 
po ition of the e center . 

e of clo e t pai r of patterns to 
form nucleu for a clump of pat­
tern . "Growin "of Jump 
around lhi nucleu . 



Table 4. Techniques for Finding "Similar" Subsets in Data (Continued) 

Type 

Eigenvalue I 

Eigenvalue II 

Minimal mode­
seeking 

Miscellaneous 

Proponents 

Cooper (1964) 
Mattson & Dammann (1965) 

Nunnally (1962) 

Firschein & Fischler (1963) 
Steinbuch (1963) 

1) Block, Knight & Rosenblatt 
(1962) 

2) Bledsoe 

1. Probabilistic Techniques 

Salient Characteristics 

Finding clusters by finding maxi­
mum eigenvalue of covariance 
matrix and splitting patterns on 
basis of correlation with corres­
ponding eigenvector. 

Finding clusters by finding eigen­
values of distance matrix and then 
examining patterns with respect to 
this new basis, i.e., by seeking 
eigenvectors with which many 
patterns are highly correlatecl. 

Use of category information to 
provide impetus to formation of 
new modes for a category, i.e., 
incorrect categorization implies 
needs for new mode . 

Uses high probabilities of con­
tiguous patterns (in a time sequence) 
being in the same clasR to provide 
a (somewhat noisy) cl:.lssification 
of the patterns. 

Seeks to find the set of hyperplanes 
passing through "corridors" in the 
data that have maximal average 
distance from the patterns. 

Probabilistic cluster-seeking techniques are primarily analytic studies in the 
sense that the main results are couched in analytic terms and were derived from 
decision theoretic considerations. Both papers describe experimental results obtained by implementing the algorithm implied by the decision theoretic mathematics. 

Quite possibly this analytical work will provide considerable insight to other 
techniques in terms of convergence characteristics and imply ways that they might be modified. It also seems probable that the clustering techniques will suggest new 
formulations of the mathematics in terms of relaxing restrictions or simplifying 
calculations through the use of approximations. 

2 . Signal Detection 

Signal detection cluster-seeking techniques grew out of a desire to detect unknown signals in noise. The final decision is based on correlation detection. ·The techniques 
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all suffer from the necessity of making an initial detection on the basis of the energy of the signal and then determining the direction of the signal in signal space. For the most part, these techniques consist of the detection of a single signal of unlmown epoch in a noisy environment when the time of occurrence of this unlmown signal is unknown. 

3. Clustering Techniques 

Clustering techniques can be chara~terized by the sorting of patterns by use of multiple cluster points. Tentative assignments of patterns are made to clusters and these assignments are improved until the means of the clusters "adequately" describe the data. The particular method chosen for modifying the description of this data is the primary distinction between these techniques. 

4. Clumping Techniques 

In these techniques a single pair of patterns usually the closest pair, is selected as a nucleus for a clump of patterns. Other patterns are assigned to this clump on the basis of their closeness to the pair of patterns, or to the mean of the pair of patterns. Generally speaking, these techniques require the calculation of all pairwise distances between all pairs of points and some of these distances must be recalculated after each new combination. In some of them, these distances must be stored in random access memories. The large amount of calculation caused by the calculation of all pairwise distances, even between pairs that are quite remote, makes these techniques less useful than they might otherwise be . 

One application for which such techniques seem particularly valuable, however, is. that of developing taxonomies. In these cases, one usually has a limited number of samples (with the possible exception of bacterial species) and the problem is tracing them back along an evolutionary tree, combining branches as clumps become close together. It appears that the same information can be obtained by clustering techniques as is obtained by clumping techniques. 

5. Eigenvalue Techniques 

Eigenvalue techniques are the only techniques we have characterized as non­iterative. Eigenvalue techniques usually depend on the estimation of the covariance matrix. For this reason these techniques tend to require a relatively large number of samples, particularly as the number of dimensions grows large. Large amount of core storage may be required to store the matrix analyzed. The factor analytic techniques of this sort content themselves with one calculation using all of the patterns and a diagonalization of the distance matrix. The later techniques of Mattson and Dammann27 and Cooper and Cooper12 use a calculation of only the largest eigenvalue and the corresponding eigenvector, and then subdivide the pattern set in order to proceed furth r, with a more detailed examination of each of the subsets. 

6. Minimal Mode Seeking 

Thes techniques require categorization information to work. A new mode is created only w en patterns in one class are nearer to a mode of a different class. Pattern den. i ty in pace, as such, is not used in cluster seeking. 
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7. Miscellaneous Techniques 

Two techniques do not fit neatly into any of the above categories: 

a. Tho technique of Block et al 7 utilizes a high probability of contiguous runs of 
patterns in a time sequence being from the same class to adjust the machine 
to a particular mode. This high probability of runs provides marginal teacher 
information in a probabilistic sense. 

b. Bledsoe6 seeks corridors in the data . 
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SECTION VI 

INDIVIDUAL TECHNIQUES 

In the following portion of the paper we describe briefly the known cluster-seeking 
techniques. We will use the following symbols in describing the difficulty of computa­
tion or the amount of storage needed. 

N The number of patterns . 

D The number of dimensions. 

NROWS The number of clusters the process finds. 

C 

ITER 

The number of interval blocks the pattern space is broken up into. 
The number of iterations required for the technique to describe the data 
satisfactorily. 

The total number of patterns used when the patterns are repeatedly 
drawn from the same probability distributions. 

1. Probabilis tic Techniques 

DALY: 15 Es timates probability of occurrence of all possible binary sequences. 
Updates es timates after each pattern sample. Computational complexity grows as 
eN x D. Convergence ha s been hown experimentally by computer simulation. As­

mption is made that we are looking in a noisy environment, for a single signal that 
occurs onl y occas ionally. System definitely limited by the exponential growth of the 
m mory of the system a the number of . amples increases. 

FRALICK: 
18 

Recur iv ly computes a posteriori probability density of distribu­
t ional pa r a meter by u ing a equence of learning samples . Computation goes as 

x D x NROWS C x ITER . Convergence hown analytjcally for the case of detection 
of an unknown , ignal in noise . Appears to a sume that the number of pattern classes 
i known, and appear willing to develop multi modal di tributions in order to handle 
une cp cted clas es of patterns . M thod limited by the need of storing its latest 
st imat of probabil ity distribution of the amples , that is , the description of the 

probabilit d n ity in term of the frequency of "cell s " in high dimensions or by 
as sumin a par ticular form of dis tribution. In multivariate problems the s torage of 
th e is tr i ution b com quite eriou and quite diff icult. The amount of amputa­
tion r quired to update all of th di stributional parameter s can be cons iderable unle s 
·i n pl if ing a · umption • r mad re ar ding th natur of the underlying di s tribution. 

2. .ornn nt: n r0 a ili .. ti T chniqu 

In our op ini n th ·e t :." nique. ar m r u • ful gui to the d v lopm nt of 
pra< ti ·a l t ·hniqu t an a · ac tual ormulntion f pr cti al technique t m 1 
Fith<> • h 1:1 •g p r11J1n 11 t of or :-i ge or tl 1 rr amount f om talion se ms to im pl 
t , t ilP ti> ·h11iquc·~ ire out::; i ie p1 a ti cal 1 imi t~ for hi h- im nsi nal mul i ari t 
cl:"l t :1 



Fralick18 points out (p. 13) that in the case where the class a priori probabilities 
are all the same, the initial selection of the probability distributions for the various 
classes must be different, or ''all computer branches will 'learn' the same thing, and 
the syE1tem as a whole will learn nothing." 

A third paper related to this work is that by Patrick and Hancock. 33 This paper 
presents no new techniques that this author considers as mode-seeking, or learning­
without-a-teacher tAcbniques. It does closely examine the efficacy of various estima­
tors that might be used under conditions of partial knowledge concerning probability 
distributions. The assumptions made in the paper seem to be so strong as to make 
the paper of relatively little practical significance. Many of the techniques discussed 
in this paper are for a single-dimensional problem. It does not appear that they 
generalize usefully to multivariate situations. 

A pertinent quote from this paper33 is as follows: "It is seen from the above 
discussion that the performance of different learning systems should be compared on 
the basis of what a priori information is required for their operation." 

A second quote18 relating to the same subject is: "we still require some a priori 
knowledge in order to be able to obtain the very first decision rule." 

It does appear that the question of how much a priori knowledge is necessary to 
provide what might be called "learning'' is one that should be looked at quite carefully. 

We feel that the examination of this work motivated by decision theory may be 
very useful if related to the more ad hoc methods of clustering and finding the structure 
in data that will be discussed below. For example, in the ISODATA procedure if a 
pattern falls roughly equidistant from two cluster centers it is only added into the 
closest cluster center. Fralick's work seems to suggest that in this case it might be 
well to add portions of this pattern into both clusters. 

3. Signal Detection Techniques 

JAKOWATZ, SHUEY AND WHITE: 21 A sample of the input waveform is stored in 
the memory of a correlation detection device. When the dot product of the incoming 
waveform and the stored waveform in the correlator exceeds a threshold the waveform 
stored in memory is modified by adding in a certain fraction of the waveform stored 
in memory as it exists at the time the dot product is maximally greater than the 
threshold. The threshold grows with successful detection and decays with failure to 
detect. Parameters controlling the algorithm include the threshold level, the memory 
weighting factor, the threshold setting factor, the threshold decay factor, the fil t r 
length, and the bandwidth of the filter. It uses only one correlator. Computation 
goes as NT x D. Convergence shown analytically and experimentally. 

This technique and those in this section of signal detection technique are primarily 
used for signal detection, and as they are presently conceived, their utility out ide of 
this area seems limited (with the possible exception of the proposals by Smith). 

GLA ER: 19 The incoming waveform is detected on the basis of it en rgy. When 
a signal has been detected because of its energy, it is et into the correlation cl t ctor. 
Future decisions are based on a mixed weighting of detection by the et) rgy cl t tor 
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and by the correlation detector. Detection threshold, memory weighting factor, and 
incoherent vs coherent detection factor are the parameters provided in the program. 
Computation goes as NT x 20. Convergence shown analytically. 

SPILKER, LUBY AND LAWHORN: 41 The incoming signal is quantized into three 
levels. Initially, if the waveform has energy greater than a threshold, then the cor­
relation detector is modified. Future detections then depend on a mixed weighting of 
the energy detector and the correlation detector. Parameters provided are the de­
tection threshold, the memory weighting factor, and the incoherent vs coherent detec­
tion factor. Uses only a single correlator. Computation goes as NT x 2D. Conver­
gence shown analytically and experimentally. 

SMITH: 38 Detects the waveform using energy detection. Energy detection causes 
the waveform to be stored in the correlator. Gradually correlation detection takes 
over. If multiple signals are to be detected, then one correlation is trained first and 
then a second correlator is trained after the first one is trained. Detection threshold, 
memory weighting factor, incoherent vs coherent detection factor are the parameters 
provided. A second cluster is formed if the first correlator does not detect a signal 
when the energy level threshold is exceeded. No mechanism is given for destroying 
clusters. The computation goes as NT x 20 x NROWS. The computations required 
by Smith's method are more complicated than Glaser's or Spilker's. It is not apparent 
that a great deal is /gained by adding the complexity. The method of adding new clusters 
does not appear to be very effective in problems having a large number of clusters and 
it might be damagingly ineffective. 

4. Comments on Signal Detection Technique 

By using more memory to store possible patterns it might be possible for these 
techniques to avoid the difficulties caused by using energy detection to start the process 
going. That energy detection is hindering can be seen in the foregoing simple example, 
taken from Spilker et al. Spilker41 (p. iii) mentions a definite thresholding effect on 
the performance of the filter at a -13 db. Calculations show that the marginal distri­
butions for each component overlap to a very considerable extent (about 45 percent 
probability of error for decision made on the basis of any one component by itself). 
It can be shown, however, that if one is able to use a signal with a thousand components 
in it, then the probability of error when the problem is taken as a multivariate normal 
decision problem is only O. 0002, which is very small. When energy detection must be 
performed, the probability of error is considerably increased above this small num­
ber. By storing a number of signals a guess as to possible cluster locations can be 
made without using energy detection. 

One point that Glaser19 (p. 93) raises seems important enough to quote: 

For weak signals the component estimates will tend to be large and 
induce erratic behavior in the adaptor system. It appears that there 
may be a minimum signal strength which the signal system can adapt 
to, and this also may be a function of signal waveform. Signals abo 
this minimum will be successfully adapted to at a rate which decreast 
as signal strength increases. ~;·o calculations on this minimal adaptab!ti 
signal have been made. 
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This hypothesis seems worth further investigation. It appears to this author that techniques that avoid the necessity of making threshold decisions based on total signal energy may significantly improve performance. 

Brennan9 (p. 70) quotes three factors as determining convergence for the system of Jakowatz, Shuey and White: 

a. False alarm rate less than signal rate. 
b. Probability of finding second signal greater than 1/2. 
c. Best estimate of certain coefficients. These coefficients depend entirely on the memory factor ,, . 

The final optimum which the filter can reach ... is dictated entirely by the memory factor. 

He further (p. 72) comments that it is desirable for the filter to be not quite twice as long as the signal, and that the reduction in signal-to-noise level due to increasing W (W equals filter bandwidth) might then be well compensated by rapid convergence, or even making convergence possible (p. 73). He goes on to point ou t the importance of keeping the memory weighlin~ factor low when the nature oi the signal is not well lmown so that erroneous signals can be easily erased (p. 7 5). 

Smith38 uses the squared dot product between the filter and the incoming figure, as well as the dot product unsquared. It is difficult to ee what effect this has on performance (except to make calculations more complicated). He does show an interesting example (on p. 21): "It can be seen that the lack of timing information makes it necessary to examine the paths of the s ignals throughout the space to be sure that there is no ambiguity in the decision regions. " 

Here he is pointing out that long signals entering into the correlator may appear to be a different short signal due to tht limited number of ample point in the filter. Therefore it is necessary to examine translations of a s ignal to ·ee if this type of ambiguity exists. 

Smith has an interesting approach to detec ting di ·tinct multiple ·ignal . H suggests, first, detection of one s ignal until an arl qu::ite r epre entation of that ignal has been obtained, and then the use of that r epre ent tion to di • tingui h the fi r t signal from a econd s ignal. Clu tering technique ... incH cate thnt th i can be avoid d by having more than one clus ter point, or c lu ter v cto r, to aclju tat a tim . 

It would appear that all the technique .., ar troubl rl by th epoch (or tran ... ·lat ion f the time origin) problem . Perhap this al o 'ould b ver ome by r at ruse of torage (sufficient to s tore very hift of the . ign, l durin th tim when th , i na l occupie a centr al po ilion within th corr lat r . Thi , u ·e ·ts th i lea f a d uble corr elator, a correlator within a corr lat r, to d ·t rmine wh n th ·ignal i • c ntr· 11 lo at d in the larger filt r. 
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5. Clustering Techniques 

OKAJIMA, STARK, WHIPPLE AND YASUI: 31 Patterns are selected in random 
order, weighted, and compared with a set of "typical" patterns, using a normalized 
correlation measure of similarity. The typical pattern correlation that is maximum 
is compared with a threshold. If the threshold is exceeded, then the pattern is added 
into that filter. If the threshold is not exceeded, then a new filter is created. A 
smoothness of convergence parameter as well as a similarity threshold is used to 
control the program. Clusters are not destroyed in the process. Cluster points are 
the average of all of the patterns associated with that cluster point. Computation 
goes as D x N x NROWS x ITER. The clustering is dependent on the order in which 
the individual patterns are presented to the program. This appears to be quite an 
excellent technique. 

SEBESTYEN36 and SEBESTYEN AND EDIE: 37 A pattern is selected and compared 
with the existing cluster centers. The measure of similarity is a weighted Euclidean 
distance with a weighting by factors that depend on both the particular component and 
on the particular cluster. The minimum distance of the pattern from a cluster point 
is compared with two thresholds, one smaller than the other. If the smaller threshold 
is not exceeded, then the pattern is added into that particular cluster and a new mean 
computed. If the small er is exceeded but the larger is not, then the pattern is rejected 
for the present time, to be used at a later stage in the process. If the pattern distance 
exceeds the second threshold, a new cluster is created. Parameters controlling the 
processing include the two thresholds, and a parameter that controls when r ejected 
patterns are forced into the various clusters. Computation goes as D x N x NROWS x 
ITER. 

This technique is specifically pointed toward providing as an output a probability 
distribution based on the sample data and the technique's complexity is increased by 
this goal. 

HYV ARINEN: 20 By using a typicality measure, a single pattern is selected as a 
starting point. Other patterns that are within a certain distance of this pattern are 
clustered with this pattern. All patterns that are clustered together are then removed 
from the total set of patterns. This reduced set of patterns is then e>. ...4 mined for 
another most typical pattern on which to start another cluster. The threshold con­
trolling similarity is a process parameter. Cluster centers are never modified after 
the initial selection of a typical pattern. Computation goes as D x NROWS x N. Com­
putation of typicality of patterns may prove expen..,ive for large pattern sets. It would 
appear that this technique requires data that is more structured than other clustering 
techniques of this type. The measure of typicality critically determines the effective­
ness of this procedure. 

BALL AND HA LL: 4 Several patterns are selected as trial cluster points. All 
patterns are then clustered around these trial cluster points and an evaluation of the 
clustering i made. If the maximum marginal standard deviation for any cluster is 
too large, and if certain other conditions are satisfied, then the cluster is broken into 
two cluster s by creating two cluster points out of the original cluster. A second al­
lowable number of patterns in a cluster, the allowable maximum come closer together 
than a given thre hold. The parameters that control a program are the minimum 
allowable s ize of a cluster, the allowable maximum standard deviation in the cluster, 
and the minimum di tance between two cluster points. Clusters are formed by splitting 
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existing clusters. They are destroyed when two cluster points are lumped together or when a cluster gets too small. Trial cluster points are modified only after all patterns in the set have been clustered. The computation goes as D x N x NROWS x ITER. It can be generalized to include clustering about line segments and planar sections. 
Block diagrams of optical implemeritation have been developed. 

6. Comments on Clustering Techniques 

Hyvarinen's technique appears to have one major drawb:ick: it is not iterative. If the measure of typicality used is thrown off by some peculiar structure of the data, then it appears possible that clusters could be obtained that would be quite lopsided and not as intuitively pleasing as ones obtained iteratively. 

The techniques of Okajima et al and Sebestyen seem very similar in that in both of them distance from a nearest cluster point is compared with a threshold. If this threshold is exceeded, then a new cluster is formed. If it is not (with the exception of the guard ring in Sebestyen), then the pattern is added into that closest cluster. The similarity was stronger in the early forms of Adaptive Sample Set Construction (see Sebestyen36), than as modified in Sebestyen and Edie. 37 The later technique has many fine features that now allow it more truly to represent the data as an empirically derived probability distribution. 

Sebestyen's technique differs from the other techniques in his use of a metric 
that is sensitive both to the individual cluster and to the dimension in which a measure­ment is being made. This should provide greater flexibility in its description of the data. If, however, one of the purposes of the technique is to provide a description of the data, then this may not be an advantage in that it may be more difficult for an individual attempting to visualize the structure of the dat.a to bring into play these 
factors than it is for him to accept additional cluster points. (See discussion under 
"Shortcomings of Cluster-Seeking Techniques'' above.) 

The technique of Ball and Hall differs from the other clustering techniques in several ways. First no absolute threshold is used in the measure of similarity 
criterion of the technique. A pattern is assigned to the closest cluster point regard­less of distance. (This has disadvantages in terms of wild shots that lie a great 
distance from any cluster center. However these rapidly become cluster centers by themselves and then no longer bother the process.) The criteria used to evaluate the "goodness" of the various clusters and in the splitting of the cluster appear to be conceptually different. The lumping in the Ball-Hall technique produces a similar 
result to that obtained by Sebestyen when he combines sample sets that are not con­tributing significantly to classification accuracy by their being distinct. In some sense the goals of the two. techniques are different, in that Sebestyen's technique is to develop a probability density that can be used in making classifications, whereas the Ball-Hall technique is pointed toward an adequate representation of the data, initially, at least, without regard for the classification to be performed. A further distinction between these techniques is the sorting of all of the patterns by the Ball­Hall technique prior to the modification of any of the sorting criteria. This makes the technique independent of the sequence in which the patterns are presented. 

One note of warning should be added regarding the use of metrics weighted with respect to cluster as well as component. For example, if distance were measured as in ISODAT A without using a threshold, one would find that the decision boundaries no 
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longer had the simplicity and intuitive appeal of the perpendicular bisecting plane. 
Now it would be possible for a small dense cluster to be located in the interior of a 
larger cluster that was not so dense. Possibly this would be an advantage but it 
would make interpretation more difficult when the technique is used for data analysis. 

Okajima et al provide a contribution in the use of their smoothness of convergence 
criteria. This is used to make it more and more difficult for a pattern to be added to 
a cluster as the cluster grows larger. 

It is felt by the author that the Ball-Hall technique is so structured that it is 
better suited to generalizing to new types of clus terings, for example, clustering 
about line segments or planar sections. 

One of the present weaknesses of the Ball-Hall technique is the weakness of the 
existing criteria for determining the adequacy of clustering. Hyvarinen's suggestion 
of using an information theoretic measure to determine the most typical pattern in 
order to choose a best starting place for a clustering is an interesting one. 

Stark makes an important point (see Okajima, Stark et al, 31 p. 108) when he 
discusses how a modification of the metric of the classification space will cause a 
different grouping of data vectors to occur. This is one of the most vexing and ap­
parently unsolved problems in clustering techniques having no externally supplied 
guidelines as to the relative importance of the various measurements. It appears 
possible that some rationale for the selection of scales could be developed by examining 
the changes in clustering obtained as a result of changing the scales of the various 
patterns. 

Stark (p. 109) points out that modifications in the clustering caused by changes in 
order of the pattern presentation may provicie some indication as to the structure of 
the data itself. 

It is the opinion of the author that the clustering type of cluster-seeking techniques 
may well be the most profitable direction in which to extend out efforts. Much more 
analysis of these techniques has to be done. Possibly we will then discover that these 
techniques are controlled by a form of feedback supplied by the structure of the data 
itself. 

7. Clumping Techniques 

MICHENER AND SOKAL:2
8 

The nucleus of a cluster is established using those 
two patterns having the highest pairwise coefficient of correlation. Then patterns are 
added to this nucleus one at a time, always adding first the pattern with the highest 
average correlation with the members of the group. The limit of the groups could be 
found by decreases in the level of the average correlation. A '' significant" drop was 
empirically determined. Correlations between small clusters were used to group 
these small clusters into larger clusters . Computations go as D x (N(N - 1)/2). 

This technique and the two next techniques require a number 0f comparisons to be 
made and additional computations to be performed. The extent of these computations 
is difficult to determine without examining specific data sets. The calculation of all 
pairwise distances between all patterns is considered to be a relatively inefficient way 
to obtain the s tructure of the data. This technique is best suited to taxonomic applica­
tions . 
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ROGERS AND TANIMOTO: 34 A function related to information theoretic entropy is computed and minimized. This selects the point pattern nearest the centroid of the system of patterns. This most typical pattern is designated "a prime mode" and a clump of cases very similar to it are clustered around it. Patterns are added to thi s clump until the inhomogeneity measure suddenly takes a large jump in value, indicating that the last pattern added was not truly a member of this clump. Computations go as D x N(N - 1)/2. Random access memory required is N(N- 1)/2. Patterns con idered are binary in value. 

NEEDHAM;
29 

PARKER-RHODES; 32 
ABRAHAM:

1
' 
2 

The distance between all pairs of patterns is computed for the pattern set. A threshold related to the average distance between the patterns is computed and the imilarity matrix (i.e., the matrix computing all pairwise distances between patterns) is thresholded at some level, reducing the matrix to a matrix of zeros and ones. The 1th row thus contains a li t of all objects to which the 1th object is closer than the threshold. It is possible, working with these lists of objects, to obtain clusters of interrelated object . One method of doing this is to take a list of patterns related to one pattern, to take the next pattern on the list, and to take the intersection between the two lists of the e two pattern , etc., until the number of patterns at the intersection is satisfactory. In thi way fundamental clumps can be constructed, which can then be u ed to build up other clumps around them; th11.t is, these clumps can serve as nucleu clumps. One param­eter of the program is the threshold above which patterns are declared related, and below which, not related. Computations go as D x N(N - 1)/2. Random access memory required is approximately N (N - 1 )/2. This technique seems primarily useful for taxonomic problems. The techniques proposed are suggested both intuitiv ly and by the use of graph theory. 

BONNER: 8 
Two methods are proposed. The first compute a similarity matrix, giving the distance between all pairs of patterns, and then manipulate thi imilarity matrix. The second, which is the one we hall describe, a it appear to b mar satisfactory, takes a "random " center pattern and builds a clu ter arounct thi by utilizing an arbitrary threshold. All members more imilar to thi s ente r patt rn than the threshold are considered to be in the crude cluster. The member of thi • crude cluster are then examined by more refined criteria to determin wh ther or not they should be considered as part of thi cluster. The yardstick of clu t r good n used is a measure of the rarity of the cluster. The computation goes rou ·hly a D x N. Additional computations are required that depend on the haracte r of th data. Program requires random access to all the set of pattern in order to improve th clusters obtained efficiently. Patterns u ed were binary. The u e of a thr ·hold around an arbitrary pattern see ms like a u eful way to re trict the numb r of 111 a: ­urements of distance that must be made between pair of patterns , if th di tan between pairs of patte rns is to be measured. 

FORTIER AND SOLOMON: 17 
Compute the corre lation between all pa ir · of patterns. The ab olute value of the difference between thi s correlation ·qua r d :111d an arbitrary con tant i stored in a "d is tance" matrix. Th constant u ·<: cl .- h0ulcl b ' related to the lo s xpectecl if two items are clu tered that are not strongly r ,1ntc d . The matrix i then um med over all clu ter of pair . That i , comput a number that is the sum of the "d i tance" between all pairs of pattern in a giv n ·lus t r . ·u 111 this number ov r all ' lu ter . The attempt would then be mad to rnaxim iz thi s final double um med number. Computation goe as D x N( - 1)/ plu • amputat ion!--
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neces ary to maximize the sum of the differences between these various correlation coefficients and the threshold for each of the clusters formed. The techniques dis­cussed in thi s paper seem particularly to bear out the combinatorial problems in clu ter ing. They e mphasize the necess ity for making approximations and for itera­tively computing the desired quantities rather than trying to compute it using all the po s ible information. These techniques seem quite limited with r espect to the prob­lem they can attack bee:au e of the re tric tions on the number of clusters the tech­nique proposed an consider. 

SAWHEY, KELLER , AND CONGER:35 
The procedure select s mall subsets of nearly identical patterns u ing the Euclidean distance between patterns. Based initially on a mall number of bas ic profiles , highly homogeneous groups which are also dis-im il ar to each other are formed . To these homogeneous groups, the remaining profiles in the ample are then compared . As a result of these comparisons, additions are mad to one or another of the groups by s uccessively relaxing the criteria of group ho mogene ity. Profile groups are formed in which the group members are similar to ach other but at the same time dissimilar from the members of all other group . Th pap r gives quite a thorough analysis of the application of these cluster­ing t chniqu s to psychological data. The computations involved will depend quite definite ly on lhe nature of the data though all pairwise distances must be computed. 

Comment on Clu mping Techniques 

'h chnique of Iiehener and Sokal 2 were developed for the specific purpose of obtai ning a nu m rical taxonomy of a collection of animals, in this case, bees. The techniqu it self i • hi ghly oriented toward attaining this taxonomy, and as a result m l s u , fuJ fo r th more general problems of clus tering than some of the othe r t chniqu : . Th comment found in a later book by Sokal and Sneath, Principles of um ri cal Taxonorn , 4o are worth r eading, however, and for those interested in approa ·hin l ' th formation of sub e t by providing a nucleus pattern or patterns and clu 111pi ng around th m, thi book i - an excell ent source of reference . One quote rom 1 ich "n ., r and 'okal follow : 

y u ing a larg numb r of haracter and pecie (i. e ., measure-m nt and p::itt rn ·) how v r , we f -1 that weighting becomes unneces-·ar b ·au lh ' magnitud of correlation co fficient calcul ated 
l.> 1 twecn s1 i (di ·tanr betwe n I attern ) would be little affected b xlr me weighting . 

Thi ~ sc '111 :, to indi ·al th y fe I that in ome ense the mo t valid general clus-t ' rin r n ·a n obtain i • b u ing a larg number of d scriptor of the pattern. (With lirnit d ._' ::tmplc s izes in rca in th num b r of mea ur ment may, however, lead to 
:-i d c 1· :I s in ' 'cl u t ralJil ily . ") Howev r, in the ca e of clus terings toward a par­ticular ' ml - fo r exampl , clu -tcr ing weather mca urements to obtain indications of high c.: c il ing and low c iling h ights -- the weighting of one or another measurement i th n ti d lo lh p .. rticular ta I for \ hi ch lh sy ·tem i intend d . For thi rea on, thi par ic ular • mrn nt se rn mo ·t valid only when trying to develop a gene ral taxonom ica l n 'lation shi p b lwe n th variou • pattern . 

Th p:1 IPr by Hogc! r • and Tanim to wa - on of the -arli t paper in which a compute r w:1 • a n ' ·t> . ·a r nnd integra l parl of the pro n d . The program cl vl'l 1wd ~ ' 111. · part ieuJarl y !:- i rnifi ant in it att ,m pt to allow the operator to 
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introduce new cases or attributes whenever these are found to be irrelevant to the 
clustering to be performed. A second interesting aspect of thi paper is the use of 
information theoretic measures to determine the quality of the clustering obtained. 
If these measures from the clumping techniques were combined with a more efficient 
method of associating patterns together, such as is found in the clu tering techniques, 
it appears that the resulting algorithms would be particularly powerful for sorting 
patterns into subsets. 

The papers by Parker-Rhodes, 32 Needham, 29 Abraham11 2 and Kochen24 are all 
concerned primarily with the use of what might be called graph theory for the determi­
nation of clusters in a set of data. A common characteristic of these papers is the 
use of a similarity matrix as a ufficient description of the universe of patterns. As 
defined in these papers: "Broadly, members of a clump must be more like each 
other and less like non-members than element~ of the universe picked at random" 
(Parker-Rhodes, 32 p. 9). 

Much of the work in these papers is set-theoretic and att mpts to determine some 
rather general concepts concerning what can be considered a cl ump and what is not a 
clump. The major problem of these techniques is that they all increase in computation 
at least as the square of the number of patterns which is a considerable limitation on 
large problems. 

The paper by Bonners contains a large number of insight into the clumping ap­
proach to obtaining subsets. Many of these comments are useful regardless of the 
technique class that is being used. Three algortihms are described in this paper. 
We have described only the third in any detail. Additional measures are provided in 
this paper for measuring the strength of internal clustering vs the strength or external 
interactions. Bonner suggests the following criteria for clustering: 

The clustering problem ... becomes the problem of finding sets of 
objects where the attributes are estimated to be independent within 
a set . . . The philosophy of the clu tering procedure to be followed 
involves finding sets of objects which do not come from this popula­
tion. If non~ can be fom1d, the original object set is judged to be one 
cluster. If any is found, it is removed from this set as a cluster. 

Bonner then describes a statistic that can be used to determine the probability 
that the objects clustered together, if picked at random from a hypothetical population, 
are statistically significant. 

His major conclusion regarding clustering techniques and factor analy is an 
interesting one. 

The major point to be made is that clustering method ... can be u ed 
for problems now done by factor analysis. It is not i mpli d that uch 
a cluster analysis should replace factor analysis, but that both method 
applied to the sa me data should yield a deeper under landing than 
either method alon . 
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The paper by Fortier and Solomon17 is notable in its spelling out of the difficulties 
involved in handling a clustering of a large number of patterns in high dimensions by 
direct methods. As they say (pp. 3-4): 

Theoretically speaking, we have a finite problem at hand for which 
there exis ts a solution: i) prepare a list of all possible partitions 
of a set of N points. ii) for each partition (set of clusters) calculate 
the B function, iii) c· oose the clustering configuration which corres­
ponds to the optimal (large) B value. However, matters get out of 
hand r ather quickly, for the amount of computat · rm becomes inordi­
uately large , even when N is moderate in size. 

The paper contains many tables bowing just how out of hand things can get if 
this point of view is taken, and some approximations are not made. 

Two other papers worthy of mention are Cattell 10 and Kaskey. 22 These two 
papers deal primarily with the analysis related to clustering measurements as op­
posed to clustering patterns, and for this reason have not been included in detail. 
The paper by Cattell outlines some of the methods that were used prior to the advent 
of the electronic computer. The paper by Kaskey makes considerable use of the 
electronic compute anrl ci vclops a igi 'ficance test to be used on the correlations 
between various measurements. One of the limitations of both of these approaches 
seems to be the implicit assumption that the set of patterns being analyzed is in some 
sense normally distributed so that correlations have the desired significance. It 
seems quite probable that in cases in which a relatively large number of patterns is 
being used and in which a priori knowledge is not really adequate to divide these pat­
terns into homogeneous subsets that this will not be true. It is therefore recommended 
that these procedures be amended to , first, cluster patterns into relatively homo­
geneous subsets, and secondly, to perform the clustering of the measurements. While 
the interpretation of the results of such an analysis would probably require new atti­
tudes towards the information contained in the data, it does seem that the results 
obtained would be much more directly related to the physical phenomena underlying 
the data. 

Cattell also notes in his article that Holzinger's B coefficient techniques might be 
used to relate the density within a cluster to the density of patterns immediately 
surrounding a cluster. Both Rogers and Tanimoto, and Michener and Sokal use the 
concept of adding patterns one at a time, until an inhomogeneity measure increases 
sharply over previous increases. This seems related to the same concept of learning 
how isolated a cluster is from the other patterns. In analyzing some real data, we 
have found that while isolated clusters do occur, an interesting and useful description 
of the data can be obtained by clustering (in the sense of relating together a group of 
similar patterns) even though each of these "clusters" is not really isolated from the 
surrounding patterns. 

The general comment regarding clumping techniques is that they are in general 
non-iterative in the sense that there is a specific procedure that determines when a 
pattern is added to a clump. The use of a once-through, non-iterative procedure 
requires the selection of a stricter criteria of what constitutes a cluster than would be 
required if an iterative technique were used. As suggested above, it does appear that 
the combination fa good criteria of what constitutes a cluster with an iterative tech­
nique should provide an extremely powerful synthesis of clustering and clumping 
techniques . 
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9. Comments on Eigenvalue-Type Techniques 
' 

Nunnally30 is in some sense intermediate between the clumping technique and the 
eigenvalue techniques. His technique is s imilar to the clumping techniqnes in that he 
uses the distance matrix, giving the pairwise distances between all of the patterns, 
and is elmilar to the eigenvalue techniques in that he uses the principal direction in 
the distance space to define the clusters, i.e., he u es the eigenvectors of the distance 
matrix. 

This technique is particularly interesting in that it ties together the more classical 
approach of statistics, e.g., factor analysis, and the principal components analysis, 
to the techniques of clustering and clumping. Nunnally has everal useful comments 
on the importance of considering what he calls level (signal amplitude), shape (which 
corresponds to direction in our pattern space) and dispersion (which is related to the 
variance of the pattern around its mean level); these comments are more directly 
related to psychology than to other types of patterns. Nunnally' work is in some 
ways reminiscent of the work of Bonner. 

One quote from Nunnally seems particularly relevant: 

The decision to use profile (cluster) analysis is determined in part by 
preferences for methodologies, which are, in essence, wagers about 
the likely research payoff in the long run, from choosil"lg one method 
of investigation rather than another. The reader can judge for himself 
whether the studies using comparison of profiles (e.g., measure of 
"assumed similarity" in interpersonal perception) have borne the 
expected fruit. 

With the availability of computers increasing and the co t decreasing, it eems 
very worthwhile to use both the more classical factor analytic or eigenvector methods 
and the methods of profile or clustering analysis on any given set of data. We feel 
that the two viewpoint are sufficiently different that they can each supply important 
information regarding the data. 

The paper by Cooper and Cooper13 appears to depend rather heavily on a number 
of assumptions regarding the nature of the data. While these assumption are neces­
sary for their analytic examination, and while they have suggested way of getting 
around some of the assumptions that they have made, we feel that much work remains 
to be done before this technique will be of value when applied to problems in which 
little is known about the data. At this point it is worth noting the r elation hip between 
the technique of Mattson & Dam mann27 and that of Cooper and Cooper . In some en e 
it appears that Mattson and Dammann have taken the underlying philosophy of the 
Cooper and Cooper technique and extended it to problems where little i known about 
the structure of th data. This relaxation of assumption makes the IVlatt on and 
Dammann technique pa rticularly u eful. Th mo t prevalent a sumption in th oop r 
and Cooper paper is the one of the data being formed from two Gau ian di tribution •. 
In thi r es pec t it i • re mini cent of lhe approach of Patrick and Hancock. 33 
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An ·nteresting quote from Cooper and Cooper13 (p. 419) is the following: 

As is to be expected, non-supervised adaption cannot be uniquely achieved for arbitrary distributions. But where there is adequate probability structure of the problem, the partition can be unique. There are many cases for which this is possible. Of special im­portance is the two-category case where the distributions are translates of one another, but have general functional form, and further interest centers on the cases where the distributions are finitely parameterized. 

While it is true that some of the clustering techniques that have been discussed do not arrive necessarily at a unique solution in a mathematically rigorous sense, it is nonetheless intuitively clear that in well-structured data tho partitions achieved will be what might be called "epsilon-unique," that is, the partitions achieved will vary only slightly (for the same parameter settings of the clustering program}. The most pertinent variable in determining the size of epsilon in this case is the inherent structure of the data. If the data exists in clusters that are compact and well isolated from each other, then the partitioning will be unique. If the data, on the other hand wa • drawn from a uniform distribution of random numbers, then in all probability the clustering will vary with every attempt at clustering. It has been our experience that most data lies somewhere between these two extremes. Perhaps one of the most u eful aspects of the clustering techniques is their ability to indicate which extreme a particular set of data lies nearest. 

The paper by Mattson and Dammann27 is in the author's opinion an excellent xample of combination of analytical and intuitive approaches. While the technique follows well-defined lines in terms of what is computed, nevertheless the concatenation of these various well defined mathematical functions arrives at a technique that is considerably more useful than any one of these techniques applied separately. It is worth noting that this technique aims toward synthesizing efficient threshold networks. The technique is, however, useful for much more than that, in that it makes possible an examination by the researcher of the nature of his data in a relatively limited region of the pace. Perhaps the most important aspect of this technique is its use of direction in data, with the breaking up of the data into smaller subsets preventing heterogeneous subset of the data from confusing the analysis. 

Both Mattson and Dammann27 and Cooper and Cooper13 are in effect searching for valleys between high density regions in the data. A tachnique which will be described below (Bledsoe6), is a third technique that has at its core the projection of data onto a line and the searching for low density spots in the distribution of the pat­terns along this line. 

JO. Minimal ,lode-Seeking Techniques 

FIRSCHEIN AND FISCHLER: 16 Computes dot product of patterns with cluster centers (classes are partitioned into subclasses so that each member of a particular clas is closer, in the sense of high correlation score, to the centroid of its one sub­class than to the centroid of any other subclass); to classify an unlmown vector, we 

35 



determine the closest subclass centroid to the vector and assign the unknown vector to that class. Patterns are divided into three classes: 

1. Patterns having highest dot product with centroid of its own subclass 
2. - with a centroid of another subclass which is in the same overall class as the pattern 

3. - with the centroid of another subclass which is in another class than the one given. 

New subclasses are formed by h:iving that pattern having the lowest dot product with its own subclass centroid chosen to form a new subclass centroid. The procedure is iterated until allowable error rates are reached or some arbitrarily chosen number of system iterations has been made. Computation goes as N x NROWS x D x ITER. This technique and the following technique depend on the use of classification informa­tion in determining the subclasses. The technique may run into difficulty in cases where the pattern classes are overlapping unless some method is found for recognizing patterns that lie in the overlapping areas. 

STEINBUCH AND PISKE:42 Subclasses are formed if the distance between a pattern and a mode of its particular class is greater than a fixed threshold amount. The procedure is iterated until adequate separation is achieved, or other constraints are satisfied. Computation goes as D x N x NROWS x ITER. 

11. Comments on Minimal Mode Seeking 

Firschein and Fischler's technique16 appears to be quite useful in cases in which pattern subclasses are linearly separable. However, from our experience at SRI it appears that modifications of the technique will be necessary when pattern classes are badly overlapped and intermixed in one another. That is, some method of storing patterns that are consistently causing difficulty should be used so that new subclasses would not be created for these patterns, if, for example, they lie right in the central part of another class. 

A significant quote from this paperl6 (p. 138) is: 

Unlike previous procedures for subclass formation, this method does not require the specification of an arbitrary fixed distance as a cri­terion of membership in a subclass. Another advantage of the present technique is that it is not necessary to specify the required number of subclasses beforehand. 

We consider these both to be significant aspects of this technique. 
The paper by Steinbuch anrl Piske42 we found difficult to read insofar as the recognition and clustering characteristics of the learning matrix are concerned. The article appears to be primarily a description of the learning matrix itself, rather than a description of the ways in which it operates, and its limitations. From our other experience it does appear that this technique would be useful , though some of the methods of normalization reduce its general applicability. It seems important to note that category information is required for this and for the Firschein and Fischler technique. 
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12. Miscellaneous Technique 

BLOCK, KNIGHT AND ROSENBLATT: 7 The computational unit consists of two layers of summing networks followed by thresholds. The summing units on the first layer are in one-to-one correspondence with the summing units of the second layer 
and have a threshold of 0. The weightings on the connections between the first and second layer are incremented if, when the threshold of the first layer unit is exceeded at time T, and the threshold of the second layer unit is exceeding at time T + 1. All connections are decremented each unit of time. The size of this decrement in the 
thresholds is a control parameter of the program. The computation goes as D x N x NROW x IT ER. Classification information is inferred from the sequence in which 
patterns are shown the machine. It is assumed that there is a high probability of continuous runs of patterns coming from the same class occurring in contiguous runs. 

BLEDSOE: 6 An arbitrary plane passing through the patterns is selected. Dis­
tances from this plane are computed for all of the patterns. The average distance of the pattern from this plane is maximized by a series of iterative adjustments of the plane. This procedure is tried for several different initial starting points. The plane having the maximum average starting distance is selected as the best plane. All patterns are projected onto this plane and a second plane in D-1 dimensions that 
maximizes distance from all the patterns is sought. (The procedure is constrained 
to pass the plane in such a way that all the subsets formed by the plane are of approxi­mately equal size.) Computations go approximately as NX D x ITER. The results given in this paper were not really adequate to determine the effectiveness of the 
technique. 

13 . Comments on Miscellaneous Techniques 

The method of Block, Knight and Rosenblatt is an ingenious method of taking 
advantage of high probability of runs. It is commented in that paper that the techrlque also has generalizing properties with regard to particular types of transformations. 
The paper referenced has a detailed analysis of the technique and its performance. The technique appears limited by the contiguous-run requirement. It is stated in the article that patterns need not necessarily look alike if they are contiguous in sequence for them to be classified together. In other words, this is in some sense not a clus­tering technique, but it is a self-organizing technique that does not require an explicit external teacher. 

The procedure Bledsoe follows in his paper is essentially one of trying to learn the ''best" corridor (in the sense of a hyper-plane) to the learning set. A method 
appears adequate to do this but it is difficult from the description to tell how generally useful this technique would be. It might provide useful preprocessing, for, say, alpha­numeric character recognition, in that it would in some sense "optimally'' divide up the pattern set. 

It seems worthwhile to note that a new calculation is required each time the 
dividing plane is adju ted into a new position. This new calculation determines whether the plane is appropriately adjusted or not. It is not apparent from the paper that a hill-climbing technique is being employed except in a probabilistic way. 
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SECTION vn 
COMPOSITE CLUSTER-SEEKING ALGORITHM 

The composite technique presented in this &ection is an attempt to improve the ISODAT A algorithm by including the good points of other cluster-seeking techniques 
described. Though it seems unlikely that this one technique will be suitable for all 
types of data, we feel that it contains no obvious shortcomings. 

1. Composite Technique (1965) 

Compute the average of patterns and the average distance of all patterns from 
this average. Set a threshold 80 = k x (average distance of all patterns from this 
overall average) where O < k. All dimensions would be scaled at this time to cause 
each dimension to have a standard deviation of 1 for all patterns taken together. 
Until 3rd iteration minimum allowable cluster size is 1. The overall average of all 
patterns would be used as the initial cluster point. 

START: Compute dimensions of all patterns from all existing cluster points. If minimum distance (measured using Euclidean dis ·ance) from a pattern to any existing 
cluster point exceeds 0n, then create a new cluster point at the location of that pat­tern. (This should rapidly locate small isolated clusters.) Evaluate the goodness of the cluster, perhaps using a criterion similar to that used in the clumping techniques. 

SPLIT: If clustering is not satisfactory, then "SPLIT" either those clusters 
having unsatisfactory cluster properties or those clusters having maximum standard deviations greater than a threshold (if the cluster also is of sufficient size and has sufficiently large average pattern distance from the cluster center). Return to 
(START) and repeat process of computing pattern distances from the new cluster 
centers. 

LUMP: Combine (LUMP) cluster points that are closer than a given threshold. Return to (START) and repeat process using (SPLIT). At the end of this iteration all cluster points having fewer than a given number of patterns associated with them 
would be removed from the list of patterns (this should remove all wild shots). These patterns would be printed out. 

Recompute new "standard deviations" for each dimension for reduced pattern set and rescale all patterns so that the normalized standard deviation in each dimension 
equal 1. These standard deviations could be the average using all patterns and 
computed about an overall minimum, or they could be the average standard deviation 
of patterns in each clu ter about its own cluster center. This standard deviation 
might be further modified by taking into account the pairwise distances between cluster 
centers at each di tance. 

Lump and plit until a criterion of adequacy of clustering i satisfied. The rela­tive increase in measure of clustering from iteration to iteration could be used to 
determine when lumping and plitting should top. 
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Computational difficulty is proportional to D x NROWS x N x ITER. Note: If all multiplications with elements in each cluster center can be done in parallel (optically) then this reduces to N x ITER. 

Parameters that control the program are related to: 

1. minimum allowable number of patterns in a cluster, 
2. the allowable maximum standard deviation (or spread) of a clus ter, 
3. the minimum distances between two clus ter points, 
4. the fraction of the standard deviation used in the first iteration to control the initial creation of clusters and the discarding of wild sh0ts, 
5. the iteration-to-iteration difference required to imply convergence of 

clustering. 

This technique could be generalized and probably implemented optically. 

2. Comments on Composite Technique 

It seems unlikely that any one algorithm will be ideal for all types of data and for all situations. It does seem possible, however, to describe types of data, and to determine the type of cluster-seeking algorithm that seems most useful for handling each type of data. A need exists for a preliminary, exploratory technique to tell which of the more specialized types of techniques to apply. We need to be able to broadly categorize types of data so as to decide how to process them further in more detail. 

This suggested technique is an attempt to include in ISODA the best (noncontradic­tory) aspects of other techniques. The following are improvements over the original ISODATA program: 

1. The modification relating to the initial cluster-creating procedure should cause more rapid convergence. 
2. Discarding and identification of wild shots from pattern sets shc,uld improve efficiency considerably. 
3. The use of good clustering criteria would allow realistic termination of the iterative procedure. 
4. Scaling of dimensions so that some (yet to be determined) criterion is atis­fied would remove from clustering some of the arbitrariness aris ing from the choice of the unit of measurement used in the various dimensions . 
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SECTION VIII 

CONCLUSIONS 

The main point we wish to make is that cluster-seeking techniques exist that can 
be used to organize data from the social sciences and other disciplines in a way that 
allows examination of the details, i.e., the individuals, in the data. Using these 
techniques a single data point can be related to an adequate description of the rest of 
the data. Cluster-seeking techniques can be effectively utilized by persons having 
relatively little formal mathematical and statistical training. These techniques have 
the further advantage that the effect of changing scale or measurements can be di­
rectly and easily related to its effect on the data. In other words, the relative arbi­
trariness of calling certain patterns ''similar" becomes mor apparent. 

An important consideration in determining the value of the clustering obtained is 
the use to which the clustering is to be put. That is, is the clustering obtained from 
the data to be used to determine the significance of the data in a statistical sense, or 
is it to be used primarily as a descriptive organizing of the data for the researcher? 
It is important in criticizing or commenting on clustering techniques to keep this 
distinction clear. Some clustering criteria are not adequate to determine significance 
of the data; nevertheless, the clustering may provide a completely adequate descrip­
tion of the data that is very suggestive of new experiments to be performed or new 
interpretations of the data that then can be tested by more rigorous methods. 

With respect to the specific cluster-seeking techniques, we regard the "clustering" 
techniques as providing the most efficient and easily interpreted clustering, except 
in taxonomic problems where d umping techniques (modified to be more efficient) 
appear best. The addition of more adequate cluster criteria to the "clustering" tech­
niques seems a natural next step. 

Much more work needs to be done on convergence of these techniques and on 
methods for interpreting and examining the resulting clusters. 

It appears important to us not to rely entirely on some function of the data such 
as the covariance matrix. Rather it seems that for data analyses, particularly where 
the data base is small, working directly with the patterns themselves is required. 
Naturally the patterns must be organized into some comprehensible form. Clustering 
the data is one way to organize them. 

Finally, the distinction to us, between classical statistics and clustering with 
regard to data analysis is the distinction between the point of view (statistical) that 
immediately generalizes from the specific (the patterns) to the general (the estimated 
distribution), and the point of view (clustering) that remains at the specific (the pat­
terns) and has the capability of analyzing the individual patterns for local as well as 
global relationships. 

Speculation Regarding the Effect on the World Around Us 

We feel that computer-oriented techniques that can quickly organize data in a way 
that allows rapid analysis of the data will profoundly affect experimental science. 
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Starting with existing clustering techniques and using proposed peripheral computer 

programs, it will be possible for the experimental cienti t to ee on a di play the 

data he is gathering as he gathers it. The potential value in uch rapid feedback 

seems enormous when we think how rapidly we forget all of the detail of an experi­

mental situation. We at SRI consider ourselves to be working toward thi ventuality 

which may have considerable effect on the world around u . 
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R.C. Tryon, Psychometri!rn, vol. 22, no. 3, pp. 241-260 (Sept. 1957). 
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Journal of American Stati stical Association, vol. 58, no. 301 (Mar. 1963). 
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to a Problem of Grouping Profiles,'' Educational and Psychological Measurement, 
vol. 23, no. l (1963). 
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Miscellaneous - Using an initial rough clustering procedure, the 
clustering is refined using maximum likelihood methods and an assumed 
underlying mixture of multivariate normal distributions. 

G. Young, ''Factor Analysis and the Index of Clustering," Psychometrika, vol. 4, 
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Proposes the dispersion of the eigenvalues of the covariance matrix as 
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